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Abstract. The classical Buscher rules d escribe T-duality for metrics and
B-fields in a topologically trivial setting. On the other hand, topological
T-duality addresses aspects of non-trivial topology while neglecting met-
rics and B-fields. In this article, we develop a new unifying framework for

both aspects.
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1. Introduction

Mathematical models for string theory are based on geometric backgrounds
consisting of

e a smooth manifold F (spacetime),
e a Riemannian metric g on F (gravity field), and
e a bundle gerbe G with connection over E (Kalb-Ramond field).

A special class of Kalb-Ramond fields is given by B-fields, i.e., 2-forms B €
02(E); these are precisely the connections on the trivial bundle gerbe. Geo-
metric backgrounds (are supposed to) determine 2-dimensional quantum field
theories, and an important question is when two geometric backgrounds de-
termine the same theory.

In the context of T-duality, one assumes that spacetimes E have a toroidal
symmetry: an action of the n-dimensional torus T™ on E, such that g is in-
variant and E is a principal T™-bundle over the quotient X := E/T™. We
will use the terminology geometric T-background for geometric backgrounds
with toroidal symmetry. When are two geometric T-backgrounds (E, g,G) and
(E , 0, Q) T-dual, i.e., when do they determine the same quantum field theory?
To the best of my knowledge, no general conditions are known—unless the
data of a geometric T-background are simplified in one way or another. The
purpose of the present paper is to propose such general conditions, implying
those of all simplified situations.

Buscher provided conditions for T-duality [14] in a topologically trivial
situation, where E = X x T is the trivial circle bundle (i.e., n = 1) over an
open subset X C R®, and the bundle gerbe G is just a B-field B € Q?(E).
These conditions are the by now classical Buscher rules:

. 1 . Bag . 1

goo = —, Jat = —=, Jop = gap — —(9avgs6 — BaoBps)
9oo go6 gee

A Jab S 1

Bao =%,  Bap = Bas — —(Ba0gse — 9a0Bso)
9oo 9o0
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Here, the indices label the coordinates of the direct product £ = X x T, with
a,B=1,...,s coordinates of X and 6 the single fiber coordinate. The Buscher
rules can be generalized to arbitrary torus dimension n, see [25].

A groundbreaking observation of Giveon et al. [22,23] and Alvarez et al.
[1] was that (even in the case n = 1) the Buscher rules require a topology
change as soon as X C R? is replaced by a topologically non-trivial manifold.
The example studied in [23] is when E = S is the Hopf fibration over X = S2,
g is the round metric on 52, and B = 0. One can then cover S? by open subsets
U; C S? over which E trivializes, and apply the Buscher rules on each patch to
obtain locally defined dual metrics §; and a dual B-fields B;. The observation is
then that these locally defined data do not glue to a new metric and B-field on
the Hopf fibration, but rather to a new metric and B-field on the trivial bundle
E := $2 x T. In other words, spacetime changes its topology under T-duality!
A second important development, due to Hori [30], was a “Fourier—Mukai”
transformation for Ramond-Ramond charges on D-branes accompanying
T-duality, involving topological K-theory of spacetimes and the Poincaré bun-
dle over T™ x T™.

The topology change and the relation to K-theory sparked the interest
of mathematicians in T-duality, and the question emerged for a formulation
of Buscher rules in (more) general topology. Basically at the same time, string
theorists and mathematicians explored topological aspects of B-fields. The
first account in this direction was Gawedzki’s work on topological effects in
2-dimensional sigma models using Deligne cohomology [20], and Alvarez’ work
on topological quantization [2]. A major step was the invention of bundle
gerbes by Murray [41] that unleashed a number of advances, e.g., a complete
classification of WZW models on compact simple Lie groups [27], a corre-
sponding classification of D-branes in these models [21,26], a discussion of
D-branes in terms of twisted K-theory [3] or a classification of WZW orien-
tifolds [29,44]. Bundle gerbes with connection have an underlying topological
part, measured by their Dizmier-Douady class in H?*(E,Z), and a curvature,
a 3-form H € Q3(F) called H-flux. If the Dixmier-Douady class vanishes, then
they reduce—up to isomorphism—to a trivial bundle gerbe Zp carrying the
former B-field B, such that H = dB. Despite these advances, the quite com-
plicated interplay between metric and B-field, which is characteristic for the
Buscher rules, did not have a straightforward generalization from B-fields to
bundle gerbes with connection.

Bouwknegt—Evslin—-Mathai observed in [4, 5] that the topology change can
also be observed by only looking at the H-flux, while discarding metrics and
the remaining data of the bundle gerbe and its connection. An important result
of the work of Bouwknegt—Evslin-Mathai was to establish the Fourier—-Mukai
transformation in twisted de Rham cohomology, an isomorphism

Another important observation in this context was the eventual non-existence
of T-duals in case of torus dimension n > 1. Mathai-Rosenberg explored these
missing T-duals by invoking non-commutative geometry [37-39].
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As the curvature H of a bundle gerbe with connection represents the
Dixmier-Douady class only in real cohomology, it neglects torsion. Bunke—
Rumpf-Schick invented a framework of topological T-duality that captures
the full information of the two Dixmier-Douady classes, but now completely
neglects connections and metrics [11,13]. Their framework introduced a new
and very enlightening aspect to T-duality. So far, T-duality was understood
as a transformation, a map, taking one T-background to another, T-dual one.
However, as mentioned above, some T-backgrounds do not have any T-duals.
Even worse, if n > 1, T-backgrounds have many different T-duals. Thus, T-
duality is by no means a map. Bunke-Rumpf-Schick implemented this insight
by describing T-duality as a relation on the space of topological T-backgrounds
(the latter consisting of a principal T™-bundle E and a bundle gerbe G over E
without connection). It might be good to remark that this relation is not an
equivalence relation; it is only symmetric, but neither reflexive nor transitive.
The relation is established by the existence of an isomorphism

prg = ﬁr*é (1.1)
between the pullbacks of the two bundle gerbes to the so-called correspondence
space, the fiber product

EfXXEKE
NS

Moreover, the isomorphism (1.1) has to satisfy a certain Poincaré condition,
relating it to the Poincaré bundle over T™ x T". Bunke-Rumpf-Schick then
started to explore the space of topological T-duality correspondences, consisting
of two topological T-backgrounds (E, G) and (E,G), and an isomorphism (1.1),
in its dependence on X.

Bunke-Rumpf-Schick’s new perspective on topological T-duality was ac-
companied by a number of important results [11]: a precise criterion when a
topological T-background (F,G) admits a T-dual (the Dixmier-Douady class
of G has to lie in the second step of the standard filtration of H?(E,Z)) and a
parameterization of all possible T-duals (the group so(n, Z) of skew-symmetric
integral n x n-matrices acts freely and transitively on them). Moreover, Bunke—
Rumpf-Schick obtained a version of the Fourier—-Mukai transformation in topo-
logical twisted K-theory,

K*(E,&) = K*T(E.¢),
Wherg the twists & ,é are the Dixmier-Douady classes of the bundle gerbes G
and G.
A further approach toward a unification of the topological data of a bun-

dle gerbe and the differential data of its connection was proposed by Kahle—
Valentino [35]. It can be understood as reducing the full information of a
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geometric T-background (E,g,G) to the information of E, the full bundle
gerbe with connection G, and of the connection w on E obtained from the
metric g under Kaluza—Klein reduction. This approach remained rather un-
related to the previous approaches, in particular, to the Buscher rules, and
also is formulated in a rather uncommon language of “differential cohomol-
ogy groupoids”. Nonetheless, we will show here that the approach of Kahle—
Valentino is very close to the formalism we will present below as “geometric
T-duality”. Kahle-Valentino also propose a very interesting generalization of
Bunke—-Rumpf-Schick’s Fourier—Mukai transformation from twisted K-theory
to twisted differential K-theory,

K*(E,G) ~ K**Y(E, Q).

Unfortunately, at that time, no general theory for twisted differential K-theory
was available, and so Kahle—Valentino proposed an axiomatic description un-
der which the isomorphism was deduced. However, it seems to be unclear if
these axioms are met by existing models, e.g., [19], or if they can be proved in
a modern framework of twisted differential cohomology, e.g., [9,28].

In this article, we propose a new formalism which we call geometric T-
duality. It is based on the full information of geometric T-backgrounds: a princi-
pal T™-bundle E over an arbitrary smooth manifold X, an invariant Riemann-
ian metric g on F, and a bundle gerbe with connection G on E. The main point
of our new formalism is a notion of geometric T-duality correspondence as a
relation on the set of all such geometric T-backgrounds (Definition 4.9). The
main ingredient is that the isomorphism (1.1) on the correspondence space is
now a connection-preserving isomorphism

prig = pr'¢ I, ., (1.2)

where pg 4 is a certain 2-form produced from the metrics g and g. The isomor-
phism (1.2) is then required to satisfy a differential version of Bunke-Rumpf-
Schick’s Poincaré condition. The most important result about our new geomet-
ric T-duality is that it indeed unifies all aspects investigated before separately.

Theorem 1.1. Suppose two string backgrounds (E,g,G) and (E’,g,_C';) are in
geometric T-duality correspondence. Then, the following statements are true:

(1) Locally, the Buscher rules are satisfied. More precisely, there exist local
trivializations ¢ : U X T" — E and ¢ : U x T" — E and bundle gerbe
trivializations ¢*G = I and $*G = Iy such that (g, B) and (g, B) satisfy
the Buscher rules.

(2) Discarding metrics and bundle gerbe connections, (E,G) and (E,G) are
in topological T-duality correspondence in the sense of Bunke—Rumpf-
Schick.

(8) Discarding metrics, and replacing the bundle gerbes by their curvature
3-forms, (E,H) and (E, ﬁ) are T-dual as backgrounds with H-fluz in the
sense of Bouwknegt—FEvslin—-Mathai.
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T-duality forget metric, only

keep their Kaluza-
Klein connections

look locally leferentlal T- duahty

(Kahle-Valentino)

only remember bundle forget all connections
gerbe curvature

T-duality with H-flux Topological T-duality
(Bouwknegt-Evslin-Mathai) (Bunke-Rumpf-Schick)

Buscher
rules
FIGURE 1. A schematic overview about the various versions
of T-duality considered here, and how they imply each other

(4) Replacing the metrics g and g by their Kaluza—Klein connections w and
w, respectively, (E,w) and (E,©) form a differential T-duality pair in the
sense of Kahle—Valentino.

The proof of (1) consists of some computations with differential forms,
metrics, and connections performed in Sect. 3; the statement is Proposition 4.14
in the main text. (2) and (3) follow directly from the definitions, see Proposi-
tion 4.18 and 4.25. The proof of (4) is rather involved due to the very different
settings. In order to prove (4), we introduce in Sect. 6 another formalism that
we call “differential T-duality”; we then show in Proposition 6.3 that it is a
consequence of geometric T-duality, and prove in Proposition 6.14 that it is
equivalent to Kahle—Valentino’s setting.

We remark that our terminology “geometric” does not refer to the ques-
tion whether or not dual T-backgrounds can be modeled on ordinary torus
bundles, as opposed to the non-commutative ones of Mathai—Rosenberg. In-
stead, it will be used here in order to distinguish our setting from “topological”
T-duality and “differential” T-duality. Figure 1 expresses the implications be-
tween the various notions of T-duality.

Theorem 1.1 says that geometric T-duality reduces to several known
forms of T-duality. We also consider the opposite question: can these other
formulations of T-duality be upgraded to full geometric T-duality?

Theorem 1.2. (a) Locally, geometric T-duality is equivalent to the Buscher
rules. More precisely, suppose (g, B) and (g, B) satisfy the Buscher rules.
Then, the geometric T-backgrounds (X x T", g,Zg) and (X x T",§,Z3)
are in geometric T-duality correspondence.

(b) Ewvery topological T-duality correspondence can be lifted to a geometric
T-duality correspondence. More precisely, suppose (E,G) and (E,Q) are
topological T-backgrounds, and suppose D is a topological T-duality cor-
respondence. Then, there exist T"-equivariant metrics g and § on E and
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i - tric T-dualit
lntfer background geometric nality dual background
sections correspondence
1-fold 2-form B; ordinary Buscher rules 2-form B;
metric g; metric §;
R"-valued functions a; R™-valued functions a;
9-fold such that a;j;9; = gi IYew: sec?lld order Buscher rules such that a};g; = gi
gauge potentials A;; Aij + ait) = Aij + aij0 — ai;day gauge potentials A;;
s.t. aj;Bj = Bi + dAy; s.t. ai;B; = Bi + dAy;
winding numbers winding numbers
& New: third order Buscher rules N N 8 N R
ik = Mijk + Qij + ajk . A R . Ak = Mijk + Gij + Qjk
3-fold gauge transformations Gigk(@,a) + m”k(aik (@) +4) gauge transformations
= ciju(T,a) + mijea A
¢ijk such that a1 ()i () Ciji. such that
Aix = alj AjutAij+ci0 Al A = a5 Ajut-Aij+c5,0
A-fold cocycle condition cocycle condition

a3;Cjkl - Cijl = Cijk * Cikl a7 Cir1 - Cijt = Cijk - Cikl
FIGURE 2. Local data for geometric T-backgrounds and geo-
metric T-duality correspondences. The first line is the well-
known local (topologically trivial) situation. The columns
“background” and “dual background” each lists separately
the local data from which one can glue a principal T"-bundle,
an invariant metric, and a bundle gerbe with connection. The
transition functions a;; and a;; are taken to be R"-valued,
revealing winding numbers m;;, and 3, respectively. The
middle column shows how the (higher) Buscher rules mix
these local data from both sides

E’, and connections on G and G such that D is a geometric T-duality
correspondence between (E,g,G) and (E,g, Q)

(c) Ewery differential T-duality pair can be lifted to a geometric T-duality
correspondence. The precise statement is in Proposition 6.4.

(d) Every topological T-duality correspondence can be lifted to a differential
T-duality pair. The precise statement is in Proposition 6.5.

The proof of (a) is rather straightforward, see Proposition 4.15. (b) fol-
lows from (c¢) and (d), see Proposition 4.20. (¢) is a direct consequence of close
relationship between geometric and differential T-duality. The proof of (d) is
the hardest part, see Proposition 6.5. In order to prove it, we introduce in
Sect. 5 a local formalism for geometric T-duality, i.e., we introduce a complete
description in terms of functions and differential forms w.r.t. an open cover.
Locally, on an open set U; this formalism gives precisely the Buscher rules.
Additionally, it contains data and conditions on double, triple, and quadru-
ple overlaps—higher order Buscher rules. To the best of my knowledge, these
higher order Buscher rules have not been described before. Figure 2 summa-
rizes our local description. For a more detailed explanation of these data and
conditions, we refer to Sect. 5.2.
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We summarize the local data described in Fig.2 (up to a certain notion
of equivalence, and in the direct limit over refinements of open covers) in a set
Loc®°(X). We also look at slightly smaller versions:

. LocdiH(X ), where the metrics are replaced by their Kaluza—Klein connec-
tions.

e Loc™P(X), where all metrics and differential forms, and all conditions
involving them, are removed.

These slightly smaller versions are very illuminating and important, not only
for our proofs, but also because they can be related to another interesting
quantity, namely the non-abelian differential cohomology with values in the
T-duality 2-group TD, Ijll(X7 TD). More precisely, it is its adjusted version
H'(X,TD,) in the sense of Kim-Saemann [32,33] that becomes relevant here.
The 2-group TD has been introduced in [42], where we proved that the (non-
differential) non-abelian cohomology H'(X, TD) classifies topological T-duality
correspondences. The following result, in particular, extends this classifica-
tion to differential and geometric T-duality correspondences. We denote by
T-Corr®®(X), T-Corr (X)), and T-Corr'°P(X) the sets of equivalence classes
of geometric, differential, and topological T-duality correspondences, respec-
tively.

Theorem 1.3. There is a commutative diagram

(a)

T-Corr#®®(X) — T-Corr®#(X) — T-Corr*?(X) (global level)
(b)l: <c>l: (d{:
LocE®®(X) ———» Loc®f (X) ——» Loc™P(X) (local level)
(e)lﬁ‘ (f)Jﬁ‘
HY(X,TD,) T» H'(X,TD) (cohomology level)

i which all vertical arrows are bijections, and all horizontal arrows are sur-
jections.

The surjectivity of the map (a) follows from Theorem 1.2 (c). The most
laborious part in Theorem 1.3 is the construction of the map (b), establishing
the relation between the global geometric formalism and the local formalism,
and the proof that (b) is a bijection. This is undertaken in Sects.5.3 to 5.5,
culminating in Proposition 5.17. That the map (c) is a bijection can then easily
be deduced from the bijectivity of (b), see Proposition 6.6. Construction and
a proof of bijectivity of the maps (e) and (f) are rather tedious calculations
with local data and TID-cocycles, and are performed in Lemma 5.19 and 6.9.
The bijectivity of (f) together with above-mentioned classification result of
[42] imply the bijectivity of (d), see Proposition 5.20. The final statement, the
surjectivity of the forgetful map (g) from differential to non-differential non-
abelian cohomology, is then a rather short—though important—calculation,
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performed in Proposition 6.10. Via the bijections (c) to (f), we obtain then
the proof of Theorem 1.2(b).

Apart from the results described above, we consider an interesting action
of the (abelian) differential cohomology H?(X) on the set T-Corr®®(X) of
all geometric T-duality correspondences. This action has counterparts in the
setting of differential and topological T-duality correspondences and has also
been studied by Bunke-Rumpf-Schick [11], see Proposition 4.12 and 6.11.

Finally, we remark that Theorem 1.2(b) guarantees the existence of many
examples of geometric T-duality correspondences. In Sect. 7, we describe ex-
plicitly two full examples of geometric T-duality correspondences. The first
concerns a geometric T-background of the form (F,g,Zp), i.e., an arbitrary
principal T™-bundle E with an arbitrary metric g and trivial B-field. Reduc-
ing this to the case in which E = S3 — S? is the Hopf fibration, and ¢ is
the round metric on S3, we reproduce the example of Alvarez et al. [1] and
the observation of a topology change, now in the full setting of geometric T-
duality. The second example is again the Hopf fibration and the round metric,
but now equipped with the “basic” gerbe of S = SU(2). It was known in
the setting of T-duality with H-flux that this T-background is self-dual. We
confirm that self-duality persists in the full setting of geometric T-duality, see
Proposition 7.4. In particular, it follows from Theorem 1.1 that self-duality
holds in pure topological T-duality, and that the Buscher rules are satisfied
locally.

2. Preliminaries

In this section, we recall structures, terminology, and conventions that will be
used throughout this article. To start with, we recall that a connection on a
principal H-bundle E over a smooth manifold M is a 1-form w € QY (E,g)
such that

R*w = Ad; ' (p*w) + h*0

holds over E x H, where R denotes the principal action, p the projection to
E, h the projection to H, and 6 is the left-invariant Maurer—Cartan form on
H. If H is abelian, we identify the curvature of w with the unique 2-form
F € Q%*(M,b) such that 7*F = dw, where 7 : E — M denotes the bundle
projection.

We denote by I:= M x H the trivial principal H-bundle over a smooth
manifold M. We may identify connections w on I with h-valued 1-forms A €
QY(M, ) in the usual way, i.e.,

w=Ad, ' (p*A) + h*0 (2.1)

where p: M x H — M and h: M x H — H are the projections. We write I 4
for the trivial bundle equipped with the connection (2.1). If H is abelian, and
Ay, Ay € QY (M, b), there is a bijection



1294 K. Waldorf Ann. Henri Poincaré

Connection-preserving Smooth maps
bundle isomorphisms 3 = { f: M — H such } (2.2)
p:Ia, — 14, that Ay = As + f*0

under which ¢(x,h) = (x, h + f(x)).

If ' is a principal H-bundle over M with connection w, and s; : U; — E
are local sections, then 7; : I+, — Ely, @ (¥,a) = si(¥) - a is a connection-
preserving bundle isomorphism.

On an overlap U; NU;, we consider the transition function g;; : U;NU; —
H defined by s;(z) = s;(z) - gs5(z).

In particular, we have sfw = sjw + g7;0.

2.1. Bundle Gerbes with Connection

We use the definitions and conventions of [48]. The reader familiar with bundle
gerbes can safely skip this subsection. We write T := U(1) = R/Z.

Definition 2.1. A bundle gerbe G with connection over a smooth manifold M
consists of the following structure:

1. A surjective submersion 7 : Y — M, and a 2-form B € Q*(Y) called
“curving”.
2. A principal T-bundle P with connection over the double fiber product
Y =Y x,, Y, whose curvature is Fp = pr;B — priB.
3. A connection-preserving bundle isomorphism p : pri, P ® prys P — pris P
over YBI, called “bundle gerbe product”.
Tt is required that over a point (y1, Y2, y3, Y1) € Y the following associativity
condition holds:

Hyq,y2,y3 ®id
Pyluy2 ® Py27y5 ® Pya7y4 Pyhyd ® Pys7y4

id®#y2,ya,y4l l#m \Y3,Y4

Py1,y2 ® Pyz,y4 Pyl,y4

Hyq 92,94

The curvature of G is the unique 3-form H € Q3(M) such that 7*H = dB.

If B € Q*(M) is a 2-form, then there is a “trivial” bundle gerbe with
connection Zg, with surjective submersion m = idj,, the trivial T-bundle with
connection P = Iy, and the trivial bundle isomorphism Iy ® Iy = Iy. Its
curvature is H = dB.

If {U;};c1 is an open cover of M admitting smooth local sections s; : U; —
Y, then we may define the 2-forms B; := siB € Q%(U;). If we further assume
that the non-empty double intersections U;NU; are contractible, we may choose
sections s;; : U;NU; — (s;, s7)* P, inducing 1-forms 4;; € Q' (U;NU;) satisfying
Bj = B;+dA;;. Next, there exists a unique smooth map c;j, : U;NU;NU, — T
such that

n(sij () @ sj(x)) - cijp(x) = sik().
This implies an equality A, = A;; + Aji + 0.
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Finally, the associativity condition for y implies a Cech cocycle condition
Cjkl - Ciji = Cijk - Cikt- The “local data” (B;, Aij, ciji) yield a degree-2-cocycle
in Deligne cohomology, and thus represent a class in degree three differential
cohomology H3(M) of M.

It will be important to consider the full bicategorical structure of bundle
gerbes with connection.

Definition 2.2. Suppose G and G’ are bundle gerbes with connection. A
connection-preserving isomorphism A : G — G’ consists of the following struc-
ture:

1. A surjective submersion ¢ : Z — Y x;; Y/, and a principal T-bundle @
with connection over Z whose curvature is Fg = (*pry, B’ — (*pry B.

2. A connection-preserving bundle isomorphism y : (£P)*P @ pra@Q) —
priQ @ (&'1* P’ over the double fiber product Z! = Z x,; Z, where
E:=pryo(:Z —=Yand & :=pry, 0 : Z — Y’ and & and ¢
denote the induced maps on double fiber products.

It is required that the following compatibility condition holds for all (z1, 22, 23)
€ ZBl, for which we set ¢(2;) =: (yi,9}):

Hyy,y2,v3 ®id

Pyl7y2 ® Py21y3 ® QZa Pyhys ® Q23

id®xz2,23l

/

Pyl,y2 ® Q22 & Pyé’yé Xz1,23

Xz1,29 ®idl

P P P

@ ® TIRTA ® YhYh e Qz ® TRTA

We remark that the curvature of G and G’ coincide if there exists a
connection-preserving isomorphism. The set of isomorphism classes of bundle
gerbes with connections over M is denoted by GrbY (M). This set is actually
a group, whose multiplication is given by the tensor product of bundle gerbes,
see [48].

Suppose we have chosen sections s; and s;; for G as above, and similar
sections s, and s;j for G’, with corresponding local data (B;, A;j,c;i;,) and
(Bj, Ajj, ciyp)- After a further refinement, we may assume that (s;,s;) : Uy —
Y xp Y lifts to Z, i.e., we may choose t; : U; — Z such that  ot; = (s;, s}).
We may then assume that ¢7() admits a local section u;, with corresponding
1-forms C;. Note that B} = B; + dC;. There exists a unique smooth map
dij : UsNU; — T such that

X(84j(7) ® uj(2)) - dij(2) = ui(7) ® ().
This implies an equality

Ajy = Aij +C; — Ci + djj0.
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Finally, the compatibility condition yields an equality
ik, - i, = dij - dji. - iy,

The data (C;,d;;) constitute an equivalence between the Deligne 2-cocycles
(Bi, Aij, cijie) and (B, A, ciip)- )

This establishes an isomorphism Grb" (M) 2 H3(M) between the set
of isomorphism classes of bundle gerbes with connection and degree three

differential cohomology [40,45].

Definition 2.3. Suppose G and G’ are bundle gerbes with connection, and
suppose that Aj, Ay : G — G’ are connection-preserving isomorphisms. A
connection-preserving 2-isomorphism n : A1 = As is an equivalence class of
triples (W, w,n), where w : W — 7 aXe Zs is a surjective submersion, and
n:w'pry Q1 — wpry, Q2 is a connection-preserving bundle isomorphism. It
is required that for all (w,w’) € W x s W the following diagram is commuta-
tive:

Xl‘zl,zll

Py y, ® Ql‘Zi —— 1] ® P;Lyé

id®77w/J l”]w@id

Pyl,yz ® Q2‘z§ rEE— Q2|22 & P;17yé§

X2|z2,zé

where w(w) =: (z1,22) and w(w') =: (21,2}), as well as (;(z;) =: (y1,v})
and ¢;(z}) =: (y2,v5). Two triples are equivalent if their bundle isomorphisms
coincide when pulled back to a common refinement.

Concerning local data, we may assume that the sections ¢,; : U; — Z;
and to; : U; — Z5 lift to W, i.e., that there are sections v; : U; — W such
that wow; = (t1,4,t2,). Then, vin: t1 ;Q1 — 15 ;,Q2 is a connection-preserving
bundle isomorphism, and there exists a unique smooth map z; : U; — T such
that vin(ui(x)) - z;(xz) = ug(x). This yields an equality Co; = C1,; + 270.
The diagram leads to dy ;; - z; = z; - da,ij-

The (vertical) composition of connection-preserving 2-isomorphisms is
obtained by going to a common refinement and composing the bundle isomor-
phisms there. This way, we obtain a category Hom(G,G’). There is a (horizon-
tal) composition functor

Hom(G",G") x Hom(G', G) — Hom(G,G")

which turns bundle gerbes with connection into a bicategory. The following
statement about the morphism category between trivial bundle gerbes will be
very important later.

Proposition 2.4 [48, Prop. 4]. There is a canonical equivalence of categories

Hom(Zp,,Ip,) = Buny (X)P2= 51,



Vol. 25 (2024) Geometric T-Duality: Buscher Rules in General Topology 1297

where the right hand side denotes the category of principal T-bundles with
connection of fized curvature F' = Bg — By. Under this equivalence, the compo-
sition of connection-preserving isomorphisms corresponds to the tensor product
of bundles with connection.

2.2. Poincaré Bundles and Equivariance

We summarize some required facts about the Poincaré bundle, also see [42,
Appendix B|. We write T" := R"/Z"™ additively, and identify its Lie algebra
with R", and again T = T! = R/Z. The n-fold Poincaré bundle is the following
principal T-bundle P over T?" = T" x T". Its total space is

P=R"XR*"xT)/ ~

with (a,a,t) ~ (a + m,a + 1, ma + t) for all m,7m € Z" and t € T, and ma
is the standard inner product. The bundle projection is (a, a,t) — (a,a), and
the T-action is (a,a,t) - s := (a,a,t + s).

For maps T? — T? between different tori we use a notation

mito,—35:T° =T (a1,a2,as,a4,a5) — (a1 + az, —as,as).
For pullbacks, we then write (...)142 35 instead of mj 5 3 5(...). The fol-
lowing structures and properties are straightforward to check.

(a) The following maps are well-defined bundle isomorphisms over T3":

@1t 'PLS X 732,3 — 7)1+273 : (a, c, t) X (b, C/7 S) — (a +b,c, s+ t)
Pt PLQ ® P1,3 - P1,2+3 : ((L, ba t) & (alv C, S) = (av b + c, (a’ - (l/)C + s+ t)
They express that the Poincaré bundle is “bilinear” in the two factors

T™ x T™. Using the given formulas, one can check that ¢; satisfies the
following associativity condition:

id®
P1,4 @ P24 ® P34 -, P14 ® Parsa

<Pz®idJ( Jpz (2.3)

Piy2,4®@P3a ———— Pry234-

An analogous condition holds for ¢,. Another compatibility condition
that one can easily check is the commutativity of the following pentagon
diagram:

P1,3@P1,4@P2,3Q P24

P1,3QP2,3R@P1,4Q P24 P1,3+4 ® P2,344 (2.4)
Pi42,3 @ Pi42,a — Pi+2,344.

(b) The map
xi:R"xT" - P:(a,a)— (a,a,0) (2.5)
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is a well-defined section along R™ x T™ — T"™ x T™, and the map
Xr:T" X R* = P: (a,a) — (a,d,ad)

is a well-defined section along T™ x R™ — T™ x T™. These restrict further

to sections along the inclusion T™ — T™ x T™ into one of the factors.

The transition functions w.r.t. these sections are the following. Suppose
a,a’ € R™ such that m :=a’ —a € Z™ and a € T". Then,

xi(a,a) = xi(a’,a) - ma. (2.6)
If a € T" and a,a’ € R™ with m := a’ — a € Z™, then we have

Xr(a, @) = xr(a,a’) - arin.
Over R™ x R™ the sections x; and x, do not coincide, but differ by the
T-valued function m : R" x R"” — T, m(a,a) := aa, ie., x, = xi - m.
They do coincide when pulled back to Z™ x Z".

We recall that the dual PV of a principal T-bundle P has the same total
space but T acting through inverses. The map

AP =Py (a,a,t) — (a,a,aa —t)

is a well-defined bundle isomorphism over the identity of T™ x T". It
expresses that the Poincaré bundle is “skew-symmetric”. We have \? =
id. Moreover, the isomorphism A exchanges x; with ...

The Poincaré bundle P carries a canonical connection w, which descends
from the 1-form © € QY(R™ x R™ x T) defined by @ := —ada + dt. It is
straightforward to see that the isomorphisms ¢; and ¢, are connection-
preserving. Moreover, the sections x; and y, have covariant derivatives

Xjw=—adé and xiw= —ada+ d(ea)= dada. (2.7)

In other words, they establish trivializations x;P = I_,44 over R™ x T"
and x P = Izq, over T" x R™.

Remark 2.5. (i) The curvature of w is

Q= 02/\01 € Q2(T2n),

where § € Q'(T",R") is the Maurer-Cartan form, and A denotes the
wedge product of R™-valued forms using the standard inner product of
R™ on the values.

Note that 9173 + 9273 = Ql+2’3 and QLQ + Q173 = Q112+3, as well as
Qo= 2=0_19.

An identity expressing the 2-form 2 in terms of the Maurer—Cartan form

on T is
n

Q= pri,,0 Apr;f € Q*(T*").
i=1
Since H*(T?",Z) is torsion free, this shows that the first Chern class of
P is
n
Z pri-l—n U pri € H2 (T2n7 Z)
i=1
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where pr; : T?" — T is regarded as a representative for [T?" T] =
HY(T?", 7).

The following discussion concerns the quite difficult equivariance prop-
erties of the Poincaré bundle and its connection. They will be used only in
Sect. 5, so that the reader may also continue with Sects. 3 and 4 first.

We remark that the curvature form € is T?"-invariant. However, the
Poincaré bundle itself is not equivariant with respect to left or right multipli-
cation of T?" on itself. We construct a connection-preserving isomorphism

R': P304 — Psa @ Ly (2.8)
over R?” x T?" = R™ x R” x T" x T" in the following way, where 1! €
QHR?™ x T?") is given at a point ((z,2), (a,a)) by

Yl = —xdi — xda + ida. (2.9)
Indeed, we have, using ¢; and ¢,., an isomorphism

Pr43244 E=P12@P1asQ@P32@ P34

and due to (2.4) it does not matter how in which order these are used. In the
next step we use the sections y; and x,, and now we see that for the tensor
factor Py 2 over R?™ it does matter how to trivialize it. Using ;, we obtain

Prz @ Pra ®Paz ®Paa =1 _sds—edatada ® Paa = Lytl(e,2),(a,8) @ Pa,as
all together resulting in the isomorphism (2.8). Explicitly,
Rly 5 (a.a) (@ + a, 2+ a,t) = (a,d,t — ad). (2.10)

One might be tempted to assume that R' establishes an action of R?" on P
covering the action of R?” on T?", but this is not true. Instead, “acting twice”
gives the formula

! ! _ pl L -1
Rz i) (,8) © Blasa),(mr4ai1+6) = Flwatar,atin),(aa)  (T182) (2.11)

exhibiting an error term which should not be present when R' were an action.
If one uses x, instead of x;, one obtains an isomorphism

R":Prysora — Iyr @ P3g (2.12)

for

Y" = ddr — xda + 2da = ¢ + d(2).
Remark 2.6. Restricting to Z™ C R", we have

l T l _ T
Vi) (0.0) = Yoo, (@a) D R ) (a,8) = Blon,m).(a,a)

the latter corresponding to the automorphism of P given by multiplication
with the map

fmn 2 T2 — T : (a,a) — ma — 1ha.

In particular, we obtain from (2.11)

l l ~
Rigim st (aa) = Bloa),omtamray - fmom - (ME). (2.13)
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2.3. Invariant Metrics on Principal Bundles

We review the mathematical basis of Kaluza—Klein theory, summarized in the
following Theorem 2.7. Its relevance for T-duality has been recognized already
in Buscher’s first paper [14] on the subject. General discussions can be found
in [7, §9.3], [17] or [16, §3.4]; the latter reference contains a complete proof.

Theorem 2.7. Suppose that E is a principal H-bundle over X. Then, there is
a bijection

H -invariant Triples (w,g’, h) consisting of a connection w on E, a
Riemannian = Riemannian metric g’ on X, and a smooth family h, of

metrics g on E Ad-invariant inner products on b parameterized by x € X

under which g corresponds to (w,g’,h) if and only if

L0
ge:<96v hw>’ (2.14)

where e € E sits in the fiber over x € X, and the matriz on the right hand
side refers to the decomposition T.E = T, M ® b induced by the connection w.

The connection w that appears on the right hand side will be called the
Kaluza—Klein connection associated to the metric g.

Remark 2.8. Theorem 2.7 is compatible with bundle isomorphisms: for a bun-
dle isomorphism ¢ : Fy — Fs it is equivalent to be isometric for the metrics on
FE4 and Es or to be connection-preserving w.r.t. the Kaluza—Klein connections
w1 and ws.

Remark 2.9. If the principal H-bundle is trivial, E =1 = X x H, we identify
connections w on E with h-valued 1-forms A € Q'(X,h) as in (2.1). Under this
identification, a metric g corresponds to a triple (A, ¢, h) under the bijection
of Theorem 2.7 if and only if

. (g' + he(Ad, N (Ap(2)), Ad H(Aa(—) ha(AdyH(Ae(—)), )
z,h —
he(—, Ady, (Au(-))) ha(=, =)

)

(2.15)
where now the decomposition on the right hand side refers to the equality
TiemE = T M @ b induced by the direct product structure of E and the
identification T, H = § via left multiplication, see [17, p. 101].

Remark 2.10. In later applications of Theorem 2.7, H will be a torus, H = T".
In particular, H is abelian. In this case, the Ad-invariance in Theorem 2.7 is
vacuous. Moreover, (2.15) reduces to

o (g; ha(An(2) A=) ha(Ae(-), —>> |
’ ha (=, Az(=)) ha(—=,—)
In the literature, this is sometimes written as
g=¢ +A0A,

where, unfortunately, h, is suppressed or assumed to be constant.
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3. Buscher Rules Revisited

The Buscher rules formulate the local behavior of metrics and B-fields under
T-duality. A priori, they only apply to trivial torus bundles over Euclidean
space, for instance, over a coordinate patch. We first review the Buscher rules
for higher tori, give then a reformulation when the metrics are replaced by
their Kaluza—Klein connections, and finally produce a completely coordinate-
free reformulation. It is this latter formulation that we generalize in Sect. 4.

3.1. Buscher Rules for Toroidal Symmetries
We first recall the classical Buscher rules for a T"-symmetry. The case n =1
has been treated by Buscher in [14]. Rules for higher n are described, e.g., in
[25], also see [10] for a review.

The Buscher rules apply to a manifold £ = R®* x T™. On E we consider a
Riemannian T"-invariant metric g and a T"-invariant 2-form B, the “B-field”.
With respect to the standard coordinates, we may identify g with a block

matrix
< Gbas gmzz)
g pry
Grniz  fib

with symmetric matrices gpos € C°(R®)**® and gy € C*°(R*)"*™, and an
arbitrary matrix g, € C*°(R*®)%*™. We also identity B with a block matrix

< Bbas Bmzm)

B—

—Bnia  Briv

where Bp,s € C°(R®)**° and By, € C®(R°)™*™ are skew-symmetric and
Bz € C*°(R?)**™ is arbitrary. We make the assumption that By = 0, so
that the B-field must not have components purely in fiber direction. Note that
for n = 1 this is automatic. Pairs (g, B) with the condition By, = 0 will be

called Buscher pairs.
To proceed, we form the “background” matrix

Qbas Qmi;v
Q= =g+ B.
( mia Qﬂb) !

The dualization process requires to form the “dual” matrix
Q . (Qbas - szzQ;Z%,Q;rnw szafo11b>
= o o .
_inbQ;’m'w inb
Dual metric and B-field are now obtained by taking the symmetric and anti-
symmetric parts of @, respectively, i.e.,
1

§=5Q+Q") ad  B=1(Q- Q)

A standard calculation shows that (g,é) is again a Buscher pair and that
the relation between the Buscher pairs (g, B) and (g, B) is described by the
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following equations:
Gbas = Goas — GmizripImic + Bmizdri B (3.
Imiz = Bmia:gfib (3.
arib = gy (3.
(3.
3.

BoWw o

Bbas = Bpas — Bmzmgfqbgmm + gmmgfsz;;m

)
)
)
)
Boniz = gmizg;w 5)
It is straightforward to see that these rules reduce in the case of n =1 to the

usual Buscher rules. It is also straightforward to see that Q = @, implying
that the Buscher rules are symmetric in the data. For completeness, let us fix
the following definition.

Definition 3.1. Two Buscher pairs (g, B) and (§, B) satisfy the Buscher rules
if (3.1) to (3.5) are satisfied.

3.2. Buscher Rules in Terms of Kaluza—Klein Connections
We consider again a metric g on £ = R* x T", and consider E as a principal
T"-bundle over R*. We apply Theorem 2.7 and Remark 2.9, to obtain a triple
(A, g, h) consisting of a Riemannian metric ¢’ on R?, a 1-form A € Q!(R%,R"),
and a family A of inner products on R™ parameterized by R®. Now we consider
Buscher quadruples (A,g’,h, B) instead of Buscher pairs (g, B). By Theo-
rem 2.7 there is a bijection between Buscher quadruples and Buscher pairs.
The expression for the metric g given in Remark 2.10 now reads
(g +A"hA  A™h
9= hA ho)

In other words, we have

Gbas =g + AYhA Jmiz = A"h  and grib = h.
We employ the same procedure on the dual side, getting

Ghas = '+ A"RA , Guip = A"h and  gpa = h.

The Buscher rules now attain the following simple form:

Jd=9q (3.6)
A" = By (3.7)
h=ht (3.8)
Bpas = Bbas — BmizA + (BmizA)" (3.9)
Bpiz = AY (3.10)

Again for completeness, we fix the following definition and result.

Definition 3.2. Two Buscher quadruples (A, ¢’,h, B) and (A, §', h, B) satisfy
the Buscher rules, if the (3.6) to (3.10) are satisfied.
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Lemma 3.3. Under the bijection between Buscher pairs and Buscher quadru-
ples, the Buscher rules of Definitions 3.1 and 3.2 are equivalent.
3.3. Buscher Rules in Terms of Poincaré Forms

Next we want to give a coordinate-independent description of the Buscher rules
of Definition 3.2, which will again make them simpler. Let w,& € Q}(R® x
T",R") be the Kaluza—Klein connections on E = R® x T" corresponding to
A and A, respectively, i.e., w := A; + 0 and @ := Ay + 6>. Here, the indices
refer to the pullback along the projections to the two factors, as explained in
Sect. 2.2. We introduce the 2-form
p = prioApriw € Q*(R® x T?"),

where the symbol A means that the standard scalar product on R is used in
the values the forms.

Lemma 3.4. Buscher quadruples (¢', A, h,B) and (§',A,h,B) satisfy the
Buscher rules of Definition 3.2 if and only if the following conditions are sat-

isfied:

(a) 9 =¢
(b) h=h!
(c) pr*B — pr*B = pri.,Q — p.

Proof. (a) and (b) are (3.6) and (3.8). We have
_pz,t,f = wx’t/\djmf = (AI + et'ﬂ‘")/\(Am + 9,511‘”)
= AuAAy + AN + 07 AA, + 07 AT

We change to coordinates w.r.t. R® x T™ x T™, which we label by ¢, ¢, and /.
Then, we obtain

—plei,ej) = AA; — A A, —plesen) = —Au,
—pleisep) =Ap  and  —pley,ep) = Oup
Note that
(Bras)ij = (pr"B)(ei; €5), (Bmia)in = (pr*B)(ei,e,)  and
(Bfib)/w = (pr*B)(eu, ev)
and similarly

(Bbas)ij = (01" B)(ei €;), (Bmiz)in = (Pr*B)(es,ep)  and
(Byiv)po = (pr"B) (e, es),
and all other components vanish. Further, we have
(pry2n ) (€n, €5) = —0up,

with again all other components vanishing. Thus, (c) is equivalent to the fol-
lowing set of equations:

(Bbas)ij - (Bbas)ij = AZAj - AJAl
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The second and third equation are (3.7) and (3.10). The first equation, using
second and third, is equivalent to

Bbas - Bbas = (BmzzA)tr - Bmza:A
and this is precisely (3.9).

A straightforward computation using Lemma 3.3.1 (¢) shows the follow-
ing.

Lemma 3.5. Suppose (A, g, h, B) and (A, §', h, B) are Buscher quadruples sat-
isfying the Buscher rules of Definition 3.2. Then, we have

Bioys=Bio+ A N6 (3.11)
Bioys=Bia+ A1 Ay (3.12)

over R® x T™ x T™. In particular, B and B are T"-invariant.

4. Geometric T-Duality

In this section, we give the central definitions of this article: we introduce
geometric T-backgrounds (Definition 4.1) and geometric T-duality correspon-
dences between them (Definition 4.9). We deduce a number of first conse-
quences; in particular, we relate geometric T-duality to T-duality with H-flux
and to topological T-duality.

4.1. Basic Definitions

Definition 4.1. A geometric T-background over a smooth manifold X is a triple
(E,g,G) consisting of a principal T"-bundle F over X, a T"-invariant Rie-
mannian metric g on E, and a bundle gerbe G over E with connection. Two
geometric T-backgrounds (F1, g1,G1) and (F2, g2, G2) over X are equivalent, if
there exists a bundle isomorphism f : F; — Fs that is isometric with respect
to the metrics g1 and g, and a connection-preserving bundle gerbe isomor-
phism Gy = f*Gs. The set of equivalence classes of geometric T-backgrounds
over X is denoted by T — BG&*°(X).

As every bundle gerbe with connection has a curvature 3-form, every
geometric T-background carries a 3-form H € Q3(FE), the H-flur. Note that
H is closed, but in general not exact. The H-fluxes of equivalent geometric
T-backgrounds satisfy H; = f*Hs.

If (E,g,G) and (E, g, C;) are geometric T-backgrounds over the same man-
ifold X, then the principal T?"-bundle E x x E is called the correspondence
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space. It fits into an important commutative diagram:

EXXE'
E E
X

Let w € QY(E,R") and & € Q'(E,R") be the Kaluza Klein connections of
the metrics g and g, respectively, under Theorem 2.7. Then, we consider the
2-form

Pgg = Pr@Apriw € Q*(E xx E), (4.1)
where A denotes the wedge product of R™-valued forms w.r.t. the standard
inner product. Since w and @ are T™-invariant (they are connections on a
principal bundle with abelian structure group), the 2-form p, 5 is T?"-invariant.
We remark that the 2-form p, ; also appeared in [5,30].

Definition 4.2. A geometric correspondence over X consists of two geometric

T-backgrounds (E,g,G) and (F,§,G) over X, and a connection-preserving
bundle gerbe isomorphism

D:pr'g — ﬁr*é I, ,-

Remark 4.3. We shall explore some consequences of the isomorphism D in
a geometric correspondence. For this, we will denote by F,F € Q%(X) the
curvatures of the connections w and @, respectively.
(a) Since the curvatures of isomorphic bundle gerbes with connection coin-
cide, we have
prH —pr*H = dp, 4, (4.2)
which is a condition in the context of T-duality with H-flux, see [5, Eq.
1.12] and Definition 4.24. From (4.2) and the definition of pg4 ;, one can
deduce the equivariance rule

R*H =¢*H +e*p*FAR0 (4.3)
on E x T", where R is the principal action, e the projection to E, and h
the projection to T™. Similarly, on the dual side we obtain

R*H = ¢ H + é*p*F A h*0 (4.4)
on E x T In particular, these formulas show that H and H are T"-

invariant.
(b) We consider the 3-forms

K:=wAp'F—HecO(E) and K :=0Ap*F—HcQ3E)
Using (4.3) and (4.4), one can show that R*K = ¢*K and R*K = ¢*K,
so that these forms descend to X. In fact, K and K both descend to the
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same 3-form K € Q3(X), ie., pPK = K and p*K = K. To see this, it
suffices to note that the pullbacks of K and K to the correspondence space
coincide, which again can be checked using (4.2) and (4.1). Summarizing,
every geometric correspondence determines a 3-form K € Q3(X) such
that

'K =wAp*F—H and p*K =0ApF— H.
Note that dK = FAF.

Remark 4.4. Geometric correspondence is a symmetric relation on the set
T — BG#®(X). If D is a correspondence from (E,g,G) to (E,§,G), then we
construct a correspondence from (E,g, é) to (E,g,G) as follows. Let s : Exx
E — E xx E denote the swap map. Then, we consider

A s*D7Iid «
pr g:pr g®ISp ®Ifsp —>prg®175*pgyfi'

Since —s*pg 5 = pg.g, this is again a geometric correspondence.

Definition 4.5. Two geometric correspondences over X, ((E, g,G), (E,§,G), D)
and (E',¢',G"), (E',§',G"),D'), are considered to be equivalent, if there exist
isometric bundle isomorphisms f : E — E’ and f : E — E’, connection-
preserving bundle gerbe isomorphisms A : G — f*G’ and A: G — f*G’, and a
connection-preserving 2-isomorphism

D

pr*g ﬁr*g I, ,
pr*AJ / Jﬁr*ﬁ@id
pr*f*g/ f g/ ® po.s

e

F pr/*g/ 0 F* 2 /*g/ ®F*I v

where F := f x f . Exx E — E' xx E’. The set of equivalence classes of
geometric correspondences over X is denoted by Corr®®°(X).

Remark 4.6. In above definition, we have implicitly used that F*py 50 = pg, 4.5
which follows from the fact that f and f are connection-preserving, which in
turn follows from the assumption that f and f are isometric (Remark 2.8).

Remark 4.7. Let ‘H be a bundle gerbe with connection over X. Then, we may
send

((E,9.6),(E.§,G),D) = (E,9,G © p*H),(E,3,G © p"H), D @ idy).
This gives a well-defined action of the group of isomorphism classes of bundle

gerbes with connection on the set of equivalence classes of geometric corre-

spondences,
GrbY (X) x Corr8®°(X) — Corrg®(X).
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Remark 4.8. Tt is straightforward to see that equivalent geometric correspon-
dences determine the same 3-form K. The action of Remark 4.7 shifts this
3-form by curv(H).

Definition 4.9. A geometric correspondence D between two geometric
T-backgrounds (E,g,G) and (E,§,G) over X is called geometric T-duality
correspondence if the following conditions hold:

(T1) The Riemannian metrics ¢’ and §’ on X determined by the metrics g and
g, respectively, under Theorem 2.7 coincide, i.e., ¢’ = §'.

(T2) The families of inner products h and h on R™ determined by the metrics
g and §, respectively, under Theorem 2.7, satisfy h=! = h under their
identification with (n x n)-matrices.

(T3) Every point 2 € X has an open neighborhood U C M such that the
following structures exist:

(a) Trivializations ¢ : U x T" — E|y and ¢ : U x T" — E|y of principal
T"-bundles over U.

(b) Two 2-forms B, B € Q2(UxT™) together with connection-preserving
isomorphisms 7 : ¢*G — Zp and T @*Q — Ip over U x T™.

(c) Consider U x T?" with projection maps pr,pr to U x T™. Further,
consider the map ® : U x T?" — E x x E defined by ®(z,a,a) :=
(p(x,a),p(x,a)). Let P denote the principal T-bundle with connec-
tion over U x T2™ that corresponds to the isomorphism

-1
Ty = pr*lp ——3 prip™G = " pr'G

%
pr*7 ®id

P (Br' G ®T,) =Pr@* G @ Lax, ——> P Ip @ Lo p=Tm g yan,

under the equivalence of Proposition 2.4. We require a connection-
preserving isomorphism

P = priz. P,
where P is the n-fold Poincaré bundle with its canonical connection.

The set of equivalence classes of geometric T-duality correspondences over
X (with the equivalence relation just as in Definition 4.5) is denoted by
T-Corr®®°(X).

Remark 4.10. If D is a geometric T-duality correspondence, then the inverse
correspondence s*D~1 of Remark 4.4 is also a geometric T-duality correspon-
dence. Indeed, conditions (T1) and (T2) are obviously symmetric, and in (T3)
it is straightforward to show that swapping s and inversion D! have both the
effect of dualizing the bundle P. Thus, geometric T-duality is a symmetric
relation on the set T-Corr®®(X).

Remark 4.11. Tt is straightforward to see that the action of Remark 4.7 re-
stricts to an action of H*(X) on T-Corr®®(X). The properties of this action
are best studied in the context of differential T-duality and carried out in dif-
ferential cohomology, see Proposition 6.11. The result of Proposition 6.11 is
the following.
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Proposition 4.12. Let
T-Corr#®(X) — Buny, (X) x Buny, (X) (4.5)

be the projection to the isomorphism classes of the principal T"-bundles E and
E and their Kaluza-Klein connections w and & induced by the metric g and
g, respectively. We denote by (F, 13‘) € Q2(X) x Q%(X) the well-defined pair of
curvature forms. Consider the subgroup

Frp =Ty | 1,9 €R} C GrbY (X).

Then, the quotient Grbv(X)/}'FF acts free and transitively in the fiber of
(4.5) over an element with curvature pair (F, F).

Remark 4.13. The assignments X — T — BG®*°(X) and X +— T-Corr®*°(X)
are presheaves on the category of smooth manifolds. In fact, it is straight-
forward and only omitted for brevity to enhance the sets T — BG®*°(X) and
T-Corr®®°(X) to bicategories, which then form sheaves of bicategories on the
site of smooth manifolds.

4.2. Relation to Buscher Rules

We will now make a deeper analysis of condition (T3) (c) and in particular
show that the Buscher rules are satisfied over U.

Proposition 4.14. Let ((E,g,G), (E,§,G), D) be a geometric T-duality corre-
spondence. Consider an open set U C X together with the structure listed in

(T3) (b). Then, the Buscher pairs (g, B) and (g, B) satisfy the Buscher rules.

Proof. Applying Proposition 2.4 to the bundle gerbe isomorphism in (T3) (c)
yields R

pr'B — pr'B = prio. Q0 — ®%pg 5.
In addition to (T1) and (T2), Lemmas 3.4 and 3.3 show that (g, B) and (g, B)
satisfy the Buscher rules.

Conversely, geometric T-duality locally does not pose any more conditions
than the Buscher rules. To see this, we observe that any Buscher pair (g, B)
extends to a geometric T-duality background, with E" := R® x T", the given
metric g, and the trivial bundle gerbe Zp. If Buscher pairs (g, B) and (g, B)
satisfy the Buscher rules, then we have ﬁr*B —pr*B + pg g = Pry2.§) by
Lemma 3.4. Thus, pry.,P corresponds under Proposition 2.4 to a connection-
preserving isomorphism

D:pr'lp —prils 1,

Pg.g

(4.6)

over the correspondence space E*" Xgs E5™.

Proposition 4.15. Suppose (g, B) and (g, B) are Buscher pairs and satisfy the
Buscher rules. Then, the connection-preserving isomorphism (4.6) establishes
a geometric T-duality correspondence between (E*",g,Ip) and (E*",§,13).

Proof. Conditions (T1) and (T2) of Definition 4.9 are Lemma 3.4 (a) and (b).
That condition (T3) is satisfied can be seen using the identity trivializations
p,pand 7,7.
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4.3. Relation to Topological T-Duality
We shall first recall the definition of topological T-duality following [11,13,38].

Definition 4.16. A topological T-background over X is a principal T"-bundle
E together with a bundle gerbe G over E. T'wo topological T-backgrounds
(E,G) and (E',G") over X are equivalent if there exists a bundle isomorphism
¢ : E — E’ and a bundle gerbe isomorphism G = ©*G’. Equivalence classes of
topological T-backgrounds over X form a set T — BG'"P(X).

Every geometric T-background (F,¢,G) induces a topological
T-background (E,G) by forgetting the metric and forgetting the gerbe con-
nection. Conversely, if (E,G) is a topological T-background, one can choose
any T"-invariant metric on £ and use the fact that every bundle gerbe admits
a connection [41], to upgrade it to a geometric T-background. Thus, we have
a surjective map

T - BG#°(X) — T — BG™P(X).

Definition 4.17. A topological correspondence between T-backgrounds (E,G)
and (E,Q) is an isomorphism D : pr*Gg — pF‘QA over ¥ x x E. A topological
correspondence D is called topological T-duality correspondence, if each point
x € X has an open neighborhood U C X such that the following structures
exist:

(a) Trivializations ¢ : U x T" — E|y and ¢ : U x T" — E|y of principal

T"-bundles over U.
(b) Bundle gerbe isomorphisms 7 : ¢*G — Z and T : $*G — T over U x T".
(¢) The bundle gerbe isomorphism

*T—l * R N A.*,j,
N prp*G = d*pr*g _*D O*(pr'G) = prig*g BN o
over U x T?" corresponds under the equivalence of Proposition 2.4 to
prj*TZ'n,P'

Proposition 4.18. If D is a geometric T-duality correspondence between two
geometric T-backgrounds (E,g,G) and (E@,G) over X, then D is a topologi-
cal T-duality correspondence between the topological T-backgrounds (E,G) and
(E,G).

Proof. Discarding all metrics and connections from Definitions 4.2 and 4.9
results precisely in Definition 4.16.

Corollary 4.19. If two geometric T-backgrounds (E,g,G) and (E,f], _C';) over X
are in geometric T-duality correspondence, then the homomorphism

K9(E) 2 KP"9(E xx E) —2— K" 9(E x x E) —— K9(E)
of twisted K-theory groups is an isomorphism.

There is also an interesting converse question. Suppose two topological
T-backgrounds are in topological T-duality correspondence. Can one lift them
to geometric T-backgrounds that are in geometric T-duality correspondence?
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Proposition 4.20. Fvery topological T-duality correspondence can be lifted to a
geometric T-duality correspondence. In more detail, suppose (E,G) and (E, Q)
are topological T-backgrounds, and suppose D is a topological T-duality cor-
respondence. Then, there exist T"-equivariant metrics g and § on E and E,
connections on G and G and a connection on D such that D is a geometric
T-duality correspondence between (E,g,G) and (E,g, Q)

Proof. Combines Propositions 6.5 and 6.4, to be proved later using the local
formalism.

Remark 4.21. Tt is straightforward to see that Proposition 4.18 induces a map
T-Corr®°(X) — T-Corr™P(X).
Proposition 4.20 implies that this map is surjective.

Remark 4.22. A purely topological version of the action of Remark 4.11,
H?(X) x T-Corr*P(X) — T-Corr"P(X)

exists, and it obviously acts in the fibers of the map T-Corr*?(X) — Buny. (X)
x Bunt» (X). Bunke-Rumpf-Schick have investigated a similar action in [11,
§7.2].

4.4. Relation to T-Duality with H-Flux

In this section, we show that geometric T-duality implies T-duality with H-flux
in the sense developed by Bouwknegt—Evslin-Mathai in [5] and Bouwknegt—
Hannabuss—Mathai in [6]. In these papers, T-duality is not considered as a
relation between T-backgrounds, but rather as a transformation that takes a
T-background to another. A description of T-duality with H-flux as a relation
on a class of suitable backgrounds has been given by Gualtieri-Cavalcanti in
[15] based on [5,6], and we will use this here.

Definition 4.23. A T-background with H-flur over X is a principal T"-bundle
E over X together with a closed 3-form H € Q3(E) with integral periods.

Every geometric T-background (E, g,G) induces one with H-flux where
the metric g is forgotten and H is the curvature of G. Conversely, every T-
background with H-flux (E, H) can be upgraded to a geometric T-background
by choosing some T"-invariant metric and some bundle gerbe with connection
of curvature H.

For the following definition, we consider the correspondence space E X x
E, and at each point (e, é), projecting to some = € X, the subspaces V,, Ve C
Teo(E xx E) =T.E xXp,x T, E obtained as the image of the maps

i:R* S V,E > T.E xpx T:E, v (T1R.(v),0) V. :=Im(i)
PR S V.E S T.E xp,x ToE, we (0,TiRe(w)) Vi :=Im(i).

Definition 4.24. A T-duality correspongle@ce with H-flux consists of two T-
backgrounds with H-flux (E, H) and (F, H) and a T?"-invariant 2-form F €
O%(E x x E) such that
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(a) pr*H — pr*H = dF.
(b) The restriction of Fi ¢ to Ve x Vs is non-degenerate, for all (e, é) € E x x E.

Now we are in position to show that geometric T-duality reduces to T-
duality with H-flux. This is a result of Kunath’s PhD thesis [34, Thm. 5.10].

Proposition 4.25. Suppose (E,g,G) and (E,g,é) are in geometric T-duality
correspondence D. Then, F := p, s defined in (4.1) is a T-duality correspon-
dence with H-fluz.

Proof. As remarked in Sect.4.1, the 2-form p,; is T?"-invariant. The first
condition is proved in Remark 4.3. For the second condition, we have

Fee((ThRe(v),0), (0, Ty Re(w))) = we(0) - we (0) — we(TiRe(w)) - we (T Re (v))

sz.v;

i.e., we obtain (minus) the standard scalar product of R™, which is non-
degenerate.

Remark 4.26. For a general base manifold X, one cannot expect that every
given T-duality correspondence with H-flux can be upgraded to a geometric
(or only topological) T-duality correspondence. Indeed, a topological T-duality
correspondence implies the triviality of the class ¢;(E) U ¢ (E) € HY(X,Z),
while a T-duality correspondence with H-flux only implies the triviality of that
class in de Rham cohomology.

5. Local Perspective to Geometric T-Duality

We may see condition (T3) of Definition 4.9 as enforcing a geometric T-duality
correspondence to be locally trivial. Just as for locally trivial fiber bundles,
one may then extract “local data”, or “gluing data”. It is instructive to first
do this in an ad hoc manner, which is the content of Sect.5.1. In Sect.5.2
we organize local data in a more systematic way, establishing the table in
Fig.2 of Sect. 1. Sections 5.3 to 5.5 are devoted to a full proof of a bijection
between the set T-Corr®®°(X) of equivalence classes of geometric T-duality
correspondences and a set Loc®®°(X) of equivalence classes of local data. In
Sect. 5.6, we reduce the discussion of local data to topological T-duality and
show that this reduction becomes the non-abelian cohomology with values in
the T-duality 2-group.

5.1. Extraction of Local Data

We suppose that we have a geometric T-duality correspondence D as in Def-
inition 4.9, between geometric T-backgrounds (F,g,G) and (E,f], Q) over X.
We assume then that X is covered by open sets U; over which condition (T3)
holds, and that corresponding bundle trivializations ¢;, ¢;, bundle gerbe triv-
ializations 7, ’f; and 2-isomorphisms &; are chosen for all U;, where &; are the
connection-preserving 2-isomorphisms

& :T0®DoT, ! = priu.P. (5.1)
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Let a;; : U;NU; — T" be the transition functions of F, which are de-
termined by the trivializations ¢; and ¢;, i.e., p;j(z,a) - a;;(z) = @i(x,a). It
will soon become necessary to choose and fix lifts of these transition functions
along R™ — T", which is always possible after eventually passing to a refine-
ment of the open cover. The former cocycle condition then reveals “winding
numbers” mg;;, € Z™ such that

Qij + ajk + Mijx = Qg (52)

and these integers m;;, themselves satisfy the usual Cech cocycle condition.
We will also denote by a;; the corresponding map

(U; ﬁUj) x T" — (U; mUj) x T : (z,a) — (x7a+aij($))

that multiplies by a;;(x); note that this map satisfies ¢; = ¢, o a;;. Next, we
consider the composite

1

7 ai; T
To, " G — a0

of bundle gerbe isomorphisms over (U;NU;) x T™, which corresponds by Propo-
sition 2.4 to a principal T-bundle L;; over (U; NU;) x T™ with connection of
curvature a;; B; — B;.

The same works on the dual side, resulting in transition functions a;; :

U; NU; — R", winding numbers 77,5, € Z" satisfying

flij + &jk + Thijk = Q;k, (53)
and principal T-bundles f/ij over (U; NU;) x T™ with connection of curvature
a;; Bj — B;.

Before we proceed, we remark that the local trivializations ¢;, ¢; also
define local T"-invariant metrics g; := ¢}g and ¢; := ¢} g on U; x T™. Due to
the T™-invariance of g and g, we have

a’;jgj = g; and d;kjf]j = gl (54)

As seen in Proposition 4.14, the pairs (g;, B;) and (§;, B;) satisfy the Buscher
rules.

Lemma 5.1. The principal T-bundles L;; and I:ij are trivializable. Thus, there
exist A;j, flij € QY (U;NU;) x T") and connection-preserving isomorphisms

Aij i Lyg — 1a,,  and Nyt L — IAM
over (U;NU;) x T™. In particular, we have
a;“ij —Bi=dA;;  and &;'ijj - B; = d/Lj- (5.5)

Proof. We assume that all non-empty double intersections U; N U; are con-
tractible; this can again be achieved by passing to a refinement. Then, the first
Chern classes of L;j and L;; must be pullbacks from T™. We have H?(T", Z) =
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s0(n,Z), the group of skew-symmetric integral (n x n)-matrices, and this iso-
morphism can be realized explicitly using the Poincaré bundle P over T?: we
send a matrix D € so(n,Z) to the principal T-bundle

Pp = ® przﬁPD"”,
1<a<pB<n
see [42, §B]. Thus, there exist unique matrices D;;, D;j € so(n,Z) and (non-
unique) bundle isomorphisms L;; = pr}.Pp,, and L;; = pr%nPbU. Taking

connections into account, there exist 1-forms A, A;; € Q'((U; N U;) x T?)
and connection-preserving isomorphisms

>\ij : Lij — pI':']fn,PDij ® IA”. and )\ij : IA/ij — pI"Trn,Pf)ij ® IA”

over (U; NU;) x T™.

We show next that D;; = ﬁij = 0, implying the claim of the lemma.
This will be a consequence of the geometric T-duality correspondence, and so
we need to work over (U; N U;) x T?". We consider the following maps:

pr: (U;NU;) x T?" — (U;NU;) x T": (z,a,a) — (z,a)
pr: (U;NU;) x T*" — (U; N U;) x T" : (z,a,d) — (z,a)
aij - (U;NU;) x T?" — (U; NU;) x T2 : (z,a,a) — (z,a + a;j(z),a + a;;(x))
B, :U; x T2 - Exx E:(2,a,d) — (pi(x,a), ps(x,d)),

and construct with them the following diagram of bundle gerbes with connec-
tions and connection-preserving isomorphisms over (U; N U;) x T

S

P
pr¥pron 77D,;j ®_I’p_r’*:}ﬂ_ e

——————pr"a};¢}0 (— Ipr*a* Bj

pral; T,

e \.* .

aij@jDJ — {af;prion P
aij; l

Ak Ak Ak S
p ———Dr a;; O R Isx px L=
B /{ ijPj a"Jq>-7pr$r*éf7”fj pr 17BJ+(117<I>J;7
/ Bre i,
ks —1
pr* 7
IPK*B IR T
S
pr pr—ﬂ-nPD ®I pr Ay

The unlabeled double arrows are the canonical unit and counit 2-isomorphisms
of the adjunction between a l-isomorphism and its inverse. The rectangular
subdiagram in the middle commutes on the nose. The outer shape of the
diagram is, via Proposition 2.4, a connection-preserving bundle isomorphism

Nij © @fPreen P @ pripri.Pp,, ® Ipea,, & p\r*pr%n/])ﬁ” L4, ® priz. P (5.7)

over (U; NU;) x T?.
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We shall forget the connections (and thus all trivial bundles) for a mo-
ment. Due to the equivariance of the Poincaré bundle discussed in Sect. 2.2,
the lifts a;; and a;; determine an isomorphism a;;prrenP = pry.,P. Using
this in (5.7), we are in the situation that all bundles are pulled back along the
projection (U; N U;) x T** — T?". Hence, these bundles must already have
been isomorphic before pullback, and we conclude that there exists a bundle
isomorphism

P ®pr*Pp,, = ﬁr*Pﬁ“ R P.
over T2". Hence, there also exists a bundle isomorphism
pr*Pp,, = pAr*Pf)ij,

and this shows that both bundles separately are trivializable. This implies

Remark 5.2. The principal T-bundle L;; and i/ij can be regarded as part of
the gluing data for the bundle gerbes G and G, respectively. Their triviality
in case of geometric (or only topological) T-duality shows that T-backgrounds
that can be part of a T-duality correspondence are of a special kind. More
precisely, it means exactly that the Dixmier-Douady classes of G and G are in
the second step of the filtration of H?(E, Z) that comes from the Serre spectral
sequence, see [11] and [42, §2.1].

Next we will spend some time on finding trivializations A;; and 5\15 with
particular covariant derivatives A4;; and /Alij. We start with arbitrary choices as
they exist by Lemma 5.1 and will then perform three revisions of the isomor-
phisms A and A, and accordingly shift the 1-forms A;; and Aij, finally arriving
at (5.18).

We will only discuss A;j, the treatment of Aij is analogous. We remark
that due to Lemma 3.5, (3.11), the 2-form a;; Bj— B; is T"-invariant; moreover,
we have

(a;‘ij — Bi)1+2 = (a:ij — Bi)l — d:}@/\eg (58)

over (U; N Uj) x T?". Here, we use the notation introduced in Sect.2.2: an
index (..), means a pullback from the a-th T™-factor, and the index (..)142
means a pullback along the addition of two T"-factors. (5.5) and (5.8) imply

d((Aij)2 — (Aij)1) = —d(@ij02-1)-
This shows that we have a closed 1-form
Qi 1= (Aij)2 — (Aij)l + &ij9271 € Qil((Ui N Uj) X TQn). (5.9)

Since the de Rham cohomology class of a;; can only have contributions from
the torus, and these contributions must be linear combinations of the genera-
tors [0] € H!(S1,R), there exists a smooth map 3;; : (U; NU;) x T?" — R and
vectors p;j, q;; € R™ such that

a;j = dBij + pijbh + qij02. (5.10)
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Moreover, since the definition of a;; is skew-symmetric with respect to the
exchange of the two T"-factors, we have g;; = —p;;. We may now shift the
isomorphism A;; by the smooth map

(U;NU;) xT" - T: (x,a) — —pjja.
Its derivative is —p;;0; thus, A;; becomes replaced by A;; + p;;6, and (5.10) is
replaced by just

In particular, we have shown that A;; can be chosen such that a;; is trivial in
de Rham cohomology. The left hand side is still skew-symmetric, and so we
have d(8;; + s*Bi;) = 0, where s is the map that swaps the T™ factors. This
means that ¢;; = 0;;(z, a,b) + Bi;(x, b, a) is a constant function. Shifting 3;;
by f%cij, we can achieve that ¢;; = 0, i.e., achieve that 3;; is skew-symmetric
in a and b.

Over (U; NU;) x T3" one can deduce from (5.9) the cocycle condition

(dBij)1,3 = (dBij)1,2 + (dBij)2,3.

This shows that there exists a constant c¢;; € R such that

ﬂij (1'7 a, C) = ﬂij(zv ba C) + ﬂij (‘T7 a, b) + Cz’j
for all a,b,c € T". Putting a = b = c shows that ¢;; = 0. Putting b = 0 implies
that
ﬂl] (J;a a, C) = 61] (Jf, Oa C) + ﬁl] (3?, a, 0)
Thus, we may define Bij (U;NU;) x T — R by Bij(x,a) = fi;(x,a,0) and
obtain, using the skew-symmetry of 3;;,
Bij(x,a,b) = Bij(x, a) = Bij(x,b).
We are now in position to make a second revision of the choice of the isomor-
phism J\;;, and shift it by the smooth map (U; NU;) x T" — T : (z,a) —
—Bij(x,a). This shifts A;; by df;;. Then, (5.11) is replaced by «;; = 0, and
(5.9) results in

(Aij)2 — (Aij)1 = —aijb2-1. (5.12)
On the dual side, we obtain analogously
(Aij)2 = (Aig)1 = —aizfo1. (5.13)

Next we have to bring A4;; and flij together, and consider for this purpose
the connection-preserving isomorphism 7;; of (5.7). By Lemma 5.1, it simplifies
to a connection-preserving isomorphism

Nij : dfjprq*rgnp X Ipr*Aij — Iﬁr*Aij ® pr%znp. (514)

As a result of the fixed lifts a;; and a;;, we obtain canonically a connection-
preserving isomorphism

Rij : aj;pryen P — proe. P @ Ly, (5.15)
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over (U; NU;) x T?", see (2.8). Here, 1;; € QY((U; NU;) x T?") with

wij = —Clijdflij — a,'ijI‘*G + &ijpr*ﬂ, (516)
Under the isomorphism R;; of (5.15), we obtain from (5.14) a connection-
preserving bundle isomorphism

Lyiy © Iprea,; = Iﬁr*Au"
which in turn corresponds via the bijection (2.2) to a smooth map h;; : (U; N
U;) x T?" — T such that
pAr*/Alij = pI‘*AZ‘j + i + h:}e (5.17)
Lemma 5.3. The maps h;; are independent of the T*"-factor.

Proof. Considering (5.17) over (U; N U;) x T4" twice,

(Aij)a = (Aij)2 + (Yij)2,a + (hi;0)2.4
(Aij)s = (Aij)1 + (ij)i 3 + (hi;0)1,3,
taking their difference, and using (5.12) to (5.16) yields
(hi;0)2,4 = (hi;0)1,3.
This implies that
zij o= hij(2,0,0) 71 - hij(z,a,a) € T

is a constant. Putting ¢ = b and 4 = b shows that z;; = 0. We obtain
hij(x,b, b) = hij(x,a,a). This shows the claim.

We now make one last revision of the choice of the isomorphism Xij, and
shift it by hj;. This changes A;; by h7;0, and hence turns (5.17) into
Ifr*Aij = pY*AZ‘j + '¢ij- (518)
Note that (5.12) and (5.13) continue to hold, as a change by a 1-form that
does not depend on T"™ cancels itself on both sides.
The definition of the principal T-bundle L;; induces a canonical connection-
preserving bundle isomorphism
Lij ® aijjk = Lik:
over (U; NU; NUg) x T". Under the trivialization \;j, it corresponds to a
smooth map
Cijk - (UiﬂUijk) x T — T
such that
Az’k = Aij + asz]’k + ijke. (519)
Further, by going to a quadruple intersection, it is straightforward to see that
we obtain a cocycle condition
Gf;jCjkl . Cijl = Cijk *Cikl- (520)

The same holds on the dual side, leading to a smooth map ¢é;;; satisfying

Aix = Aij + a5 Aji + ¢j5,0 (5.21)
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and the cocycle condition
ai;Cikt - Ciji = Cijk - Cikt.- (5.22)
Lemma 5.4. The following equation of maps (U; N U; NUy) x T?* — T holds:
Priéijr = priciji - fijk,
where f;;i is defined by the expression
fiji + (UiNU;NUR) xT?™ = T2 (2, a,a) — mijea—mije(a+aa(z))—an(@)ai; ().
Proof. We put the diagrams (5.6) for ij and jk, respectively, next to each other.

In the middle, two occurrences of ajp€; cancel, and we obtain the following
equality of connection-preserving 2-isomorphisms:

Lovrayy,

Tpe 4y, Tafy A
Ipr*Bk } Ipr a’ kB ” Ipr*a;fka;iji 7Ipr*a;‘k3i
. Z |, S g I
pry2n P / Nk ajkPIIQn P ;Mg ajkaijjrj-zn P a;y,Prran P
Z Lovre Borar o I o =T ri B B
pr Bk"r‘I’kPI*) _Ilacr ajkBj—i-a k‘il a] ar B +a]ka Drp pr*ajf, Bi+a;, ®;p

Looxayy,
Ipr*Bk > Ipr*a;‘kBi

=
J Nik l&;ﬁpr{‘rzn? (5.23)
=
A

Iﬁr*BH@;pI?AIﬁr*a;kéi-s-a;k@;‘p
r ik

Our choice of isomorphisms L;; = 14, and f)ij =1 A, is such that we have an
equality

I AT

Prron P J{ la iPryon P

I I
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Tooe ay

A A

a; pr.ﬂ.gnP
.. e
= prpnP . = Rij
prron POLy,;
7 T+«
Ipr*A- )

ij

Substituting this in (5.23) we collect on the left hand side an isomorphism
R o d;kRij and on the right hand side an isomorphism R;;. We compute the
relation between these two isomorphisms:

~ % _ . ~ % N
Rji 0 @jpRij = Rajya, © GjpRay;a,,

(2.2.9)

[

Raijtae,astage - (ajk&ijr1
= Ras—mipiin g - (@) "
)
R~ f-migu—inign - (—migeaan) - (ajudig) "
= Rix - fijk;
with f;;i as defined above.

(2.2.11

2
L

We will see in the following sections that the differential forms and func-
tions collected so far, and the conditions derived for them, are sufficient.

5.2. Geometric T-Duality Cocycles

In this section, we organize the local data extracted in the previous section.
For this purpose, we fix the following definition. A geometric T-duality cocycle
with respect to an open cover {U;} of X consists of the following data:
1. Riemannian, T"-invariant metrics g; and g; on U; x T™,
2-forms BZ,Bz € QZ(UZ X Tn),
1-forms AijaAij € Ql((UZ N UJ) X ’]I‘n),
smooth maps a;;,a;; : U; NU; — R,
muk,m”k € 7", and
. smooth maps ¢k, ¢k - (U; NU; NUE) x T" — T.
These local data are subject to the following conditions (LD1) to (LD9).

(LD1) The pair (ai;, mij;x) is local data for a principal T”-bundle E over X,
ie.,

> ot w0

Uik = Myjk + Q5 + Ak
Mkl + Myj1 = Mgl + Mjk.
We remark that the second line follows from the first; it is only listed
for convenience. A
(LD2) The pair (a;j, ;%) is local data for a principal T"-bundle E over X,
ie.,

ik = Mijk + aij + a5k
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Mjrt + Mgt = Mgt + M.
(LD3) The metrics g; yield a metric on F, i.e.,
a;'kjgj = Gi-
(LD4) The metrics §; yield a metric on E, ie.,
&fjgj = G-
(LD5) The triple (B;, Aij, ¢ijk) is local data for a bundle gerbe with connec-
tion over F, i.e.,
a;;Bj = B; + dA;;
A = Aij +ajjAji + cij0
a;iCikl * Cijl = Cijk * Cikl
(LD6) The tripleA(Bi, Ayj,¢ijx) is local data for a bundle gerbe with connec-
tion over FE, i.e.,

Ak A . . .
Q;;Cikl * Cijl = Cijk * Cikl

(LD7) The pairs (g;, B;) and (§;, B;) satisfy the Buscher rules.
(LD8) The second order Buscher rules are satisfied:

pr* Ay = pr* Ay; — aipr*0 + agpr'o — a;;al;0.
(LD9) The third order Buscher rules are satisfied:
éijk(x, d) + m”k(dzk(x) + &) e Cijk(:ﬂ, a) + ﬁujka — Q45 (z)d]k(x)

The data of a geometric T-duality cocycle are highly redundant; some
of these redundancies are described in the following. A minimized version will
be obtained in the context of topological T-duality (Sect.5.6) and differential
T-duality (Sect.6.2). Despite of its lavish data content, a geometric T-duality
cocycle clearly reflects the situation of a geometric T-duality correspondence,

with data from both sides separated from each other, subject to the Buscher
rules (LD7) to (LD9) relating them.

Remark 5.5. Let w;,&; € QY(U; x T™,R™) be the connections on the trivial
bundle U; x T™ that are induced by the metrics g; and g;, respectively, under
Theorem 2.7. We remark that by (LD3) and (LD4) the bundle isomorphisms
a;; and a;; are isometries, and hence connection-preserving by Remark 2.8.
Thus, by bijection (2.2), the connections transform under the transition func-
tions as
w; = wj + a;fjH and w; = (IJ]‘ + dz*ﬂ

The connections in turn correspond to 1-forms A;, A; € QY U;, R™), via w; =

(4;)1 + 02 and ©; = (A;)1 + 02, which then transform as
Ai = Aj —+ aij and Al = Aj —+ &ZQ
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By (LD7) and Lemma 3.4, the equivariance rules of Lemma 3.5 apply to B;
and Bi, ie.
(Bi)1,243 = (Bi)1,2 + (Ai)1 A O3 (5.24)
(Bi)1243 = (Bi)1.2 + (Ai)1 A O3 (5.25)
over U; x T™ x T™. In particular, B; and B, are T"-invariant. We may further
consider the 3-forms K; := w;AF — dB; and K; := &;AF — dB; on U; x T,
where F and F are the globally defined curvatures of the connections w and

W, respectively. Using (LD7) one can show that K; = K; and that they are the
pullback of a globally defined 3-form K € Q3(X) along U; x T" — X.

Remark 5.6. Similarly as proved in Sect. 5.1, (LD8) implies
(Aij)2 = (A = —aijbz—1.
(Aij)2 = (Aijh = —aijfz-1.
In particular, A;; and Aij are T"-invariant.
Remark 5.7. We notice that in (LD9) the right hand side is independent of
a, and the left hand side is independent of a. In other words, the right hand

side is constant in a, and the left hand side is constant in @, and these two
constants are equal. Explicitly, if we define

tijk : UﬂU NU, — T

to be this constant, then we get

= Cijr(z,a) — miji(Qir () + a) = tijr(z) = —cijr(z, @) — Mijra + aij(z)ax(v)
(5.26)
for all a,a € T". We deduce from this the equivariance rules
ciji(z,a+a') = cijp(x, a) —1mijpad (5.27)
Ciji(z,a+a') = éigr(x,a) — mijrd (5.28)

Remark 5.8. The Buscher rules (LD7) to (LD9) determine g;, BZ-, /L-j, and ¢
uniquely. If g;, B;, Aij, and ¢ exist and satisfy (LD7) to (LD9), one can in
fact show that §; is a T"-invariant Riemannian metric satisfying (LD4), and
that (BZ, /L-j, ¢;51) satisfy (LD6). The same holds upon exchanging quantities
with hats and without. In other words, either (LD3) and (LD5), or (LD4) and
(LD6) can be omitted in the above list of conditions. Since there is no way to
decide which ones should be omitted, we kept both.

We will next describe the conditions under which two geometric T-duality
cocycles are considered to be equivalent. We suppose that we have two cocycles
(9:: i, Bi, Bi AUvAz]vaijadijamijk;mijhcijkyéijk)

(927.@:7 B/ B, A;]7 A’IL]7 ;]’ A;y z]kv zykv zykv zyk)

with respect to the same open cover {U;}. These are considered to be equiva-
lent, if there exist:
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1-forms C;,C; € QY (U; x T™),
smooth maps p;, p; : U; — R”,
numbers z;;, 2;; € Z", and

4. smooth maps di;,d; : (U; NU;) x T" — T,
such that the following conditions (LD-E1) to (LD-E8) are satisfied. Abusing
notation, we consider in the following the functions p;, p; eventually as maps
pi,pi : Uy x T" — U; x T™ given by (x,a) — (x,a + p;(z)) and (x,d) —
(z,a + p;(x)), respectively.
(LD-E1) The bundles £ and E’ corresponding to (a;;, mijx) and (aj;, mj;;)
are isomorphic:

W

a;j + pi = Zij +P; + a4
M+ 2ij + 2jk = Zik + Mg
We remark that the second line follows from the first and (LD1); it
is only listed for convenience.
(LD-E2) The bundles E and E’ corresponding to (d;;, ;%) and (&;
are isomorphic:

7,]7 ij,‘)

agj + Di = Zij + Dy + @y
Wi A Zij + 2k = Zik + i
(LD-E3) Under the bundle isomorphism of (LD-E1), the metrics g and ¢’
corresponding to g; and g, are identified:
Pigi = 9i
(LD-E4) Under the bundle isomorphism of (LD-E2), the metrics § and ¢’

corresponding to § and §’ are identified:

Ak AL

Di9; = i

(LD-E5) The pair (C;, d;;) is a connection-preserving 1-isomorphism between
the bundle gerbes corresponding to (B;, A;j, ¢iji) and (Bj, A}, ¢;.,.):

179 zgk
p;B. = B; +dC;
PiCiir = Cijr + dir — dij — aj;djy,
(LD-E6) The pair (C;, dA”) is a connection-preserving 1-isomorphism between
the bundle gerbes corresponding to (B;, Aij, &) and (B Agj, A;Jk)
p;B, = B; +dC;
pi Al = Aij — Ci + a;;C; + dj;0
Py €k = Cijh + dik — dij — a7;d;n
(LD-E7) The following equality of 1-forms on U; x T?" holds:

pr*Ci — pr*C; = —pipr*0 — pidp; + pipr6
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(LD-E8) The following equality holds for all (z,a,a) € (U; N U;) x T?™

dij(z,a) + Zija — 25 (Pi(2) + aj;(x)) + aj;(2)pi(x)

= a?ij (x, d) + Zijd + ]ﬁj(m)aij (l‘)

Remark 5.9. Let w;,w] € Q(U; x T, R™) be the connections on the trivial
bundle U; x T™ that are induced by the metrics g; and g}, respectively, under
Theorem 2.7. We remark that the bundle isomorphism p; is an isometry, and
hence connection-preserving by Remark 2.8. Thus, the connections transform
under the functions p; as w; = w, + p}6. The connections in turn correspond
to 1-forms A;, A, € QY(U;,R"), via w; = (A4;)1 + 02 and w! = (A})1 + 0o, which
then, according to (2.2), transform as

A; = AL+ plo. (5.29)
Analogous formulas hold on the dual side, i.e.,
A; = AL+ pro. (5.30)

Remark 5.10. From (LD-E7) one can derive the following equivariance rules
over U; x T?™:

(Ci)2 — (Ci)1 = pith—2

(Ci)2 — (Ci)1 = pifh—»

Remark 5.11. We notice that in (LD-ES8) the left hand side is independent of
a, and the right hand side is independent of a. In other words, the right hand
side is constant in a, and the left hand side is constant in a, and these two
constants are equal. If we define

e; :U;NU; — T
to be this constant, then we get, for all a,a € T™, the equality
—dij(x,a) = Zija+ 2 (Pi(x) + a5;(x)) — aj;(2)pi(z) = eij(x)
= —dij (x, @) — 2 — p;(w)ai; (7).
From this, we can deduce the following equivariance properties:
dij(z,a+a') =dij(z,a) — 2;a (5.31)
dij(z,a+a') = dij(x,a) — 20’ (5.32)
The set of equivalence classes of geometric T-duality cocycles with respect
to an open cover {U; } is denoted by Loc®* ({U,}). A refinement {V;} — {U,} of

open covers evidently induces a restriction map Loc®*°({U;}) — Loc®*°({V;}),
turning Loc®®® into a direct system w.r.t. to refinements.

Definition 5.12. The direct limit of Loc®®°({U;}) over refinements of open cov-
ers is denoted by Loc®*°(X).

With this precise definition of local data at hand, we will prove in the
following two sections that Loc®®°(X) indeed classifies geometric T-duality
correspondences over X.
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5.3. Reconstruction of a Geometric T-Duality Correspondence

In the following, we describe a procedure that constructs from a geometric
T-duality cocycle
(9is Gis Bis Biy Aij, Aij, aijy Qi Miji, Mijk, Cijks Cijh)

a geometric T-duality correspondence in the sense of Definition 4.9. First of
all, the maps a;; and @;; become (after exponentiation) T"-valued transition
functions, and we let E and E be the corresponding principal T™-bundles.
Note that these come with canonical trivializations ¢; and ¢; over U;, which
induce the given transition functions. Due to (LD3) and (LD4), the locally
defined metrics g; and g; yield metrics on E and E, respectively, which are
Riemannian and T"-invariant.

Next we construct the bundle gerbe G over E. We define the surjective
submersion 7 : Y — E by putting

Yo=]JUixT"
il
and 7|y, xTn = ;. Over Y we consider the 2-form B defined by B|y, x» := B;.
The fiber products over E can be identified in the following way:

yH =~ ]_[ Yi i with Y o= (U, N---NnU,) x T, (5.33)

(i1,eeyin ) ETF
where the projection maps pr; : Y¥ — ¥ become, under this identification,
(x,a) = (ij,z,a + i, (7). (5.34)

We remark that the more general projections pr; . : Y — Yl can then
be described using (5.34) in each component of the range separately.

On Y2 we define the 1-form A by Aly,; = Ayj; then, the first line of
(LD5) implies pri B — pri B = dA. We may interpret A as a connection on the
trivial principal T-bundle L over Y2, so that dA is its curvature. Finally, we

define an isomorphism

Pr;ly;

w:prigL ® prigL — prisL
over Y as multiplication by the smooth map —c : Y — T, i.e., —cly,;, =
—cijk- The second line of (LD5) implies that p is connection-preserving, and
the third line implies that it satisfies the cocycle condition. This finishes the
construction of the bundle gerbe G.
Note that the pullback G comes with a canonical trivialization 7; :

¢¥G — Ip, induced by the section

U; x T —— E.

On the dual side, the construction of G is completely analogous, using
(LD6). In particular, we use the same manifold Y, but with the projection
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= ;. In particular, cp*g comes with a canonical
tr1v1ahzat10n T @i g — I -

It remains to Construct the connection-preserving isomorphism D on cor-
respondence space. We may consider the commutative diagram

\

FE Xx E
Z = HZ,» with  Z; := U; x R*™,
i€l
and the maps are defined by ((i,z,a,a) = (pi(z,a),P;(x,a)) as well as
pr'(i,z,a,a) := (i,x,a) and pr'(i,z,a,a) := (i,x,a). The fiber products of
(:7Z —FExx E can be identified as

ALRS ]_[ Ziyoan With  Zy o= U M- N0 xRPXZ2 % -0 x 22"

(k—1) times

/\\

where

under a diffeomorphism
((i1,,a1,01)y -, (i, @,y Qg k) = (B1y - ey ik, T, a1, 41, Mo, Mo, . .. Mg, M),
where the integers are defined by a, = a1 + a;,;, () + my for 2 < p < k, and
similarly for the 7,,.

The bundle gerbes G and G pull back to correspondence space and be-
come bundle gerbes with surjective submersion (. Thus, we can construct

the isomorphism D working over Z. For this, we need to find a smooth map
z: ZPl = T and a 1-form w € Q'(Z) such that

pr'* B+ (*pg s = pr'* B + dw over Z = U; x R*"
(5.35)
(P A + priw = (pr'PY A + priw + 20 over ZP (5.36)
(BB ¢ 4 priyz + prigz = prisz + (pr'P)*e over ZF! (5.37)
hold. We define w; € Q' (U; x R*") by
w; = —ada (5.38)

where (a,a) are the coordinates of R?", z, ‘= w;. Moreover,
we define Zij - Zij — T by

Zij ((E, a, d, ma, TATLQ) = 77’L2d + dij (m)mg + dij (m)a, (539)
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and define z by z

Zij "= Fig-
Lemma 5.13. Our definitions (5.38) and (5.39) satisfy (5.35) to (5.37).
Proof. Equation (5.35) follows from (LD7), as dw = Q. For the remaining

equations, it is now important to understand the various projections Z (k] —
ZW under above identifications. We have:

b1y (i,j, €, a, d) = (i’ T,a, d)
pro(is j, ¢, a,a) = (4,2, a + ai;(x) + me, a + a;;(x) + m2)
From this, we can calculate prjw and priw; together with (LD8) this gives

(5.36).
Finally, we have:

pr12(i’j7kax,a7d7m2am27m37m3) = (i,j,l‘,a,d,mg,ﬁl2)

Pras(i, 4, k, x, a, &, ma, o, ms, m3) = (j, k, z, a;;(x) + a + me, a;;(x) + a + 1o,
Mijk + M3 — My, Mij + M3 — M)

pri5(i, 4, k, x, a,a, mo, ma, ms,g) = (i, k, z, a, a,ms, ms)

Then, a direct calculation shows that

(prisz + pragz — pris2)|z,;, = mijr (G () + a) + ajx(z)aij(xr) — mijra.

This is, via (LD9), the claimed equality (5.37).

So far we have provided the structure of a geometric T-duality correspon-
dence. It remains to prove the axioms. Conditions (T1) and (T2) of Defini-
tion 4.9 follow from (LD7) via Lemmas 3.3 and 3.4. For (T3), consider one of
the open sets U;, over which we have the trivializations ¢; and ¢;, and the
trivializations 7; : ¢*G — I, and 7; : $iG — T 5, mentioned above.

Lemma 5.14. The principal T-bundle with connection over U; x T?" that cor-
responds to the connection-preserving bundle gerbe isomorphism

pr»rq—"fl
Iprp, = pr'lp, — > prig;G = &ipr'g

%
pr*7; ®id

P;(Pr G @I, ,) =Pr @G ©Lap,, PP Iy ®Tay,,, = L Bitoep,

is given w.r.t. the covering Z; — U; x T?" by the connection 1-form w; € Q(Z;)
and the transition function z;; : Zi[z] — T.

Proof. All bundle gerbes and bundle gerbe isomorphisms that appear in the
composition above just involve trivial principal T-bundles. The composition
has to be computed over a common refinement of all involved surjective sub-
mersions; here, Z; — U; x T?" is sufficient. The trivializations contribute, since
we work over a single open set U;, the trivial functions ¢;;; = 1 and ¢;;; = 1. It
remains the contribution of @D, which is z;;. For the connections, it is similar:
the trivializations contribute A;; = 0 and /1“ =0, and ®;D contributes w;.
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It remains to notice that z;;(z, a, @, m,m) = am. This function, as well as
the 1-form w;, are obviously pulled back along the following map of coverings:

Z; ——— R

|

U; x T2 — 5 T2»

Comparing with (2.6) and (2.7), we see that z;; and w; are the local data of
the Poincaré bundle and its connection, w.r.t. the section y; : R?" — T?",
This shows that (T3) is satisfied.

Remark 5.15. Under reconstruction, the 3-forms K € Q3(X) from Remarks 5.5
and 4.3(b) coincide.

5.4. Well-Definedness of Reconstruction under Equivalence

In this section we show that the reconstruction of a geometric T-duality corre-
spondence from a geometric T-duality cocycle described in Sect. 5.3 is compat-
ible with equivalences between correspondences (Definition 4.5) and cocycles
(Sect. 5.2). For this purpose, we consider two geometric T-duality cocycles

(9i> Gi> Bi, Bi, Aij, Aij, aijy Gigy Mijie, Mgk, Cijhs Cigi)

! oAl / ! / li / /‘/ /
(gi7gz7B B A A z]lﬁ z]lw z]k)

YRR YR 1]’ z_]’ l]k’

and an equivalence between them provided by a tuple (C;, C’i, Di> Dis Zijs Zij, dij,
dij). Moreover, we let ((E, g,G), (E,4,6), D) and ((E',g, @), (E',§',G'), D)
be the geometric T-duality correspondences reconstructed from the two cocy-
cles.

The functions p; and p; define bundle isomorphisms p : £ — E’ and
p: EF — E’ due to (LD-E1) and (LD-E2). It is straightforward to see using
(LD-E3) and (LD-E4) that p and p are isometric. Concerning the bundle gerbe
G and G’, we have a commutative diagram

—> Y

| ]

with p'(i,x,a) = (i,x,a + p;(x)), i.e., p'ly, = p;. Thus, we may construct a
bundle gerbe isomorphism A : G — p*G’ using the common refinement

<

—

P
/ \&p')
Y Ex.,v 2Ly
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of their surjective submersions. We define the 1-form C € Q'(Y) by setting
Cly,xm = C;, and consider the trivial bundle @ := I¢ over Y. Then, the first
ingredient of the isomorphism A is the equation p*B’ = B + curv(Q), which
follows immediately from the first equation in (LD-E5). The next part is to
provide a connection-preserving bundle isomorphism

a:L®pryQ — priQ @ () L

over Y12, Since all bundles are trivial (L =T, and L’ = I4/), this is the same
as a smooth map d : Y2 — T such that

priC + (PP A" = A+ priC + d*6.

Over Y;; = (U;NU;) x T™, this is a smooth map d;; : (U; NU;) x T™ — T such
that

Ci +p; Aj; = Aij + aj;C; + d0;
thus, we can take the given data d;; according to the second equation in (LD-
E5). Finally, we have to show that the diagram

®id
pri,L @ prisL @ prjQ a prisL @ prjQ
id®pr;‘3al
pri, L ® pryQ @ prig(p/2) L/ priza
pr‘f2a®idl
priQ @ pri, (p') L' @ priy (pP) L —— pr;Q ® prig(p/) L/
1d®(p,[3] )*MI

of bundle isomorphisms over Y3 is commutative. Restricting to Yijk, this
means that
dik, + cijk = p; Cijp + dij + aj;djg,
which is the third equation in (LD-E5). The dual side works precisely in an
analogous way, using (LD-EG6).
It remains to produce the connection-preserving 2-isomorphism £ of Def-
inition 4.5. We consider a commutative diagram

77— 7z
1
Exx E — E' xx E'
where P :=p x p/, and P’ : Z — Z is defined by
Pz, = pi(z,i,a,a) == (x,i,a + p;i(x),a + p;(x)).
The 2-isomorphism £ is given by a function w : Z — T satisfying:
pr*C + P*w = w+pr*C + w*d (5.40)
prid 4+ (P'PN*2' = 2 + pr*d + priw — pryw (5.41)



1328 K. Waldorf Ann. Henri Poincaré

Here, w,w’ are the 1-forms (5.38) from the reconstruction of D and D', respec-
tively, and z, 2’ are the corresponding T-valued functions (5.39).

Lemma 5.16. The function w(i, x,a,a) := —p;(x)a satisfies (5.40) and (5.41).

Proof. We set w; := w|z,. Employing definitions, we find
piw; — w; = —pida — adp; — pidp;
wi0 = —p;da — adp;,
under which (5.40) becomes (LD-E7). In order to treat (5.41) we need to
compute the induced map P’ : Z2l — Z[2I resulting in
(4,7, 2,a,a,ma,ma) — (1,7, 2,a+ pi(x),a + pi(x), ma — 245, M2 — Z5).
Using this, (5.41) becomes equivalent to
dij(x,a) + zi;(x,a + pi(x), @ + pi(x), ma — 25, M2 — Zij)
= z;j(x, a, 4, ma, M) + dij(x,a) + w;(x, a, a)
—w;(x,a+ a;;(x) + me, @+ a;;(z) + 1he).

Inserting the definitions of z;; and w;, and once using (LD-E2), one can see

that the latter equation is equivalent to (LD-ES8), hence satisfied.

Summarizing the work of Sects. 5.3 and 5.4, we have constructed a well-
defined map Loc®®°({U;}) — T-Corr®*°(X). It is straightforward to see that
this map is invariant under refinements of open covers, and hence induces a
map

Loc®®°(X) — T-Corr®*°(X). (5.42)

In the next section we show that it is a bijection.

5.5. Local-to-Global Equivalence
In this section, we prove the following result.

Proposition 5.17. The map (5.42) is a bijection,
Loc®®°(X) = T-Corr®*°(X).

We begin with showing surjectivity. Given a geometric T-duality corre-
spondence ((E, g,G), (E’, J, C;), D), we extract local data as explained in Sect. 5.1,
using trivializations ¢;, ¢; of the T™-bundles, trivializations 7, ’ZA; of the bundle
gerbes, and 2-isomorphisms ¢; as in (5.1). Let

(9> Gi» Bis Biy Aij, Aij, aijy Qi Miji, Mijk, Cijks Cijh)
be the local data obtained by these choices. Under reconstruction we obtain a
new geometric T-duality correspondence ((E’,¢',G"), (E',§',G"),D").
Obviously, bundle isomorphisms ¢ : E/ — E and ¢ : B/ — E are given
by ([i,2,a]) == pi(z,a) and P([i,z,a]) := ¢;(z,a). Concerning the bundle
gerbes, our extraction procedure exhibits G as canonically isomorphic to a
bundle gerbe defined as follows:
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1. Its surjective submersion is 7 : ¥ — FE, where ¥ = HUi x T™ and
i€l

(i, x,a) == p;(x,a).

2. Its curving B € Q2(Y) defined by B|y,x» := B;.

3. Its principal T-bundle is L;;, which is in turn isomorphic to I4,; under
the isomorphisms A;;, see Lemma, 5.1.

4. Tts bundle gerbe product L4, ® aj;1a;, — Ia,, is induced by the map
Cijk, see (5.19).

Since we have a commutative diagram

Y—Y
E——F
P

pulling back along the diffeomorphism % leaves this structure as it is, yielding
a bundle gerbe with connection G’ over E’. We observe that G’ is precisely
the bundle gerbe reconstructed from the data (B, A;j,cijx). This way, we
obtain a connection-preserving isomorphism A : G — ¥*G. Analogously, we
treat the dual side, and obtain another connection-preserving isomorphism
At G — i,

It remains to treat the correspondence isomorphism D. (5.1) says that it
becomes—under the isomorphisms A and A—2-isomorphic to an isomorphism
D' defined over Z := [[U; x T*", with bundle the Poincaré bundle pri,, P,
and over Z;; the bundle isomorphism 7;; of (5.14). In more detail, this is a
connection-preserving line bundle isomorphism

Nij pr*IAz‘j ® a‘;kjpr%z”'P - prj]i‘?"P ® p\r*IAij
which was composed of the isomorphism
Rij : dijprq’}zﬂ? - pr%zn’P & q/}ij

from (5.15) and the equality ﬁr*Aij = pr*A4;; + 1;; from (5.18). In order to
compare D’ with the reconstructed correspondence isomorphism, we change
the covering of D’ along

z'=[JuixR" - Z.
iel
One can then trivialize the Poincaré bundle using the section x; : R*® — P,
see Sect. 2.2. This results into a 2-isomorphic 1-morphism D”. As the covariant
derivative of ; is the 1-form w := —ada on R?™, the principal T-bundle of D"
is I,. Its isomorphism is the composite

id® -
prila,; @ pril, o, prila,, ® a*jpr.’jrgn”P

.

pl"q*yznp X pAI"*IA., — pril, ® pAT*IA,J
i xrleid ij
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where the projections pry, pry : Z'"2l — 7' are as in the proof of Lemma 5.13.
Using the formulas (2.5) and (2.10) we can calculate this isomorphism explic-
itly:

(a+ aij(z) + m,a+ ai;(x) +m,0) ~ (a+ ai;(z),a + di;(x), —ma — mag;(z))

lRija,ﬁ,

(a,a, —ma — ma;;j(x) — adi;j(z)) — (a,a) - —zij(x, a,a, m,m)

where z;; was defined in (5.39). This shows that the bundle isomorphism of
D" is multiplication with z;;. Hence, D" is precisely the reconstructed isomor-
phism, proving the surjectivity in Proposition 5.17.
It remains to prove injectivity of reconstruction. For this purpose, we

look at two geometric T-duality cocycles,

(96, Gi» B, By, Aij, Aij, aig, g, migie, g, Cijis Ciji)

(927 g:7 lev B;a Aéja A;jv a;ja déjv m;jkﬂ mgjkv ngkv ééjk)
consider the corresponding reconstructed geometric T-duality correspondences
((E,q,6),(F,§,G),D)and ((E',¢',G"),(E',§',G"),D’), and assume that these
are equivalent in the sense of Definition 4.5. Thus, there exist isometric bundle
isomorphisms p: £ — E’ and p : E — E’, connection-preserving bundle gerbe
isomorphisms A : G — p*G’ and A : G — p*G’, and a connection-preserving
2-isomorphism

* D A K S
pr g pr g ®Ip911§1
pr*AJ / J(ﬁr*A@id
pr*p*gl 5 pAr*g/ ® ngLgl

P*pr*g/ T P*pAr*gA’ ® P*ngzy.@z
where P:=pxp: Exx E — E' xx E'. It is straightforward to see that the
isomorphisms p and p induce smooth maps p;,p; : Uy — R™ and z;;, 2;; € Z"
satisfying (LD-E1) to (LD-E4). Note that the surjective submersions of all 4
bundle gerbes have the same domain Y = [[Y;, with Y; := U; x T, and the
bundle isomorphisms p and p lift to Y*! as the component-wise defined maps

Diq ¢ (U'Ll m"’mUik) X T" — (U'Ll ﬁ"’mUik) x T : ($7a) = (x,aeril(x)),

and the analogous p;. We may thus assume that the isomorphisms A4 and
A consist of principal T-bundles @ and Q with connections over Y. Their
restrictions to Y; will be denoted by @; and Qi, respectively. The curvatures
are curv(Q;) = piB} — B; and curv(Q;) = p B} — B}, and their connection-
preserving bundle isomorphisms over Y2 [1Y;; are component-wise

Xij * IAi]- ® pr;Qj — prIQi 4 Ipngj
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and an analogous X;;.
As explained in the proof of Lemma 5.1, there exist bundle isomorphisms
Qi = pry.Pr, and Q; = pry. Py, where F,F' € s50(n,Z). The isomorphism
Xij shows that F; = F; and F; = F}, so that we can omit the indices. The
2-isomorphism ¢ induces over (U; NU;) x T?" an isomorphism
Prizn P @ Prien Pr'Pp = prie. pr*Pp & priz. P

which then implies F' = F=0. Thus, there exist 1-forms C;, CA'z € QY(Y;) and
connection-preserving bundle isomorphisms x; : @Q; — I¢, and &; : Ql — I
The isomorphisms x;; and X;; then induce functions d;;, (fij 2 (U;N Uj)xT" —
T such that (LD-E5) and (LD-E6) are satisfied.

Note that we have dC; = curv(Q;) = p; B} — B;. From this, (5.24) to
(5.30) one can then derive

(dCi)1,3 — (dCi)1,2 = —d(Pibs—2)

over U; x T™ x T™. Now we proceed similar as in Sect.5.1. We have a closed
1-form «; € Q}:I(UZ X TQn) defined by «a; := (01)173 - (Ci)l)g + p;03_o. Since
the de Rham cohomology of U; x T?" only has torus contributions, there exist
a smooth map 3; : U; x T?® — R and vectors r;, s; € R™ such that

a; = df; + rifs + s;03.

Moreover, since the definition of «; is skew-symmetric with respect to the
exchange of a with b; this implies that r; = —s;. We may now shift the iso-
morphism «; by the smooth map U; x T" — T : (x,a) — 7;a. This shifts C;
by 7;60 and shows that

(Ci)1,s — (Ci)1,2 + pifz—2 = df;.
Again, the left hand side is skew-symmetric, so that
where s swaps the two T"-factors. Thus, ¢; := §; + s*3; € R is a constant.
Shifting 3;, we can achieve that this constant is zero, and that (; is skew-

symmetric; moreover, defining 3; : U; x T" — R by Bi(x,a) = Bi(z,a,0), we
obtain

ﬁi(xa a, b) = Bi(xa a) - B'L(!E, b)
We may now shift «; by the function (z,a) — §;(z, a), getting the formula

(Ci)1,3 = (Ci)1,2 — Pibls—2. (5.43)
On the dual side, we obtain analogously
(Ci)13 = (Ci)1,2 — pibls—a. (5.44)

We continue by looking at the local description of the 2-isomorphism &.
We pull back to the space Z = [[U; x T?", where, as D and D’ are obtained
by reconstruction, they consist of the trivial bundles with connections w;,w)
and of the bundle morphisms z;;, 2;; defined in (5.38) and (5.39). Note that
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w, = w;, whereas z;; and zz{j are different. Thus, the 2-isomorphism £ consists
of smooth maps w; : U; x R?® — T such that

Prw+ pr*Cy = pris.w + pr*Ci + w0 (5.45)
and
f);kZ;j + pr*dij = Iﬁr*dij (I, fL) + Zij — Wy + w; (546)
also see (5.40) and (5.41). We study now the dependence of w; on the first and
the second R”-factor. From (5.45) and (5.43), one can show that

(w;0)1,34 — (w;0)1,2,4 = d(pi(a —a’))
over (z,a,a’,a) € U; x R™ x R™ x R™ holds. Similarly, (5.45) and (5.44) imply
that
(wf0)1’2,4 — (w;—ke)l’g’g =0.
In particular, defining @; : U; — T by w;(z) := w;(z,0,0), we have
w0 = w;0 — d(ap;)
over (z,a,a) € U; x R?™. Thus, there exists z; € T such that
wi(z,a,a) = W (x) — ap;(z) + 2;.

Putting a = @ = 0 shows that z; = 0. We make a final revision of the isomor-
phism &; by the function w;. This changes C; to C; + @} 0, and changes w; to
just

w;i(z,a,a) == —ap;(z). (5.47)
Now, (5.45) becomes exactly (LD-E7). Finally, we consider (5.46). Using the
definitions of z;; and z{; from (5.39), and using (5.47), (5.46) becomes (LD-
ER); see the comments at the end of Sect. 5.4. This shows that the geometric

T-duality cocycles we started with are equivalence, and completes the proof
of injectivity of Proposition 5.17.

5.6. Local Perspective to Topological T-Duality

In this section, we deduce from the local perspective to geometric T-duality
obtained in Sects.5.1 to 5.5 a corresponding local perspective to topological
T-duality, and relate that to the non-abelian cohomology with values in the
T-duality 2-group.

We define a topological T-duality cocycle as a geometric T-duality cocycle
with all metrics and differential forms stripped off. Thus, a topological T-
duality cocycle is a tuple

(@ij, Gijs Mgk, Tijk, Cijks Cijk)
of data as in Sect. 5.2, subject to conditions (LD1) and (LD2), only the last
equations of (LD5) and (LD6), and the third order Buscher rule (LD9). Two
topological T-duality cocycles are considered to be equivalent if there exist
equivalence data (25, 2, Di, Pi> dij, CZU) as in Sect. 5.2, satisfying (LD-E1) and
(LD-E2), the last equations of (LD-E5) and (LD-E6), and (LD-E8). The direct

limit of equivalence classes over refinement of open covers will be denoted by
Loc™P(X).
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Applying the reconstruction procedure of Sects. 5.3 and 5.4 to only the
topological data establishes a map

Loc*P(X) — T-Corr*P(X). (5.48)

In principle, it could be argued similarly as in Sect.5.5 that this map is a
bijection. However, we will prove this in a different way using the non-abelian
differential cohomology H!(X, TD) of the T-duality 2-group TD, and a result
of [42], see Proposition 5.20.

The T-duality 2-group TID has been introduced in [42, §3.2]. Its definition
and a general definition of non-abelian cohomology can be found there. Here,
we only recall the resulting definition of the set H! (X, TD), see [42, Rem. 3.7].
An element in H!(X, TD) is represented with respect to an open cover {U;} by
a TD-cocycle, a tuple (a;j, Gij, Mijk, Mijk, tijk), where the first four quantities
are exactly as in geometric T-duality cocycles, and t;;; : U; NU; NUy, — T are
smooth functions. The cocycle conditions are (LD1) and (LD2), and

tikt + tije — MijrGr = tiji + tjp- (5.49)
Two PH‘]D)—COCyCl(ES (Clz'j, &ij7 Mijk, mijk, tijk) and (agj, d;j, m;jk, m;jk, t;jk) are
equivalent if there exists a tuple (2, 25, pi, Di, €;5), with the first four quanti-
ties just as in the case of an equivalence between geometric T-duality cocycles,
and smooth functions é&;; : U; NU; NU, — T, satisfying (LD-E1) and (LD-E2),
and
tgjk + éij — d;kzij + éjk =€éir + tijk *ﬁkmijk. (550)
Then, HY(X, TD) is a direct limit of equivalence classes of TD-cocycles over
refinement of open covers. We recall the following result.

Proposition 5.18 [42, Prop. 3.9]. There is a bijection
T-Corr'?(X) = HY(X, TD).
We will now describe a map
Loc'™?(X) — H'(X,TD) (5.51)

and prove that it is a bijection, see Lemma 5.19. Let (a;j, @i, Mijk, Mijk, Cijk, Cijk)
be a topological T-duality cocycle, representing an element in Loc*?(X). In
Remark 5.7, we have already defined the function

tijk(x) = —éij;c(l‘, 0) — mijk:dik(x)~ (5.52)
A straightforward calculation using (5.28) shows that t;j; indeed satisfies

(5.49).
Given an equivalence between two topological T-duality cocycles

(aij; Qigy Mgk Mk Cijk,s Cijk)
/ ~/ A Al / ~/
(aijv Qs Myt Mk Cijks Cijk)a

established by a tuple (2, 25, pi, Di, dij, a?ij), we consider a slight modification
of the function e;; defined in Remark 5.11, namely, we set

€ij(x) 1= e (x) — 2i5(ai () + pj () + pj(x)ai;(v)
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= —dij(2,0) = 2 (a5 (@) + p; () (5.53)
Equivalently, using (LD-ES8), we could write
eij(x) = —dij(2,0) — aj;(x)pi(x) + pj()ai;(x). (5.54)

One can then check (using (5.53) and the first equations of (LD-E1) and (LD-
E2)) that é;; satisfies (5.50), i.e., it establishes an equivalence between the
TD-cocycles. This completes the construction of the map (5.51).

Lemma 5.19. The map (5.51) establishes a bijection,
Loc'P(X) = H (X, TD).

Proof. We construct an inverse map. If (a;;, a5, mijk, Mijk, tijx ) is a TD-cocycle,
then we may restore ¢;;; and &, from formula (5.26) in Remark 5.7, namely
Cijk($7 (l) = —tijk(l‘) — mi]‘ka + a; (m)&Jk(x) (555)
éijk(x, &) = —tijk(.%‘) — mijk(dik(x) + d) (5.56)
This satisfies obviously (LD9); and it is straightforward to show using (5.49)
that the last equations of (LD5) and (LDG6) are satisfied. Hence, we obtain a
topological T-duality cocycle. Moreover, this is strictly inverse to (5.52).

Next we consider an equivalence between TD-cocycles (a;j, Gij, Mijk, Mijk,

tiji) and (aj;, @i, mi;p, My, ), established by a tuple (pi, pi, zij, Zij, €i5)-

We will then define
eij(x) = €ij(x) + 2z45(ai;(x) + p;j (2)) — p;(x)ay;(x) (5.57)
and recover d;; and d;; via Remark 5.11, namely,
dij(w,a) = —eij(x) — Zija+ 2 (Di(x) + aj;(x)) — a5;(2)pi (@) (5.58)
dij(x,0) = —eij(x) — 2550 — p;()aij(x) — p;(z)p; (). (5.59)

This satisfies (LD-E8) by definition, and the last equations of (LD-E5) and
(LD-E6) follow from a straightforward computation.

Proposition 5.20. The maps from (5.51) and (5.48) and Proposition 5.18 fit
into a commutative diagram

Loc*P(X) —————— T-Corr™P(X)

N

H'(X,TD)
i which all maps are bijections.

Proof. The commutativity of the diagram needs to be checked using the def-
inition of the map H'(X, TD) — T-Corr*”(X) from [42]; this can be done in
a straightforward way. Then, Proposition 5.18 and Lemma 5.19 show that all
maps are bijections.
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6. Differential T-Duality

In this section, we investigate the relation between geometric T-duality as
discussed in Sect. 4 and a closed related notion of “differential T-duality”. Dif-
ferential T-duality can be seen as a reformulation of Kahle—Valentino’s “differ-
ential T-duality pairs” [35]. It is an intermediate step between geometric and
topological T-duality, in which just the metrics are replaced by their Kaluza—
Klein connections. This intermediate step turns out to be useful for proving
our main Theorem 1.2.

6.1. Differential T-Duality Correspondences

We first give a definition of differential T-duality that fits into the setting of
geometric and topological T-duality. This definition is very natural, but has
not appeared anywhere else, as far as I know. The relation to the work of
Kahle—Valentino [35] will be described later in Sect. 6.3.

Definition 6.1. A differential T-background over X is a triple (E,w,G) con-
sisting of a principal T"-bundle F with connection w over X and a bundle
gerbe G with connection over E. Two differential T-backgrounds (F,w,G) and
(E',w',G") over X are equivalent if there exists a connection-preserving bundle
isomorphism p : £ — E’ and a connection-preserving bundle gerbe isomor-
phism G = p*G’. The set of equivalence classes of differential T-backgrounds
is denoted by T — BGHT(X).

Obviously, every geometric T-background (FE, g,G) induces a differential
T-background (E,w, G), where w is the Kaluza—Klein connection of g. By The-
orem 2.7, this establishes in fact a bijection

T — BG°(X) = T — BGH(X) x RieM(X) x C*(X,PDS(R")),

where RieM (X)) is the set of all Riemannian metrics on X, and PDS(R™) is the
manifold of all positive-definite symmetric bilinear forms on R™. We see that
differential T-backgrounds are almost as good as geometric T-backgrounds,
up to independent global information.

Given two differential T-backgrounds (F,w,G) and (E,d}, G) over X, we
consider again the correspondence space E X x F and the T?"-invariant 2-form

Pue = PrioApriw e Q}(E xx E).

Definition 6.2. A differential T-duality correspondence between two differen-
tial T-backgrounds (F,w,G) and (F,®,G) is a connection-preserving isomor-
phism

D:pr'g — ﬁr*g T

W,

over B X x E‘, such that every point x € X has an open neighborhood U C X
over which condition (T3) of Definition 4.9 is satisfied.

Here, it is understood that the 2-form p, ; that appears in (T3) is replaced
by pu,e. We shall fix the following obvious observation.
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Proposition 6.3. Suppose D is a geometric T-duality correspondence between
geometric T-backgrounds (E,g,G) and (E,§,G). Then, D is a differential T-
duality correspondence between the induced differential T-backgrounds (E,w,G)
and (E,&,G).

We also have the following converse result.

Proposition 6.4. Suppose D is a differential T-duality correspondence between
differential T-backgrounds (F,w,G) and (E,d}7 C;) Then, there exist metrics g
on E and § on E whose Kaluza—Klein connections are w and &, respectively,
such that D is a geometric T-duality correspondence between (E,g,G) and
(E,4,6).

Proof. We choose a Riemannian metric ¢’ on X. Let h : R™ x R” — R denote
the standard inner product. We define g to be the T"-invariant metric on F
corresponding to the triple (w,¢’,h) under Theorem 2.7, and we define § to
be the metric on E corresponding to (&, ¢',h). We have p, s = pg.g, s that
D has the correct structure of a geometric T-duality correspondence. Finally,
we observe that it satisfies all three conditions, (T1) to (T3).

Equivalences between differential T-duality correspondences are defined
analogous to Definition 4.5. The set of equivalence classes of differential T-
duality correspondences is denoted by T—CorrdiH(X ). Proposition 6.4 estab-
lishes a map

T-Corr#® (X) — T-Corr® (X)),
and Proposition 6.4 shows that this map is surjective. In fact, there is a bijec-
tion

T-Corr#®(X) = T-Corr™(X) x RieM(X) x C*°(X,PDS(R")),

under which a geometric T-duality correspondence ((F,g,G), (E, J, C;), D) cor-
responds to the triple (((F,w, G), (E',d), Q), D),g’', h), where the metrics g and
§ correspond under Theorem 2.7 to the triples (w,g’,h) and (&, g',h™1), re-
spectively.

The following result is more difficult to show, and its proof relies on
the local formalism developed in Sect.5 and extended to differential T-duality
below in Sect. 6.2.

Proposition 6.5. Suppose (E,G) and (E,G) are topological T-backgrounds, and
D is a topological T-duality correspondence between them. Suppose further that
w and & are connections on E and F, respectively. Then, there exist connec-
tions on G, Q, and D, such that D becomes a differential T-duality correspon-
dence between (E,w,G) and (E,,G).

Proof. Proposition 6.10 in combination with Lemmas 5.19 and 6.9.

The obvious composition of Proposition 6.4 and 6.5, about lifting topo-
logical T-duality correspondences to geometric ones, is stated as Proposi-
tion 4.20 in Sect.4.3. On the level of equivalence classes, it is clear that the
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map T-Corr®®®(X) — T-Corr*”(X) from Sect. 4.3 factors as
T-Corr#®°(X) — T-Corr™ (X) — T-Corr*°P(X),
where both maps are surjective.

6.2. Local Perspective to Differential T-Duality

In this section, we develop a local description of differential T-duality. We
modify the geometric T-duality cocycles considered in Sect.5.2 by replacing
the metrics g; and g; by 1-forms A;, A; e OY(U;, R™), and replacing conditions
(LD3) and (LD4) by the following new conditions:

(LDT’) Aj = A; —aj;0

(LD2)) A; = A; — ;0.
Concerning equivalences between cocycles, we keep the structure of an equiv-
alence as it is, and replace conditions (LD-E3) and (LD-E4) by the new con-
ditions:
(LD-E1’) A, = A; —pib
(LD-E2") A} = A; — pr6.
The corresponding set of equivalence classes, and its direct limit over refine-
ments of open covers will be denoted by LocdiH(X ). Enforced by Theorem 2.7,
and using Remarks 5.5 and 5.9, there is a bijection

Loc®°(X) 2 Loc™ (X) x RieM(X) x C**(X,PDS(R")),

obtained by replacing the metrics g; and g; by the local connection 1-forms
A;, A; of their Kaluza—Klein connections.

The reconstruction procedure described in Sects.5.3 and 5.4, together
with the proof of Proposition 5.17, goes through with obvious small modifica-
tions, so that we infer the following result.

Proposition 6.6. Reconstruction is a bijection,
Loctf (X)) = T-Corr® (X).

Next we set differential T-duality in relation to the differential non-
abelian cohomology of the T-duality 2-group TD, whose investigation was
started recently by Kim-Saemann [32]. Differential non-abelian cohomology
in general has been studied by Breen-Messing [8] and further developed in
[43,46,47]. A common phenomenon in higher gauge theory is the appearance
of several versions of connection-data, which, in my review in [51, §2.2] are
categorized into fake-flat, reqular, and generalized, with increasing generality.
Thus, there are (at least) 3 versions of non-abelian differential cohomology
with values in some Lie 2-group I, related by maps

HY(X, )/ — HY(X, )" — H'(X,T)%"
that commute with the projections to the (non-differential) non-abelian coho-
mology H!(X,T).
Additionally, Kim-Saemann have invented a formalism of adjusted differ-

ential cohomology [32,33]. It requires to equip the Lie 2-group I" with an addi-
tional structure, called an adjustment k. Together with an adjustment, there
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is another version of non-abelian differential cohomology denoted I:II(X ).
It comes equipped with a map ﬂl(X, ry) — ! (X, T)9¢", and the choice k = 0
reproduces H! (X, Ig) = H'(X,T)"9. Relevant for us will be the adjusted dif-
ferential cohomology ﬂl(X ,TD,;) of the Lie 2-group TD.

In order to explain it on the basis of [51, §2.2] and [32], we need to express
the Lie 2-group TD and its associated Lie 2-algebra as crossed modules (of Lie
groups and Lie algebras, respectively). The crossed module of TD consists of
the Lie group homomorphism

7:H— G, H:=T x 7°, G:=R*,  7(t,m,m):= (m,m)

and the action o : Gx H — H defined by a((a, a), (t,m,m)) := (t—am, m,m),
see [42, §3.2]. The corresponding crossed module of Lie algebras is trivial: it
consists of the induced Lie algebra homomorphism, 7, = 0, and the induced
action of the Lie algebra g of G on the Lie algebra b of H, a, = 0. Of relevance
is further the differential of the action of a fixed element of G, oy : H — H,
which is here (aq,4)« = idg, and the differential of the map

an:G— H:g— htalg,h),

which is here (& mm)«(a, @) = —am.

With these expressions at hand, we can recall the definition of H!
(X, TD)%¢" on the basis of [51, §2.2]. Thus, a generalized differential TD-cocycle
consists of a TD-cocycle (a;j;, Gij, Mijk, Mijk, tijk) as in Sect. 5.6, and addition-
ally of 1-forms A;, A; € QY U, RY), a 2-form R; € Q%(U;), and a 1-form
i € QY(U; N U;) such that (LD1°) and (LD2’) and

Yik — Akmijk = ik + i — ti0 (6.1)

are satisfied. Indeed, for an equivalence between generalized differential TID-

cocycles
(A;, Ay, R;, Aijy Qij, Pijr Mgk Mijks tijh)
(A;’ sz R;'v af/ijv &;jv @;j’ m;jkv mgjk? t;jk)
we require a tuple (d)i,pi,f)i, Zig, éij, éij), where (251 S Ql(Ui), and (pf7ﬁi; Zigs Zt“ij,

€i;) is, as in Sect. 5.6, an equivalence between the TD-cocycles (aij,aij,m;jk,
m;jk,t;jk) and (a;j, Q;j, Mijk, Mijk, tiji), 1.e., it satisfies (LD-E1) and (LD-E2)
and (5.50). Additionally, we require (LD-E1’) and (LD-E2’) and
@;j + (bi — Z”A; = (bj + Pij — é:}@ (62)

We remark that the 2-form R; does not appear in any of the above con-
ditions. This will be fixed by considering an adjustment x for TD. In general,
an adjustment is a map k : G x g — b, and in case of TD Saemann-Kim [32]
use

r((a,a), (b,b)) == ab.

Then, an adjusted differential TID-cocycle satisfies, in addition to the conditions
listed above, the condition

Rj + d(pij = RZ + aijﬁ (63)
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where F' € Q2(X) is defined by F|y, = dA;. Moreover, for an equivalence be-
tween adjusted differential TID-cocycles, we additionally require the condition

R, +d¢; = R; + piF. (6.4)

Remark 6.7. The 3-curvature of an adjusted differential TDD-cocycle is, by def-
inition,
K :=dR;+ A; AN F € Q3(X). (6.5)

Having recalled the definition of the k-adjusted differential cohomology
of TDD, we are in position to construct a map

Locf(X) — HY (X, TD,). (6.6)

Given a differential T-duality cocycle (A4;, Ah B;, BZ-, Aij, flij, Qij, Qij, Mijk,
Mijks Cijk, Cijk ), we consider the underlying TD-cocycle (aij, Gij, Mijk, Mijks tiji),
where t;;;, was defined in Remark 5.7, namely,
tijk(l') = —Cijk({E,O) + aij(x)d]—k(m).

This coincides with the expression given in (5.52), using (LD9). We add the
given 1-forms A; and A;, so that (LD1’) and (LD2’) are satisfied as before. Let
o : U; — U; x T™ be the zero section, o(z) := (z,0). The 2-form R; is then
defined by

RZ‘ = —U*Bi, (67)
and the 1-form ¢;; is defined by

Pij = O'*Aij + aijflj. (68)
It remains to check condition (6.1) for generalized differential cocycles and the
additional condition (6.3) for adjusted differential cocycles. These are straight-
forward calculations; the first involving (LD4’) and (LD5) and Remark 5.6, the
second involving (LD5) and (3.11).

Let us now suppose that we have an equivalence between two differential
T-duality cocycles, established by a tuple (Cj, Cy,pi, bis Zijy Zij, dij, dAl]) We
recall from Sect. 5.6 that the functions p;, p; : U; — R?™ and € :U;NU; — T,
defined in (5.54) by

€ij 1= —dij(x,0) — aj;(x)pi(z) + pj()ai;(x)
establish an equivalence between the underlying two TID-cocycles. Additionally,
conditions (LD-E1’) and (LD-E2’) remain valid. It remains to provide 1-forms
¢; € QY(U;) satisfying (6.2) and (6.4). We set
¢i == 0"Ci + pi Al (6.9)
Checking (6.4) is straightforward using (5.24)and (LD-E5). (6.2) is a bit more

difficult to verify; one can first derive from (LD-E5) and Remarks 5.6 and 5.10
the formula

O'*A,/L-j +0*C; = O'*Aij + O'*Cj + d;jdpi —ﬁjdaij + o’*d?}@ (610)

This formula together with (LD-E1) and (LD4’) proves (6.2). This completes
the construction of the map (6.6).



1340 K. Waldorf Ann. Henri Poincaré

Remark 6.8. We recall from Remark 5.5 that every geometric T-duality co-
cycle comes equipped with a globally defined 3-form K € Q3(X), which
corresponds to the 3-form of a geometric T-duality correspondence, see Re-
marks 4.3(b) and 5.15. Under the map Loc®*°(X) — Loc®f(X), the same
3-form can be obtained from a differential T-duality cocycle, namely

K‘Ui = Az/\F - O'*dBi.

Under the map (6.6), Loc™™ (X) — H'(X, TD,), the 3-form K is precisely the
curvature of Remark 6.7.

Lemma 6.9. The map (6.6) is a bijection,
Loc®f(X) =~ HY(X, TD,.).
Proof. We suppose that we have an adjusted differential TID-cocycle
(Aiy Ay Riy pigy iy @iy Mijie, Mg, tijh)-

First, we reproduce, as in the proof of Lemma 5.19, the topological part of
a differential T-duality cocycle, i.e., we define ¢;;, and &, as in (5.55) and
(5.56).

We further revert the assignments made in the definition of (6.6) using
Lemma 3.5, and set

B; := —(Ry)1 + (Ai)1 A Oy
on U; x T™. Similarly, using Remark 5.6, we set
Aij = (pigh — aij(Aj)1 — aij6a.

One can then check using (6.3) and (6.1) that the first and second lines of (LD5)
are satisfied (the third line is already checked in Lemma 5.19). Finally, we
define B; and A;; such that the Buscher rules (LD7) and (LD8) are satisfied. As
mentioned in Remark 5.8, it then follows automatically that (LD6) is satisfied.
This shows the surjectivity of our map.

For injectivity, we assume that two differential T-duality cocycles,

(A, Ay, By, B, Aij, AU, @i, Gigs Mijles Mijkes Cijhs Cijk)
(A/ A/ BI B/ A{L.]’A’/L]’ ;wA'LJ’mzﬂw ijko 2]k7 zgk)

become equivalent after passing to Hl(X ,TD,). That is, there exists a tuple
(i, Di, Dis Zij, 23, €i5) satisfying (LD-E1’) and (LD-E2’) (6.2) and (6.4), as well
as the usual (non-differential) cocycle conditions (LD-E1) and (LD-E2) and
(5.50). We have seen in the proof of Lemma 5.19 how to obtain d;; and ciij
such that the third lines of (LD-E5) and (LD-E6) and (LD-E8) are satisfied. It
remains to provide 1-forms C;, C; € Q' (U; x R™) such that the first two lines
of (LD-E5) and (LD-E6), and (LD-E7) hold. We set

Ci:= (‘151) 1( ) — pib
Ci = (¢i)1 — pi(Ai)1 — pibo

on U; x T™. The first line reverts (6.9), and the second is chosen such that
(LD-E7) holds. The first line of (LD-E5) con now be verified using (5.24) to
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(6.4), and the second line of (LD-E5) can be verified using Remark 5.6 and
(6.2) and (6.8). The two first lines of (LD-E6) can be checked analogously.
This shows that the given differential T-duality cocycles are equivalent.

The identification of differential T-duality correspondences with the ad-
justed differential cohomology of TID has the advantage that the presentation
with differential TID-cocycles is less redundant than the one with differential
T-duality cocycles: instead of two 2-forms B; and B; there is only a single
2-form R;, instead of A;; and Aij there is only ¢;;, and instead of ¢;;;, and
¢ijk, there is only t;;;. Moreover, all data are defined on the open sets U; and
intersections thereof, while the data of T-duality cocycles live on U; x T™ and
their intersections. The following two results show that (adjusted) differential
cohomology is very efficient for calculations. The first, Proposition 6.10, de-
livers the core ingredient to the proofs of our main results Theorems 1.2 and
1.3.

Proposition 6.10. Fvery TD-cocycle can be lifted to an adjusted differential
TD-cocycle, i.e., the map

H'(X,TD,) — H'(X, TD)
18 surjective.
Proof. Given a TD-cocycle (a;j, @;j, Mijk, Mijk, tijk), by the well-known exis-
tence of connections on principal bundles we find 1-forms A;, 4; € Q' (U;, R™)
satisfying (LD1’) and (LD2’). We write (6.1) as

(09)ijn =ty — Apmijp,
where § denotes the Cech coboundary operator. It is easy to check using (5.49)
that the right hand side is a Cech 2-cocycle; then, by the exactness of the Cech
complex with values in the sheaf Q' it follows that ;; exist such that (6.1) is
satisfied. Finally, we write (6.3) as

(6R)i; = ai; I — dpi

and check again that the right hand side is a Cech 1-cocycle. This shows that
R; exists such that (6.3) is satisfied.

Our second result concerns the action (Remarks 4.7 and 4.11) of the group
of isomorphism classes of bundle gerbes with connection, GrbY (X), on the set
of equivalence classes of geometric T-duality correspondences, T-Corr®®°(X).
We recall that this action was induced by

(H, (E,9,9),(E,3,G),D)) — ((E,9,G ®@p*H), (E,§,G @ p*H), D @id)).
(6.11)

Since the action does not concern the metrics, there is a corresponding
action on differential T-duality correspondences, which, under the bijections
of Proposition 5.17 and Lemma 6.9, becomes an action

H*(X) x H'(X,TD,.) — H' (X, TD,). (6.12)
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It is straightforward to obtain a formula for (6.12): a Deligne 2-cocycle acts
on an adjusted differential TID-cocycle by

(Bi, Aij,ciji) - (Ais Ai, Ry, @igo iy g Mg, Mgk, tijn)
i= (Ai, Ay, Ry + By, i + Auj, aijy Gijy Mg, Mg, tijr + Cijn)-
Next we consider the projection
T-Corr®®°(X) — Buny, (X) x Buny, (X)

from a geometric T-duality correspondence to the two principal T™-bundles E
and E , which can be equipped with the Kaluza—Klein connections w, @ induced
from the metrics g and g, respectively. This projection is obviously invariant
under the action (6.11). The same projection exists for differential T-duality
correspondences, and then in adjusted differential cohomology,

H'(X,TD,) — Buny.(X) x Buny, (X).
There, it is induced by the formula
(Ai, Ai, Riyij, g, g mij, Mg tign) — (A, aig), (A, aij).
Summarizing, we have a commutative diagram
GrbY (X) x T-Corr#®®(X) —— T-Corr#®®(X) —— Buny, (X) x Buny, (X)

J J

GrbY (X) x T-Corr™f (X) —— T-Corr® (X) —— Buny. (X) x Buny, (X)

J J

H3(X) x HY(X,TD,) —— HY(X,TD,.) —— Buny, (X) x Buny. (X).

Finally, we note that a pair ((E,w), (E,&)) of isomorphism classes of
bundles with connection has a well-defined pair (F,F) € Q2(X) x Q?(X) of
curvatures. We consider the subgroup

Fop i =AL,pygr | v,9 € R} C GrbY (X).

This is a non-trivial subgroup, as Zg = Z¢ holds if and only if C — B is a
closed 2-form with integral periods. Now, F' and F are closed 2-forms with
integral periods, but allowing real multiplies spoils integrality.

Proposition 6.11. The action of (6.12),
H*(X) x H'(X,TD,) — H'(X,TD,),

has the following properties:
(i) It acts transitively in the fibers of the projection H'(X,TD,) — Buny,
(X) x Buny. (X).
(ii) The stabilizer of each element in the fiber over (€,€) € Buny,(X) x
Buny, (X) with curvature pair (F, F) is the subgroup Fr -
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In particular, the quotient I:IS(X )/ F . acts freely and transitively on the fiber
over (€, I3 ).

Proof. We first show that F s stabilizes. For this, we have to provide an
equivalence

(A, A, Ri, 035, gy g Mg, Mg, tijk)

~ (Ai, Ay, Ry + yF + §F, @i, aij, Gijy majr, Mg, tijr)
of adjusted differential cocycles. We set p; := y and p; := —g, as well as
zij = Z;; = 0. Moreover, we put ¢; := —yA,;, and &;; := —ya;;. Now, (LD-E1’)
and (LD-E2’) hold since p; and p; are constant. (6.2) and (6.4) follow directly
from the definitions. Finally, (5.50) becomes
€ij + €jk = €k + Y

and thus follows from (LD1).

Next we show that no other group elements stabilize. For this, we sup-
pose that a Deligne 2-cocycle (B, A;, ¢ij1) acts trivially, i.e., that we have an
equivalence between adjusted differential TID-cocycles

(A, A, Ri, @ij, Qg i Mg, Mgk, ijh)
~ (Ai, Aiy Ri + By, ij + Aij, aig, Qig, Miji, Migr, tijk + Cijk)-
Let (¢4, pi, Di, 2ij, 2, €i5) be a tuple expressing this equivalence. We start by
looking at (LD-E1’) and (LD-E2’), which here result in dp; = dp; = 0; in other
words, these functions are constant. We further have z;; = p; —p;. This means
that [z;;] € H'(X,Z") goes to zero under the map to H!(X,R™). But this map
is injective, as the relevant part of the long exact sequence is
.= R" - T" - HY(X,Z") - H(X,R") — ...
and the second arrow is surjective. Thus, there exist z; € Z™ such that z;; =
z; — z;. Observe that p; — z; = p; — z;, i.e., there is a real number y € R such
that y = p; — 2;. Analogously, we treat 2;;, getting ¢ € R such that § = p; — 2;.
We consider now
fij(@) = €i;(x) + Jag; + aijz;

then, one can show using (5.50) that f;; trivializes ¢;ji, i.e.,

fir — fij — [ix = cijn
Next we define H; € QY(U;) by H; := —¢; + 2 A; + 7A;. Then we compute,
using (6.2) and the fact that p; is constant

Aij = I’Iz — Hj — f:;e
Finally, we get from (6.4) that

B; = dH; + yF — jF.

Summarizing, the last three equations show that there exist y,y € R such that
(Bi, Aij, ciji) ~ (yF' — gF,0,0), Le., (Bi, Aij, cij) € Fp p



1344 K. Waldorf Ann. Henri Poincaré

It remains to prove the transitivity statement. For this, we suppose that
we have two differential cocycles

(Ai, A, Ry, iy @iy Qg Mg, M, Lijk)

(A, A}, R}, ¢

ij?a;ﬁa‘/i]’ ijk> zyk?twk)
and given equivalences (p;, z;;) and (p;, Z;;) between the cocycles of the pro-
jected principal T™-bundles with connection, (A4, a;;, m;jx) and (A7, a”, wk)’
and (Ai,aij,mijk) and (Az,a”, ”k) respectively. We have to find a Deligne
2-cocycle (B;, Aij, ciji) such that
(A;, Az‘, R+ B;, @i + Aij, aij, Qij, Mk, Mgk, tijk + Cijk)
~ (AgvA;’Rgvsolijaa;jvd;gv ;jk‘? ljk’tljk) (6'13)
This is achieved by the definitions
B,L' = R; - Rz _piﬁ

Aij = —pij + ¥y — 2ij A5

Cijk = t;jk — tijk Jrﬁkmijk — Zijd]’k
It is indeed straightforward to check using (LD-E1) and (LD-E2) and (6.1)
and (5.49) that (B;, Aij, ciji) is a Deligne 2-cocycle. In order to establish the

equivalence (6.13), we set ¢; := 0. (6.4) is then obviously satisfied. The next
part of the equivalence is (6.2), which here reads

z”A z”A = —¢.0.

ij
This is satisfied by putting é;; := —z;;p;. The last equivalence conditions is
now (5.50), which follows immediately from (LD-E1) and (LD-E2).

6.3. Kahle—Valentino’s T-Duality Pairs

In this section we discuss the relation between differential T-duality corre-
spondences as introduced in Definition 6.2 and differential T-duality pairs
considered by Kahle—Valentino [35].

The setting of Kahle—Valentino [35] is different as it does not explicitly
involve string backgrounds. Their discussion is also limited to the case of torus
dimension n = 1. At the basis of their formalism is a groupoid version of
differential cohomology, of which below we recall a slightly simplified version.
We consider differential cohomology groupoids HP(X), so that the set of iso-
morphism classes of objects of H™(X) is the ordinary differential cohomology
group ™ (X). Differential cohomology groupoids are supposed to be equipped
with cup product functors

U: HP(X) x HY(X) — HPT(X).
Moreover, they come equipped with a functor
TP N X)gis — HP(X),

where the left hand side denotes groupoid whose objects are all (p — 1)-forms
on X, and which has only identity morphisms. A geometric trivialization of
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an object £ € HP(X) is a differential form K € QP~!(X) and an isomorphism
7 : & — Tk in HP(X). The set HP~1(X) acts on the set of all geometric
trivializations of &, where [n] € H2(X) sends 7 to 7+, and K gets shifted by
the “curvature” of n. This action is free and transitive.

A concrete realization of these groupoids can be obtained using Deligne
cocycles w.r.t. a fixed open cover with all finite non-empty intersections con-
tractible, see [35, §A.2]. The objects of HP(X) are Deligne (p — 1)-cocycles &,
and the morphisms & — & are equivalence classes [n] of (p — 2)-cochains
7 satisfying & = & + Dz, where D denotes the Deligne differential, and
m ~ ny if there exists a (p — 3)-cochain § with 75 = 71 + DS. Composi-
tion of morphisms is just addition. The cup product on the level of objects is
the usual cup product in Deligne cohomology, as recalled below. The functor
7 is the usual inclusion ¢ — (¢, 0,.,,,0) of a globally defined differential form
as a “topologically trivial” Deligne cocycle. For p = 2, the groupoid H?(X)
is equivalent to the groupoid of principal T-bundles with connections, and
connection-preserving bundle isomorphisms. Under this equivalence, a geo-
metric trivialization is a (not necessarily flat) section. The free and transitive
action by H'(X) = C°°(X,T) is the action of smooth T-valued functions on
sections.

Definition 6.12. A differential T-duality pair consists of two objects f,é €
H?(X) and a geometric trivialization 7 : £ U ¢ — Zx.

Kahle—Valentino claim in [35, §2.5] that differential T-duality pairs induce
topological T-duality correspondences. We want to sharpen this relation and
show that differential T-duality pairs are the same as our differential T-duality
correspondences. Their relation to topological T-duality correspondences is
then a consequence thereof. In order to proceed, it is necessary to consider
an equivalence relation on the set of all differential T-duality pairs over X.
Unfortunately, Kahle-Valentino do not introduce such relation. Apparently,
the most natural definition is the following.

Definition 6.13. Two differential T-duality pairs (¢,&, K,7) and (¢/,&', K, 7)
over X are equivalent if K’ = K and there exist isomorphisms p : £ — £ and
p:&— & in H2(X) such that the diagram

in H*(X) is commutative. The set of equivalence classes of differential T-
duality pairs is denoted by TDP(X).

Note that the projection to the objects & ,é gives a well-defined map
TDP(X) — H2(X) x H?(X).

Below, we will prove the following result.
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Proposition 6.14. There is a canonical bijection between equivalence classes of
differential T-duality correspondences and equivalence classes of differential
T-duality pairs,

T-Corr®™(X) =~ TDP(X),

such that the diagram

T-Corr® (X)) TDP(X)

N

2(X) x 02(X)

1s commautative.

Because of the cup product, it is necessary to work with extended Deligne
cohomology, i.e., in degree p with the sheaf complex

Z—>R—>Q1—>Q2—>~--—>Qp, (6.14)

whereas before we worked with the quasi-isomorphic complex T — Q! — .-+ —
QP. In order to be more precise, let us denote the complex (6.14) by DI(p),
so that, for instance, D~!(p) = Z and D°(p) = R. The Deligne coboundary
operator on the corresponding Cech double complex C"(D%(p)) is defined to
be DY := (—1)7+t1§"+d9, where d ! is the inclusion Z — R. The cup product
of extended Deligne cocycles

f = (A?;_lvAfl_ij? s 7A?1,... i

g = (Ag_17 AQ_Q CR) A(i]l,.. i ,mil,... i

1102 ° g

is defined in the usual way [12, §1.5][24, Sec. 2.2] by
U= (AN AdALTY, LAY AdAT

tpt1’
) A9—1 ) ) A0
My, ..., Yp+1t )ttt My, ..., Lp+14 M pt1,eylptq”

My yeiprr Mipg1,cipt g ).

(6.15)

Of most importance for us is the cup product of two objects &, f € HA(X).
Namely, for { = (A, aij, myji) and € = (A;, 4,5, 15,) we obtain

EUE= (A NF, aijﬁa mijkAk s Mkl s MMk (6.16)

Unfortunately, I have not been able to find a description for the cup product
of morphisms in HP(X). Kahle—Valentino just claim in [35, §A.2] that the
cup product “extends” to morphism, but do not explain how, whereas the
obvious attempt, namely to apply formula (6.15) to cochains, does not work.
Concretely, we need the cup product of two morphisms [n] : £ — & and that

7] : é—> f’ in H2(X), i.e., & = &+ Dn and é’ = f—&— D1. Suppose 1 = (ps, 2ij)
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and 7 = (s, Z;;). The only way that I was able to produce a 3-cochain n U 7
such that & U&' =£UE+D(nuUn) is

NUG = PiF, 2 Ay zigige —mige , migia + 2ime). (6.17)
In the following, I assume that this is the correct cup product of morphisms
in H*(X).

Exploring the notion of a differential T-duality pair further, we spell out

in the following what a geometric trivialization of £ Ué from (6.16) is. It consists
of:

(a) a 3-form K € Q3(X)
(b) 2-forms R; € Q2(U;), such that

A; NF =K +dR;. (6.18)
(c) 1-forms p;; € QY (U; NU;) such that

ai; F'= —R; + R; + dg;. (6.19)
(d) functions b : U; N U; N Uy, — R such that
mijklek = Qij + Pjr — Qi + dbij. (6.20)
(e) numbers ¢;j; € 7Z satisfying
MijkArl = Qijkl + bijk + bikt — biji — bjp (6.21)
and
My Mkip = Qijkl — Qijkp + Qijip — Qikip + ikip- (6.22)

At this point, it makes sense to discuss the action of H*(X) on differential
T-duality pairs, which is induced by the above-mentioned action of H3(X) on
all geometric trivializations of £ U £. Here, this action takes the form

H?(X) x TDP(X) — TDP(X)

and is given, using the above description of geometric trivializations, by the
formula

((Bi, Aij, ijies sijit), (K, Riy @iy bijks Qijrt))
— (K +dB;, Ry + Bi, pij + Aij, biji + Cijk, Qijkl + Sijii)-
Note that K is shifted by the globally defined 3-form H = dB;, the curvature.
It is clear that this action restricts to the fibers of the map TDP(X) — H?(X)x
H2(X) and is transitive in each fiber.

As in Sect. 6.2, see Proposition 6.11, we consider the pair (F, F) € Q2(X)x
Q?(X) determined by an element of H?(X) x H?(X), and the subgroup . s C

H3(X).

Lemma 6.15. The subgroup F. s acts trivially, and the quotient fI3(X)/fFF
acts freely and transitively in the fiber over (£,€).
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Proof. We have to show that (K, R;, ¢ij, bijk, ¢ijri) and (K, R; +§F +yF, ©ijs
bijk, Qijkl) define the same morphism. We consider the automorphism of £ =
(Ai, aij, mij) given by (y,0), this works as D(y,0) = (0,0,0), and similarly,
the automorphism of € given by (§,0). According to (6.17), we have

(yvo) U (Q,O) = (yﬁ ) 0 ) _mijk:ga O)
We can change this by the coboundary of (—gA;, —Ja;;,0), which is (—gF,0,
Qmijk, 0) Thus,
This proves that F acts trivially. Conversely, if

(K, Ri, ¢ij, biji, ¢ijie) and (K +dBj, Ri+ By, 0ij + Aij, bijk + Cijkr Qijkt + Sijkl)

are equivalent, we have to show that (B;, Aij, Cijk, Sijr) ~ (§F — yF,0,0, 0).
The proof of this is very similar to the one given in Proposition 6.11, and
omitted for brevity.

Finally, we are in a position to give the proof of Proposition 6.14. Under
Proposition 5.17 and Lemma 6.9, it remains to provide a bijection

H'(X,TD,) — TDP(X). (6.23)

Let (A“AZ,RZ,(pwazj,a”,m”k,m”k, tijx) be an adjusted differential TD-
cocycle. We set & = (A;, a5, —mjx) and 5 = (Al,au, —1;;1): this ensures
that the diagram in Proposition 6.14 will commute, while the signs accounts
for the different conventions used in non-abelian cohomology and Deligne co-
homology. We define

K :=dR; + A; A F; (6.24)
this is the 3-curvature of Remark 6.7, and hence a globally defined 3-form.
Thus, passing to —R;, we have (6.18). We may then use the given 1-form ¢,
and note that (6.3) results into (6.19). Next, we choose real-valued functions
bij, that represent the given T-valued functions —t;;x; then, (6.1) results into
(6.20). Finally, we consider (5.49),

Likt + tijk — Mijkr = tijr + tjxi,
which is an equation of T-valued functions. Substituting the lifts b;;; reveals
gijki € Z such that
—birt — bijr — Mijrar = —biji — bjr + Qijri,
this is (6.21). Finally, (6.22) is a straightforward calculation. Summarizing,
(K, Ri, ij, bijk, Gijki) is a geometric trivialization of £ U €.
Next we consider an equivalence between adjusted differential cocycles
(A, Ay Riy pig, iy @iy Miji, Mgk, tije)  and

1Al / / 1Al
(AivAiaRiv<pij7aijvaiga z]k» 1]k7t2]k)



Vol. 25 (2024) Geometric T-Duality: Buscher Rules in General Topology 1349

established by a tuple (¢;, s, i, 2ij, Zij, €i5). Then, n = (—p;, z;;) and 7§ :=
(=Pi, 2ij) are morphisms in H?(X) between & and & := (A}, aj;, —mj,;,), and

é and é’ = (A’ al fﬁz;jk), respectively. We have to show that

ir Aijo
(K, Ri, ij, biji, qigir) ~ (K', Ry, 03, bigns @) + 11U 1.

We claim that both cochains differ in fact by the coboundary of (¢;, z;;p; +
fijs —Tijk + 2ij2jk), where f;; is a real-valued lift of é&;;, and r;;; € Z are the
numbers that emerge from the T-valued cocycle condition (5.50) under this
lift. The claim is straightforward to check using (6.17).

By now we have constructed a well-defined map (6.23), such that it pre-
serves the fibers of the projections to H2(X) x H2(X). It is easy to see that our
map (6.23) is equivariant w.r.t. to the actions of I:I?’(X)/]-"Fj in each fiber.
Since these actions are free and transitive on both sides (Lemma 6.15 and
Proposition 6.11), it follows that (6.23) is a bijection. This proves Proposi-
tion 6.14.

7. Examples of Geometric T-Duality

We first consider in Sect. 7.1 the situation of a general principal T"-bundle F,
a general metric, and trivial B-field, and present a construction of a T-dual
geometric T-background. In Sect. 7.2 we specialize to the case that E is the
Hopf fibration, in which we explicitly compute the dual metric and dual bundle
gerbe. In Sect. 7.3 we keep the Hopf fibration but consider a non-trivial B-field,
whose Dixmier-Douady class is a generator of H3(S3,Z). We prove that this
geometric T-background is self-dual.

7.1. A Torus Bundle with Trivial B-Field
We consider a geometric T-background (E,g,G) over a smooth manifold X,
whose bundle gerbe is the trivial one, i.e., G = Z;. In this section, we explicitly
construct a geometric T-duality correspondence whose left leg is (F, g, Zo).
We let (w, ¢, h) be the triple corresponding to g under Theorem 2.7, and
we let F' € Q2(X) be the curvature of the connection w. We consider the trivial
bundle F := X x T™, and equip it with the trivial connection, @ := 0. We let g
be the invariant metric on F that corresponds to the triple (w g’ h™1). Next
we construct the bundle gerbe G over E.
The surjective submersion is Y := E x T" — X x T™. The curving is

U ;= priyw A pri.0 € Q3(Y).

The 2-fold fiber product is Y2 = E? x T™. Note that we have a smooth map
g:EPl =T ey =ejg(er, es), and priw = priw + g*f. Thus, we see that

pra¥ — pri¥ = g*0Apri.0

on Y. Comparing with Remark 2.5, the right hand side is the curvature of
the pullback of the Poincaré bundle P along the map § : E? x T* — T2 .
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(e1,e2,a) — (a,g(e1,ez2)). Thus, we readily define
P:=g'P

as the principal T-bundle with connection of G. Over YBl = EBI x T"™, we have
an isomorphism

(pr§3P ® prIQP)(el,Ez,es,a) = ,ng(62783) ® Pa:g(61,€2)
£ ,Pavg(emes)g(elve’z) = Pa7g(617€3) = (prT3P)(€17627637a)’

where ¢, was defined in Sect. 2.2. This isomorphism satisfies the associativity
condition over Y due to the commutativity of the analog of (2.3) for ¢,..

Remark 7.1. If n =1, then G is precisely the cup product bundle gerbe pry U
prp, where pry : F — X and pry E — T! are the projections; explicitly,
pr E is a principal T-bundle over E with connection, and prp is a T-valued
function on E. A description of the cup product of such structures, resulting
in a bundle gerbe with connection, has been given by Johnson in [31]. Our
construction above (for n = 1) reproduced exactly that description. Johnson
also proved that the cup product of a principal T-bundle with connection and

a T-valued function coincides with the cup product in Deligne cohomology
[31].

We will now construct a geometric T-duality correspondence between
the geometric T-backgrounds (E, g,G) and (E, §,G). On correspondence space
E xx E we need to find a connection-preserving isomorphism D : pr*Gg —
pr'g ® Z,, ;> Where

Pg.5 = Pr wApriw = —W.
We note that ﬁr*g is trivializable since its surjective submersion has a section
o along pr, namely, the identity, 0 = idgxn:

ExTt=Y

|

Exx E=ExT"—— X xT" = E.
It induces a trivialization S : pr*G — Zy, and D may be defined as

S7Qid . 44
pr'g=Ty=2Ly®L ¢y ———prgeIL, ..
Thus, D is a geometric correspondence. It remains to check that it is a geo-
metric T-duality correspondence.

Conditions (T1) and (T2) of Definition 4.9 hold by construction of the
metric §. In order to check condition (T3), we consider an open subset U C X
that admits a trivialization ¢ : U x T™ — E|y. On the dual side, we choose the
identity trivialization, ¢ = id. We put B := 0 and 7 := id, as a trivialization
of Ty = ¢*G — Ip. Note that @*Q = _C';|quyn. Thus, the surjective submersion
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of gb*(j has a global section, 7 := (@, prpa) : U x T" — E x T™. It induces a
trivialization 7 : ¢*G — Z,+«y. We put
B :=7"0 = p*wApri.b.

Now we work over U x T?", where we find the diagram

/EXT”
2 i %
U x T=" Exx FE
X / \‘
E

U xT"

@
whose rectangular part is commutative, but the sections differ. This means

that the induced trivializations ®*S and pr*7 differ by the T-bundle with
connection

(0 0®,7opr)" P;

a discussion of this fact can be found in [50, Lem. 3.2.3]. We readily compute
the map

ki=go(oco®,Topr):U xT?" — T : (2,a,a) — (a,a — a).

We note that £*P = P3 3_o = P53 30P3 _o = Py 3, using the results of Sect. 2.2.
The 2-isomorphism pr*7 = $*S ® k*P implies that the relevant isomorphism
of (T3),
T v D wuh sr* T ®id
— 2 et — P prerg ® Io=, = L Byaep

corresponds to the principal T-bundle k*P = prl.,P. This completes the
proof the we have a geometric T-duality correspondence. In particular, by
Proposition 4.14, the Buscher rules hold locally.

7.2. The Hopf Fibration with a Trivial B-Field

In this section, we apply the construction of the previous Sect. 7.1 to the ex-
ample where the torus bundle E is the Hopf fibration E := S§* — S$2. This
reproduces a result from the PhD thesis of Kunath [34, §3.4, §4.4], where that
case has been discussed separately.

We denote the round metric on the n-sphere by g¢,; the metric on E is
g = g3, which is indeed T-invariant. Then, the dual torus bundle is E = S2xT.
This was probably the first observation of a topology change, and made in [1].
There, the following result has been proved, by applying locally the Buscher
rules. Here, we re-derive it by applying the general procedure of Sect.7.1.

Lemma 7.2. The dual metric is g = igg D g:.
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Proof. We claim that ¢’ = %gg and h = g;. Then, Remark 2.9 applied to E
and the trivial connection A = 0 yields the lemma. The claim can be proved
in an explicit model for the Hopf fibration. We model p : S — S2 as the
restriction to unit vectors of the map
R* — R : (20,21, 22, 23) — (2(xo2e+2123), 2(x120 — T0T3), To + 25 — 23 —23).
The action of z € T sends (xg, z1, z2, x3) to (z(,x}, x5, x5), where

xy+iz) ==z (zo +ixy) and x4 +izh =z - (z2 + iz3).

The tangent space T,,5% at € 3 C R* is 2+ C R*. The round metric g3 is
given by the standard inner product on R*, i.e., g3(v,w) := v-w. (One can see
now directly that it is T-invariant.) The differential of the bundle projection p
at © = (xg, x1, T2, T3) is

T2 T3 To T
Typ=2|-x3 x2 T1  —Xo
i) Tq —XT2 —I3

One computes
Ve = Kern(T,p) = ((—x1, z0, —3, T2))
and thus,
hp(z)(1,8) := g3((—=r>1, 770, =723, 72), (571, 870, —5T3, 5T2)) = T5.
In particular, this metric does not depend on the base point p(x). We observe
that Tpp - Tpp'™ = 4E,, where E; denotes the unit matrix. We know that
Tepla, + Hy — Tpz)X is an isomorphism, and so iTngt‘r is a right inverse.
Thus,
g(v,w) = gg(iT:,cpt’f(v)7 isztr(w)) = ivw = igg(v,w).
This proves the claim.

By Remark 7.1, the dual bundle gerbe G is the cup product G = prgEU
prg: of the principal T-bundle pri,E and the T-valued function prg:. Sum-
marizing, we have the following result.

Proposition 7.3. Let E := S3 — S2 be the Hopf fibration, g := g3 be the round
metric, and G = Ly be the trivial bundle gerbe. Then, there exists a geometric
T-duality correspondence between (E,g,G) and the geometric T-background
(S?x St igg ®a1, Q), where G = pre: EUprg: is the cup product bundle gerbe.
In particular, the Dizmier-Douady class of G isa cup product in singular
cohomology,

DD(G) = prga=c1 U pr:6,
where ¢y is the first Chern class of the Hopf fibration, a generator of € H2(S?,7),
and § € H'(S',Z) is a generator. Thus, DD(G) is a generator of H3(S? x
S1.Z) = 7. Moreover, the H-flux of G is
H= pre=F A praa o,
where F' € Q%(S?) is the curvature of the Kaluza—Klein connection correspond-
ing to the metric g = gs.
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As remarked above, the dual metric has been computed in [1]. The for-
mula for the dual H-flux has been proved in the setting of T-duality with H-flux
by Bouwknegt—Evslin—Mathai [5]. Our unifying setting of geometric T-duality
correspondences implies both results.

7.3. The Hopf Fibration with the Basic Gerbe

The Hopf fibration E := S§% — S? carries a canonical non-trivial bundle gerbe
with connection, namely, the basic gerbe Gpas over SU(2), under the canonical
diffeomorphism S3 = SU(2). In this section, we consider this bundle gerbe,
while we keep F equipped with the round metric g3 as in Sect. 7.2.

Proposition 7.4. The geometric T-background (S3, g3, Gyas) is self-dual under
geometric T-duality.

In the setting of T-duality with H-flux, the self-duality of (S®, g3, H),
where H € Q3(S3) is the curvature of the basic gerbe, i.e., the canonical 3-
form, was known before; Proposition 7.4 upgrades this to geometric T-duality.

In the remainder of this section, we prove Proposition 7.4. We recall that
the diffeomorphism between SU(2) and S® is

SU(2) — 53 (‘; (f) — (a,b);

here, the resulting element (a,b) € C? is identified with (Re(a),Im(a), Re(b),
Im(b)) € S C R%. Tt is well-known that the round metric g3 on S? corresponds
to the Killing form B(Y1,Ys) = 4tr(Y1Y2) on the Lie algebra su(2). More
precisely, we have under above diffeomorphism
1
gs = SB :

Under the diffeomorphism with SU(2), the principal T-action of the Hopf
fibration is a map 7 : SU(2) x T — SU(2), and it is given by matrix multipli-
cation along the group homomorphism

(:THSU(?):ZH(S O)

z

In other words, we have 7 = mo (id x ), where m denotes the multiplication
map of SU(2). We also remark that {(T) is a maximal torus. Now we consider
the basic bundle gerbe Gp,s over SU(2) [26,36]. Its canonical connection has
the curvature H = £ (0 A[0 A6]), where (—,—) is the basic inner product,
which, in case of SU(2), is (—, —) = —tr(— - —) = —1B. We recall that Gy,
also has a canonical multiplicative structure [18,49], consisting of a connection-
preserving isomorphism
M:prig@prsg - m'GRI,

over SU(2) x SU(2), where p =  (prif A pr3f) € Q*(SU(2) x SU(2)); here 6 is
the right-invariant Maurer—Cartan form. Additionally, there is an “associator”,
a connection-preserving 2-isomorphism

a: Mipzz0(Mip®id) = Mjay30(id® Ma3)
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over SU(2)?, which in turn satisfies a pentagon axiom over SU(2)*.

We consider another multiplicative bundle gerbe, but over the Lie group
T. The underlying bundle gerbe with connection is the trivial one, Zy. It is
equipped with a multiplicative structure using the method of [49, Ex. 1.4 (b)].
Its multiplication isomorphism

P :priZy @ praZy — m* Iy @ Lo

over T? is given by the Poincaré bundle P over T?, under the equivalence of
Proposition 2.4. Its associator is

»; ' ®id flip er®id
P1423@P1,2 —=>P13@P230P1,2 —P1,2Q0P1,3R P23 — P1,243 X P23,

and one can easily check that the pentagon condition over T* is satisfied. The
bundle gerbe 7 together with the multiplicative structure will be denoted by
7.

Lemma 7.5. We have (*Gpos = IF as multiplicative bundle gerbes with con-
nection.

Proof. One considers for multiplicative bundle gerbes with connection the pair
(H, p) consisting of the curvature H of the bundle gerbe and the 2-form p
of their multiplicative structure. One can check that (*(H,p) = (0,9). By
[49, Prop. 2.4], the pair (H,p) characterizes the multiplicative bundle gerbe
uniquely up to isomorphism provided that H*(BG,Z) is torsion-free. This is
the case when G = T, as the cohomology of T is a polynomial ring.

In the following, we choose an isomorphism 7 : (*Gyes — I} of multi-
plicative bundle gerbes with connection (it is unique up to unique 2-
isomorphism). The multiplicative structure M of Gp.s then induces an iso-
morphism M’

R

T*gbas = (ld X C)*m*gbas (ld X C)*(prfgbas ® prsgbas & pr)

T
= prTgbas ® przc*gbas ®I—(id><C)*p = pr*fgbas ®I—(id><()*p'

over SU(2) x T. Next we infer that SU(2) x T is canonically diffeomorphic to
the correspondence space for the self-dual situation: the diffeomorphism is

U:SU@2) xT — 83 xg2 8% (X,2) — (X, X((2)).

Note that pr o ¥ = pr; and pro ¥ = 7. Thus, pulling back the isomorphism
M’ along ¥~!, we obtain a candidate for the isomorphism D. We first verify
that the 2-form is correct, i.e.,

U™ pgs.95 = (id X ()"p.
This can be checked explicitly using the given definitions. By this, we have a
geometric correspondence.
Conditions (T1) and (T2) of Definition 4.9 are obviously satisfied, since
we have the same bundle and metric on both sides. It remains to verify

condition (T3). Consider an open set U C S? with a local trivialization
0 Ux St — S3y. We denote by s : U — S? = SU(2) : 2 — ¢(z,1)
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the corresponding section. For dimensional reasons, there exists a trivializa-
tion S : $*Gpas — I, where A € Q%(5?%). Note that ¢(z,2) = s(z)((2), or,
@ =mo (s x (). Hence, we may produce a trivialization

Uu: SD*gbas = (S X C)*m*gbas = prIS*gbas ®pr;<*gbas ®I—(sx()*p = Zpr;‘k—(sx()*p

with B := pri\ — (s x {)*p. We choose the same trivializations ¢ and U on
both sides.
We observe that there is a commutative diagram

U x T2

STy

SU(2) x T S3 xg2 53,

N4

where (1, 21, 22) 1= (s(2)((21), 22 — 21), and ® = (¢, ). Over U x T? we then
have to consider the isomorphism

(Ur,3 ®id) o™ U*D o Uy,

Substituting the definitions of &/ and D, it turns out that all occurrences of
M, and both occurrences of S cancel. Remaining are the contributions of 7,
which are 77, T;l and 75_;. By Lemma 7.5, this gives the Poincaré bundle.
This proves (T3) and completes the proof of Proposition 7.4.
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