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1 Summary

1.1 Motivation

Due to their opposite charge, electrons and holes attract each other and may form bound

states, so called excitons. Excitons represent a quantum-mechanical two-body problem

and exhibit similarities to the hydrogen atom [Ashcroft76]. In general, these quasiparti-

cles are metastable with typical lifetimes of picoseconds to milliseconds [Moskalenko00].

Being composed of two fermions, excitons are composite bosons and carry an integer

spin. They are classified according to their size [Moskalenko00]. Frenkel excitons have

a radius on the order of the lattice constant. They are important for the energy trans-

port in molecular crystals, polymers, and biological molecules. Wannier excitons, the

opposite limit, are large objects with an extent of many lattice sites. They appear in

most semiconductor (SC) systems. In this case, many-body effects, e.g., screening or

the effective masses of electrons and holes, must be taken into account and turn the

exciton description into a complex task.

As suggested by their integer spin, Bose statistic enters the distribution of excitons.

Thus, they may undergo a Bose-Einstein condensation (BEC) at low enough tempera-

ture, and a macroscopically large number of them occupies one and the same quantum

state [Hanamura77, Moskalenko00, Littlewood04]. In semiconductors, a prominent ex-

ample is Cu2O, the exciton condensate is tried to be realized by the creation of a very

large exciton number by intense optical pumping. However, the short lifetimes of ex-

citons complicate the experimental realization, which has not succeeded conclusively

yet [Butov02,Stolz12,High12,Semkat12].

To create excitons, the absorption of photons is not inevitable. In principle, every

process that excites electrons, which subsequently bind with the holes they left in the

valence band, may achieve this. In particular, in appropriate band structures excitons

form even without any kind of pumping, and the Coulomb interaction solely can make

systems in equilibrium unstable with respect to the creation of excitons. This was

first proposed by Mott in 1961 [Mott61]. He stated that in a semimetal (SM) with a

very small band overlap, the Coulomb interaction is only weakly screened due to the

small number of free charge carriers. As a consequence of an excitonic instability, the

free electrons and holes bind to neutral pairs, i.e., to excitons, and a new, insulating

ground state forms. This state is called the excitonic insulator (EI). Knox noted shortly

afterwards that something similar may happen in a semiconductor (SC) with a very

small band gap [Knox63]: If the binding energy of an exciton overcomes the gap energy

separating the valence band and the conduction band, the system becomes unstable

with respect to the formation of excitons. Subsequently, they probably undergo a

BEC, which also leads to the EI as the new crystal ground state. This indicates, that

the EI appears near the SM-SC transition at sufficiently low temperatures [Keldysh65,

desCloizeaux65, Kozlov65, Jérome67, Halperin68]. Most notably, it realizes an exciton

condensate in equilibrium in contrast to optically created exciton condensates.
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1 Summary

The relevant processes that lead to the EI differ, depending on whether the EI is

approached from a SM or a SC. The situation described by Mott offers a formal anal-

ogy to the BCS theory of superconductivity [Bardeen57], while the physics is different.

Cooper pairs are composed of two electrons and give rise to a supercurrent. Exci-

tons are bound electron-hole pairs with no net charge, and the EI in general does not

exhibit any superproperties concerning the transport of mass or charge [Kohn70,Hana-

mura74, Moskalenko00]. The question if energy can be transported in exciton con-

densates without dissipation is still controversial. Cooper pairing in the original BCS

theory is a lattice effect that overcompensates the Coulomb interaction, while excitons

form due to the Coulomb attraction. The center-of-mass momentum of Cooper pairs

is always zero, while excitons can have any momentum, provided there is a SC band

structure. The scenario outlined by Knox, on the other hand, resembles the BEC in a

weakly interacting Bose gas. But note, to treat excitons as bosons is crude. Excitons

are composite particles consisting of two fermions, i.e., they have an internal structure

and can decay into their components. Particularly, excitons do not obey simple Bose

statistics. Hence, the EI formation and its prerequisites must be examined carefully.

One of the focuses in this thesis is to clarify how the EI is related with the phenomena

of electronic ferroelectricity (EFE) [Portengen96, Batista02, Batista04] and with the

formation of charge-density-waves in solids. Moreover, to classify the nature of the

excitonic instability is of importance, because the EI is a candidate to observe a BCS-

BEC crossover in a solid [Leggett80,Comte82,Bronold06], which is so far only realized

in ultracold atom gases [Bloch08].

Although the EI mechanisms circumvent the difficulties of optically created exciton

condensates, a conclusive, experimental proof for the existence of the EI has not been

achieved yet. The main obstacles experimentalists are faced with are the necessarily

strong electronic correlations that must be present, and very particular demands on

the band structure, e.g., valence band and conduction band must be nested or at

least adequately matched. However, promising materials were reported recently. In

the narrow-gapped SC TmSe0.45Te0.55 the band gap can be tuned and even closed by

applying external pressure [Boppart85]. At low temperatures an anomalous peak in the

electrical resistivity appears at the SM-SC transition [Neuenschwander90, Bucher91].

This can be seen in Fig. 1. Hall measurements show a concomitant loss of charge

carriers, which suggests a considerable exciton formation and probably condensation.

Recent angle-resolved photoemission spectra of the charge-density-wave (CDW) in 1T -

TiSe2 reveal a large transfer of spectral weight from the valence band to the conduction

0 2 4 6 8 10 12 14 16

PRESSURE  (kbar)

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

R
E

S
IS

T
IV

IT
Y

  
(O

h
m

 c
m

)

Figure 1: Resistivity of TmSe0.45Te0.55 as a
function of pressure for 300 K (lower curve)
and 4.2 K (upper curve). The semimetal-
semiconductor boundary is crossed at around
11.5 kbar for 300 K. For low temperatures the
resistivity exhibits an anomalous peak, which
can be explained with the formation of an ex-
citonic insulator (taken from [Bucher91]).
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1.1 Motivation

Figure 2: Angle-resolved photoemission spectra for 1T -TiSe2 for the normal phase
(T = 250 K) and for the low-temperature phase (T = 65 K). The left panel shows
the experimental results, and the right panel shows the theoretical results based on an
excitonic-insulator model. The charge-density-wave is indicated by the backfolding of
the bands from the Γ point to the L point (due to experimental reasons the spectra is
measured at the M point, which is near the L point). Most notably, there is a large
transfer of spectral weight, given by the intensity of the curves, from the valence band
to conduction band in the low-temperature phase (taken from [Cercellier07]).

band, as can be seen in Fig. 2. The concomitant ion displacement is relatively small,

which favors an EI to be the driving force [Cercellier07, Monney09]. Angle-resolved

photoemission spectra of Ta2NiSe5 show an extreme valence-band top flattening at

low temperature [Wakisaka09], see Fig. 3, which can be explained with the formation

of an EI [Wakisaka09, Kaneko13a, Kaneko13b]. Very recently, double-layer graphene

[Dillenschneider08,Min08,Kharitonov08,Phan12] or double-bilayer graphene [Perali13]

were proposed as promising candidates for the EI realization. These systems have

advantageous properties. They are gapless semiconductors, where the valence band

and the conduction band are perfectly matched. In double layer systems electrons and

holes are spatially separated, and the excitonic condensation may produce a dipolar

superfluid [Balatsky04].

Figure 3: Angle-resolved photoemission spectra for Ta2NiSe5 at 40 K (left panel and
middle panel) and at 300 K (right panel). The flattening of the valence-band top at
low temperature can be explained with the formation of an excitonic insulator (taken
from [Wakisaka09]).
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1 Summary

1.2 Outline

In this thesis, we will theoretically revisit the formation of the EI using a lattice model.

The minimal, generic many-body Hamiltonian the EI can be described with is a Falicov-

Kimball model with two dispersive bands. This model is called the extended Falicov-

Kimball model (EFKM). In Sec. 1.3 we present the model and its ground-state phase

diagram. In Sec. 1.3.1 we show the EI order parameter and the orderings the EI

competes with in the EFKM. Results from the Article I are shown here.

Besides being the minimal Hamiltonian for the EI, the EFKM serves to substantiate

the exciting idea of EFE [Portengen96], which is presented in Sec. 1.3.2 and Article II.

One must strictly distinct between both topics. The EFE has very particular require-

ments for the orbitals involved and competes with other EFE-type orderings.

In view of the substantial differences to the original BCS pairing and to the BEC of

genuine bosons, we revisit the anticipated BCS-BEC crossover in Section 1.4. We work

out similarities of the EI formation with both condensation scenarios. In particular,

precursor effects in the normal phase illustrate the BEC of preformed excitons at the

SC-EI transition, while the SM-EI transition exhibits BCS-type features. This section

summarizes the Articles I, III, and IV.

In Sec. 1.5 and Article V we focus on experiments in 1T -TiSe2. There is an ongoing

debate about the driving force for the CDW transition in this material. Strong exper-

imental evidences were found supporting an electronic origin, i.e., an EI, while other

experiments favor a lattice-driven scenario. We take up this question by analyzing the

recently found chiral property of the CDW [Ishioka10]. Such a property is very unusual

for charge orderings and a microscopic description lacks so far. We show that the EI

scenario is insufficient to stabilize chiral charge ordering, and lattice effects must be

taken into account.

In theoretical description of the EI, the coupling to the lattice was widely ignored so

far. However, it is relevant for the interpretation of experimental data and of conceptual

importance. In Sec. 1.5.1 and in Manuscript VI we study the influence of an explicit

exciton-phonon coupling on the EI formation.

1.3 Theoretical model

Necessary requirements for a model to describe excitons and their condensation are two

species of electrons (valence electrons and conduction electrons) and an interaction that

may drive transitions between these subsystems. In the EFKM itinerant f electrons

interact via a local Coulomb repulsion with itinerant c electrons,

H = Ec
∑

i

c†ici + tc
∑

〈i,j〉
c†icj + Ef

∑

i

f †i fi + tf
∑

〈i,j〉
f †i fj + U

∑

i

nicnif , (1)

where c
(†)
i annihilates (creates) a c electron at Wannier site i, correspondingly f

(†)
i

annihilates (creates) an f electron, and nic = c†ici , nif = f †i fi are the corresponding

local number operators. The spin of the electrons is not taken into account. The band

centers are denoted by Ec and Ef , the local Coulomb interaction strength by U , tc
(tf ) is the hopping amplitude for the c (f) electrons, and 〈i, j〉 indicates that i and j

4



1.3 Theoretical model

Figure 4: Ground-state phase diagram of the
extended Falicov-Kimball model for intermedi-
ate coupling. The difference of the band cen-
ters is denoted as Bz = Ec − Ef , and the or-
dinate gives the ratio of the bandwidths. The
excitonic-insulator phase is denoted as “BEC of
excitons”, the band insulator is called “Fully Po-
larized”, and “SOO” denotes staggered orbital or-
dering (taken from [Batista04]).

are nearest neighbors. In what follows we assume Ef < Ec, so that the f band is the

valence band, and the c band is the conduction band. We measure all energies in units

of tc. Moreover, we set ~ = 1 throughout this thesis.

If the orbital degree of freedom is expressed by a pseudospin variable σ =↑, ↓, where

c
(†)
i↓ ≡ c

(†)
i , c

(†)
i↑ ≡ f

(†)
i , ni↓ ≡ nic, and ni↑ ≡ nif , the EFKM can be rewritten as an

asymmetric Hubbard model, with a “spin”-dependent hopping and a Zeeman splitting,

H =
∑

k,σ

εkσc
†
kσckσ + U

∑

i

ni↑ni↓, (2)

where c
(†)
kσ annihilates (creates) an electron with momentum k in the band indexed with

σ, and εkσ describes the dispersion of this band.

The vicinity to the SM-SC transition is taken into account by considering a half-filled

model, i.e.,

n↓ + n↑ = 1, (3)

with nσ = 1
N

∑
k〈nkσ〉 = 1

N

∑
k〈c
†
kσckσ〉 and N is the total number of lattice sites.

The theory presented below is not restricted to f and c orbitals. The bands can have

any orbital character. We only use these terms to simplify the notation. The EFKM

exhibits a rich ground-state phase diagram, as can be seen in Fig. 4.

1.3.1 Excitonic insulator — Article I

The EI phase is characterized by the order parameter

∆Q =
U

N

∑

k

〈c†k+Q↓ck↑〉. (4)

The operator within the brackets is the creation operator for an electron-hole pair. A

finite average describes a finite probability to create pairs, which designates the exci-

tonic instability. The definition of the EI order parameter (4) contains U to emphasize,

that excitons form due to the Coulomb interaction. In Eq. (4) and in what follows, Q

denotes the ordering vector of the low-temperature phase.

For completely localized f electrons (tf = 0), i.e., for the original Falicov-Kimball

model [Falicov69, Ramirez70], the conservation of the local f -occupation number pre-
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1 Summary

vents ∆Q from being finite, at least for finite temperatures [Subrahmanyam88], which

makes this model insufficient for the EI description.

The EI competes with a SM, a SC, a CDW, and staggered orbital ordering (SOO)

within the EFKM. In a SM valence band and conduction band slightly overlap, and at

zero temperature 0 < n↑, n↓ < 1. In a SC (or band insulator at zero temperature) a

finite gap separates valence band and conduction band. Here, n↑ = 1 and n↓ = 0 for

sufficiently low temperatures. If the total density shows a periodic modulation in real

space, a CDW is realized. Its order parameter can be written as

δCDW =
1

2
(δ↓ + δ↑) with δσ =

1

N

∑

k

〈c†kσck+Qσ〉. (5)

If the difference between c-electron density and f -electron density modulates periodi-

cally in real space, the phase is called SOO. The corresponding order parameter reads

δSOO =
1

2
(δ↓ − δ↑), (6)

where δσ is defined in Eq. (5). Except in the limit |tf | = |tc|, SOO is accompanied by

the CDW. For details see Article I.

1.3.2 Electronic ferroelectricity — Article II

The EFKM is also used to analyze EFE [Batista02, Batista04, Farkašovský08, Schnei-

der08]. There is often no clear distinction between the EI and EFE in the literature,

but let us emphasize that the analogy is purely formal: Ferroelectric crystals exhibit

a finite electrical dipole moment even without an external electrical field [Kittel86].

The EFE is the special case where the dipole forms due the spontaneous hybridization

of orbitals with different parity [Portengen96]. In contrast to common ferroelectricity,

Figure 5: Analogy between the formation of an excitonic insulator (EI) and electronic
ferroelectricity (EFE). (Left panel) In case of the EI, electrons (e) from the conduction
band (labeled by α) and holes (h) from the valence band (labeled by β) form bound
states in a macroscopically large number. (Right panel) In case of the EFE, orbitals
with even parity (here an s orbital, indexed by α) spontaneously hybridizes with orbitals
with odd parity (here a p orbital, labeled by β). Both phases, the EI and EFE, are

characterized by a nonvanishing average of the form 〈c†αcβ〉.
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1.3 Theoretical model

the lattice remains undistorted. Within the EFKM the EFE is characterized by the

spontaneous hybridization, i.e., the same order parameter as the EI phase. This is

illustrated in Fig. 5.

If EFE is studied, the EI phase in the ground-state phase diagram must be replaced

by EFE and EFE-type phases. Their order parameters can be expressed with the help

of the operators Sxi and Syi , where

∆Q =
U

N

∑

i

eiQRi (〈Sxi 〉+ i〈Syi 〉) . (7)

If the orbitals involved have opposite parities, constructive and destructive interference

in the hybridization process leads to an imbalance in the electron distribution at Wan-

nier site i, see Fig. 6. Consequently, a uniform electric polarization forms, which can

be written as

〈P〉 = p
∑

i

〈Sxi 〉, (8)

where p is the interband dipole matrix element. This finite polarization characterizes

the EFE phase.

i i+1

Figure 6: Schematic representation of electronic
ferroelectricity. Due to the spontaneous hybridiza-
tion of opposite-parity orbitals, there is an imbal-
ance in the electron probability at Wannier site i.
Consequently, an electric dipole moment forms.

If the two orbitals have the same parity, an electric quadrupole can form in lowest

order of a multipole expansion,

〈QQ〉 =
∑

i

eiQRi〈Qi〉 with Qi = q↑↑ni↑ + q↓↓ni↓ + 2q↑↓S
x
i , (9)

where qσσ̄ is the quadrupole tensor. As can be seen in Eq. (9) a spontaneous f -

c hybridization leads to 〈Qi〉 6= 0, and we denote this phase as electric quadrupole

density wave, represented in Fig. 7.

i i+1

Figure 7: Schematic representation of an electric
quadrupole density wave. The spontaneous hy-
bridization of two orbitals with equal parity forms
an electric quadrupole. The quadrupole field shows
a spatial modulation.

Spontaneous band mixing can also lead to a finite current-density distribution be-

tween the two orbitals of the same unit cell, provided that the imaginary part of ∆Q

7



1 Summary

Figure 8: Schematic representation of the
spontaneous formation of a current density
probability, which leads to the chiral phase.

is finite,

ji(r) =
1

me
Syi
∑

σ

σΦ−σ(r−Ri)∇Φσ(r−Ri), (10)

where me is the electron mass, the prefactor σ takes the values +1 for ↑ and −1 for

↓, and Φσ is the wave function describing the orbital labeled by σ. The current flow

defines a direction, and the ordering exhibits a chiral property, see Fig. 8. Depending

on the ordering vector there is a uniform chiral or a staggered chiral ordering.

The EFE phase and the uniform chiral phase for different-parity orbitals, respec-

tively the electric quadrupole density wave and the staggered chiral phase for equal-

parity orbitals are energetically degenerate in the EFKM due to the U(1) symmetry

of the model (see below). Explicit hybridization breaks this symmetry and lifts the

degeneracy. Intersite hybridization favors multipolar electric ordering, while onsite hy-

bridization, which is only allowed for orbitals with the same parity, favors the staggered

chiral phase. The ground-state phase diagram is shown in Fig. 9, and details can be

found in Article II.

Figure 9: Ground-state phase diagram of the extended Falicov-Kimball model in the
strong coupling regime, analyzing the problem of electronic ferroelectric-type phases
for equal-parity orbitals. The planes on the right side, show the situation when an
explicit hybridization is included. The front plane describe the situation for an intersite
hybridization v↑↓, and the back plane depicts the situation for an onsite hybridization
v0. The electric quadrupole density wave is abbreviated with EQDW, and SCHP
denotes staggered chiral phase (adapted from Article II).
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1.4 BCS-BEC crossover within the excitonic-insulator phase

1.3.3 U(1) symmetry of the model

The EFKM exhibits a U(1) symmetry that is visible by applying the unitary trans-

formation Uφ = eiφS with S = 1
2

∑
i(c
†
i↑ci↑ − c

†
i↓ci↓). The hybridization parameter in

real space transforms as 〈c̃†i↓c̃i↑〉 = 〈c†i↓ci↑〉eiφ. However, since H̃ = UφH U †φ = H, the

phase φ is undetermined, which has various consequences. The freedom to choose φ

arbitrarily leads to the degeneracy between multipolar electric and chiral orderings, it

prevents the stabilization of the chiral CDW in 1T -TiSe2, see Sec. 1.5 and Article V,

and it leads to an acoustic collective mode of the exciton condensate, see Sec. 1.5 and

Manuscript VI.

1.4 BCS-BEC crossover within the excitonic-insulator

phase

In this section we analyze the scenarios for the EI formation. The gap equation, deter-

mining the EI order parameter, holds for the BCS regime and for the BEC regime and

does not discriminate between both. But the nature of the electron-hole pairs above

the critical temperature enables us to classify the formation scenario [Versteegh12].

1.4.1 Nature of electron-hole pairs — Articles I, III, and IV

The energy of the uncondensed excitons ωX is described by the pole of the electron-hole

pair susceptibility

χX(q, ω) = 〈〈bq; b†q〉〉ω with b†q =
1√
N

∑

k

c†k+q↓ck↑, (11)

calculated in ladder approximation or random-phase approximation [Ihle08]. The pole

ωX is only identified as an excitonic bound state, if it lies below the continuum of

electron-hole excitations, whose lower boundary is given by

ωC(q) = mink(ε̃k+q↓ − ε̃k↑), (12)

where ε̃kσ denotes the renormalized dispersion. That is, excitons exhibit a finite binding

energy, which is given by

EXB (q) = ωC(q)− ωX(q). (13)

Excitonic states are present on both sides of the SM-SC transition. However, zero-

momentum excitons, which constitute the condensate (note that we measure the mo-

menta of the excitons relatively to the ordering vector of the EI phase), can only appear

on the SC side. Details can be found in Articles I and III.

The presence of excitonic states demonstrates only the possibility to form excitons.

To obtain information about their number, the following questions must be answered:

How does the exciton formation influence the chemical potential of the electrons; which

statistics do the excitons obey; and what is the chemical potential of the excitons?

Let us first analyze how the chemical potential of the electrons is affected by excitons.

Bound states are ignored in mean-field approaches, and self-energy effects must be

9



1 Summary

considered. Expanding the spectral function for small damping [Kraeft86], we can

separate the density into a nearly-free part nnf
σ , which is in principle uncorrelated, and

a part where the exciton formation enters. We denote the latter as correlation density

ncorr
σ . The chemical potential of the electrons is only determined by the nearly-free part,

since electrons and holes are affected in equal measure, when excitons are created, i.e.,

ncorr
↓ = −ncorr

↑ . Details for this calculation are given in Article IV.

Let us now analyze the bound states itself. The number of excitons with center-of-

mass momentum q is given by

NX(q) = 〈b†qbq〉|ωX = Z(ωX ,q)p(ωX), (14)

where p(ω) is the Bose distribution. The spectral weight of the excitons reads

Z(ωX ,q) =

[
U2

N

∑

k

f(ε̃k↑)− f(ε̃k+q↓)
(ωX + ε̃k↑ − ε̃k+q↓)2

]−1

, (15)

where f(ω) is the Fermi distribution. In the calculation of ωX and in the spectral

weight Z(ωX ,q) Fermi statistics enter, accounting for the fermionic components. In

particular, Z(ωX ,q) contains information about the nature of the excitons. If the

binding energy tends to infinity the spectral weight tends to unity. Excitons obey then

Bose statistics as genuine bosons with energy ωX . In the opposite limit, if EXB tends

to zero, Z(ωX ,q) → 0. Excitons disappear then in favor of electron-hole fluctuations

(see Article III).

If excitons are present, electrons and holes may scatter on them. Both, the bound

electrons and the scattered electrons, are included in the correlation density. This

implies ncorr
↓ ≥ nX , where nX = 1

N

∑
qNX(q) is the exciton density. The radius of the

excitons is a crucial parameter determining the ratio ncorr
↓ /nX . We find the radius to

depend on the momentum of the exciton. See Article IV for details.

1.4.2 Phase diagram — Articles III and IV

In principle the whole EI, even on the SM side, is surrounded by a phase composed

of electrons, holes, and excitons, which is denoted as “halo” [Bronold06]. Charge

carrier disappearance and a concomitant increase of the electrical resistivity, found

in TmSe0.45Te0.55 [Bucher91], can be understood within the “halo”-phase concept and

does, therefore, not proof the EI.

However, on the SM side only finite-momentum excitons exist. These excitons are

loosely bound objects, with a large spatial extent. A relatively large number of elec-

trons (and holes) are therefore affected by a single exciton. The SM-EI transition is,

however, driven by critical electron-hole fluctuations, which lead to the spontaneous

band hybridization and a gap in the electronic spectrum. Excitons are only present in

a small number and barely influence this transition.

On the SC side, excitons can have an arbitrary momentum. Note that the zero-

momentum excitons represent the largest contribution to the exciton number, although

they have the lowest binding energy. The radius of the excitons on the SC side is smaller

than on the SM side. Moreover, the majority of the conduction electrons are bound

in excitons and nX largely exceeds the density of unbound conduction electrons. Most
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1.4 BCS-BEC crossover within the excitonic-insulator phase

Figure 10: Generic phase diagram for the excitonic insulator. The semimetal-excitonic
insulator transition is driven by critical electron-hole fluctuations. Here, the excitonic-
insulator formation is a BCS-type process. Above the critical temperature excitons
appear only with finite momenta and barely influence the phase transition. At the
semiconductor-excitonic insulator transition preformed zero-momentum excitons un-
dergo a Bose-Einstein condensation (adapted from Article III).

notably, we find NX(0) to diverge at the SM-EI transition, that is, the q = 0 excitonic

mode is occupied by a macroscopically large number of particles. The condensation

sets in, when ωX touches energetically the valence-band top, which can be regarded as

the chemical potential of the excitons. The difference in the exciton spectrum on the

SM and on the SC side anticipates the BCS-BEC crossover within the EI phase. The

generic phase diagram can be found in Fig. 10.

Within the EI phase there is a smooth evolution from the BCS regime to the BEC

limit. An illustrative quantity is

dk = 〈c†k+Q↓ck↑〉, (16)

which measures in momentum space which electrons are involved in the “exciton con-

densation”. On the BCS side, dk is peaked at the Fermi surface, resembling the situation

in the original BCS theory. On the BEC side, dk is centered at the conduction band

minimum and is broad, see Fig. 11. This suggests the condensation of more local pairs.

A further significant quantity is the coherence length

rcoh =

√∑
k |∇k dk|2∑

k |dk|2
, (17)

which measures the spatial coherence of the condensed electron-hole pairs. In the BCS

regime the coherence is extended over many lattice sites (rcoh � 1), while in the BEC

regime the coherence length is of the order of the lattice constant (rcoh ≈ 1), see Fig. 11,

which corroborates, that the condensate in this regime is composed of local pairs.
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Figure 11: (Middle panel) Coherence length as a function of the Coulomb-interaction
strength calculated in mean-field approximation. Coming from the weak-coupling, BCS
regime and passing to the strong-coupling, BEC regime, rcoh decreases about an order
of magnitude. The quantity dk supports the crossover scenario. (Left panel) In the
weak-coupling regime, dk is peaked at the Fermi surface of the bare band structure,
given by the blue-dotted line. (Right panel) In the strong-coupling regime, dk is much
broader with the center at the conduction-band bottom.

1.5 Chiral charge-density-wave in 1T -TiSe2 and the

influence of phonons — Article V

Having studied a property of the EI, we turn more closely to experiments now. In

particular, we deal with the low-temperature phase of 1T -TiSe2, which is a potential

candidate for the EI.

1T -TiSe2 is a quasi two-dimensional material, where a plane of Ti ions is enclosed

by planes of Se ions above and below. The ions in each plane form a triangular lattice.

At around 200 K this transition-metal dichalcogenide undergoes a structural phase

transition into a 2 × 2 × 2 superstructure, accompanied by a CDW [diSalvo76]. The

CDW exhibits three components, whose ordering vectors Qα, α = 1, 2, 3, connect

the Brillouin-zone center with one of the L points of the hexagonal Brillouin zone.

There is a longstanding and active debate about the driving force for the CDW. Strong

experimental evidences were found, supporting an EI scenario [Cercellier07,Monney09,

Monney11, May11, Rohwer11], while some peculiarities suggest a lattice instability to

cause the phase transition [Hughes77, Holt01, Rossnagel02, Weber11, Calandra11]. A

combination of electronic and lattice effects has been discussed recently [vanWezel10b,

Zhu12].

We take up this debate by analyzing the recently found chiral property of the

CDW [Ishioka10, vanWezel10a]. Chirality in this case means that an object can not

be superimposed by its mirror image solely by translations or rotations. The scanning-

tunneling microscopy experiments showed, that the density modulates differently along

the ordering vectors of the CDW [Ishioka10], and the CDW is consequently chiral (see

Fig. 12). Clockwise and anticlockwise patterns were found in one sample, which points

to a degeneracy of these states. Ishioka and coworkers noticed that the experimental

data are reproduced by a density modulation of the form,

ni(Qα) = A cos(QαRi + θα), (18)
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1.5 Chiral charge-density-wave in 1T -TiSe2 and the influence of phonons — Article V

Figure 12: (Left panel and middle panel) Schematic representation of the electronic-
density pattern for a triangular lattice in case of (left) a nonchiral CDW and (middle)
a chiral CDW (taken from Article V). (Right panel) Scanning-tunneling microscopy
image of 1T -TiSe2 showing the chiral property of the CDW (taken from [Ishioka10]).

where A denotes the modulation amplitude. The crucial parameters for the chiral prop-

erty are the initial phases θα, which coincide with the phases of the order parameters

for the low-temperature phase (see Article V). Chirality exists if θ1 6= θ2 6= θ3.

We first check if an EI scenario may lead to a chiral CDW. Energetically 1T -TiSe2 is

classified near the SM-SC transition, and we model it by an EFKM extended to three

conduction bands, shortly denoted as multiband EFKM (mEFKM). Thereby three

symmetry-equivalent conduction bands, each having one minimum at one of the three L

points, interact via a local Coulomb repulsion with the valence band. The local interac-

tion potential can be motivated by the short screening length in 1T -TiSe2 [Monney12].

As it is the case in the EFKM, the mEFKM exhibits a continuous U(1) symmetry.

The phases θα can then be chosen arbitrarily, and there is no mechanism stabilizing a

fixed phase difference. Consequently, the mEFKM and therefore the pure EI scenario

is insufficient to explain the chiral CDW.

Experiments suggest to include lattice degrees of freedom. We add a particular form

of the electron-phonon coupling that breaks the U(1) symmetry of the mEFKM. The

phases θα are then determined by the phase variables φα, which appear in the ion

displacement

ũ(n,m) =
∑

α

1

2MmωQ
|δQ|ε(m,Qα) cos(QαRn − φα). (19)

Here, Mm is the mass of the ion m in the unit cell n, ωQ is the bare phonon energy,

δQ is the static lattice distortion, and ε(m,Qα) is the polarization vector. Details are

presented in Article V. We find the simple relation

θα = φα + (2s+ 1)π, (20)

where s = 0, 1, 2, ... . Hence, the chiral property of the CDW can be observed in the

concomitant ion displacement too.

To see how the chiral CDW emerges, we separate the ground-state energy according

to

Ē = Ēδ(|δQ|2) + Ēφ(|δQ|2, φ1, φ2, φ3). (21)

In the part Ēφ, determining the phases φα (and therefore θα), only the nonlinear

13



1 Summary

0 1 2 3 4 5

U
fc

0

0.04

0.08

0.12

g
1

Q

chiral CDW

normal 
phase

normal 
phaseexcitonic insulator

(nonchiral)

(possibly chiral)
pure lattice-driven CDW

Figure 13: Ground-state phase diagram of the multiband extended Falicov-Kimball
model with additional electron-phonon coupling. For vanishing electron-phonon cou-
pling (g1Q = 0, red line) the CDW is a pure excitonic insulator. This CDW does not
exhibit a chiral property. For vanishing Coulomb interaction (Ufc = 0, blue line), the
CDW forms due to a lattice instability. Here, the CDW may be chiral. We estimate
appropriate model parameters for 1T -TiSe2 in the range designated by the green point
(taken from Article V).

contribution of the electron-phonon coupling and the phonon-phonon interaction enter.

In particular, the terms of fourth order in the lattice distortion relate the relevant

phases to each other and favor a chiral CDW. Our approach suggests that coming from

the high-temperature phase and cooling down, there is first a transition to a common,

nonchiral CDW at TCDW. Chirality is formed subsequently at TchiralCDW < TCDW. This

is in accord with the result of a Landau-Ginzburg ansatz [vanWezel11] and with recent

X-ray diffraction and electrical transport measurements [Castellan13]. The difference

between TCDW and TchiralCDW depends on the detailed ratio between the electron-

phonon coupling constants and the phonon-phonon interaction constants. We can only

specify the values for the phases θα, but not relate a particular phase with one of

them. Consequently, clockwise and anticlockwise CDWs are degenerate, which is in

accordance with the scanning-tunneling microscopy data [Ishioka10].

The estimate of the model parameters appropriate for 1T -TiSe2 suggests that exci-

tonic and lattice instabilities in combination drive the CDW transition (see the ground-

state phase diagram in Fig. 13).

1.5.1 Influence of an explicit exciton-phonon coupling —
Manuscript VI

The influence of phonon-mediated electron-hole pairing is not only relevant for the low-

temperature phase of 1T -TiSe2, but is also important in other materials. The drop of

the specific heat in TmSe0.45Te0.55 at very low temperatures suggests a strong exciton-

phonon coupling [Wachter04], and the transition to the proposed EI state in Ta2NiSe5

is accompanied by a lattice transformation [Kaneko13a, Kaneko13b]. Moreover, the

effects of an exciton-phonon coupling on the EI formation is of conceptual importance.
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1.6 Conclusions

In particular, it is only barely studied how phonons modify the electronic spectrum, and

if they can drive a condensation [Phan13]. Normally, phonon instabilities cause density

waves. To address these questions we extend the EFKM by an explicit exciton-phonon

interaction

He−ph =
∑

k,q

(
g−q√
N

(b†−q + bq)c†k+q↓ck↑ +
gq√
N

(b†q + b−q)c†k↑ck+q↓

)
. (22)

We also allow a non-local Coulomb potential. Note that the particular form of He−ph

breaks the U(1) symmetry of the model.

The coupling to the lattice leads to a static lattice distortion δQ accompanying the

spontaneous band hybridization, and we find δQ ∝ ∆Q. The exciton-phonon interaction

couples explicitly the valence electrons and the conduction electrons to each other.

However, this effect is implicitly contained in the Coulomb interaction, and He−ph does

not lead to a qualitative modification of the electron spectrum.

As we will describe below, the electron-hole pair spectrum is significantly affected

by the exciton-phonon interaction. The effect of He−ph on the electron-hole pairing

is given by two contributions: Chain diagrams describe the creation (annihilation)

of an exciton by the annihilation (creation) of a phonon. Ladder diagrams illustrate

the exchange of kinetic energy between the electron and the hole in a bound state,

whereas the center-of-mass momentum of the exciton is unaffected. The derivation

of these diagrams can be found in the Manuscript VI. For vanishing exciton-phonon

coupling we find an acoustic collective mode. Moreover, the dispersion gives information

about the EI formation scenario. In the BCS regime, the collective mode crosses the

boundary to the continuum of electron-hole excitations. In the BEC regime the mode

does not intersect the continuum. Most notably, a finite exciton-phonon coupling leads

to a massive collective mode, i.e., its excitation energy does not vanish. This can be

motivated as follows. The static lattice distortion fixes the phase of ∆Q, i.e., to excite

its phase energy is required.

Moreover, we suggest that off-diagonal long range order, an identifying feature of

condensates, is only present if a gapless collective mode in the ordered ground state

exists. Consequently, the condensate nature of the ground state for finite exciton-

phonon coupling is questioned, although the ordering is very similar to the Coulomb-

driven EI state [Phan13]. Details are given in the Manuscript VI.

1.6 Conclusions

In this thesis we have revisited the formation of the excitonic insulator (EI), which

realizes an exciton condensate. In contrast to optically created exciton condensates,

the EI forms in thermal equilibrium and is solely driven by the Coulomb attraction

between electrons and holes. The EI phase is anticipated to occur near the semimetal-

semiconductor (SM-SC) transition at low temperatures. Depending from which side

the EI is approached, it forms due to a BCS-type condensation of electron-hole pairs

or a Bose-Einstein condensation (BEC) of excitons.

The extended Falicov-Kimball model (EFKM) is the minimal model the EI can be

described with. This model describes spinless fermions in two dispersive bands (f band
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and c band), that interact via a local Coulomb repulsion. The EFKM is also used to

describe electronic ferroelectricity (EFE). Both phases, the EI and EFE-type ordering,

are characterized by a spontaneous f -c hybridization in the EFKM. We have presented

the EI phase, the EFE phase, and the orderings they compete with. Moreover, we have

determined the ground-state phase diagram of the EFKM.

We have focused particularly on the anticipated BCS-BEC crossover within the EI

and have analyzed the formation scenarios. The exciton spectrum and the exciton

density in the normal phase close to the critical temperature give information about

relevant particles and therefore the nature of the transition. We have demonstrated that

the whole EI is surrounded by a “halo”, that is, a phase composed of electrons, holes and

excitons. However, on the SM side, only excitons with a finite momentum exist. They

are loosely bound and relatively large objects. These excitons appear only in a small

number and barely influence the SM-EI transition. This phase transition is driven

by critical electron-hole fluctuations, generated by electrons and holes at the Fermi

surface. On the SC side, excitons with arbitrary momenta exist. The zero-momentum

excitons represent thereby the largest contribution to the number of excitons. Excitons

in this regime are tightly bound pairs, whose number largely exceeds the number of

unbound conduction-band electrons. Most notably, we have found the number of zero-

momentum excitons to diverge at the SC-EI transition, signaling the BEC of these

particles. Within the EI phase, there is a smooth crossover from the BCS regime to

the BEC regime.

One of the promising candidates to observe the EI experimentally, is the transition-

metal dichalcogenide 1T -TiSe2. Strong evidences were found favoring an EI scenario

of the charge-density-wave (CDW) formation in this material. However, some aspects

point to a lattice instability to drive the CDW transition. We have addressed this

issue by analyzing the recently discovered chiral property of the CDW in 1T -TiSe2.

We have found that the EI scenario is insufficient to explain a stable, long range chiral

charge ordering. Lattice degrees of freedom must be taken into account. In particular,

nonlinear electron-phonon coupling and phonon-phonon interaction are crucial. By es-

timating appropriate model parameters for 1T -TiSe2, we have suggested a combination

of excitonic and lattice instability to drive the CDW transition in this material.

Experiments in 1T -TiSe2 and other materials suggest that the coupling to the lattice

is non-negligible. We extended therefore the model by an explicit exciton-phonon inter-

action, and have analyzed crucial effects of this interaction. While the single-particle

spectrum is not modified qualitatively, the electron-hole pair spectrum changes signifi-

cantly. The inclusion of the phonons lead to a massive collective mode in the ordered

ground state in contrast to the case for vanishing exciton-phonon coupling, where the

mode is acoustic. We have suggested that a gapless collective mode leads to off-diagonal

long range order. This questions that the ground state for finite exciton-phonon cou-

pling represents a condensate.

In this thesis a detailed analysis for the EI formation by means of the EFKM is

given. We have extended the “halo”-phase concept by demonstrating that the whole

EI is surrounded by an exciton-rich region. This implicates, that the vanishing of

charge carriers and the accompanied resistivity increase is not a proof for the real

exciton condensation, as it had been suggested for TmSe0.45Te0.55. By calculating the

momentum-resolved exciton numbers at the critical temperature, we have substantiated
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1.6 Conclusions

the different natures of the electron-hole pairs that are relevant for the phase transition

and confirm the anticipated BCS-BEC crossover. We have given a first microscopic

description, how the chiral CDW in 1T -TiSe2 can be stabilized. Thereby we have

advanced the dispute about the CDW origin in favor of a combined exciton-lattice

driven scenario. Moreover, our study is the first that indicates that phonons may be

very crucial for the formation and the nature of the EI.

A worthwhile continuation of our work would be the calculation of transport proper-

ties in the “halo” phase, e.g., the conductivity. We expect signatures of the exciton con-

densation to appear in these quantities, directly accessible in experiments. Moreover,

to resolve the longstanding question, if the EI, as a representative of exciton conden-

sates, exhibits superfluid properties, the calculation of transport properties within the

EI is inevitable. The numerical results in the Manuscript VI are obtained within crude

approximations and a more elaborated analysis is desirable. And finally, since some

experimental data point to an explicit exciton-phonon coupling, it would be beneficial

to analyze if the ground state in some materials can be represented as a condensate of

“polaronic excitons”, i.e., a condensate of quasiparticles where an exciton is inherently

coupled to a phonon mode.
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Based on the SO(2)-invariant slave-boson scheme, the static charge, orbital, and excitonic susceptibilities

in the extended Falicov–Kimball model are calculated. Analyzing the phase without long-range order, we find

instabilities toward charge order, orbital order, and the excitonic insulator (EI) phase. The instability toward the

EI is in agreement with the saddle-point phase diagram. We also evaluate the dynamic excitonic susceptibility,

which allows the investigation of uncondensed excitons. We find qualitatively different features of the exciton

dispersion at the semimetal-EI and at the semiconductor-EI transition supporting a crossover scenario between a

BCS-type electron-hole condensation and a Bose–Einstein condensation of preformed bound electron-hole pairs.
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I. INTRODUCTION

At low temperatures, electronic correlations can

cause anomalies at the semimetal-semiconductor (SM-SC)

transition.1 Half a century ago, Mott2 argued that in a SMwith

a very low carrier density the Coulomb attraction between

electrons and holes should lead to the spontaneous formation

of electron-hole bound states (excitons), and the system would

become insulating. Shortly afterward, Knox3 noticed that a SC

is unstable against the spontaneous formation of excitons if the

exciton binding energy overcomes the gap energy separating

the valence band and the conduction band. Both arguments

suggest a new distorted phase, an exciton condensate known

as the excitonic insulator (EI), to be the crystal ground state.

The SM-EI transition is mathematically similar to the BCS

theory of superconductivity, while the SC-EI transition can be

treated as a Bose–Einstein condensation (BEC) of preformed

excitons. Hence, the EI is discussed in view of a BCS-BEC

crossover scenario in a solid.4–7

Although theoretically predicted a long time ago8 (for

recent reviews see Ref. 9), no conclusive experimental proof of

the existence of the EI has been achieved yet. However, there

are a few promising candidates. In the mixed valence com-

pound TmSe0.45Te0.55 detailed studies of the pressure-induced

SC-SM transition suggest that excitons are created in a large

number and condense below 20 K.10 More recently, several

transition-metal dichalcogenides were reported to exhibit an

EI phase. Angle-resolved photoemission spectra (ARPES)

measurements of Ta2NiSe5 traced the extreme valence band

top flattening at low temperatures back to an EI ground state.11

ARPES data of 1T -TiSe2 indicate that the EI is the driving

force for the charge-density-wave (CDW) transition in this

material.12

From a theoretical point of view, the description of the

EI with a Falicov–Kimball-type model seems promising. The

original Falicov–Kimball model13 (FKM) contains itinerant

c-electrons (with band center Ec and hopping amplitude

tc) that interact via a local Coulomb repulsion U with

localized f -electrons (with energy level Ef ), where the spin

is neglected. Since the local f -electron number is strictly

conserved in the FKM, f -c coherence cannot be established.14

One way to overcome this shortcoming is to include an f -c

hybridization.15 As shown in Refs. 16 and 17, the extension by

a finite f -bandwidth also induces f -c coherence. The model

with a direct f -f hopping (with hopping amplitude tf ) is

called the extended FKM (EFKM) and has previously been

used to describe different properties of the EI phase.6,7,18,19

The ground-state phase diagram of the EFKMwas determined

with a constraint path Monte Carlo (CPMC) technique for one

and two dimensions (1D and 2D) in the strong16 and in the

intermediate coupling regime17 as well as in the Hartree–Fock

(HF) approximation for 2D,20 3D,20 and infinite dimensions.21

All approaches yield a qualitatively similar phase diagram.

Figure 1 displays the HF ground-state phase diagram for

U = 2 in 2D, depicting the generic situation. It was shown

previously that Fig. 1 agrees with the CPMC data even

quantitatively.20 Besides full c- and full f -band insulator

(BI) regions, the EFKM ground-state phase diagram exhibits

three symmetry broken phases: the EI, a CDW, and a

staggered orbital order (SOO). The EI is characterized by

a nonvanishing average �c†f �. The CDW is described by a

periodic modulation in the total electron density comprising

both f - and c-electrons. The SOO is characterized by a

periodic modulation in the difference between the f -electron

and the c-electron density, which may be accompanied by a

CDW. The SOO (CDW) establishes the ground state for the

symmetric case (Ef = Ec) for all ratios of −tf /tc (for the
CDW the point |tf | = |tc| has to be excluded; see below).
These phases are rapidly suppressed in favor of the EI if

Ef �= Ec. Between the uniform EI phase and the CDW or

SOO phase there is a first-order phase transition. The EI-BI

transition is of second order. For tf = 0 the FKM is recovered,

and the EI phase cannot be realized.

For the investigation of electron correlation effects the

Gutzwiller approximation22 is an established technique.

Kotliar and Ruckenstein introduced a scalar slave-boson (SB)

scheme which reproduces the Gutzwiller solution of the

Hubbardmodel as a saddle point.23 Amanifestly spin-rotation-

invariant form of the SB representation has been worked out

for the Hubbardmodel24 and formultibandHubbardmodels.25

235123-11098-0121/2011/83(23)/235123(8) ©2011 American Physical Society
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FIG. 1. (Color online) Hartree–Fock ground-state phase diagram

of the EFKM in two dimensions for Coulomb strength U = 2. The

difference between CDW and SOO is explained in the text. The black

solid line represents the second-order transition from an EI to a BI,

the dashed line represents the first-order CDW/SOO-EI transition.

The label 0+ emphasizes that the EI phase is present only for finite

f -bandwidths.

We have developed an SO(2)-invariant SB approach for the

EFKM (Ref. 19) that reproduces the HF result for the EI

phase boundary at T = 0, but leads to a substantial reduction

of the critical temperature. It is the aim of this paper to

include Gaussian fluctuations around the saddle point26–28 in

the SO(2)-invariant SB scheme at zero and finite temperatures.

This offers an opportunity to calculate susceptibilities for

investigating instabilities against long-range ordered phases

and the formation of excitons.

The paper is organized as follows. In Sec. II the model

Hamiltonian and the SB scheme are introduced. Moreover,

the saddle-point approximation is given and the calculation

of response functions within the SB scheme is explained. In

Sec. III we present numerical results for the instabilities toward

theCDW, the SOO, and the EI phase. Finallywe investigate the

formation of excitons in the phase without long-range order.

Section IV summarizes our results.

II. THEORY

A. Model Hamiltonian

Expressing the orbital flavor by a pseudospin variable

σ =↑ , ↓, where c
(†)
i↑ ≡ f

(†)
i and c

(†)
i↓ ≡ c

(†)
i , the EFKM can

be written as an asymmetric Hubbard model,

H =
�

i,σ

(Eσ − µ)c
†
iσ ciσ −

�

�i,j�,σ

tσ c
†
iσ cjσ + U

�

i

ni↑ni↓,

(1)

where c
(†)
iσ annihilates (creates) a σ -band electron at the

Wannier site i and niσ = c
†
iσ ciσ is the corresponding number

operator. Eσ denotes the band center of the σ -electron band,

µ gives the chemical potential, tσ is the hopping amplitude,

and U measures the Coulomb interaction strength. In what

follows we consider E↓ = 0, E↑ < 0, t↓ = 1, and t↑ < 0. All

energies are measured in units of t↓. We restrict ourselves

to t↓t↑ < 0, i.e., the valence band top and the conduction

band minimum are located at the Brillouin zone center.

Moreover we exclusively investigate the half-filled band case,

i.e., 1
N

�
i,σ �niσ � = 1, where N is the number of lattice sites.

B. Slave-boson functional integral representation

Following Refs. 19 and 24, the Hilbert space is enlarged

by introducing auxiliary bosons: e
(†)
i , related to an empty site,

d
(†)
i , related to a doubly occupied site, and p

(†)

i
, related to a

singly occupied site,

|0i� → e
†
i |vac�, (2)

|2i� → c̃
†
i↑c̃

†
i↓d

†
i |vac�, (3)

|σi� →
�

ρ

c̃
†
iρp

†
iρσ |vac�, (4)

where |vac� means the vacuum state. The matrix operator p(†)
i

is given as

p(†)
i

=
1

2

�

µ

τµp
(†)
iµ =

1

2

�
p
(†)
i0 + p

(†)
iz p

(†)
ix − ip

(†)
iy

p
(†)
ix + ip

(†)
iy p

(†)
i0 − p

(†)
iz

�

, (5)

where µ = 0,x,y,z. τ 0 denotes the unit matrix and �τ =
(τ x,τ y,τ z)

T is the vector of the Pauli matrices. The fermionic

degrees of freedom are captured by the pseudofermions c̃
†
i =

(c̃
†
i↑,c̃

†
i↓) and c̃i = (c̃i↑,c̃i↓)

T.

Unphysical states of the extended fermion-boson Fock

space are excluded by two sets of local constraints,

C
(1)
i = e

†
i ei + 2Trp†

i
p
i

+ d
†
i di − 1 = 0 , (6)

C
(2)
i = c̃i c̃

†
i + 2p†

i
p
i
+ d

†
i di τ 0 − τ 0 = 0 . (7)

Since the bosonic occupation number of one site is coupled

to the fermionic occupation, the bosons have to change

simultaneously when an electron is created or annihilated.

This is achieved by introducing the bosonic hopping operator

z
i
,

ciσ =
�

ρ

ziσρ c̃iρ . (8)

The choice of z
i
is not unique. We choose19,24

z
i
= Lie

†
iMip

i
Ni + Lip̃

†

i
MidiNi (9)

with

Li = [(1− d
†
i di)τ 0 − 2p†

i
p
i
]−1/2 , (10)

Ni = [(1− e
†
i ei)τ 0 − 2p̃†

i
p̃
i
]−1/2 , (11)

Mi = [1+ e
†
i ei + d

†
i di + 2Trp†

i
p
i
]1/2 , (12)

and p̃
(†)
iρρ � = ρρ �p

(†)
i−ρ �−ρ , which guarantees the correct free-

fermion result on themean-field level. TheHubbard interaction

term is bosonized via ni↑ni↓ → d
†
i di .

The resulting coupled fermion-boson system is evaluated

within a functional integral representation. Then, the bosons

become complex fields and the fermions are given by complex

Grassmann fields. The Lagrange multipliers λ
(1)
i , λ

(2)
i0 , λ

(2)
ix ,
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λ
(2)
iy , and λ

(2)
iz are introduced to enforce constraints (6) and (7).

Exploiting the gauge symmetry of the action and transforming

the Lagrange multipliers into real time-dependent Bose fields,

we can remove the phases of pi0, piz, and ei . Using the

Grassmann integration formula, we obtain the grand canonical

partition function given by a functional integral over Bose

fields only,

Z =

�

D[e]D[p0]D[p
∗
x,px]D[p

∗
y,py]D[pz]D[d

∗,d]

× D[λ(1)]D
�
λ
(2)
0

�
D[�λ(2)] e−S, (13)

with the effective bosonic action

S =

� β

0

dτ

� �

i

�

− λ
(1)
i + λ

(1)
i e

2
i +

�

µ

�
λ
(1)
i − λ

(2)
i0

�
|piµ|

2

− pi0( �p
∗
i + �pi)�λ

(2)
i − i�λ(2)i ( �p

∗
i × �pi)

+
�
λ
(1)
i + U − 2λ

(2)
i0

�
|di |

2 + p∗
ix∂τpix

+p∗
iy∂τpiy + d∗

i ∂τ di

��

− Tr ln
�

−G−1
�ij�,ρρ � (τ,τ

�)
�
,

(14)

where �pi = (pix,piy,piz) and �λ(2)i = (λ
(2)
ix ,λ

(2)
iy ,λ

(2)
iz ). The in-

verse Green propagator is given by

G−1
�ij�,ρρ � (τ,τ

�) =

�
�
− ∂τ + µ− λ

(2)
i0

�
δρρ � −

E↑

2
(τ 0 + τ z)ρρ �

− �λ(2)i �τρρ �

�

δij δ(τ − τ �)

+ (z∗
i
t z

j
)ρρ �,ττ �(1− δij ) , (15)

where t = (
t↑ 0

0 t↓
). The trace in Eq. (14) extends over time,

space, and spin variables. For the half-filled band case,

Eqs. (14) and (15) are an exact representation of the partition

function of the EFKM. One obtains z
i
= ziτ 0.

C. Saddle-point approximation

To proceed we approximate all bosonic fields by their time-

averaged values (static approximation), i.e., the bosonic fields

are taken to be real. Moreover, we look for uniform solutions,

that is, the Bose fields are taken to be independent of the lattice

site.

We restrict ourselves to the phase without long-range order,

which we denote as paraphase. The saddle-point equations for

the paraphase (px = py = λ(2)x = λ(2)y = 0) are

p0pz = 1
2
(n↑ − n↓), (16)

p20 = 1
2

+
�
n↑n↓(1− z2), (17)

d2 =
1

2z2

�
z2

�
2− p20 − p2z

�
+ 2p20

− 2p0

�
z2

�
2− p20 − p2z

�
+ z4p2z + p20

�
, (18)

λ(2)z = −
pz

p0

�
z2

2d2
−

1

p20 − p2z

�

z2�(0), (19)

U = −
2d2 − p20 + z2p2z

p20d
2

z2�(0)− 2λ(2)z
pz

p0
, (20)

nσ =
1

N

�

k

nkσ , (21)

�(0) =
1

N

�

k

(t↑γknk↑ + t↓γknk↓), (22)

where

nkσ = [exp(βEkσ )+ 1]−1, (23)

Ekσ = Eσ + σλ(2)z − µ̃− z2tσ γk, (24)

µ̃ = µ− λ
(2)
0 . (25)

On a D-dimensional hypercubic lattice, γk = 2
�D

l=1 cos kl .

The chemical potential is determined by the condition

1

N

�

k,σ

nkσ = 1. (26)

The quasiparticle gapEg indicates the splitting of the↑- and
↓-band (in the paraphase), which is caused by the correlation-
induced quasiparticle bandshift λ(2)z . For a D-dimensional

hypercubic lattice, Eg is given by

Eg = |E↑| +
�
�2λ(2)z

�
� − 2Dz2(|t↑| + |t↓|). (27)

For a SM, Eg � 0, and for a SC, Eg > 0.

We obtain the EI phase boundary by solving the SB gap

equation,

1 =
1

p0pz
λ(2)z

1

N

�

k

nk↑ − nk↓

Ek↑ − Ek↓
, (28)

resulting from Eqs. (63) and (65) of Ref. 19.

The gap equation (28) captures both the BCS and the BEC

situation, but it cannot discriminate between them. To this end,

we follow an idea from Ihle et al. (Ref. 6) and investigate the

excitonic susceptibility in the paraphase.

D. Gaussian fluctuations

To study response functions, we take into ac-

count Gaussian fluctuations around the saddle point for

the paraphase, that is, �ia = �̄a + δ�ia , where �ia =

{ei,pi0,pix,piy,piz,di,λ
(1)
i ,λ

(2)
i0 ,λ

(2)
ix ,λ

(2)
iy ,λ

(2)
iz }. Then, the action

is given by

S = S̄ +
�

q,a,b

δ�a(−q)Sab(q)δ�b(q) , (29)

where the overbar denotes the saddle-point value.

To achieve comparability with the saddle-point results,

we start the fluctuation calculation from the same level of

approximation as for the saddle-point calculation, i.e., we

first perform the static approximation and consider only the

fluctuations of the 11 real-valued fields �ia .
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The fluctuation matrix can be calculated according to

Sab(q,q
�)

=
1

2Nβ

�

Ri,Rj

e−iqRi
∂2S

∂�ia∂�jb

�
�
�
��i = �j = �̄

τ = τ �

e−iq
�Rj

= Sab(q)δq,−q � . (30)

Here, we use the shorthand notation Ri = (Ri ,τ ) and q =
(q,ωm), where τ is the imaginary time, ωm = 2πm/β denote

the bosonic Matsubara frequencies, Ri is the position vector,

and q is the wave vector.

The response functions can be expressed in terms of the

SB field fluctuations using local constraints (6) and (7). The

charge susceptibility reads

χc(q) = �δ[n↑(−q)+ n↓(−q)]δ[n↑(q)+ n↓(q)]�

= 4(e2�δe(−q)δe(q)� − 2ed�δe(−q)δd(q)�

+ d2�δd(−q)δd(q)�). (31)

The orbital susceptibility is given by

χo(q) = �δ[n↑(−q)− n↓(−q)]δ[n↑(q)− n↓(q)]�

= 4
�
p2z �δp0(−q)δp0(q)� + 2pzp0�δp0(−q)δpz(q)�

+p20�δpz(−q)δpz(q)�
�
. (32)

Considering the creation operator of an on-site electron-hole

pair6

b
†
i = c

†
i↓ci↑, b†q =

1
√
N

�

k

c
†
k+q↓ck↑, (33)

the electron-hole pair susceptibility, hereafter denoted as

excitonic susceptibility, is given by

χX(q) = �δbq δb
†
q�

= p20[�δpx(−q) δpx(q)� + �δpy(−q) δpy(q)�

− i�δpy(−q) δpx(q)� + i�δpx(−q) δpy(q)�]. (34)

The correlation functions may be expressed as functional

integrals over Bose fields:

�δ�a(−q)δ�b(q)� =
1

Z

�

D[�] δ�a(−q)δ�b(q) e
−S(q).

(35)

Hence, the correlation functions are related to the inverse

fluctuation matrix by

�δ�a(−q)δ�b(q)� = 1
2
S−1
ab (q). (36)

It turns out that for the paraphase the 11× 11 fluctuation

matrix decomposes into a 7× 7 matrix containing the charge

fluctuations (δe, δp0, δd, δλ
(1), δλ

(2)
0 ) and the orbital fluc-

tuations (δpz, δλ
(2)
z ) and into a 4× 4 matrix containing the

electron-hole pair fluctuations (δpx , δλ
(2)
x , δpy , δλ

(2)
y ). The SB

fields are obtained by solving saddle-point equations (16)–(22)

self-consistently.

The description of the CDWand SOO requires the inclusion

of inhomogeneous solutions with a periodic modulation in the

densities, �niσ � = nσ + δσ cos(QRi), where the order vector

in 3D is given by Q = (π,π,π ). The CDW and SOO order

parameters are δCDW = 1
2
(δ↑ + δ↓) and δSOO = 1

2
(δ↑ − δ↓),

respectively.29 If |δ↑| �= |δ↓|, the CDW and SOO describe the

same symmetry broken state. We can investigate the formation

of both phases without generalizing the SB formalism to a

bipartite lattice by calculating the static (ω = 0) charge and

orbital susceptibility with order vector q = Q, given by

χc = χc(Q,0)

= 2[e2(S−1)ee + d2(S−1)dd − 2ed(S−1)ed ], (37)

χo = χo(Q,0)

= 2
�
p2z (S

−1)p0p0 + p20(S
−1)pzpz − 2p0pz(S

−1)p0pz
�
. (38)

The inversion of the 7× 7 matrix is performed numerically.

After analytic continuation (iωm → ω + i0+) the excitonic

susceptibility of Eq. (34) yields

χX(q,ω) =
χ
(0)
X (q,ω)

−
Spxpx
p20

χ
(0)
X (q,ω)+ 1

, (39)

with

χ
(0)
X (q,ω) =

1

N

�

k

nk↑ − nk+q↓

ω + Ek↑ − Ek+q↓
, (40)

Spxpx =

�
1

p20
−
1

2

p20 − p2z

p20d
2
z2

�

z2 �(0)+
pz

p0
λ(2)z . (41)

For the BI at T = 0 the random-phase approximation result6

is recovered, −
Spxpx
p20

= U .

To determine the EI phase we compute the static excitonic

susceptibility χX(q,0). The direct bandgap situation gives the

order vector of the EI phase as q = 0. Using Eq. (19) the

fluctuation matrix element Spxpx [Eq. (41)] reduces to

Spxpx =
p0

pz
λ(2)z . (42)

It is easy to see that the condition for the divergence of χX(0,0)

equates to gap equation (28).

The poles of Reχ
(0)
X (q,ω) [Eq. (40)] give the continuum

of electron-hole excitations, i.e., ωk(q) = Ek+q↓ − Ek↑. Exci-

tonic pairing of electrons and holes is described by the pole of

ReχX(q,ω) [Eq. (39)] outside the electron-hole continuum,
6

i.e., by

Reχ
(0)
X (q,ωX) =

p20

Spxpx
, (43)

with

0 < ωX(q) < ωC(q), (44)

whereωC(q) = ωk(q)|min. The exciton binding energy is given
by

EBX(q) = ωC(q)− ωX(q). (45)

We want to emphasize that ωX, ωC and E
B
X are explicitly q

dependent in contrast to Ref. 6, where only excitonswithq = 0

are considered, and Ref. 5, where the exciton binding energy

is assumed to be independent of q.
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FIG. 2. (Color online) Static charge and orbital susceptibility of

the three-dimensional EFKM for T = 0 and U = 4 as a function of

E↑.

III. NUMERICAL RESULTS

A. Instabilities against CDW and SOO

To obtain results for the three-dimensional EFKM we

transform the k-summation into an energy integral using

the tight-binding density of states (DOS) for a simple cubic

lattice.

From the charge and orbital susceptibility we derive

information about the CDW and SOO formation, respectively.

For asymmetric bands (|t↑| �= |t↓|) the charge and orbital
susceptibility diverge at the same critical E↑, as shown in

Fig. 2, implying |δ↑| �= |δ↓|. The analogy between CDW and

SOO vanishes if the bandwidths are equal, as can be seen

for t↑ = −1.0 in Fig. 2. In this case, the orbital susceptibility
diverges contrary to the charge susceptibility; thus, a CDW

-1

0

1

χ
c

-2 -1.5 -1 -0.5 0

E
↑

-100

0

100

χ
o

U = 2
U = 4
U = 6

FIG. 3. (Color online) Static charge and orbital susceptibility of

the three-dimensional EFKM for T = 0 and t↑ = −0.8 as a function
of E↑.

will not develop and δ↑ = −δ↓. We conclude that the density
inhomogeneity δσ is largely affected by the bandwidth.

Figure 3 shows χo and χc for t↑ = −0.8. The suscep-
tibilities diverge at the same critical E↑. With increasing

strength of the Coulomb interaction the critical |E↑| for CDW
(SOO) formation increases, because for a larger interaction

the charge (orbital) order becomes more favorable. Figure 3

clearly shows that the CDW and SOO region is confined close

to the symmetric case E↑ = 0.

For small band splitting, either the CDW (SOO) or the EI,

separated by a first-order phase transition, can be realized, and

one has to compare the free energies to identify the true ground

state. Hence, to determine the SB ground-state phase diagram

(analogous to the HF case shown in Fig. 1) the generalization

of the saddle-point equations to a bipartite lattice is inevitable,

which is beyond the scope of this work. To investigate the EI in

the following, we choose the band-structure parameters E↑ =
−2.4 and t↑ = −0.8, where a CDW (SOO) is not realized (see

Fig 3).

B. Instability against EI

Figure 4 shows that the EI phase boundary in the weak-

coupling aswell as in the strong-coupling regime is reproduced

by poles of the uniform static excitonic susceptibility, as

demonstrated analytically in Sec. II D. To determine the region

where free excitons can exist, we evaluate the condition for

exciton formation, Eq. (43), subjected to constraint (44). The

exciton binding energy has to be positive. For numerical

reasons we set the threshold to min(EBX) = 10−6. For the

three-dimensional case we restrict ourselves to excitons with

a center-of-mass momentum q = 0. In Fig. 4 the critical

Coulomb interaction strength for the exciton formationUX(T )

is shown by blue circles, where zero-momentum excitonic

0 2 4 6 8 10 12

U

0

0.1

0.2

0.3

T

EI

SM SC

BCS

B
E
C

FIG. 4. (Color online) EI phase boundary (black solid line) of

the three-dimensional EFKM in the U -T plane. The red diamonds

give the poles of the uniform static excitonic susceptibility for some

fixed values of U . The blue circles give the critical UX for exciton

formation with center-of-mass momentum q = 0. The black dashed

line separates the SM and the SC phase. Inside the EI phase we

suggest that the black dashed line gives a crude estimate for the

BCS-BEC crossover region (see text). The band-structure parameters

are E↑ = −2.4 and t↑ = −0.8.
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U

0

0.1

0.2

0.3

0.4

T

EI

SM SC

e

b

c

d

af

FIG. 5. Phase diagram of the two-dimensional EFKM for the

band-structure parameters E↑ = −2.4 and t↑ = −0.8. The solid line
shows the EI phase boundary, and the dashed line separates the SM

and the SC phase. The exciton dispersion at the marked points a,b,c,d

is shown in Fig. 8, and the exciton dispersion for e and f is shown in

Fig. 9.

states exist for U � UX. For low temperatures UX(T ) co-

incides with the EI phase boundary in the strong-coupling

regime. This suggests that in this regime the EI is developed

by a BEC of preformed excitons. Within our analysis, for

high temperatures UX(T ) deviates slightly from the critical

Ug(T ), determined from Eq. (27), which separates the SM

(U � Ug) and the SC (U > Ug), except for the point where

Ug(T ) coincides with the EI phase boundary. This deviation

turns out to be a result of the required finite binding energy

of the excitons. In a SM excitons with q = 0 cannot exist.

Here, the EI develops due to a BCS-type pairing of electrons

and holes. We suggest that the BCS-BEC crossover region is

estimated by extrapolating Ug(T ) into the EI phase.

To consider excitons with an arbitrary center-of-mass mo-

mentum, the q-resolved excitonic susceptibility is calculated

for the two-dimensional EFKM in order to keep the numerical

effort manageable. Again we choose the band-structure pa-

rameters E↑ = −2.4 and t↑ = −0.8 for which the EI phase is

(0,0) (0,π) (π,π) (0,0)
q

1

10

100

1000

-χ
X
(q

,0
)

U = 5.71
U = 6.00
U = 7.00
U = 8.00

FIG. 6. (Color online) Static excitonic susceptibility for T = 0 as

a function of q (in 2D). For all U we obtain n↑ = 1 and n↓ = 0.

stable in 2D;17,20 see Fig. 1. To evaluate the SB parameters, the

k-summation is transformed into an energy integral using the

tight-binding DOS for a square lattice. For the computation

of the excitonic susceptibility the k-summation is explicitly

performed.

The phase diagram is shown in Fig 5. Qualitatively there

is no difference between the phase diagram of the two- and

three-dimensional EFKM. Hence, the following results for 2D

should hold qualitatively for 3D, too.

Figure 6 shows the static excitonic susceptibility for zero

temperature. The formation of the EI phase is indicated by the

divergence of χX(q,0) at q = 0 for the critical value UEI =
5.71. For U > UEI the static excitonic susceptibility remains

finite for all q.

C. Excitonic bound states

Next we want to characterize the paraphase in the vicinity

of the EI phase with a view to the formation of uncondensed

excitons. Figure 7 shows the real part of the dynamic excitonic

susceptibility outside the continuum for several values of ω.

The divergences of ReχX(q,ω) point out that the system is

unstable against the formation of free excitons.With increasing

(0,0) (0,π) (π,π) (0,0)
q

-50

0

50

-R
e

χ
X
(q

,ω
)

ω = 0.20
ω = 0.64
ω = 1.34

(0,0) (0,π) (π,π) (0,0)
q

0.2

0.3

0.4

-R
e

χ
X

(0
)  (

q
,ω

)

ω = 0.20
ω = 0.64
ω = 1.34

FIG. 7. (Color online) Real part of the dynamic excitonic sus-

ceptibility as a function of q (in 2D) for U = 5.5 and T = 0.256

(upper panel) and the corresponding Reχ
(0)
X (q,ω) (lower panel). The

densities are n↑ = 0.994 and n↓ = 0.006. The vertical solid lines

show the lower boundary of the electron-hole excitation continuum.

The black dotted line gives the critical value of Reχ
(0)
X for the exciton

formation.

235123-6

2 Thesis Articles

26



SLAVE-BOSON FIELD FLUCTUATION APPROACH TO THE . . . PHYSICAL REVIEW B 83, 235123 (2011)

excitation energy ω, the exciton momentum q for the exciton

formation increases due to the direct bandgap situation. The

divergence of Reχ
(0)
X (q,ω) means ω = ωC(q), shown as the

vertical solid lines in Fig. 7. For the q valueswhere ReχX(q,ω)

(upper panel) and Reχ
(0)
X (q,ω) (lower panel) is not plotted in

Fig. 7, the given ω is larger than ωC(q). Hence, these q values

are irrelevant for the exciton formation for the considered

excitation energy ω.

Having confirmed the existence of excitonic states, we now

turn to the properties of these states. We denote the energy-

momentum relation derived from Eq. (43) as the dispersion

of the exciton band. The smallest pole of Reχ
(0)
X (q,ω) defines

the q-resolved lower boundary of the electron-hole excitation

continuum, which we denote in the following as the continuum

band. In Fig. 8 the exciton bandωX(q) and the continuum band

ωC(q) are shown for characteristic points in the phase diagram

(see Fig. 5). In general, the continuum band ismore sensitive to

the temperature and Coulomb strength than the exciton band.

Hence the binding energy of the excitons is mainly affected by

the continuum band when T or U is varied. Figure 8 suggests

that the exciton dispersion has a cosine-like form, determined

by the underlying lattice.

In Fig. 8(a), for any momentum a finite energy is needed to

transfer one electron from the valence band to the conduction

band,ωC(q) > 0, which is characteristic for the underlying SC

band structure. Likewise the creation of an exciton requires

energy, ωX(q) > 0 for all q. The comparison of Fig. 8(b) with

Fig. 8(a) unveils the influence of the Coulomb interaction

strength. In Fig. 8(b), the exciton band is shifted to lower

energies because point (b) in the phase diagram (see Fig. 5)

is closer to the EI phase than (a). For the continuum bands

ω
(b)
C (q) < ω

(a)
C (q) and the binding energy of the excitons in

Fig. 8(b) is smaller than in Fig. 8(a), sinceU(b) < U(a), i.e., the
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FIG. 8. Exciton band (solid line) in comparison with the contin-

uum band (dashed line) at the points marked in Fig. 5: (a) in the

SC phase (n↑ = 0.996, n↓ = 0.004, µ̃ = 0.527), (b) in the SC phase

with a smaller bandgap (n↑ = 0.988, n↓ = 0.012, µ̃ = 0.188), (c) at

the SC-SM transition (n↑ = 0.973, n↓ = 0.027, µ̃ = 0.056), (d) in

the SM phase (n↑ = 0.960, n↓ = 0.040, µ̃ = −0.013). The chemical
potentials are measured relative to the valence band top. In all figures

qy = 0 (in 2D).
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FIG. 9. Exciton band (solid line) and continuum band (dashed

line) (a) at point �e in Fig. 5: the SC-EI transition (n↑ = 0.995,

n↓ = 0.005, µ̃ = 0.280), and (b) at point�f marked in Fig. 5: the SM-
EI transition (n↑ = 0.949, n↓ = 0.051, µ̃ = −0.375). The chemical
potentials are measured relative to the valence band top. In all figures

qy = 0 (in 2D).

Coulomb attraction between electrons and holes in Fig. 8(b) is

smaller than in Fig. 8(a) as well, and the electrons and holes

are more loosely bound.

The exciton and continuum dispersions at the SC-SM

transition are shown in Fig. 8(c). The continuum band reaches

ω = 0 for q = 0 due to the direct bandgap situation. The

excitonic band disappears for small, finite center-of-mass

momenta, not only for q = 0. The reason is the required finite

binding energy of the excitons, i.e., ωX(q) should be separated

from ωC(q).

In Fig. 8(d) the SM band structure is characterized by

the vanishing of positive ωC(q) at some finite value of q.

In a SM band structure excitonic states exist only with

finite center-of-mass momenta, in contrast to Figs. 8(a)

and 8(b). The existence of excitonic bound states in a

SM is confirmed by a very recent EFKM study with the

projector-based renormalization method.30 The comparison

of Figs. 8(b), 8(c), and 8(d) demonstrates that the energetic

position of the continuum band decreases with increasing

temperature and, as a result, the exciton binding energy is

lowered.

The qualitatively different feature of the exciton and the

continuum band in the SC and in the SM phase suggests that

the condensation process at the SC-EI transition differs from

the one at the SM-EI transition.

Figure 9(a) shows the exciton and the continuum dispersion

at the SC-EI transition. As already stated, ωC(q) > 0 ∀q

reflects the underlying SC band structure. The minimum of the

exciton band (at q = 0) reaches ω = 0, so that the creation of

a zero-momentum exciton does not require energy. Physically,

comparing only the energies, the exciton band touches the

valence band top. In our analysis, this is the point where the

BEC of excitons sets in.

On the contrary, the exciton dispersion at the SM-EI

transition, shown in Fig. 9(b), gives no hint for a condensation

process. In fact, it is a characteristic plot for a SM band

structure: There are excitonic bound states, but only with a

finite center-of-mass momentum, cf. Fig. 8(d). In the SM

regime there is a large and well-defined Fermi surface and

the electron-hole condensation at the SM-EI transition can be

imagined as a BCS-type process.
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IV. SUMMARY

In this paper we studied the extended Falicov-Kimball

model within a SO(2)-invariant SB treatment taking Gaussian

fluctuations into account. We computed the static charge and

orbital susceptibility in order to investigate the formation of a

CDW and SOO. Analyzing the static excitonic susceptibility,

the instability toward an EI phase agrees with the saddle-point

phase diagram. By calculating the dynamic excitonic suscep-

tibility, we analyzed the formation of excitons in the phase

without long-range order. We found that finite-momentum

excitons form in the vicinity of the EI phase, not only at the

SC side but also at the SM side. At the transition to the EI

phasewe observed qualitatively different features at the SC and

theSMside.At the SC-EI transition the excitation energy of the

excitonic state with zero center-of-mass momentum vanishes,

leading to a BEC of these preformed excitons. At the SM side

there are no excitonic bound states with q = 0. Here, the EI

forms due to a BCS-type pairing of electrons and holes, and

the occurring excitonic states of finite momentum are not of

importance for the phase transition.
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We re-examine the three-dimensional spinless Falicov-Kimball model with dispersive f electrons at half

filling, addressing the dispute about the formation of an excitonic condensate, which is closely related to the

problem of electronic ferroelectricity. To this end, we work out a slave-boson functional integral representation

of the suchlike extended Falicov-Kimball model that preserves the SO�2� �U�1��2 invariance of the action.

We find a spontaneous pairing of c electrons with f holes, building an excitonic insulator state at low tem-

peratures, also for the case of initially nondegenerate orbitals. This is in contrast to recent predictions of scalar

slave-boson mean-field theory but corroborates previous Hartree-Fock and random-phase approximation re-

sults. Our more precise treatment of correlation effects, however, leads to a substantial reduction in the critical

temperature. The different behavior of the partial densities of states in the weak and strong interorbital Cou-

lomb interaction regimes supports a BCS-Bose-Einstein condensate transition scenario.

DOI: 10.1103/PhysRevB.81.115122 PACS number�s�: 71.28.�d, 71.35.Lk, 71.30.�h

I. INTRODUCTION

The excitonic instability in solids is driven by the Cou-
lomb attraction between electrons and holes which under cer-
tain conditions causes them to form bound states. At the
semimetal-semiconductor transition the conventional ground
state of the crystal may become unstable with respect to the
spontaneous formation of excitons. Starting from a semi-
metal with a sufficiently small number of electrons and
holes, such that the Coulomb interaction is basically un-
screened, the number of free carriers will vary discontinu-
ously under an applied perturbation,1 signaling a phase tran-
sition. Approaching the transition from the semiconductor
side, an anomaly occurs when the �indirect� band gap, tuned,
e.g., by external pressure, becomes less then the exciton
binding energy.2 As a consequence, a new distorted phase of
the crystal, with spontaneous coherence between conduction
and valence bands and a gap for charged excitations, devel-
ops. It separates, below a critical temperature, the semimetal
from the semiconductor. This state, known as “excitonic in-
sulator” �EI�, can be regarded as an electron-hole pair �exci-
ton� condensate.3 By nature, depending on from which side
of the semimetal-semiconductor transition the EI is ap-
proached, the EI typifies either as a BCS condensate of
loosely bound electron-hole pairs or as a Bose-Einstein con-
densate �BEC� of preformed tightly bound excitons.4–6

The mean-field description of the EI phase is very similar
to the BCS theory of superconductivity and has been worked
out long-time ago.7–12 In this context also the transition from
BCS to BE condensation was discussed.4,13–15 Surprisingly
enough, the quantitative semimetal-EI-semiconductor phase
diagram has been determined only quite recently.15–17 All
these investigations, having normal �excited� semiconductor
systems in mind, rest on the standard effective-mass Mott-
Wannier-type exciton model. Thereby important band-
structure and correlation effects, as well as the exciton-
excition and exciton-phonon interaction, and the intervalley
scattering of excitons were largely neglected.

In nature, the EI state is evidently rare. One obstacle for
creating an excitonic condensate is the far-off-equilibrium
situation caused by optical excitation of excitons. But also in
thermal equilibrium situations, EI states are expected to oc-
cur only under very particular circumstances, e.g., if conduc-
tion and valence bands are adequately nested.18 Actual ma-
terials experimentally studied from the viewpoint of the EI
are numbered. One recent example is quasi-one-dimensional
Ta2NiSe5 with highly polarizable Se, where angle-resolved
photoemission spectra reveal an extreme valence-band top
flattening indicating that the ground state might be viewed as
an EI.19 At present, the transition-metal dichalcogenide
1T-TiSe2 seems to be the only candidate for a low-
temperature phase transition to the EI without the influence
of any external parameters other than the temperature. Here
the onset of an EI phase was invoked as driving force
for the charge-density-wave transition.20,21 Semiconducting,
pressure-sensitive mixed-valence materials, such as
TmSe0.45Te0.55, are further candidates for exciton condensa-
tion. Fine tuning the excitonic level to the narrow 4f valence
band, a rather large number of about 1020–1021 cm−3 �small-
to-intermediate sized� excitons can be created, which pre-
sumably condense into an EI state, at temperatures below 20
K in the pressure range between 5 and 11 kbar.22–24 Clearly,
for these rather complex transition-metal/rare-earth com-
pounds with strong electronic correlations, simple effective-
mass-model-based theories will be too crude.

The investigation of Falicov-Kimball-type models offers
another promising route toward the theoretical description of
the EI scenario. In its original form, the Falicov-Kimball
model25,26 contains two types of fermions: localized f elec-
trons and itinerant c electrons with orbital energies Ef and
Ec, respectively. An on-site Coulomb interaction U of both
species determines the distribution of the electrons between
the f and c subsystems, and therefore may drive a valence
transition, provided there is a way to establish f-c coherence.
At first glance this can only be achieved by including a hy-
bridization of the f and c bands.27,28 It has been shown, how-

PHYSICAL REVIEW B 81, 115122 �2010�

1098-0121/2010/81�11�/115122�10� ©2010 The American Physical Society115122-1

Supplementary to Article I

29



ever, that a finite f bandwidth, being certainly more realistic
than entirely localized f electrons, will also induce f-c
transitions.29,30 The model with direct c-c and f-f hopping
��tc/f�, is sometimes called extended Falicov-Kimball model
�EFKM�, the Hamiltonian of which takes the form

H = Ec�
i

ci
†
ci + tc�

�i,j�

ci
†
cj + Ef�

i

f i
†
f i + tf�

�i,j�

f i
†
f j + U�

i

nicnif .

�1�

Here f i
† �ci

†� creates an f�c� electron at lattice site i and nif
= f i

†f i �nic=ci
†ci� are the corresponding number operators. Let

us emphasize that the f and c bands involved have different
parity.29 For tftc�0 �tftc�0�, we may have a direct �indirect�
band gap. For tf�0 �dispersionless f band�, the local f elec-
tron number is strictly conserved.31

In the past few years, both the Falicov-Kimball model
with hybridization27,28,32–34 and the EFKM �Refs. 29–31 and
35� have been studied in connection with the exciting idea of
electronic ferroelectricity. The origin of electronic ferroelec-
tricity is a spontaneously broken symmetry due to a nonva-
nishing �c†f� average, which causes finite electrical polariz-
ability without an external, interband-transition driving field.
As �c†f� is basically an excitonic expectation value, indicat-
ing the pairing of c electrons with f holes, the problem of
electronic ferroelectricity is intimately connected with the
appearance of an excitonic condensate. Accordingly, the
question whether the ground-state phase diagram of the
EFKM exhibits an EI state has attracted much attention. By
means of constrained path Monte Carlo �CPMC� techniques
the T=0 phase diagram of the EFKM was determined in one
and two dimensions in the strong- and intermediate-coupling
regimes.29,30 In both cases a ferroelectric phase was detected.
A subsequent Hartree-Fock calculation shows that the mean-
field phase diagram of the two-dimensional �2D� EFKM
agrees even quantitatively with the CPMC data,35 supporting
the applicability of Hartree-Fock and RPA schemes to three-
and infinite-dimensional systems.31,35,36 Surprisingly, the
more sophisticated scalar slave-boson theory failed to find
the EI phase when the f and c orbitals are nondegenerate.37

The continued controversy, regarding the existence of the EI
phase in the EFKM, motivates us to re-examine the problem
using an improved auxiliary boson approach that ensures the
rotational and gauge symmetries of the EFKM within a func-
tional integral scheme.

II. SLAVE-BOSON THEORY

A. Slave-boson Hamiltonian

The extended Falicov-Kimball Hamiltonian �1� can be re-
written as an asymmetric Hubbard model if the orbital flavor
�f ,c� is represented by a pseudospin variable ��= ↑ ,↓�. Us-
ing the spinor representation

ai = �ai↑
ai↓

�, ai
† = �ai↑

† ,ai↓
† �, t� = �� 0

0 1
� , �2�

where the vectors ai�ai
†� are built up by the fermion annihi-

lation �creation� operators ai↑
�†�� f i

�†� and ai↓
�†��ci

�†�, H be-
comes

H = �
i�

E�ai�
†
ai� + �

�i,j�

ai
†
t�a j + U�

i

ni↓ni↑. �3�

In Eq. �2�, �= t↑ / t↓ gives the ratio of the f and c bandwidths
�t↓=1 fixes the unit of energy�. Obviously, the usual Hubbard
model follows for E↑=E↓ and �=1. Without loss of general-
ity we choose E↓=0 and E↑�0 in what follows.

Now the slave-boson representation of the EFKM is con-
structed by replacing the fermionic Hilbert space by an en-
larged one of pseudofermionic and bosonic states. The local
states, representing the original physical states of the EFKM,
Eq. �1�, in the enlarged Hilbert space in a one-to-one manner,
can be created in the following way:

�0i� → ei
†�vac� , �4�

�2i� → ãi↑
†
ãi↓
†
di
†�vac� , �5�

��i� → �
�

ãi�
†
pi��
† �vac� . �6�

The pseudofermions ãi� satisfy anticommutation rules
�ãi� , ãj��

† �=�ij����
while usual Bose commutation rules hold

for the slave bosons: �ei ,ej
†�=�ij, �pi�1�2

,pj�3�4

† �

= 1
2�ij��1�4

��2�3
, and �di ,dj

†�=�ij. The boson number opera-

tors, ei
†ei, 2 Tr p� i

†p� i, and di
†di project on an empty, a singly

occupied and a doubly occupied, and state, respectively. By
introducing a slave-boson matrix operator for the case of
single occupancy, p� i

�†�, we adapt the spin-rotation-invariant
slave-boson formulation of the Hubbard model38 �for a gen-
eralization to multiorbital models see Ref. 39�, in order to
avoid difficulties that may arise from the scalar nature of the
p� bosons in approximative treatments.37,40 The decomposi-
tion

p� i
�†� =

1

2
�
�=0

3

���pi�
�†� �7�

into scalar �singlet� pi0
�†� and vector �triplet� p� i

�†�

= �pix
�†� ,piy

�†� ,piz
�†�� components, where ��0 is the unity matrix

and ��� the vector of Pauli spin matrices, is given as

p� i
�†� =

1

2
� pi0�†� + piz

�†�
pix

�†� − ipiy
�†�

pix
�†� + ipiy

�†�
pi0

�†� − piz
�†� � . �8�

Of course, it is crucial to select out of the extended fermion-
boson Fock space the physical states. This can be achieved
by imposing two sets of local constraints,

Ci
�1� = ei

†
ei + 2 Tr p� i

†
p� i + di

†
di − 1 = 0, �9�

C� i
�2� = ãi � ãi

† + 2p� i
†
p� i + di

†
di��0 − ��0 = 0. �10�

Ci
�1� expresses the completeness of the bosonic operators, i.e.,

each lattice site i can only be occupied by exactly one boson.
C� i

�2� relates the pseudofermion number to the number of p�
and d bosons.

Correspondingly, the mapping of the physical electron op-
erators into products of new pseudofermions and slave
bosons in the hopping term of H is
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ai → z�iãi. �11�

The choice of the hopping operators z�i is not unique. This
arbitrariness can be used, e.g., to reproduce, for the Hubbard
model case, the correct free-fermion result at U=0 and the
Gutzwiller result for any finite U at the mean-field level,
where the constraints, Eqs. �9� and �10�, are fulfilled only on
the average. This is guaranteed by choosing38,41

z�i = L� iei
†
Mip� iN� i + L� ip̃� i

†
MidiN� i �12�

with

L� i = ��1 − di
†
di���0 − 2p� i

†
p� i�

−1/2, �13�

N� i = ��1 − ei
†
ei���0 − 2p̃� i

†
p̃� i�

−1/2, �14�

Mi = �1 + ei
†
ei + di

†
di + 2 Tr p� i

†
p� i�

1/2, �15�

and p̃
i���

�†� =���pi−��−�

�†� . The Hubbard interaction term of H can

be bosonized via

ni↑ni↓ → di
†
di. �16�

That is, the transformation to slave-boson fields results in a
linearization of the interaction and we end up with the
EFKM Hamiltonian in the form

H =
E↑

2
�
i

ãi
†���0 + ��z�ãi + �

�i,j�

ãi
†
z�i
†
t�z� jã j + U�

i

di
†
di. �17�

B. Functional integral representation

To proceed further, it is convenient to represent the grand
canonical partition function of the constrained system �17�,
Z=Tr e−��H−�Ne�, as an imaginary-time path integral over
Grassmann fermionic and complex bosonic fields42

Z =� D�ā̃�, ã��D�e�,e�D�p�
� ,p��D�d�,d�d���1��d���

�2��

� e−�0
�
d�L��� �18�

with the Lagrangian

L��� = �
i

�− �i
�1� + ei

���� + �i
�1��ei + 2 Tr p� i

�T���� + �i
�1����0

− �� i
�2�T�p� i

T + di
���� + �i

�1� + U − Tr �� i
�2��di�

+ �
i

ãi���� − ����0 + �� i
�2� +

E↑

2
���0 + ��z��ãi

+ �
�i,j�

ãiz�i
�
t�z� jã j . �19�

Here �=1 /T is the inverse temperature and the time-

independent Lagrange multipliers �i
�1�, �� i

�2�=�i0
�2���0+�� i

�2���� are
introduced to enforce the constraints via the integral repre-
sentation of the � function,43

��C�l�� =
�

2�i
�
c

c+2�i/�

d��l�e−���l�C�l�
�20�

�the path of the � integration is parallel to the imaginary axis
and one finds ��R+ at the physical saddle point�.

Next, exploiting the gauge symmetry of the action, we
perform local time-dependent phase transformations,

ei → eie
−i�i, �21�

di → die
−i�i, �22�

p� i → p� ie
−i��i0��0−�iz��z�, �23�

ãi → ãie
−i��i0��0−�iz��z�. �24�

Note that both the original as well as the transformed Bose
fields are complex. By the transformation, Eq. �24�, the ki-
netic contribution generates extra terms violating the SO�2�
�U�1��3 invariance of the model. Transforming the
Lagrange multipliers into real time-dependent Bose fields,

�i
�1�

→ �i
�1� + i�̇i, �25�

�� i
�2�

→ ei��i0��0−�iz��z��� i
�2�
e−i��i0��0−�iz��z� − i��̇i0��0 − �̇iz��z� + i�̇i��0,

�26�

and, in addition, restricting the phase transformation to
SO�2� �U�1��2 symmetry by

�i = 2�i0 − �i, �27�

�i0 = − �i0 + �i, �28�

�iz = − �iz, �29�

the gauge invariance of the action is satisfied. We now make
use of the gauge freedom to remove three phases of the Bose
fields in radial gauge, where the fields are given as modulus
times a phase factor,

ei → �ei�e
−i�̃i, �30�

di → �di�e
−i�̃i, �31�

p� i →
1

2
�
�

�pi�����e
−i��̃i0��0−�̃iz��z�. �32�

As a consequence, three bosons, e.g., ei���, pi0���, and piz���,
can be taken as real valued, i.e., their kinetic terms, being
proportional to the time derivates in Eq. �19�, drop out due to
the periodic boundary conditions imposed on Bose fields
��i���=�i�0��. However, the other three bosons pix, piy, and
di remain complex,

di → �di�e
−i�i with �i = �̃i − 2�̃i0 + �̃i, �33�

EXISTENCE OF EXCITONIC INSULATOR PHASE IN THE… PHYSICAL REVIEW B 81, 115122 �2010�

115122-3

Supplementary to Article I

31



p� i →
1

2
� pi0 + piz ��pix� − i�piy��e

−2i�̃iz

��pix� + i�piy��e
2i�̃iz pi0 − piz

� . �34�

This has to be contrasted to the SU�2� �U�1�-invariant Hub-
bard model �t-J model�, where only one Bose field stays
complex �all Bose fields become real�.44–46

Using the familiar Grassman integration formula,

� D�ā̃�, ã��e−�ā̃��− G−1����ã� = eTr ln�−G� −1�, �35�

the grand canonical partition function can be represented as a
functional integral over Bose fields only,

Z =� D�e�D�p0�D�px
�,px�D�py

�,py�

�D�pz�D�d�,d�D���1��D��0
�2��D��� �2��e−S �36�

with the effective bosonic action

S = �
0

�

d���
i
�− �i

�1� + �i
�1�
ei
2 + �

�

��i
�1� − �i0

�2���pi��2 − pi0�p� i
�

+ p� i��� i
�2� − i�� i

�2��p� i
� � p� i� + ��i

�1� + U − 2�i0
�2���di�

2

+ pix
�
��pix + piy

�
��piy + di

�
��di�� − Tr ln�− G�ij�,���

−1
��,���� ,

�37�

where the inverse Green propagator is given by

G�ij�,���

−1
��,��� = ��− �� + � − �i0

�2������
−
E↑

2
���0 + ��z����

− �� i
�2��������ij��� − ��� − �z�i

�
t�z� j����,���

�1 − �ij� .

�38�

The trace in Eq. �37� extends over time, space, and spin
variables.

The Hermitian z�i matrix can be brought into the form

z�i = � �xi1�
2zi1 + �xi2�

2zi2 xi1yi1
�
zi1 + xi2yi2

�
zi2

xi1
�
yi1zi1 + xi2

�
yi2zi2 �yi1�

2zi1 + �yi2�
2zi2

� , �39�

where

�xi1
yi1

� = 1

Ci−
�pix − ipiy

pi − piz
� , �40�

�xi2
yi2

� = 1

Ci+
�pix − ipiy

− pi − piz
� �41�

are the eigenvectors of p� i, p̃� i with

pi = �p� i� = ��pix�
2 + �piy�

2 + piz
2 , �42�

Ci� = �2pi�pi � piz��
1/2, �43�

and

zi1 = ��1 − �di�
2� −

1

2
�pi0 + pi�

2�−1/2

�
1

�2
�ei�pi0 + pi� + di�pi0 − pi��

���1 − ei
2� −

1

2
�pi0 − pi�

2�−1/2

, �44�

zi2 = ��1 − �di�
2� −

1

2
�pi0 − pi�

2�−1/2

�
1

�2
�ei�pi0 − pi� + di�pi0 + pi��

���1 − ei
2� −

1

2
�pi0 + pi�

2�−1/2

. �45�

Then we get

zi↑↓ = xi1yi1
� �zi1 − zi2� , �46�

zi↓↑ = xi1
�
yi1�zi1 − zi2� . �47�

We note that only for the half-filled band case �n↑+n↓

=1, ei= �di��, we find that zi1=zi2=zi, i.e.,

z�i = zi��0 �48�

becomes diagonal, and the matrix elements of the original
Hamiltonian are reproduced by the slave-boson transformed
model. That means, Eq. �36� with Eqs. �37�–�48� provide an
exact representation of the partition function for the EFKM
at half filling. By contrast, for the SU�2�-invariant Hubbard
Hamiltonian with �=1 and E↑=0, the slave-boson represen-
tation of Z holds exactly for all fillings.

For the EFKM case with t↑t↓�0 �direct gap in the
paraphase for large �E↑��, the EI order parameter �� and the
“Hartree shift” �z are, respectively, given as31,35,36

�� =
U

N
�
i

�ai↓
†
ai↑� , �49�

�z =
U

N
�
i�

��ai�
†
ai�� . �50�

Using the constraints, Eq. �10�, these relations can be ex-
pressed as functional averages,

�� =
U

N
�
i

�pi0�pix − ipiy�� , �51�

�z = 2
U

N
�
i

�pi0piz� . �52�

C. Saddle-point approximation

The evaluation of Eq. �36� is usually carried out by a loop
expansion of the collective action, Eq. �37�. At the first level
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of approximation, the bosonic fields are replaced by their
time-averaged values, and one looks for an extremum of the
bosonized action with respect to the Bose and Lagrange mul-

tiplier fields �i�= �ei ,pi0 ,p� i ,di ,�i
�1� ,�i0

�2� ,�� i
�2��,

�S

��i�

= 0 � S̄ = S��i�=�̄i�
. �53�

The physically relevant saddle point ��̄i�� is determined to
give the lowest free energy �per site�,

f̄ = �̄/N + �n , �54�

where, at given mean electron density n=n↑+n↓, the chemi-
cal potential � is fixed by the requirement

n = −
1

N

��̄

��
. �55�

�̄= S̄ /� denotes the grand canonical potential. Clearly, an
unrestricted minimization of the free energy is impossible for
an infinite system, even within the static approximation. Fo-
cusing on the possible existence of the EI phase, we consider

only uniform solutions hereafter: ��̄i��= ��̄��. Note that the
inclusion of a charge-density-wave phase is straightforward,
e.g., by adapting the two-sublattice slave-boson treatment
worked out for the Peierls-Hubbard model.46–48

Examining a tight-binding direct-band-gap situation in
three dimensions, we have

z���� k� z� = z2�k� t� �56�

with

z2 =
2p0

2d2

�1 − d2 −
1

2
�p0 + p�2��1 − d2 −

1

2
�p0 − p�2�

�57�

and

�k� = − 2�cos kx + cos ky + cos kz� . �58�

The trace in Eq. �37� can be easily performed in the
momentum-frequency domain after diagonalizing the propa-
gator in pseudospin space. Then the free-energy functional
takes the form

f���� = ��1��e2 + p0
2 + p2 + d2 − 1� − 2��

�2�p0p� − 2�z
�2�
p0pz

+ Ud2 +
1

�N
�
k��

ln�1 − nk��� + �̃n , �59�

where

nk�� = �exp���Ek�� − �̃�� + 1�−1 �60�

holds with the quasiparticle energies ��=��,

Ek�� =
1

2
�E↑ + �� + 1�z2�k��

+ ��1

4
�E↑ + 2�z

�2� + �� − 1�z2�k��
2 + ���

�2��2. �61�

Here we have introduced �
�

�2�= ����x
�2��2+ ��y

�2��2, p�

= ��px
2+py

2, and �̃=�−�0
�2�.

Requiring that f becomes stationary with respect to the
variation in the �� we obtain the following set of saddle-
point equations,

�z
�2� =

1

2

pz

p0
� z2

2d2
−

1

p0
2 − p2

�z2I , �62�

��

�2� =
1

2

p�

p0
� z2

2d2
−

1

p0
2 − p2

�z2I , �63�

p0pz =
1

2

1

N
�
k��

�mk�nk��, �64�

p0p� =
1

2

1

N
�
k��

�Mk�nk��, �65�

p0
2 =

1

2
+
1

2
��1 − z2��1 − 4p0

2p2� , �66�

d2 =
1

2z2
�z2�2 − p0

2 − p2� + 2p0
2

− 2p0�z2�2 − p0
2 − p2� + z4p2 + p0

2 � , �67�

U + 2��

�2�p�

p0
+ 2�z

�2� pz

p0
=
2d2 − p0

2 + z2p2

2p0
2d2

z2I �68�

with

I = �� + 1�
1

N
�
k��

�k�nk�� + �� − 1�
1

N
�
k��

�mk��k�nk��, �69�

mk� =
E↑ + 2�z

�2� + �� − 1�z2�k�

��E↑ + 2�z
�2� + �� − 1�z2�k��

2 + �2��

�2��2
, �70�

Mk� =
2��

�2�

��E↑ + 2�z
�2� + �� − 1�z2�k��

2 + �2��

�2��2
. �71�

The EI order parameter, Eq. �49�, and Hartree shift, Eq. �50�,
become

�� = Up0p�, �72�

�z = 2Up0pz. �73�

D. Zero temperature: BI to EI transition

At zero temperature, the EFKM exhibits a trivial band
insulator �BI� phase of a completely filled f �empty c� band
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�n=1, E↑�0�, provided the Hartree gap is finite,

�H�T = 0� = �E↑ + 2�z
�2�� − 6���� + 1� � 0. �74�

That is to say, in the BI phase we have d2=0, n↑=1, n↓=0,
and in no way f-c coherence can develop: p�=�

�

�2�=0. Then

mk�=−1 for all k�, and nk�−=1, nk�+=0 result from Eq. �60� with
Eq. �61�. The constraint, Eq. �10�, gives, together with Eq.
�64�, p0=pz=1 /�2, leading to z2=1, as for a noninteracting
system. At the same time, I=0 according to Eq. �69�, and the
correlation Eq. �68� reduces to U+2�z

�2�=0, which gives �z

=−2�z
�2� for the BI.

Looking for an instability of the BI toward an EI state, we
find from Eq. �63� that �

�

�2�=−�� near the critical Coulomb
interaction Uc2. Multiplying Eq. �65� by U, for ���0, we
get the T=0 gap equation

1 =
1

2

U

N
�
k

nk�− − nk�+

�1

4
�E↑ − �z + �� − 1��k��

2 + ��

2

, �75�

which agrees with the Hartree-Fock result.36 As a conse-
quence, our SO�2�-invariant slave-boson approach repro-
duces the BI-EI phase boundary of the EFKM Hartree-Fock
ground-state phase diagram.31,35 At least for the 2D case it
has been demonstrated that this phase boundary agrees al-
most perfectly with that obtained by the CPMC method.30,35

This also applies to our SO�2�-invariant slave-boson ap-
proach, e.g., for the 2D EFKM with �=−0.3 and U=2, we
obtain the critical value �E↑,c � =3.23�3.26� for the EI-BI tran-
sition, using the 2D tight-binding �square� density of states
�DOS�, in comparison with �E↑,c

CPMC � =3.29 �cf. Fig. 3 in Ref.
30�.

E. Scalar slave-boson approach

If one contrariwise adopts the scalar slave-boson theory40

by introducing only four auxiliary bosonic fields per site, ei,
pi�, and di, where pi↑

† pi↑ �pi↓
† pi↓� projects on a singly occu-

pied f-�c-� electron site i, the p� i matrix becomes diagonal,

p� i =
1

2
�pi0 + piz 0

0 pi0 − piz
� . �76�

That means, the “spin-flip” terms in Eq. �10�,

ãi↑
†
ãi↓ = 2pi↑↓

†
pi↑↑ + 2pi↓↓

†
pi↑↓, �77�

ãi↓
†
ãi↑ = 2pi↑↑

†
pi↓↑ + 2pi↓↑

†
pi↓↓, �78�

do not occur. As these terms, in view of Eqs. �49� and �51�,
are essential for the formation of an excitonic insulator, the
scalar slave-boson approach fails to describe the EI phase, at
least for finite orbital-energy difference E↑�0. At the �uni-
form� saddle-point level of approximation, within scalar
slave-boson theory, we find the band-renormalization factor

z2 =
d2�p↑ + p↓�

2

n↑n↓

�79�

with p↑=�2p↑↑�p↓=�2p↓↓�, and the correlation Eq. �68� sim-
plifies to

U = z2� 1

p↑p↓

−
1

d2
� 1
N

�
k�

���k�nk�↑ + �k�nk�↓� . �80�

III. NUMERICAL RESULTS

In the numerical evaluation of the self-consistency loop,
Eqs. �54�–�71�, we proceed as follows: at given model pa-
rameters Ef, �, U, and fixed total particle density n=nf+nc
=1, we solve the finite-temperature saddle-point equations

for the slave-boson and Lagrange parameter fields ��̄�� to-
gether with the equation for the renormalized chemical po-

tential �̃ using an iteration technique. Thereby k� summations
were transformed into energy integrals, introducing the
�tight-binding� density of states for the simple cubic lattice.
Convergence is assumed to be achieved if all quantities are
determined with a relative error less than 10−6. Our numeri-
cal scheme allows for the investigation of different meta-
stable states corresponding to local minima of the variational
free-energy functional. Of course, we will always obtain a
homogeneous, translational invariant solution without spon-
taneous �polarization� exciton formation. In this case the f

and c bands are simply shifted by 2�z
�2�, leading to a gapped

band structure at large enough U. Besides these simple
�semi-� metallic and BI phases, the T=0 Hartree-Fock
ground-state phase diagram of the half-filled EFKM exhibits
two symmetry-broken states:31,35 the anticipated EI and a
charge-density-wave phase. At Ef=Ec �degenerate orbitals�,
the charge-density-wave ground state is stable for all values
of �. It becomes rapidly suppressed, however, for Ef�Ec

�nondegenerate orbitals�, in particular, if the c and f band-
widths are comparable.35 As we are interested in the �uni-
form� EI phase only, we have confined our slave-boson ap-
proach to spatially uniform saddle points. With respect to
charge-density-wave formation this will be uncritical for the
parameter values studied in the following.

Figure 1 gives the slave-boson phase boundary of the EI
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0.6

T

III IV

I II

excitonic insulator

E
↑

= -2.4 , κ = −0.8

0 2 4 6 8 10

U

-1

0

Δ
⊥

T = 0

FIG. 1. �Color online� Stability region of the EI phase in the
three-dimensional �3D� half-filled EFKM �the arrow marks the criti-
cal coupling where the Hartree gap, Eq. �74�, opens�. The inset
shows the order parameter at zero temperature. Red dotted curves
give the Hartree-Fock results for comparison.
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in the U-T plane, calculated for E↑=−2.4 and �=−0.8. Most
notably, we obtain a stable EI solution for the nondegenerate
band case, which has to be contrasted with the result of the
scalar slave-boson approach.37

Let us first discuss the T=0 data. Here the numerical
semimetal-EI and EI-BI transition points at small and large
Coulomb interaction, Uc1�0.74 and Uc2�9.3, respectively,
agree with the Hartree-Fock results �see the dotted curve�.
The latter was proved analytically in Sec. II D. The inset
gives the U dependence of the EI order parameter at T=0.
For Uc1�U�Uc2, �� only slightly deviates from the corre-
sponding Hartree-Fock curve.

The variation in the other bosonic fields is depicted in Fig.
2, where the solid curves belong to the parameter values used
in Fig. 1. We see that the number of empty and double-
occupied sites, e2 and d2, is equal and goes to zero at the
EI-BI transition, where we have p0

2=pz
2=1 /2 at singly occu-

pied sites. Nonvanishing values of p
�

2 and �
�

�2� indicate an EI
state, which demonstrates the importance of the �transverse�
spin-flip processes for the formation and maintenance of f-c
coherence. The slave-boson band shift �2�z

�2�� in Eq. �61� in-
creases with increasing U �just as the Hartree shift�. Obvi-
ously, the area of the EI phase is enlarged if one reduces the
splitting of the f and c band centers �cf. the red dot-dashed

lines�. We include the data for the metastable EI solution at
E↑=0 �as discussed above, in this case the charge-density-
wave state will win�, in order to show that d2 and e2 stay
finite for all U. That means, for the orbital-degenerate EFKM
��z

�2�= �̃=0�, our SO�2�-invariant slave-boson scheme will
not give the �artificial� transition into an insulating
Brinkmann-Rice-type correlated-insulator state.49 This tran-
sition is a well-known shortcoming of the scalar slave-boson
approach to the Hubbard model40 and has been also observed
applying the scalar slave-boson theory to the EFKM.37 The
effect becomes even more apparent by comparing the varia-
tion in the slave-boson band-renormalization factors z2.

Figure 3 shows that z2 vanishes within the scalar slave-
boson theory �right-hand panel� for E↑=0 at a critical inter-
action strength �UBR�14.5�, indicating the localization of
charge carriers, whereas in our theory the bandwidth will be
only slightly renormalized at this point �see left-hand panel�.
Interestingly, the band renormalization is rather small in the
EI phase as well �cf. the curves for E↑=−1.2,−2.4�. Here we
find z2�0.95, which explains the small deviation of the
slave-boson order parameter from its Hartree-Fock counter-
part �see inset of Fig. 1�.

Next we discuss the finite-temperature behavior. The
variation in the EI order parameter and of the band-
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FIG. 2. �Color online� U dependence of slave-boson fields and Lagrange parameters for different E↑ at T=0 ��=−0.8�.
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renormalization factor with T at fixed U is displayed in Fig.
4. Most important, in comparison with the Hartree-Fock
data, the critical temperature for the EI-semimetal/
semiconductor phase transition is significantly reduced �see
also Fig. 1�. Looking at z2�T�, this may be attributed to the
more precise treatment of correlations and occupation num-
ber fluctuations. At Tc, the order parameter vanishes, and we
observe a cusp in z2. Enhancing, above Tc, the temperature
further, the band renormalization goes on, where z2 now al-
ways decreases with increasing U.

Figure 5 shows the temperature dependencies of the vari-
ous slave-boson fields and Lagrange parameters for U=6
�corresponding to the left-hand panel of Fig. 4�. As expected,
p� and �

�

�2� are monotonously decreasing functions of T,
with p��Tc�=�

�

�2��Tc�=0. The other fields exhibit a cusp
structure at Tc. At higher temperatures the probability of
finding double-occupied sites and empty sites increases. At
the same time, we find less singly occupied sites ���p0

2

+pz
2��, which means that the increase in p0

2 is overcompen-
sated by the reduction in pz

2, indicating a more balanced oc-
cupation of f and c sites.

Finally, we analyze the partial f and c electron DOS,
�↑�E� and �↓�E�, defined via

n� =
1

N
�
k�

nk�� =� dE���E� , �81�

nk�↑ =
1

2
�1 + mk��nk�+ +

1

2
�1 − mk��nk�−, �82�

nk�↓ =
1

2
�1 − mk��nk�+ +

1

2
�1 + mk��nk�−, �83�

where n�k��� are the corresponding particle densities. Figure 6
gives �↑,↓�E� at the characteristic U-T points marked by I–IV
in the phase diagram of Fig. 1. Obviously, the high-
temperature phase may be viewed as a metal/semimetal
�panel I� or a small-gap semiconductor �panel II� in the
weak-to-intermediate or strong Coulomb-attraction regime.
Accordingly, the EI phase at low temperatures shows differ-
ent characteristics as well. As can be seen from panel III, a
correlation-induced “hybridization” gap opens in the DOS
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FIG. 3. �Color online� Band-renormalization factors at T=0 within SO�2�-invariant �left-hand panel� and scalar �right-hand panel�
slave-boson theory. Again, �=−0.8.
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with n−=1 �n+=0� at T=0, indicating EI long-range order.
The pronounced c-f state mixing and strong enhancement of
the DOS at the upper/lower valence/conducting band edges
reminds a BCS-type pairing evolving from a �semi-� metallic
state with a large Fermi surface above Tc. By contrast, the
zero-temperature DOS shown in panel IV evolves from an
already gapped high-temperature phase. Here, preformed
pairs �excitons� may exist,6,36 which undergo a BEC transi-
tion at Tc.

IV. SUMMARY

In this work we studied the extended Falicov-Kimball
model with respect to the formation of an exciton conden-
sate, which is related to the problem of electronic ferroelec-
tricity. Motivated by the discrepancy concerning the exis-
tence of the EI phase within the Hartree-Fock and scalar
slave-boson approaches, we developed an SO�2�-invariant
slave-boson theory. The main result is that our improved
slave-boson scheme is capable of describing the EI phase in
a parameter region agreeing, at zero temperature, with
Hartree-Fock �and, in 2D, constrained path Monte Carlo� re-
sults. This is in striking contrast to recent findings by the

scalar slave-boson approach,37 which fails to detect the EI
phase in the case of nondegenerate f and c orbitals. The
agreement of the zero-temperature semimetal→EI and EI
→band-insulator transition points with the Hartree-Fock and
Monte Carlo values is ascribed to a rather weak band renor-
malization at T=0. At finite temperature, band-
renormalization effects due to electronic correlations and
particle number fluctuations become important, and, as a re-
sult, our slave-boson theory yields significantly lower transi-
tion temperatures than Hartree-Fock. From the analysis of
the partial f , c, and quasiparticle densities of states, in the EI
phase a crossover from a BCS-type condensate to a Bose-
Einstein condensate of preformed excitons may be sug-
gested. The results of our investigations may form the basis
of forthcoming studies, e.g., on the effects of fluctuations
around the saddle point, allowing the calculation of pseu-
dospin and charge susceptibilities for the EFKM on an equal
footing.
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We study the effects of interband hybridization within the framework of an extended Falicov-Kimball model
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I. INTRODUCTION

The Falicov-Kimball model1,2 �FKM� was primarily intro-
duced to describe the metal-insulator transition of the mixed-
valence compound SmB6. Later on, the model became
widely accepted as a minimal Hamiltonian for studying sev-
eral strongly correlated electron systems,3–8 in particular,
heavy fermion compounds.9–11 In its original form, the FKM
contains an itinerant c band of electrons that interact via a
local Coulomb repulsion with localized f electrons. The spin
degree of freedom of the electrons is not included. The local
f electron number is strictly conserved and c-f electron co-
herence cannot be established.12 An explicit hybridization
between f and c orbitals provides an opportunity to over-
come this shortcoming.13,14 More recently, it was shown that
a finite f electron bandwidth also induces c-f electron coher-
ence, i.e., it can lead to an excitonic condensate even in
absence of an explicit interband hybridization.15,16

These extended versions of the FKM were used to sub-
stantiate the exciting idea of electronic ferroelectricity
�EFE�.14–18 The ferroelectric phase only appears when the c
and f orbitals have opposite parity under spatial inversion.
The concomitant spontaneous breaking of inversion symme-
try results from a nonvanishing average of �c†f�. Since this
expectation value corresponds to �excitonic� pairing of elec-
trons and holes from different bands, the appearance of EFE
is directly related with the formation of an excitonic insulator
�EI�.19–21

The FKM with two dispersive bands, the so-called ex-
tended FKM �EFKM�, was studied previously for describing
different properties of the EI phase.22–26 However, as it was
shown for the case of opposite-parity orbitals,15,16 the inclu-
sion of a finite interband hybridization can be very relevant
because it removes the U�1� symmetry associated with the
conservation of the difference between the total number of
particles in each band: Nc−Nf. In particular, this hybridiza-
tion term is certainly relevant when the ground-state of the
EFKM corresponds to an excitonic condensate. For the
EFKM with interband hybridization �HEFKM�, the excitonic
condensate is in general replaced by Ising-type phases that
only break discrete symmetries of the Hamiltonian.

In this paper we present a mean-field study of the influ-
ence of an explicit hybridization on the symmetry-broken

states that can take place for the HEFKM. To determine the
ground-state quantum phase diagram of the HEFKM in the
strong- and weak-coupling limits of c-f electron interaction,
we assume that the interband hybridization amplitudes are
small compared to the intraband hopping �transfer� integrals.
Given the nature of the discrete symmetries of the HEFKM,
the natural ground-state candidates are chiral phases �CHPs�
and states with multipolar electric orderings.

II. MODEL

By expressing the orbital flavor as a pseudospin variable,
ci
†�ci↑

† and f i
†�ci↓

† , the Hamiltonian takes the form

H = �
i,�

��ci�
†
ci� + �

�ij�,�

t��ci�
†
cj� + H.c.� + U�

i

ni↑ni↓

+ v0�
i

�ci↑
†
ci↓ + H.c.� + v↑↓�

�ij�

�ci↑
†
cj↓ + H.c.�

+ v↓↑�
�ij�

�ci↓
†
cj↑ + H.c.� . �1�

Here �ij� indicates that i and j are nearest-neighbor sites. The
fermionic operators ci�

�†� annihilate �create� an electron on the
spin � Wannier orbital of the lattice site Ri. The lattice has a
total number of N sites, and nj�=cj�

† cj� is the particle number
operator for site j ��= �↑ ,↓��. �� denotes the on-site energy
for each orbital, t� are the intraband hopping amplitudes, U
is the local interorbital Coulomb interaction strength, and v�

are the interband hybridization amplitudes, where �=0 for
on-site hybridization and �= �↑↓ , ↓↑� for intersite hybridiza-
tion. The EFKM is recovered from Eq. �1� by setting v�=0.
In this limit, the model has a continuous U�1� symmetry,
which is removed by the inclusion of an explicit hybridiza-
tion. The discrete symmetries that remain for the more gen-
eral HEFKM are spatial inversion and time-reversal invari-
ance.

The pseudospin language of Eq. �1� unveils the similarity
of H with other generic many-body Hamiltonians. The
EFKM �v�=0� becomes an asymmetric Hubbard model, i.e.,
a single band model for electrons with a spin-dependent dis-
persion. We will still use the name “Falicov-Kimball model”
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to indicate that the pseudospin degree of freedom represents
a physical orbital degree of freedom. From now on, we will
consider that H is defined on a square lattice and �ni↑+ni↓�
=1 �half-filled band case�. We will also restrict to zero tem-
perature and measure all energies in units of t↑=1. Finally,
we will assume that the Wannier functions of c and f orbit-
als, �↑�r−Ri� and �↓�r−Ri�, are real.

III. ORDER PARAMETERS

In the rest of the paper we will refer to the pseudospin
simply as “spin.” The spin representation used in Eq. �1�
unveils the SU�2� structure of this internal degree of free-
dom. This degree of freedom is the only one that survives at
low energies in the large U / �t�� limit. Consequently, the three
different local or real-space order parameters correspond to
the three components of the local spin variable,

S j =
1

2
�
�,��

cj�
†

����
cj��

, �2�

where � is the vector of the Pauli matrices. More compli-
cated �or higher order� real-space order parameters involve
products of spin operators in more than one unit cell.

A real-space modulation of �S j
z� leads to orbital ordering.

Here we will only consider the ordering wave vector Q
= �� ,�� that leads to staggered orbital ordering �SOO� be-
cause the effective interaction is antiferromagnetic between
nearest-neighbors and the lattice under consideration is bi-
partite. The corresponding order parameter is

�SOO = �
j

eiQ·Rj�S j
z� . �3�

If the two orbitals have opposite parity, a nonzero �S j
x�

implies the presence of a spontaneous local electric polariza-
tion that turns out to be uniform for the HEFKM. This is the
EFE that was found in previous works for particular limits of
the HEFKM.14–16 The uniform electric polarization is given
by

�P� = p�
j

�S j
x� �4�

with the interband dipole matrix element

p = 2e� d3r�↑�r�r�↓�r� , �5�

where e is the electron charge. This phase breaks the spatial
inversion symmetry of H.

If the two orbitals have the same parity �for instance s and
d orbitals�, a nonzero modulation of �S j

x� corresponds to an
electric quadrupole density wave �EQDW� as long as the
tensor

q���

��� = e� d3r���r�r�r��
���

�r� �6�

is nonzero for ��= �̄�−� �� ,��= �x ,y ,z��. In case the tensor
q��̄ �Eq. �6�� vanishes, one has to look for the lowest order
electric multipole that has a nonzero matrix element between

the orbitals �↑�r� and �↓�r�. In the rest of this paper, we will
assume that the tensor q��̄ does not vanish. In second quan-
tization, the local electric quadrupole tensor on the unit cell j
is given by the operator,

Q j = q↑↑nj↑ + q↓↓nj↓ + 2q↑↓Sj
x. �7�

We note that q↑↓=q↓↑. The corresponding quadrupolar order
parameter in momentum space is given by

�Qk� = �
j

eik·Rj�Q j� . �8�

Again, for the Hamiltonian under consideration, the wave
vector of the electric quadrupolar ordering is k=Q. Equation
�7� implies that a nonzero modulation of the x-spin compo-
nent, �S j

x�, corresponds to an EQDW. While translational
symmetry is broken in this phase, time-reversal and spatial
inversion symmetries are conserved. We note that the first
two terms of Eq. �7� imply that orbital ordering will also lead
to an EQDW. However, as it is also clear from Eq. �7�, the
quadrupolar tensors associated with the ordering along the z

and x axes are different. The quadrupolar electric moment
that is modulated under staggered orbital ordering �staggered
z component� corresponds to a linear combination of the ten-
sors q↑↑ and q↓↓. On the other hand, the staggered ordering
of the x-spin component involves a modulation of a quadru-
polar electric tensor proportional to q↑↓ �hybridization-
induced quadrupolar electric moment�. In order to simplify
the notation, we will use “EQDW” to denote the staggered
ordering of the x-spin component and SOO for the staggered
ordering of the z-spin component.

Finally, a nonzero �S j
y� implies the spontaneous emer-

gence of a current-density distribution between the two or-
bitals of the unit cell j.21,27 This can be easily verified if we
neglect the overlap between orbitals that belong to different
unit cells. In that case, the current-density operator at a point
r near R j is given by

j j�r� =
�

me

Sj
y�

�

���̄�r − R j��r���r − R j� , �9�

where me is the electron mass and the prefactor � takes the
value +1 for ↑ and −1 for ↓. We note that this current density
flows between the two orbitals of the same unit cell �these
are atomic currents when the two orbitals belong to the same
ion�, in contrast to the orbital currents found in Ref. 28 that
flow between different unit cells. This CHP breaks time-
reversal symmetry and the physical order parameter is the
lowest order nonzero multipole of the current-density distri-
bution given by Eq. �9�. The chiral ordering is staggered for
orbitals with the same parity and uniform for orbitals with
opposite parity. For instance, if we are considering two p

orbitals, the staggered chiral ordering of the y-spin compo-
nent corresponds to orbital antiferromagnetism because the
current distribution given by Eq. �9� generates a net magnetic
dipole moment. Since we will consider the general case of
any arbitrary pair of orbitals, we will use “CHP” to denote
the uniform ordering of the y-spin component �same parity
orbitals� and “staggered chiral phase” �SCHP� to denote the
staggered ordering.
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IV. STRONG-COUPLING REGIME

For the case �t�� , �v���U, we can perform a large-U ex-
pansion, thereby reducing the HEFKM �Eq. �1�� to an effec-
tive strong-coupling Hamiltonian, Hsc, that reproduces the
low-energy spectrum of the original model.

A large on-site Coulomb interaction splits the spectrum of
the HEFKM Hamiltonian into high- and low-energy parts.
For t�=v�=0, the lowest-energy subspace is generated by
the 2N states that have one electron per site. The high-energy
subspaces are separated by energy gaps equal to Und, where
nd is the number of double occupied sites. For nonzero t� and
v�, the electrons are no longer completely localized at their
ions, i.e., an electron can gain kinetic energy by visiting vir-
tually a neighboring site. Since we are considering the half-
filled band case �one particle per site�, the low-energy effec-
tive model becomes a spin Hamiltonian Hsc. The expression
for Hsc up to second order in the kinetic-energy terms is

Hsc = �
�ij�

�JxxSi
xS j

x + JyySi
yS j

y + JzzSi
zS j

z� + �
�ij�

�JxzSi
xS j

z

+ JzxSi
zS j

x + C� + �
i

�BSi
z + 2v0Si

x� , �10�

where

Jxx =
4

U
�t↑t↓ + v↑↓v↓↑� , �11�

Jyy =
4

U
�t↑t↓ − v↑↓v↓↑� , �12�

Jzz =
2

U
�t↑
2 + t↓

2 − v↑↓
2 − v↓↑

2 � , �13�

Jxz =
4

U
�t↑v↓↑ − t↓v↑↓� , �14�

Jzx =
4

U
�t↑v↑↓ − t↓v↓↑� , �15�

C = �↑ + �↓ −
1

2U
�t↑
2 + t↓

2 + v↑↓
2 + v↓↑

2 � , �16�

B = �↑ − �↓. �17�

It is well known that the half-filled isotropic Hubbard model
can be mapped on an effective Heisenberg model in the limit
of a large Coulomb repulsion. For the more general EFKM,
the intraband hopping amplitudes and the different on-site
potentials lead to an effective XXZ model in a magnetic field
B along the z axis. B is simply the energy difference between
the two orbitals.15 As expected, the interband hybridization
of the HEFKM generates anisotropic terms that explicitly
break the U�1� invariance under uniform spin rotations about
the z axis. While the intersite hybridization leads to aniso-
tropic exchange terms, the on-site hybridization leads to a
Zeeman coupling to a uniform field along the x axis.

For low enough values of B and no interband hybridiza-
tion, the ground-state of Hsc exhibits SOO. The simple
reason is that Jzz� �Jxx,yy�, i.e., the effective XXZ model is
easy-axis.15 If Jzz is significantly larger than �Jxx,yy�, the SOO
remains robust when the interband hybridization is included.
Clearly, there exists a critical value of B that leads to a spin-
flop transition to an ordered phase in the XY plane with a
uniform component along the z axis �canted XY phase�. In
absence of interband hybridization, the U�1� invariance of
the EFKM implies that spin component perpendicular to the
applied field can point along any direction of the XY plane.
In other words, there is a continuous ground-state degen-
eracy that includes the EQDW �EFE� and SCHP �CHP� for
orbitals with the same �opposite� parity. In this case, the in-
clusion of interband hybridization is very relevant because it
lifts the continuous degeneracy and stabilizes only one of the
two possible Ising-type orderings �along the x or y spin di-
rection�.

For orbitals with opposite parity, we have t↑t↓�0, v↓↑=
−v↑↓, and v0=0. These relationships are derived from simple

symmetry considerations. In this case Jxx=−
4
U

��t↑t↓�+v↑↓
2 �,

Jyy=−
4
U

��t↑t↓�−v↑↓
2 �, and Jzx=−Jxz. Since Jxx ,Jyy�0 and

�Jxx�� �Jyy�, the energy is minimized by a ferromagnetic
alignment of the spins along the x direction that corresponds
to an EFE phase. Since this was previously shown in Ref. 15,
from now on we will concentrate on the case of equal parity
orbitals. In this case, we have t↑t↓�0, v↓↑=v↑↓, and v0 can
be nonzero if the two orbitals belong to different ions. Then
Jxx�Jyy and Jzx=Jxz. Since Jxx�Jyy�0, v↑↓ favors staggered
Ising-type ordering along the x direction while v0 favors a
uniform polarization along the x direction and, consequently,
a staggered Ising-type ordering along the y direction. In other
words, the interband hybridization can stabilize an EQDW or
a SCHP depending on the ratio between the on-site and in-
tersite hybridization amplitudes.

We introduce now the mean-field variational states and
the corresponding energies for the three order parameters
that we introduced in the previous section.

�i� SOO. This phase has a staggered spin component along
the z direction, and a uniform component along the x direc-
tion that can be induced by the on-site hybridization term v0,

�S j��1
= S�sin �1,0,cos �1e

iQRj� , �18�

E0
SOO = − DNS2Jzz cos

2 �1 + DNS2Jxx sin
2 �1 + 2v0SN sin �1

+ DNC . �19�

�ii� SCHP. This phase has a staggered spin component
along the y direction and uniform polarizations along the x

and z directions,

�S j��1,�2
= S�sin �1 cos �2,e

iQRj sin �1 sin �2,cos �1� ,

�20�
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E0
SCHP = DNS2��Jxx + Jyy�cos

2 �2�1 − cos2 �1� − Jyy

+ �Jyy + Jzz�cos
2 �1 + 2Jxz sin �1 cos �1 cos �2�

+ DNC + NSB cos �1 + 2NSv0 sin �1 cos �2.

�21�

�iii� EQDW. In this case the staggered spin component is
aligned along the x direction and there is a uniform compo-
nent along the z direction induced by B �the y component
vanishes�,

�S j��1
= S�eiQRj sin �1,0,cos �1� , �22�

E0
EQDW = DNC + NBS cos �1 − DNJxxS

2 sin2 �1

+ DNJzzS
2 cos2 �1. �23�

In all cases we have D=2, Q= �� ,��, and S=1 /2. By
minimizing the respective energies with respect to �1 and �2,
we determine the quantum phase diagram as a function of
the band-structure parameters.

Figure 1�a� shows the effect of a finite intersite hybridiza-
tion amplitude, v↑↓, on the quantum phase diagram of the
EFKM. The intersite hybridization stabilizes the EQDW
relative to the SCHP. On the other hand, the EQDW is also
favored relative to the SOO because v↑↓ decreases the value
of Jzz and simultaneously increases the value of Jxx �see Eqs.
�11� and �13��. Figure 1�b� illustrates the effect of a finite
on-site hybridization. In this case, the SCHP is favored rela-
tive to the EQDW. In contrast to v↑↓, v0 does not change the
transition point between the SCHP and the SOO. The simple
reason is that v0 does not affect the exchange constants. It
just generates an effective pseudomagnetic field along the x

axis that leads to a finite canting angle in both phases. Figure
1�c� shows the phase diagram as a function of v0 and v↑↓ for
a large enough value of B=0.5 and same parity orbitals.
Again, we can see that a finite on-site hybridization v0

strengthens the SCHP while the intersite hybridization v↑↓

stabilizes the EQDW. Within our simple mean-field approxi-
mation the boundary between these two phases is a straight
line.

V. WEAK-COUPLING REGIME

It has been shown in Ref. 18 that the mean-field ground-
state phase diagram of the 2D EFKM agrees almost perfectly
with the one obtained by a constrained path Monte Carlo
technique, even in the intermediate coupling regime. This
agreement motivates us to perform a Hartree-Fock decou-
pling of the HEFKM to explore the quantum phase diagram
for small U / �t��.

The weak-coupling analysis requires to express the rel-
evant order parameters in momentum space. In particular, the
Fourier components of �S j

x� and �S j
y� can be represented as a

complex number,

�Q = ��Q�ei� =
U

N
�
k

�ck+Q↑
†

ck↓� �24�

=
U

N
�
j

eiQRj��S j
x� + i�S j

y�� �25�

=
U

�N
��SQ

x � + i�SQ
y �� , �26�

where

ck�
† =

1

�N
�
j

eik·Rjcj�
† , �27�

(a)

(b)

(c)

FIG. 1. �Color online� Ground-state phase diagram of the 2D
EFKM in the strong-coupling regime. Band-structure parameters
are �↓=0.0, t↑=1.0, and U=10. Left-hand side diagrams �in panels
�a� and �b�� give results for the nonhybridized EFKM �v0=0 and
v↑↓=0� while right-hand side diagrams show the dependence on the
�a� intersite hybridization v↑↓ and �b� on-site hybridization v0 for
�↑=0.15. Panel �c� gives the stability region of the staggered chiral
phase and the electric quadrupole density wave in dependence on v0

and v↑↓ for �↑=0.5, t↓=0.5.
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Sk
� =

1

�N
�
j

eik·RjS j
�. �28�

The ordering wave vector Q determines the modulation of
the real-space order parameter. According to our strong-
coupling analysis, we have Q= �� ,�� for orbitals with the
same parity and Q= �0,0� for orbitals with opposite parity.
Again, the U�1� invariance of the EFKM �v�=0� implies that
the energy does not depend on �. Consequently, there is an
infinite number of ground-states with �Q�0 that results
from the spontaneous U�1� symmetry breaking of the EFKM
�excitonic condensate�. A finite interband hybridization
�v��0� removes the continuous U�1� symmetry and lifts the
� degeneracy of the HEFKM ground-state.

For orbitals with opposite parity, the hybridization in mo-
mentum space takes the form vk=2iv↑↓�sin kx+sin ky� and
the EFE state has a lower energy than the CHP. This is in
agreement with the result for the FKM extended by a �small�
intersite hybridization in Ref. 14. Therefore, from now on we
will focus only on the equal parity case. The Hartree-Fock
decoupling suggested by Eq. �24� gives

Hwc = �
k,�

�̄k�ck�
†
ck� + �

k,�

vkck�
†
ck−� − �

k

�Qck↓
†
ck+Q↑

− �
k

�Q
�
ck+Q↑
†

ck↓ �29�

with

�̄k� = �� + Un−� + 2t��cos kx + cos ky� , �30�

vk = v0 + 2v↑↓�cos kx + cos ky� , �31�

n� =
1

N
�
k

�ck�
†
ck�� , �32�

�Q =
U

N
�
k

�ck+Q↑
†

ck↓� , �33�

�Q
� =

U

N
�
k

�ck↓
†
ck+Q↑� . �34�

The mean-field Hamiltonian �29� can be easily diagonalized
by the canonical transformation29

Ck,m = uk,mck↑ + vk,mck↓ + ũk,mck+Q↑ + ṽk,mck+Q↓, �35�

where m=1,2 ,3 ,4. The coefficients are solutions of the
associated Bogoliubov de Gennes equations, Hk

wc�k,m
=Ek,m�k,m, with

Hk
wc =�

�̄k↑ vk 0 − �Q
�

vk �̄k↓ − �Q 0

0 − �Q
� �̄k+Q↑ vk+Q

− �Q 0 vk+Q �̄k+Q↓

� �36�

and �k,m= �uk,m ,vk,m , ũk,m , ṽk,m�T. The energy per site results
as

E0
wc

N
=
1

N
�
k,m

�Ek,mf�Ek,m� − Un↑n↓ +
1

U
��Q�2, �37�

where f�Ek,m� is the Fermi function containing the new qua-
siparticle energies Ek,m and the prime denotes that the k sum-
mation extends over the magnetic Brillouin zone only. The
chemical potential � is determined by the condition

1 =
1

N
�
k,m

�f�Ek,m� . �38�

Next we consider the mean-field decoupling that leads to
SOO. In this case, we introduce the possibility of a periodic
modulation in the electronic density with independent ampli-
tudes for each spin polarization,

�ni�� = n� + �� cos�QRi� �39�

with

�� =
1

N
�
k

�ck�
†
ck+Q�� . �40�

The associated Bogoliubov de Gennes equations are
Hk

SOO�k,m=Ek,m
SOO�k,m, with

Hk
SOO =�

�̄k↑ vk U�↑ 0

vk �̄k↓ 0 U�↓

U�↑ 0 �̄k+Q↑ vk+Q

0 U�↓ vk+Q �̄k+Q↓

� . �41�

The SOO order parameter becomes

�SOO =
�↑ − �↓

2
. �42�

For asymmetric bands, t↑� t↓, the presence of a nonzero
SOO leads to a secondary charge-density-wave �CDW� or-
der, whose order parameter is given by

�CDW =
�↑ + �↓

2
. �43�

This secondary CDW provides a simple way of detecting the
SOO in real materials. The mean-field energy per site that
results from such a kind of SOO is

E0
SOO

N
=
1

N
�
k,m

�Ek,m
SOO

f�Ek,m
SOO� − Un↑n↓ − U�↓�↑. �44�

By solving the self-consistency Eqs. �33� and �40�, and
comparing the corresponding mean-field energies given by
Eqs. �37� and �44�, we compute the ground-state phase dia-
gram.

Figure 2 is the weak-coupling counterpart of Fig. 1. Like
for the strong-coupling regime, Fig. 2�a� shows that an in-
creasing value of v↑↓ narrows the SOO phase while the re-
gion of the EQDW phase is enlarged. On the other hand, the
on-site hybridization v0 favors the SCHP relative to the
EQDW and it does not have a noticeable effect on the tran-
sition line between the SOO and the SCHP �see Fig. 2�b��.
This also coincides with the strong-coupling results. Figure
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2�c� shows the stability regions of the EQDW and SCHP as
a function of the hybridization amplitudes for a large enough
��↑−�↓�=0.5. Qualitatively, the result of our Hartree-Fock
approach is similar to the one obtained from the strong-
coupling analysis �see Fig. 1�c��. However, a more quantita-
tive analysis shows that the area of stability for the SCHP is
reduced relative the strong-coupling result. A large Coulomb
repulsion inhibits hopping processes and consequently re-
duces the influence of the intersite hybridization v↑↓ relative
to the effect of the on-site hybridization v0.

VI. CONCLUSIONS

The Hamiltonian that we considered in this work is a very
simple extension of the Falicov-Kimball model. In spite of

its simplicity, we have shown that this model leads to a very
rich quantum phase diagram that contains all the possible
local order parameters �three different components of the lo-
cal spin S j� considered in Sec. III. The ordering wave vector
Q is selected by the nesting property of the noninteracting
Fermi surface in the weak-coupling limit and by the antifer-
romagnetic nature of the exchange interactions on a bipartite
lattice in the strong-coupling limit. Most notably, the stability
of the different broken symmetry states is very sensitive to a
few band-structure parameters. According to these results, it
is necessary to have very accurate information about the
band-structure properties near the Fermi energy to predict the
correct ordered state. In particular, if the two orbitals have
different angular momentum �like s and d orbitals�, the
SCHP may remain hidden to most of the experimental
probes. The simple reason is that the spontaneous current-
density distribution given by Eq. �9� has no net magnetic
moment. Consequently, this phase can only be detected by
using an experimental probe that couples to the lowest non-
zero multipole of the current-density distribution. The SCHP
becomes stable above a critical value of the on-site hybrid-
ization as long as the diagonal energy difference between the
two orbitals ��c−� f� is also larger than a minimal value.

Although all the calculations of this work were done for
D=2, we do not expect any qualitative change for D�2. The
obtained consistency between the weak- and the strong-
coupling approaches suggests that our results are robust. In
particular, the absence of geometric frustration in the strong-
coupling regime, whose weak-coupling counterpart is the
nesting property of the Fermi surface, facilitates the search
for the broken symmetry state that minimizes the energy for
each set of Hamiltonian parameters. For orbitals with oppo-
site parity under spatial inversion, we confirmed that the
ferroelectric phase has always a lower energy than the chiral
phase. For orbitals with the same parity, we found that the
stabilization of the electric quadrupole density wave or the
staggered chiral phase depends strongly on the dominant in-
terband hybridization. The on-site hybridization, that is only
allowed when the two orbitals belong to different ions, fa-
vors the staggered chiral phase while a nearest-neighbor in-
terband hybridization favors the electric quadrupole density
wave.
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FIG. 2. �Color online� Ground-state phase diagram of the 2D
EFKM in the weak-coupling regime. Band-structure parameters are
�↓=0.0, t↑=1.0, and U=2. Left-hand side diagrams �in panels �a�
and �b�� give results for the nonhybridized EFKM �v0=0 and v↑↓

=0� while right-hand side diagrams show the dependence on the �a�
intersite hybridization v↑↓ and �b� on-site hybridization v0 for �↑

=0.15. Panel �c� gives the stability region of the staggered chiral
phase and the electric quadrupole density wave in dependence on v0

and v↑↓ for �↑=0.5, t↓=0.5.
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We act on the suggestion that an excitonic insulator state might separate—at very low temperatures—a

semimetal from a semiconductor and ask for the nature of these transitions. Based on the analysis of electron-hole

pairing in the extended Falicov-Kimball model, we show that tuning the Coulomb attraction between both species,

a continuous crossover between a BCS-like transition of Cooper-type pairs and a Bose-Einstein condensation

of preformed tightly bound excitons might be achieved in a solid-state system. The precursor of this crossover

in the normal state might cause the transport anomalies observed in several strongly correlated mixed-valence

compounds.

DOI: 10.1103/PhysRevB.85.121102 PACS number(s): 71.30.+h, 71.35.Lk

The challenging suggestion of electron-hole pair conden-

sation in thermal equilibrium into the excitonic insulator

(EI) phase at the semimetal (SM) to semiconductor (SC)

transition,1 where the SM-EI transition may be described

in analogy with BCS theory of superconductivity and the

SC-EI transition is discussed in terms of a Bose-Einstein

condensation (BEC) of preformed excitons,2–4 is of topical

interest. This is due to the growing amount of experimental

data on materials which are candidates for the realization of

the EI, where different situations with respect to the SM/SC-EI

transition are given. For example, in the rare-earth chalco-

genide TmSe0.45Te0.55, that is, an intermediate-valent SC,

the pressure-induced resistivity anomaly at low temperatures

was ascribed to exciton formation and a subsequent SC-EI

transition.5–8 An EI state in semiconducting Ta2NiSe5 was

recently probed by photoemission.9 On the other hand, in the

layered transition-metal dichalcogenide 1T -TiSe2, which is a

SM, a BCS-like electron-hole pairing was considered as the

driving force for the periodic lattice distortion.10 Here evidence

suggests electron-hole “Cooper-pair” fluctuations above the

SM-EI transition temperature. A BCS-like electron-hole pair

condensation was also studied for graphene bilayers.11 In

this system a BCS-BEC crossover might be realized by a

magnetic field that creates a gap and magnetoexcitons which

may condense. From a theoretical point of view, one of the

main issues in this field is the better understanding and a

detailed description of the normal phase above the SM/SC-EI

transition, especially of the electron-hole pair fluctuations and

of the BCS-BEC crossover scenario12 that characterizes the

EI instability and, to the best of our knowledge, has not been

observed in a solid so far.

In this Rapid Communication we address this topic and the

mechanisms behind in terms of a minimal two-band model,

the so-called extended Falicov-Kimball model (EFKM),3,13,14

which covers direct c- and f -band hopping and admits the

pairing of c electrons with f holes via a strongly screened

Coulomb interaction. Thereby we focus on the normal phase

that surrounds the EI and look for precursor effects in the

electron-hole pair susceptibility. In particular, we analyze the

nature of the electron-hole bound states and determine their

number and spectral weight. We are able to show how the

normal state to EI transition changes from BCS to BEC when

the SM gives way to the SC.

Representing the orbital flavor of the f ,c electrons by the

pseudospin σ =↑ , ↓, the EFKM takes the form

H =
�

k,σ

εkσ nkσ + U
�

i

ni↑ni↓. (1)

Equation (1) constitutes a generalizedHubbardmodel with on-

site Coulomb interaction U and spin-dependent band energies

εkσ = Eσ − tσ γk − µ, whereEσ defines the band center of the
σ band, tσ denotes the nearest-neighbor hopping amplitude on

a D-dimensional hypercubic lattice, γk = 2
�D
d=1 cos kd , and

µ is the chemical potential. ForE↑ < E↓ and t↑t↓ < 0 (t↑t↓ >

0) a direct (indirect) band gap might appear. The σ -electron

density is given by nσ = 1
N

�
k�nkσ � = 1

N

�
k�c

†
kσ ckσ �, and

we require n↑ + n↓ = 1 for the half-filled band case.

TheEI low-temperature phase of theEFKMis characterized

by a nonvanishing order parameter � = U
N

�
k�c

†
k↓ck↑� (in

case of a direct band gap).3,14,15 Describing a condensate

of electron-hole pairs (excitons), � obeys a gap equation

with anomalous Green’s functions involved.2,4,10 From this

the transition temperature TEI(U ) can be determined. In what

follows we scrutinize the existence of excitonic bound states

above TEI where � = 0. To this end we analyze the sus-

ceptibility χ
↑,↓
q (ω) = ��bq;b

†
q��ω, with b

†
q = 1√

N

�
k c

†
k+q↓ck↑

creating an electron-hole excitation with momentum q in the

SM and SC high-temperature phases. The pole of χ−σ,σ
q (ω),

ωX(q) = ω
↑,↓
X (q) = −ω

↓,↑
X (q), calculated in ladder approx-

imation, describes an exciton, provided that 0 < ωX(q) <
ωC(q). HereωC(q) = mink(ε̃k+q↓ − ε̃k↑) is the lower bound of

the electron-hole excitations and ε̃kσ denotes the renormalized

band structure. The binding energy of the exciton is EXB (q) =
ωC(q) − ωX(q). Outside the electron-hole continuum the

imaginary part of χ−σ,σ
q is

Imχ−σ,σ
q (ω) = −π Z(ωX,q) δ

�
ω − ω−σ,σ

X

�
, (2)

where

Z(ωX,q) =

�
U 2

N

�

k

f (ε̃k↑) − f (ε̃k+q↓)

(ωX + ε̃k↑ − ε̃k+q↓)2

�−1

(3)

gives the spectral weight of the excitonic quasiparticle.
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To determine the chemical potential including self-energy

effects, we expand the imaginary part of Gkσ (ω) = [ω −
ε̄kσ −�kσ (ω)]

−1, where ε̄kσ = εkσ + Un−σ , for small damp-

ing. The self-energy is obtained by the Green’s function

projection technique16

�kσ (ω) = −
U 2

Nπ2

�

k�

�

dω̄

�

dω� [f (ω
�) + p(ω� − ω̄)]

ω − ω̄

× Imχ
−σ,σ
k−k� (ω̄ − ω�)ImGk�−σ (ω

�), (4)

with f (ω) = [eβω + 1]−1, p(ω) = [eβω − 1]−1. Considering

the parameter region near the SM/SC-EI transition, where

the dominant weight of the electron-hole spectral function is

suggested to arise from the bound state as compared with the

electron-hole continuum, in the self-energy calculationwe take

into account only the excitonic quasiparticle contribution given

byEq. (2). Then theσ -electron density can be decomposed into

a part of nearly-free electrons (with renormalized dispersion)

and a term ∝Im�kσ (ω) that comprises the electron-bound

states as well as the reaction of the σ electrons to the existence

of excitons. Denoting the latter contribution as the correlation

part, we have nσ = nnfσ + ncorrσ , and find nnfσ = 1
N

�
k f (ε̃kσ ),

where ε̃kσ = ε̄kσ + Re�kσ (ω)|ω=ε̃kσ . It turns out that n
corr
↑ =

−ncorr↓ . Hence, the chemical potential can be obtained by

using solely the nearly-free part of the particle densities, i.e.,

n↑ + n↓ = nnf↑ + nnf↓ = 1 (cf. also Ref. 2).

The number of excitons with center-of-mass momentum q
results in

NX(q) = �b†q bq�|ωX = Z(ωX,q)p(ωX), (5)

leading to the total exciton density nX = 1
N

�
qNX(q). To

characterize the composition of the normal phase, we in-

troduce the bound-state fractions � = nX/(nX + nnf↓ ) and

�0 = NX(0)/N (nX + nnf↓ ).
To simplify the numerical analysis, we discard the band

renormalization of the σ electrons by the excitons, i.e., we

neglect the term ∝Re� in ε̃kσ . Then n
nf
σ contains the Hartree

shift Un−σ only and, inserting the nearly-free part ofGkσ into

�kσχ
−σ,σ
q becomes the random phase approximation (RPA)

result. Since the ground-state phase diagram of the EFKM is

similar in two dimensions (2D) and three dimensions (3D),13,14

and we are primary interested in the normal-state properties

for T > TEI, we consider the 2D case hereafter. To model an

intermediate-valence situation we choose E↑ = −2.4, E↓ =
0, t↑ = −0.8 without loss of generality, and take t↓ = 1 as

energy unit.

The RPA EFKM phase diagram shown in Fig. 1 describes

the general scenario at the SM-SC transition, which persists,

apart from a reduction of the critical temperature, also when

the electronic correlations are treated by the more elaborate

slave boson approach.15 The SM (SC) has a gapless (gapful)

band structure with a small band overlap (band gap). The

metal-insulator transition is triggered by enlarging the Hartree

shift upon increasing U . The phase boundary to the EI can be

obtained from a BCS-like gap equation, which holds on both

SM and SC sides, but gives no detailed insight into the nature

of this transition.

Now, let us take a closer look as to how the excitonic

instability develops in the SM and SC regimes (cf. Figs. 1–3).
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FIG. 1. (Color online) EI formation at the SM-SC transition in

the 2D EFKM. The phase diagram is calculated for a band splitting

E↑ − E↓ = −2.4, and band asymmetry t↑/t↓ = −0.8, where the

temperature T is scaled to the maximum critical temperature T̃ =
T/T max

EI with T max
EI = 0.361 (RPA, solid line) and T max

EI = 0.256

(slave boson, thin dashed line). The coherence length of the EI

condensate at T̃ = 0, rcoh (as defined in Ref. 4), is indicated by the

dotted-dotted-dashed line.

We start with the SM (point 1 in Fig. 1). Here the valence

and conduction bands slightly overlap; as a result a distinct

Fermi surface exists (see Fig. 2, blue frame). Approaching

TEI, the electron-hole pair fluctuations contained in χ−σ,σ
q

become critical and will drive a phase transition, which is

accompanied by a spontaneous hybridization of the ↑ and ↓
bands.10 The resulting energy spectrum exhibits a gap at the

Fermi level, where the density of states is largely enhanced at

the top (bottom) of the lower (upper) quasiparticle band.3,15

The pivotal question is whether excitons are involved in this

BCS-like transition. While excitonic bound states might exist

above TEI (in the region given by the red line), we definitely

have no excitons with q = 0. In either case, Z(ωX,q) is zero
except near the corners of the Brillouin zone [see Fig. 3(b)],

and the number of these excitons, having a large center-of-mass

momentum, is very small [see NX(q) in Fig. 2]. Hence, the

formation of the EI state in the SM region is barely influenced

by excitons.

A larger Coulomb interaction U will affect the system

in two ways: It (i) increases the bare band splitting and (ii)

amplifies the attraction between electrons and holes. At the

SM-SC transition (point 2 in Fig. 1, purple frame in Fig. 2), the

↑ and ↓ bands only touch each other (at k = 0). Accordingly

the Fermi surface shrinks in size to a point. In this case a larger

number of excitons form (also with small momenta), but again

the zero-momentum excitons play no significant role because

of the conelike structure of Z(ωX,q); see Fig. 3(c).
In the SC region (point 3 in Fig. 1, green frame in Fig. 2) the

(Hartree) band structure exhibits a direct gap, within which the

chemical potentialµ and the exciton levelωX are located. Now

zero-momentum excitons may occur. Although having the

lowest binding energy, they represent the largest contribution

to the total number of excitons. Here Z(ωX,q) is finite for all
momenta. Actually the system now realizes a three-component

plasma consisting of electrons, holes, and excitons. Lowering

the temperature, the excitonic level moves toward the valence
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FIG. 2. (Color online) Mean-field band

scheme (left-hand panels) and q-resolved

exciton numbers (right-hand panels) for the

points marked in Fig. 1 (1: at the SM-EI

transition; 2: at the SM-SC transition; 3: in

the SC regime; 4: at the SC-EI transition).

The electron dispersion (ε̄kσ ) is given by the

blue/dark gray solid lines, and the chemical

potential (µ) by the orange/gray dashed line.

Note that the excitonic level [ωX(q), red/gray

solid line] and the continuum level [ωC(q),

black dashed line] are shifted by the ↑-band
maximum, ω̄X/C = ωX/C + maxk(ε̄k↑). The

blue/dark gray dotted line marks the ↑-band
top.

band and finally touches its top at k = 0 (point 4 in Fig. 1, red

frame in Fig. 2). Thereby the excitonic instability appears, and

the SC-EI transition takes place. Most notably, we observe a

divergence of NX(0), i.e., the zero-momentum excitonic state

is macroscopically occupied. This demonstrates the BEC of

preformed excitons, contrary to the BCS-like transition on the

SM side.

The spectral weight Z(ωX,q) apparently accounts for the

character and composite nature of the electron-hole bound

states. This becomes especially evident in the weak and strong

interaction limits. For very small U , the Coulomb attraction

between electrons and holes can neither form excitonic bound

states nor establish the c-f electron coherence in the EI

state. Here Z(ωX,q) = 0, independent of q [see Fig. 3(a)]. By

contrast, as U → ∞, Z(ωX,q) = 1 ∀q [Fig. 3(g)]. Hence, in

this limit, excitons behave as ideal bosons; cf. Eq. (5). ForU →
∞, ωX(q) scales as lnU while the continuum level grows

∝U [recall that ωC(0) = −E↑ − 4(1 + |t↑|) + U (n↑ − n↓)];

EXB becomes infinite. Despite this, an EI phase cannot be

established, this time because the large band splitting prevents

c-f electron coherence. This explains why the EI phase arises

below an upper critical coupling Uc only.

Having identified the nature and the condensation mech-

anism of electron-hole pairs we now discuss how they

might influence the normal-state properties of the EFKM. In

particular, we examine the so-called halo phase around the

EI, where excitons and excitonic resonances dominate the

electron-hole excitation spectrum.2,17 Figure 4 gives results

121102-3

Article III

49



RAPID COMMUNICATIONS

B. ZENKER, D. IHLE, F. X. BRONOLD, AND H. FEHSKE PHYSICAL REVIEW B 85, 121102(R) (2012)

FIG. 3. (Color online) Exciton quasiparticle weight Z(ωX,q).

for the SC region with U > Uc(T ) and T > TEI(U ). Already

for U/Uc(T ) � 1.5 almost all electron-hole pair excitations

constitute excitons, i.e., � → 1. The small number of nearly-

free ↓ electrons can be attributed to the relatively large

band gap. Remarkably, the portion of excitons with q = 0

is less than one per thousand. Approaching Uc from above,

by reducing U at fixed temperature, the fraction of the zero-

momentum excitons increases by two orders of magnitude,

thereby overcompensating the initial depletion of � caused

by the reduction of U . Thus, on the SC side the formation

of the EI is driven by the condensation of zero-momentum

excitons. Keeping U constant and coming up to the EI by

lowering the temperature, we observe an uninflected increase

of both � and �0 which again is triggered by the occupation

of excitonic bound states with q = 0. Here the initial decrease

of nX results from the narrowing of the Bose distribution. For

temperatures of about T/TEI(U ) � 2.5, we find a significant

number of unbound ↓ electrons. Their contribution increases,

if T is further raised, because excitons dissociate.

Figure 5 illustrates what happens if we cross the border

to the SM phase at fixed T̃ > 1 by reducing the bare band

splitting |E↑| (middle panel) or downsizing U (right-hand

panels). On the SC side, nX increases because the band gap

decreases and concomitantly the exciton level deepen. In the

SM, zero-momentum excitons cannot exist, and �0 drops

to zero. Although small, � is finite nevertheless, because

electron-hole bound states carrying a finitemomentum remain.

These excitonic resonances will affect the transport properties

on the SM side as well. Thus, basically the whole EI phase is

surrounded by an exciton-rich region (halo); there the number

of charge carriers is substantially reduced, and excitons

provide abundant scattering centers for the residual electrons

and holes. We expect that an inclusion of the continuum

electron-hole scattering states will round off the sharp kinks

appearing in Fig. 5 at the SC-SM transition.18

Now we relate our results to experiments on the SC-SM

transition in TmSe0.45Te0.55.
5–8 The anomaly in the lattice

expansion as a function of temperature at high constant

pressure occurring near 250 K was ascribed to a SM-EI

transition, and the ratio of the exciton density nex and the
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FIG. 4. (Color online) Bound-state fractions � and �0 as func-

tions of Coulomb attraction U at fixed �T = 0.679 (solid lines, lower

scales), and as functions of temperature at fixed U = 5.5 [dashed

lines, upper scales; here T is given in units of TEI(U = 5.5)]. The

right-hand panel shows the corresponding exciton densities nX .
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FIG. 5. (Color online) Bound-state fractions � (solid line) and

�0 (dashed line) as functions of the Coulomb attraction U (left-hand

panel), and exciton density nX vs bare band splitting |E↑| (middle

panel), both at �T = 1.108. The right-hand panels compare the U

dependence of nX for the 2D and 3D cases (at the same reduced

temperature �T ).

atomic density nTm was estimated as nex/nTm = 0.22 in Ref. 7.

Assuming Mott-Wannier-type excitons, they are suggested

to overlap due to their large concentration. However, the

binding energy was found to be too large,6 which questions the

Mott-Wannier-typemodel. In our EFKMmodel, the coherence

length rcoh of the excitons at T = 0 and forU ∼ 3.6 equals the

lattice constant (see Fig. 1 and Ref. 4). At the SC-EI transition

at TEI(U = 5.5) we obtain nX ∼ 0.18 (see Fig. 4, right-hand

panel), and a BEC of nonoverlapping Frenkel-type excitons

with a high density takes place. The numerical value of nX at

the SC side of the phase diagram approximately agrees with

the experimental value [note that the agreement improves for

the (real) 3D situation—see Fig. 5, upper-right-hand panel].

Taking the f bandwidth W↑ = 8|t↑| � 30 meV (Ref. 7) and

our parameter choice, we get T max
EI � 0.3t↓ � 20 K. That

means, the experimental phase boundary at the SC side

between 20 and 250 K obtained by electrical resisitivity

data5–8 describes the appearance of an exciton-rich halo

phase above the SC-EI transition, as was also concluded in

Ref. 2. On the other hand, the observed linear increase of

the heat conductivity and thermal diffusivity with decreasing

temperature below 20 K (Ref. 8) may be ascribed to the EI

phase. As revealed by measurements of the Hall constant at

4.2 K as function of pressure,5 the position of the maximum

in the resistivity coincides with that of the minimum in the

current-carrier density. We suggest that this close relation,

indicating the formation of excitons from free current carriers,

also holds in the halo phase. Then the maximum in nX at the

SC-SM transition (see Fig. 5) should correspond to aminimum

in the current-carrier density, so that the resistivitymaximumat

the pressure-induced SC-SM transition in TmSe0.45Te0.55 may

be qualitatively understood within our halo-phase concept.

In summary, we have analyzed the formation of the EI state

at the SM-SC transition in the 2D EFKM and provided strong

evidence for a BCS-BEC crossover scenario. While Cooper-

type pairing fluctuations become critical on the SM side, Bose

condensation of preformed zero-momentum excitons takes

place on the SC side. Accordingly, the surroundings of the

EI are dominated by electron-hole fluctuations or excitonic

bound states with strong impact on the transport and optical

properties.
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Abstract. The region surrounding the excitonic insulator phase is a three-component plasma
composed of electrons, holes, and excitons. Due to the extended nature of the excitons, their
presence influences the surrounding electrons and holes. We analyze this correlation. To this
end, we calculate the density of bound electrons, the density of electrons in the correlated state,
the momentum-resolved exciton density, and the momentum-resolved density of electron-hole
pairs that are correlated but unbound. We find qualitative differences in the electron-hole
correlations between the weak-coupling and the strong-coupling regime.

1. Introduction
The semimetal-semiconductor (SM-SC) transition is of particular interest, since the excitonic
insulator (EI) might be realized in its vicinity at low enough temperatures [1, 2, 3, 4, 5].
Promising materials for the experimental verification are TmSe0.45Te0.55 [6], 1T -TiSe2 [7],
Ta2NiSe5 [8], or a double bilayer graphene system [9]. The EI constitutes an exciton condensate
as an equilibrium phenomenon in contrast to optically created exciton condensates [10].
Approaching, respectively, the EI from the SM or the SC side, a BCS-type transition of electron-
hole pairs or a Bose-Einstein condensation (BEC) of preformed excitons occurs. Hence, the EI
is discussed in view of a BCS-BEC crossover [11, 12, 13]. A different nature of the electron-
hole pairs below the critical temperature TEI might also show up in terms of precursor effects
above TEI [13]. Close to TEI free excitons appear possibly in a large number, and the region
surrounding the EI, in Ref. [11] termed “halo”, constitutes a three-component plasma consisting
of electrons, holes, and excitons. Whereas the EI transition scenario itself and the presence of
the halo phase above TEI was analyzed in previous works [11, 12, 13, 14, 15], the correlation
effects caused by the excitons have not been studied so far. We address this issue in this work.

The Falicov-Kimball model extended by a finite f -bandwidth, in the following shortly denoted
as extended Falicov-Kimball model (EFKM), is the minimal model describing the SM-SC
transition and the EI formation [12, 16, 17, 18]. Expressing the orbital degree of freedom
by a pseudospin variable σ, the EFKM can be written as

H =
∑

k,σ

εkσc
†
kσckσ + U

∑

i

ni↑ni↓, (1)
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where c
(†)
kσ annihilates (creates) an electron with momentum k in the band labeled by σ =↑, ↓,

and niσ = c†iσciσ characterizes the σ-electron occupation of the Wannier site i. Hereafter, σ =↑
denotes the valence band and σ =↓ denotes the conduction band. The bare band dispersions are
given by εkσ, the Coulomb interaction strength is denoted by U , and N is the total number of
lattice sites. In order to investigate the SM-SC transition we consider the EFKM at half filling,

n↑ + n↓ = 1, (2)

where nσ = 1
N

∑
k〈c
†
kσckσ〉.

The scenario obtained within mean-field approximation agrees qualitatively with the result
from more accurate approaches [14, 15, 19, 20, 21]. The mean-field ground-state phase diagram
is even in quantitative accordance with the constraint path Monte Carlo data [22]. However,
correlation effects are widely ignored by mean-field approaches, and for the detailed analysis of
the bound states in the normal phase a more sophisticated approach is necessary. In this work
we will apply the projection technique for Green functions developed by Plakida [23] to describe
the correlations in the “electron-hole-exciton system” in terms of a self-energy.

The paper is organized as follows. In Sec. 2 we outline the method. In Sec. 3 we analyze
the electron-hole correlations and determine the excitonic susceptibility, the density of bound
electrons, and the density of electrons that are correlated but not bound. Our numerical results
are presented in Sec. 4. Section 5 summarizes this work.

2. Projection technique for Green functions
The projection approach starts with the decomposition of the time derivatives of the electron
operators into a part proportional to themselves and an irreducible part (throughout the paper
we set ~ = 1),

i
d

dt
ckσ ≡ iċkσ = ε̄kσckσ + iċ

(ir)
kσ with 〈[iċ(ir)

kσ , c
†
kσ]+〉 = 0. (3)

Introducing the spectral moments Mkσ = 〈[ckσ, c
†
kσ]+〉 and M ′kσ = 〈[iċkσ, c

†
kσ]+〉, we have

Mkσ = 1 and M ′kσ = ε̄kσ = εkσ + Un−σ.
To derive an exact expression for the self-energy, we consider the equation of motion for the

Green function Gkσ(t − t′) = 〈〈ckσ(t); c†kσ(t′)〉〉. Differentiating Gkσ(t − t′) successively with
respect to time t and t′, we obtain a system of equations which in the Fourier representation
reads

(ω − ε̄kσ)〈〈ckσ; c†kσ〉〉ω = 1 + 〈〈iċ(ir)
kσ ; c†kσ〉〉ω, (4)

(ω − ε̄kσ)〈〈iċ(ir)
kσ ; c†kσ〉〉ω = Tkσ(ω), (5)

with the scattering matrix

Tkσ = 〈〈iċ(ir)
kσ ;−iċ† (ir)

kσ 〉〉ω, (6)

where iċ
(ir)
kσ = U

N

∑
q ck+qσρ−q−σ − Un−σckσ and ρqσ =

∑
k c
†
kσck+qσ. Introducing the zeroth-

order Green function G
(0)
kσ (ω) = (ω − ε̄kσ)−1, we can rewrite Eqs. (4) and (5) as

Gkσ(ω) = G
(0)
kσ (ω) +G

(0)
kσ (ω)Tkσ(ω)G

(0)
kσ (ω). (7)

The self-energy is defined by the Dyson equation

Gkσ(ω) = G
(0)
kσ (ω) +G

(0)
kσ (ω)Σkσ(ω)Gkσ(ω). (8)
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From Eqs. (7) and (8) we get the relation between the self-energy and the scattering matrix,

Tkσ(ω) = Σkσ(ω) + Σkσ(ω)G
(0)
kσ (ω)Tkσ(ω). (9)

This equation shows that the self-energy is the “proper part” of the scattering matrix (6), which
has no parts connected by a single zeroth-order Green function, i.e.,

Σkσ(ω) = 〈〈iċ(ir)
kσ ;−iċ† (ir)

kσ 〉〉(p)ω . (10)

The spectral representation of the self-energy is given by

Σkσ(ω) =

∫ ∞

−∞

dω̄

2π

Γkσ(ω̄)

ω − ω̄ (11)

with

Γkσ(ω̄) = (eβω̄ + 1)

∫ ∞

−∞
dt eiω̄t

U2

N
Kkσ(t), (12)

Kkσ(t) =
1

N

∑

q,q′
〈ρq′−σ(0)c†k+q′σ(0)ck+qσ(t)ρ−q−σ(t)〉(p). (13)

Then the spectral function of the electrons reads

Akσ(ω) = −2ImGkσ(ω) = −2
Σ′′kσ(ω)

[
ω − ε̄kσ − Σ′kσ(ω)

]2
+
[
Σ′′kσ(ω)

]2 , (14)

where we have introduced the shorthand notation Σ′kσ(ω) = ReΣkσ(ω) and Σ′′kσ(ω) = ImΣkσ(ω).
The renormalized dispersion is given by

ε̃kσ = ε̄kσ + Σ′kσ(ω)
∣∣
ω=ε̃kσ

. (15)

Let us emphasize that the equations up to Eq. (15) are exact. However, approximations become
necessary if Σkσ is calculated.

3. Electron-hole correlations
In Eq. (13), a three-particle correlation function enters the self-energy. To proceed, we
perform a two-time decoupling, because the “proper part” of the correlation function (13)
must be considered. Following the Martin-Schwinger decoupling scheme [24], we identify four
contributions,

Kkσ(t) = K
(1)
kσ (t) +K

(2)
kσ (t) +K

(3)
kσ (t) +K

(4)
kσ (t), (16)

with

K
(1)
kσ (t) = − 2

N

∑

k′,q

〈ck′−σ(0)c†k′−σ(t)〉〈c†k′−q−σ(0)ck′−q−σ(t)〉〈c†k+qσ(0)ck+qσ(t)〉,

(17)

K
(2)
kσ (t) =

1

N

∑

k′,q,q′
〈ck′+q′−σ(0)c†k+q′σ(0)ck+qσ(t)c†k′+q−σ(t)〉〈c†k′−σ(0)ck′−σ(t)〉,

(18)

K
(3)
kσ (t) =

1

N

∑

k′,q,q′
〈c†q′−σ(0)cq+q′−σ(0)c†k′−σ(t)ck′−q−σ(t)〉〈c†k+qσ(0)ck+qσ(t)〉,

(19)

K
(4)
kσ (t) =

1

N

∑

k′,q,q′
〈c†k′−q′−σ(0)c†k+q′σ(0)ck+qσ(t)ck′−q−σ(t)〉〈ck′−σ(0)c†k′−σ(t)〉.

(20)
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Since we are concentrating on excitonic electron-hole fluctuations, described by the term K
(2)
kσ (t),

we further decouple K
(3)
kσ (t) and K

(4)
kσ (t) into products of single-particle correlation functions.

This leads to K
(3)
kσ (t) = K

(4)
kσ (t) = −1

2K
(1)
kσ (t). Then, Kkσ(t) = K

(2)
kσ (t), and we end up with

Γkσ(ω̄) = −2U2

Nπ

∑

k′

∫ ∞

−∞
dω′
[
f(ω′) + p(ω′ − ω̄)

]
Imχ−σ,σk−k′(ω̄ − ω′)ImGk′−σ(ω′), (21)

where f(ω) is the Fermi function, p(ω) is the Bose function, and

χ−σ,σq (ω) =
1

N

∑

k,k′
〈〈c†k−σck+qσ; c†k′+qσck′−σ〉〉ω (22)

is the excitonic susceptibility. We will concentrate on the presence of excitons and their effect
on the unbound electrons by including only the according contribution in Eq. (22).

3.1. Excitonic susceptibility
The ladder approximation [25] of the excitonic susceptibility, illustrated in Fig. 1, is suitable to
describe electron-hole bound states. Taking into account only the nearly-free part of the electron
Green function, Gnf

kσ(ω) = (ω − ε̃kσ)−1, we find

χ−σ,σq (ω) =
χ̃−σ,σq (ω)

Uχ̃−σ,σq (ω) + 1
, (23)

where χ̃−σ,σq (ω) = N−1
∑

k[f(ε̃k−σ)− f(ε̃k+qσ)]/(ω + ε̃k−σ − ε̃k+qσ).

= + χ
q

σ-σ,
χ
q

σ-σ,

Figure 1. Ladder approximation for the excitonic susceptibility χ−σ,σq . The solid lines represent
the electron Green functions, and the dashed line represents the Coulomb attraction.

The pole of the excitonic susceptibility located outside the electron-hole continuum, ω−σ,σX (q)

with |ω−σ,σX (q)| < |ω−σ,σC (q)| = mink|ε̃k+qσ − ε̃k−σ|, describes the bound state of an electron

from the σ-band with a hole from the band with index −σ. Note that ω−σ,σX (q) increases with

increasing temperature. However, for very high temperatures χ−σ,σq does not exhibit a pole
outside the continuum: consequently excitons do not exist.

3.2. Density of bound electrons
Since an exciton contains one electron, the number of bound electrons equals the number of
excitons. Chosen σ =↓ to be the index for the conduction band, the exciton dispersion is

ωX(q) = ω↑,↓X (q) = −ω↓,↑X (q). (24)

The binding energy of an exciton can be obtained from EXB (q) = ωC(q) − ωX(q), where

ωC(q) = ω↑,↓C (q).
Provided that ωX(q) exists, we follow Ref. [13] and obtain the momentum-resolved exciton

density as
NX(q) = Z(ωX ,q)p(ωX), (25)
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where the spectral weight of the excitons becomes

Z(ωX ,q) =

[
U2

N

∑

k

f(ε̃k↑)− f(ε̃k+q↓)
(ωX + ε̃k↑ − ε̃k+q↓)2

]−1

= Z↑,↓(ω↑,↓X ,q) = Z↓,↑(ω↓,↑X ,q), (26)

and the exciton density (density of bound electrons) is given by

nX =
1

N

∑

q

NX(q). (27)

3.3. Density of correlated electrons
Expanding the spectral function, Eq. (14), for small damping [26], we can decompose the density
into a nearly-free part (with renormalized band dispersion) and a part, where the exciton
formation enters,

nσ =
1

N

∑

k

∫ ∞

−∞

dω

2π
Akσ(ω)f(ω) = nnf

σ + ncorr
σ , (28)

where nnf
σ = 1

N

∑
k f(ε̃kσ), and the density of the correlated electrons reads

ncorr
σ = sgn(ω−σ,σX )

U2

N2

∑

k,k′
E−σ,σ(k,k′)F−σ,σ(k,k′). (29)

Straightforward calculation shows that

E↑,↓(k,k′) =
Z(ωX ,k− k′)

(ωX + ε̄k′↑ − ε̄k↓)2
= E↓,↑(k′,k), (30)

F ↑,↓(k,k′) = f(ε̃k′↑)f(ε̃k↓)− f(ε̃k↓)− f(ε̃k↓)p(ω
↑,↓
X ) + f(ε̃k′↑)p(ω

↑,↓
X ) = F ↓,↑(k′,k). (31)

Now, it is easy to see that ncorr
↑ = −ncorr

↓ , and the chemical potential is exclusively determined

by the nearly-free part of the densities (see also [11]):

n↑ + n↓ = nnf
↑ + nnf

↓ = 1. (32)

Note that ncorr
↓ 6= nX , i.e., the considered correlation effects go beyond the simple binding of

electrons (see below). Moreover, the presence of excitons leads to a decrease of the density of
valence-band electrons, because ncorr

↑ < 0.

4. Numerical results
Let us first recapitulate the basic properties of the EFKM. Thereby we restrict ourselves to a
square lattice and a direct band-gap situation, i.e., valence-band maximum and conduction-band
minimum lie at the Brillouin-zone center. We choose t↓ to be the unit of energy, and the other
model parameters are E↓ = 0, E↑ = −2.4, and t↑ = −0.8. In a first approximation we neglect
the exciton-induced band renormalization in the numerics, i.e., ε̃kσ = ε̄kσ, where the mean-field
Hartree-shift is contained in ε̄kσ.

The middle panel of Fig. 2 shows the phase diagram of the EFKM in the U -T plane. The EI
separates the SM phase and the SC phase at low temperatures. Valence band and conduction
band overlap in a SM and, as a result, a well-defined Fermi surface exists. In this case, only
finite momentum excitons can develop, see Fig. 2 (left panel). On the other hand, in a SC the
valence band and the conduction band are separated by an energy gap, and excitons with an
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Figure 2. (Middle panel) Phase diagram of the EI phase in the half-filled EFKM for a square
lattice. In Fig. 3 we analyze the density of bound electrons and the density of correlated
electrons along the red and blue lines (a), (b), and (c). The points 1, 2, 3, and 4 mark the
points where we analyze the momentum-resolved exciton density and the momentum-resolved
density of correlated but unbound electron-hole pairs in Fig. 4. (Left panel) Band structure
and exciton dispersion for a semimetal. (Right panel) Band structure and exciton dispersion
for a semiconductor. In the outer panels the renormalized band dispersions ε̄kσ, the chemical
potential µ, the exciton energies ω̄X = ωX + maxk(ε̄k↑), and the boundary of the electron-hole
continuum ω̄C = ωC+maxk(ε̄k↑) are shown. The blue dotted line shows maxk(ε̄k↑). The binding
energy of an exciton is given by EXB (q) = ω̄C(q)− ω̄X(q).

arbitrary momentum can form, in particular zero-momentum excitons, which undergo a BEC
at the SC-EI transition, see Fig. 2 (right panel).

Electrons and holes may bind to excitons, and subsequently the remaining unbound electrons
and holes may scatter as well on these quasiparticles. Both effects, the exciton binding and the
influence on the unbound electrons, are considered in ncorr

σ . How strongly the electrons are
affected is mainly determined by the spatial extension of the excitons, and the underlying band
structure.

Let us start by keeping the temperature constant and raising U , crossing thereby the SM-SC
transition, see Fig. 3(a). On the SM side, excitons are loosely bound objects with a relatively
large extension. As a result, many electrons are influenced by a single exciton. An increasing
Coulomb attraction U causes a tighter binding of electrons and holes. Consequently the exciton
radius shrinks, and ncorr

↓ /nX decreases.
At the SM-SC transition both the density of bound electrons and the density of correlated

electrons reach their maximum. The kink of nX and ncorr
↓ will be less pronounced for a three-

dimensional system, c.f. Ref. [13].
In the strong coupling regime, ncorr

↓ tends to nX . Here, the large Coulomb attraction gives rise
to a very small distance between the bound electrons and holes: the Frenkel-limit of excitons
is realized. Since there is only a very limited number of unbound electrons and holes, the
correlation effects—apart from those leading to the formation of excitons by itself—are rather
weak.

Let us now analyze temperature effects. On the SM side, excitons are less important for the EI
formation [13] and only a few electrons are bound or correlated, see Fig. 3(b). With increasing
temperature the broadening of the Fermi and Bose function will provide more electrons and
holes to form excitons, which overcompensates the exciton dissociation. However, for very
high temperatures the situation reverses, and the exciton dissociation dominates: nX and ncorr

↓
decrease with growing temperature until excitons disappear completely at TX = 6.7 for U = 3.08
[not shown in Fig. 3(b)]. The higher kinetic energy at high temperatures enables the electrons
to avoid correlations, and the ratio ncorr

↓ /nX decreases with increasing temperature.

On the SC side, other effects prevail, see Fig. 3(c). The SC-EI transition at TEI is driven
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Figure 3. Density of bound electrons nX (black, dashed line), density of correlated electrons
ncorr
↓ (red, solid line), and the ratio between them nX/n

corr
↓ (blue, dot-dashed line) (a) as a

function of the Coulomb interaction U (T = 0.4), crossing thereby the semimetal-semiconductor
transition , (b) as a function of temperature for a semimetal (U = 3.08), and (c) as a function
of temperature for a semiconductor (U = 5.5). The panels (a), (b), (c) correspond to the lines
indicated in the middle panel of Fig. 2.

by the BEC of zero-momentum excitons. Close to TEI the proliferation of q = 0 excitons leads
to a large density of electrons that are bound or correlated. In contrast to the SM side, the
ratio ncorr

↓ /nX increases with increasing temperature. Here, the shrinking of the band gap
makes conduction-band electrons available which can participate in the correlations. Note that
ncorr
↓ /nX is now significantly smaller than on the SM side, suggesting that the exciton formation

resembles more the creation of local electron-hole pairs. For U = 5.5 [Coulomb strength in
Fig. 3(c)] the SC-SM transition is crossed at TSC−SM = 0.74, and the total density of excitons
vanishes at TX = 12.5.

Although the constraint for the chemical potential reduces to the mean-field condition, the
electron densities differ significantly from their mean-field values, see Eq. (28).

Having examined the composition of the halo phase, we turn to the momentum distribution
of bound and unbound electron-hole pairs. By the replacement k′ → k + q in Eq. (29) we can
write ncorr

↓ = N−1
∑

qN
corr
↓ (q), with

N corr
↓ (q) =

U2

N

∑

k

Z(ωX ,q)
f(ε̃k+q↓)[f(ε̃k↑)− 1]

(ωX + ε̃k↑ − ε̃k+q↓)2
+ p(ωX). (33)

We separate N corr
↓ (q) into bound pairs (excitons) and pairs which contain conduction-band

electrons and valence-band holes that are correlated but unbound. We will shortly denote these
objects as correlated pairs. The momentum-resolved exciton density NX(q) is given by Eq. (25),
and the momentum-resolved density of correlated pairs is given by

DX(q) = N corr
↓ (q)−NX(q). (34)

Excitons can produce correlated pairs with the same momentum only, see Fig. 4. The ratio
DX(q)/NX(q) modulates with q, suggesting that the size of the excitons depends on their
momentum.

To analyze which electrons become correlated in the course of exciton formation, we resolve
ncorr
↓ according to the momenta of the electrons, ncorr

↓ = N−1
∑

k n
corr
k↓ , with

ncorr
k↓ =

U2

N

∑

q

Z(ωX ,q)
p(ωX)

[
f(ε̃k−q↑)− f(ε̃k↓)

]
+ f(ε̃k↓)

[
f(ε̃k−q↑)− 1

]

(ωX + ε̃k−q↑ − ε̃k↓)2
. (35)

The absolute values of ncorr
k↓ can differ substantially. To compare the situations on the SM side

with that on the SC side, we scale ncorr
k↓ with its largest contribution, n̄corr

k↓ = ncorr
k↓ /maxk(ncorr

k↓ ).
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subfigures.

On the SM side, n̄corr
k↓ shows a complicated structure. Let us recall that in a SM only finite-

momentum excitons and correlated pairs exist, see Fig. 4(a). Here, the nesting property for finite
momenta is crucial. Electrons become correlated only if holes with an adequate momentum are
available. This is only the case at certain momenta close to the Fermi surface, see Fig. 5
(U = 2.5). Moreover, n̄corr

k↓ is sharply peaked, that is, the mean distance between the correlated
electrons is large.

On the SC side, the zero-momentum correlations are most relevant (see U = 8.0 in Fig. 4)
and electrons close to the conduction-band minimum are predominantly correlated, as can be
seen in Fig. 5 (U = 8.0). The structure of n̄corr

k↓ is broader than on the SM side, suggesting a
more local nature of the correlations. This corresponds to the situation within the EI phase, see
the coherence length in Ref. [13].
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Figure 5. Momentum-resolved density of correlated electrons in case of (left panel) a semimetal
and (right panel) a semiconductor for T = 0.4. The yellow, dotted line in the left panel shows
the Fermi surface.
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5. Conclusions
In this work we studied the normal phase close to the excitonic insulator (EI) phase, the so-called
“halo” phase. We focused on the correlations that are induced by the presence of excitons and
calculated the self-energy by the projection technique for Green functions. This enabled us to
separate the electron densities into a nearly-free part, which is in principle uncorrelated (only
the band dispersion is renormalized), and a correlation part, where the influence of the excitons
enters.

On the semimetal (SM) side excitons are loosely bound objects, whose radius is relatively
large. Here, bound electron-hole pairs (excitons) only exist with finite momentum, and correlated
electrons and holes form due to the presence of these excitons. The SM-EI transition is driven
by critical electron-hole fluctuations. Due to the nesting property of the Fermi surface for finite
momenta, correlated electrons are concentrated at four distinguished points close to the Fermi
momenta.

With increasing Coulomb interaction the transition from the SM to the semiconductor (SC) is
crossed. Thereby, the band structure and consequently the electron-hole pair spectrum changes
dramatically.

In a SC no Fermi surface exists, and the electrons close to the conduction-band minimum
are involved in the electron-hole correlations. The excitons on the SC side are tighter bound,
which suggests that their radius is smaller than on the SM side. Besides those with finite
momentum, zero-momentum electron-hole pairs exist, which represent the largest contribution
to the electron-hole pair spectrum. The BEC of these excitons drive the SC-EI transition.

The qualitative difference in the electron-hole correlations on the SM side and on the SC side
anticipates the BCS-BEC crossover within the EI phase.

Let us finally stress that the present work exclusively addresses the formation of excitons
and the question how they affect unbound charge carriers. The exciton-exciton interaction and
particularly the formation of biexcitons is another interesting subject, which deserves further
study in the framework of our approach. The formation of excitonic molecules could be relevant
near the SM-CS transition, where a collective biexcitonic phase might possibly compete with
the EI [27].
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We address the question of the origin of the recently discovered chiral property of the charge-density-wave

phase in 1T -TiSe2, which so far lacks a microscopic understanding. We argue that the lattice degrees of freedom

seem to be crucial for this novel phenomenon. We motivate a theoretical model that takes into account one

valence and three conduction bands, a strongly screened Coulomb interaction between the electrons, as well

as the coupling of the electrons to a transverse optical phonon mode. The Falicov-Kimball model extended in

this way possesses a charge-density-wave state at low temperatures, which is accompanied by a periodic lattice

distortion. The charge ordering is driven by a lattice deformation and electron-hole pairing (excitonic) instability

in combination.We show that both electron-phonon interaction and phonon-phonon interactionmust be taken into

account at least up to quartic order in the lattice displacement to achieve a stable chiral charge order. The chiral

property is exhibited in the ionic displacements. Furthermore, we provide the ground-state phase diagram of the

model and give an estimate of the electron-electron and electron-phonon interaction constants for 1T -TiSe2.

DOI: 10.1103/PhysRevB.88.075138 PACS number(s): 71.45.Lr, 71.27.+a, 63.20.kk, 71.35.Lk

I. MOTIVATION

Charge-density-waves (CDWs) brought about by electron-
phonon1 or electron-electron2 interactions are broken-
symmetry ground states, typically of low-dimensional (D)
solids with anisotropic properties.3 A prominent material
exhibiting such a periodic real-space modulation of its charge
density is the transition-metal dichalcogenide 1T -TiSe2. This
quasi-2D system undergoes a structural phase transition at
about 200 K, at which a commensurate 2 × 2 × 2 superstruc-
ture accompanied by a CDW develops.4 Thereby the CDW
features three coexisting components and, for this reason, is
denoted as triple CDW. Although the charge-ordered phase in
1T -TiSe2 has been a matter of intensive research for more than
three decades, the driving force behind the phase transition has
not been identified conclusively.

Recent experiments on 1T -TiSe2, pointing to a very unusual
chiral property of the CDW, have reinforced the interest in
this problem.5,6 An object exhibits chirality if it cannot be
mapped on its mirror image solely by rotations and transla-
tions. For a CDW phase characterized by a scalar quantity
such chirality has not been detected before. The scanning
tunneling microscopy measurements performed by Ishioka
and co-workers, however, show that the amplitude of the
tunneling current modulates differently along the CDW unit
vectors in 1T -TiSe2.

5 Since the tunneling-current amplitude
directly measures the local electron density, the charge density
modulates differently along the three unit vectors. As a result
the material in its low-temperature phase will not exhibit
a threefold symmetry as suggested by the triangular lattice
structure. The Fourier transformation of the scanning tunneling
microscopy data demonstrates a triple CDW as well as a
different charge modulation along each CDW component
with the respective ordering vector Qα , α = 1,2,3.5 If one
orders the triple-CDW components according to their charge
modulation amplitude in ascending order, in a sense a direction
is singled out and the triple CDWexhibits chirality because the

mirror symmetry is broken, in contrast to usual CDWs;6 see
the schematic representation by Fig. 1. Note that clockwise
and anticlockwise chiral CDWs were found in the same
sample, suggesting that these states are degenerate. This
twofold symmetry is corroborated by optical polarimetry
measurements.5 Ishioka and co-workers furthermore noticed
that the experimental data can be reproduced by a charge
density modulation of the form

ni(Qα) = A cos(QαRi + θα), (1)

whereA is themodulation amplitude and θα are initial phases.5

For a chiral CDW to exist the phases of the CDW components
must differ, i.e., θ1 �= θ2 �= θ3.

From a theoretical point of view the chiral CDW in
1T -TiSe2 was addressed by a Landau-Ginzburg approach.7,8

Thereby the relative phases of the CDW order parameters
were obtained by minimizing the free energy functional. Two
CDW transitions were found with decreasing temperature:
First, a standard (nonchiral) CDW appears, and subsequently
a chiral CDW emerges, i.e., Tnonchiral CDW > Tchiral CDW. Within
the CDW phase three distinct orbital sectors are occupied,
leading to an orbital-ordered state and three interacting lattice
displacement waves (with different polarizations).

An open issue is the microscopic mechanism driving the
CDW transition. Basically two scenarios have been discussed
in the literature, where the charge order results from purely
electronic, respectively electron-lattice, correlations. Angle-
resolved photoemission spectroscopy data reveal a relatively
large transfer of spectral weight from the original bands to
the back-folded bands (due to the CDW transition), compared
with the small ionic displacement. This suggests an electronic
mechanism within the excitonic insulator (EI) scenario.9,10 A
corresponding tight-binding calculation estimates the ampli-
tude of the lattice deformation caused by an EI instability
to be of the same order as the measured one.11 The gradual
suppression of the CDW phase by changing solely electronic
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(a) nonchiral (b) clockwise (c) anticlockwise

FIG. 1. (Color online) Electron-density pattern for a triangular

lattice in case of (a) a nonchiral CDW or (b, c) chiral CDWs. Filled

circles picture the value of the charge densities, where equal colors

mark equal densities. For the nonchiral CDW shown in (a) the density

modulation along the ordering vectors Q1, Q2, and Q3 is equal.

Reflection along an ordering vector yields the same density pattern,

i.e., mirror symmetry exists. The situation changes for a chiral CDW.

A clockwise CDW (red arrow) is illustrated in (b). Now reflexion

along Q1 yields the situation depicted in (c). Obviously the pattern

(c) describes an anticlockwise CDW: that is, for a chiral CDW mirror

symmetry is broken.

properties by intercalationwith S or Te further corroborates the
EI concept.12 Most convincingly, time-resolved photoemission
spectroscopy reveals an extremely fast response of the CDW to
external light pulses, which favors an electronic mechanism.13

Alternatively, the coupling to the lattice degrees of freedom
may drive the CDW transition, e.g., by a cooperative Jahn-
Teller effect.14,15 Here the particular form of the phonon
dispersion and the softening of transverse optical phonon
modes were elaborated within a tight-binding approach and
found to agree with the experimental results.16–19 The same
holds for an ab initio approach20 to a Jahn-Teller effect.
Likewise the onset of superconductivity by applying pressure
may be understood within a phonon-driven CDW scenario.21

Since some properties of the CDW in 1T -TiSe2 can be
understood by the excitonic condensation of electron-hole
pairs and others by the instability of a phonon mode, a
combined scenario has been proposed.22

As yet it is unclear whether the chiral property of the CDW
favors the electronic or lattice scenario, or a combination of
both. In the present work, this issue is addressed among others.
We start by investigating the CDW from an EI perspective. The
corresponding mean-field approach for an extended Falicov-
Kimball model is presented in Sec. II A. We show that the
EI scenario is insufficient to explain a stable chiral CDW. We
proceed by including the lattice degrees of freedom. We find
that the electron-phonon interaction and the phonon-phonon
interaction both must be taken into account at least up to
quartic order in the lattice distortion in order to stabilize
chiral charge order. This is elaborated in Sec. II B, and in
Sec. II Cwe present the ground-state energy as a function of the
static lattice distortion. In Sec. II D the CDW phase boundary
is derived. The CDW state is characterized analytically in
Sec. II E. Section III contains our numerical results. Here we
give the functional dependencies of the relevant phases on the
lattice distortion, show the finite-temperature phase diagram,
derive the ground-state phase diagram, and estimate the
interaction constants for 1T -TiSe2. In Sec. IV we summarize
and conclude.

FIG. 2. (Color online) First Brillouin zone (BZ) of 1T -TiSe2 with

high-symmetry points in the normal phase (solid line) and in theCDW

phase (dot-dashed line). Red arrows show the CDW ordering vectors.

Left panel: projection onto the xy plane, right panel: projection onto

the yz plane.

II. MODEL AND THEORETICAL APPROACH

A. Electronic degrees of freedom

1. Band structure

Since the electronic properties of 1T -TiSe2 are dominated
by the electrons near the Fermi energy, in what follows we
take into account only the top valence band and the lower
conduction band. The maximum of the valence band is located
at the � point. The conduction band exhibits minima at the
three L points; see Fig. 2.

To facilitate the notation, we artificially split the conduction
band into three symmetry-equivalent bands indexed by α, each
having one minimum at the point Lα . The band dispersions
of these three conduction bands mimic the true band structure
close to the L points.10 Figure 3 illustrates the situation close
to the Fermi level.

Then the free electron part is written as

He =
�

k

εkf f
†
kfk +

�

k,α

εkαc
†
kαckα, (2)

where f
(†)
k annihilates (creates) an electron in the valence band

with momentum k and c
(†)
kα annihilates (creates) an electron in

the conduction band with momentum k and band index α. The
corresponding valence-band dispersion and the conduction-
band dispersions are denoted as εkf and εkα . They will be
specified in Sec. III A. The spin of the electrons is neglected.

ε kσ
 (

a
rb

. 
u
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(a) (b)

FIG. 3. (Color online) Model band structure in the normal phase.

The valence band colored black, and the conduction bands are

colored red, blue, and green. (a) Band structure along high-symmetry

directions of the BZ, (b) band dispersion close to the Fermi level.
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Taking the band structure and a band filling factor n = 1/4
into account, 1T -TiSe2 resides in the vicinity of a semimetal-
semiconductor transition; see Fig. 3. Accordingly the chemical
potential µ is determined by

nf +
�

α

nα = 1, (3)

where

nf =
1

N

�

k

�
n
f

k

�
=

1

N

�

k

�f
†
kfk �, (4)

nα =
1

N

�

k

�
nαk

�
=

1

N

�

k

�c
†
kαckα�. (5)

Here N denotes the total number of lattice sites.
Regarding the isotropy (anisotropy) of the valence (con-

duction) band(s) the Fermi surface of 1T -TiSe2 is only poorly
nested,15 which rules out a nesting mechanism for the CDW
formation even in a simplified 2D setting.

2. Electron-electron interaction

Due to the strong screening of the Coulomb interaction in
1T -TiSe2,

23 we assume a local electron-electron interaction,

He−e =
Ucc

N

�

k,k�,q

�

α

�

β>α

c
†
k+qαckαc

†
k�βck�+qβ

+
Ufc

N

�

k,k�,q

�

α

f
†
k+qfk c

†
k�αck�+qα, (6)

where Ucc denotes the Coulomb repulsion among the conduc-
tion electrons. The on-site Coulomb interaction Ufc between
valence and conduction band electrons determines the distri-
bution of electrons between these “subsystems” and therefore
may drive a valence transition, as observed, e.g., in heavy
fermion and intermediate-valence Tm[Se,Te] compounds.24,25

If the total electronic model contains an explicit hybridization
between f and c electrons26,27 or, as in our case, dispersive c
and f bands,28 coherence between c and f particles can de-
velop. Then Ufc may lead to a pairing of c-band electrons and
f -band holes, i.e., to the formation of excitons, and, provided
a large enough number of excitons is created, a subsequent
spontaneous condensation of these composite quasiparticles
may develop. In real systems this excitonic instability is
expected to occur, when semimetals with very small band
overlap or semiconductors with very small band gap are cooled
to extremely low temperatures.29,30 The excitonic condensate
then typifies amacroscopic phase-coherent insulating state, the
EI, which separates the semimetal from the insulator.31,32 From
a theoretical point of view, Falicov-Kimball-type models seem
to be the most promising candidates for realizing collective
exciton phases. This holds particularly for the generic two-
band extended Falicov-Kimball model (EFKM), where an
EI ground state has been proven to exist in one and two
dimensions by constrained-path Monte Carlo simulations.28,33

Subsequent Hartree-Fock, slave-boson, and projector-based
renormalization techniques yield the 2D EFKM ground-state
phase diagram in even quantitative accordance with unbiased
Monte Carlo data,33–42 supporting the applicability of these
analytical approaches also in three dimensions and for more
complicated situations.

The electronic part of our Hamiltonian,

HmEFKM = He + He−e, (7)

can be viewed as a multiband extended Falicov-Kimball
model (mEFKM). We note that the mEFKM was studied
previously and has been shown to reproduce the angle-resolved
photoemission spectroscopy data for 1T -TiSe2 at temperatures
below the critical temperature,9,10,43–45 as well as above but
close to the critical temperature.23,46

We note that the mEFKM exhibits a particular U(1) sym-
metry. This can be seen by applying the unitary transformation

Uϕ,α = eiϕSα with Sα = 1
2

�
i(f

†
i fi − c

†
iαciα). The operators

f
(†)
i and c

(†)
iα annihilate (create) an electron at Wannier site i.

Obviously we have

HmEFKM = Uϕ,α HmEFKM U †
ϕ,α. (8)

This symmetry leads to a degeneracy between chiral and
nonchiral CDWs (see below).

To proceed, we perform a Hartree-Fock decoupling of the
electron-electron interaction terms:

Ucc

N

�

k,k�,q

�

α

�

β>α

c
†
k+qαckαc

†
k�βck�+qβ

→ Ucc

�

k

�

α

�

β �=α

c
†
kαckαnβ −NUcc

�

α

�

β>α

nαnβ, (9)

Ufc

N

�

k,k�,q

�

α

f
†
k+qfk c

†
k�αck�+qα

→ Ufc

�

α

nα
�

k

f
†
kfk + Ufcnf

�

k,α

c
†
kαckα

−NUfcnf
�

α

nα −
�

α

�Qα
�

k

c
†
k+Qαα

fk

−
�

α

�∗
Qα

�

k

f
†
k ck+Qαα

+
N

Ufc

�

α

|�Qα|
2. (10)

Here we introduced the EI order parameter functions

�Qα =
Ufc

N

�

k

�f
†
k ck+Qαα

�, (11)

�∗
Qα =

Ufc

N

�

k

�c
†
k+Qαα

fk �. (12)

Since the experiments on 1T -TiSe2 suggest that the spon-
taneous hybridization of the valence band with one of the
three conduction bands is the dominant effect of the electron-
electron interaction,9 in derivingEq. (9),we neglected all terms
that mix different conduction bands.

The resulting decoupled Hamiltonian takes the form

H̄mEFKM =
�

k

ε̄kf f
†
kfk +

�

k,α

ε̄kαc
†
kαckα

−
�

k,α

�Qαc
†
k+Qαα

fk −
�

k,α

�∗
Qαf

†
k ck+Qαα

−NUfcnf
�

α

nα − NUcc

�

α

�

β>α

nαnβ

+
N

Ufc

�

α

|�Qα|
2, (13)
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with shifted f - and c-band dispersions:

ε̄kf = εkf + Ufc

�

α

nα, (14)

ε̄kα = εkα + Ufcnf + Ucc

�

β �=α

nβ. (15)

The EI low-temperature phase is characterized by non-

vanishing expectation values �f
†
k ck+Qαα

�, �c
†
k+Qαα

fk �, which
cause a correlation gap in the excitation spectrum. The mean
local electron density in the EI phase is

ni = 1 +
2

N

�

k,α

�
�
�
c
†
k+Qαα

fk
��
� cos(QαRi + θα), (16)

where

1

N

�

k

�
c
†
k+Qαα

fk
�
=

1

N

�

k

�
�
�
c
†
k+Qαα

fk
��
�eiθα =

�∗
Qα

Uf c

. (17)

Comparing Eq. (16) with relation (1) we recognize the
amplitude of the charge density modulation as the modulus

of the hybridization function
�
k�c

†
k+Qαα

fk �. Likewise we can
identify the initial phases θα in the density modulation as the
phases of the hybridization functions (which coincide with the
phases of the EI order parameters).

Note that previous theoretical studies of the mEFKM10,11

did not include the phase differences of the θα , which will
be essential for the establishment of a chiral CDW.5–8 If one
is not concerned with the chiral CDW problem, disregarding

the phases θα seems to be justified since the U(1) symmetry
of the mEFKM prevents the appearance of a stable chiral
CDW anyway. We show this by analyzing the behavior of
the electron operators under the unitary transformation Uϕ,α:

c̃
(†)
iα = Uϕ,αc

(†)
iα U

†
ϕ,α and f̃

(†)
i = Uϕ,αf

(†)
i U †

ϕ,α . The hybridiza-

tion functions (in real space) then transform as �c
†
iαfi�e

iQαRi =

e−iϕ�c̃
†
iαf̃i�e

iQαRi ; that is, the phases θα can be controlled by the
unitary transformation through the angles ϕ. However, in view
of (8) the total energy is independent of the θα . Hence these
phases can be chosen arbitrarily, and there is no mechanism
that stabilizes a given phase difference. Therefore the mEFKM
is insufficient to describe a chiral CDW in 1T -TiSe2. In
the following we will demonstrate that the coupling of the
electrons to the lattice degrees of freedom can break the U(1)
symmetry of the mEFKM and consequently can stabilize a
chiral CDW.

B. Lattice degrees of freedom

1. Electron-phonon coupling

For 1T -TiSe2 there are experimental and theoretical evi-
dences that theweak periodic lattice distortion observed comes
from a softening of a transverse optical phonon mode.16–20 We
therefore include a single-mode electron-phonon interaction
in our model. If we expand the electron-lattice interaction
up to quartic order in the lattice distortion, we obtain the
electron-phonon interaction as

He-ph = H
(1)
e-ph + H

(2)
e-ph + H

(3)
e-ph +H

(4)
e-ph, (18)

where

H
(1)
e-ph =

1
√
N

�

k,q

�

λ,λ�

g1(k,q,λ,λ
�)(b†q + b−q)c

†
kλck+qλ� , (19)

H
(2)
e-ph =

1

2N

�

k,q1,q2

�

λ,λ�

g2(k,q1,q2,λ,λ
�)
�
b†q1

+ b−q1

��
b†q2

+ b−q2

�
c
†
kλck+q1+q2λ� , (20)

H
(3)
e-ph =

1

6N
3
2

�

k,q1,q2,q3

�

λ,λ�

g3(k,q1,q2,q3,λ,λ
�)
�
b†q1

+ b−q1

��
b†q2

+ b−q2

��
b†q3

+ b−q3

�
c
†
kλck+q1+q2+q3λ� , (21)

H
(4)
e-ph =

1

24N2

�

k,q1,q2,q3,q4

�

λ,λ�

g4(k,q1,q2,q3,q4,λ,λ
�)
�
b†q1

+ b−q1

��
b†q2

+ b−q2

��
b†q3

+ b−q3

��
b†q4

+ b−q4

�
c
†
kλck+q1+q2+q3+q4λ� ,

(22)

where b
(†)
q describes the annihilation (creation) operator of a

phonon carrying the momentum q, gi (i = 1,2,3,4) denote the
electron-phonon coupling constants, and λ, λ� label the band
degree of freedom. Most notably the band-mixing terms, i.e.,
if λ �= λ� in Eqs. (19)–(22), break the U(1) symmetry of the
mEFKM; i.e., the arbitrariness with respect to the phases θα is
eliminated.

2. Phonon-phonon interaction

Within the harmonic approximation, the Hamiltonian for
the (noninteracting) phonons reads47

Hph =
�

q

h̄ω(q)b†qbq, (23)
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where ω(q) is the bare phonon frequency. A coupling between
the lattice vibrations results from the anharmonic contributions
in the expansion of the potential for the ions.48 As we will
see below, such an explicit phonon-phonon interaction may
stabilize the chiralCDWphase.We expand the phonon-phonon
interaction also up to quartic order in the lattice displacement.
We obtain

Hph-ph =
1

√
N

�

q1,q2,q3

B(q1,q2,q3)
�
b†q1

+ b−q1

�

×
�
b†q2

+ b−q2

��
b†q3

+ b−q3

�

+
1

N

�

q1,q2,q3,q4

D(q1,q2,q3,q4)
�
b†q1

+ b−q1

�

×
�
b†q2

+ b−q2

��
b†q3

+ b−q3

��
b†q4

+ b−q4

�
. (24)

The explicit expressions of B(q1,q2,q3) and D(q1,q2,q3,q4)
are lengthy. We note only the symmetry relations

B(−q1,− q2,− q3) = B∗(q1,q2,q3), (25)

D(−q1, − q2,− q3,− q4) = D∗(q1,q2,q3,q4), (26)

and point out the constraints

B(q1,q2,q3) ∝ δq1+q2+q3,G, (27)

D(q1,q2,q3,q4) ∝ δq1+q2+q3+q4,G. (28)

Here G is a reciprocal lattice vector of the undistorted
lattice.

3. Frozen-phonon approach

We now apply the frozen-phonon approximation and
calculate the lattice distortion at low temperatures. As
elaborated in Refs. 17–20 the phonons causing the lattice
displacements in 1T -TiSe2 have the momenta Qα shown
in Fig. 2. Their softening is inherently connected to strong
electronic correlations.23 It has been suggested that the Q1,
Q2, and Q3 phonons become soft at the same temperature;18

we therefore assume |g1(k,Q1,λ,λ
�)| = |g1(k,Q2,λ,λ

�)| =
|g1(k,Q3,λ,λ

�)| = g1Q(k), likewise the other electron-phonon
coupling constants, and ω(Q1) = ω(Q2) = ω(Q3) = ω. A

finite displacement of the ions is characterized by �b
†
Qα

� =
�b−Qα

� �= 0. We denote the static lattice distortions by

δQα =
2

√
N

�
bQα

�
=

�
�δQα

�
�e−iφα , (29)

δ∗
Qα =

2
√
N

�
b
†
Qα

�
=

�
�δQα

�
�eiφα . (30)

Replacing all phonon operators by their averages, the Hamil-
tonian H = He +He−e + He-ph +Hph +Hph-ph becomes an
effective electronic model,

H̄ =
�

k,α

g1Q(k)
�
δQαc

†
k+Qαα

fk + δ∗
Qαf

†
k ck+Qαα

�
+

1

2

�

k

�

α,β

�
Ā
f

Q(k)f
†
kfk + Āc

Q(k)c
†
kβckβ

���
δ∗
Qα

�2
+ δ2Qα

�

+
1

6

�

k

�

α,β

�
B̄
αβ

1Q(k)
�
(δ∗
Qβ)

2 + δ2Qβ
�
+ B̄

αβ

2Q(k)|δQβ |
2
��
δQαc

†
k+Qαα

fk + δ∗
Qαf

†
k ck+Qαα

�

+
1

24

�

k

�

α,γ

�

β �=α

��
�C
f

αβ(k)f
†
kfk + �Cc

αβ(k)c
†
kγ ckγ

�
[(δ∗

Qαδ
∗
Qβ)

2 + (δ∗
QαδQβ)

2]

+
��

�C
f

αβ(k)
�∗
f

†
kfk +

�
�Cc
αβ(k)

�∗
c
†
kγ ckγ

��
(δQαδQβ)

2 + (δQαδ
∗
Qβ)

2
��

+ �DN
�

α

�

β>α

[(δ∗
Qαδ

∗
Qβ)

2 + (δQαδQβ)
2 + (δ∗

QαδQβ)
2

+ (δQαδ
∗
Qβ)

2] + �DN
�

α

|δQα|
4 +

h̄ω

4
N

�

α

|δQα|
2 + H̄mEFKM, (31)

where α,β,γ = 1, 2, 3. Moreover, it is �D = 2D(Qα,

Qα,Qβ,Qβ), where β �= α, and �D = D(Qα,Qα,Qα,Qα). The
electron-phonon and phonon-phonon interaction constants are

considered as real numbers except �C
f

αβ(k) and �Cc
αβ(k). The

phases of these constantsmust be taken into account, otherwise
chirality will not develop in our model. For the electron-
phonon coupling constants we use the shorthand notation

g1Q(k) = g1(k,Qα,f,α), (32)

Ā
f

1Q(k) = g2(k,Qα,Qα,f,f ), (33)

Āc
1Q(k) = g2(k,Qα,Qα,1,1), (34)

B̄
αβ

1Q(k) = 3g3(k,Qβ,Qβ,Qα,f,α), (35)

B̄
αβ

2Q(k) = 6g3(k,Qβ, −Qβ,Qα,f,α), (36)

�C
f

αβ(k) = 6g4(k,Qα,Qα,Qβ,Qβ,f,f ), (37)

�Cc
αβ(k) = 6g4(k,Qα,Qα,Qβ,Qβ,1,1). (38)

We assume for simplicity that the phonon-phonon interac-
tion constants are the same for all combinations of α and
β. In Eq. (31), the term proportional to �D, coming from
the expansion of the phonon-phonon interaction, guarantees
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that the free energy is bounded from below within our
approximations. Obviously a finite lattice distortion causes a
hybridization between the valence and the conduction bands.
As a consequence a gap in the electronic spectrum opens, just
as in the course of exciton condensation [cf. Eq. (13)]. The
corresponding local electron density is given by Eq. (16).

Of particular interest are the phases θα . Owing to the terms

on the r.h.s. of Eq. (31) proportional to g1Q(k) and B̄
αβ

iQ (k),
these phases are coupled to the phases of δQα . Let us analyze
the possible values of the phases of the static lattice distortion.
We first note that everyQα is half a reciprocal lattice vector in
the normal phase, i.e., e2iQαRi = 1, where Ri is a lattice vector
of the undistorted lattice. Hence

b
†
Qα

=
1

√
N

�

i

b
†
i e

−iQαRi =
1

√
N

�

i

b
†
i e

−iQαRi+2iQαRi

=
1

√
N

�

i

b
†
i e

iQαRi = b
†
−Qα

. (39)

That is, b
†
Qα and b

†
−Qα

create the same phonon. This implies

�b
†
Qα

� = �b
†
−Qα

� = �bQα
�. Consequently �bQα

� and δQα become
real numbers. However, since a triple CDW is not a simple
superposition of three single CDWs, the situation is more
subtle. Here the change of the periodicity of the lattice caused
by one CDW component affects the formation of the other two
components. To elucidate this in more detail let us assume that
phonon 1 softens at Tc, while phonon 2 and phonon 3 soften at
Tc − δT . As a result of the transition 1 at Tc the periodicity of
the crystal changes and consequently the BZ changes too (see
Fig. 4).

The vectorsQ2 andQ3 are no longer half-reciprocal lattice
vectors, and Eq. (39) does not apply. Hence, at Tc − δT , �bQ2�
and �bQ3� are complex numbers with phases that have to be
determined by minimizing the free energy. For 1T -TiSe2,

FIG. 4. (Color online) BZ in the normal phase (black dotted

hexagon) and (artificial) BZ that would emerge if only the phononQ1

softens (filled gray hexagon). Red, green, and blue arrows indicate

the ordering vectors Q1, Q2, and Q3, respectively.

δT = 0, but nevertheless the above discussion remains valid.
That is the freedom to fix the phases of the lattice distortions in
an appropriate way results from the fact that one triple-CDW
component must develop in a lattice structure which is already
distorted by the other two triple-CDW components.

C. Ground-state energy

Based on the model (31) we analyze the chiral CDW for-
mation at zero temperature. Taking into account the symmetry
of the conduction bands and the equality of the interaction
constants, we have |δQ1| = |δQ2| = |δQ3| = |δQ| and |�Q1| =
|�Q2| = |�Q3| = |�Q|. Therewith the ground-state energy per
site follows as

Ē

N
=

2

N

�

k,α

g1Q(k)|δQ|
�
�
�
c
†
k+Qαα

fk
��
� cos(φα − θα) +

1

N

�

k

�

α,β

|δQ|2
�
Ā
f

Q(k)�f
†
kfk � + Āc

Q(k)�c
†
kβckβ�

�
cos(2φα)

+
1

3N

�

k

�

α,β

|δQ|3
�
�
�
c
†
k+Qαα

fk
��
�
�
2B̄

αβ

1Q(k) cos(2φβ) + B̄
αβ

2Q(k)
�
cos(φα − θα)

+
1

12N

�

k

�

α,γ

�

β �=α

�
C̄
f

αβ(k)�f
†
kfk � + C̄c

αβ(k)�c
†
kγ ckγ �

�
|δQ|4[cos(2(φα − φβ) + φC) + cos(2(φα + φβ) + φC)]

+ 4�D
�

α

�

β>α

|δQ|4 cos(2φα) cos(2φβ) + 3�D|δQ|4 +
3

4
h̄ω|δQ|2 +

ĒmEFKM

N
, (40)

where �C
f (c)
αβ = C̄

f (c)
αβ e−iφC . We note that each phase

θα is exclusively coupled to φα . If
�
k[g1Q(k) +

�
β(2B̄

αβ

1Q(k) cos(2φβ) + B̄
αβ

2Q(k))|δQβ |
2]|�c

†
k+Qαα

fk �| > 0,
the choice

θα = φα + (2s + 1)π (41)

minimizes the energy, where s = 0,1,2, . . . . Otherwise θα are
locked to φα + 2sπ . Thus, the relationship between φ1, φ2,
and φ3 is crucial.

The Hamiltonian (31) offers a complex model with many
(unknown) parameters. To proceed we assume the electron-
phonon interaction constants as independent of themomentum

k. Moreover, we assume that Ā
f

Q, Ā
c
Q, B̄

αβ

1Q, B̄
αβ

2Q, C̄
f

αβ , C̄
c
αβ ,

�D,

and �D aremuch smaller thanUfc,Ucc, and g1Q. Themagnitude
of the EI order parameter and the static lattice distortion are
then primarily determined by the latter interaction constants,
and the constraint for Eq. (41) simply reduces to g1Q > 0.
Taking only Ufc, Ucc, and g1Q into account and minimizing
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the free energy with respect to the EI order parameter
yields (∂F/∂|�Q|) = (∂F/∂|��Q|) + 6|�Q|/Ufc = 0, while
the minimization with respect to the static lattice distor-
tion yields (∂F/∂|δQ|) = g1Q(∂F/∂|��Q|) + 6h̄ω|δQ|/4 = 0,
where the gap parameter is given by

��Qα = g1QδQα −�Qα. (42)

The relation (41) maximizes the modulus of the gap parameter
(supposing g1Q > 0). From the energy minimization with

respect to |�Q| and |δQ|:

|�Q| =
Ufc

4

h̄ω

g1Q

|δQ|. (43)

With Eqs. (41) and (43)we can express the ground-state energy
per site as

Ē

N
=

1

N
Ēδ(|δQ|2) +

1

N
Ēφ(|δQ|2,φ1,φ2,φ3), (44)

where

1

N
Ēδ(|δQ|2) =

1

N

�

k,ν

Ekν
�
nνk

�
− Ufcnf (1 − nf ) −

Ucc

3
(1 − nf )

2 +
3

4
h̄ω|δQ|2 +

3

16
Ufc

�
h̄ω

g1Q

�2

|δQ|2

+

�

3�D −
1

12
�B2Q

h̄ω

g1Q

�

|δQ|4, (45)

1

N
Ēφ(|δQ|2,φ1,φ2,φ3) =

�
Ā
f

Qnf + Āc
Q(1 − nf )

�
|δQ|2

�

α

cos(2φα) −
1

6

h̄ω

g1Q

|δQ|4
�

α

�Bα
1Q cos(2φα)

+
1

12

�

α

�

β �=α

�
C̄
f

αβnf + C̄c
αβ(1 − nf )

�
|δQ|4{cos[2(φα − φβ) + φC] + cos[2(φα + φβ) + φC]}

+ 4�D|δQ|4
�

α

�

β>α

cos(2φα) cos(2φβ). (46)

Here �B2Q =
�

α,β B̄
αβ

2Q and �Bα
1Q =

�
β B̄

βα

1Q . The quasiparticle
energies Ekν (ν = A,B,C,D) are obtained by the diagonal-
ization of the Hamilton matrix

[H ] =









ε̄kf �̃∗
Q1 �̃∗

Q2 �̃∗
Q3

�̃Q1 ε̄k+Q11 0 0

�̃Q2 0 ε̄k+Q22 0

�̃Q3 0 0 ε̄k+Q33








. (47)

Since only |��Q|2 enters Ekν we may replace ��Qα by

|��Q| =

�

g1Q +
Ufc

4

h̄ω

g1Q

�

|δQ| (48)

in Eq. (47). The choice

�D � 4�D +
1

3

�

α

�

β>α

�
C̄
f

αβ + C̄c
αβ

�

+
1

6

�

α

�Bα
1Q

h̄ω

g1Q

+
1

12
B2Q

h̄ω

g1Q

(49)

guarantees the lower boundary of the energy. In the numerical
calculation we use the equality in Eq. (49).

Only the electron-phonon interaction and the phonon-
phonon interaction enter the phase-dependent part of the
ground-state energy Ēφ . It is the quartic order expansion term
of the electron-phonon interaction and the phonon-phonon
interaction (also in quartic order of the lattice distortion)
that relate the phases φ1, φ2, and φ3 to each other and
favor a phase difference. Without them chirality can not
be stabilized. Note that the 2 × 2 × 2 commensurability

of the CDW is an important prerequisite for Ēφ �= 0.
This rules out incommensurate CDWs exhibiting a chiral
property.

The chiral CDW can be indicated by

dφ = |δQ||(φ1 − φ2)(φ1 − φ3)(φ2 − φ3)|. (50)

dφ is finite only if the CDW is realized and φ1 �= φ2 �= φ3; i.e.,
it fulfills a prerequisite for an order parameter of the chiral
CDW.

D. Phase boundary of the CDW

In contrast to the ground-state energy (44) the constraint
for the CDW phase boundary can be obtained from Eq. (31)
without approximations. The derivative of the free energy with
respect to the static lattice distortion is needed in the limit
|δQ| → 0. To this end, we use the ansatz

EkA = ε̄kf +
�

α

|δQ|2Ā
f

Q cos(2φα) + |��Q|2dA

+
1

12

�

α

�

β �=α

|δQ|4C̄
f

αβ{cos[2(φα − φβ) + φC]

+ cos[2(φα + φβ) + φC]}, (51)

EkB = ε̄k+Q11 +
�

α

|δQ|2Āc
Q cos(2φα) + |��Q|2dB

+
1

12

�

α

�

β �=α

|δQ|4C̄c
αβ{cos[2(φα − φβ) + φC]

+ cos[2(φα + φβ) + φC]}, (52)
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EkC = ε̄k+Q22 +
�

α

|δQ|2Āc
Q cos(2φα) + |��Q|2dC

+
1

12

�

α

�

β �=α

|δQ|4C̄c
αβ{cos[2(φα − φβ) + φC]

+ cos[2(φα + φβ) + φC]}, (53)

EkD = ε̄k+Q33 +
�

α

|δQ|2Āc
Q cos(2φα) + |��Q|2dD

+
1

12

�

α

�

β �=α

|δQ|4C̄c
αβ{cos[2(φα − φβ) + φC]

+ cos[2(φα + φβ) + φC]}. (54)

The unknown parameters dν , ν = A,B,C,D can be calculated
from the characteristic polynomial of the Hamilton matrix.
With the ansatz Eqs. (51)–(54) and Eq. (43), which also holds
up to linear order in the static lattice distortion, the free energy
can be minimized analytically, which gives the exact result in
the limit |δQ| → 0. Considering this limit the constraint for
the CDW phase boundary is obtained as

0 =
3

4
h̄ωg2

1Q +
3

16
Ufc(h̄ω)2 − 3g2

1Q

�
Ā
f

Qnf + Āc
Q(1 − nf )

�

+

�

g2
1Q+

1

4
Ufch̄ω

�2
1

N

�

k

�
m̄EkA

n̄EkA

�
n
f

k

�
+

�
n1
k+Q1

�

ε̄k+Q11 − ε̄kf

+

�
n2
k+Q2

�

ε̄k+Q22 − ε̄kf
+

�
n3
k+Q3

�

ε̄k+Q33 − ε̄kf

�

, (55)

where

m̄EkA = ε̄k+Q11ε̄k+Q22 + ε̄k+Q11ε̄k+Q33 + ε̄k+Q22ε̄k+Q33

+ 3ε̄2
kf − 2ε̄kf

�
ε̄k+Q11 + ε̄k+Q22 + ε̄k+Q33

�
, (56)

n̄EkA = ε̄3
kf − ε̄2

kf

�
ε̄k+Q11 + ε̄k+Q22 + ε̄k+Q33

�

+ ε̄kf
�
ε̄k+Q11ε̄k+Q22 + ε̄k+Q11ε̄k+Q33

+ ε̄k+Q22ε̄k+Q33

�
− ε̄k+Q11ε̄k+Q22ε̄k+Q33. (57)

E. Characterization of the CDW state in 1T -TiSe2

Experiments identify a close connection between the
appearance of the CDW state and the periodic lattice displace-
ment in 1T -TiSe2.

7 The displacement of the ion m in the unit
cell n is

�u(n,m) =
�

α

h̄
√

2Mmω
|δQ|�(m,Qα) cos(QαRn − φα), (58)

where �(m,Qα) is the polarization vector and Mm is the mass
of the ion m. Clearly each CDW component α produces
a 3D lattice distortion. If φ1 �= φ2 �= φ3, the lattice will be
differently affected by the phononsQ1,Q2, andQ3. Of course
the lattice deformation by the phonon mode Qα is position
dependent; in this way a complicated distortion pattern of
the ions can occur. An instructive picture can be achieved,
however, if one neglects the position dependence in the
xy plane. In this simplified situation, depending on the z

component as a function of the position, the magnitude of

FIG. 5. (Color online) (a) For a chiral ordering the maximum

lattice distortion due to the phonon Qα may be located in different

ionic layers. (b) The Se ions in the upper layer are differently

affected by the phonons having momentumQ1,Q2, orQ3. For further

discussion see text.

the lattice displacement differs along Q1, Q2, and Q3. As a
result the different ionic layers of 1T -TiSe2 are dominated
by different phonon modes.7 The situation where the lower
Se-ion layer is largely affected by the phonon mode Q3,
the Ti-ion layer by phonons with momentum Q2, and the
upper Se-ion layer by the Q1 phonon mode, is illustrated
schematically in Fig. 5(a).

Let us consider the upper plane of Se ions, which is
analyzed in scanning tunneling microscopy experiments.5

There, a relative difference of the phases φα leads, e.g.,
to a stronger displacement of the ions in the direction of
Q1 than in the direction of Q2 and Q3 [see Fig. 5(b)].
Then the CDW transition can be viewed as the formation
of “virtual layers” with ordering vectors assigned to a helical
structure.5 This distortion scenario equates with a fixed phase
difference. Thereby the only crucial parameters are φ1, φ2,
and φ3; the finite z component of the ordering vectors is
not a required prerequisite for the chiral CDW. Although the
different orbital character of the CDW components do not
directly influence the charge modulation, the phase difference
leads to a different transfer of spectralweight alongQ1,Q2, and
Q3 and the formation of a chiral CDW necessarily generates
an orbital-ordered state.8

Equation (40) specifies values for the phases θα and φα .
Which particular phase takes one of these values remains open.
For instance, the simultaneous transformations θ2 → θ3 and
φ2 → φ3 do not change the energy, but convert a clockwise
chiral CDW in an anticlockwise one. The degeneracy of these
two CDW states is in accord with the experimental findings
for 1T -TiSe2.

5

As is apparent in Eq. (43), for finite Ufc and g1Q the EI
order parameter |�Q| > 0 if and only if |δQ| > 0. This can
also be argued on physical grounds. Let us first consider the
case of vanishing electron-phonon coupling. In the EI phase
(|�Q| > 0) the system realizes a CDW. When g1Q becomes
finite in addition, the lattice adjusts commensurate with the
electron density modulation. Hence, in this case any finite g1Q

immediately results in |δQ| > 0. On the other hand, at vanish-
ing Coulomb interaction but sufficiently large g1Q > g1Q,c, a

lattice instability develops leading to a finite
�
k�c

†
k+Qαα

fk �.
This hybridization parameter enters the explicit equation
for the EI order parameter; see Eq. (12). |�Q| > 0 then
follows from any finite Coulomb interaction. Our approach
therefore does not discriminate between an excitonic and

075138-8

2 Thesis Articles

70



CHIRAL CHARGE ORDER IN 1T -TiSe2: . . . PHYSICAL REVIEW B 88, 075138 (2013)

phonon-driven instability if both electron-electron and
electron-phonon interactions are at play.

III. NUMERICAL RESULTS

A. Model assumptions

In view of the quasi-2D crystallographic and electronic
structure of 1T -TiSe2, and in order to simplify the numerics,
we restrict the following analysis to a strictly 2D setting.More-
over, being close to the Fermi energy, we will approximate the
bands parabolically:10

εkf = −tf
�
k2
x + k2

y

�
, (59)

εk1 = txc (kx −Q1x)
2 + tyc (ky −Q1y)

2 + Ec, (60)

with hopping amplitudes tf , txc , and t
y
c . The other two

conduction bands εk2 and εk3 have analogous dispersions, but
the momenta are rotated by 2π/3 and 4π/3, respectively. All
three conduction bands share the sameminimumEc; see Fig. 3.

From the band dispersion provided by Monney et al. in
Ref. 10 we derive tf = 1.3 eV, which will be taken as the
unit of energy hereafter, and txc = 0.042 and t

y
c = 0.105.

The bare phonon frequency is estimated as h̄ω = 0.013, in
accordance with the value given by Weber et al. in Ref. 20.
Furthermore, we set Ec = −3.30 and Ucc = Ufc + 1.0. Note
that Ec is the minimum of the bare conduction band. The
effective band overlap will be significantly smaller due to the
Coulomb interaction inducedHartree shift. If it is not explicitly

noted we take �Bα
1Q = 0.5 × 10−4, �B2Q = 10−4, C̄

f

αβ = C̄c
αβ =

8.5 × 10−4, �D = 10−5, and φC = 3π/10.
The self-consistency loop, comprising the determination

of the total and partial particle densities and the chemical
potential, is solved iteratively until the relative error of each
physical quantity is less than 10−6. The numerical integrations
were performed using the Cubpack package.49

B. Formation scenario of the chiral CDW

We start with the analysis of the ground-state energy (T =
0), where we treat the static lattice distortion as a variational
parameter. Without loss of generality we choose φ1 = π/2.
The other phases φ2 and φ3 are determined by minimizing
Ēφ/N using a simplex method. The results for Ufc = 2.5 and
g1Q = 0.03 are shown in Fig. 6.

Since we assumed the nonlinear electron-phonon and the
phonon-phonon interaction constants are much smaller than
Ufc,Ucc, and g1Q, the energy Ē/N ≈ Ēδ/N and the (physical)
static lattice distortion, given by the dashed lines in Fig. 6, is
primarily determined by the Coulomb interaction and g1Q.

We find a complex formation scenario for the chiral
property. For |δQ| → 0 all phases are equal, i.e., φ1 = φ2 =
φ3 = π/2 and the CDW is nonchiral. With growing static
lattice distortion φ2 = φ3 �= φ1. Compared with the normal
phase and the limit |δQ| → 0 the mirror symmetry is reduced
in this state. However, there exists a mirror symmetry along
Q1 (cf. Fig. 1), and the CDW is still nonchiral. If the static
lattice distortion exceeds a threshold, chirality sets in and
φ1 �= φ2 �= φ3.

FIG. 6. (Upper panels) Phases and (lower panels) ground-state

energy as a function of the static lattice distortion. The dashed lines

designate the physical value of the static lattice distortion. We set

φ1 = π/2 and the interband Coulomb interaction is Ufc = 2.5. For

the electron-phonon interaction we take g1Q = 0.03, (a) Ā
f

Q = Āc
Q =

10−4, and (b) Ā
f

Q = Āc
Q = 5 × 10−4.

With increasing Ā
f (c)
Q the threshold for the static lattice

distortion that separates the chiral and the nonchiral CDW
grows; see Fig. 7. The electron-phonon interaction constant
g1Q barely influences the chiral property of the CDW.

The scenario shown in Fig. 6 suggests that coming from the
uniform, high-temperature phase and lowering T there is first
a transition to the nonchiral CDW at Tnonchiral CDW. Chirality
is formed at Tchiral CDW < Tnonchiral CDW. This sequence of
transitions agrees with the result from the Landau-Ginzburg
approach7,8 and is supported by very recent x-ray diffraction
and electrical transport measurements.50 The difference be-
tween Tnonchiral CDW and Tchiral CDW is estimated experimentally
to be less than 10K. Moreover, the suggested transition
scenario does not contradict experiment, where 1T -TiSe2 is
gradually doped with Cu until the CDW is suppressed in
favor of a superconducting phase.51 Here chirality is present
until the breakdown of the CDW. Since the transition from
the CDW to the superconducting phase is affirmed as a first
order transition,52 |δQ| does not have to be small at the phase
boundary and chirality may exist.

To combine our approach with the Landau-Ginzburg treat-
ment we set �Bα

1Q = 0, �D = 0, neglect the terms cos(2(φα +
φβ) + φC), and set φC = 0. Our model then reproduces
the functional dependency of the free energy functional in
Refs. 7 and 8. The Landau-Ginzburg parameters can then be

0 0.5 1 1.5 2 2.5 3

|δ
Q
|

0

0.01

0.02

0.03

d
φ

g
1Q

=0.03, 
_
A

Q

f
=

_
A

Q

c
=10

-4

g
1Q

=0.03, 
_
A

Q

f
=

_
A

Q

c
=5x10

-4

g
1Q

=0.11, 
_
A

Q

f
=

_
A

Q

c
=10

-4

FIG. 7. Chiral-CDW characteristic quantity dφ as a function of

the static lattice distortion. The solid line represents the result for

g1Q = 0.03 and Ā
f

Q = Āc
Q = 10−4, the long-dashed line is the result

for g1Q = 0.03 and Ā
f

Q = Āc
Q = 5 × 10−4, and the dotted line shows

the result for g1Q = 0.11 and Ā
f

Q = Āc
Q = 10−4.
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FIG. 8. (Color online) (a) Phases and ground-state energy as

a function of the static lattice distortion, where the functional

dependency on the phases φα is assumed as in Refs. 7 and 8.

(b) Comparison of the phase-dependent part of the ground-state

energy Eq. (46) (black solid line) and the counterpart for the phase

dependency as suggested by van Wezel7,8 (red dot-dashed line). The

small vertical lines in the inset indicate the critical |δQ| for the onset of

chirality in the respective approximation scheme. In both figures the

dashed line designates the physical value of the static lattice distortion.

Themodel parameters areUfc = 2.5, g1Q = 0.03, Ā
f

Q = Āc
Q = 10−4.

expressed as

3

2
a0 = −

3

4
h̄ω −

3

16
Ufc

�
h̄ω

g1Q

�2

, (61)

1

2
a1(1 − γ ) = Ā

f

Qnf + Āc
Q(1 − nf ), (62)

3

8
(15c0 + 8d0) = 3�D − �B2Q

h̄ω

g1Q

, (63)

3

4
c2 = C̄

f

αβnf + C̄c
αβ(1 − nf ). (64)

Figure 8(a) shows an example for this scheme.
Note that the phases φα are periodic with π and Fig. 8(a)

shows that φ2 = −φ3, which was obtained analytically in
Refs. 7 and 8. Most notably, if the cos(2(φα + φβ) + φC)
contribution and the phase φC are neglected the “intermediate”
statewhereφ2 = φ3 �= φ1 ismissing. The chiral CDWemerges
directly from the nonchiral CDW, where φ1 = φ2 = φ3 =
π/2. The comparison of the phase-dependent part Ēφ/N

shows that the approximation provided by Eq. (46) exhibits
the lower energy. The onset of the chiral CDW differs only
slightly between the two approximation schemes.

C. Phase diagram of the mEFKM

To set the stage for the analysis of the interplay of
Coulomb and electron-phonon interaction effects we first
discuss the phase diagram of the pure mEFKM; see Fig. 9.
Here, since g1Q = 0 (and as a result δQα = 0), the EI low-
temperature phase typifies a normal CDW. As for the EFKM
on a square lattice (see inset), at T = 0 we find a finite
critical Coulomb strength above which the EI phase does not
exist. This is because the large band splitting caused by the
Hartree term of the Coulomb interaction prevents c-f electron
coherence.42

In contrast to the EFKM, in our four-band model we
also find a critical lower Coulomb strength for the EI phase.
This can be understood as follows: since the valence band is

U (arb. units)

T
 (

a
rb

. 
u

n
it
s
)

0 1 2 3 4 5
U

fc

0

0.05

0.1

T

EIEI
semi-
metal

EFKM
semi-
cond.

FIG. 9. Phase diagram of the mEFKM. The inset displays the

schematic phase diagram of the simplified two-band EFKM on a

square lattice according to Ref. 42.

isotropic while the conduction-band dispersions are strongly
anisotropic, particles close to the Fermi level do not find a large
number of partners with appropriate momentum for electron-
hole pairing. Thus, for Ufc smaller than a critical Coulomb
attraction, the amount of energy to create a macroscopic
number of excitons is larger than the energy gain from the
condensation transition into the EI state. Therefore the system
remains in the semimetallic phase.53 The rather abrupt increase
of the critical temperature at the lower critical Coulomb
interaction is due to the degeneracy of the conduction bands
and the particular anisotropy used.

D. Influence of the lattice degrees of freedom

We now analyze the situation when phonons participate
in the CDW formation. In Fig. 10 the critical temperatures
for g1Q = 0.03 and g1Q = 0.11 can be found. For very small
electron-phonon coupling the phase diagram resembles the
situation for the mEFKM. As the interaction strength g1Q

increases the situation changes dramatically. For sufficiently
large electron-phonon couplings, we no longer find critical
lower and upper values Ufc for the CDW transition and the
transition temperature increases linearly with Ufc. That is the
critical temperature is significantly enhanced byg1Q. Evidently
electron-hole attraction and electron-phonon coupling act
together in the formation of a very stable CDW phase.

The impact of the Coulomb interaction and the electron-
phonon interaction is summarized by the ground-state phase
diagram shown in Fig. 11. For weak electron-phonon cou-
plings g1Q the CDW is mainly driven by the Coulomb
attraction Ufc between electrons and holes. The greater g1Q,
the larger the region where the CDW is stable. For g1Q > 0.09
the electron-phonon coupling alone can cause the CDW

0 1 2 3 4 5
U

fc

0

0.5

1

1.5

T

g
1Q

 = 0.03

g
1Q

 = 0.11

FIG. 10. CDW phase boundaries for g1Q = 0.03 (solid line) and

g1Q = 0.11 (dashed line).
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0 1 2 3 4 5
U

fc

0

0.04

0.08

0.12

g
1
Q

chiral CDW

normal 
phase

normal 
phaseexcitonic insulator

(nonchiral)

(possibly chiral)
pure lattice-driven CDW

FIG. 11. (Color online) Ground-state phase diagram of the

mEFKM with additional electron-phonon coupling. The CDW phase

is characterized by a finite gap parameter |�̃Q|. The red line atg1Q = 0

marks the EI phase of the pure mEFKM. The blue line at Ufc = 0

refers to a CDW induced solely by the electron-lattice interaction. The

green point designates the range of model parameters appropriate for

1T -TiSe2.

transition, even at Ufc = 0 (blue line in Fig. 11). Depending
primarily on the magnitude of the static lattice distortion the
CDW can be chiral in this limit, whereas the CDW in the
opposite EI limit does not exhibit chirality (g1Q = 0, red line
in Fig. 11).

E. Relation to 1T -TiSe2

Based on the phase diagram derived for the mEFKM with
electron-phonon coupling, we now attempt to estimate the
electron-electron and electron-phonon interaction constants,
Ufc and g1Q, for 1T -TiSe2. To make contact with experiments
we take the displacements of the Ti ions measured by Di
Salvo et al.: ũ(n,m = Ti) = 0.04Å.4 Then, from Eq. (58),
we can specify the value of |δQ|. For 1T -TiSe2, the gap
parameter was determined experimentally as 120 meV by
Monney et al.; see Ref. 44. Adjusting this value to our
theoretical results yields Ufc ≈ 2.5 (≈ 3 eV) and g1Q ≈ 0.03
(≈ 0.04 eV); see the green marker in Fig. 11. For these values
both the theoretical ion displacement and gap parameter are
in the same order of magnitude as the measured ones. Using
Ufc ≈ 2.5 for 1T -TiSe2, the electron-hole pairing is BCS-like.
Since g1Q � 0.03 is too small to cause a CDW for vanishing
Coulomb interaction and, as discussed above, the EI scenario
alone will not yield a stable chiral CDW, our results are in
favor of a combined lattice-deformation/EI mechanism for the
experimentally observed chiral CDW transition, as suggested
in Refs. 22 and 54.

IV. CONCLUSIONS

In thisworkwe have argued how the observed chiral charge-
density-wave (CDW) phase in 1T -TiSe2 may be stabilized.
In the framework of the multiband extended Falicov-Kimball
model (mEFKM) we showed that a purely electronic, exciton
pairing and condensation, mechanism is insufficient to induce

the observed (long-ranged) chiral charge order. We propose
that the coupling of the electrons to the lattice degrees of
freedom is essential for the formation of a chiral CDW
state.

We note that in our model clockwise and anticlockwise
CDWs are degenerate. This is in accord with experimental
findings.5 The chiral property can properly be observed
in the ionic displacements accompanying the CDW in
1T -TiSe2.

Whether the chiral CDW is stabilized depends particularly
on the magnitude of the static lattice distortion and also on
the ratios of the electron-phonon, respectively the phonon-
phonon, interaction constants. Our analysis confirms the
sequential transition scenario Tchiral CDW < Tnonchiral CDW aswas
proposed in Refs. 7 and 8 and corroborated experimentally.50

However, we extended this scenario by the inclusion of further
interactions. This leads to a CDW state for Tchiral CDW < T <

Tnonchiral CDW, where the mirror symmetry is reduced compared
to the normal phase, but chirality is not yet formed.

Concerning the microscopic mechanism underlying the
CDW transition, we demonstrated that electron-electron in-
teraction and electron-phonon coupling support each other in
driving the electron-hole pairing and finally the instability.
This suggests that the CDW transition in 1T -TiSe2 is due
to a combined lattice distortion and exciton-condensation
effect. The outcome is a spontaneous broken-symmetry CDW
low-temperature state with small but finite lattice deformation.
Of course, both the mean-field treatment of the Coulomb
interaction and the frozen-phonon approach are rather crude
approximations and a more elaborated study of the complex
interplay between the electronic and phononic degrees of
freedom is highly desirable to confirm our proposed scenario
for the chiral CDW transition in 1T -TiSe2.

Let us finally point out that we called |�Q| the excitonic-
insulator order parameter on account of its analog in the
EFKM.35–42 The meaning of a finite |�Q| in the presence of a
band coupling is imprecise however. Likewise a spontaneous
hybridization of the valence band with one of the conduction
bands, signaling the exciton condensate in the mEFKM, may
be induced by a sufficiently large electron-phonon coupling
g1Q. A general criterion for the formation of an exciton
condensate in a strongly coupled band situation has not been
established to date. This is an open issuewhich deserves further
analysis because of its relevance in characterizing the nature
of CDW transitions also in other materials.55,56
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31D. Jérome, T. M. Rice, and W. Kohn, Phys. Rev. 158, 462 (1967).
32F. X. Bronold and H. Fehske, Phys. Rev. B 74, 165107 (2006).
33C. D. Batista, J. E. Gubernatis, J. Bonča, and H. Q. Lin, Phys. Rev.
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Abstract

The precise influence of phonons that are explicitly coupled to excitons on the formation of an

excitonic insulator (EI) has been analyzed only barely so far. Recent experiments suggest, however,

that this coupling is non-negligible. We address this issue in this work. For finite exciton-phonon

coupling the suggested EI state is accompanied by a static lattice distortion. The single-particle

spectra is not modified qualitatively, in contrast to the electron-hole pair spectrum. The phonons

cause the collective mode for electron-hole pair excitations to be massive. For vanishing exciton-

phonon coupling this mode is acoustic. Moreover, we suggest that off-diagonal long range order

is affiliated with an acoustic mode. Hence, the condensate nature of the ordered ground state for

finite exciton-phonon coupling is questioned.
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I. INTRODUCTION

The excitonic insulator (EI) is a longstanding problem in condensed matter physics.

Although first theoretical works were published almost 50 years ago,1–5 the experimental

realization of the EI phase has proven to be quite challenging and has still not succeeded

conclusively. However, in recent years promising materials were presented,6–8 renewing the

interest in the EI also from theoretical point of view.9–14

The Coulomb interaction solely leads to the excitonic instability forming the EI. The

theoretical modeling has therefore been concentrated on a purely electronic mechanism.

Only very recently, a coupling to the lattice has been taken into account in some theoretical

works.15–18 However, some experiments show, that the lattice is affected at the phase tran-

sition to the anticipated EI phase: In the mixed-valence compound TmSe0.45Te0.55 a drop

of the specific heat and an increase of the lattice constant is found in the low-temperature

phase.19 These effects point to a strong exciton-phonon coupling. In 1T -TiSe2 there is a long-

standing debate if the charge-density-wave and the concomitant structural phase transition

in this material are the results of an excitonic7,11 or a lattice instability.20,21 A combination

of both instabilities has been also taken into account recently.22 Hence, lattice effects are

crucial in this material. At the transition to the suggested EI phase in Ta2NiSe5 the lattice

structure changes from orthorhombic to monoclinic, although the charge does not modu-

late.15,16,23 Therefore, an exciton-phonon interaction seems non-negligible in this material,

too.

In this work we analyze the EI formation in the framework of a generic two-band model

that comprises Coulomb interaction and an explicit exciton-phonon interaction. Beside its

relevance to the experiments, fundamental questions are brought up in this model. We focus

on the influence of the phonons on the electronic spectrum and on the condensate nature of

the ordered ground state.

The paper is organized as follows. In Sec. II we introduce our model. The mean-field

parameters and the mean-field electron Green functions are given in Sec. III. We show, that

the static lattice distortion is inherently connected to the spontaneous band hybridization. In

Sec. IV we calculate the electronic self energies employing a Kadanoff-Baym approach. From

this, we argue that the exciton-phonon coupling does not lead to qualitative modification

of the single particle spectra. The electron-hole pair spectrum, however, gives information

2
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about an crucial phonon influence. This is shown in Sec. V. The effects of the exciton-

phonon coupling to the electron-hole pairing is analyzed in the framework of a Kadanoff-

Baym approach, and we derive the relevant diagrams. We present some numerical results

for a simplified model and prove that the purely electronic model possesses an acoustic

mode, whereas the collective mode is massive if phonons participate. Section VI addresses

the question, if the ground state represents an exciton condensate. To this end, we analyze

the presence of off-diagonal long range order. A short summary of our results is given in

Sec. VII.

II. MODEL

We use a two-band model with interband Coulomb interaction and an explicit exciton-

phonon interaction for our analysis,

H = He +He−e +Hph +He−ph. (1)

The free-electron part is given by

He =
�

k

εkvc
†
kvckv +

�

k

εkcc
†
kcckc, (2)

where c
(†)
kσ is the annihilation (creation) operator for an electron in the valence band (band

index σ = v) or in the conduction band (σ = c) with momentum k. The bare band

dispersions are denoted as εkσ.

We assume the electron-electron interaction as

He−e =
�

k,k�,q

V (q)

N
c†kcck+qcc

†
k�vck�−qv, (3)

where V (q) is the effective Coulomb interaction, and N is the total number of unit cells.

The noninteracting phonon Hamiltonian reads

Hph =
�

q

ωqb
†
qbq. (4)

We set � = 1 throughout this paper, ωq is the bare phonon energy, and b
(†)
q is the annihilation

(creation) operator for a phonon with momentum q.
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The electron-phonon interaction is assumed as

He−ph =
�

k,q

�
g−q√
N
(b†−q + bq)c

†
k+qcckv +

gq√
N
(b†q + b−q)c

†
kvck+qc

�

. (5)

The exciton-phonon coupling constant is denoted as gq. Let us assume that gq is real. Note,

the annihilation of a phonon is inevitably connected with a transfer of an electron from the

valence band to the conduction band and vice versa in our model. This coupling of phonons

to electron-hole pairs, i.e. to excitons, is involved, but for materials that are classified near

the semimetal-semiconductor transition (SM-SC) such a coupling can be relevant.

In order to investigate the SM-SC transition, we consider a half-filled band,

nc + nv = 1, (6)

where nσ = N−1
�

k�c
†
kσckσ�.

III. GREEN FUNCTIONS IN MEAN-FIELD APPROXIMATION

Let us first apply the frozen-phonon (mean-field) approach to the model (1). A static

lattice distortion is characterized by

δQ∗ =
2

√
N
gQ∗�b†Q∗�, (7)

where the ordering vector of the low-temperature phase is denoted as Q∗. We assume

that Q∗ is either zero or half a reciprocal lattice vector. Then, δQ∗ is a real number. We

replace the phonon operators by their averages. The Hamiltonian (1) becomes then a purely

electronic model.

Applying subsequently a Hartree-Fock decoupling scheme, our model reduces to

HMF =
�

k

ε̄kvc
†
kvckv +

�

k

ε̄k+Q∗c c
†
k+Q∗cck+Q∗c +

�

k

xkQ∗

�
c†k+Q∗cckv + c†kvck+Q∗c

�
, (8)

where the renormalized dispersions are ε̄kσ = εkσ + V (0)n−σ, the Coulomb-induced hy-

bridization parameter is given by

ΔkQ∗ =
�

k�

V (k� − k+Q∗)�c†k�+Q∗cck�v�, (9)

which is a real number, since δQ∗ is real, and the gap parameter reads

xkQ∗ = δQ∗ −ΔkQ∗ . (10)
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For vanishing exciton-phonon coupling, ΔkQ∗ is the EI order parameter. In this case ΔkQ∗

does not have to be real, since its phase is undetermined.

The electron Green functions in mean-field approximation read

Gv(k, z1) = ��ckv; c
†
kv�� = v2kGA(k, z1) + u2

kGB(k, z1), (11)

Gc(k+Q∗, z1) = ��ck+Q∗c; c
†
k+Q∗c�� = u2

kGA(k, z1) + v2kGB(k, z1), (12)

F (k, z1) = ��ck+Q∗c; c
†
kv�� = −ukvk

�
GB(k, z1)−GA(k, z1)

�

= ��ckv; c
†
k+Q∗c�� = F †(k, z1), (13)

where z1 denotes fermionic Matsubara frequencies and

GA/B(k, z1) =
1

z1 −EkA/B

, (14)

EkA/B =
1

2
(ε̄k+Q∗c + ε̄kv)±

�
1

4
(ε̄k+Q∗c − ε̄kv)2 + x2

kQ∗ , (15)

u2
k/v

2
k =

1

2
±

1
4
(ε̄k+Q∗c − ε̄kv)

�
1
4
(ε̄k+Q∗c − ε̄kv)2 + x2

kQ∗

, (16)

ukvk =
1
2
xkQ∗

�
1
4
(ε̄k+Q∗c − ε̄kv)2 + x2

kQ∗

. (17)

One can easily show that ΔkQ∗ ∝ δQ∗ .17 Moreover, δQ∗ and ΔkQ∗ couple to the same set

of operators and enter the quasiparticle dispersion in equal manner. Hence, at mean-field

level we cannot discriminate between a Coulomb-driven or a phonon-driven phase transition.

IV. SELF ENERGY OF THE ELECTRONS

Let us now analyze self-energy effects. We choose the technique developed by Kadanoff

and Baym to calculate the self energy of the electrons.24 To this end, we introduce the

Hamiltonian (1) as a function of the imaginary time t,

H(t) =
�

k

εkvc
†
kv(t)ckv(t) +

�

k

εkcc
†
kc(t)ckc(t) +

�

k,k�,q

Vc(q)

N
c†kc(t)ck+qc(t)c

†
k�v(t)ck�−qv(t)

+
�

k,q

�
g−q
√
N
(b†−q(t) + bq(t))c

†
k+qc(t)ckv(t) +

gq
√
N
(b†q(t) + b−q(t))c

†
kv(t)ck+qc(t)

�

+
�

q

ωqb
†
q(t)bq(t). (18)
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The imaginary-time Green functions are defined as

Gv(k, t− t�) = −i�T [ckv(t)c
†
kv(t

�)]�, (19)

Gc(k, t− t�) = −i�T [ckc(t)c
†
kc(t

�)]�, (20)

F (k, t− t�) = −i�T [ck+Q∗c(t)c
†
kv(t

�)]�, (21)

F †(k, t− t�) = −i�T [ckv(t)c
†
k+Q∗c(t

�)]�. (22)

We start from the equation of motion (EOM) for the valence-electron Green function,

�

i
∂

∂t
− εkv

�

Gv(k, t− t�) = δ(t− t�)− i
�

q

gq
√
N
GP

2 (k,q, t, t
�)− i

�

k�,q

Vc(q)

N
GV

2 (k,k
�,q, t, t�),

(23)

where

GV
2 (k,k

�,q, t, t�) =
�
T [ck−qv(t)c

†
k�c(t)ck�+qc(t)c

†
kv(t

�)]
�
, (24)

GP
2 (k,q, t, t

�) =
�
T [(b†q(t) + b−q(t))ck+qc(t)c

†
kv(t

�)]
�
. (25)

We proceed as follows: The auxiliary correlation functions (24) and (25) are expanded up

to first order in the interaction they couple to, i.e., GV
2 (k,k

�,q, t, t�) is expanded up to linear

order in Vc(q) and GP
2 (k,q, t, t

�) is expanded up to linear order in gq. Subsequently, we

decouple the correlation functions taking only electron-hole fluctuations into account.

In the interaction representation,

GV
2 (k,k

�,q, t, t�) =

�
T [SV ck−qv(t)c

†
k�c(t)ck�+qc(t)c

†
kv(t

�)]
�

�T [SV ]�
, (26)

with

SV = e
−i

�−iβ

0 dτ
�

k1,k2,q
�
Vc(q

�)
N

c†
k1c

(τ)c
k1+q�c

(τ)c†
k2v

(τ)c
k2−q�v

(τ)

≈ 1− i

� −iβ

0

dτ
�

k1,k2,q�

Vc(q
�)

N
c†k1c
(τ)ck1+q�c(τ)c

†
k2v
(τ)ck2−q�v(τ), (27)

where β is the inverse temperature. The expansion of the correlation function (26) yields

GV
2 (k,k

�,q, t, t�) = LV 1(k,k
�,q, t, t�)− i

� −iβ

0

dτ
�

k1,k2,q�

Vc(q
�)

N
[L

(1)
V 2(k,k

�,q,k1,k2,q
�, t, t�, τ)

+L
(2)
V 2(k,k

�,q,k1,k2,q
�, t, t�, τ)], (28)
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with

LV 1(k,k
�,q, t, t�) = −�c†k�c(t)ck�−Q∗v(t)�F (k, t− t�)δk−q,k�−Q∗

+�c†k�c(t)ck�c(t)�Gv(k, t− t�)δq,0, (29)

L
(1)
V 2(k,k

�,q,k1,k2,q
�, t, t�, τ) =

�

Q

F (k+Q∗ +Q, t− τ)F2(Q,k+Q∗ − q� +Q,k− q, τ − t)

×F (k, τ − t�)δk1+q�,k+Q∗δk2,k�+q+Q∗δQ,k�−k+q, (30)

L
(2)
V 2(k,k

�,q,k1,k2,q
�, t, t�, τ) =

�

Q

Gc(k+Q, t− τ)G2(Q,k+ q�,k− q, τ − t)Gv(k, τ − t�)

×δk2−q�,kδk1,k�+qδk�,k−q+Q. (31)

The electron-hole pair correlation functions are defined as

G2(Q,k,k�, t− t�) = −
�
T [c†kv(t)ck+Qc(t)c

†
k�+Qc(t

�)ck�v(t
�)]
�
, (32)

F2(Q,k,k�, t− t�) = −
�
T [c†k−Qc(t)ckv(t)c

†
k�+Qc(t

�)ck�v(t
�)]
�
. (33)

The correlation function (25) is represented as

GP
2 (k,q, t, t

�) =

�
T [SP (b

†
q(t) + b−q(t))ck+qc(t)c

†
kv(t

�)]
�

�T [SP ]�
, (34)

with

SP = e
−i

�−iβ

0
dτ

�
k�,q�

� g
q�√
N
(b†

q�
(τ)+b

−q�
(τ))c†

k�v
(τ)c

k�+q�c
(τ)+

g
−q�√
N

(b†
−q�

(τ)+b
q�
(τ))c†

k�+q�c
(τ)c

k�v
(τ)

�

= 1− i

� −iβ

0

dτ
�

k�,q�

�
gq�

√
N
(b†q�(τ) + b−q�(τ))c

†
k�v(τ)ck�+q�c(τ)

+
g−q�

√
N
(b†−q�(τ) + bq�(τ))c

†
k�+q�c(τ)ck�v(τ)

�

. (35)

For the correlation function (25) holds

GP
2 (k,q, t, t

�) = LP1(k,q, t, t
�) + i

� −iβ

0

dτ
�

k�,q�

gq�

√
N
L
(1)
P2(k,k

�,q,q�, t, t�, τ)

+i

� −iβ

0

dτ
�

k�,q�

g−q�

√
N
L
(2)
P2(k,k

�,q,q�, t, t�, τ), (36)

with

LP1(k,q, t, t
�) = 2i�b†Q∗(t)�F (k, t− t�)δq,Q∗ , (37)

L
(1)
P2(k,k

�,q,q�, t, t�, τ) = iD(q, τ − t)F (k+ q +Q∗, t− τ)F (k, τ − t�)δ−q�,qδk�+q�,k+Q∗ ,

(38)

L
(2)
P2(k,k

�,q,q�, t, t�, τ) = iD(q, τ − t)Gc(k+ q, t− τ)Gv(k, τ − t�)δq,q�δk,k�, (39)
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where the phonon Green function is defined as

D(q, t− t�) = −i
�
T [(b†−q(t) + bq(t))(b

†
q(t

�) + b−q(t
�))]

�
. (40)

The EOM can then be written as
�

i
∂

∂t
− ε̄kv(t)

�

Gv(k, t− t�) = δ(t− t�) + xkQ∗(t)F (k, t− t�)−

� −iβ

0

dτ σvv(k, t− τ)Gv(k, τ − t�)

−

� −iβ

0

dτ σvF (k, t− τ)F (k, τ − t�), (41)

with the self energies

σvv(k, t− τ) =
1

N2

�

q,q�,Q

Vc(q)Vc(q
�)Gc(k+Q, t− τ)G2(Q,k+ q�,k− q, τ − t)

−
i

N

�

q

|gq|
2D(q, τ − t)Gc(k + q, t− τ), (42)

σvF (k, t− τ) =
1

N2

�

q,q�,Q

Vc(q)Vc(q
�)F (k+Q +Q∗, t− τ)F2(Q,k+Q∗ − q� +Q,k− q, τ − t)

−
i

N

�

q

|gq|
2D(q, τ − t)F (k+ q+Q∗, t− τ), (43)

and ε̄kσ(t) = εkσ + Vc(0)n−σ(t), xkQ∗(t) = 2
gQ∗
√
N
�b†Q∗(t)� −ΔkQ∗(t).

In an analogous way we obtain

�

i
∂

∂t
− ε̄kc(t)

�

Gc(k, t− t�) = δ(t− t�) + xkQ∗(t)F †(k−Q∗, t− t�)

−

� −iβ

0

dτ σcc(k, t− τ)Gc(k, τ − t�)−

� −iβ

0

dτ σcF (k, t− τ)F †(k−Q∗, τ − t�), (44)

with

σcc(k, t− τ) =
1

N2

�

q,q�,Q

Vc(q)Vc(q
�)Gv(k−Q, t− τ)G2(Q,k+ q−Q,k− q� −Q, t− τ)

−
i

N

�

q

|gq|
2D(q, t− τ)Gv(k− q, t− τ), (45)

σcF (k, t− τ) =
1

N2

�

q,q�,Q

Vc(q)Vc(q
�)F †(k−Q, t− τ)H2(Q,k+ q� −Q∗,k+ q−Q, τ − t)

−
i

N

�

q

|gq|
2D(q, τ − t)F †(k+ q, t− τ), (46)

and

H2(Q,k,k�, t− t�) = −
�
T [c†kv(t)ck−Qc(t)c

†
k�v(t

�)ck�+Qc(t
�)]
�
. (47)
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The EOM for the anomalous Green function reads

�

i
∂

∂t
− ε̄k+Q∗c(t)

�

F (k, t− t�) = xkQ∗(t)Gv(k, t− t�)−

� −iβ

0

d τ σFv(k, t− τ)Gv(k, τ − t�)

−

� −iβ

0

d τ σFF (k, t− τ)F (k, τ − t�), (48)

with

σFv(k, t− τ) =
1

N2

�

q,q�,Q

Vc(q)Vc(q
�)F (k+Q∗ −Q, t− τ)H2(Q,k+ q�,k+ q+Q∗ −Q, τ − t)

−
i

N

�

q

|gq|
2D(q, t− τ)F †(k+Q∗ − q, t− τ), (49)

σFF (k, t− τ) =
1

N2

�

q,q�,Q

Vc(q)Vc(q
�)Gv(k+Q∗ −Q, t− τ)

×G2(Q,k+ q+Q∗,k+Q∗ −Q− q�, t− τ)

−
i

N

�

q

|gq|
2D(q, t− τ)Gv(k +Q∗ − q, t− τ). (50)

Both, the electron-electron interaction and the electron-phonon interaction, couple the

different electron species (valence electrons, conduction electrons, and electrons in the hy-

bridized state) to each other. This coupling is generated by electron-hole pairs (resulting

from the Coulomb interaction) and phonons (resulting from the exciton-phonon interaction).

The structure of the self energies suggest that the one-particle spectrum does not exhibit

signatures if the ordered ground state is the effect of the Coulomb interaction solely or if

phonons participate. Let us therefore concentrate on the electron-hole pair spectrum in the

following.

V. ELECTRON-HOLE PAIR SPECTRUM

In the Bethe-Salpeter equation, which describes the correlations of electron-hole pairs,

the Coulomb interaction is treated in ladder approximation.25 In the vicinity of the SM-SC

transition, the small number of free electrons and holes makes two-particle collisions to be

the dominant process. The ladder approximation takes the sequence of these collisions into

account, and is suitable to describe the exciton formation and the EI.14

The influence of the exciton-phonon coupling is, to the best of our knowledge, not elab-

orated yet. Below, we work out the action of He−ph [Eq. (5)] on the electron-hole pairs.

9

Manuscript VI

83



We first give the definition of the four-time electron-hole pair correlation functions,

G2(Q,k,k�, t1, t2, t3, t4) = −
�
T [c†kv(t1)ck+Qc(t2)c

†
k�+Qc(t4)ck�v(t3)]

�
, (51)

F2(Q,k,k�, t1, t2, t3, t4) = −
�
T [c†k−Qc(t1)ckv(t2)c

†
k�+Qc(t4)ck�v(t3)]

�
. (52)

The relation to the two-time electron-hole pair correlation function, occurring in Sec. IV, is

G2(Q,k,k�, t− t�) = G2(Q,k,k�, t, t, t�, t�).

A. Phonon-induced electron-hole correlations

To analyze the effects of the exciton-phonon coupling, within the Kadanoff-Baym

scheme,24 the correlation functions (51) and (52) are represented in interaction repre-

sentation with respect to He−ph(t),

He−ph(t) =
1

√
N

�

k,q

�
g−q[b

†
−q(t) + bq(t)]c

†
k+qc(t)ckv(t) + gq[b

†
q(t) + b−q(t)]c

†
kv(t)ck+qc(t)

�
.

(53)

We expandG2(Q,k,k�, t1, t2, t3, t4) and F2(Q,k,k�, t1, t2, t3, t4) to second order inHe−ph(t).

The zeroth order is the noninteracting limit of the correlation functions. This is already con-

tained in the ladder approximation of the Coulomb interaction. To avoid double counting,

we neglect this contribution here. Restricting to electron-hole pairs, there are no incoming

or outgoing phonon branches. Hence, the phonons must be created and annihilated in one

diagram, i.e., the first nonvanishing contribution is of second order in the exciton-phonon

coupling constant. We obtain

G2(Q,k,k�, t1, t2, t3, t4) = −
(−i)2

2N

� −iβ

0

d(τ − t4)

� −iβ

0

(τ � − t4)
�

k��,q��

�

k̄,q̄

×
�
T
��
g−q��[b†−q��(τ) + bq��(τ)]c

†
k��+q��c(τ)ck��v(τ) + gq��[b†q��(τ) + b−q��(τ)]c

†
k��v(τ)ck��+q��c(τ)

�

×
�
g−q̄[b

†
−q̄(τ

�) + bq̄(τ
�)]c†

k̄+q̄c
(τ �)c

k̄v
(τ �) + gq̄[b

†
q̄(τ

�) + b−q̄(τ
�)]c†

k̄v
(τ �)c

k̄+q̄c
(τ �)

�

× c†kv(t1)ck+Qc(t2)c
†
k�+Qc(t4)ck�v(t3)

��
. (54)

The many-particle correlation functions are decoupled into electron-hole pair correlation
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functions and electron Green functions. Straightforward calculation yields

G2(Q,k,k�, t1, t2, t3, t4) =

i

N

� −iβ

0

d(τ − t4)

� −iβ

0

d(τ � − t4)
�

k̄

�
|gQ|

2D(Q, τ − τ �)[G
(0)
2 (Q,k, t1, t2, τ, τ)

+ F
(0)
2 (Q,k, t1, t2, τ, τ)][G2(Q, k̄,k�, τ �, τ �, t3, t4) + F2(Q, k̄,k�, τ �, τ �, t3, t4)]

− |gQ+k−k̄|
2D(Q+ k− k̄, τ � − τ)G

(0)
2 (Q,k, t1, t2, τ, τ

�)F2(Q, k̄,k�, τ, τ �, t3, t4)

−|gk−k̄|
2D(k− k̄, τ � − τ)F

(0)
2 (Q,k, t1, t2, τ, τ

�)G2(Q, k̄,k�, τ, τ �, t3, t4)
�
, (55)

where the phonon Green function is defined in Eq. (40) and

G
(0)
2 (Q,k, t1, t2, t3, t4) = −Gv(k, t3 − t1)Gc(k+Q, t2 − t4), (56)

F
(0)
2 (Q,k, t1, t2, t3, t4) = −F (k, t3 − t1)F (k+Q, t2 − t4). (57)

An analogue calculation yields

F2(Q,k,k�, t1, t2, t3, t4) =
i

N

� −iβ

0

d(τ − t4)

� −iβ

0

d(τ � − t4)

�

k̄

�
|gQ|

2D(Q, τ − τ �) [Ḡ
(0)
2 (Q,k, t1, t2, τ, τ) + F̄

(0)
2 (Q,k, t1, t2, τ, τ)]

× [G2(Q, k̄,k�, τ �, τ �, t3, t4) + F2(Q, k̄,k�, τ �, τ �, t3, t4)]

− |gQ+k̄−k|
2D(Q+ k̄− k, τ − τ �)Ḡ

(0)
2 (Q,k, t1, t2, τ, τ

�)G2(Q, k̄,k�, τ, τ �, t3, t4)

−|gk̄−k|
2D(k̄− k, τ − τ �)F̄

(0)
2 (Q,k, t1, t2, τ, τ

�)F2(Q, k̄,k�, τ, τ �, t3, t4)
�
, (58)

with

Ḡ
(0)
2 (Q,k, t1, t2, t3, t4) = −Gc(k−Q, t3 − t1)Gv(k, t2 − t4), (59)

F̄
(0)
2 (Q,k, t1, t2, t3, t4) = −F †(k−Q, t3 − t1)F

†(k, t2 − t4). (60)

The first term on the rhs. of Eqs. (55) and (58) is represented by chain diagrams, see Figs. 1

and 2. It describes the creation (annihilation) of electron-hole pairs by the annihilation

(creation) of phonons. The last two terms on the rhs. of Eqs. (55) and (58) are represented

by ladder diagrams, see Figs. 1 and 2. Here, the phonons change the individual momenta

of the electron and the hole in the bound state, but do not modify the center-of-mass

momentum of the pair.
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B. Electron-hole correlation functions

If Coulomb interaction and phonons are of importance, the electron-hole pair correlation

function (51) has to be calculated according to

G2(Q,k,k�, t1, t2, t3, t4) = G
(0)
2 (Q,k, t1, t2, t3, t4)δk,k�

−
i

N

� −iβ

0

d(τ − t4)
�

q

Vc(q)G
(0)
2 (Q,k, t1, t2, τ, τ)G2(Q,k+ q,k�, τ, τ, t3, t4)

−
i

N

� −iβ

0

d(τ − t4)
�

q

Vc(q)F
(0)
2 (Q,k, t1, t2, τ, τ)F2(Q,k+ q +Q+Q∗,k�, τ, τ, t3, t4)

+
i

N

� −iβ

0

d(τ − t4)

� −iβ

0

d(τ � − t4)
�

k̄

�
|gQ|

2D(Q, τ − τ �)[G
(0)
2 (Q,k, t1, t2, τ, τ)

+ F
(0)
2 (Q,k, t1, t2, τ, τ)][G2(Q, k̄,k�, τ �, τ �, t3, t4) + F2(Q, k̄,k�, τ �, τ �, t3, t4)]

− |gQ+k−k̄|
2D(Q+ k− k̄, τ � − τ)G

(0)
2 (Q,k, t1, t2, τ, τ

�)F2(Q, k̄,k�, τ, τ �, t3, t4)

−|gk−k̄|
2D(k− k̄, τ � − τ)F

(0)
2 (Q,k, t1, t2, τ, τ

�)G2(Q, k̄,k�, τ, τ �, t3, t4)
�
. (61)

Equation (61) is diagrammatically represented in Fig. 1.

�� �� ��

�� ��

�� ��

�� ��

� � �

� �

� �

� �

FIG. 1. Diagrammatic representation of the electron-hole pair correlation function

G2(Q,k,k�, t1, t2, t3, t4). The solid lines represent the electron Green functions, where horizon-

tal and convex lines depict Gv and Gc, diagonal and concave lines are F and F †. The dashed lines

represent the Coulomb interaction, and the wavy lines represent the phonon Green function.

If ΔkQ∗ �= 0, G2(Q,k,k�, t1, t2, t3, t4) is coupled to F2(Q,k,k�, t1, t2, t3, t4), which can be
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calculated according to

F2(Q,k,k�, t1, t2, t3, t4) = F̄
(0)
2 (Q,k, t1, t2, t3, t4)δk+Q∗,k�+Q

−
i

N

� −iβ

0

d(τ − t4)
�

q

Vc(q)F̄
(0)
2 (Q,k, t1, t2, τ, τ)G2(Q,k+ q+Q∗ −Q,k�, τ, τ, t3, t4)

−
i

N

� −iβ

0

d(τ − t4)
�

q

Vc(q)Ḡ
(0)
2 (Q,k, t1, t2, τ, τ)F2(Q,k+ q,k�, τ, τ, t3, t4)

+
i

N

� −iβ

0

d(τ − t4)

� −iβ

0

d(τ � − t4)
�

k̄

�
|gQ|

2D(Q, τ − τ �)[Ḡ
(0)
2 (Q,k, t1, t2, τ, τ)

+ F̄
(0)
2 (Q,k, t1, t2, τ, τ)][G2(Q, k̄,k�, τ �, τ �, t3, t4) + F2(Q, k̄,k�, τ �, τ �, t3, t4)]

− |gQ+k̄−k|
2D(Q+ k̄− k, τ − τ �)Ḡ

(0)
2 (Q,k, t1, t2, τ, τ

�)G2(Q, k̄,k�, τ, τ �, t3, t4)

−|gk̄−k|
2D(k̄− k, τ − τ �)F̄

(0)
2 (Q,k, t1, t2, τ, τ

�)F2(Q, k̄,k�, τ, τ �, t3, t4)
�
. (62)

Equation (62) is illustrated in Fig. 2.

����

�� ��

�� ��

����

� � �

� �

� �

� �

��

FIG. 2. Diagrammatic representation of the electron-hole pair correlation function

F2(Q,k,k�, t1, t2, t3, t4). The notation is as in Fig. 1.

For the explicit calculation of the electron-hole pair correlation functions, the Matsubara-
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frequency representation is more advantageous. We obtain

G2(Q,k,k�, z1, z2, z3) = G
(0)
2 (Q,k, z1, z2, z3)δk,k�

−
i

N

�
1

−iβ

�2 �

z4,z5

�

q

Vc(q)G
(0)
2 (Q,k, z1, z2, z4)G2(Q,k+ q,k�, z5, z1 + z2 − z5, z3)

−
i

N

�
1

−iβ

�2 �

z4,z5

�

q

Vc(q)F
(0)
2 (Q,k, z1, z2, z4)F2(Q,k+ q +Q+Q∗,k�, z5, z1 + z2−z5, z3)

+
i

N

�
1

−iβ

�2 �

z4,z5

�

q

|gQ|
2D(Q, z1 + z2)

�
G

(0)
2 (Q,k, z1, z2, z4) + F

(0)
2 (Q,k, z1, z2, z4)

�

× [G2(Q,q,k�, z5, z1 + z2 − z5, z3) + F2(Q,q,k�, z5, z1 + z2 − z5, z3)]

−
i

N

�
1

−iβ

�2 �

z4,z5

�

q

|gq|
2D(q, z4 + z5)

�
G

(0)
2 (Q,k, z1, z2, z4)F2(Q,k− q+Q,k�, z5, z1 + z2 − z5, z3)

+F
(0)
2 (Q,k, z1, z2, z4)G2(Q,k− q,k�, z5, z1 + z2 − z5, z3)

�
(63)

and

F2(Q,k,k�, z1, z2, z3) = F̄
(0)
2 (Q,k, z1, z2, z3)δk+Q∗,k�+Q

−
i

N

�
1

−iβ

�2 �

z4,z5

�

q

Vc(q)Ḡ
(0)
2 (Q,k, z1, z2, z4)F2(Q,k+ q,k�, z5, z1 + z2 − z5, z3)

−
i

N

�
1

−iβ

�2 �

z4,z5

�

q

Vc(q)F̄
(0)
2 (Q,k, z1, z2, z4)G2(Q,k+ q +Q∗ −Q,k�, z5, z1 + z2 − z5, z3)

+
i

N

�
1

−iβ

�2 �

z4,z5

�

q

|gQ|
2D(Q, z1 + z2)

�
Ḡ

(0)
2 (Q,k, z1, z2, z4) + F̄

(0)
2 (Q,k, z1, z2, z4)

�

× [G2(Q,q,k�, z5, z1 + z2 − z5, z3) + F2(Q,q,k�, z5, z1 + z2 − z5, z3)]

−
i

N

�
1

−iβ

�2 �

z4,z5

�

q

|gq|
2D(q, z4 + z5)

�
Ḡ

(0)
2 (Q,k, z1, z2, z4)G2(Q,k− q−Q,k�, z5, z1 + z2 − z5, z3)

+F̄
(0)
2 (Q,k, z1, z2, z4)F2(Q,k− q,k�, z5, z1 + z2 − z5, z3)

�
, (64)

where zi, i = 1, 2, 3, 4, 5, are fermionic Matsubara frequencies.

Electron-hole pairs with a definite energy are characterized by the one-frequency corre-
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lation function,

G2(Q,k,k�, zν) =

�
1

−iβ

�2 �

z2,z3

G2(Q,k,k�, zν − z2, z2, z3) (65)

and accordingly for the other correlation functions. Thereby zν denotes bosonic Matsubara

frequencies. From Eqs. (63) and (64) we obtain

G2(Q,k,k�, zν) = G
(0)
2 (Q,k, zν)δk,k� −

i

N

�

q

Vc(q)G
(0)
2 (Q,k, zν)G2(Q,k+ q,k�, zν)

−
i

N

�

q

Vc(q)F
(0)
2 (Q,k, zν)F2(Q,k+ q+Q+Q∗,k�, zν) +

i

N

�

q

|gQ|
2D(Q, zν)

×
�
G

(0)
2 (Q,k, zν) + F

(0)
2 (Q,k, zν)

�
[G2(Q,q,k�, zν) + F2(Q,q,k�, zν)]

−
i

N

�
1

−iβ

�4 �

z2,z3

�

z4,z5

�

q

�
|gq|

2D(q, z4 + z5)

G
(0)
2 (Q,k, zν − z2, z2, z4)F2(Q,k− q+Q,k�, z5, zν − z5, z3)

+|gq|
2D(q, z4 + z5)F

(0)
2 (Q,k, zν − z2, z2, z4)G2(Q,k− q,k�, z5, zν − z5, z3)

�
(66)

and

F2(Q,k,k�, zν) = F̄
(0)
2 (Q,k, zν)δk+Q∗,k�+Q −

i

N

�

q

Vc(q)Ḡ
(0)
2 (Q,k, zν)F2(Q,k+ q,k�, zν)

−
i

N

�

q

Vc(q)F̄
(0)
2 (Q,k, zν)G2(Q,k+ q−Q+Q∗,k�, zν) +

i

N

�

q

|gQ|
2D(Q, zν)

×
�
Ḡ

(0)
2 (Q,k, zν) + F̄

(0)
2 (Q,k, zν)

�
[G2(Q,q,k�, zν) + F2(Q,q,k�, zν)]

−
i

N

�
1

−iβ

�4 �

z2,z3

�

z4,z5

�

q

�
|gq|

2D(q,−z4 − z5)

Ḡ
(0)
2 (Q,k, zν − z2, z2, z4)G2(Q,k− q−Q,k�, z5, zν − z5, z3)

+|gq|
2D(q,−z4 − z5)F̄

(0)
2 (Q,k, zν − z2, z2, z4)F2(Q,k− q,k�, z5, zν − z5, z3)

�
. (67)

Since the ladder contribution of the electron-phonon coupling is nonlocal in (imaginary)

time, the electron-hole pair correlation functions G2(Q,k,k�, zν) and F2(Q,k,k�, zν) can not

be separated in Eqs. (66) and (67). This can be achieved, e.g., by applying the Shindo

approximation,25

G2(Q,k,k�, zν − z2, z2, z3) ≈ G
(0)
2 (Q,k, zν − z2, z2, z3)

�
G

(0)
2 (Q,k, zν)

�−1

G2(Q,k, zν) (68)

and accordingly for F2(Q,k,k�, zν − z2, z2, z3).
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C. Numerical results for a simplified model

The Eqs. (66) and (67) represent a complex system of equations. To proceed we employ

some simplifications for a first numerical calculation. We assume a local Coulomb potential

Vc(q) = U . The electronic part of our model is then the extended Falicov-Kimball model

(EFKM), which is the minimal Hamiltonian the EI can be described with.10,12,13 For the

exciton-phonon coupling we only take the chain contributions into account.

We introduce the Green functions for an electron-hole pair excitations with momentum

Q as

X(Q, zν) =
i

N

�

k,k�

G2(Q,k,k�, zν), (69)

Y (Q, zν) =
i

N

�

k,k�

F2(Q,k,k�, zν). (70)

They can be calculated according to

X(Q, zν) = X(0)(Q, zν)− UX(0)(Q, zν)X(Q, zν)− UY (0)(Q, zν)Y (Q, zν)

+|gQ|
2D(Q, zν)[X

(0)(Q, zν) + Y (0)(Q, zν)][X(Q, zν) + Y (Q, zν)] (71)

and

Y (Q, zν) = Y (0)(Q, zν)− UX̄(0)(Q, zν)Y (Q, zν)− UY (0)(Q, zν)X(Q, zν)

+|gQ|
2D(Q, zν)[X̄

(0)(Q, zν) + Y (0)(Q, zν)][X(Q, zν) + Y (Q, zν)]. (72)

Note that X̄(0)(Q, zν) = X(0)(−Q,−zν) and Ȳ (0)(Q, zν) = Y (0)(−Q,−zν) = Y (0)(Q, zν).

1. Phase mode and amplitude mode

The collective modes in our model can be regarded as excitations of the phase of the

electron-hole pairing order parameter or excitations of its amplitude. Let us therefore in-

troduce the corresponding correlation functions. The phase mode is described by poles

of

P (Q, zν) = X(Q, zν)− Y (Q, zν), (73)

and the amplitude mode is described by poles of

A(Q, zν) = X(Q, zν) + Y (Q, zν). (74)
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To shorten the notations, we suppress the arguments Q and zν in the following. The phase-

and amplitude-correlation functions can be calculated according to

P = P (0) −
U

2
(P (0) + P̄ (0))P −

�
U

2
− |gQ|

2D

�

(A(0) − Ā(0))A (75)

and

A = A(0) −

�
U

2
− |gQ|

2D

�

(A(0) + Ā(0))A−
U

2
(P (0) − P̄ (0))P, (76)

where P (0) = X(0) − Y (0), P̄ (0) = X̄(0) − Y (0), A(0) = X(0) + Y (0), and Ā(0) = X̄(0) + Y (0).

In general, the phase and amplitude correlation function are coupled to each other, see

Eqs. (89) and (90). Only in the static limit (zν = 0) they are independent of each other,

since X̄(Q, 0) = X(Q, 0), i.e., Ā(Q, 0) = A(Q, 0) and P̄ (Q, 0) = P (Q, 0).

Let us write Eqs. (89) and (90) as



P

A



 =




a b

c d








P

A



+




P (0)

A(0)



, (77)

with

a = −U
2
(P (0) + P̄ (0)), (78)

b = −(U
2
− |gQ|

2D)(A(0) − Ā(0)), (79)

c = −U
2
(P (0) − P̄ (0)), (80)

d = −(U
2
− |gQ|

2D)(A(0) + Ā(0)). (81)

The collective modes are determined by

0 = (1− a)(1− d)− cb. (82)

The continuum of electron-hole excitations, which we denote as the electron-hole continuum,

can be calculated according to

ωC(Q) = mink(Ek+QA − EkB), (83)

where EkA/B (EkA > EkB) are the quasiparticle energies in the low-temperature phase.

2. Model parameters and calculation details

In the numerical calculation below, we restrict to a square lattice and a direct band-gap

situation, i.e., the valence-band maximum and the conduction-band minimum are located at
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the Brillouin-zone center. The ordering vector of the low-temperature phase is then Q∗ = 0.

Moreover, tc is taken as the unit of energy, and we use the model parameters Ev = −2.4,

Ec = 0, tv = −0.8. We apply the Einstein model to the phonons, and the phonon frequency

is set to ωQ = 0.01. The exciton-phonon coupling is assumed to be independent of the

momentum.

We insert the mean-field Green functions (11), (12), and (13) in the electron-hole cor-

relation functions P (0)(Q, ω), P̄ (0)(Q, ω), A(0)(Q, ω), and Ā(0)(Q, ω). Moreover, we use the

bare phonon Green function,

D(Q, zν) =
ωQ

z2ν − ω2
Q

(84)

in the calculation. We apply the analytic continuation zν → ω+iδ, where we set δ = 2·10−3.

3. Vanishing exciton-phonon coupling

Let us first neglect the exciton-phonon coupling. Electrons and holes then solely pair due

the Coulomb interaction. Here, the phase-correlation function and the amplitude-correlation

function are given by

P =

�
1 + U

2

�
A(0) + Ā(0)

��
P (0) − U

2

�
A(0) − Ā(0)

�
A(0)

�
1 + U

2

�
A(0) + Ā(0)

�� �
1 + U

2

�
P (0) + P̄ (0)

��
−
�
U
2

�2 �
P (0) − P̄ (0)

� �
A(0) − Ā(0)

� ,

(85)

A =

�
1 + U

2

�
P (0) + P̄ (0)

��
A(0) − U

2

�
P (0) − P̄ (0)

�
P (0)

�
1 + U

2

�
A(0) + Ā(0)

�� �
1 + U

2

�
P (0) + P̄ (0)

��
−
�
U
2

�2 �
P (0) − P̄ (0)

� �
A(0) − Ā(0)

� .

(86)

As can be seen in Fig. 3, there is an acoustic collective mode, i.e., ω → 0 for Q →

0.4,26–28 This can be shown analytically. The pole condition for Q → 0 and ω → 0 reads

1 + UP (0)(0, 0) = 0. This equals the gap equation (9) and is therefore always satisfied. The

acoustic mode can be attributed to the U(1) symmetry of the EFKM.29

Note that, only in the static limit (ω → 0) the collective mode is a pure phase mode.

Otherwise, it is a mixture of phase and amplitude excitation.

Figure 3 shows the different character of the collective mode for weak coupling and strong

coupling. In the BCS-type regime (U = 3.03), ω(Q) exhibits a steep increase for small Q

and enters the quasiparticle continuum (which it possibly leaves close the the Brillouin-zone

corner). If the collective mode enters the electron-hole continuum, the ω(Q)-dependency

18

2 Thesis Articles

92



(0,0) (π,0) (π,π) (0,0)

Q

0

1

2

3

4

5

ω

 U  = 3.03 
 g

Q
 = 0.00

(0,0) (π,0) (π,π) (0,0)

Q

0

1

2

3

4

5

6

7

ω

 U  = 5.03 
 g

Q
 = 0.00

FIG. 3. Electron-hole excitation spectrum in the EI limit at zero temperature. The black, solid

lines show the collective mode and the red, dashed lines show the lower boundary of the electron-

hole continuum. The BCS-type regime of the EI is shown for U = 3.03 (left panel), and U = 5.03

illustrates the BEC-type regime of the EI (see right panel).

changes noticeably. In the BEC-type regime, the collective mode is smooth and never

intersects the boundary to the electron-hole continuum.28

4. Vanishing Coulomb interaction

Let us now consider the opposite limit. We neglect the Coulomb interaction. Phase-

correlation function and amplitude-correlation function are then given by

P = P (0) +
|gQ|

2D
�
A(0) − Ā(0)

�
A(0)

1− |gQ|2D
�
A(0) + Ā(0)

� , (87)

A =
A(0)

1− |gQ|2D
�
A(0) + Ā(0)

� . (88)

We do not find the pole condition 1 − |gQ|
2D

�
A(0) + Ā(0)

�
= 0 to be satisfied. That is,

although the exciton-phonon interaction can drive critical electron-hole pairing, it does not

generate a collective mode.
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5. Finite Coulomb and exciton-phonon interactions

If Coulomb interaction and exciton-phonon coupling are of importance, the phase and

amplitude correlation functions are given by

P =

��

1 +

�
U

2
− |gQ|

2D

�
�
A(0) + Ā(0)

�
�

P (0) −

�
U

2
− |gQ|

2D

�
�
A(0) − Ā(0)

�
A(0)

�

/Z,

(89)

A =

��

1 +
U

2

�
P (0) + P̄ (0)

�
�

A(0) −
U

2

�
P (0) − P̄ (0)

�
P (0)

�

/Z, (90)

Z =

�

1 +

�
U

2
− |gQ|

2D

�
�
A(0) + Ā(0)

�
� �

1 +
U

2

�
P (0) + P̄ (0)

�
�

−
U

2

�
U

2
− |gQ|

2D

�
�
P (0) − P̄ (0)

� �
A(0) − Ā(0)

�
. (91)

The collective mode in this case is not acoustic, but ω(Q) ∝ (Q2 + C) (constant C > 0)

for Q → 0. Except for long wavelengths, the spectrum resembles the limit for vanishing

exciton-phonon coupling, due to the minor influence of phonons for sufficiently large energies.
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Q
 = 0.03

FIG. 4. Electron-hole excitation spectrum for gQ = 0.03 at zero temperature. The black, solid lines

show the collective mode and the red, dashed lines show the lower boundary of the electron-hole

continuum.

D. Massive collective mode

In the previous section, we showed that the inclusion of an exciton-phonon coupling

leads to a massive collective mode. However, significant approximations were applied. In
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particular, the ladder contributions of He−ph were neglected. Let us now examine if the

inclusion of these contributions may lead to an acoustic mode.

For vanishing exciton-phonon coupling the pole condition for the static electron-hole pair

correlator for Q → Q∗ equals the gap equation, which in mean-field approximation reads

xkQ∗ = −
1

N

�

k�,z1

V (k� − k +Q∗)

(z1 − ε̄k�v)(z1 − ε̄k�+Q∗c)− x2
k�Q∗

xk�Q∗ , (92)

where z1 is a fermionic Matsubara frequency.

However, if He−ph is finite, Eq. (92) must be replaced by

xkQ∗ = −

�

1 +
4

V (Q∗)

g2Q∗

ωQ∗

�
1

N

�

k�,z1

V (k� − k+Q∗)

(z1 − ε̄k�v)(z1 − ε̄k�+Q∗c)− x2
k�Q∗

xk�Q∗ . (93)

Note that Eqs. (92) and (93) differ only by a prefactor, i.e., the bare Coulomb interaction

is replaced by an effective one, where the static lattice distortion enters.

Let us now analyze the ladder contributions to the phase-correlation function in the limit

ω → 0 and Q → Q∗. We obtain

Pladder(Q
∗, 0) =

1

N2

�
1

β

�4 �

k,k�,q

�

z1,z2,z3,z4

�
Vc(q)

�
G

(0)
2 (Q

∗,k,−z1, z1, z2)− F
(0)
2 (Q

∗,k,−z1, z1, z2)
�

× [G2(Q
∗,k+ q,k�, z3,−z3, z4)− F2(Q

∗,k+ q,k�, z3,−z3, z4)]

+|gq|
2D(q, z2 + z4)G

(0)
2 (Q

∗,k,−z1, z1, z2)

× [F2(Q
∗,k− q +Q∗, z3,−z3, z4)−G2(Q

∗,k+ q−Q∗, z3,−z3.z4)]

+|gq|
2D(q, z2 + z4)F

(0)
2 (Q

∗,k, z1,−z1, z2)

× [G2(Q
∗,k− q, z3,−z3, z4)− F2(Q

∗,k+ q,k�, z3,−z3, z4)]) (94)

where zi, i = 1, 2, 3, 4, are fermionic Matsubara frequencies. Most notably, there is no term

that accounts for the static lattice distortion in Eq. (94). There is a dynamical coupling to

the phonons instead. The collective mode is therefore massive also when the latter terms

are taken into account. This can be motivated as follows. The static lattice distortion fixes

the phase of ΔkQ∗ . Consequently, the excitation of its phase requires energy, contrary to

the case of a vanishing exciton-phonon coupling.

VI. CRITERION FOR A CONDENSATE

Having identified that the electron-hole pair spectrum distinguishes a crucial phonon

influence, we turn to the question if the ground state represents a condensate.
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It has to be doubted that the spontaneous band hybridization serves as a unique pa-

rameter characterizing the exciton condensate. A widely accepted definition of condensates

is systems exhibiting off-diagonal long range order (ODLRO).28,30,31 ODLRO can be tested

with the help of the reduced density matrix. Since we are concerned with the condensa-

tion of an electron-hole pair, ODLRO is present if the second reduce density matrix for

electron-hole particles is finite in case of arbitrarily large separated pairs,32 i.e.,

ρe−h
2 (r, r�,R,R�) =

1

N

�
c†c(R+ r/2)cv(R− r/2)c†v(R

� + r�/2)cc(R
� − r�/2)

�
(95)

remains finite for |R−R�| → ∞. Thereby denotes R and R� the center-of-mass coordinates

of the excitons and r and r� their cross sections. Fourier transformation of ρe−h
2 yields

ρe−h
2 =

1

N2

�

k,k�,q

�c†
k+q/2 cck−q/2 vc

†
k�−q/2 vck�+q/2 c�e

ikreik
�r�eiq(R−R�). (96)

Note that

�c†k+qcckvc
†
k�vck�+qc� = −G2(q,k

�,k, t, t, t+ 0+, t+ 0+) =
1

iβ

�

zν

G2(q,k
�,k, zν). (97)

Thereby denotes zν bosonic Matsubara frequencies. The distances r and r
� are of the order of

the electron-hole pair coherence length, which is negligible small compared with the system

size. We neglect them in the following and write

ρe−h
2 = −

1

Nβ

�

q

�

zν

X(q, zν)e
iq(R−R�) = −

�

q

eiq(R−R�)Iq. (98)

The condition for ODLRO can only be satisfied if ρe−h
2 contains averages Iq of the order of

unity.30

It is

Iq =
1

Nβ

�

zν

X(q, zν) =
1

N
R(ωX), (99)

where R(ωX) is the residuum of the pole ωX of X(q, zν) [Eq. (69)]. Note that

R(ωX) ∝ nB(ωX), (100)

where nB is the Bose distribution. To be R(ωX) of the order of N , ωX must vanish. That

is, an acoustic collective mode implies the presence of ODLRO. Since the acoustic behavior

of the collective mode is absent for finite exciton-phonon coupling, the condensate nature of

the ground state in this case is questioned, although the ordering is very similar to the EI

state in the EFKM.18
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VII. CONCLUSIONS

In this work we have revisited the formation of the excitonic insulator (EI). We have

analyzed the effects of an explicit exciton-phonon interaction He−ph. The supposed EI

state is then accompanied by a static lattice deformation. We have shown that He−ph does

not induce qualitative new features in the single-particle spectra, also if self-energy effects

are taken into account. However, the electron-hole pair spectrum for finite He−ph differs

significantly from the spectra for vanishing exciton-phonon coupling. To prove this, we

have calculated the contributions of the exciton-phonon interaction to electron-hole pairing,

employing a Kadanoff-Baym approach. We deduced that ladder and chain diagrams describe

the action of He−ph on the pair formation. Most notably, the phonons cause the collective

mode in the ordered phase to be massive, in contrast to the case without phonons. For

vanishing exciton-phonon coupling, the collective mode shows an acoustic behavior.

We have finally pointed out that an acoustic collective mode, or at least the vanishing

of the excitation energy of the collective mode, implies the presence of off-diagonal long

range order (ODLRO). ODLRO characterizes condensates, and we therefore question that

for finite exciton-phonon coupling the ordered ground state represents a condensate.

The numerical results obtained so far are based on rather crude approximations. That

is why a more elaborated numerical treatment is highly desirable. Another worthwhile

continuation of this work would be to analyze if the ground state of our model represents

a condensate of “polaronic excitons”, i.e., a condensate of excitons that are dressed by a

phonon cloud.
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Sept 1995 - Jul 2003 städtisches Goethe-Gymnasium Bischofswerda

Civilian Service

Aug 2003 - May 2004 Kreiskrankenhaus Bischofswerda

Training

Oct 2004 - Oct 2009 Study of physics at the University of Greifswald, Germany

Oct 2009 Diploma degree, University of Greifswald

Diploma thesis: “Zur Existenz und Natur der exzitonischen

Isolator-Phase im erweiterten Falicov-Kimball Modell”

since Nov 2009 PhD student in physics,

Chair of Prof. Dr. Holger Fehske,

University of Greifswald, Germany

(Bernd Zenker) Greifswald, 17 February 2014

113





Acknowledgement

I extend my deepest gratitude to

Holger Fehske,

Dieter Ihle,

Hans Beck,

Franz Xaver Bronold,

Cristian Daniel Batista,

Rafael Leslie Heinisch,

my colleagues and my family

for their advice, inspiration, and support.

Moreover, I thank the

Deutsche Forschungsgemeinschaft

for financial support through the research program SFB 652, project B5.

115


