
Multi-Step Linear Discriminant

Analysis and Its Applications

I n a u g u r a l d i s s e r t a t i o n

zur

Erlangung des akademischen Grades

doctor rerum naturalium (Dr. rer. nat.)

an der Mathematisch-Naturwissenschaftlichen Fakultät

der

Ernst-Moritz-Arndt-Universität Greifswald

vorgelegt von
Nguyen Hoang Huy
geboren am 28.10.1979
in Nam Dinh, Vietnam

Greifswald, 20.11.2012

http://www.math-inf.uni-greifswald.de/mathe/
http://www.uni-greifswald.de/
mailto:nhhuy2810@yahoo.com


Dekan: Prof. Dr. Klaus Fesser

1. Gutachter: Prof. Dr. Christoph Bandt

2. Gutachter: Prof. Dr. Götz Gelbrich
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Abstract

We introduce a multi-step machine learning approach and use it to

classify data from EEG-based brain computer interfaces. This ap-

proach works very well for high-dimensional EEG data. First all

features are divided into subgroups and Fisher’s linear discriminant

analysis is used to obtain a score for each subgroup. Then it is ap-

plied to subgroups of the resulting scores. This procedure is iterated

until there is only one score remaining and this one is used for clas-

sification. In this way we avoid estimation of the high-dimensional

covariance matrix of all features. We investigate the classification

performance with special attention to the small sample size case. For

the normal model, we study the asymptotic error rate when dimension

p and sample size n tend to infinity. This indicates how to define the

sizes of subgroups at each step. In addition we present a theoretical

error bound for the spatio-temporal normal model with separable co-

variance matrix, which results in a recommendation on how subgroups

should be formed for this kind of data. Finally some techniques, for

example wavelets and independent component analysis, are used to

extract features of some kind of EEG-based brain computer interface

data.
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Introduction

“High-dimensional data are nowadays rule rather than exception in areas like

information technology, bioinformatics or astronomy, to name just a few”, see

Bühlmann and van de Geer [2011]. In this kind of data, the number of features

has larger order of magnitude than the number of samples. In this thesis we focus

on high-dimensional electroencephalogram (EEG) data in the context of brain-

computer interfaces (BCIs). The very aim of these BCIs is to classify mental

tasks into one of several classes based on EEG data. The curse of dimensionality

makes this problem very complicated, see Lotte et al. [2007].

Krusienski et al. [2008] showed that linear classifiers are sufficient for high-

dimensional EEG data and that the added complexity of nonlinear methods is

not necessary. The general trend also prefers simple classification methods such

as Fisher’s classical linear discriminant analysis (LDA) to sophisticated ones, see

Nicolas-Alonso and Gomez-Gil [2012]. In fact, LDA is still one of the most widely

used techniques for data classification. For two normal distributions with common

covariance matrix Σ and different means µ1 and µ2, LDA classifier achieves the

minimum classification error rate, see Hastie et al. [2009]. The LDA score or

discriminant function δF of an observation X is given by

δF (X) = (X − µ)TΣ−1α with α = µ1 − µ2 and µ =
1

2
(µ1 + µ2) .

In practice we do not know Σ and µi, and have to estimate them from training

data. This worked well for low-dimensional examples, but estimation of Σ for

high-dimensional data turned out to be really difficult, see Ledoit and Wolf [2002].

Bickel and Levina [2004] showed that the Fisher’s linear discriminant analysis

performs poorly when dimension p is larger than sample size n of training data
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INTRODUCTION

due to the diverging spectra.

One possible solution of the estimation problem is regularized LDA, where a

multiple of the unity matrix I is added to the empirical covariance, see Friedman

[1989]; Ledoit and Wolf [2004]. Σ̂ + r · I is invertible for each r > 0. The

most useful regularization parameter r has to be determined by time-consuming

optimization, however.

Bickel and Levina [2004] recommended a simpler solution: to neglect all cor-

relations of the features and use the diagonal matrix DΣ = diag(Σ) of Σ instead

of Σ. This is called the independence rule. Its discriminant function δI is defined

by

δI(X) = (X − µ)TD−1
Σ α.

However, even for the independence rule, classification using all the features can

be as bad as the random guessing due to the aggregated estimation error over

many entries of the sample mean vectors, see Fan and Fan [2008]. Thus, Fan

and Lv [2010]; Guo [2010] proposed some classifiers which first select features of

X having mean effects for classification and then apply the independence rule

using the selected features only. These classifiers do not achieve the minimum

classification error rate since the correlation between features is ignored. For

constructing a classifier using feature selection, we must identify not only features

of X having mean effects for classification, but also features of X having effects

for classification through their correlations with other features, see Zhang and

Wang [2011] and remark 1.1. This may be a very difficult task when p is much

larger than n.

In this thesis, we present another solution, which uses some but not all corre-

lations of the features and which worked very well for the case of high-dimensional

EEG data, in the context of BCIs. This approach applies LDA in several steps

instead of applying it to all features at one time. First LDA is applied to sub-

groups of the features. After that it is applied to subgroups of the resulting

scores. This procedure is repeated until a single score remains and this one is

used for classification. We call the above method multi-step linear discriminant

analysis (multi-step LDA). Multi-step LDA is motivated by the recursiveness of

the wavelet multiresolution decomposition where the approximation coefficients

2



INTRODUCTION

can be obtained from the previous ones via a convolution with low-pass filters, see

Mallat [1989]. Here we use different “atoms” given by LDA projection vectors of

all the feature or score subgroups to represent the data as in the time-frequency

atomic decompositions, see Mallat and Zhang [1993] at each step instead of a

fixed low-pass filter as in the wavelet decomposition. In this way multi-step LDA

filters discriminant information step by step through projections given by LDA.

These projections maximize the class separation of the local features or scores.

There are five chapters in this thesis. In Chapter 1, we present some back-

ground on classifications. Some recent study of Bickel and Levina [2004]; Fan

and Fan [2008] about the impact of high dimensionality on Fisher’s linear dis-

criminant analysis and the independence rule are also recalled there. In addition

the condition to obtain reasonable performance of Fisher’s linear discriminant

analysis and how to implement regularized LDA are included in this chapter.

To research the mechanism for the success of multi-step LDA in high-dimen-

sional EEG data, random matrix theory can be an appropriate tool. In the second

chapter, we give some basic concepts: empirical spectral distribution, Stieltjes

transform and so on. We study estimation of mean vectors in one step, two steps

and estimation of covariance matrices. In this chapter and all of my thesis, we

assume that sample size n is a function of dimension p, but the subscript p is

omitted for simplicity. When p→∞, n may diverge to ∞, and the limit of p/n

may be 0, a positive constant, or ∞.

In the third chapter, we introduce multi-step LDA. We investigate multi-step

LDA by two approaches. In the first approach, the difference between means and

the common covariance of two normal distributions are assumed to be known.

Thence the theoretical error rate is given which results in a recommendation

on how subgroups should be formed. In the second approach, the difference

between means and the common covariance are assumed to be unknown. Then

we calculate the asymptotic error rate of multi-step LDA when sample size n and

dimension p of training data tend to infinity. This gives insight into how to define

the sizes of subgroups at each step.

When analyzing high-dimensional spatio-temporal data, we typically utilize

the separability of their covariance. In the fourth chapter, we derive a theoretical

error estimate for two-step LDA in the above context, see section 3.2.1. We show

3



INTRODUCTION

that the theoretical loss in efficiency of two-step LDA in comparison to Fisher’s

linear discriminant analysis even in the worst case is not very large when the

condition number of the temporal correlation matrix is moderate.

In the last chapter, we give an overview on EEG-based brain-computer in-

terfaces. Then we focus on the signal processing part of these systems. Wavelet

transforms, independent component analysis are applied to extract features of

some kind of EEG-based brain-computer interface data. In particular we check

the performance of multi-step LDA by using these data here. The data as well as

the code used to obtain the results in the chapter 5 are available on the attached

DVD. Figure 1 shows how chapters depend on each other.

Figure 1: Organization of the thesis. Chapters 1, 2, 3 and 4 present method-
ological, theoretical aspects and the remaining chapter 5 contains application
aspects.

4



Chapter 1

Linear Discriminant Analysis

1.1 Mathematics background

1.1.1 Classifications

Suppose we have objects, given by numeric data X ∈ Rp and response classes

Y. In classification problems, the set Y of all response classes has only a finite

number of values. Without loss of generality, we assume that there are K classes

and Y = {1, 2, . . . , K}. Given independent training data {(X i, Yi) ∈ Rp × Y, i =

1, . . . , n} coming from some unknown distribution P, where Yi is the response class

of the i-th object andX i is its associated feature or covariate vector, classification

aims at finding a classification function g : Rp → Y, which can predict the

unknown class label Y of new observation X using available training data as

accurately as possible. From now on, for simplicity of notation, we let xki, Xki

stand for (X i = x, Yi = k), (X i, Yi = k) respectively.

1.1.2 Error rate and Bayes classifiers

A commonly used loss function to access the accuracy of classification is the

zero-one loss

L(y, g(x)) =

0, g(x) = y

1, g(x) 6= y

5



1. LINEAR DISCRIMINANT ANALYSIS

The error rate of a classification function g for a new observation X, takes the

following form

W (g) = E[L(Y, g(X))]

where Y is the class label of X, the expectation is taken with respect to the joint

distribution P(Y,X). By conditioning on X, we can write W (g) as

W (g) = E
K∑
k=1

L(k, g(X)) P(Y = k |X),

where the expectation is taken with respect to the distribution P(X). Since it

suffices to minimize W (g) pointwise, the optimal classifier in terms of minimizing

the error rate is

g∗(x) = arg min
y∈Y

K∑
k=1

L(k, y) P(Y = k |X = x)

= arg min
y∈Y

[1− P(Y = y |X = x)]

= arg max
k∈Y

P(Y = k |X = x).

This classifier is known as the Bayes classifier. Intuitively, Bayes classifier assigns

a new observation to the most possible class by using the posterior probability

of the response. By definition, Bayes classifier achieves the minimum error rate

over all measurable functions

W (g∗) = min
g
W (g).

This error rate W (g∗) is called the Bayes error rate. The Bayes error rate is the

minimum error rate when distribution is known. Let fk(x) = P(X = x | Y = k)

be the conditional density of an observation X being in class k, and πk be the

prior probability of being in class k with
∑K

i=1 πi = 1. Then by Bayes theorem it

can be derived that the posterior probability of an observation X being in class

k is

P(Y = k |X = x) =
fk(x)πk∑K
i=1 fi(x)πi

.

6



1.1. MATHEMATICS BACKGROUND

Using the above notation, it is easy to see that the Bayes classifier becomes

g∗(x) = arg max
k∈Y

fk(x)πk. (1.1)

1.1.3 Fisher’s linear discriminant analysis

For the following of this thesis, if not specified we shall consider the classifica-

tion between two classes, that is K = 2. The Fisher’s linear discriminant analysis

(LDA) approaches the classification problem when both class densities are multi-

variate Gaussian N(µ1,Σ) and N(µ2,Σ) respectively, where µk, k = 1, 2 are the

class mean vectors, and Σ is the common positive definite covariance matrix. If

an observation X belongs to class k, then its density is

fk(x) = (2π)−p/2(det(Σ))−1/2 exp{−1

2
(x− µk)TΣ−1(x− µk)},

where p is the dimension of the feature vectors X i. Under this assumption, the

Bayes classifier assigns X to class 1 if

π1f1(X) ≥ π2f2(X), (1.2)

which is equivalent to

log
π1

π2

+ (X − µ)TΣ−1(µ1 − µ2) ≥ 0, (1.3)

where µ = 1
2
(µ1 + µ2). In view of (1.1), it is easy to see that the classification

rule defined in (1.2) is the same as the Bayes classifier. The function

δF (X) = (X − µ)TΣ−1(µ1 − µ2) (1.4)

is the Fisher’s or LDA discriminant function and the value δF (x) is called the

Fisher score value (score for short) of x. It assigns X to class 1 if δF (X) ≥ log π2
π1
,

otherwise to class 2. It can be seen that the Fisher’s discriminant function is linear

in X. In general, a classifier is said to be linear if its discriminant function is

a linear function of the feature vector. Knowing the discriminant function δF ,

the classification function of Fisher’s linear discriminant analysis can be written

7



1. LINEAR DISCRIMINANT ANALYSIS

as gF (X) = 2 − I(δF (X) ≥ log π2
π1

), where I(.) is the indicator function. Thus

the classification function is determined by the discriminant function. In the

following, when we talk about a classifier, it could be defined by the classification

function g or the corresponding discriminant function δ.

In practice we do not know the parameters of the Gaussian distributions and

have to estimate them using training data,

π̂k = nk/n, µ̂k =
1

nk

nk∑
i=1

Xki, Σ̂ =
1

n− 2

2∑
k=1

nk∑
i=1

(Xki − µ̂k)(Xki − µ̂k)T ,

where nk is the number of class k observations. When p > n − 2, the inverse

Σ̂
−1

does not exist. In that case, the Moore-Penrose generalized inverse is used.

Replacing the Gaussian distribution parameters in the definition of δF by the

above estimators µ̂k and Σ̂, we obtain the sample Fisher’s discriminant function

δ̂F (X) = (X − µ̂)T Σ̂
−1

(µ̂1 − µ̂2), (1.5)

where µ̂ = 1
2
(µ̂1 + µ̂2).

We denote the parameters of the two Gaussian distributions N(µ1,Σ) and

N(µ2,Σ) by θ = (µ1,µ2,Σ) and write W (δ,θ) as the error rate of a classifier

with discriminant function δ. If π1 = π2 = 1
2
, it can easily be calculated that the

error rate for Fisher’s discriminant function is

W (δF ,θ) = Φ(
d(θ)

2
), (1.6)

where d(θ) is the Mahalanobis distance between two classes and given by d(θ) =

[(µ1−µ2)TΣ−1(µ1−µ2)]1/2, Φ(t) = 1−Φ(t) is the tail probability of the standard

Gaussian distribution. Since under the normality assumption the Fisher’s linear

discriminant analysis is the Bayes classifier, the error rate given in (1.6) is in fact

the Bayes error rate. It is easy to see from (1.6) that the Bayes error rate is a

decreasing function of the distance between two classes, which is consistent with

our common sense. We also note that some features have no mean effects but can

increase Mahalanobis distance d(θ) through their correlation with other features

as in the following remark.
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1.2. IMPACT OF HIGH DIMENSIONALITY

Remark 1.1 (Cai and Liu [2011]). Suppose that we have two normal distribu-

tions with difference between mean vectors α = µ1 − µ2 =

[
α0

0

]
and common

covariance matrix Σ =

[
Σ11 ΣT

12

Σ12 Σ22

]
. Then the square of Mahalanobis distance

d2(θ) = αTΣ−1α can be decomposed as follows

d2(θ) = αTΣ−1α = αT0 Σ−1
11 α0 + (Bα0)TW−1(Bα0), (1.7)

where B = Σ−1
22 Σ12. Since W = Σ22−Σ12Σ

−1
11 ΣT

12 is positive definite, if Bα0 6=
0, then the last term in (1.7) is positive and

d2(θ) > αT0 Σ−1
11 α0.

This means that the features corresponding to 0 and Σ22 can reduce the error rate

of LDA through their correlation with other features although they have no mean

effects for classification.

Let Γ be a parameter space. We define the maximum error rate of a discrim-

inant function δ over Γ as

W Γ(δ) = sup
θ∈Γ

W (δ,θ)

It measures the worst classification result of classifier δ over parameter space Γ.

1.2 Impact of high dimensionality

In classical statistical setting, with the small dimension p and the large sample

size n, Fisher’s linear discriminant analysis is extremely useful but it no longer

performs well or even break down in high dimensional setting. In this section,

we discuss the impact of high dimensionality on the Fisher’s linear discriminant

analysis and independence rule when the dimension p diverges with the sample

size n. We will consider discrimination between two Gaussian classes with π1 =

π2 = 1
2

and n1 and n2 being comparable.

9



1. LINEAR DISCRIMINANT ANALYSIS

1.2.1 Fisher’s linear discriminant analysis in high dimen-

sions

Bickel and Levina [2004] theoretically study the asymptotical performance of

the sample version of Fisher’s linear discriminant analysis defined in (1.5), when

both the dimensionality p and sample size n goes to infinity with p much larger

than n. The parameter space considered in their paper is

Γ1 = {θ : d2(θ) ≥ c2, c1 ≤ λmin(Σ) ≤ λmax(Σ) ≤ c2,µk ∈ B, k = 1, 2},

where c, c1 and c2 are positive constants, λmin(Σ) and λmax(Σ) are the mini-

mum and maximum eigenvalues of Σ, respectively, and B = Ba,r = {u ∈ l2 :∑∞
j=1 aju

2
j < r2} with r a constant, and aj → ∞ as j → ∞. Here, the mean

vectors µk, k = 1, 2 are viewed as points in l2 by adding zeros at the end. The

condition on eigenvalues ensures that λmax(Σ)
λmin(Σ)

≤ c2
c1
< ∞, and thus both Σ and

Σ−1 are not ill-conditioned. The condition d2(θ) ≥ c2 is to make sure that the

Mahalanobis distance between two classes is at least c. With our common sense,

the smaller the value of c, the harder the classification problem is.

Given independent training data Xki, i = 1, . . . , nk, k = 1, 2, it is well known

that for fixed p, the worst case error rate of δ̂F converges to the worst case Bayes

error rate over Γ1, that is,

W Γ1(δ̂F )→ Φ(c/2), as n→∞,

where Φ(t) = 1−Φ(t) is the tail probability of the standard Gaussian distribution.

However, in high dimensional setting, the result is very different.

Bickel and Levina [2004] study the worst case error rate of δ̂F when n1 = n2

in high dimensional setting. Specifically they show that, if p/n→∞, then

W Γ1(δ̂F )→ 1

2
,

where the Moore-Penrose generalized inverse is used in the definition of δ̂F . Note

that 1/2 is the error rate of random guessing. Thus although Fisher’s linear

discriminant analysis has Bayes error rate when dimension p is fixed and sample

10



1.2. IMPACT OF HIGH DIMENSIONALITY

size n→∞, it performs asymptotically no better than random guessing when the

dimensionality p is much larger than the sample size n. This shows the difficulty

of high dimensional classification. Bickel and Levina [2004] demonstrated that the

bad performance of Fisher’s linear discriminant analysis is due to the diverging

spectra (e.g., the condition number of Σ̂, λmax(Σ̂)/λmin(Σ̂) → ∞ as p → ∞)

frequently encountered in the estimation of high-dimensional covariance matrices.

In fact, even if the true covariance matrix is not ill conditioned, the singularity of

the sample covariance matrix will make the Fisher’s linear discrimination analysis

inapplicable when the dimensionality is larger than the sample size.

As we have seen, if p > n and p/n→∞, then the error rate (unconditional)

of the Fisher’s linear discriminant analysis converges to 1/2. A natural question

is, for what kind of p (which may diverge to∞), does the conditional error rate of

the Fisher’s linear discriminant analysis W (δ̂F ,θ | Xki, i = 1, . . . , nk, k = 1, 2)

given the training data {Xki, i = 1, . . . , nk, k = 1, 2} converges in probability

to the optimal error rate W (δF ,θ) = Φ(d(θ)
2

), where d(θ) is the Mahalanobis

distance between two classes. If W (δF ,θ) → 0, we find p such that not only

W (δ̂F ,θ |Xki, i = 1, . . . , nk, k = 1, 2)
P→ 0, but also both of them have the same

convergence rate. This leads to the following definition, see Shao et al. [2011].

Definition 1.1.

(i) The Fisher’s linear discriminant analysis is asymptotically optimal if W (δ̂F ,θ |
Xki, i = 1, . . . , nk, k = 1, 2)/W (δF ,θ)

P→ 1.

(ii) The Fisher’s linear discriminant analysis is asymptotically sub-optimal if

W (δ̂F ,θ |Xki, i = 1, . . . , nk, k = 1, 2)−W (δF ,θ)
P→ 0.

(iii) The Fisher’s linear discriminant analysis is asymptotically worst if W (δ̂F ,θ |
Xki, i = 1, . . . , nk, k = 1, 2)

P→ 1/2.

Shao et al. [2011] also show that the Fisher’s linear discriminant analysis is

acceptable if p = o(
√
n).

Theorem 1.1 (Shao et al. [2011]). Suppose that there is a constant c0 (not de-
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1. LINEAR DISCRIMINANT ANALYSIS

pending on p) such that θ = (µ1,µ2,Σ) satisfy

c−1
0 ≤ λmin(Σ), λmax(Σ) ≤ c0,

c−1
0 ≤ max

j≤p
α2
j ≤ c0,

where αj is the jth component of α = µ1 − µ2, and sn = p
√

log p/
√
n→ 0.

(i) The conditional error rate of the Fisher’s linear discriminant analysis is equal

to

W (δ̂F ,θ |Xki, i = 1, . . . , nk, k = 1, 2) = Φ([1 +OP(sn)]d(θ)/2).

(ii) If d(θ) is bounded, then the Fisher’s linear discriminant analysis is asymp-

totically optimal and

W (δ̂F ,θ |Xki, i = 1, . . . , nk, k = 1, 2)

W (δF ,θ)
− 1 = OP(sn).

(iii) If d(θ) → ∞, then the Fisher’s linear discriminant analysis is asymptoti-

cally sub-optimal.

(iv) If d(θ)→∞ and snd
2(θ)→ 0, then the Fisher’s linear discriminant analy-

sis is asymptotically optimal.

1.2.2 Impact of dimensionality on independence rule

The discriminant function of independence rule is

δI(X) = (X − µ)TD−1
Σ (µ1 − µ2), (1.8)

where DΣ = diag(Σ). It assigns a new observation X to class 1 if δI(X) ≥
0. The independence rule neglects all correlations of the features and uses the

diagonal matrix DΣ instead of the full covariance matrix Σ as in Fisher’s linear

discriminant analysis. Thus the problems of diverging spectra and singularity of

sample covariance matrices are avoided.
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Using the sample means µ̂k, k = 1, 2 and sample covariance matrix Σ̂ as esti-

mators and let D̂Σ̂ = diag(Σ̂), we obtain the sample version of the discriminant

function of the independence rule

δ̂I(X) = (X − µ̂)TD̂
−1

Σ̂ (µ̂1 − µ̂2).

Fan and Fan [2008] study the performance of δ̂I(x) in high dimensional setting.

Let R = D
−1/2
Σ ΣD

−1/2
Σ be the common correlation matrix and λmax(R) be its

largest eigenvalue, and write α ≡ (α1, · · · , αp)T = µ1 − µ2. Fan and Fan [2008]

consider the parameter space

Γ2 = {(α,Σ) : αTD−1
Σ α ≥ Cp, λmax(R) ≤ b0, min

1≤j≤p
σ2
j > 0},

where Cp is a deterministic positive sequence depending only on the dimension-

ality p, b0 is a positive constant, and σ2
j is the j-th diagonal element of Σ.

To access the impact of dimensionality, Fan and Fan [2008] study the posterior

error rate and the worst case posterior error rate of δ̂I over the parameter space

Γ2. Let X be a new observation from class 1. Define the posterior error rate and

the worst case posterior error rate respectively as

W (δ̂I ,θ) = P(δ̂I(X) < 0 |Xki, i = 1, . . . , nk, k = 1, 2),

WΓ2(δ̂I) = max
θ∈Γ2

W (δ̂I ,θ)

Fan and Fan [2008] show that when log p = o(n), n = o(p) and nCp → ∞, the

following inequality holds

W (δ̂I ,θ) ≤ Φ


√

n1n2

pn
αTD−1

Σ α(1 + op(1)) +
√

p
nn1n2

(n1 − n2)

2
√
λmax(R) [1 + n1n2

pn
αTD−1

Σ α(1 + op(1))]1/2

 . (1.9)

This inequality gives an upper bound on the classification error. Since Φ(·) de-

creases with its argument, the right hand side decreases with the fraction inside

Φ. The second term in the numerator of the fraction shows the influence of sam-

ple size on classification error. When there are more training data from class 1

13
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than those from class 2, i.e., n1 > n2, the fraction tends to be larger and thus

the upper bound is smaller. This is in the course of nature, as if there are more

training data from class 1, then it is less likely that we misclassify X to class 2.

Fan and Fan [2008] further show that if
√
n1n2/(np)Cp → C0 with C0 some

positive constant, then the worst case posterior error rate

WΓ2(δ̂I)
P−→ Φ

(
C0

2
√
b0

)
(1.10)

Fan and Fan [2008] made some remarks on the above formula (1.10). First of all,

the impact of dimensionality is reflected in the term Cp/
√
p in the definition of C0.

As dimensionality p increases, so does the aggregated signal Cp, but the factor
√
p needs to be paid for using more features. Since n1 and n2 are assumed to be

comparable, n1n2/(np) = O(n/p). Thus one can see that asymptotically WΓ2(δ̂I)

increases with
√
n/pCp. Note that

√
n/pCp measures the tradeoff between di-

mensionality p and the overall signal strength Cp. When the signal level is not

strong enough in comparison to the increase of dimensionality, i.e.,
√
n/pCp → 0

as n → ∞, then WΓ2(δ̂I)
P−→ 1

2
. This indicates that the independence rule δ̂I

would be no better than the random guessing due to noise accumulation, and

using less features can be effective.

1.3 Regularized linear discriminant analysis

When n is larger, but of the same magnitude as p, n = O(p), one possible

solution is regularized linear discriminant analysis (regularized LDA), see Fried-

man [1989]. It is simple to implement, computationally cheap, easy to apply, and

gives impressive results for this kind of data, for example, brain-computer inter-

face data, see Blankertz et al. [2011]. Regularized LDA replaces the empirical

covariance matrix Σ̂ in the sample Fisher’s discriminant function (1.5) by

Σ̃(γ) = (1− γ)Σ̂ + γνI (1.11)

for a regularization parameter γ ∈ [0, 1] and ν defined as the average eigenvalue

tr(Σ̂)/p of Σ̂. In this way, regularized LDA overcomes the diverging spectra
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problem of high-dimensional covariance matrix estimate: large eigenvalues of the

original covariance matrix are estimated too large, and small eigenvalues are

estimated too small.

Using Fisher’s linear discriminant analysis with such modified covariance ma-

trix, we will meet the problems how the regularization parameter γ is defined.

Recently an analytic method to calculate the optimal regularization parameter

for certain direction of regularization was found, see Ledoit and Wolf [2004],

Blankertz et al. [2011]. For regularization towards identity, as defined by equa-

tion (1.11), the optimal parameter can be calculated as Schäfer and Strimmer

[2005]

γ? =
n

(n− 1)

∑p
j1,j2=1 var(zj1j2(i))∑

j1 6=j2 σ̂
2
j1j2

+
∑

j1
(σ̂j1j1 − ν)2

(1.12)

where xij, µ̂j are the j-th element of the feature vector xi (the realization of the

observation X i), common mean µ̂ respectively and σ̂j1j2 is the element in the

j1-th row and j2-th column of Σ̂,

zj1j2(i) = (xij1 − µ̂j1)(xij2 − µ̂j2).

We also can define regularization parameter γ by performing n-fold cross-

validation for training data as follows. We determine a grid on [0, 1] and estimate

the area under the curve (AUC) for each point by n-fold cross-validation. γ is

chosen such that it gives the maximum, see Frenzel et al. [2010]. In chapter 5

the AUC values is used to measure the classification performance. Since in brain-

computer interface experiments target class observations are often rare overall

error rate is not a meaningful measure.
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Chapter 2

Statistical Problems

2.1 Estimation of Mean Vectors

2.1.1 Estimation of mean vectors in one step

Suppose that G = {X1, . . . ,Xn ∈ Rp} are independent and identically dis-

tributed (i.i.d.) observations on the probability space (Ω,F,P) with unknown

mean vector µ = EX and covariance matrix Σ = cov(X,X). We consider a

sequence of mean vector estimation problems

B = {(G,µ, µ̂, n)p} p = 1, 2, . . . , (2.1)

where

µ̂ = X =
1

n

n∑
i=1

X i.

It is clear that

E ‖µ̂− µ‖2 = E

p∑
j=1

n∑
i=1

(
Xij − µj

n

)2

=

p∑
j=1

E(X1j − µj)2

n
,

where µ = [µ1, · · · , µp]T and X i = [Xi1, · · · , Xip]
T , i = 1, . . . , n. For the follow-

ing of this thesis, if not specified we shall consider the Euclidean norm ‖ · ‖. Let

the largest eigenvalue of covariance matrix Σ of feature vector X satisfy that
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λmax(Σ) ≤ C, where C is independent of dimension p. Then

E ‖µ̂− µ‖2 ≤

p∑
j=1

σjj

n
≤ C

p

n
,

where Σ = [σj1j2 ], j1, j2 = 1, . . . , p. This lead to

E ‖µ̂− µ‖2 → 0 as
p

n
→ 0.

The simple formula above give us an intuitive view about how the rate of con-

vergence of sample mean vector µ̂ to true mean vector µ depends on the ratio p
n
.

This suggested us to investigate two-step LDA, see section 3.2.1 in the case that

the ratio of the number of features or scores in each subgroup to sample size n

at each step is small.

The following lemma is a generalization of the Marcinkiewicz-Zygmund strong

law of large numbers to the case of double arrays of i.i.d. random variables. This

lemma gives necessary and sufficient conditions for the partial sample means from

i.i.d. random variables converge with a rate of n−(1−β), see Bai and Silverstein

[2010].

Lemma 2.1. Let {Xij, i, j = 1, 2, . . .} be a double array of i.i.d. random variables

and let β > 1
2
, γ ≥ 0 and M > 0 be constants. Then, as n→∞,

max
j≤Mnγ

|n−β
n∑
i=1

(Xij − c)| → 0 a.s.

if and only if the following hold:

(i) E |X11|(1+γ)/β <∞

(ii) c =

E(X11), if β ≤ 1

any number, if β ≥ 1.

Furthermore, if E |X11|(1+γ)/β =∞, then

lim sup max
j≤Mnγ

|n−β
n∑
i=1

(Xij − c)| =∞ a.s.
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In the following theorem we even show that the estimator µ̂ converges to

µ almost surely when the ratio p
nβ

can be made small enough for any constant

0 < β < 1. In this theorem we assume that the population G in the sequence

(2.1) is generated independently for each p = 1, 2, . . . ,.

Theorem 2.1. Let G = {Gp = {X1, . . . ,Xn ∈ Rp}, p = 1, 2, . . .} be a sequence

of independent sampling populations. Furthermore, X i
i.i.d.∼ N(µp, Σp), i =

1, . . . , n with the largest eigenvalue of λmax(Σp) ≤ C1, and p
nϑ
≤ C2, where 0 <

ϑ < 1, C1, C2 is independent of p. Then

µ̂ = X =
1

n

n∑
i=1

X i → µ a.s..

Proof. For each p, {Y i = Σ−1/2
p (X i−µp), i = 1, . . . , n} are i.i.d. normal random

vectors with the same covariance matrix equal to Ip. Hence we have the small

block of the double arrays of i.i.d. random variables {Yij, i = 1, . . . , n, j =

1, . . . , p}, Yij: the j-th component of random vector Y i for each p = 1, 2, . . ..

After that we place all these blocks on the j-index line to obtain the big double

arrays of all i.i.i. normal random variables Yij of all possible p. The new j-index of

the Gp-observation components Yij in the big double arrays is 1+· · ·+(p−1)+j ≤
p2 ≤ n2. Then applying the lemma 2.1 to this double array for β = 1− ϑ

2
, γ = 2,

and M = 1 we have, as p→∞,

max
1≤j≤p

|n−β
n∑
i=1

Yij| → 0 a.s..

This lead to

‖Y ‖2 =

p∑
j=1

(
1

n

n∑
i=1

Yij)
2 =

1

n2(1−β)

q∑
j=1

|n−β
n∑
i=1

Yij|2

≤ p

nϑ

(
max
1≤j≤p

|n−β
n∑
i=1

Yij|

)2

→ 0 a.s..

Hence

‖µ̂− µ‖ = ‖Σ1/2
p Y ‖ ≤ ‖Σ1/2

p ‖‖Y ‖ ≤
√
C1‖Y ‖ → 0 a.s.
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as p→∞. The proof is complete.

2.1.2 Estimation of mean vectors in two steps

Lemma 2.2. Let B be the compact subset of l2 given by

B = Ba,r =
{
µ = [µ1, µ2, · · · ]T ∈ l2 :

∞∑
j=1

ajµ
2
j ≤ r2

}
, (2.2)

where a = (a1, a2, · · · ), and aj →∞. Then there exist a double array {rjn} with

0 ≤ rjn ≤ 1, j, n = 1, 2, . . . such that

1

log n

∞∑
j=1

r2
jn → 0,

max
{ ∞∑

j=1

(1− rjn)2µ2
j : µ ∈ B

}
→ 0.

Proof. Let {εk, k = 1, 2, . . .} be a decreasing sequence of real numbers such that

lim
k→∞

εk = 0. From the definition of B, see (2.2), we can chose a increasing sequence

of integer numbers {jk, k = 1, 2, . . .} satisfying that

∞∑
j=jk+1

µ2
j ≤ εk

for all µ ∈ B. Since lim
n→∞

log n→∞, this makes it possible to take an increasing

sequence of integer numbers {nk, k = 1, 2, . . .} such that jk
lognk

≤ εk for all k =

1, 2, . . .. After that we define rjn by the following formula

rjn =

1, nk ≤ n < nk+1 and 1 ≤ j ≤ jk

0, nk ≤ n < nk+1 and j > jk.

Then, for nk ≤ n < nk+1 we have

1

log n

∞∑
j=1

r2
jn =

jk
log n

≤ jk
log nk

≤ εk
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max
{ ∞∑

j=1

(1− rjn)2µ2
j : µ ∈ B

}
= max

{ ∞∑
j=jk+1

µ2
j : µ ∈ B

}
≤ εk.

This clearly gives the above lemma.

Suppose that Gp = {X1, . . . ,Xn ∈ Rp} are i.i.d. observations on the proba-

bility space (Ω,F,P) with unknown mean vector µ = EX and covariance matrix

Σ = cov(X,X). Here we assume that the largest eigenvalue of covariance ma-

trix Σ satisfies λmax(Σ) ≤ C, where C is independent of p. Whole feature vector

X and mean vector µ are divided into Xj, µj ∈ Rpj , j = 1, . . . , q respectively

such that X = [XT
1 , · · · ,XT

q ]T , µ = [µT1 , · · · ,µTq ]T and p1 + · · · + pq = p. Fol-

lowing that we have populations Gpj = {X1j, · · · ,Xnj ∈ Rpj}, where X i =

[XT
i1, · · · ,XT

iq]
T , i = 1, . . . , n.

By convention, we always view µ1, . . . ,µq as points in l2 by adding 0s at the

end. More over we assume that µj ∈ B,

B = Ba,r =
{
µ = [µ1, µ2, · · · ]T ∈ l2 :

∞∑
j=1

ajµ
2
j ≤ r2

}
,

as in lemma 2.2. In the following theorem we show that there are estimators µ̂j

from population Gpj that converge to µj uniformly over j = 1, . . . , q under some

broad conditions.

Theorem 2.2. Assume that λmax(Σ) ≤ C, where C is independent of p and

µj ∈ B = Ba,r for all j = 1, . . . , q. Let 0 < β < 1 be a constant and q = O(nβ).

Then there exist estimators µ̂j of µj from populations Gpj , j = 1, . . . , q satisfying

E max
1≤j≤q

‖µ̂j − µj‖2 = o(1) as n→∞.

Proof. By lemma 2.2, there is a double array {rjn, 0 ≤ rjn ≤ 1, j, n = 1, 2, . . .}
such that

1

log n

∞∑
j=1

r2
jn → 0,

max
{ ∞∑

j=1

(1− rjn)2µ2
j : µ ∈ B

}
→ 0.
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For each j1, 0 ≤ j1 ≤ q, we write µj1 = [µj11, · · · , µj1pj1 ]T ∈ Rpj1 and X ij1 =

[Xij11, · · · , Xij1pj1
]T ∈ Rpj1 , i = 1, . . . , n. We define the estimator µ̂j1 = [µ̂j11, · · · ,

µ̂j1pj1 ]T by

µ̂j1j2 = rj2nXj1j2 =
rj2n
n

n∑
i=1

Xij1j2 , j2 = 1, . . . , pj1 .

Then,

‖µ̂j1 − µj1‖
2 =

pj1∑
j2=1

(
rj2n

n∑
i=1

Xij1j2 − µj1j2
n

− (1− rj2n)µj1j2

)2

≤ 2

n2

pj1∑
j2=1

r2
j2n

(
n∑
i=1

(Xij1j2 − µj1j2)

)2

+ 2

pj1∑
j2=1

(1− rj2n)2µ2
j1j2

= Yj1 + 2

pj1∑
j2=1

(1− rj2n)2µ2
j1j2

.

Here we denote Yj1 = 2
n2

pj1∑
j2=1

r2
j2n

(
n∑
i=1

(Xij1j2 − µj1j2)
)2

and obtain

EYj1 =
2

n2

pj1∑
j2=1

r2
j2n

n∑
i=1

E(Xij1j2 − µj1j2)2 =
2

n

pj1∑
j2=1

r2
j2n

E(X1j1j2 − µj1j2)2.

It is clear that X1j1j2 is the (p1 + · · ·+ pj1−1 + j2)-th component of random vector

X1 = [X11, · · · , X1p]
T . The variance of the j-th component of X1 satisfy

var(X1j) = E(X1j − EX1j)
2 = σjj ≤ λmax(Σ) ≤ C,

where cov(X1,X1) = Σ = (σj1j2), j1, j2 = 1, . . . , p. Therefore

EYj1 ≤
2C

n

pj1∑
j2=1

r2
j2n
≤ 2C

n

∞∑
j=1

r2
jn.
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2.1. ESTIMATION OF MEAN VECTORS

Finally we have

max
1≤j1≤q

‖µ̂j1 − µj1‖
2 ≤ max

1≤j1≤q
Yj1 + 2 max

1≤j1≤q

pj1∑
j2=1

(1− rj2n)2µ2
j1j2

≤
q∑

j1=1

Yj1 + 2 max
{ ∞∑

j=1

(1− rjn)2µ2
j : µ ∈ B

}
.

This lead to

E max
1≤j1≤q

‖µ̂j1 − µj1‖
2 ≤

q∑
j1=1

EYj1 + 2 max
{ ∞∑

j=1

(1− rjn)2µ2
j : µ ∈ B

}
≤ 2Cq

n

∞∑
j=1

r2
jn + 2 max

{ ∞∑
j=1

(1− rjn)2µ2
j : µ ∈ B

}
= 2C

q

nβ
log n

n1−β
1

log n

∞∑
j=1

r2
jn + 2 max

{ ∞∑
j=1

(1− rjn)2µ2
j : µ ∈ B

}
→ 0

as n→∞. The proof is complete.

When the number of groups q = 1, we have the following corollary.

Corollary 2.1. If λmax(Σ) ≤ C, where C is independent of p and µ ∈ B = Ba,r

then there exist estimators µ̂ of µ from populations Gp such that

E ‖µ̂− µ‖2 = o(1) as n→∞. (2.3)

As we know that under the general condition of mean vectors, the problem

of estimating them with minimum quadratic risk is unsolved, even with normal

distributions, see Serdobolskii [2008]. Bickel and Levina [2004] only consider

mean vector µ belonging to space B = Ba,r. When giving a method to avoid

noise accumulation in estimating mean vectors for independence rule, Fan and

Fan [2008] even assumes the vector α = µ1−µ2 only has the first s entries, that

are nonzero. In our two-step LDA setup, we will divide feature vector X and

the corresponding mean vector µ into Xj1 , µj1 ∈ R
pj1 , j1 = 1, . . . , q such that

X = [XT
1 , · · · ,XT

q ]T , µ = [µT1 , · · · ,µTq ]T . It is obvious that if components of

whole mean vector µ decrease to zero then by reordering components of µ and
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2. STATISTICAL PROBLEMS

suitable division, the components of µj1 will decrease to zero faster. Hence we

assume that mean vector µj1 of subgroup of features Xj1 belonging to B = Ba,r

with a more restricted condition about how fast aj2 →∞ as j2 →∞. Under this

condition we will have not only

E max
1≤j1≤q

‖µ̂j1 − µj1‖
2 = o(1) as n→∞

but also

E ‖µ̂− µ‖2 = o(1) as n→∞.

Theorem 2.3. Assume that λmax(Σ) ≤ C, where C is independent of p and

µj1 ∈ B = Ba,r for all j1 = 1, . . . , q. Let γ > 0 be a constant, a = (a1, a2, · · · )
satisfy that jγ = O(aj) as j →∞, and q = o(n

γ
γ+1 ) as n→∞. Then there exist

estimators µ̂j1 of µj1 from populations Gpj1 , j1 = 1, . . . , q.

E ‖µ̂− µ‖2 =

q∑
j1=1

E ‖µ̂j1 − µj1‖
2 = o(1), as n→∞.

Proof. We will use the similar method as in the theorem 2.2 to prove this theorem.

At first we define a double array {rjn, 0 ≤ rjn ≤ 1, j, n = 1, 2, . . .} by

rjn =

1, 1 ≤ j ≤ n
1

γ+1

0, j > n
1

γ+1 .

This double array satisfy that

∞∑
j=1

r2
jn ≤ n

1
γ+1 ,

n
γ

1+γ max
{ ∞∑

j=1

(1− rjn)2µ2
j : µ ∈ B

}
≤ C1 as n→∞,

where C1 is a constant. Then we define the estimator µ̂j1 = [µ̂j11, · · · , µ̂j1pj1 ]T
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2.2. ESTIMATION OF COVARIANCE MATRICES

from population Gpj1 = {X ij1 = [Xij11, · · · , Xij1pj1
]T ∈ Rpj1 , i = 1, . . . , n} by

µ̂j1j2 = rj2nXj1j2 =
rj2n
n

n∑
i=1

Xij1j2 , j2 = 1, . . . , pj1 .

In this case, using arguments similar to the proof of theorem 2.2, we have

E ‖µ̂− µ‖2 =

q∑
j1=1

E ‖µ̂j1 − µj1‖
2

≤
q∑

j1=1

2C

n

pj1∑
j2=1

r2
j2n

+ 2qmax
{ ∞∑

j=1

(1− rjn)2µ2
j : µ ∈ B

}
≤ 2Cq

n

∞∑
j=1

r2
jn + 2o(n

γ
1+γ ) max

{ ∞∑
j=1

(1− rjn)2µ2
j : µ ∈ B

}
≤ 2C

o(n
γ

1+γ )n
1

γ+1

n
+ o(1) = o(1)

as n→∞. The proof is complete.

2.2 Estimation of Covariance Matrices

Suppose that Gp = {X1, . . . ,Xn ∈ Rp} are i.i.d. observations on the prob-

ability space (Ω,F,P) with unknown covariance matrix Σ = cov(X,X). We

consider a sequence of covariance matrix estimation problems:

B = {(G,Σ, Σ̂, Ŝ, n)p} p = 1, 2, . . . (2.4)

where

Ŝ =
1

n

n∑
i=1

X iX
T
i , X =

1

n

n∑
i=1

X i, and Σ̂ =
1

n− 1

n∑
i=1

(X i −X)(X i −X)T .

The following lemma is the special case of Basu’s theorem, see Serdobolskii

[2000]. This elementary property is used to single out the leading terms for the

(conditional) expectation and covariance of scores in sample version of two-step

LDA, see section 3.2.1.
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2. STATISTICAL PROBLEMS

Lemma 2.3. If X i
i.i.d.∼ N(µ,Σ), i = 1, . . . , n then the sample mean vector µ̂ =

X and the sample covariance matrix Σ̂ are independent.

Proof. In order to prove the lemma 2.3, we show that there exists an orthogonal

transformation of vectors

Y i1 =
n∑

i2=1

Λi1i2X i2 (2.5)

such that {Y 1, . . . ,Y n} are independent, Y n =
√
n µ̂, and the sample covariance

Σ̂ is equal to

Σ̂ =
1

n− 1

n−1∑
i=1

Y iY
T
i .

Define the vector Λn = (Λn1, · · · ,Λnn), where Λni2 = 1√
n

for each i2 = 1, . . . , n.

In the n − 1 dimension subspace of Rn orthogonal to Λn, one can choose an

orthonormal basis {Λi1 , i1 = 1, . . . , n− 1} of vectors Λi1 = (Λi11, · · · ,Λi1n). We

now consider the transformation given by (2.5). Without loss of generality we

can assume µ = 0. Since X i2 , i2 = 1, . . . , n are normal and independent, the

vectors Y i1 are also normally distributed, EY i1 = 0 for each i1 = 1, . . . , n and

cov(Y i1 ,Y i2) = EY i1Y
T
i2

=
n∑

m=1

n∑
m′=1

Λi1mΛi2m′EXmX
T
m′ = δi1i2Σ,

where δi1i2 is the Kronecker delta, i1, i2 = 1, . . . , n. It follows immediately that

Y i1 and Y i2 are independent for i1 6= i2, i1, i2 = 1, . . . , n. Moreover

1

n− 1

n−1∑
i=1

Y iY
T
i =

1

n− 1

(
n∑
i=1

X iX
T
i − nXXT

)
= Σ̂. (2.6)

This leads to µ̂ = X = 1√
n
Y n and Σ̂ are independent. The proof is complete.

Remark 2.1. Let population {X i
i.i.d.∼ N(0,Σ), i = 1, . . . , n} define sample co-

variance Σ̂. There exists an orthogonal transformation of vectors

Y i =
n∑

m=1

ΛimXm
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2.2. ESTIMATION OF COVARIANCE MATRICES

such that Y i
i.i.d.∼ N(0,Σ), i = 1, . . . , n, and

Σ̂ =
1

n− 1

n−1∑
i=1

Y iY
T
i .

Hence from now on we consider sample covariance matrix Σ̂ as a Gram matrix.

In this thesis, we frequently use notions of the empirical spectral distribution

and the resolvent of a matrix, see Bai [1999].

Definition 2.1. Suppose A is a p×p matrix with eigenvalues λj, j = 1, 2, . . . , p.

If all these eigenvalues are real (e.g., if A is Hermitian), we can define a distri-

bution function:

FA(x) =
1

p
#{j ≤ p : λj ≤ x}

called the empirical spectral distribution of the matrix A.

Definition 2.2. Given a square matrix A, the resolvent is defined as

H(z;A) = (A− zI)−1, z ∈ C.

Definition 2.3. If G(x) is a function of bounded variation on the real line, then

its Stieltjes transform is defined by

sG(z) =

∫
1

λ− z
dG(λ), z ∈ D,

where z ∈ C+ ≡ {z ∈ C : =z > 0}.

Remark 2.2. The Stieltjes transform of the empirical spectral distribution F Ŝ of

the p× p Gram matrix Ŝ:

s(z) =

∫
1

x− z
dF Ŝ(x) =

1

p
tr(Ŝ − zI)−1 =

1

p
tr H(z; Ŝ).

Here and subsequently, s(z) stands for the Stieltjes transform of F Ŝ.

27



2. STATISTICAL PROBLEMS

Lemma 2.4. Let {Xi} be a complex martingale difference sequence with respect

to the increasing σ-field {Fi}. Then, for p > 1,

E |
∑

Xi|p ≤ Kp E
(∑

|Xi|2
)p/2

. (2.7)

Burkholder [1966, 1973] proved the lemma for a real martingale difference

sequence. The proof for the complex version above is given in Bai and Silverstein

[2010]. Note that the positive constant Kp depends only on p and may be chosen

not to depend on the sequence of σ fields, martingales, see Burkholder [1966].

Following the method used to prove Marčenko-Pastur law, see Marčenko and

Pastur [1967]; Pastur and Shcherbina [2011], we have the lemma below. From

now on, if not specified we shall consider the spectral norm ‖ · ‖ of matrices given

by

‖A‖ = λ
1
2
max(AHA),

where H denotes the complex conjugate transpose of matrices. If X is a complex-

valued random variable, with values in C, then its variance is

E (X − EX)(X − EX),

where X is the conjugate of X.

Lemma 2.5. If z = u+ iv ∈ C?
− ≡ {z ∈ C : <z < 0, =z 6= 0} then

var
(
eT1 H(z; Ŝ)e2

)
≤ 4K2M

nv4
, (2.8)

where M = sup
‖f‖=1

E(fTX)4, e1, e2,f are non-random vectors in Rp, ‖e1‖ = 1,

‖e2‖ = 1, K2 is a numerical constant.

Proof. Let Ei(·) denote the conditional expectation with respect to the σ-field

generated by the random variables {X1, . . . ,X i}, with the convention that En e
T
1

H(z; Ŝ)e2 = eT1 H(z; Ŝ)e2 and E0 e
T
1 H(z; Ŝ)e2 = eT1 E[H(z; Ŝ)]e2. Then,

eT1 (H(z; Ŝ)−E H(z; Ŝ))e2 =
n∑
i=1

[Ei(e
T
1 H(z; Ŝ)e2)−Ei-1(eT1 H(z; Ŝ)e2)] :=

n∑
i=1

γi.
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2.2. ESTIMATION OF COVARIANCE MATRICES

By Corollary 1.7.2. in [Schott, 1997, p. 10] we obtain

H(z; Ŝ) = H(z; Ŝi)−
1
n

H(z; Ŝi)X iX
T
i H(z; Ŝi)

1 + 1
n
XT

i H(z; Ŝi)X i

where Ŝi = Ŝ − 1
n
X iX

T
i . Then, this gives

γi = Ei(e
T
1 H(z; Ŝ)e2)− Ei-1(eT1 H(z; Ŝ)e2)

= Ei[e
T
1 H(z; Ŝ)e2 − eT1 H(z; Ŝi)e2]

− Ei-1[eT1 H(z; Ŝ)e2 − eT1 H(z; Ŝi)e2]

= − 1

n
([Ei−Ei-1]

eT1 H(z; Ŝi)X iX
T
i H(z; Ŝi)e2

1 + 1
n
XT

i H(z; Ŝi)X i

).

Note that, when u < 0

<(1 +
1

n
XT

i H(z; Ŝi)X i) > 1.

Hence,

γ2
i ≤

2

n2

[(
Ei
eT1 H(z; Ŝi)X iX

T
i H(z; Ŝi)e2

1 + 1
n
XT

i H(z; Ŝi)X i

)2

+

(
Ei-1

eT1 H(z; Ŝi)X iX
T
i H(z; Ŝi)e2

1 + 1
n
XT

i H(z; Ŝi)X i

)2
]

≤ 2

n2

[
Ei

(
eT1 H(z; Ŝi)X iX

T
i H(z; Ŝi)e2

)2

+ Ei-1

(
eT1 H(z; Ŝi)X iX

T
i H(z; Ŝi)e2

)2
]
,

which implies that

E γ2
i ≤

4

n2
E
(
eT1 H(z; Ŝi)X iX

T
i H(z; Ŝi)e2

)2

.
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By Cauchy-Bunyakovsky inequality

E γ2
i ≤

4

n2

√
E
(
eT1 H(z; Ŝi)X i

)4

E
(
XT

i H(z; Ŝi)e2

)4

.

Since ‖H(z; Ŝi)‖ ≤ 1
|v| ,

E γ2
i ≤

4

n2v4

√
E

[( 1

‖eT1 H(z; Ŝi)‖
eT1 H(z; Ŝi)

)
X i

]4

×

√
E

[( 1

‖eT2 H(z; Ŝi)‖
eT2 H(z; Ŝi)

)
X i

]4

.

For any independent random vectors X,Y ∈ Rp, ‖Y ‖ = 1, we have

E
(
Y TX

)4

≤ sup
‖f‖=1

E
(
fTX

)4

= M.

This implies that

E γ2
i ≤

4M

n2v4
.

Since {γi} forms a martingale difference sequence, applying lemma 2.4 for p = 2,

we have

E |eT1 (H(z; Ŝ)− E H(z; Ŝ))e2|2 ≤ K2

n∑
i=1

E|γi|2.

Then,

var
(
eT1 H(z; Ŝ)e2

)
≤ 4K2M

nv4
.

The proof is complete.

Remark 2.3. If a random vector X ∼ N(0,Σ) ∈ Rp then fTX ∼ N(0,fTΣf).

Therefore sup
‖f‖=1

E(fTX)4 = 3 ‖Σ‖2, sup
‖f‖=1

E(fTX)8 = 105 ‖Σ‖4.

Lemma 2.6. If z = u+ iv ∈ C?
− ≡ {z ∈ C : <z < 0,=z 6= 0} then

var
(
eT H(z; Ŝ)2e

)
≤ 6K2

nv6

(
2M +

Np2

n2v2

)
, (2.9)
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where M = sup
‖f‖=1

E(fTX)4, N = sup
‖f‖=1

E(fTX)8, e, f are non-random vectors

in Rp, ‖e‖ = 1, and K2 is a numerical constant.

Proof. Let Ei(·) denote the conditional expectation with respect to the σ-field

generated by the random variables {X1, . . . ,X i}, with the convention that En e
T

H(z; Ŝ)2e = eT H(z; Ŝ)2e and E0 e
T H(z; Ŝ)2e = eT E[H(z; Ŝ)2]e. Then,

eT (H(z; Ŝ)2 − E[H(z; Ŝ)2])e =

n∑
i=1

[Ei(e
T H(z; Ŝ)2e)− Ei-1(e

T H(z; Ŝ)2e)] :=
n∑
i=1

γi.

Since {γi} forms a martingale difference sequence, applying lemma 2.4 for p = 2,

we have

E
(
eT
(

H(z; Ŝ)2 − E[H(z; Ŝ)2]
)
e
)2

≤ K2 E
n∑
i=1

γ2
i .

By corollary 1.7.2. in [Schott, 1997, p. 10] we obtain

H(z; Ŝ) = H(z; Ŝi)−
1
n

H(z; Ŝi)X iX
T
i H(z; Ŝi)

1 + 1
n
XT

i H(z; Ŝi)X i

where Ŝi = Ŝ − 1
n
X iX

T
i , which implies that

H(z; Ŝ)2 − H(z; Ŝi)
2 =−

1
n

H(z; Ŝi)
2X iX

T
i H(z; Ŝi)

1 + 1
n
XT

i H(z; Ŝi)X i

−
1
n

H(z; Ŝi)X iX
T
i H(z; Ŝi)

2

1 + 1
n
XT

i H(z; Ŝi)X i

+
1
n2 H(z; Ŝi)X iX

T
i H(z; Ŝi)

2X iX
T
i H(z; Ŝi)

(1 + 1
n
XT

i H(z; Ŝi)X i)2

We denote by Ω the random matrix on the right side of the above equation and

have

γi = Ei(e
T H(z; Ŝ)2e)− Ei-1(eT H(z; Ŝ)2e)

= Ei[e
T H(z; Ŝ)2e− eT H(z; Ŝi)

2e]

− Ei-1[eT H(z; Ŝ)2e− eT H(z; Ŝi)
2e]

= [Ei−Ei-1]eTΩe,

which lead to E γ2
i ≤ 2 E(eTΩe)2. Note that when u < 0, <(1+ 1

n
XT

i H(z; Ŝi)X i) >
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1. Hence, |1 + 1
n
XT

i H(z; Ŝi)X i| > 1. Moreover X i, H(z; Ŝi) are independent

and ‖H(z; Ŝi)‖ ≤ 1
|v| . Then,

I1 = E
[ 1
n
eT H(z; Ŝi)

2X iX
T
i H(z; Ŝi)e

1 + 1
n
XT

i H(z; Ŝi)X i

]2

≤ 1

n2v6
sup
‖f‖=1

E(fTX i)
4 =

M

n2v6
.

I2 = E
[ 1
n
eT H(z; Ŝi)X iX

T
i H(z; Ŝi)

2e

1 + 1
n
XT

i H(z; Ŝi)X i

]2

≤ 1

n2v6
sup
‖f‖=1

E(fTX i)
4 =

M

n2v6
.

I3 = E
[ 1
n2e

T H(z; Ŝi)X iX
T
i H(z; Ŝi)

2X iX
T
i H(z; Ŝi)e

(1 + 1
n
XT

i H(z; Ŝi)X i)2

]2

≤ 1

n4

[
E
(
eT H(z; Ŝi)X i

)8

E
(
XT

i H(z; Ŝi)
2X i

)4 ]1/2

≤ 1

n4v8

[
sup
‖f‖=1

E(fTX i)
8 E ‖X i‖8

]1/2

≤ 1

n4v8

[
Np4 sup

‖f‖=1

E(fTX i)
8
]1/2

=
Np2

n4v8
.

This implies that

E γ2
i ≤ 6(I1 + I2 + I3) = 6(

2M

n2v6
+
Np2

n4v8
).

It follows that

E
(
eT
(

H(z; Ŝ)2 − E[H(z; Ŝ)2]
)
e
)2

≤ 6K2

nv6

(
2M +

Np2

n2v2

)
.

The proof is complete.

Remark 2.4. Let us denote ψi(z) = 1
n
XT

i H(z; Ŝ)X i. Then

Eψi(z) = E
1

n
XT

i H(z; Ŝ)X i = E
1

n
tr
(
X iX

T
i H(z; Ŝ)

)
= E

1

n
tr
(
Ŝ H(z; Ŝ)

)
= E

1

n
tr
(
I + zH(z; Ŝ)

)
=
p

n
+
p

n
z E

1

p
tr H(z; Ŝ) =

p

n
+
p

n
z E s(z).

The following lemmas are from Serdobolskii [1999, 2000] that are rewritten to

be compatible with our notation.
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Lemma 2.7. If z = u+ iv ∈ C?
− ≡ {z ∈ C : <z < 0,=z 6= 0} then

varψi ≤
10p2

n2v2

(
4K2M

2

nv2
+ γ

)
,

where γ = 1
p2

sup
‖Ω‖≤1

var(XTΩX), Ω are non-random positive semidefinite sym-

metric matrices with spectral norm not greater than 1.

Proof. Denoting ϕi(z) = 1
n
XT

i H(z; Ŝi)X i, we have

H(z; Ŝ) = H(z; Ŝi)−
1

n
H(z; Ŝi)X iX

T
i H(z; Ŝ),

which implies that

ψi = ϕi − ψiϕi.

It can be rewritten in the form

(1 + ϕi)∆ψi = (1− Eψi)∆ϕi + E ∆ϕi∆ψi,

where ∆ϕi = ϕi − Eϕi and ∆ψi = ψi − Eψi. Therefore,

(1 + ϕi)
2∆ψ2

i ≤ 2
(
(1− Eψi)

2∆ϕ2
i + [E ∆ϕi∆ψi]

2
)
.

Note that, when u < 0

<(1 +
1

n
XT

i H(z; Ŝi)X i) > 1.

This gives 1 ≤ |1 +ϕi|. Moreover from the equation (1−ψi)(1 +ϕi) = 1 we have

|1 − Eψi| ≤ 1. By Cauchy-Bunyakovsky inequality and taking into account the

above inequality, it follows that

varψi ≤ 2(varϕi + varϕi · varψi).

Furthermore,

varψi ≤ Eψ2
i = E

(
ϕi

1 + ϕi

)2

= E

(
1− 1

1 + ϕi

)2

≤ 4.
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Hence,

varψi ≤ 10 varϕi.

Denote Ω = E H(z; Ŝi), ∆ H(z; Ŝi) = H(z; Ŝi) − Ω. Since X i and H(z; Ŝi) are

independent we have

varϕi =
1

n2
E
(
XT

i ∆ H(z; Ŝi)X i

)2

+
1

n2
var(XT

i ΩX i).

Note that H(z; Ŝi) = n
n−1

H( nz
n−1

; S̃), where S̃ = 1
n−1

∑
m 6=i

XmX
T
m. We apply

lemma 2.5 to Eσ(Xi)

(
XT

i ∆ H(z; Ŝi)X i

)2

, where Eσ(Xi) is the conditional expec-

tation given sigma field σ(X i) generated by X i and find that

1

n2
E
(
XT

i ∆ H(z; Ŝi)X i

)2

=
1

n2
E
[
Eσ(Xi)

(
XT

i ∆ H(z; Ŝi)X i

)2]
≤ 4K2M(n− 1)

n4v4
E |X i|4 ≤

4K2M
2p2

n3v4
.

It is clear that
1

n2
var(XT

i ΩX i) ≤
‖Ω‖2p2γ

n2
≤ p2γ

n2v2
.

This leads to

varψi ≤
10p2

n2v2

(
4K2M

2

nv2
+ γ

)
.

The proof is complete.

Remark 2.5. If X ∼ N(0,Σ) ∈ Rp then γ = 1
p2

sup
‖Ω‖≤1

var(XTΩX) = 3p−2 tr Σ2

and γ ≤ 3p−1λ2
max(Σ) = O(p−1). The parameter γ can serve as a measure of the

dependence of variables.

Lemma 2.8. If z = u+ iv ∈ C?
− ≡ {z ∈ C : <z < 0,=z 6= 0} then

E H(z; Ŝ) =
[
Σ− zI − p

n
(1 + z E s(z)) Σ

]−1

+ Ω (2.10)

where

‖Ω‖ ≤ ‖Σ‖
√
M

nv2
+
p
√

10M

n|v|3

√
4K2M2

nv2
+ γ.
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Proof. For fixed integer i, we have

H(z; Ŝ) = H(z; Ŝi)−
1

n
H(z; Ŝi)X iX

T
i H(z; Ŝ)

where Ŝi = Ŝ− 1
n
X iX

T
i . Multiplying both sides of the above equation byX iX

T
i ,

we obtain

H(z; Ŝ)X iX
T
i = H(z; Ŝi)X iX

T
i −

1

n
H(z; Ŝi)X iX

T
i H(z; Ŝ)X iX

T
i .

It is equivalent to

H(z; Ŝ)X iX
T
i = (1− Eψi) H(z; Ŝi)X iX

T
i − H(z; Ŝi)X iX

T
i ∆ψi.

where ψi = XT
i H(z; Ŝ)X i and ∆ψi = ψi − Eψi. Noticing that the roles of

X i, i = 1, . . . , n in H(z; Ŝ) are equivalent and X i, H(z; Ŝi) are independent.

Calculating the expectation values, we obtain

E H(z; Ŝ)Ŝ = (1− Eψi) E H(z; Ŝi)Σ− E H(z; Ŝi)X iX
T
i ∆ψi,

which implies that

I + z E H(z; Ŝ) = (1− Eψi) E

(
H(z; Ŝ) +

1

n
H(z; Ŝi)X iX

T
i H(z; Ŝ)

)
Σ

− E H(z; Ŝi)X iX
T
i ∆ψi.

Thus,

E H(z; Ŝ)
(

(1− Eψi)Σ− zI
)

= I − (1− Eψi) E
1

n
H(z; Ŝi)X iX

T
i H(z; Ŝ)Σ

+ E H(z; Ŝi)X iX
T
i ∆ψi.

Note that the sign of =Eψi coincides with =z, which leads to R = [(1−Eψi)Σ−
zI]−1 satisfying that ‖R‖ ≤ 1

|v| . Multiplying by R, we obtain

E H(z; Ŝ)−R = −(1−Eψi) E
1

n
H(z; Ŝi)X iX

T
i H(z; Ŝ)ΣR+E H(z; Ŝi)X iX

T
i R∆ψi.
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Since the non-random matrix Ω on the right side of the above equation is sym-

metric, ‖Ω‖ = |eTΩe|, where e is one of its eigenvectors. From the following

relation

H(z; Ŝ)X i =
1

1 + 1
n
XT

i H(z; Ŝi)X i

H(z; Ŝi)X i,

we have

I1 = |eT (1− Eψi) E
1

n
H(z; Ŝi)X iX

T
i H(z; Ŝ)ΣRe|

= |1− Eψi||E
1
n
eT H(z; Ŝi)X iX

T
i H(z; Ŝi)ΣRe

1 + 1
n
XT

i H(z; Ŝi)X i

|

≤ 1

n

(
E |eT H(z; Ŝi)X i|2 E |XT

i H(z; Ŝi)ΣRe|2
)1/2

.

Since H(z; Ŝi) and X i are independent, ‖R‖ ≤ 1
|v| , ‖H(z; Ŝi)‖ ≤ 1

|v| ,

I1 ≤
‖Σ‖
nv2

(
sup
‖f‖=1

E(fTX i)
2 sup
‖f‖=1

E(fTX i)
2

)1/2

≤ ‖Σ‖
nv2

(
sup
‖f‖=1

E(fTX i)
4

)1/2

=
‖Σ‖
√
M

nv2
.

Now by Cauchy-Bunyakovsky inequality,

I2 = |E eT H(z; Ŝi)X iX
T
i Re∆ψi|

≤
(

E(eT H(z; Ŝi)X i)
4 E(XT

i Re)4
)1/4√

varψi.

Since H(z; Ŝi) andX i are independent, ‖R‖ ≤ 1
|v| , ‖H(z; Ŝi)‖ ≤ 1

|v| , and varψi ≤
10p2

n2v2

(
4K2M2

nv2
+ γ
)

, see lemma 2.7, it follows that

I2 ≤
1

v2

(
sup
‖f‖=1

E(fTX i)
4

)1/2
p
√

10

n|v|

√
4K2M2

nv2
+ γ =

p
√

10M

n|v|3

√
4K2M2

nv2
+ γ.
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We replace Eψi = p
n

+ p
n
z E s(z) and have

‖E H(z; Ŝ)−
[
(1− p

n
− p

n
z E s(z))Σ− zI

]−1

‖ ≤ I1 + I2

=
‖Σ‖
√
M

nv2
+
p
√

10M

n|v|3

√
4K2M2

nv2
+ γ.

The proof is complete.
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Chapter 3

Theory of Multi-Step LDA

3.1 Introduction

In practice the general trend in data classification prefers simple techniques

such as linear methods to sophisticated ones, see Blankertz et al. [2011]; Dudoit

et al. [2002]; Krusienski et al. [2008]; Lotte et al. [2007]; Müller et al. [2004].

Recently such standard linear methods, for example Fisher’s linear discriminant

analysis (LDA) have been studied in high-dimensional setting, see Bickel and

Levina [2004]. It is shown that LDA can be no better than random guessing

when dimension p is much larger than the sample size n of training data. This

is due to the diverging spectra in the estimation of covariance matrices in high-

dimensional feature space.

In this chapter, we introduce multi-step linear discriminant analysis (multi-

step LDA). Multi-step LDA is based on a multi-step machine learning approach,

see Hoff et al. [2008]; Sajda et al. [2010]. At first all features are divided into

disjoint subgroups and LDA is applied to each of them. This procedure is iterated

until there is only one score remaining and this one is used for classification.

In this way we avoid to estimate the high-dimensional covariance matrix of all

features.

We investigate multi-step LDA for the normal model by two approaches. In

the first approach, the difference between means and the common covariance of

two normal distributions are assumed to be known. Thence the theoretical error
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3. THEORY OF MULTI-STEP LDA

rate is given which results in a recommendation on how subgroups should be

formed. In the second approach, the difference between means and the common

covariance are assumed to be unknown. Then we calculate the asymptotic error

rate of multi-step LDA when sample size n and dimension p of training data tend

to infinity. It gives insight into how to define the sizes of subgroups at each step.

3.2 Multi-Step LDA method

We assume that there are independent training data {Xki ∈ Rp, i = 1, . . . , nk,

k = 1, . . . , K} coming from an unknown population. Given a new observation X

of the above population, multi-step LDA aims at finding discriminant functions

δ?k(X), k = 1, . . . , K, which can predict the unknown class label k of this new

observation by several steps. In order to present this method clearer but without

loss of generality we begin with K = 2 and two-step Linear Discriminant Analysis

(two-step LDA). In the case K = 2, we only need to define one discriminant

function δ?.

3.2.1 Two-step LDA method

Two-step LDA contains two steps. At the first step, two-step LDA procedure

divides all features into q disjoint subgroups Xj,Xkij ∈ Rpj , j = 1, . . . , q, i =

1, . . . , nk, k = 1, 2 such that X = [XT
1 · · ·XT

q ]T , Xki = [XT
ki1 · · ·XT

kiq]
T , p1 +

. . .+ pq = p. Then LDA is performed for each subgroup of features {Xj, Xkij ∈
R
pj ; j = 1, . . . , q, i = 1, . . . , nk, k = 1, 2} to obtain the Fisher’s discriminant

functions δF (Xj).

At the second step LDA is again applied to the resulting scores in the first

step, ∆ = [δF (X1), · · · , δF (Xq)]
T , {∆ki = [δF (Xki1), · · · , δF (Xkiq)]

T , i =

1, . . . , nk, k = 1, 2} to obtain the final two-step LDA discriminant function

δ?(X). The above process results in δ?(X) defined by

δ?(X) = δF (δF (X1), · · · , δF (Xq))

where δF denotes the Fisher’s discriminant function. The figure 3.1 illustrates
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X1 . . . Xq

@
@
@@R

LDA

?

LDA
�

�
��	

LDA

(δF (X1) · · · δF (Xq))

?
LDA

δ?(X)

Figure 3.1: Schema of two-step linear discriminant analysis.

the two-step LDA procedure.

3.3 Analysis for normal distribution

In the remainder of this section we suppose that the training and test data

{Xki,Xk ∈ Rp, i = 1, . . . , nk, k = 1, 2}, coming from two normal distributions

with different means and a common covariance (a homoscedastic normal model)

Xki,Xk
i.i.d.∼

N(µ1,Σ), k = 1

N(µ2,Σ), k = 2
(3.1)

and πk is the prior probability of being in class k, k = 1, 2 with π1 + π2 = 1.

We sometimes ignore the class index k of the training, test observations and

scores {Xki,Xk,∆ki,∆k, i = 1, . . . , nk, k = 1, 2} when investigating general

properties of the two-step LDA discriminant function δ?(x). In that case, for

simplicity of notation we write X i,X,∆i,∆, n instead of Xki,Xk,∆ki,∆k, nk

respectively.

3.3.1 Theoretical Analysis

In this section, we give some elementary properties of two-step LDA for the

above model with the known parameters α = µ1 − µ2, and Σ by using basic

linear algebra and the properties of the multivariate normal distribution.
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3. THEORY OF MULTI-STEP LDA

Theorem 3.1. Let ∆k = [δF (Xk1), · · · , δF (Xkq)]
T be the scores of observation

Xk, k = 1, 2 drawn from normal distributions given by (3.1) with known α =

µ1 − µ2 and Σ then ∆k, k = 1, 2 are still normally distributed with common

covariance matrix Θ and corresponding means ±1
2
m defined by

Θ =
q
⊕
j=1
αTj ·

q
⊕
j=1

Σ−1
j ·Σ ·

q
⊕
j=1

Σ−1
j ·

q
⊕
j=1
αj (3.2)

m = [m1, · · · ,mq]
T , mj = αjΣ

−1
j αj, j = 1, . . . , q (3.3)

where Σj is the covariance matrix of features Xkj, αj ∈ Rpj , j = 1, . . . , q such

that α = [αT1 , · · · ,αTq ]T and ⊕ is the direct sum matrix operator. Furthermore,

the condition number κ(Θ) of the covariance matrix Θ

κ(Θ) ≤ κ(
q
⊕
j=1

Σ−1
j ·Σ ·

q
⊕
j=1

Σ−1
j ) ·

max
0≤j≤q

‖αj‖

min
0≤j≤q

‖αj‖
(3.4)

where κ(
q
⊕
j=1

Σ−1
j ·Σ·

q
⊕
j=1

Σ−1
j ) is the condition number of matrix

q
⊕
j=1

Σ−1
j ·Σ·

q
⊕
j=1

Σ−1
j .

Proof. By formula (1.4), we have δF (Xkj) = (Xkj − µj)TΣ−1
j αj, j = 1, . . . , q,

where [µT1 , · · · ,µTq ]T = µ = 1
2
(µ1 + µ2). It is easily seen that scores ∆k =

[δF (Xk1), · · · , δF (Xkq)]
T , k = 1, 2 are normally distributed with different means

±1
2
m given by (3.3). Let us compute covariance matrix Θ = (θj1j2) of scores

∆k, k = 1, 2. We have θj1j2 = cov(δF (Xkj1), δF (Xkj2)) = αTj1Σ
−1
j1

Σj1j2Σ
−1
j2
αj2 ,

where Σj1j2 = cov(Xkj1 ,Xkj2). From this we obtain formula (3.2). Furthermore

xTΘx = (
q
⊕
j=1

xjαj)
T ·

q
⊕
j=1

Σ−1
j ·Σ ·

q
⊕
j=1

Σ−1
j · (

q
⊕
j=1

xjαj)

for every x = (x1, · · · , xq) ∈ R
q. Since min

0≤j≤q
‖αj‖ · ‖x‖ ≤ ‖

q
⊕
j=1

xjαj‖ ≤

max
0≤j≤q

‖αj‖ · ‖x‖, it follows that

λmin(
q
⊕
j=1

Σ−1
j ·Σ ·

q
⊕
j=1

Σ−1
j ) · min

0≤j≤q
‖αj‖ · ‖x‖ ≤

√
xTΘx ≤

λmax(
q
⊕
j=1

Σ−1
j ·Σ ·

q
⊕
j=1

Σ−1
j ) · max

0≤j≤q
‖αj‖ · ‖x‖.
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This implies formula (3.4), which completes the proof.

By formula (3.4), we can control the condition number κ(Θ) of covariance

matrix Θ in the second step of two-step LDA. If we divide all features into

q disjoint subgroups such that ‖α1‖ = . . . = ‖αq‖ then κ(Θ) = κ(
q
⊕
j=1

Σ−1
j · Σ ·

q
⊕
j=1

Σ−1
j ). In that case the condition number of covariance matrix Θ only depends

on how to define feature subgroups in relation to the structure of covariance Σ

and is at most κ(Σ)3. In the special case that features between any two subgroups

are independent, the covariance matrix Σ is a block diagonal matrix, Σ =
q
⊕
j=1

Σj

and κ(Θ) = κ(
q
⊕
j=1

Σ−1
j ·Σ ·

q
⊕
j=1

Σ−1
j ) = κ(

q
⊕
j=1

Σ−1
j ) = κ(Σ).

Remark 3.1. Since the distribution of scores ∆k, k = 1, 2 satisfy theorems 3.1,

the theoretical error rates of two-step LDA discriminant function can be calculated

easily by

W (δ?) = Φ(
d?

2
)

where d? is the Mahalanobis distance between two score classes given by d? =

[mTΘ−1m]1/2. In the case Σ =
q
⊕
j=1

Σj we have d? = d = [αTΣ−1α]1/2 and

W (δ?) = W (δF ) = Φ(
d

2
).

Theorem 3.2. If the observation X comes from the distribution given by (3.1)

with known α = µ1 − µ2 and Σ then the two-step LDA discriminant function

δ?(X) is linear and defined by

δ?(X) = wT · (X − µ), µ =
1

2
(µ1 + µ2), w = Σ? ·α

where

Σ? =


η11Σ

−1
1 α1α

T
1 Σ−1

1 η12Σ
−1
1 α1α

T
2 Σ−1

2 · · · η1qΣ
−1
1 α1α

T
q Σ−1

q

η21Σ
−1
2 α2α

T
1 Σ−1

1 η22Σ
−1
2 α2α

T
2 Σ−1

2 · · · η2qΣ
−1
2 α2α

T
q Σ−1

q
...

...
. . .

...

ηq1Σ
−1
q αqα

T
1 Σ−1

1 ηq2Σ
−1
q αqα

T
2 Σ−1

2 · · · ηqqΣ
−1
q αqα

T
q Σ−1

q

 ,
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Θ−1 = (ηj1j2) with Θ being the common covariance matrix of scores ∆ = [δF (X1),

· · · , δF (Xq)]
T defined by (3.2).

Proof. we have

δ?(X) = (X − µ)TΣ?α

= [(X1 − µ1)T , · · · , (Xq − µq)T ] ·


∑q

j2=1 η1j2Σ
−1
1 α1α

T
j2

Σ−1
j2
αj2

...∑q
j2=1 ηqj2Σ

−1
q αqα

T
j2

Σ−1
j2
αj2


where µ = [µT1 , · · · ,µTq ]T , µj ∈ Rpj , j = 1, . . . , q. It follows that

δ?(X) =

q∑
j1,j2=1

ηj1j2δF (Xj1)δF (αj2) = δF (δF (X1) · · · δF (Xq)).

The proof is complete.

Clearly, the two-step LDA score δ?(X) has a normal distribution when α =

µ1−µ2 and Σ are known. In practice we do not know these parameters and have

to replace them by their estimators from training data. We obtain the sample

version of two-step LDA discriminant function δ̂?(X). By independence between

test data X and training data {X i, i = 1, . . . , n} the sample two-step LDA

score δ̂?(X) also has a normal distribution (conditional under fixed samples).

The following corollary shows that training scores {δ̂?(X i), i = 1, . . . , n} have

asymptotic normal distributions.

Corollary 3.1. Suppose that the training data {X i, i = 1, . . . , n} come from

the distribution defined by formula (3.1) with finite dimension p then for a fixed

i ∈ {1, . . . , n}
δ̂?(X i)

P−→ δ?(X i) when n→∞.

We can extend the corollary 3.1 for multi-step LDA as follows. If the dimen-

sion p of populations given by formula (3.1) is finite, then training score vectors at

each step have asymptotic normal distributions when sample size n → ∞. This

gives a reasonable argument why we apply LDA to scores in multi-step LDA.

However these exact distributions are too complicated to be used numerically
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even only with the distribution of the ordinary Fisher scores of whole test feature

vectors, see Okamoto [1963].

3.3.2 Multi-step LDA in high dimensions

In this section we assume that the parameters α = µ1 − µ2, and Σ of the

two normal distributions defined by formula (3.1) are unknown. We have to yield

the sample two-step LDA discriminant function δ̂?(X) by using training data

G = {Xk1, . . . ,Xknk , k = 1, 2} in two steps. At the first step, we calculate all

the sample Fisher’s discriminant functions δ̂F (Xj), j = 1, . . . , q

µ̂kj =
1

nk

nk∑
i=1

Xkij, k = 1, 2, Σ̂j =
1

n− 2

2∑
k=1

nk∑
i=1

(Xkij − µ̂kj)(Xkij − µ̂kj)T ,

µ̂
j

=
1

2
(µ̂1j + µ̂2j), α̂j = µ̂1j − µ̂2j, δ̂F (Xj) = (Xj − µ̂j)

T Σ̂
−1

j α̂j.

At the second step, we define the sample covariance matrix Θ̂, different means

±1
2
m̂ of the training scores {[δ̂F (Xki1), · · · , δ̂F (Xkiq)]

T , i = 1, . . . , nk, k = 1, 2}
and sample two-step LDA discriminant function δ̂?(X) = [δ̂F (X1), · · · , δ̂F (Xq)]

Θ̂
−1
m̂ finally.

We denote by F the sigma field generated by training data {Xki ∈ Rp, i =

1, . . . , nk, k = 1, 2}. Let EF and covF be the conditional expectation and covari-

ance given the sigma field F. The conditional covariance is defined by substituting

the appropriate conditional expectations into the definition of the covariance. In

this case, the difference between conditional means and the conditional covari-

ance matrix of the test scores {∆̂k = [δ̂F (Xk1), · · · , δ̂F (Xkq)]
T , k = 1, 2} of the

test data {Xk ∈ Rp, k = 1, 2} given by

m̃ = EF(∆̂1 − ∆̂2) = [m̃1, · · · , m̃q]
T , m̃j = αTj Σ̂

−1

j α̂j, j = 1, . . . , q,

Θ̃ = covF(∆̂k, ∆̂k) =
q
⊕
j=1
α̂Tj ·

q
⊕
j=1

Σ̂
−1

j ·Σ ·
q
⊕
j=1

Σ̂
−1

j ·
q
⊕
j=1
α̂j, k = 1, 2.

In the following we show that under certain assumptions the covariance matrix

Θ̃ and the difference m̃ converge to the theoretical covariance matrix Θ and the

difference m between the theoretical means given in theorem 3.1 respectively.
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Without loss of generality we can assume the sizes of all feature subgroups Xj ∈
R
pj , j = 1, . . . , q are equal. It means that we have p1 = · · · = pq = p̈

Theorem 3.3. Suppose that the training and test data {Xki,Xk ∈ Rp, i =

1, . . . , nk, k = 1, 2} drawn from normal distributions given by (3.1) satisfy the

following conditions: there is a constant c0 (not depending on p) such that

c−1
0 ≤ all eigenvalues of Σ ≤ c0, (3.5)

max
j≤q
‖αj‖2 ≤ c0, (3.6)

where αj ∈ Rp̈ given by [αT1 , · · · ,αTq ]T = α = µ1 − µ2, and p̈
√
q log p/

√
n→ 0.

Then

‖Θ̃−Θ‖ = OP

(
max[

√
p̈

nβ
, p̈

√
log p

n
]

)
, ‖m̃−m‖ = OP

(
p̈

√
q log p

n

)

in probability for every β < 1
2
, m and Θ are defined by theorem 3.1. If p̈ ≥ nγ

with any γ > 0, we have

‖Θ̃−Θ‖ = OP(p̈
√

log p/
√
n).

Proof. Let σ̂j1j2 and σj1j2 be the (j1, j2)th elements of Σ̂ and Σ, respectively.

From result (12) in Bickel and Levina [2008], max
j1,j2≤p

|σ̂j1j2 −σj1j2 | = OP

(√
log p
n

)
.

Then,

‖Σ̂j −Σj‖ ≤ max
(j−1)p̈+1≤j1≤jp̈

jp̈∑
j2=(j−1)p̈+1

|σ̂j1j2 − σj1j2 | = OP

(
p̈

√
log p

n

)
,

‖
q
⊕
j=1

Σ̂j −
q
⊕
j=1

Σj‖ ≤ max
j≤q

max
(j−1)p̈+1≤j1≤jp̈

jp̈∑
j2=(j−1)p̈+1

|σ̂j1j2 − σj1j2 | = OP

(
p̈

√
log p

n

)
,

where ‖·‖ is the spectral norm. By (3.5) and p̈
√

log p
n
→ 0, Σ̂

−1

j , j = 1, . . . , q,
q
⊕
j=1

Σ̂
−1

j

exist and

‖Σ̂
−1

j −Σ−1
j ‖ = ‖Σ̂

−1

j (Σ̂j−Σj)Σ
−1
j ‖ ≤ ‖Σ̂

−1

j ‖‖Σ̂j−Σj‖‖Σ−1
j ‖ = OP

(
p̈

√
log p

n

)
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and

‖
q
⊕
j=1

Σ̂
−1

j −
q
⊕
j=1

Σ−1
j ‖ = OP

(
p̈

√
log p

n

)
.

From lemma 2.1, we have max
j1≤p
|α̂j1 − αj1| = oP

(
1
nβ

)
for every β < 1

2
, where α̂j1

and αj1 are the j1th components of α̂ and α respectively, which implies that

‖
q
⊕
j=1
α̂j−

q
⊕
j=1
αj‖ ≤ max

j≤q
‖α̂j−αj‖ = max

j≤q

[ jp̈∑
j1=(j−1)p̈+1

|α̂j1−αj1|2
]1/2

= oP

(√
p̈

nβ

)
.

Since ‖
q
⊕
j=1

Σj‖, ‖
q
⊕
j=1
αj‖, ‖Σ‖ are bounded, it follows that

‖Θ̃−Θ‖ = OP

(
max[

√
p̈

nβ
, p̈

√
log p

n
]

)
.

Applying ‖Σ̂
−1

j −Σ−1
j ‖ = OP

(
p̈
√

log p
n

)
yields

αTj Σ̂
−1

j α̂j = αTj Σ−1
j α̂j

[
1 +OP

(
p̈

√
log p

n

)]
, j = 1, . . . , q.

Since E[(α̂j−αj)TΣ−1
j (α̂j−αj)] = O( p

n
) and E[αTj Σ−1

j (α̂j−αj)]2 ≤ αTj Σ−1
j αj×

E[(α̂j −αj)TΣ−1
j (α̂j −αj)], we have

αTj Σ−1
j α̂j = αTj Σ−1

j αj +αTj Σ−1
j (α̂j −αj)

= αTj Σ−1
j αj + [αTj Σ−1

j αj]
1/2OP

(√
p̈

n

)

= αTj Σ−1
j αj +OP

(
p̈

√
log p

n

)
,

where the last equality follows from αTj Σ−1
j αj ≤ c2

0 under conditions (3.5) and

(3.6). Combining these results, we obtain that

αTj Σ̂
−1

j α̂j = αTj Σ−1
j αj +OP

(
p̈

√
log p

n

)
, j = 1, . . . , q.
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Then

‖m̃−m‖ =
[∑
j≤q

(αTj Σ̂
−1

j α̂j −αTj Σ−1
j αj)

2
]1/2

= OP

(
p̈

√
q log p

n

)
,

which completes the proof.

In order to understand the original sample two-step LDA as above, we study

its slightly different version. In this version, the training data G = {Xk1, . . . ,

Xknk , k = 1, 2} are divided into two parts G1 and G2 such that the sample size for

each class of each part equal to Ω(n). We also have to yield the sample two-step

LDA discriminant function in two steps. At the first step, we use the first part G1

of the training data to calculate µ̂1j, µ̂2j, Σ̂j, µ̂j = 1
2
(µ̂1j + µ̂2j), α̂j = µ̂1j − µ̂2j

and then the sample Fisher’s discriminant function δ̂F (Xj) = (Xj − µ̂j)
T Σ̂
−1

j α̂j

for all j = 1, . . . , q.

At the second step, we estimate the sample covariance matrix Θ̂, different

means ±1
2
m̂ from the training scores {[δ̂F (Xki1), · · · , δ̂F (Xkiq)]

T , Xki ∈ G2, k =

1, 2} of the second part G2 and the sample two-step LDA discriminant function

δ̂?(X) = [δ̂F (X1), · · · , δ̂F (Xq)] Θ̂
−1
m̂ finally. In the following corollary we apply

theorem 1.1 to scores. Then that under certain conditions, the error rate of the

sample two-step LDA discriminant function δ̂?(X) tends to the theoretical error

rate of δ?(X) follows from theorem 3.3.

Corollary 3.2. Under the assumption of the theorem 3.3 and there is a constant

c1 (not depending on q) such that

c−1
1 ≤ all eigenvalues of Θ ≤ c1, (3.7)

c−1
1 ≤ max

j≤q
m2
j ≤ c1, (3.8)

where m = [m1, · · · ,mq]
T and Θ is given by theorem 3.1 and

max {p̈
√
q log p, q

√
log q }/

√
n→ 0.

If p̈ ≥ nγ with any γ > 0, then the conditional error rate of the sample two-step
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LDA discriminant function δ̂?(X), given the training data G satisfies

W (δ̂? | G) = Φ([1 +OP(max {p̈
√
q log p, q

√
log q }/

√
n )]d?/2),

where d? = [mTΘ−1m]1/2 is the Mahalanobis distance between two score classes.

Proof. We denote by F1 the sigma field generated by training data in the first

part G1. The difference between conditional means and the conditional covariance

matrix of the training scores {∆̂ki = [δ̂F (Xki1), · · · , δ̂F (Xkiq)]
T , Xki ∈ G2, k =

1, 2} and test scores {∆̂k = [δ̂F (Xk1), · · · , δ̂F (Xkq)]
T , k = 1, 2} are defined by

m̃ = EF1(∆̂1i − ∆̂2i) = EF1(∆̂1 − ∆̂2) = [m̃1, · · · , m̃q]
T , m̃j = αTj Σ̂

−1

j α̂j

Θ̃ = covF1(∆̂ki, ∆̂ki) = covF1(∆̂k, ∆̂k) =
q
⊕
j=1
α̂Tj ·

q
⊕
j=1

Σ̂
−1

j ·Σ ·
q
⊕
j=1

Σ̂
−1

j ·
q
⊕
j=1
α̂j,

for every Xki ∈ G2, test data Xk, k = 1, 2 and j = 1, . . . , q. From theorem 3.3,

we have

‖Θ̃−Θ‖ = OP

(
p̈

√
log p

n

)
, ‖m̃−m‖ = OP

(
p̈

√
q log p

n

)
.

Now we consider the conditional training scores {(∆̂ki|G1), Xki ∈ G2, k = 1, 2}
and test scores {(∆̂k|G1), k = 1, 2} given G1. They are normally distributed

with common covariance Θ̃. The difference between class means is m̃. Applying

theorem 1.1, we obtain

W (δ̂? | G) = Φ([1 +OP(q
√

log q/
√
n)][m̃T Θ̃

−1
m̃]1/2/2)

Combining these results, we get

W (δ̂? | G) = Φ([1 +OP(max {p̈
√
q log p, q

√
log q }/

√
n )]d?/2),

which completes the proof.

Remark 3.2. Under the assumption of corollary 3.2, if we choose p̈ = O(p1/3), q =

O(p2/3) then the conditional error rate of the sample two-step LDA discriminant
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function δ̂?

W (δ̂? | G) = Φ([1 +OP(max {p̈
√
q log p, q

√
log q }/

√
n )]d?/2)

= Φ([1 +OP(p2/3
√

log p/
√
n )]d?/2),

whereas the error rate of the sample discriminant function of the ordinary LDA

W (δ̂F | G) = Φ([1 +OP(p
√

log p/
√
n )]d/2),

see theorem 1.1.

These results can be explained intuitively as follows. When using LDA we

have to estimate the whole p× p covariance matrix Σ with p2 entries and so we

need number of training samples n � p2 to ensure that the performance of the

sample LDA is asymptotically optimal. With the two-step LDA as above, we have

to estimate q block covariance matrices Σj of size p̈× p̈, j = 1, . . . , q at the first

step and the q× q covariance matrix Θ of scores at the second step. In this case,

the number of estimated parameters are qp̈2 + q2 = O(p4/3). Consequently, we

only need number of training samples such that n� p4/3 to obtain the theoretical

performance of the sample two-step LDA.

In the following remarks, we consider multi-step LDA. Multi-step LDA pro-

cedure divides all features or scores into consecutive disjoint subgroups at each

step. These subgroups have same size. The size of the subgroups at each step

i, i = 1, . . . , l is defined by the i-th component of the vector t = (p̈1, . . . p̈l) and

we assume
∏l

i=1 p̈i = p to be fulfilled. Vector t will be considered as the type of

multi-step LDA.

Remark 3.3. If the scores, features at the first two steps and the scores at the

third step satisfy the similar conditions as in (3.5), (3.6) and (3.7), (3.8) respec-

tively then the error rate of the sample three-step LDA discriminant function δ̂??

with type t = (p̈1, p̈2, p̈3)

W (δ̂?? | G)

= Φ([1 +OP(max {p̈1

√
p̈2 log p, p̈2

√
p̈3 log(p/p̈1), p̈3

√
log p̈3 }/

√
n )]d??/2)

= Φ([1 +OP(max {p̈1

√
p̈2, p̈2

√
p̈3, p̈3 }

√
log p/

√
n )]d??/2)
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where d?? is the Mahalanobis distance between two score classes at the last step.

Assume that p̈i = pγi , i = 1, 2, 3, γ1 + γ2 + γ3 = 1 we obtain

min max {p̈1

√
p̈2, p̈2

√
p̈3, p̈3 } = p4/9,

when
γ2 + γ3/2 = γ3

γ1 + γ2/2 = γ3

γ1 + γ2 + γ3 = 1

⇔


γ2 = γ3(1− 1/2)

γ1 = γ3(1− 1/2 + 1/4)

γ3[3− 2(1/2) + (1/2)2] = 1

⇔


γ1 = 1/3

γ2 = 2/9

γ3 = 4/9.

Therefore if we choose p̈1 = O(p1/3), p̈2 = O(p2/9), p̈3 = O(p4/9) then

W (δ̂?? | G) = Φ([1 +OP(p4/9
√

log p/
√
n)]d??/2)

We use the above technique to calculate the optimal type t = (p̈1, . . . p̈l) under

the condition p̈i = O(pγi), i = 1, . . . l of the sample l-step LDA. In this case we

show that to obtain the theoretical performance of l-step LDA the sample size

such that n� p

9

3l+1+
(−1)l+1

2l is enough.

Remark 3.4. Under appropriate conditions as in remark 3.3 and with optimal

type t = (p̈1, . . . p̈l) the error rate of the sample l-step LDA discriminant function

δ̂l? satisfies

W (δ̂l? | G) = Φ([1 +OP(max {p̈1

√
p̈2, . . . , p̈l−1

√
p̈l, p̈l }

√
log p/

√
n )]dl?/2)

= Φ([1 +OP(p

9

6l+2+
(−1)l+1

2l−1

√
log p/

√
n)]dl?/2)

where dl? is the Mahalanobis distance between two score classes at the last step.

Remark 3.5. When we have p features, the number of steps of the multi-step

LDA is at most l = O(log p). Consequently, we can divide all training data into l

parts such that the sample size of each part is equal to Ω(n/ log p). Then we use

each part for each step of the slightly different version of the sample l-step LDA.

This is similar to the version of the sample two-step LDA considered in corollary

3.2.
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Theorem 3.4. Suppose that the training and test data {Xki,Xk ∈ Rp, i =

1, . . . , nk, k = 1, 2} drawn from normal distributions given by (3.1) satisfy the

following conditions:

(i) All eigenvalues of Σ are located on the segment [c0, c1], where c0 > 0 and c1

do not depend on p.

(ii) maxj≤q ‖αj‖2 ≤ c2, where αj ∈ Rp̈ given by [αT1 , · · · ,αTq ]T = α = µ1 − µ2

and c2 do not depend on q.

(iii) p̈ = o(
√
n) and q = o(

√
n).

Then

m̃ = EF[∆̂1 − ∆̂2]→m, Θ̃ = covF(∆̂k, ∆̂k)→ Θ

in probability, m and Θ are defined by theorem 3.1.

Proof. From remark 2.1, we can consider each common sample covariance matrix

Σ̂j, j = 1, . . . , q as a Gram matrix

Ŝj =
1

n− 2

n−2∑
i=1

Y ijY
T
ij,

where Y ij
i.i.d.∼ N(0,Σj), i = 1, . . . , n − 2. Note that c1 ≤ ‖Σj‖ ≤ c2 for every

j = 1, . . . , q and s(z) ≤ 1
|v| for z = u+ iv ∈ C?

−. We apply lemma 2.8 to H(z; Ŝj)

and find that

‖E H(z; Ŝj)− H(z; Σj)‖ ≤
c3(z) p̈

n
,

where c3(z) is independent of n, p̈ and bounded for each z ∈ C?
−. By lemma 2.5,

we have

E
(
fT H(z; Ŝj)e− fT E H(z; Ŝj)e

)2

≤ 4K2M

(n− 2)v4
,

for every z = u + iv ∈ C?
− and any non-random vectors e,f ∈ Rp̈ such that

‖e‖ = 1, ‖f‖ = 1. It follows that

E ‖H(z; Ŝj)e− E H(z; Ŝj)e‖2 ≤ 4K2Mp̈

(n− 2)v4
,
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and then

|eT EH(z; Ŝj)
2e− eT [EH(z; Ŝj)]

2e| ≤ 4K2Mp̈

(n− 2)v4
.

From lemma 2.6, it follows that

E |eT H(z; Ŝj)
2e− eT EH(z; Ŝj)

2e| ≤ c4(z)√
n
,

where c4(z) is independent of n, p̈ and bounded for each z ∈ C?
−. Now we

combine these results and have

E ‖H(z; Ŝj)e−H(z;Σj)e‖2

≤ 2[ E ‖H(z; Ŝj)e− EH(z; Ŝj)e‖2 + ‖EH(z; Ŝj)e−H(z;Σj)e‖2 ]

≤ 2[ E |eT H(z; Ŝj)
2e− eT [EH(z; Ŝj)]

2e|+ ‖EH(z; Ŝj)e−H(z;Σj)e‖2 ]

= 2[ E |eT H(z; Ŝj)
2e− eT EH(z; Ŝj)

2e|+ |eT EH(z; Ŝj)
2e− eT [EH(z; Ŝj)]

2e|

+ ‖EH(z; Ŝj)e−H(z;Σj)e‖2 ] ≤ 2[
c4(z)√
n

+
4K2Mp̈

(n− 2)v4
+
c2

3(z) p̈
2

n2
].

From this we also find that

Emax
j≤q
‖H(z; Ŝj)e−H(z;Σj)e‖2 ≤ 2[

c4(z)q√
n

+
4K2Mp̈

(n− 2)v4
+
c2

3(z) p̈
2

n2
].

Since Σ̂j and α̂j are independent we obtain that

Emax
j≤q
‖H(z; Ŝj)α̂j −H(z;Σj)αj‖2

≤ 2[ Emax
j≤q
‖H(z; Ŝj)α̂j −H(z;Σj)α̂j‖2 + Emax

j≤q
‖H(z;Σj)(α̂j −αj)‖2 ]

≤ 4[
c4(z)q√

n
+

4K2Mp̈

(n− 2)v4
+
c2

3(z) p̈
2

n2
] +

2

|v|
E ‖α̂−α‖2 = o(1),

and

E

q∑
j=1

|αTj H(z; Ŝj)α̂j −αTj H(z;Σj)αj |2 ≤ 2

q∑
j=1

[E |αTj (H(z; Ŝj)−H(z;Σj))α̂j |2

+ E |αTj H(z;Σj)(α̂j −αj)|2] ≤ 4max
j≤q
‖αj‖2[

c4(z)q√
n

+
4K2Mp̈q

(n− 2)v4
+
c2

3(z) p̈
2q

n2
]

+
2maxj≤q ‖αj‖

|v|
E ‖α̂−α‖2 = o(1).
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Let z → 0 we have E ‖Θ̃−Θ‖2 = o(1) and E ‖m̃−m‖2 = o(1), which completes

the proof.
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Chapter 4

Multi-Step LDA and Separable

Models

4.1 Separable Models

Statistical modeling of spatio-temporal data often is based on separable mod-

els which assume that the covariance matrix of the data is a product of spatial

and temporal covariance matrices, see Banerjee et al. [2004]; Cressie and Wikle

[2011]. This greatly reduces the number of parameters in contrast to unstruc-

tured models. Genton [2007] argues that separable approximations can be useful

even when dealing with nonseparable covariance matrices.

A spatio-temporal random process X(·, ·) : S × T → R with time domain

T ⊂ R and space domain S ⊂ R3 is said to have a separable covariance function

if, for all s1, s2 ∈ S and t1, t2 ∈ T , it holds

cov(X(s1; t1), X(s2; t2)) = C(s)(s1, s2) · C(t)(t1, t2) (4.1)

where C(s) and C(t) are spatial and temporal covariance functions respectively.

Moreover, in the setting of LDA, we require the process X(·; ·) to be Gaussian.

It means that for any finite set of locations and times {(s1; t1), . . . , (sp; tp)},X =

[X(s1; t1), · · · , X(sp; tp)]
T has a multivariate normal distribution. In our study,

stationary processes will not be investigated. There is no correspondence between

stationarity and separability: separable processes need not be stationary, and
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nonseparable processes may be stationary, see Cressie and Huang [1999].

In practice the data from X(·; ·) is only selected at a finite set of locations

{s1, . . . , sS} and times {t1, . . . , tτ}. An observation for classification is obtained

by concatenation of all spatial data vectors at times {t1, . . . , tτ}

X = [X(s1; t1) · · ·X(sS; t1) · · ·X(s1; tτ ) · · ·X(sS; tτ )]
T (4.2)

In the context of LDA, we assume that there are training and test data generated

by two Gaussian process with different mean functions and the same covariance

function as in section 3.3.

In the remainder of this chapter we require these process to be separable.

From equation (4.1), it follows that the covariance matrix of X can be written as

the Kronecker product of the S×S spatial covariance matrix V with entries vij =

C(s)(si, sj) and the τ × τ temporal covariance matrix U with uij = C(t)(ti, tj),

Σ = U ⊗ V =


u11V · · · u1τV

...
. . .

...

uτ1V · · · uττV

 .
Assumption 4.1. Let Σ be the covariance matrix of the spatio-temporal process

X(·; ·) at a finite number of times {t1, . . . , tτ} and locations {s1, . . . , sS}. The

covariance matrix Σ is separable if

Σ = U ⊗ V (4.3)

where U and V be the covariance matrices for time alone and space alone, re-

spectively.

Note that U and V are not unique since for a 6= 0, aU ⊗ (1/a)V = U ⊗V .

Without restriction of generality we can assume all diagonal elements of U

and V positive and even u11 = 1. In that case the representation (4.3) is

unique. The first assumption guarantees that both of temporal and spatial

covariance matrices U and V are positive definite matrices. The second one

leads to the spatial covariance matrix at the time t1, cov(X t1 ,X t1) = V , where

X t1 = [X(s1; t1), · · · , X(sS; t1)]T . Hence one natural question should be won-
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dered by us why we do not estimate U , V directly. These give the estimation of

Σ when substituted in (4.3). However we do not know whether optimal estima-

tion of U and V implies optimal estimation of Σ under the spectral norm.

We also find that if the spatio-temporal process X(·; ·) satisfies the assumption

4.1 then the correlation matrices of spatial featuresX t = [X(s1; t), · · · , X(sS; t)]T

for all times t ∈ {t1, . . . , tτ} coincide and equal V 0 = D
−1/2
V V D

−1/2
V with

DV = diag(v11, . . . , vSS) and the correlation matrices of temporal features Xs =

[X(s; t1), · · · , X(s; tτ )]
T for all locations s ∈ {s1, . . . , sS} coincide and equal

U 0 = D
−1/2
U UD

−1/2
U . Moreover the correlation matrix of the spatio-temporal

process X(·; ·) is equal to Σ0 = U 0 ⊗ V 0.

The Kronecker product form of (4.3) provides many computational benefits,

see Genton [2007]; Loan and Pitsianis [1993]. Suppose we are modeling a spatio-

temporal process with S locations and τ times. Then the (unstructured) covari-

ance matrix has τS(τS + 1)/2 parameters, but for a separable process there are

S(S+ 1)/2 + τ(τ + 1)/2− 1 parameters (the −1 is needed in order to identify the

model as discussed previously). For LDA it is necessary to invert the covariance

matrix. For example, suppose τ = 32 and S = 64. The nonseparable model re-

quires inversion of a 2048× 2048 matrix, while the separable model requires only

the inversion of a 32× 32 and a 64× 64 matrix since the inverse of a Kronecker

product is the Kronecker product of the inverses, see Golub and Loan [1996].

The maximum likelihood estimation of spatial covariance matrix V and tempo-

ral covariance matrix U was proposed by Dutilleul [1999]; Huizenga et al. [2002].

However to the best of our knowledge there is no work concerning convergence

rates of these estimators.

4.2 Two-step LDA and Separable Models

In this section we investigate two-step LDA using spatio-temporal featuresX,

see (4.2). Feature vector X is assumed to satisfy a homoscedastic normal model

given by (3.1) with different means µ1,µ2 and common separable covariance

matrix Σ = U ⊗ V . The whole features are divided into τ disjoint subgroups

such that each of them, Xj ∈ RS, j = 1, . . . , τ consists of all spatial features

at time point tj ∈ {t1, . . . , tτ}. In this case all subgroups have the same number
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4. MULTI-STEP LDA AND SEPARABLE MODELS

of features equal to S and X = [XT
1 , · · · ,XT

τ ]T ∈ Rp, Xj ∈ RS, j = 1, . . . , τ

with τ.S = p.

Proposition 4.1. Suppose that the features X come from the distribution given

by formula (3.1) with common separable covariance matrix Σ = U ⊗ V , see

assumption 4.1 then the eigenvalues of the correlation matrix of scores ∆ =

[δF (X1), · · · , δF (Xτ )]
T satisfy

λmin(U 0) ≤ λ(corr(∆)) ≤ λmax(U 0)

where U 0 = D
−1/2
U UD

−1/2
U ,DU = diag(u11, . . . , uττ ).

Proof. By (1.4), we have δF (Xj) = 1
ujj

(Xj−µj)TV −1αj with αj,µj ∈ RS, j =

1, . . . , τ such that [αT1 , · · · ,αTτ ]T = α = µ1 − µ2, and [µT1 , · · · ,µTτ ]T = µ =
1
2
(µ1 +µ2). It follows that covariance matric Θ = (θj1j2) of scores ∆ is given by

θj1j2 = uj1j2 · ( 1
uj1j1

αj1)
TV −1( 1

uj2j2
αj2). This implies that we can represent Θ by

the Hadamard product of U and B = (bj1j2), bj1j2 = ( 1
uj1j2

αj1)
TV −1( 1

uj2j2
αj2),

Θ = U�B. The correlation matrix of scores ∆ is corr(∆) = Θ0 = D
−1/2
Θ ΘD

−1/2
Θ

= (D
−1/2
U UD

−1/2
U ) � (D

−1/2
B BD

−1/2
B ) = U 0 � B0. It is clear that U 0 and B0

are symmetric matrices. B0 must be a nonnegative definite matrix because B is.

Since B0 is a nonnegative definite matrix and all its diagonal entries are equal

to 1, then the above proposition is followed by theorem 7.26. in [Schott, 1997,

p. 274].

The following theorem derives a theoretical error rate estimate for two-step

LDA in the case of separable models. It, illustrated in figure 4.1, shows that

the loss in efficiency of two-step LDA in comparison to ordinary LDA even in the

worst case is not very large when the condition number of the temporal correlation

matrix is moderate. The assumption that the means and covariance matrices are

known may seem a bit unrealistic, but it is good to have such a general theorem.

The numerical results in chapter 5 will show that the actual performance of two-

step LDA for finite samples is much better. To compare the error rate of δ and

δ?, we use the technique of Bickel and Levina [2004] who compared independence

rule and LDA in a similar way.
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4.2. TWO-STEP LDA AND SEPARABLE MODELS

Theorem 4.1 (Huy et al. [2012]). Suppose that mean vectors µ1,µ2 and common

separable covariance matrix Σ = U ⊗ V are known. Then the error rate e2 of

the two-step LDA fulfils

e1 ≤ e2 ≤ Φ

(
2
√
κ

1 + κ
Φ−1(e1)

)
(4.4)

where e1 is the LDA error rate, κ = κ(U 0) denotes the condition number of the

temporal correlation matrix U 0 = D
−1/2
U UD

−1/2
U , DU = diag(u11, · · · , uττ ), and

Φ = 1− Φ is the tail probability of the standard Gaussian distribution.

Proof. e1 ≤ e2 follows from the optimality of LDA. To show the other inequality,

we consider the error rate e of the two-step discriminant function δ defined by

δ(X) = δI(δF (X1), · · · , δF (Xτ ))

where δI is the discriminant function of the independence rule. The relation

e2 ≤ e again follows from the optimality of LDA and proposition 3.1. We complete

the proof by showing that e is bounded by the right-hand side of (4.4), by the

technique of Bickel and Levina [2004]. We repeat their argument in our context,

demonstrating how U 0 comes up in the calculation. We rewrite the two-step

discriminant function δ applied to the spatio-temporal features X with α =

µ1 − µ2 and µ = (µ1 + µ2)/2.

δ(X) = (X − µ)TΣ−1α,

where

Σ = DU ⊗ V =


u11V · · · 0

...
. . .

...

0 · · · uττV

 .
The error rates e1 of δF (X) and e of δ(X) are known, see Bickel and Levina

[2004]; McLachlan [1992]:

e1 = Φ(ΨΣ(α,Σ)),

e = Φ(ΨΣ(α,Σ)),
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4. MULTI-STEP LDA AND SEPARABLE MODELS

where Φ = 1−Φ is the tail probability of the standard Gaussian distribution and

ΨΣ(α,M) =
αTM−1α

2(αTM−1ΣM−1α)1/2
.

Here we assume that α, Σ and Σ were defined. We reduce the above formulas

and obtain

e1 = Φ(ΨΣ(α,Σ)) = Φ(
1

2
(αTΣ−1α)1/2),

e = Φ(ΨΣ(α,Σ) = Φ(
1

2

αTΣ
−1
α

(αTΣ
−1

ΣΣ
−1
α)1/2

),

Writing α0 = Σ−1/2α, we determine the ratio

r =
Φ−1(e)

Φ−1(e1)
=

ΨΣ(α,Σ)

ΨΣ(α,Σ)
=

(αT0α0)

[(αT0 Σ̃α0)(αT0 Σ̃
−1
α0)]1/2

(4.5)

where

Σ̃ = Σ−1/2ΣΣ−1/2 = (D
−1/2
U ⊗ V −1/2)(U ⊗ V )(D

−1/2
U ⊗ V −1/2)

= (D
−1/2
U UD

−1/2
U )⊗ (V −1/2V V −1/2) = U 0 ⊗ I.

Clearly Σ̃ is a positive definite symmetric matrix and its condition number κ(Σ̃)

is equal to the condition number κ = κ(U 0) of the temporal correlation matrix

U 0. In the same way as Bickel and Levina [2004] we obtain from (4.5) by use of

the Kantorovich inequality

r ≥ 2
√
κ

1 + κ
.

With (4.5) and Φ−1(e1) > 0 this implies

e ≤ Φ

(
2
√
κ

1 + κ
Φ−1(e1)

)
,

which completes the proof.

It is clear that the more independent the temporal features are, the closer to 1

60



4.2. TWO-STEP LDA AND SEPARABLE MODELS

Figure 4.1: The bound on the error of two-step LDA as a function of the LDA
error. κ is the condition number of the temporal correlation matrix U 0.

the condition number κ of the correlation matrix U 0 is. It follows that the upper

bound Φ
(

2
√
κ

1+κ
Φ−1(e1)

)
of the two-step LDA error rate e2 will decrease. In the

case κ = 1 two-step LDA obtains the Bayes error rate e1. Figure 4.1 presents

plots of the bound as a function of the Bayes error rate e1 for several values of

κ. For moderate κ, one can see that the performance of the two-step LDA is

comparable to that of LDA when α and Σ are assumed known. In practice, κ

cannot be estimated reliably from data, since the estimated pooled correlation
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4. MULTI-STEP LDA AND SEPARABLE MODELS

matrix is only of rank n− 2. The range of non-zero eigenvalues of the estimated

correlation matrix, however, does give one a rough idea about the value of κ. For

instance, in our data sets discussed in chapter 5, the condition numbers κ ≈ 31.32

for τ = 16, so one can expect two-step LDA to perform reasonably well. It does

in fact perform much better than LDA.
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Chapter 5

Analysis of Data from

EEG-Based BCIs

5.1 EEG-Based Brain-Computer Interfaces

By Brain-Computer Interfaces (BCIs), users can send commands to electronic

devices or computers by using only their brain activity. A typical example of a

Figure 5.1: Schema of brain-computer interfaces.

BCI would be a mind speller in which a user can concentrate on one target letter

among randomly highlighted ones on a computer screen in order to spell it. A
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5. ANALYSIS OF DATA FROM EEG-BASED BCIS

BCI system commonly contains three main components: signal acquisition, signal

processing, output device, see figure 5.1.

The most widely used techniques to measure the brain activity, for BCIs is

ElectroEncephaloGraphy (EEG). It is portable, non-invasive, relatively cheap and

provide signals with a high temporal resolution. However, EEG is very noisy in

which power line noise, signals related to ocular, muscular and cardiac activities

may be included. The muscular, ocular noise EEG can be several times larger

than normal EEG signals, see figure 5.2. This makes the signal processing part

(a) Muscular noise (b) Ocular noise

Figure 5.2: The EEG voltage fluctuations were measured at certain electrodes on
the scalp, source: Neubert [2010]

consisting of preprocessing, feature extraction and classification in EEG-based

BCI systems very complicated.

The immediate goal of BCIs research is to provide communications capabilities

to severely paralyzed people. Indeed, for those people, BCIs can be the only mean

of communication with the external world, see Nicolas-Alonso and Gomez-Gil

[2012].

Current BCIs are still far from being perfect, see Lotte et al. [2007]. In order

to design more efficient BCI systems, various signal processing techniques need

be studied and explored. In addition, EEG signals have characteristic properties,

hence signal processing methods to enhance EEG-based BCI systems should be

built on them. The main focus of this chapter is applying some machine learning

techniques especially wavelets, multi-step LDA to EEG-based BCI systems.
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5.2. ERP, ERD/ERS AND EEG-BASED BCIS

5.2 ERP, ERD/ERS and EEG-Based BCIs

According to Galambos, there are three types of EEG oscillatory activity:

spontaneous, induced, and evoked rhythms. The classification is based on their

degree of phase-locking to the stimulus, see Herrmann et al. [2005]. Spontaneous

activity is uncorrelated with the stimulus. Induced activity is correlated with the

stimulus but is not strictly phase-locked to their onset. Evoked activity is strictly

Figure 5.3: Illustration of evoked and induced activity, source: Mouraux [2010].

phase-locked to the onset of the stimuli across trials, i.e. it has the same phase

in every stimulus repetition. Figure 5.3 (left) illustrates such evoked oscillations

which start at the same time after stimulation, have identical phases in every trials

and the average oscillations. Figure 5.3 (right) illustrates induced oscillations

which occur after each stimulation but with varying onset times and/or phase

jitter and their average.

Phase-locked EEG activities include all types of event-related potentials (ERPs),

see Cacioppo et al. [2007]; Neuper and Klimesch [2006]. Moreover, it is known

since 1929 by Berger that certain events can desynchronize the alpha oscillations,

see Herrmann et al. [2005]. These types of changes are time-locked to the event

but not phase-locked. This means that these event-related phenomena represent

frequency specific changes of the EEG oscillations and may consist, in general

terms, either of decreases or of increases of power in given frequency bands, see

Pfurtscheller and da Silva [1999]. This may be considered to be due to a decrease
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5. ANALYSIS OF DATA FROM EEG-BASED BCIS

Figure 5.4: Illustration of ERD/ERS phenomena at specific frequency band,
source: Mouraux [2010].

or an increase in synchrony of the underlying neuronal populations, respectively,

see da Silva [1991]. The term event-related desynchronization (ERD) is used to

describe the event-related, short-lasting and localized amplitude attenuation of

EEG rhythms within the alpha or beta band, while event-related synchronization

(ERS) describes the event-related, short-lasting and localized enhancement of

these rhythms, see Pfurtscheller and da Silva [1999]. Figure 5.4 (left) illustrates

the time-locked but not phase-locked phenomenon of EEG oscillations at specific

frequency band in several trials. It results in the time-locked modulations of the

amplitude of EEG oscillations in several trials and their average, see figure 5.4

(right).

Determining the presence or absence of ERPs, ERD/ERS from EEG signals

can be considered the unique mechanism to identify the user’s mental state in

EEG-based BCI experiments, see Nicolas-Alonso and Gomez-Gil [2012]. Hence

we can say that ERPs and ERD/ERS phenomena are the principles of EEG-based

BCI systems.

5.3 Details of the data

In this chapter, we will study some feature extraction and classification meth-

ods for ERPs recorded in two BCI paradigms and one visual oddball experiment.
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5.3. DETAILS OF THE DATA

The first BCI paradigm is designed by Frenzel et al. [2011]. The second one is

BCI2000’s P3 Speller Paradigm. The visual oddball experiment is the typical

experimental procedure used in psychology and described in Bandt et al. [2009].

We also investigate several feature extraction techniques for ERD/ERS recorded

in Berlin BCI paradigm, see Blankertz et al. [2007] and MLSP 2010 competition

data, see Hild et al. [2010].

5.3.1 Data set A

Data set A was used and described in Bandt et al. [2009]. This data set

contains EEG data from eight healthy people in a visual oddball experiment. In

the experiment, subjects sat in front of a computer screen. They were instructed

to count the number of times that the target checkerboard image (either the

red/white or the yellow/white pattern) appears on the screen. Each single trial

started with the 0.5 s presentation of a fixation cross on the screen followed by the

0.75 s presentation of the checkerboard image (stimulation). Inter-trial intervals

varied between 1-1.5 s. Two different checkerboards were presented in a pseudo-

random order: 23 times of target checkerboards (either red/white or yellow/white

pattern) and 127 times for nontarget ones (the remaining pattern) corresponding

to each subject. EEG was recorded with a 129 lead electrode net from Electrical

Geodesics, Inc. (EGI; Eugene, OR), see figure 5.5a, with a sampling rate of

500 Hz and online hardware band filter from 0.1-100 Hz. Data were recorded

with the vertex electrode as the reference. Our study was restricted to 55 of the

128 channels from the central, parietal, and occipital regions of the brain where

oddball effects are to be expected, see figure 5.5b. 1.7 s of data (0.7 s data pre-

and 1.0 s data post-stimulation) were saved on a hard disk.

5.3.2 Data set B

Data set B was used and described in Frenzel et al. [2011]. In Frenzel’s ex-

periment setup, the subjects sat in front of a computer screen presenting a 3 by

3 matrix of characters, see figure 5.6, had to fixate one of them and count the

number of times that the target character highlighted. The fixated and counted

(target) characters could be identical (condition 1) or different (condition 2), see
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(a) (b)

Figure 5.5: (a) The 129 lead EGI system. (b) 55 selected channels, source: Bandt
et al. [2009].

Figure 5.6: Schematic representation of the stimulus paradigm, source: Frenzel
et al. [2011].

figure 5.7. The characters were dark grey on light grey background and were set

to black during the highlighting time. Each single trial contained one charac-

ter highlighted during 600 ms and randomized break lasting up to 50 ms. The

sequence of highlighted characters was pseudo-randomized, with the number of

times per each character being equal. We had 20 data under condition 1, 10 data

under condition 2 where the total number of trials in each data varied between

450 and 477. We will call them short data. In addition this data set includes

9 long data of 7290 trials under condition 2. EEG signals were recoded using a

Biosemi ActiveTwo system with 32 electrodes placed at positions of the modified
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Figure 5.7: The two experimental conditions, the target character is red and blue
shade indicates the fixated one, source: Frenzel et al. [2011].

10-20 system and sampling rate of 2048 Hz. 500 ms of data after appearing each

highlighted character will be considered.

5.3.3 Data set C

Data set C was provided by Wadsworth center, New York state department

of health for BCI competition III. Data were acquired using BCI2000’s P3 speller

paradigm. In BCI2000 system, users sat in front of a computer screen presenting

a 6 by 6 matrix of characters, see figure 5.8, and focused attention on a series

of characters. For each character epoch, the blank matrix (each character had

the same intensity) was displayed for a 2.5 s period. Subsequently, each row and

column in the matrix was randomly intensified for 100 ms. After intensification of

row/column, the matrix was blank for 75 ms. Row/column intensifications were

block randomized in blocks of 12. The sets of 12 intensifications were repeated

15 times for each character epoch. EEG signals were recorded by 64 electrodes

placed at position of 10-20 system, at sampling rate of 240 Hz and bandpass

filtered from 0.1-60 Hz. Signals are collected from two subjects in train and test

sections each. Each train section contains 85 character epochs. Each test section

contains 100 character epochs. In this case, we will consider 160 pt (≈ 667 ms)

after intensification beginning as a single trial.
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Figure 5.8: This figure illustrates the user display for this paradigm. In this
example, the users task is to spell the word “SEND” (one character at a time),
source: Berlin Brain-Computer Interface.

5.3.4 Data set D

Data set D is the training data provided by the sixth annual machine learning

for signal processing competition, 2010: mind reading, see Hild et al. [2010]. The

data consist of EEG signals collected while a subject viewed satellite images that

were displayed in the center of an LCD monitor approximately 43 cm in front

of him or her. EEG signals were recoded by 64 electrodes placed at positions of

the modified 10-20 system, see figure 5.9 and sampling rate of 256 Hz. The total

number of sample points is 176378. There are 75 blocks and 2775 total satellite

images. Each block contains a total of 37 satellite images, each of which measures

500 × 500 pixels. All images within a block were displayed for 100 ms and each

image was displayed as soon as the preceding image had finished. Each block was

initiated by the subject after a rest period, the length of which was not specified

in advance. The subject was instructed to fixate on the center of the images and

to press the space bar whenever they detected an instance of a target, where the

targets are surface-to-air missile sites. Subjects also needed to press the space

bar to initiate a new block and to clear feedback information that was displayed
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Figure 5.9: The modified 10-20 system, source: BioSemi.

to the subject after each block.

5.3.5 Data set E

Data set E was provided by the Berlin BCI group, machine learning labora-

tory, Berlin institute of technology, the intelligent data analysis group, Fraunhofer

FIRST institute and the neurophysics research group, department of neurology

at campus Benjamin Franklin, Charité university medicine, Berlin. This data set

was used for BCI Competition IV and described in Blankertz et al. [2007]. Data

were acquired using one kind of Berlin BCI paradigms. In this paradigm setting,

subjects sat in front of a computer screen. They were instructed to imagine the

left, right hand or foot movement when the corresponding visual cues appear on

the computer screen, see figure 5.10. The visual cues were arrows pointing left,
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Figure 5.10: Schema of the Berlin brain-computer interface.

right, or down. Each single trial contained 2s with a fixation cross showing in the

center of the screen, a cue displaying for a period of 4s and 2s of blank screen, see

figure 5.10. The fixation cross was superimposed on the cues, i.e. it was shown

for 6 s. EEG signals were recorded using BrainAmp MR plus amplifiers and a

Ag/AgCl electrode cap. 59 electrodes were placed at positions most densely dis-

tributed over sensorimotor areas. Signals were band-pass filtered between 0.05

and 49 Hz and then digitized at 100 Hz. We had data from 7 subjects a, b, c, d,

e, f and g. For each subject two classes of motor imagery were selected from the

three classes left hand, right hand, and foot (side chosen by the subject; optionally

also both feet). Data for subjects c, d, and e were artificially generated.

5.4 ERD/ERS, ERP and Preprocessing

In this section we introduce some simple but very important preprocessing

techniques to improve feature extraction and classification performances of EEG-

based BCI data. These techniques were strongly recommend in BCI research, see

Cacioppo et al. [2007]; Neuper and Klimesch [2006]; Nicolas-Alonso and Gomez-

Gil [2012].
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5.4.1 Referencing and normalization

As described above, multichannel EEG signals from all data sets A, B, C,

C, E are recorded against a common reference electrode. Therefore the data are

reference-dependent. To convert the reference-dependent raw data into reference-

free data, different methods are available and discussed in detail by Neuper and

Klimesch [2006] such as common average re-reference, Laplacian re-reference.

In my thesis, the common average re-reference in which each electrode is re-

referenced to the mean over all electrodes is often used before classification and

denoising of ERPs. The small (large) Laplacian re-reference that obtained by re-

referencing an electrode to the mean of its four nearest (next-nearest) neighboring

electrodes are often applied before quantification and visualization of ERD/ERS.

These choices are suggested by many authors such as Krusienski et al. [2008];

Neuper and Klimesch [2006]. Furthermore each single-trial is normalized so that

its mean over a certain time interval equals zero. The time interval is defined

based on which kind of phenomena: ERD/ERS or ERP we want to observe in

each of our data sets. The normalization is in order to remove DC component

from EEG signals.

5.4.2 Moving average and downsampling

Because of the high sampling rate of the recordings relative to the low fre-

quency of the ERD/ERS, ERP response, a dimensionality reduction for removal of

redundant features is beneficial to feature extraction, classification, see Blankertz

et al. [2011]; Herrmann et al. [2005]. Rather than simply downsampling data from

one electrode (channel), the data are segmented into blocks having length equal

to the selected downsampling factor. The factor is defined based on the sampling

rate when recording data. Then the mean of these blocks is calculated and used

as the feature. This procedure is equivalent to passing the data through a moving

average filter before downsampling. The basis of the ERD/ERS, ERP response

is believed to lie within frequency range 1-64 Hz. Therefore the downsampling

factor corresponding to the sampling rate of 64 Hz are often examined for each

data set. We also find that this procedure is equivalent to decomposing EEG

signals by Haar wavelet. Hence one natural question should be wondered by us
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which of wavelets is good at extracting the ERD/ERS, ERP response.

5.5 ERD/ERS, ERP and Feature Extraction

Both ERD/ERS and ERP oscillations can be investigated in the frequency

domain, and it has been convincingly demonstrated that assessing specific fre-

quencies can often yield insights into the functional cognitive correlations of these

signals, see Herrmann et al. [2005]; Varela et al. [2001]. In addition, artifacts that

contaminate ERD/ERS and ERP oscillations can be excluded from frequency

analysis as well.

In principle, every signal can be decomposed into sinusoids, wavelets or other

waveforms of different frequencies or frequency bands. Such decompositions are

usually computed using the Fourier transform, see Cohen [1989], wavelet trans-

forms, see Cohen and Kovačević [1996] or filters, see Nitschke and Miller [1998] to

extract the oscillations of the specific frequency or frequency band that constitute

the signal. In essence, all Fourier transform and wavelet transforms can be con-

sidered as filers, see Vetterli and Herley [1992]. However the wavelet transforms

are advantageous over the Fourier transform and the specific filter since we can

observe time-frequency representations of signals through them, see Daubechies

[1992]. Moreover by selecting meaningful coefficients from wavelet multiresolution

representations, we can denoise and compress signals such as ERPs, see Quiroga

and Garcia [2003]; Unser and Aldroubi [1996].

Spatial smearing of EEG signals due to volume conduction through the scalp,

skull and other layers of the brain is a well-known fact. By volume conduction,

many kinds of artifacts as well as brain activity signals are mixed together. To

address this issue, various techniques of spatial filtering are used in EEG data

analysis, see Blankertz et al. [2008]; Dien and Frishkoff [2005]. Independent Com-

ponent Analysis (ICA) techniques have proven capable of isolating artifacts such

as from eye movement, muscle, and line noise, see Delorme and Makeig [2004] and

induced, evoked brain activity , see Kachenoura et al. [2008]; Makeig et al. [1999,

2002] from EEG recordings. In particular the ERP and ERD/ERS phenomena

have been mainly investigated in this context, see Naeem et al. [2006].
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5.5.1 Wavelets

Wavelet transform allows for localizing the information of signals in the time-

frequency plane. The wavelet transform of a signal x(t) ∈ L2(R) is given as

Wψ x(a, b) =

∫
ψa,b(t)x(t)dt, (5.1)

where ψa,b(t) are the scaled and translated versions of a unique (mother) wavelet

function ψ(t), ψa,b(t) = |a|−1/2ψ( t−b
a

), a > 0, b ∈ R. The wavelet coefficient

Wψ x(a, b) quantifies the similarity between the signal x(t) and the (daughter)

wavelet ψa,b(t) at specific scale a (associated to a frequency) and target latency

b. Hence, the wavelet coefficient depends on the choice of the mother wavelet

function. Some mother wavelets such as Morlet wavelets, see Herrmann et al.

[2005], B-splines wavelets, see Quiroga and Garcia [2003] are recommended for

feature extraction of ERD/ERS and ERP oscillations. Some methods to choose

appropriate wavelets were also proposed, see Coifman and Wickerhauser [1992].

5.5.1.1 ERD/ERS extraction and wavelet

An often proposed method to quantify ERD/ERS oscillations consists in band-

pass filtering EEG trials within a predefined frequency band and squaring am-

plitude values, see Pfurtscheller and da Silva [1999]. This method does not allow

the simultaneous exploration of the whole range of the EEG frequency spectrum.

Hence we can not recognize subtle changes in time and channels of EEG oscil-

lation within different frequencies. Furthermore the most useful frequency for

quantification ERD/ERS may significantly vary across subjects, see Neuper and

Klimesch [2006].

In figure 5.11 time-frequency representations of EEG signals from subject g,

data set E were performed using the Morlet wavelet transform. Subject g was

instructed to imagine the left and right hand movement when the corresponding

visual cues appear on the computer screen. At first the data were preprocessed

by the large Laplacian re-reference, see section 5.4.1. Then the wavelet coeffi-

cients of EEG signals corresponding to each single trial were calculated. Figure

5.11 illustrate the difference between the averages of the absolute values of the
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Figure 5.11: The time-frequency representations of EEG signals at channels C1,
C2, C3, C4 from subject g, data set E. The time window is from 2 s before to 6
s after stimulation. The frequency range is from 8 to 25 Hz.

wavelet coefficients over the left-class (imaging left hand movement) and right-

class (imaging right hand movement) trials at the frequency range from 8 to 25

Hz. The differences are emphasis around 10 Hz and 1 s after stimulation. It is

due to the decrease of the EEG alpha band (8-12 Hz) oscillation amplitudes at

left channels C1, C3 and right channels C2, C4 when imaging right and left hand

movement respectively (“idle” rhythms of each brain activity).

Several other methods have been applied to reveal frequency-specific, time-

locked event-related modulation of the amplitude (local spectrum) of ongoing

EEG oscillations, for example, matching pursuit, see Durka et al. [2001a,b]; Mal-

lat and Zhang [1993]; Żygierewicz et al. [2005], the short-time Fourier transform,

see Allen and MacKinnon [2010]. A question that naturally arises at this point

is which method is the best at extracting these spectral changes and furthermore

whether there are circumstances that might favour other time-frequency repre-

sentation methods, for example, adaptive Garbor transforms, see Daubechies and

Planchon [2002]; Zibulski and Zeevi [1994], the S transform, see Stockwell et al.

76



5.5. FEATURE EXTRACTION

[1996], basis pursuit, see Chen et al. [1998]; Donoho and Huo [2001]. This is still

the open question.

5.5.1.2 Wavelet multiresolution

The wavelet transform gives the redundancy in the reconstruction of signals

due to mapping a signal of one independent variable t onto a function of two

independent variables a, b. By adding more restrictions on the scale, translation

parameters, such that a = 2j and b = 2jk with j, k ∈ Z, as well as on the choice

of the wavelet ψ, it is possible to remove it, see Cohen et al. [1992]; Daubechies

[1988]. Then we obtain the discrete wavelet family

ψj,k(t) = 2−j/2ψ(2−jt− k), j, k ∈ Z,

which may be regarded as a basis of L2(R). In analogy with equation (5.1) we

define the dyadic wavelet transform as

Wψ x(j, k) =

∫
ψj,k(t)x(t)dt.

In this way the information given by the dyadic wavelet transform can be

organized according to a hierarchical scheme called wavelet multiresolution, see

Mallat [1989]. If we denote by Wj the subspaces of L2(R) generated by the

wavelets ψj,k for each level j, the space L2(R) can be decomposed as L2(R) =⊕
j∈ZWj. Let us define the multiresolution approximation subspaces of L2(R),

Vj = Wj+1 ⊕ Wj+2 ⊕ ..., j ∈ Z. These subspaces are generated by a scaling

function φ ∈ L2(R), in the sense that, for each fixed j, the family φj,k(t) =

2−j/2φ(2−jt − k), k ∈ Z constitute a Riesz basis for Vj, see Daubechies [1992].

Then, for the subspaces Vj we have the complementary subspaces Wj, namely:

Vj−1 = Vj ⊕Wj, j ∈ Z.

Suppose that we have a discretely sampled signal x(t) ≡ a0(t). We can succes-

sively decompose it with the following recursive scheme: aj−1(t) = aj(t) + dj(t),

where the terms aj(t) ∈ Vj give the coarser representation of the signal and

dj(t) ∈ Wj give the details for each scale j = 0, 1, . . . , N . For any resolution level
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N > 0, it provides a decomposition as follows

x(t) ≡ a0(t) = d1(t) + a1(t) =

d1(t) + d2(t) + a2(t) = . . . = d1(t) + d2(t) + · · ·+ dN(t) + aN(t).
(5.2)

Because of the recursiveness of this decomposition it can be implemented with

very efficient algorithms. Moreover, Mallat [1989] showed that each detail (dj) and

approximation signal (aj) can be obtained from the previous approximation (aj−1)

via a convolution with high-pass and low-pass filters, respectively. In section

5.6.3 we often decompose signals at certain levels N and use the coefficients in

representation of detail dj and approximation aj over basis {ψj,k(t), k ∈ Z} and

{φj,k(t), k ∈ Z} respectively to extract ERP features. For convenience we call

them detail, approximation wavelet coefficients at level j.

5.5.2 Independent component analysis

The original purpose of Independent Component Analysis (ICA) is to solve the

blind source separation problem, to recover independent source signals, s(t) =

[s1(t), . . . , sN(t)], (e.g., different voice, music, or noise sources) after they are

linearly mixed by an unknown matrix A. Nothing is known about the sources

or mixing process except that there are N different recorded mixtures, x(t) =

[x1(t), . . . , xN(t)] = As(t)T . The task is to recover a version, u(t) = Wx(t)T ,

of the original sources, s, by finding a square matrix W . u are called ICA

components. Different measures of statistical independence were used to optimize

u to define W . Then, the application of these measures led to the widely used

algorithms in the ICA community, namely SOBI, COM2, JADE, ICAR, fastICA,

INFOMAX and non-parametric ICA, see Kachenoura et al. [2008].

5.5.2.1 Removing artifacts

Since the sources of muscular and ocular activity, line noise, and cardiac sig-

nals are not generally time locked to the sources of EEG activity, it is reasonable

to assume all of them are independent sources, see Delorme and Makeig [2004].

Non-parametric ICA algorithm (source: Boscolo [2004]) was applied to whole
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recording EEG on 64 channels of data set D to separate out muscular and ocular

artifacts embedded in the data. For each channel i we have time courses of EEG

signals xi(t), figure 5.12, 5.13 (above) illustrate them on channels where muscu-

lar and ocular noise are prominent. Figure 5.12, 5.13 (below) illustrate the time

courses of some ICA components ui(t). In these figure the color bars mark the

times when satellite images appear (red ones for target and yellow for nontarget)

or the subject presses the space bar (green).

We can see that the components u33(t), u18(t) are more correlated with ocular,

muscular noise respectively. To check this we took the average o(t) of EEG

signals from there frontal channels Fp1, Fpz, Fp2, where oscular noise presents

intensively. Then we divided the whole time courses of it and ICA components

Figure 5.12: The raw EEG signals of data set D from frontal channels F1, AF3,
AF7, Fp1, see figure 5.9 and for the time interval from 0 to 8 s (above). The
corresponding ICA components 33, 34, 35, 36 (below).
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Figure 5.13: The raw EEG signals of data set D from channels P1,CP1, CP3 CP5,
see figure 5.9 and for the time interval from 0 to 8 s (above). The corresponding
ICA components 17, 18, 19, 20 (below).

into distinct epochs of 2 s. The overall average of correlation coefficients between

epochs of each ICA component and o(t) was calculated. The average correlation

with ICA component u33(t) is equal to 0.82, some correlations are around 0.2,

others are very small. This recommends that “corrected” EEG signals can be

derived from x′ = W−1u′, where u′ is u, with row 33 representing the oscular

noise component set to zero.

5.5.2.2 Separability of motor imagery data

In this study the INFORMAX ICA algorithm (source: Swartz Center) was

used to separate the EEG activity sources generated by different movement im-

agery in data set E. In this experiment each subject performed two classes of
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motor imagery. Each time interval where a cue was displayed was considered as

a trial. The EEG signals from same class trials are concatenated successively.

The concatenated EEG signals are made smooth by translating each trial to the

mean value of the last 50 ms data of the previous trial in turn. Then each of con-

catenated EEG signals was decomposed into ICA components. Afterward these

ICA components were divided into trials again.

Figure 5.14: The average frequency spectra over same class trials of ICA compo-
nents (left) and large Laplacian re-reference data (right) of subject e

In order to check ICA performance, we calculated the frequency spectrum for

each trial of both large Laplacian re-reference (see section 5.4.1) EEG signals and

ICA components by using discrete Fourier transform. Figure 5.14 illustrates the

averages of these frequency spectrum over same class trials. The squared bi-serial

correlation coefficients r2, see Blankertz et al. [2007] were calculated to evaluate

the spectral differences at each frequency. The gray shade in figure 5.14 marks

frequencies with r2 value greater than 0.05. The following table 5.1 shows the

maximum r2 over all frequencies corresponding to each subject. The maximum

value of r2 can be greater if a procedure to select the most useful ICA component

for each class (corresponding to a certain mental state) is included.

subject a b c d e f g
Large Laplacian 0.369 0.162 0.283 0.388 0.496 0.275 0.405
ICA components 0.502 0.571 0.504 0.438 0.532 0.535 0.403

Table 5.1: The maximum r2 over frequency range 4-40 Hz.
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5.6 Classification

The purpose of the classification step in a BCI system is to detect a user’s in-

tentions from single-trial EEG signals that characterize the brain activity. These

characters are provided by the feature extraction step. Traditional methods for

feature extraction of EEG in a BCI system are based on two kinds of paradigms:

phase locked methods, in which the amplitude of the signal is used as the features

for classification, e.g. ERPs; and second order methods, in which the feature of

interest is the power of signal at certain frequencies, e.g. ERD/ERS. In this

section we focus all attention on single-trial classification of ERPs.

Figure 5.15: The time courses of EEG signals of averages and 5 single-trials
corresponding to the target character and others at one channel.

For controlling a ERP-based BCI, we have to detect the presence or absence

of ERPs from EEG features which is considered a binary classification problem.

Figure 5.15 shows the averages over all trials and 5 single-trials at channel O1

corresponding to the target and non target characters of one short data in data set

B. This data is under condition 1 in which the counted (target) character coincides

with the fixated one. We can see that the recognized letter induce characteristic

EEG signals, called event-related potentials. Their average is represented by the

red curve in figure 5.15. It contains a number of positive and negative peaks
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at specific time, called components. This potentials is rather small (only a few

microvolts) in comparison to background EEG signals (about 50 microvolts).

Moreover background EEG signals are high trial-to-trial variability. This makes

our task separating target trials from the the rest complicated.

In order to enhance classification results the discriminant information from all

channel should be exploited. However high dimensional feature vectors are not

desirable due to the “curse of dimensionality” in training classification algorithms.

The curse of dimensionality means that the number of training data needed to

offer good results increases exponentially with the dimensionality of the feature

vector, see Raudys and Jain [1991]. Unfortunately, the training data are usually

small in BCI research, because of online application requirements, see Lehtonen

et al. [2008]. Hence extracting relevant features can improve the classification

performance. In section 5.6.3 we use the wavelet tool for this purpose.

The general trend for the design of the classification prefers simple algorithms

to complex alternatives, see Krusienski et al. [2006]. Simple algorithms have an

advantage because their adaptation to the EEG features is more effective than

for complex algorithms, see Parra et al. [2003]. Multi-step LDA is one of such

algorithms which was built on the separable covariance property of EEG signals.

5.6.1 Features of ERP classification

We denote the EEG signals after preprocessing (re-reference, normalize, mov-

ing average and downsampling, see section 5.4.1 and 5.4.2) at channel c ∈ C =

{c1, . . . , cS} and time point t ∈ T = {t1, . . . , tτ} within single-trial i by xi(c; t) (su-

perscript i is sometimes omitted). The number of time points τ depends on the se-

lected downsampling factor, see section 5.4.2. In this section we often investigate

each data set over several values of τ . We define x(C; t) = [x(c1; t), . . . , x(cS; t)]T

as the spatial feature vector of EEG signals for the set C of channels at time point

t. By concatenation of those vectors for all time points T = {t1, . . . , tτ} of one

trial one obtains spatio-temporal feature vector x(C;T) or briefly x ∈ Rτ.S for

classification with S being the number of channels and τ the number of sampled

time points

x(C;T) = [x(C; t1)T , . . . ,x(C; tτ )
T ]T . (5.3)
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(a) All spatio-temporal features (b) Block 1, t = t
′
= 1

Figure 5.16: Sample covariance matrix of a single data estimated from 16 time
points and 32 channels

5.6.1.1 Homoscedastic normal model

We model each target single trial xi as the sum of a event-related source s

(= ERP) which is constant in every target single trial and “noise” ni, which

is assumed to be independent and identically distributed (i.i.d.) according to a

Gaussian distribution N(0,Σ)

xi = s+ ni for all target trials i (5.4)

The assumption is certainly not very realistic. However the ERP are typically

small compared to the background noise, see figure 5.15, such that equation 5.4

still holds well enough to provide a reasonable model.

5.6.1.2 Separability

Huizenga et al. [2002] demonstrated that separability, see assumption 4.1 is a

proper assumption for EEG data. Figure 5.16 visualizes the Kronecker product

structure of the covariance matrix Σ = U ⊗ V of all spatio-temporal features x
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of one short data in data set B. There are 512 features, resulting from S = 32

channels and τ = 16 time points. Each of the 16 blocks on the diagonal represents

the covariance between the channels for a single time point. The other blocks

represent covariance for different time points.

5.6.2 Applications of multi-step LDA

In this section we apply multi-step LDA to detect target (counted, attended)

characters from EEG single-trials of data set B and C. When performing multi-

step LDA we will meet the problem how to divide features in each step to give

good results. The corollary 3.2 show that sample error rates of two-step LDA will

approximate to its theory error rate under the condition of the number features

in each group pj, j = 1, . . . , q small in comparison to the sample size n. It means

that the size of divided feature groups depends on the sample size of training data.

Shao et al. [2011] recommended that except for large enough training data such

that p = o(
√
n) the ordinary LDA should not be applied to all p features at one

time. If we have small training sample size n, it is preferable to define the sizes of

the feature subgroups pj, j = 1, . . . , q to be small in order to guarantee that LDA

performs well at each step. From now on we often choose p1 = p2 = · · · = pq for

simplicity.

In addition the theoretical error rate of two-step LDA

W (δ?) = Φ

(
1

2

√
mTΘ−1m

)
,

see theorem 3.1, strongly depend on the relationship between feature subgroups.

This is reflected in the structure of covariance matrix Σ. If Σ has a diagonal

block structure where each block corresponding to each group of features, this

error rate will coincide with the Bayes error rate. In other word, the property

that features in different groups are independent will reduce the optimal error

rate of two-step LDA. Hence it is preferable to define the feature subgroups such

that the statistical dependence between them are small. For our data where their

covariance is separable, this is quantified by the condition number as follows.
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5.6.2.1 Defining the feature subgroups of two-step LDA

Theorem 4.1 shows that for separability data such as EEG, the theoretical

error rate of two-step LDA will tend to that of LDA if condition number κ(U 0)

of correlation matrix U 0 tends to 1. It implies that sample two-step LDA will

reach the Bayes error rate under the condition of corollary 3.2 and K0 taking

the smallest values 1. The condition number K0 is smaller the features between

different subgroups are more independent. It agrees with the above assertion

that subgroups should be formed such that the features within them are more

correlated than between.

Figure 5.17: The box plot of condition numbers of spatial (left) and temporal
(right) correlation matrices estimated from 30 short data of data set B for different
numbers of time points τ

Figure 5.17 shows the box plot of condition numbers estimated from 30 short

data of data set B for different numbers of time points τ = 4, 8, 16, 32, 64. The

condition numbers of temporal correlation matrices U 0 are much smaller than

those of spatial correlation matrices V 0. Following the above assertion, it is

likely that the error rates of sample two-step LDA are smaller when all spatial

ERP features at each time point tj,x(C; tj) = [x(c1; tj), . . . , x(cS; tj)]
T are formed
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into one group. This was verified for all of our real data.

The method to calculate the above condition numbers were proposed by Fren-

zel, see Huy et al. [2012]. Our ERP features are normalized and re-referenced,

see section 5.4.1 thus the means over all time points and all channels are zero.

This implies U and V singular. Maximum-likelihood estimation of both in gen-

eral requires their inverses to exist, see Mitchell et al. [2006]. We bypassed this

problem by using the simple average-based estimator

V̂ =
1

q

q∑
j=1

Σ̂j ,

where Σ̂j is the sample covariance matrix of spatial ERP feature vector at time

point tj, x(C; tj) = [x(c1; tj), . . . , x(cS; tj)]
T . It can be shown that V̂ is an

unbiased and consistent estimator of λV with λ being the average eigenvalue of

U . Since the correlation matrix corresponding to λV is V0 we estimated the

condition number of κ(V0) by that of κ(V̂0), ignoring the single zero eigenvalue.

Estimation of κ(U0) was done in the same way.

Remark 5.1. For convenience we give a remark on using the above method to estimate

the covariance matrix Σ = U ⊗ V . It is clear that Û ⊗ V̂ will give an unbiased and

consistent estimator of λΣ with λ being the average eigenvalue of Σ. Since spatial ERP

feature vectors {x(C; tj), j = 1, . . . , τ} are not often independent it is difficult to draw

any conclusion about the convergence rate of estimator V̂ and finally Û ⊗ V̂ . To check

it Û⊗V̂ was used as the estimation of covariance matrix Σ in LDA to classify 30 short

data above. Here we ignored the positive constant λ since it does not effect error rates

or AUC values. Each data was downsampled such that number of time points τ = 32

and then divided into two equal parts. The classifier was trained using the first part.

Scores of the second part were calculated and classification performance was measured

by the AUC value, i.e. the relative frequency of target trials having larger scores than

non-target ones. We used AUC values instead of error rates since a overall error rate

is not meaningful performance measure when target trials are rare. The average AUC

values over 30 data is equal to 0.7111. For the latter we will see that it is not so hight

to say the above estimator efficient.
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Figure 5.18: Learning curves of multi-step LDA, two-step LDA, regularized LDA
and LDA for 9 long data of data set B

5.6.2.2 Learning curves

We investigated the classification performance using data set B and C. Both

of them were downsampled and we had their number of time points τ = 32. The

features from all channels, 32 channels for data set B and 64 channels for data set

C were used and hence the total number of features p of them are 1024 and 2048

respectively. Two-step LDA and multi-step LDA were compared to ordinary and

regularized LDA.

If the sample size of training data n < p + 2, the sample LDA function δ̂F

is undefined since Σ̂
−1

is. We replaced Σ̂
−1

by the Moore-Penrose inverse of

Σ̂. The regularization parameter of regularized LDA was calculated using the

formula (1.12) or cross-validation, see section 1.3. The formula (1.12) is often

used for long training data since applying it is computationally cheaper than

cross-validation. Here all features x were ordered according to their time index

by formula (5.3). Multi-step LDA procedure divides all features or scores into

consecutive disjoint subgroups at each step. These subgroups have the same

size. The size of the subgroups at each step is defined by each element of the
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Figure 5.19: Learning curves of multi-step LDA, two-step LDA, regularized LDA
and LDA for data set C

vector t = (p̈1, . . . p̈l) and we assume
∏l

i=1 p̈i = p to be fulfilled. Vector t will be

considered as the type of multi-step LDA.

Figure 5.18 show learning curves for 9 long data of data set B. For each data

classifiers were trained using the first n trials, with 200 ≤ n ≤ 3500. Scores of the

remaining 7290− n trials were calculated and classification was measured by the

AUC value. Two-step LDA (red) and multi-step LDA with type (16, 2, 2, 2, 2, 2, 2)

(blue) showed better performance than both regularized (yellow) and ordinary

(black) LDA. For large training sample size n the difference was rather small.

Multi-step LDA with type (2, 2, 2, 2, 2, 2, 2, 2, 2, 2) (green) is better for small n

but worse for large n than regularized LDA.

Figure 5.19 show learning curves for data from two subject A and B in data

set C. For each subject classifiers were trained by using the first n trials of train

session and apply them to the corresponding test session. The performance of

two-step (red), multi-step with type (2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2) (green), regularized

(yellow) and ordinary (black) LDA was similar to that in figure 5.18 for subject B.

For subject A the performance was discontinued when sample size n go through
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the point 11200. It can be the inconsistent of training data. However regularized

LDA overcame this. For both subjects we could saw the AUC values of multi-step

LDA with type (2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2) converged very fast. It is nearly constant

after n > 2000. It can be understandable since with small size of subgroups LDA

was performed perfectly at each step even for small sample size n.

# training trials 100 125 150 175 200 225 250
lda 0.7704 0.7723 0.7824 0.7918 0.8010 0.8132 0.8157
cvrlda 0.7893 0.8018 0.8104 0.8130 0.8218 0.8347 0.8386
oprlda 0.7823 0.7923 0.8030 0.8094 0.8162 0.8260 0.8296
tslda 0.7467 0.7767 0.7959 0.8100 0.8223 0.8367 0.8471
mtslda1 0.8064 0.8223 0.8356 0.8434 0.8556 0.8620 0.8647
mtslda2 0.8079 0.8190 0.8281 0.8367 0.8414 0.8440 0.8500
mtslda3 0.8076 0.8192 0.8326 0.8414 0.8461 0.8516 0.8557
mtslda4 0.8207 0.8309 0.8440 0.8489 0.8580 0.8646 0.8686
mtslda5 0.7872 0.8079 0.8237 0.8306 0.8418 0.8503 0.8531

Table 5.2: Average AUC values of regularized LDA, two-step LDA and multi-step
LDA over 30 short data of data set B.

To check the above assertion we used 30 short data (number of trials from

about 450 to 477) of data set B. For each data, the first n trials, with n =

100, 125, 150, 175, 200, 225, 250 was used as training data and the remaining tri-

als as test data. Since training sample size n is only from 100 to 250 the regulariza-

tion parameter of regularized LDA was estimated by both formula (1.12) (oprlda)

and cross-validation (cvrlda). The average AUC values of them over all 30 data is

shown in table 5.2. For these data the performance of cvrlda is slightly better than

oprlda. Average of AUC values of ordinary LDA (lda), two-step LDA (tslda) and

multi-step LDA with type (16, 2, 2, 2, 2, 2, 2) (mtslda1), (2, 2, 2, 2, 2, 2, 2, 2, 2, 2)

(mtslda2), (4, 8, 2, 2, 2, 2, 2) (mtslda3), (8, 4, 2, 2, 2, 2, 2) (mtslda4), (32, 2, 2, 2, 2, 2)

(mtslda5) are also given in this table. Except for ordinary LDA, two-step LDA

and multi-step LDA with type (32, 2, 2, 2, 2, 2) their classification performance

was better than regularized LDA.

We saw that the performance of two-step LDA and multi-step LDA type

(32, 2, 2, 2, 2, 2) is worse for small n, for example n = 100 but better for large n,

for instance n = 250 than regularized LDA. It can be explained by the impact
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Figure 5.20: Performance comparison of multi-step LDA with type (16, 2, 2, 2, 2,
2, 2) and regularized LDA for 30 short data of data set B. Statistical significance
p values were computed using a Wilcolxon signed rank test.

of high dimensionality. In two-step LDA, we purely apply ordinary LDA to each

feature subgroup of size p̈1 = 32 at the first step and the low convergence speed
√
n

p̈1
√

log p̈1
=

√
100

32
√

log 32
for dimension p̈1 = 32 and sample size n = 100 will make its

performance poor, see theorem 1.1. It can also be recognized from the prominent

dip in the learning curves of LDA around p (n ≈ p) in figure 5.18 and 5.19.

When the sample size n increases the convergence speed
√
n

p̈1
√

log p̈1
for the size p̈1

of each subgroup and n increases faster than the convergence speed
√
n

p
√

log p
for

the dimension p of the whole feature vector and n. It is thus likely that the

average AUC value of two-step LDA at n = 250 is higher than that of ordinary

and regularized LDA.

The above phenomenon could also be observed in the figure 5.20. This figure

show box plot of AUC values of regularized LDA using cross-validation (cvrlda)

and multi-step LDA with type (16, 2, 2, 2, 2, 2, 2) (mtslda1) over 30 data as above.

Each subplot is corresponding to sample size n from 100 to 250. As the av-

erages of AUC values in table 5.2, the medians of multi-step LDA with type

(16, 2, 2, 2, 2, 2, 2) are higher than regularized LDA. The statistical significance

p-value was computed using a Wilcoxon signed rank test. At first p-values de-
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crease until sample size n = 175 and then increase. It can be explained by that

multi-step LDA achieves the faster convergence rate than regularized LDA. Then

for n larger enough error rates of multi-step LDA will be stable whereas error

rates of regularized LDA are still in convergence process.

The limited (theoretical) error rate of multi-step LDA depends on how to

define feature subgroups. The theoretical loss in efficiency of multi-step LDA

in comparison to ordinary LDA is not very large for some kind of data, see

theorem 3.1, for example spatio-temporal data with separable covariance matrix,

see theorem 4.1. In order to reach theoretical error rate ordinary LDA need

very large training data such that n � p2, see theorem 1.1. It means that for

our case p = 1024, 2048 we need millions of training trials. In contrast l-step

LDA can give reasonable performance even with small training sample such that

n � p

9

3l+1+
(−1)l+1

2l , see remark 3.4. For instance, in the case l = 3, p = 1024

to get optimal performance of three-step LDA, we need about n = 500 training

samples. This might be a practically relevant advantage of multi-step LDA since

the training data are usually small in BCI research, in particular online BCI, see

Lehtonen et al. [2008].

5.6.3 Denoising and dimensionality reduction of ERPs

It can be helpful for classification to reduce the dimension of ERP features

by moving average and downsampling, see section 5.4.2 and Krusienski et al.

[2008]. This is equivalent to using their approximation (Harr) wavelet coefficients

for classification. In fact continuous wavelet transform was employed as noise

reducing tool before classifying ERP features, see Bostanov [2004]. In this section

we investigate various discrete wavelets for ERP extraction using Matlab wavelet

toolbox.

In the time domain wavelet decomposition generates signals at different levels

of resolution. In the frequency domain the wavelet decomposition recovers the

signal content in non-overlapping frequency bands. We saw that ERPs contain

certain peaks at specific time and frequency range, see figure 5.21. This figure

shows the grand average ERPs corresponding to each character. The grand aver-

age was taken over 9 long data of data set B. The eye fixation and attention cause
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Figure 5.21: Grand average ERPs over 9 long data of data set B for all channels.
The red, blue curves represent the counted, fixated characters respectively and
the black for the remaining seven characters.

negative peaks at around 200 ms, 8 Hz, called N200 and positive peaks at around

400 ms, 4 Hz, called P300 respectively. It means that these peaks usually reflect

correlation brain activity. Thus wavelet decomposition should allow to charac-

terize complex changes in ERP signals in both time and frequency domains, see

Quiroga and Garcia [2003]; Quiroga and Schürmann [1999].

5.6.3.1 Dimensionality reduction

In this study we replaced original features by approximation or detail wavelet

coefficients for classification. We check its performance using 30 short data of data

set B. Since the sampling rate of data is equal to 2048 Hz we decomposed each

single channel signals at level N = 7, 8 by wavelet multiresolution, see section

5.5.1.2. The approximation wavelet coefficients of a8 correspond to frequencies

from approximately 0 to 4 Hz and those of a7 correspond to 0 to 8 Hz. Detail

wavelet coefficients of d8 correspond to 4 to 8 Hz.

To classify target characters from 20 data under condition 1, see section 5.3.2,

we used all coefficients of a7, i.e. from 0 . . . 0.5 s after stimulus onset. In order to
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Figure 5.22: Simultaneous classification of fixated and counted character for 10
short data under condition 2 of data set B.

study the impact of gaze direction, the fixated character classification was also

considered, see Frenzel et al. [2010]. For the classification data under condition

2 we used wavelet coefficients of d7 at time points 0 . . . 0.25 s for the fixated

character, and coefficients of a8 at time points 0.25 . . . 0.5 s for the attended

character. It can be explained that the fixated character and the counted one

are mainly correlated with N200 (at around 200 ms, 8 Hz) and P300 (at around

400 ms, 4 Hz), respectively. By concatenation of those wavelet coefficients from

all channels of one trial we had classification features. Then all trials were split

in two equal parts. The first part was used as training data and the second

part as test data. Finally we applied regularized LDA using cross-validation to

classification.

The figure 5.22 shows the simultaneous classification performance of both

fixated and counted character for 10 data under condition 2. In case of original

data we took time points 0 . . . 0.25 s and 0.25 . . . 0.5 s for the fixated and attended

character respectively. We observed higher variability for the classification of the
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counted character than the fixated one, and discrete Meyer wavelet was the best

one in the first case and Symlet with order 4 in the second, see Daubechies [1992].

For 20 data under condition 1, using the original data with time points from

0 to 0.5 s, AUC values for classification of the target character reached from 0.71

to 0.94 with mean 0.86. Using wavelets of low orders gave similar results. Poor

results were obtained for high orders. For instance Daubechies(1)/Haar wavelet

gave an AUC of 0.85, whereas Daubechies(10) gave 0.58 on average, see table

5.3. This suggests that by choosing appropriate wavelets one may effectively

represent single trials at level 7. Hence one may look at data on a much coarser

scale without loosing discriminative information. In our case this is connected

with a dramatic drop in dimension of the feature space from 32768 to 256. We

also saw that Symlet with order 4 achieves the best performance. It was employed

to denoise event-related potential in the next section.

original data 0.86 Daubechies(1)/Haar 0.85
Coiflet(1) 0.86 Daubechies(2) 0.86
Coiflet(5) 0.81 Daubechies(10) 0.58
Symlet(4) 0.88 Biorthogonal(1,5) 0.87
discrete Meyer 0.86 Biorthogonal(3,1) 0.75

Table 5.3: AUC values for classification of the counted character averaged over
all 20 data under condition 1 of data set B (standard deviation of mean < 0.03).

5.6.3.2 Denoising of event-related potentials

As proposed by Donoho [1995], the signal can be recovered from noisy data by

setting wavelet coefficients below a certain threshold (hard denoising) to zero. It

mean that we chose meaningful wavelet coefficients by thresholding. In this study

we give a method which determines meaningful wavelet coefficients by applying

regularized LDA. To check the performance of this method we used data set A.

Since the sampling rate of data is equal to 500 Hz we decomposed all single-

channel data of all trials at level N = 6 by using Symlet with order 4, see

Daubechies [1992]. We only considered detail wavelet coefficients from level 3

to level 6, of d3, . . . , d6 and approximation wavelet coefficients level 6, of a6.

The approximation wavelet coefficients of a6 correspond to frequencies from ap-
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Figure 5.23: Multiresolution decomposition and reconstruction of averages of
target and nontarget trials at channel Cz, subject 4.

proximately 0 to 3.9 Hz. Detail wavelet coefficients of d3, . . . , d6 correspond to

frequency ranges 33 − 62.5, 15.6 − 33, 7.8 − 15.6, 3.9 − 7.8 Hz respectively. For

each subject data were split in two parts. The 75 fist trials were used as training

data and remaining 75 trials as test data.

The detail or approximation wavelet coefficients from all channels at each

level and time point of training trials formed the feature vectors. These feature

vectors were assigned to the corresponding level and time indices. We defined the

meaningful indices as follows. For each time and level index we had 75 feature

vectors corresponding to 75 training trials. We calculated the score for each trial

by considering the remaining 74 trials as training data and using regularized

LDA with the regularization parameter defined by formula (1.12). After that we

calculated AUC values for each index. Then we selected all indices with AUC

values larger than a certain threshold. Here we only considered indices with time

from 0 to 600 ms after stimulus onset.

The wavelet coefficients of each single trial not belonged to the selected index

set are set to zero. We applied the reconstruction transform to obtain denoised
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Figure 5.24: All 23 denoised target single trials at channel Cz, subject 4 corre-
sponding to the threshold equal to 0.7.

single-trial signals. Figure 5.23 illustrates the decomposition of averages of target

(red) and nontarget (green) trials at channel Cz, subject 4. On the left-hand

side we plotted the wavelet coefficients and on the right-hand side the actual

decomposition components of the average of target trials corresponding to each

level. The sum of all the reconstructions (blue) gives again the original signals

(red dashed curves of the uppermost plots). The red stems in the left-hand side

show the coefficients kept with threshold equal to 0.7 and the red curves on the

right-side show the corresponding reconstruction of each level. The denoise of

this average is obtained by the sum of them (red solid curves). The same process

was applied to the average of nontarget trials and its results was shown by the

green solid curve of the uppermost left plot.

Figure 5.24 illustrates all 23 target single trials corresponding to the averages

in figure 5.23. The 23 original (dashed) and denoised (solid) target single trials

with threshold equal to 0.7 at channel Cz of subject 4 were shown together. The

red curves of the uppermost left plot are their averages. The averages of original

and denoised nontarget trials were also shown in this plot. After denoising, the
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event-related potentials (as seen in the average) are recognizable in most of the

single trials from background EEG. Here, we only used 10 wavelet coefficients

to represent each single-trial event-related potentials (0.2 s pre- and 0.8 s post-

stimulation) whereas each original single trials contains 500 time points.

Finally, we considered denoised single trials from 0 to 600 ms after stimulus

onset. For each subject, the regularized LDA classifier was trained using the

first 75 trials. We should know that the procedure to select wavelet coefficients

only depends these training trials and the threshold equal to 0.7. Scores of the

remaining 75 denoised trials and their AUC values were calculated. The table

subject 1 2 3 4 5 6 7 8 average
AUC 0.94 0.96 0.86 1.00 0.97 0.98 0.92 0.98 0.95

Table 5.4: AUC values for classification using denoised data with the threshold
equal to 0.7.

5.4 shows the AUC value of each subject and their average corresponding to the

threshold equal to 0.7. We also checked the performance of the above procedure

for different threshold values 0.6 : 0.025 : 0.9. The table 5.5 shows the highest

AUC value over all these thresholds corresponding to each subject and their

average.

subject 1 2 3 4 5 6 7 8 Average
AUC 0.99 0.96 0.93 1.00 0.97 0.99 0.92 0.99 0.97

Table 5.5: AUC values for classification using denoised data with the best thresh-
old for each subject.
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Conclusions

When linear discriminant analysis is applied to high-dimensional data, it is

difficult to estimate the covariance matrix. We introduced a method which avoids

this problem by applying LDA in several steps. For our EEG data, the multi-step

LDA performed better than regularized LDA (see section 5.6.2.2) which is the

state-of-the-art classification method for this kind of data, see Blankertz et al.

[2011]. We also showed that multi-step LDA has faster convergence rate than

LDA, see corollary 3.2 and remark 3.4. This means that multi-step LDA needs

smaller sets of training data to reach the theoretical performance than LDA.

When analyzing high-dimensional spatio-temporal data, we typically utilize

the separability of their covariance. A potential disadvantage of multi-step LDA

is the increase of theoretical error in comparison to LDA. However we showed

that this loss is not much for moderate condition number κ(U 0) of temporal

correlation matrix U 0, see theorem 4.1.

The performance of LDA is based on not only features having mean effects

but also features having correlation effects, see remark 1.1. In the view of ex-

ploiting the correlation information: independence rule ≤ two-step LDA ≤ LDA.

A natural question is how the relation between their theoretical error rates is.

Conjecture 5.1. The error rates of independence rule, two-step LDA and LDA

satisfy

W (δI) ≤ W (δ?) ≤ W (δF ),

where δI , δ
?, δF are the discriminant functions of independence rule, two-step LDA

and LDA respectively.

Future work will explore the above relation by giving algebra structure to

represent multi-step LDA more efficiently. This may result in proposing a classi-
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fication method that balance between exploiting the correlation information and

the impact of dimensionality.
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