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Abstract

We consider Walsh’s conformal map from the exterior of a compact set E C C onto a
lemniscatic domain. If £ is simply connected, the lemniscatic domain is the exterior of
a circle, while if E has several components, the lemniscatic domain is the exterior of a
generalized lemniscate and is determined by the logarithmic capacity of E and by the
exponents and centers of the generalized lemniscate. For general E, we characterize
the exponents in terms of the Green’s function of E¢. Under additional symmetry
conditions on E, we also locate the centers of the lemniscatic domain. For polynomial
pre-images E = P~ () of a simply-connected infinite compact set §2, we explicitly
determine the exponents in the lemniscatic domain and derive a set of equations to
determine the centers of the lemniscatic domain. Finally, we present several examples
where we explicitly obtain the exponents and centers of the lemniscatic domain, as
well as the conformal map.

Keywords Conformal map - Lemniscatic domain - Multiply connected domain -
Polynomial pre-image - Green’s function - Logarithmic capacity
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1 Introduction

The famous Riemann mapping theorem says that for any simply connected, compact
and infinite set E there exists a conformal map Rg : E¢ := C\E — ]D)C, where
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C=cCu {00} denotes the extended complex plane, ID the open unit disk and D
the closed unit disk. By imposing the normalization Rg(z) = z/cap(E) + O(1) as
7z — 00, where cap(E) denotes the logarithmic capacity of E, this map is unique. In
his 1956 article [13], Walsh found the following canonical generalization for multiply
connected domains.

Theorem 1.1 Let Ey, ..., E¢ C C be disjoint simply connected, infinite compact sets
and let
¢
E=]JE; (L.1)
j=1

Inparticular, E€ = C\E is an £-connected domain. Then there exists a unique compact
set of the form

¢
L:={weC:|Uw)| <cap(E)}, U(w):= H(w —a)", (1.2)
j=1

where ay,...,a; € C are distinct and my,...,my > 0 are real numbers with
Zi’:l mj = 1, and a unique conformal map
®:E¢— LS (1.3)

normalized by
1
D(z) =z+(9<—> at oo. (1.4)
4

If E is bounded by Jordan curves, then ® extends to a homeomorphism from E°€ to
Le.

Remark 1.2 (i) By assumption, each E; satisfies cap(E£;) > 0 hence cap(E) > 0.
(i) The points ay, ..., a, (sometimes called ‘centers’ of L) and also my, ..., myg
in Theorem 1.1 are uniquely determined. The function U is analytic in
C\{ay, ..., a¢} and in general not single-valued, but its absolute value is single-
valued. Note that the compact set L, defined in (1.2), consists of £ disjoint
compact components Ly, ..., Ly, witha; € L; for j =1, ..., £. The compo-
nents L1, ..., Ly are labeled such that a Jordan curve surrounding E ; is mapped
by ® onto a Jordan curve surrounding L ;.
(iii) If E is simply connected then the exterior Riemann map Rg : E¢ — D° with
RE(2) = diz +dy + O(1/z) at oo and dj = R/;(00) > 0 and the Walsh map
® are related by Re(z) = d1P(z) + do, which follows from [13, Thm. 4].
The corresponding lemniscatic domain is the disk L = {w € C : [w —aq] <
cap(E)}, where a; = —dy/d; and cap(E) = 1/d;. This shows that Walsh’s map
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onto lemniscatic domains is a canonical generalization of the Riemann map from
simply to multiply connected domains.

(iv) The existence in Theorem 1.1 was first shown by Walsh; see [13, Thm. 3] and
the discussion below. Other existence proofs were given by Grunsky [2, 3], and
[4, Thm. 3.8.3], and also by Jenkins [5] and Landau [6]. However, these articles
do not contain any analytic or numerical examples. The first analytic examples
were constructed by Sete and Liesen in [12], and, subsequently, a numerical
method for computing the Walsh map was derived in [8] for sets bounded by
smooth Jordan curves.

(v) The domain L€ is usually called a lemniscatic domain. This term seems to orig-
inate in Grunsky [4, p. 106].

In this paper, we bring some light on the computation of the parameters m ; and a;
appearing in Theorem 1.1.

In Sect. 2, as a first main result, we derive a general formula (Theorem 2.3) for
the exponents m ; in terms of the Green’s function of E¢, denoted by gg. Of special
interest is of course the case where E is real or where E or some component £ are
symmetric with respect to the real line, i.e., E* = E or E}" = E;, where

K*:={zeC:z7€K} (L.5)

denotes the complex conjugate of a set K C C. We prove that E* = E and E;‘ =E;
implies that a; € R (Theorem 2.7). In the case that all components are symmetric,
we give an interlacing property of the components E; and the critical points of gg
(Theorem 2.8).

In Sect. 3, we consider the case when E is a polynomial pre-image of a simply
connected compact infinite set €2, that is, £ = Pn’l (€2). In this case, we prove in
Theorem 3.2 that the m; are always rational of the form m; = n;/n, where n is
the degree of the polynomial P, and n; is the number of zeros of P,(z) — w in E},
where w € Q. Moreover, the unknowns ay, ..., a¢ are characterized by a system of
equations which in particular can be solved explicitly in the case £ = 2. With the
help of these findings, we obtain an analytic expression for the map & if P{l () is
connected (Corrolary 3.7).

Finally, Sect. 4 contains several illustrative examples when E = Pn_1 (2) and when
Q =D, Q = [—1, 1] or when € is a Chebyshev ellipse. In particular, we determine
the exponents and centers of the corresponding lemniscatic domain and visualize the
conformal map ®.

2 Results for General Compact Sets
Let the notation be as in Theorem 1.1. The Green’s function (with pole at oo) of L€ is
£
gr(w) =log |U(w)| — log(cap(E)) = Y m;log|w — a;| — log(cap(E)) (2.1)
Jj=1
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since gy is harmonic in C\{ay, ..., ag}, is zero on 9(L€), and gr (w) — log|w] is
harmonic at oo with limy_, (g1 (w) — log|w|) = —log(cap(E)). Then the Green’s
function of E€ is

ge(2) = gL (P(2)), z€ES, (2.2)

since ® : E¢ — L€ is conformal with ®(z) = z + O(1/z) at co. In particular,
cap(E) = cap(L). Denote for R > 1 the level curves of gr and g; by

F'r={z€ E°:g(z) =log(R)}, Ar={weL:gr(w)=1og(R)}.

Then ®(I'g) = A g and ® maps the exterior of I'g onto the exterior of Ag.Let R, > 1
be the largest number, such that gg has no critical point interior to I'g, (if £ = 1, then
R, = o0; see Theorem 2.5 below). Then & is the conformal map of ext(I'g) onto the
lemniscatic domain ext(Ag) forall 1 < R < Ry; see also [14, p. 31].

Here and in the following, we extensively use the Wirtinger derivatives

1 1
9 = S0 —idy) and bz = (3 +idy),

where z = x+iy withx, y € R. We relate the exponents and centers of the lemniscatic
domain to the Wirtinger derivatives d,gg and d,, g, of the Green’s functions. Note that
d; g is analytic if g is a harmonic function, since then dz(d,g) = %Ag =0.

Lemma 2.1 The Green’s functions gy, and gg from (2.1) and (2.2) satisfy

3:8£(2) = dwgrL(P(2) - (). (2.3)

Moreover, if y : [a, b] — E€ is a smooth path, then

fang(z)dzzf opgr(w)dw. 2.4)
4 Doy

Proof Since @ is analytic, we have 3,® = &' and 3-® = 0. Moreover, 3,® = 3-® =
0. With the chain rule for the Wirtinger derivatives and (2.2), we find

9 9 )
ﬁ() ﬁ@(x)) —(z)+—<<b(z)) —(z)—ang<<I>(z)> @'(2).
(2.5)

which is (2.3). Integrating this expression over y yields

b
/ DugL (D@D () dz = / BugL (D NP (y(1)y () di = / B (w) dw.
Y a

Doy

(2.6)

In combination with (2.3), this yields (2.4). ]
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Remark 2.2 Formally, Eq. (2.3) yields the relation between differentials
d:86(2)dz = 3y g1 (P(2) - P'(2) dz = dygr(w) dw, 2.7

which yields (2.4) upon integrating.

We are now ready to express the exponents m ; through the Wirtinger derivatives
of the Green’s function. For j = 1,...,¢, let y; be a closed curve in C\E with
wind(y;j;z) = §jx for z € Ex and k = 1,..., ¢, where wind(y; zo) denotes the
winding number of the curve y about zg, and § j; is the usual Kronecker delta. More
informally, the curve y; contains E; but no Ey, k # j, in its interior.

Theorem 2.3 [n the notation of Theorem 1.1, let gg and g1, be the Green’s functions
of E° and L, respectively. For each j € {1, ..., £}, let y; be a closed curve in C\E
with wind(y;; z) = 8ji forz € Ex andk =1, ..., ¢, and let L.j = ® o y;. Then,

mj—

5 20pgL(w)dw = —/ 20,8£(z)dz. (2.8)
mi Jy,

Moreover, if the function f is analytic interior to A j and continuous on trace(. ;), then

1 1
mjf(aj) = i ), f(W)28ng(w)dw =— [ f(®(2)20.ge(z)dz. 2.9)
i 2mi vi

Proof Since 20, log |w| = 9,, log(ww) = 1/w, we obtain from (2.1) that

4

20,81 (w) =)

J=1

mj

) (2.10)
w —aj

which is a rational function. By construction, A; is a closed curve in C\L with
wind(X;; ax) = 4. Integrating over A ; yields the first equality in (2.8). The sec-
ond equality follows by Lemma 2.1. Using (2.10) and the residue theorem, we obtain

27”/ f(w)zang(w)dw——/ Z (w) w=m;f(a;). (2.11)

This proves the first equality in (2.9). Multiplying (2.3) by f(®(z)) and integrating
yields the second equality in (2.9). O

Remark2.4 (i) By (2.8) in Theorem 2.3, the exponent 2 ; of the lemniscatic domain
is the residue of 20, g, at aj. Moreover, m; is (up to the factor 1/(27i)) the
module of periodicity (or period) of the differential 20, g£ (z) dz; see [1, p. 147].
The latter can be rewritten as

9 3 9
/ ZBZgE(z)dz=/ _Z8E 4 4 28y, =/ 28E 2y 1dz),
Vi Vi ay ax y, on
J J

J
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where the middle integral is over the conjugate differential of dgg, and where
0Gg/0n is the derivative with respect to the normal pointing to the right of y;;
see [1, pp. 162—164] for a detailed discussion.

(ii) Since 9, g is analytic in E€ and 9, gy, is analytic in @\{al, ...,ap} D LC, the
integrals in (2.8) have the same value for all positively oriented closed curves
that contain only E; or a; in their interior.

The following well-known result due to Walsh [15] establishes a relationship
between the critical points of the Green’s function and the connectivity of E€.

Theorem 2.5 [15, pp. 67-68] Let E C C be compact such that IC = E€ is connected
and such that K possesses a Green’s function gg with pole at infinity. If K is of finite
connectivity £, then gg has precisely ¢ — 1 critical points in C\ E, counted according
to their multiplicity. If IC is of infinite connectivity, gg has a countably infinite number
of critical points. Moreover, all critical points of g lie in the convex hull of E.

As is typical for conformal maps with ®(z) = z + O(1/z) at co, symmetry of E
(e.g., rotational symmetry or symmetry with respect to the real line) leads to the same
symmetry of L, and to “symmetry” in the map &:

Lemma 2.6 [12, Lem. 2.2] Let the notation be as in Theorem 1.1. Then the following
symmetry relations hold.

(1) IfE = E*, then L = L* and ®(z) = @ (2). ‘ _
(i) IfE =eE :={e!%2: 7€ E}, then L = €'’ L and ®(z) = e 0 ®('%7).
(iii) Inparticular: IfE = —E ={—z:z€ E}, then L = —L and ®(z) = —®(—2z).

In the last two results of this section, we consider the case where E and one or all
of its components E; are symmetric with respect to the real line. This allows us to
locate the points ay, ..., a¢ and the critical points of the Green’s function gg.

Theorem 2.7 Inthe notation of Theorem 1.1, supposethat E* = E. Let j € {1, ..., ¢}.
IfE;’.‘ =Ejthenaj € R

Proof Since E* = E, we have ®(Z) = ®(z) by Lemma 2.6 and 9,g£ (7) = 0,8£(z)
by Lemma A.1. Next, if Ej = Ej forsome j € {1, ..., £} then there exists a smooth
Jordan curve y; in C\ E' symmetric with respect to the real line which surrounds E;
in the positive sense, but no other component Eg, k # j, i.e., wind(y;; z) = §jk for
z€ Exandk =1,...,£. By (2.9),

1
mjdj =5~ /y,- P (2)20.8£(2) dz,

where ®(2)20,8£(z) = P(2)20,8£(z) on y;. By Lemma A.3, we obtain m ja; € R,
hence a; € R since m; > 0. o

In Theorem 2.7, if a component E; is not symmetric with respect to the real line,
then the corresponding point a; is in general not real, as the example of the starin [12,
Cor. 3.3] shows.
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If E* = E; for all components of E then we order the components “from left to
right”: By Lemma A.2, each E; NRis a point or an interval, and we label E1, ..., E;
suchthatx € E;NRandy € Ej; 1 NRimpliesx < yforall j =1,...,£—1.

Theorem 2.8 Let E = E1U...U Ey be as in Theorem 1.1 and suppose that E;‘ =E;
forall j =1, ..., L Then the following hold.

(i) The £ — 1 critical points of the Green’s function gg are real. Moreover, each E ;
intersects R in a point or an interval, and the critical points of g interlace the
sets E;NR, j=1,...,L

(i) IfE1, ..., Eg are ordered “from left to right” thena; < ay < ... < ay.
Proof (i) Foreach j =1,..., ¢, theset E;NRis apoint or an interval by Lemma A.2.
For j =1,...,£— 1, denote the ‘gap’ on the real line between E; and E ;4 by

Ij :==]max(E; NR), min(E; 1 NR)[, j=1,...,£4~-1

The Green’s function gg is positive on /; and can be continuously extended to 1 j
with boundary values 0. Then gz has a maximum on 7 jatapointx; € I; at which
axgE(x]‘) = 0. By (A.l), we have aygE(x]') = —aygE(Xj), i.e., aygE(x]') = 0.
This shows that x; is a critical point of gg for j = 1,...,£ — 1. These are the
¢ — 1 critical points of gg which are real and interlace the sets £; N R.

(ii) Since E = E*, we have ®(z) = ®(7) by Lemma 2.6. In particular, ® maps R\ E
onto R\ L. Since ®(z) = z+O(1/z) atinfinity, ® maps Iy :=] — oo, min(E| NR)[
onto Jy :=] — oo, min(L NR)[. Let y; be a Jordan curve in C\ E which surrounds
E1 in the positive sense, but no other component Ey, k # 1. Then y; intersects
Iy and I; (see (i)), hence the curve ®(y) intersects the images Jo = ®(/p) and
J1 := ®(I1). This shows that L is the leftmost component of L and aj is the
minimum of ay, ..., ag. Proceeding in a similar way gives that the components
Ly, ..., Ly are ordered from left to right, and therefore a; <a> < ... <ay. O

3 Results for Polynomial Pre-images
Let 2 € C be a compact infinite set such that Q€ is a simply connected domain in C
and let Rq be the exterior Riemann map of €2, i.e., the conformal map

oo
_ d_
Rq:Q° — D" with Ro(x) =diz+do+ Y — for [z| > R, (3.1)
<
k=1

where

> 0, (3.2)

4 =Ro() = o
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R := max,cq |z|,andD = {z € C : |z| < 1} is the open unit disk. By [9, Thm. 4.4.4],
the Green’s function of Q€ is

ga(z) =log|Ra(2)|. 3.3)

Let P, be a polynomial of degree n > 1, more precisely,

Py(x) =Y pjzl with p, € C\{0}, (34)
j=0

and consider the pre-image of €2 under P,, that is
E=P ' (Q ={zeC:P2) € Q. (3.5)

The set E is compact and, by Theorem A.4, the complement E€ is connected. There-
fore, the Green’s function of E€ is

1 1
() = —ga(Pu(2)) = —log|Ra(Pu(2)). (3.6)

see [9, p. 134]. Since 29, log | f| = f’/f for an analytic function f, we have

1 RG(Pu(2)) P, (2)

20,¢r(2) = (3.7
EE T Ra(Pa@)
The logarithmic capacity of E is
(E) = cap(P;” () <°ap(9)>lm : (3.8)
ca =ca = = , )
P P [Pl Jdi | pnl

see [9, Thm. 5.2.5].
By Theorem 2.5, the number of components of E can be characterized as follows.
For the case Q2 = [—1, 1], see also [10, Thm. 4 and Thm. 5].

Theorem 3.1 The set E in (3.5) consists of £ disjoint simply connected compact com-
ponents Eq, ..., Ey, ie.,

12
E=P '@ =|JE,. (3.9)
Jj=1
if and only if P, has exactly £ — 1 critical points z1, . . ., z¢—1 (counting multiplicities)

forwhich P, (zx) ¢ Qfork =1, ..., L—1. Moreover, the number of zeros of P,,(z) —w
in E; is the same for all w € 2, and this number is denoted by n ;.
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Proof By Theorem 2.5, E has £ components if and only if g has £ — 1 critical points
(in C\E). Since gg is real-valued, zo € C\E is a critical point of gg if and only if
9:8E(z0) = 0. By (3.7), the latter is equivalent to P, (z9) = 0.

For j = 1,...,¢, let y; be a Jordan curve in C\E with wind(y;; z) = & for
z€ Exandk=1,...,¢L. Letzg € E; and wp := P, (z0) € 2, then, by the argument
principle,

nj = wind(P, o yj; wo) = |{z € Ej : Py(2) = wo}| = 1. (3.10)

Since P, oy; is aclosed curve in C\ 2, we have wind(P, oy;; w) = wind(P, oy;; wo)
for all w € €, i.e., every point in €2 has exactly n; pre-images under P, in E;. O

In the rest of this section, we assume that E has £ components Eq, ..., Ey, i.e., that
P, has exactly £ — 1 critical points with critical values in C\ 2.

Theorem 3.2 Let E = Pn’l (2) and the numbers ny, ..., ng be defined as in Theo-
rem 3.1. Then the exponents m in the lemniscatic domain in Theorem 1.1 are given
by

mi="0 j=1..¢ (3.11)

Proof For j = 1,...,¢, let y; be a positively oriented Jordan curve in C\E with
wind(y;j;z) =8k forz € Exandk =1, ..., £. Using (2.8) and (3.7), we obtain

1 11 o(Pn(2) P, (2)
_ 29 dz = —— | =2 n=22n® gy, 3.12
"= ), O = ), T Rty O O
Substituting u = P,(z) yields
11 :
mj=—-— Ro) 4, (3.13)

" 0210 Jpyey; Ra)

Since wind(P, o y;; ug) = n; for ug € 2, the integral in (3.13) can be replaced by
n; times an integral over a positively oriented Jordan curve I" in C\ 2, i.e.,

- 3.14
T i Ra) (3.19)
The integral is
(u—uo) R (1)
1 [ Rew U [ T Rew o w0 R _
2i Jr Ra(u) 27i Jr  u — ug u— 00 Ra(u)
(3.15)

by Cauchy’s integral formula for an infinite domain; see, e.g., [7, Problem 14.14]. O
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Next, we derive a relationship between the Walsh map @ and the Riemann map
Rg. Let E = Pn’1 (2) be as in (3.5). Liesen and the second author proved in [12,
Eqn. (3.2)] that the lemniscatic map ® in Theorem 1.1 and the exterior Riemann map
Rq are related by

|U(®(2))| = cap(E) [Ra (P, ()", z € E€, (3.16)

with U from (1.2). This follows by considering the identity (2.2) between the corre-
sponding Green’s functions. In Theorem 3.3, we establish a stronger result.

By Theorem 3.2, the exponents of U satisfy m; = n;/n. Together with (3.8), we
see that

i arg(pn)
cap(E)"

4
Uw)" =dipn [ [w—a;)" (3.17)
j=1

O(w) :=

is a polynomial of degree n. Note that L = {w € C: |Q(w)| < 1},and Q : L¢ — D°
is an n-to-1 map. Then, equation (3.16) is equivalent to

1Q(®(2)| = Ra(Pa(2))], z€E". (3.18)
Next, we show that equality is also valid without the absolute value. Moreover, we

derive a relationship between the points a; and the coefficients p, 1, p, of P, for
n > 2. The case n = 1 is discussed in Remark 3.4.

Theorem 3.3 Ler E = Pn_l(Q) be as in (3.5). We then have
0(®(2)) = Ra(Py(z)), z€ES, (3.19)
that is,
®=0 'oRqgoP,, (3.20)

with that branch of Q=" such that ®(z) = z + O(1/z) at co. Moreover, for n > 2,

> njaj = _p;*‘, (3.21)
n

Proof Consider the Laurent series at infinity of Rg o P, and Q o ®. By (3.1) and (3.4),

o
Ra(Py(2)) = diPy(z) +do+ ) =dipa" +dipp12" +OE" ).
k=1

d_x
— P, (Z)k
(3.22)
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Fig.1 Commutative diagram of

the maps in Theorem 3.3 z € E° Qc
) | Ra
w e L° D°

Since ®(z) = z + O(1/z) at infinity, we have
(@) —ap) = (z—a)" +O@E"72) =" —nja;z" =" + 0" 72)
and, by (3.17),

l ¢
Q) =dipn [ [(2(:) —a))" =dipaz" —dipn Y _nja;2"" +OE").
j=1 j=1
(3.23)

The function (Q o ®)/(RqoP,) is analytic in C\E with constant modulus one,
see (3.18), therefore constant (maximum modulus principle) and

0(®(2)) = cRa(Py(2)), z€E", (3.24)

where ¢ € C with |c| = 1. By comparing the coefficients of z”* of the Laurent series
at oo, we see that ¢ = 1, which shows (3.19). Comparing the coefficients of z”~! then
yields (3.21). O

Figure 1 illustrates Theorem 3.3.

Remark 3.4 In the case n = 1, i.e., Pi(z) = pi1z + po is a linear transformation,
the conformal map and lemniscatic domain are given explicitly as follows. In this
case, E = PI_I(Q) consists of a single component, i.e., £ = 1 and m; = 1, and
QO(w) = dyp1(w — ay). Comparing the constant terms at infinity of R (P,(z)) =
dip1z + (dy po + do) + O(1/z) with Q(P(z)) from (3.23) yields

d d
a; = _1170—4-0. (3.25)
dipi
By Theorem 3.3, the conformal map ® : E€ — L€ is
1
®(z) = (Q ' o RqoP)(z) = TMRQ(P11+P0)+611, (3.20)
and
L:{we(C:|w—a1|§ } (3.27)
di |p1l
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Formula (3.19) does not lead to separate expressions for Q and @, even if R and
P, are known. However, if the polynomial Q(w) = d; p, H§:1 (w —aj)" is known,
equation (3.20) yields an expression for ®. Since the numbers 7 ; are already known
(Theorem 3.1), our next aim is to determine ay, ..., dg.

Lemma3.5 Let E = Pn_l (2) be as in (3.5) and with £ components.

(i) A point z,, € C\E is a critical point of P, if and only if w, = ®(z,) is a critical
point of Q in C\L. Moreover, in that case

Q(wy) = (R oPn)(z4). (3.28)

(ii) The polynomial Q has € — 1 critical points in C\ L and these are the zeros of

an ]‘[ (w —aj). (3.29)

k=1 j=1,j#k

Proof (i) By Theorem 3.1, P, has £ — 1 critical points in C\ E. The functions P,
and Rgq oP, have the same critical points in E¢ since Rg is conformal in Q¢ and
(RgoPy) (z) = Rg(Py(2))P)(z). By Theorem 3.3, we have Q o ® = RqoP, in
E€. Since (Q o @) (z) = Q' (®(2))®'(z) and ® is conformal, we conclude that z,
is a critical point of Q o ® if and only if w, = ®(z4) is a critical point of Q which
gives (3.28).

(ii) By (i), Q has exactly ¢ — 1 critical points in L¢. By (3.17),

14

Q'(w)=dypu [ [(w—ap)" ™! (an ]_[ (w— aj)> (3.30)

Jj=1 = Jj=L1j#k

hence ay, ..., a, are critical points of Q with multiplicity Zf-:l(nj —1)=n-¢
The remaining ¢ — 1 critical points of Q are the zeros of the polynomial in (3.29). O

In principle, the right hand side in (3.28) can be computed when P, and Rq are
given. If also Q(w,) can be computed, (3.28) yields £ — 1 equations for ay, ..., ag.

With the results that we have established, we obtain the conformal map onto a
lemniscatic domain of polynomial pre-images under P,(z) = a(z — )" + y, and of
pre-images with one component (¢ = 1) and arbitrary polynomial.

Proposition 3.6 Let 2 C C be a simply connected infinite compact set. Let P,(z) =
aiz—=pB)"+ywitha,B,y €C,a #0, andn > 2.

G) Ify ¢ Qthen E = P,fl(Q) has n components, mj = 1/n for j =1,...,n, the
points ay, . .., a, are given by

.....
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with the n distinct values of the nth root and dy = R (00) > 0,

1/n

RaDI <y =) 331)

dio

L:{w eC: l—[ lw —aj|l/n=‘(W—,3)n+
j=1

and the Walsh map is

| Ra(Pr(z)) — Raly)

d:E°—> L, () =B+ \'/ (3.32)
dia
with that branch of the nth root such that ®(z) = z + O(1/z) at infinity.
(i) If y € Qthen E = Pn_1 (2) has one component, L is the disk
L={weC:|w-p|<cap(E) = (d la))~"""}, (3.33)

and the conformal map of E€ onto a lemniscatic domain is

O E L o) =pt g 2P (3.34)
dlol

with that branch of the nth root such that ®(z) = z + O(1/z) at infinity.

Proof (i) Since P,(8) = y, the assumption y ¢ €2 is equivalent to 8 ¢ E. The only
critical point of P, is z, = f with multiplicity n — 1, hence E has £ = n components
by Theorem 3.1. The point 81 := ®(8) € Cis then acritical point of Q of multiplicity
n — 1 by Lemma 3.5 (i). Therefore, Q’ is a constant multiple of (w — B D" !and

Qw) =aj(w— )" +y1, a,y €C.
Next, let us determine «1, 81, y1 in terms of «, 8, y. We have
1= 0(B1) = Q(®(B)) = Ra(Pu(B)) = Ra(y).

By (3.17), the leading coefficient of Q is o1 = dja # 0. Since £ = n, we have

n
Qw) =ai(w—p)" +y =1 [ [(w—ap) (3.35)
j=1
with distinct ay, ..., a, € C. In particular, nj = 1for j = 1,...,n. Equating the

coefficients of w"~! in (3.35) and using Theorem 3.3, we obtain

ISR - _ puot _ a(-np)
nﬁl—Zaj—anaj—— = — " =np,
== bn
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ie., i = B.By (3.35),

with the n distinct values of the nth root. By (3.17), we have L = {w € C: |Q(w)| <
1}, which is equivalent to (3.31). Then (3.32) follows from (3.20).

(i1) The assumption y € 2 is equivalent to § € E, thus P, has no critical point in
C\E and E is connected,i.e.,£ = 1.Thenm| = 1 andn|; = n.By Theorem 3.3, na; =
—pn—1/Pn = npB, hence a; = B. Together with (3.8), we obtain the expression (3.33)
for L. In contrast to case (i), we have Q(w) = dja(w — )", which yields (3.34)
by (3.20). O

In [12, Thm. 3.1], the lemniscatic domain and conformal map ® were explicitly
constructed under the additional assumptions that 2 is symmetric with respect to R
(ie.,Q* =Q),y € Risleftof Q,a > 0and 8 = 0. A shift 8 # 0 can be incorporated
with [12, Lem. 2.3]. In Proposition 3.6 we can relax the assumptions on €2 and the
coefficients «, 8, y.

The proof of Proposition 3.6 (ii) generalizes to arbitrary polynomials P, of degree
n > 2, which yields the following result for a connected polynomial pre-image.

Corollary 3.7 Let 2 C C be a simply connected infinite compact set. Let P, be a
polynomial of degreen > 2 asin (3.4) suchthat E = Pn_l(Q) is connected, i.e., £ = 1.
Then L ={w € C:|w—a| < (di |p,)~""} withm = 1 and ay = —pp—1/(npn),

and
. Ra(P,
O EC - L, () =a + ] 2En@)
dlpn

with that branch of the nth root such that ®(z) = z + O(1/z) at infinity.

Proof The assumption ¢ = 1 implies m| = 1 and n; = n. By Theorem 3.3, we have
a; = —pu—1/(npy,), which yields the expressions for L, Q(w) = dj p,(w —ap)" and
o. O

Let us consider the case £ = 2 in more detail. In this case, P, has exactly one
critical point outside E.

Theorem 3.8 Let E = Pn_l(SZ) in (3.9) consist of two components, and let z,. be the
critical point of P, in C\E. Then a1, ay satisfy

n np
LY (=D
<a2 My ) = CD R oP ). (3.36)
npn dlpn”z
1 _
a =—— <p" ! +n2a2). (3.37)
ni Pn
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Proof By Theorem 3.3, the centers ay, ap of L satisfy

niay + noay = =251, (3.38)

Pn

or, equivalently,

1 _ _
ay = —— (p" ! +n2a2>, and az—a1:£<p" ! +a2). (3.39)
ni Pn ni \ npn

By Lemma 3.5 (ii), the only critical point w, of Q in C\L is the zero of ny(w —ap) +
ny(w — ay), i.e.,

npay +niaz
Wy = ———————.
n

The corresponding critical value is

Q(w) = dipa(a, — )" (wy = a2 =dipo (a2 —an)” (e —an)”

nnl n”Z nnz pn—l n
=dpa(—1)" 2 (ar — a))" = dipa(-1)"— <az - ) :
n nl npn
where we used (3.39) in the last step. Since (Rq o P,)(z+) = Q(w,) by Lemma 3.5 (i),
formula (3.36) is established. O

In order to specify the branch of the nth root in (3.36), some additional information
is needed. We show this for a set € which is symmetric with respect to the real axis and
contains the origin, which covers the important examples 2 = D and 2 = [—1, 1].

Lemma 3.9 Suppose that Q* = Q and 0 € Q. Let P, be a polynomial of degree n
as in (3.4) with real coefficients such that Pn_l(SZ) = U§=1Ej with E;‘ = E; for
j =1,..., L Denote the critical points of P, in C\E by z1, ..., Z¢—1.

(i) Then z1,22,...,2¢-1 € Rand z; is between E; N R and E;11 N R for each

j=1,...,0—1, wherewelabel E1, ..., E¢; from left to right along the real line.
(ii) Foreach j € {1,...,£ — 1} and each z €l max(E; N R), min(E ;41 NR)[, we
have

sgn(Ra(Pu(2))) = sgn(Py(2)) = (=1)"+1F " sgn(py), (3.40)

which holds in particular for z = z;.

If Q is additionally symmetric with respect to the imaginary axis, the assertions also
hold if P, has purely imaginary coefficients.

Proof (i) Note that P, and g have the same critical points in E€, compare the proof
of Theorem 3.1. Then, since E;" = Ej, (i) is a special case of Theorem 2.8.
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(ii) Since Q* = Q, the Riemann map satisfies Rq(z) = Rq(z) for z € Q. In par-
ticular, if z € R\, also Rq(z) € R. Together with ’R’Q (z) > 0, we have that
Rao(Imax(2NR), ool) =]1, oo[ and R (] — oo, min(QNR)[) =] — oo, 1. Since
0 € Q, we see that sgn(Rq(z)) = sgn(z) for z € R\ Q.

Similarly, if €2 is additionally symmetric with respect to the imaginary axis, Rg
maps the imaginary axis onto itself and sgn(RRq(z)) = sgn(z) for z € (IR)\ <.

We can treat the cases that the coefficients P, are real or purely imaginary (provided
that @ is also symmetric with respect to the imaginary axis) together. If z €
R\ E, we have P,(z) € R\Q (or P,(z) € (iR)\) and hence sgn(Rq(P,(z))) =
sgn(P,(z)). Itremains to compute sgn(P,(z)). Since 0 € 2, we have sgn(P,(z)) =
sgn(py) forz > max(E;NR). Moreover, P, has n, zeros in £, which are either real
or appear in complex conjugate pairs. Therefore sgn(P, (z)) = (—1)"¢ sgn(py,) for
z in the rightmost gap, i.e., z €] max(E¢—; NR), min(E; N R)[. Similarly, we get
the assertion for the next gap and so on. O

Corollary 3.10 Suppose that Q* = Q and 0 € Q. Let P, be a polynomial of degree
n as in (3.4) with real coefficients such that Pn_l(Q) = E U E, with ET = Ey and
E5 = Ej. Let ny, np be the number of zeros of P, in Ey, E, respectively, and let z,
be the critical point of P, in C\E. Then the points ay, ay are real with a; < ap and
are given by

e no_1yn2 1/n

alp = —p ! — ((2> ( ) RQ(Pn(Z*))> s (341)
npy, n dipn
e np _1 np 1/”

I = ((”_1> D™ P, (z*))> : (3.42)
npy ny dipn

with the positive real nth root.
If Q is additionally symmetric with respect to the imaginary axis, then P, can also
have purely imaginary coefficients.

Proof By Theorem 2.7 and Theorem 2.8, the points aj, ap are real and a; < ap. By
Theorem 3.8, we have (3.36), which gives (3.42). Since

(—1y"

Ra(Pr(z+)) >0

Pn
by Lemma 3.9(ii) and d; > 0, the right hand side in formula (3.36) is positive.
By (3.37), a1 < ay is equivalent to a, > — p,—1/(npy), which shows that we have to
take the positive real nth root in (3.42). Inserting (3.42) into (3.37) yields (3.41). O

4 Examples

In this section, we consider six examples of polynomial pre-images £ = P,jl (2) for
thecases Q = [—1,1],Q =Dand Q = &g 1= {(re’’ +r~le7)/2:1 € [0,2n[, 1 <
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\./ s
X :
[\ ”

Fig. 2 Pre-image E = P~ !([—1, 1]) with P(z) = z° in Example 4.1. Left: Phase plot of ®, middle: E
(black) and grid, right: 9L (black) and image of the grid under &

r < R} (Chebysheyv ellipse), R > 1. We have the exterior Riemann maps
2 1 2 1
Ri—1.11(@0 =z + —1, and Rg,(2) = R (Z +Vzc — 1) = E'R[_LH(Z),

where the branch of the square root is chosen such that [R{_1,1)(z)| > 1. In particular,
the coefficients of z at infinity are R;_; j;(c0) = 2 and R’gR (00) = 2/R; see (3.1)
and (3.2). We begin with three examples for Proposition 3.6.

Example 4.1 Let @ = [—1,1] and P,(z) = z". Since the critical value of P, is
0 e Q, th¢ set L and Walsh map ® of the connected star £ = Pnfl([—l, 1) =
Ui_, e¥™/n[—1, 1] are given by Proposition 3.6 (i) as L = {w € C : |Jw| < 271/7}
and

®:EC— L, &(z) =

C/z"—i—x/zz”—l _an"+x/z2"—1
5 = .

27"

We take the branch of the square root with ‘z" + V72— 1‘ > 1. In the second

representation of ® we take the principal branch of the nth root; see [12, Thm. 3.1]. In
particular, the logarithmic capacity of E is 27!/". Figure 2 illustrates the case n = 5.
The left panel shows a phase plot of ®. In a phase plot, the domain is colored according
to the phase f(z)/ | f(z)| of the function f; see [16] for an introduction to phase plots.
The middle and right panels show E and d L (in black) as well as a grid and its image
under .

Example 4.2 Let Q = & 25 be the Chebyshev ellipse bounded by {%(%e“ + %e’” )
t € [0,27[} and let E = P~1(&)25) with P(z) = (z — 1)° + y for two different
values of y. For y = 0.3i ¢ , the set E consists of n = 5 components, while for
y = 0.75 € Q, the set E has only one component; see Proposition 3.6. Figure 3 shows
phase plots of ® (left), the sets d E and d L in black and a grid and its image. The phase
plots show @ and an analytic continuation to the interior of E. The discontinuities in
the phase (in the interior of E) are branch cuts of this analytic continuation.
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2 2
15 15
1 1
05 05
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05 L \ 05
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05 N 05¢
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“a 0 1 2 3 4 0 1 2 3 4 0 1 2 3

Fig.3 SetE = P,,_1 (2) with a Chebyshev ellipse 2 = £ 25 and P, (z) = (z— 1)° +y,withy =0.3i ¢ Q
(top row) and y = 0.75 € Q (bottom row); see Example 4.2. Phase plot of & (left), original and image
domains with d E and L in black (middle and right)

—~

) B
[
\

| —~

—\

Fig. 4 The set E = P, 1(ﬁ) with P, (z) = %(z + 1)7 + %. Phase plot of & (left), original and image
domains with d E and 9L in black (middle and right); see Example 4.3

Example4.3 Let P,(z) = a(z — B)" +y and E = P, (D).

(i) Ify ¢ D then ®(z) = z by Proposition 3.6, hence L = E = {z € C : |P,(z)| <
1}, i.e., E€ is a lemniscatic domain; see also Example 4.5 for pre-images of D
under general polynomials.

(ii) If y € D then E has only one component. In this case ®(z) = z if and only if
y = 0. Figure 4 shows an example with y € D\{0}, where E is not a lemniscatic
domain and ®(z) # z.

Next, we present an example for Corollary 3.7.
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Fig.5 The set E = P;l([—l, 1]) with @ = 5 in Example 4.4. Phase plot of ® (left), original and image
domains with E and 9L in black (middle and right)

Example 4.4 Consider the polynomial

8z* — 8722 +«
o

Py(z) =

witha > 1from|[11, Ex.(iv)]. Then E = P4_1 ([—1, 1]) is connected, since the critical
points of Py are 0, 41/+/2 with corresponding critical values P4(0) = 1 € [—1, 1]
and P4(i1/«/§) =1- % € [—1, 1]; see Theorem 3.1. By Corollary 3.7,

o/
L= {w € C:|w| <cap(E) = T}’

and the conformal map is

4
d:E°—> L, () = %&yﬂ(z) + Ps(2)? — 1,

see Fig. 5. Since E* = E,wehavethat ®(z) = Wand, since @ (z) = z+0O(1/z), we
have in particular ® (]1, oo[) =] cap(E), ool and (] — oo, —1[) =] — 00, —cap(E)[.
Since E is also symmetric with respect to the imaginary axis, we similarly have
®(J0, ioco[) =Jicap(E),ioo[ and (] — ioo, O[) =] — ioco, —i cap(E)[. Hence, ®
maps each quadrant to itself. We use this to determine the correct branch of the fourth
root.

Example 4.5 Let P,(z) = py ]_[;5:1(1 — bj) be a polynomial of degree n. If E =
P{l (ﬁ) consists of n components then E¢ is a lemniscatic domain, i.e., L = E with
aj = bj, mj = 1/n, cap(E) = |pn|’1/", and ®(z) = z. Similarly, if P,(z) =
Pn ]_[§=1 (z — bj)" with distinct by, ..., by € C and if E has £ components, then E¢
is a lemniscatic domain, L = E witha; =bj,m; =n;/n,and ®(z) = z.

Finally, we consider an example for Theorem 3.8.

Example 4.6 For «, B € C, consider the polynomial
P3(2) = (z —a)(2* = B =2 —az? — B*z + ap?
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2 2
15 1.5
1 1
0.5 [ 0.5
i
0 | o «x o x o 0
N
0.5 ——" 0.5
-1 1
15 1.5
-2 5 : :
2 N 0 1 2 3 2 -1 0 1 2 3

Fig.6 Pre-image E = P3_ 1 (D) in Example 4.6. Left: 0 E (black line), zeros of P3 (circles) and P3’ (crosses),
and a cartesian grid. Right: d L (black line), a1, a; (circles) and the image of the grid under ®

of degree n = 3. The critical points of P3 are

o+ /a? +3p2

i+ = 3

In the case @« = 2 and B = 1/2, we have P3(z_) ~ 0.5076 € D and P3(z4) =~
1.9375 € C\DD, hence E = P3_l(ﬁ) has £ = 2 components by Theorem 3.1; see Fig. 6
(left). Note that E€ is not a lemniscatic domain (in contrast to the case considered in
Example 4.5). Write E = E; U E», where E; is the component on the left (with
+B € Ey). Then m; = 2/3 and mp = 1/3 by Theorem 3.2. Moreover, E¥ = E| and

E;‘ = E», since P, is real and Dis symmetric with respect to the real line, which
implies that aj, a, € R by Theorem 2.7. Then, by Theorem 3.8,

(a2 - %)3 — —2Py(z4) € R.

Since a; — «/3 is real, taking the real third root yields

ay = % + J2P3(zy) ~ 19375 and a; = %a . % Y—2Ps5(z1) ~ 0.0313.
Moreover, cap(E) = 1 by (3.8), hence
L= {w eC:lw—allPlw-—al'? < 1}.
Here, Q(w) = (w — al)z(w — az)l, hence
®(2) = Q7(P3(2)),

with a branch of Q’1 such that ®(z) = z + O(1/z) at infinity. Here, we can obtain
the boundary values of ® for z € dE by solving Q(w) = P3(z) and identifying the
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boundary points in the correct way. Then, since ®(z) — z is analytic in E€ and zero at
infinity, we have

<I>(z)=z—i—L 20 -¢

d C\E 4.1
2mi 9E é‘—Z f, € \ ’ ( )

where 9 E is negatively oriented, such that E€ lies to the left of 9 E. Figure 6 also
shows a cartesian grid (left) and its image under & (right). For the computation, we
numerically approximate the integral in (4.1) with the trapezoidal rule.
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Appendix A

LemmaA.1 Let E € C be compact, such that E¢ has a Green’s function gg. If
E* = E, then gg(z) = ge(2) and 3,8£(z) = 3;8£(z). Moreover, the critical points
of g are real or appear in complex conjugate pairs.

Proof Since E* = E, the function z — gg(Z) is also a Green’s function with pole at
infinity of E€, hence gr(z) = gr(z) for all z € E€ by the uniqueness of the Green’s
function. Write g(x, y) = gg(2), then g(x, y) = g(x, —y) and

ad ad ad d
g(X,y): g(-xv_y)ﬂ g(xvy):_ g(-xi_y)v (Al)
ox ox ay dy

hence
20.gp(z) = 7= (x, y) —i——(x,y) = = (x, —y) +i_—(x, —y) = 2(3:8£) (D).
ox ay ax ay
The critical points of gg are the zeros of the analytic function d.gg. Since d0,¢r(Z) =

0;8E(2), if z4 is a zero of 9, g then also Z, is a zero. O

LemmaA.2 Let K C C be a non-empty compact, simply connected set with K* = K,
then K N R is either an interval or a single point.

Proof Since K* = K and K is connected, K N is not empty. Since K€ is connected,
K N R must be connected (otherwise the symmetry and simply-connectedness of K
would imply that K€ is not connected). Thus, K N R is a point or an interval. O
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LemmaA.3 Let y be a smooth Jordan curve symmetric with respect to the real line
and let f be integrable with f(Z) = f(z) ony. Then

L,/f(z)dzeR.
2wi J,

Proof Since y is symmetric with respect to the real line, we can write y = y; + »
with y» := —y;. Then

b
/ f(2)dz = / f()dz — ﬁ f)dz = f Fn@) - y{@t)dt
Y Y1 Y1 a
b _
- f Fi(@) -y (1) dt
b
=2i / Im(f (y1 (1) - y{ (1)) dt,

which yields the result. O

Though the following theorem must be known, we did not find it in the literature.
For completeness, we include a proof.

Theorem A4 Let P be a non-constant polynomial and Q2 < C be a simply connected
compact set. Then C\ P~1(Q) is open and connected, i.e., a region.

Proof Clearly, G := @\P’I(Q) = P’l(@\Q) is open and contains co. Let Goo C
G be that component of G that contains co. Suppose that G is not connected, i.e.,
G # G . Then there exists another component G; € G, and G is a bounded region.
Then P(G1) is a bounded region with P(G1) € @\Q.

Next, we show that dP(G1) € 9. Let w € dP(Gy). Then there exists wy €
P(G) with wy — w. For each k, there exists z; € G with P(zx) = wy. Since G is
bounded, the sequence (zx ), has a convergent subsequence (zkj )j with Zk; > Z € G.
This implies that P(z) = w. Since w € d P(G1), we have z € 3G (otherwise, z € G
would imply P(z) € P(G1) and, since P(G1) is open, w = P(z) ¢ d P(G1)). Since
G is open, this implies that z ¢ G and hence that z € P~ (Q)and w = P(z) € Q.
Since wy € P(G) C @\Q and W —> w, we obtain that w € 9. R

We have shown that P(G;) € C\Q is a region with dP(G1) € 92 = 3(C\Q2).
Since C\2 is connected, this implies that P(Gy) = C\ 2, which contradicts that
P(G1) is bounded. This shows that G = (C\P_1 (€2) is connected. O
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