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1 Introduction

One of the most intriguing feature of nature is its ability to form self-organized structures,

which cover the full range from macroscopic systems like bird flocks, fish schools or sand

dunes [1–3] down to microscopic self-assemblies like chemical Turing patterns, ice crystals

or the DNA [4–7]. Man-made structures with a high degree of organization include,

among various other examples, one-dimensional phonons in microfluidic arrays, the two-

dimensional graphene and the three-dimensional fullerenes [8–10]. Naturally, it is a desire

especially of physicists to look behind the scenes with the aim to unravel the governing

principles leading to the formation of such patterns.

Laboratory dusty plasmas provide the possibility to create highly ordered structures

and to observe them on the single particle level at once. Dusty plasmas, also termed

colloidal or complex plasmas, are usually formed by suspending micron-sized monodis-

perse grains in a gaseous plasma. There, due to the fluxes of plasma charge carriers onto

the particles’ surfaces, the dust grains usually become negatively charged. Although the

field of dusty plasmas has its origin in space physics and plasma-assisted material pro-

cessing [11–17], dusty plasmas provide a perfect ”testbed” for pattern formation due to a

number of reasons [12, 13, 17–25]: Contrary to conventional gas discharge plasmas [26, 27],

the dust component is, in general, strongly coupled due to the high charge and the low

kinetic temperature of the dust [28–31]. The shielding by the ambient plasma results in a

screened, Yukawa-type interaction between the dust particles. Because of their low, hence

convenient, charge-to-mass ratio, the dust dynamics occur on slow time scales of the order

of milliseconds to seconds. At the same time, the inter-particle spacing by far exceeds

the grain size and thus, under typical experimental conditions, dust ensembles are highly

transparent. In addition, since the particles are embedded in a gaseous plasma, frictional

damping is rather low and consequently the dust motion is highly dynamic and seldomly

overdamped. These advantages make dusty plasmas ideally suited for the observation with

video microscopy and hence allow to study physical processes on the microscopic, kinetic

level [22, 32]. Thus, dusty plasmas are a model system to investigate strongly coupled

Yukawa-type systems par excellence.

Many experiments were conducted using dusty plasmas, covering the whole spectrum

from single or just a few particles [33–41] up to extended dust crystals [29, 32, 42–44]. The

latter have been extensively studied concerning e.g. their structure and phase behavior [29,

31, 32, 42–53] as well as regarding their dynamical properties [54–69]. When the dust

system is suspended in an environment of streaming ions, the dust particles can even align

along the ion streaming direction due to attractive, ion focus mediated interactions [40,

41, 62, 70, 71].

Topic of this thesis are dust systems that bridge the gap between the two extremes,
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1 Introduction

i.e. single particles on the lower edge and extended structures on the opposite. In the

intermediate range, the so-called finite systems usually consist of up to a few thousand

particles. Finite arrangements differ from bulk matter in various aspects such as structural

and dynamical properties. They offer the unique possibility to study the particle-particle

interaction on the one hand and the interplay of the ensemble with its boundary on the

other. Since conventional thermodynamic treatment fails in the limit of small ensem-

bles [72, 73], new techniques to adequately describe phases and phase transitions of finite

systems are required.

Recently, self-organized three-dimensional dust clusters have been produced in the lab.

Arp et al. [30, 74] trapped a small amount of dust particles in a plasma inside a cubic glass

box. There, under the mutual Yukawa interaction between the particles and the external

confinement, the particles were seen to arrange themselves into spherical, nested shells, the

so-called Yukawa ball. The structure as well as energy states of these 3D dust clusters are

well explored by now [30, 74–88]. Open issues concern the dynamical and thermodynamic

properties of these systems. It is attractive to test whether statistical quantities like

entropy or the diffusion coefficient are appropriate measures to characterize the system

when the particle number is sufficiently low. In addition, one has access to the collective

dynamics of a finite ensemble since the full 3D information is available for all individual

particles in the cluster. In the context of pattern formation, driving phase transitions for

3D dust clouds from solid to liquid and vise versa enables to study mechanisms leading to

the emergence of 3D structures from the microscopic point of view.

However, the dynamical features of these finite 3D patterns are mainly investigated by

theory and simulation [89–96]. Up to now, experiments on the dynamics of Yukawa balls

were restricted to solid clusters only [97, 98]. The main obstacle is that studying Yukawa

clusters in the fluid phase requires to lower the coupling strength thereby leaving the

ambient plasma unaffected. One access to achieve this goal is by means of lasers [35, 99].

The radiation pressure of the laser beams have been utilized e.g. to study the mutual

interaction between the particles [40], to excite waves and Mach cones [100–104] or to

stress the entire dust system or parts thereof [105–109]. Moreover, laser beams can be

used to heat the dust ensemble via randomly kicking the particles [110, 111]. This approach

allows to heat 2D dust systems even in a true thermodynamic sense [112, 113]. Heating

3D dust ensembles by means of lasers is more demanding and has just started [114].

To sum up, there is a need to elaborate the dynamics and the physics of finite 3D dust

clouds beyond the crystalline state. More specifically, the thesis aims to address several

unsolved questions:

• What is the nature of the phase transition from a solid, crystalline structure into

a liquid-like structure for finite dust systems?

• Can thermodynamic quantities be revealed for finite dust clouds and how are

these quantities connected?

• Is it possible to perform and–more crucially–keep track of recrystallization pro-

cesses in 3D dusty plasma experiments?
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• How can the dynamics in solid and liquid phase be described in terms of modes,

either by a particle based or a fluid based model?

• Which influence has the ion focus on the dynamical properties of 3D dust

clusters?

• Are statistical measures obtained from dusty plasma experiments reliable when

applying methods from other areas of physics, such as information theory?

This cumulative thesis will contribute with new insights into the nature of finite systems

based on experiments with finite 3D dust clouds heated by means of lasers.
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2 Physical background

In general, plasmas are electrical conductive many-body systems composed of electrons,

ions (radicals etc.) and neutrals, that obey collective behavior [27]. They are not only

formed in astrophysical and laboratory situations, but even subjects to daily life [12, 27,

115]. For instance, the plasma inside an energy saving lamp is nothing else than a so-called

”glow-discharge”, which is a special type of a low-temperature plasma [26, 27]. Among

many others, introductions into the physics of plasmas with a more gas-discharge related

content can be found in Refs. [26, 27, 115, 116]. For the sake of clarity, the basic physical

principles necessary to understand this thesis are briefly presented in the following.

2.1 Plasma physics basics

Let Q be an arbitrary test charge in a plasma. Then, the unperturbed Coulomb potential

is weakened due to shielding by the ambient plasma particles. The resulting potential in

the vicinity of the test charge is given by the screened Coulomb potential, often termed

the Debye-Hückel or Yukawa potential,

Φ(r) =
Q

4πε0r
exp(−r/λD) . (2.1)

Here, r is the distance to the particles center and λ−2
D = λ−2

De + λ−2
Di is the Debye length.

The indices ”e” and ”i” indicate electrons and ions throughout this thesis. The Debye

length is a measure of the interaction range between particles in a plasma relevant at

microscopic length scales. In many laboratory plasmas, the Debye length is approximated

by the electron Debye length λD ≈ λDe =
√
ε0kBTe/(nee2) with ε0 being the dielectric

permittivity, kB being the Boltzmann constant, Te and ne being electron temperature and

density and e being the elementary charge [26]. On macroscopic length scales, a plasma

must obey the ”quasi-neutrality” condition, which can be simplified as ne = ni in the case

of only one, single charged ion component [27].

Another characteristic of a plasma as a many body system is its ”collective behavior”.

This can be, for instance, the response of the plasma species to external perturbations,

such as electric or magnetic fields. In the most simple manner, a perturbation leads

to an oscillatory motion of one of the plasma species at the so-called plasma frequency

ω2
p = ω2

pe + ω2
pi [26, 27], which gives the characteristic (inverse) time scale for a plasma.

Due to the lower mass of the electrons, the electron plasma frequency ωpe =
√
en2

e/(ε0me)

exceeds the ion plasma frequency by several orders of magnitude ωpe ≈ 109 s−1 � ωpi ≈
106 s−1 [27, 116]. Thus, electrons often dominate the dynamics of a gas discharge [26]. For

heavier dust particles, as will be discussed later, the characteristic frequency is on much

slower time scales, ωpd = (10− 25) s−1 [64, 117].
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2 Physical background

Nowadays, capacitively coupled radio frequency (rf) discharges have become the work-

horse in plasma science [26, 116, 118]. Rf discharges are typically operated at 13.56 MHz

and hence take advantage of the faster electrons [27, 116, 119]. At these high frequencies,

the electrons are effectively heated by the oscillating external field, whereas heavier ions

experience only averaged fields (ωpi < ωrf < ωpe). In common low pressure rf discharges,

the energy of the electrons exceeds the energy of the ions and neutrals by orders of magni-

tude due to the ineffectiveness of collisions between electrons and heavier plasma species.

Nevertheless, electrons maintain the discharge via impact ionization. The capacitive cou-

pling prevents an effective loss of charges at the plasma boundaries. The transition region

between plasma and wall is called the sheath region, were the corresponding potential

drop causes the streaming ions to exceed the Bohm velocity vB =
√
kBTe/mi to maintain

a stable plasma sheath [115, 120].

2.2 Dusty plasmas

Micron-sized monodisperse particles immersed in a gaseous discharge plasma are often

referred to as the ”dust” particles, see Refs. [13, 17–24] and references therein. The dust

component represents an additional, ”macroscopic” plasma constituent. The compara-

tively–to the other plasma components–high mass of individual dust grains guarantees

that the particle dynamics occur on time scales in the millisecond to second range, which

makes the observation of dusty plasmas feasible for video cameras.

Charging of dust grains

In the plasma environment, the dust grains get charged rapidly (τ ≈ 10−6 s) by the

electrons and ions [14]. In general, the dust is negatively charged due to the higher

mobility of the electrons. A very simple model that describes the charging process as a

balance of electron and ion current onto the particles’ surface is the orbital motion-limited

(OML) theory [121]. A complete derivation of the dust charge in the OML framework

can be found in [14, 122]. In an argon discharge, an approximate formula for the charge

number Zd = Q/e of a dust particle with radius rd yields Zd ≈ 1675 · rd(µm)Te(eV) [27].

Thus, micron-sized grains typically acquire 103 − 104 elementary charges in the OML

model. However, the OML values have to be seen as a order of magnitude estimate, since

in most laboratory plasmas the OML assumptions are an oversimplification.

First of all, real laboratory plasmas are collisional and furthermore these collisions

between the plasma species may drastically affect the dust charge [123]. Recently, a more

realistic approximation for the dust charge in a weakly collisional rf plasma was made by

Khrapak et al. [124, 125]. In this model, collisions of ions in the vicinity of the dust surface

lead to an enhanced ion current and thus to a reduction of the negative dust charge.

Furthermore, the dust charge can be modified in several ways, arising from streaming

ions, charge fluctuations, UV-radiation or secondary electron emission [14], the latter

two being more relevant in astrophysical situations [13]. Charge fluctuations are mainly

important for small particles and have an influence for the growth of nanoparticles [17, 126].
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2.3 Confined Yukawa plasmas in a nutshell

A high dust density can lead to an electron depletion and thus to a charge reduction of

the individual dust particles, too [127, 128].

Forces acting on dust grains

The high charge Q, the non-negligible mass md and the surface area of the dust πr2
d lead

to a variety of forces acting on individual dust grains. Here, the forces relevant for the

confinement and manipulation of dust clusters are listed briefly. Among others, a complete

elaboration of the forces is given by Refs. [14, 17].

• The gravitational force
#»

F gr = md
#»g = (4/3)πρdr

3
d

#»g (ρd is the particles’ mass

density, | #»g | = 9.81 m/s2 the gravitational acceleration) is omnipresent in laboratory

experiments with grains of micron size.

• The electric field force in an external electric field
#»

E is given by
#»

F el = Q
#»

E [14, 17].

In a gas discharge, the strongest electric fields are generated in the sheath region.

• If a particle moves relative to the ambient neutral gas with a velocity #»v d, it ex-

periences a neutral drag force
#»

F n = −mdν
#»v d, with ν being the friction coeffi-

cient [35, 129]. In common dusty plasma experiments, ν is of the order of the dust

plasma frequency, ν ≈ ωpd. Thus, damping has a profound influence on the dust

dynamics. Since the drag coefficient scales as ν ∝ p with the neutral gas pressure,

one can bias damping effects in the experiment via changing the neutral gas pressure

p.

• A temperature gradient in the neutral gas ∇Tn induces a thermophoretic force
#»

F th = −(32/15)r2
dkn∇Tn/vth,n [14]. The thermal conductivity of the neutral gas is

given by kn. Following Refs. [19, 130], already a temperature gradient of roughly

10 K/cm in argon gas induces a thermophoretic force that is sufficient to balance

gravity of a 1 micron particle.

• If streaming ions pass a dust particle, they lead to the ion drag force
#»

F drag =
#»

F dir +
#»

F scat, which consists of a contribution due to direct impact of the ions
#»

F dir

and a contribution due to scattering of the ions
#»

F scat in the potential formed by the

dust grain [14, 131–134].

• Laser light leads to a laser force, which is mediated due to radiation pressure from

the laser photons FL = γπr2
dI/c with I being the intensity of the laser beam and γ

being 1 or 2 depending on whether a photon is absorbed or reflected [14, 35, 99].

2.3 Confined Yukawa plasmas in a nutshell

Like any like-charged objects, dust grains embedded in a discharge repel each other ac-

cording to Eq. (2.1). Thus, systems of charged particles have to be externally confined

to be stable. In a gas discharge plasma, immersed particles charge up and sediment to

a position where the sheath electric field force compensates gravity. An additional radial

7



2 Physical background

confinement can be achieved by a parabolic trough or a copper ring placed on top of the

lower electrode [14, 27]. In that manner, flat pancake-like extended ”plasma crystals” as

well as finite 2D dust structures can be created [29, 32, 42, 45–47, 70, 110, 117, 135–138].

Even 1D arrangements can be formed using customized traps [100, 139, 140].

However, creating fully three-dimensional dust structures requires additional effort.

Extended three-dimensional dust structures can be formed using microgravity condi-

tions [31, 141–143] or by using nano-dust [144]. There, confinement is mainly due to

the electric field force pointing away from the plasma walls towards the plasma center and

the outward directed ion flow. Another method to trap 3D dust clouds via electric fields

is achieved by using a so-called ”pixel electrode” [85, 97, 145, 146]. Here, strong density

gradients due to a secondary plasma confine the dust. Applying a thermophoretic force to

a dust layer embedded in the sheath and under the influence of gravity is a third approach

to create 3D dust structures [67, 130, 147, 148]. In most cases, this is done by heating or

cooling one or more electrodes. The gradient in the neutral gas temperature results in a

thermophoretic force that lifts the particles upward into the bulk of the discharge.

Structural aspects of finite 3D dust clouds

To trap finite three-dimensional dust structures, a plasma inside a cubic glass box placed

onto the electrode of an rf plasma has been proven successful [30, 69, 74, 81, 86–88, 98,

114, 149–154]. Again, gravity is partially balanced by heating the lower electrode, thus

inducing a thermophoretic force for the dust particles. Assisted by the sheath electric

field force, the particle cloud is lifted up into the plasma bulk region. The dielectric walls

provide an inward directed electric field which compresses the dust cloud sideways, see

Fig. 2.1 (a). All 3D dust clouds investigated in this thesis were trapped in that manner,

since this type of confinement has a major advantage: It has been shown by Arp et

al. [74], that the superposition of all forces acting on the grains is adequately modeled

by an isotropic, harmonic 3D potential. Together with the mutual interaction between

the particles, the ensembles have been observed in self-organized structures, the so-called

Yukawa balls [30, 74, 76].

The ground state energy of such a finite 3D dust clouds consisting of N particles can

be written as [155–157]

E =
1

2
mdω

2
0

N∑

i=1

r2
i +

Q2

4πε0

N∑

i<j

exp(−rij/λD)

rij
. (2.2)

The first term describes the potential energy in the confinement with strength ω0, the

second term is the pairwise particle-particle interaction, which is screened by the am-

bient plasma. In typical experimental situations relevant for this thesis, the trap fre-

quency ω0 is of the order of 10 s−1 [138] and thus comparable to the friction coeffi-

cient ν. By introducing the normalized length r0 =
[
Q2/(2πε0mdω

2
0)
]1/3

, the normalized

energy E0 =
[
mdω

2
0Q

4/(32π2ε2
0)
]1/3

and by applying the normalizations r/r0 → r and

8



2.3 Confined Yukawa plasmas in a nutshell
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Fig. 2.1: (a) Sketch of the three-dimensional particle confinement inside a cubic glass box.

Gravity is balanced by a thermophoretic force from the heated, lower electrode and the sheath

electric field force. The dielectric walls provide an inward directed, electric field force that

compresses the particle cloud sideways. The superposition of all external forces creates an

isotropic, parabolic trap suitable to confine finite 3D dust clouds, after [74]. (b)-(c) Sketch of

the ion focusing effect. (b) The ions are accelerated in the electric field of the sheath. When

streaming to the lower electrode, they are scattered in the high potential of a dust particle

and accumulate in a region below the grain. (c) Point-charge model of the ion focus. Here,

the space charge of the ions is replaced by a positive point charge rigidly attached to the

upper dust grain. Both dust particles repel each other with the force Fr, whereas the particle

downstream feels an attractive, ion focus mediated force Fa. Thus, the ion focus gives rise to

a non-reciprocal dust-dust interaction and can cause vertical alignment of the dust. Reprinted

from [B1].

E/E0 → E [156, 157], one can simplify the Hamiltonian to

E =
N∑

i=1

r2
i +

N∑

i<j

exp(−κrij)
rij

. (2.3)

It is quite obvious that the entire physics of the finite ensemble is now determined by only

two dimensionless parameters, namely the total number of particles N and the screening

strength κ, which is a measure of coupling of the dust component to the surrounding

plasma and inversely proportional to the shielding length.

Within the last decade, the Yukawa ball has been subject of numerous investigations.

Arp et al. [30] have found that the particles in the Yukawa ball were arranged on spherical,

nested shells. A shell model for not to large Yukawa clusters was introduced by Baumgart-

ner et al. [79]. They have concluded that the occupation number of the particles on the in-

dividual shells is affected by the screened interaction. Compared to spherical clusters with

pure Coulomb interaction, one finds a higher population of particles on the inner shells on

cost of the outer shells even for relatively weak screening strength [75, 76, 79, 80, 83]. From

the structure of the Yukawa balls, the screening strength in these experiments was found

to be in the range κ = 0 . . . 2. For large 3D clusters, a continuum model for the particle

density profile of a dust cloud is appropriate. Compared to the Coulomb case, the density

profile of a Yukawa system decays parabolically towards the edges of the clouds [77, 78].
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2 Physical background

By measuring particle positions in an experiment, one can attribute an energy to the

finite dust cloud via Eq. (2.2). From the energetic point of view, Yukawa balls are often

observed in metastable states instead of the ground state [81, 158]. The different energy

levels were found quite dense and are accessible even at room temperature [84, 97]. A

high fraction of metastable states for Yukawa balls is caused by friction, which prevents

relaxation into the ground state of the Yukawa cluster [81, 82].

Anisotropic interactions and ion focus

Anisotropic 3D dust clusters can be investigated either by shaping the confinement [150,

153, 159, 160] or by trapping the dust clusters at neutral gas pressures below 10 Pa [86–88].

Kroll et al. [86] investigated Yukawa clusters at low pressures and observed that instead

of a well-pronounced shell structure, the particles were found on vertically aligned chains.

Such vertically aligned particle chains were found previously in extended dust crystals

confined in the plasma sheath [46, 70, 135, 161]. It was concluded [86] that the structure

of the cluster must be affected by the ion focusing effect, or alternatively wakefield effect,

arising from streaming ions as sketched in Fig. 2.1 (b) and (c). Recent tutorials on this

topic are given by Ref. [162] and [B1]. Details on wave-based linear response calculations

of the wakefield can be found in Refs. [71, 163–170], whereas simulations that describe the

formation of the ion focus by a particle model have been performed by Refs. [48, 62, 171–

177].

Here, the ion focusing mechanism will be outlined by means of the particle based

model [62]. When placed in the sheath, dust particles are in a streaming environment

due to the presence of ion flows. In the vicinity of the highly charged dust grain, the

streaming ions are deflected by the potential of the grain and accumulate below the grain.

There, a region of enhanced ion density and thus a positive space charge region is created,

the ion focus, see Fig. 2.1 (b). For a quantitative analysis, a reasonable model is to replace

the ion focus by a point charge as shown in Fig. 2.1 (c) [34, 40, 41, 62, 178]. In this model,

a negatively charged particle downstream to the upper negatively charged particle feels

the Yukawa repulsion by the upper grain, but is attracted by the positive space charge of

the ion focus. Contrary, the upper particle gets repelled by the lower particle only, making

the interaction nonreciprocal [36, 37, 40, 41]. The ion focus causes transverse restoring

forces for the lower grain [176] and tends the particles to align vertically. The alignment

becomes unstable below a certain neutral gas pressure. This is the known Schweigert in-

stability [62]. The streaming ions provide a source of free energy for the open dust system.

The ion focus was made responsible for the plasma-induced phase transition of extended

dust crystals [46, 48, 62, 179] as well as for the melting of finite 2D dust layers with an

additional, downstream particle [137]. Besides the Schweigert instability, the coupling of

horizontal and vertical modes by the presence of the ion focus leads to a different insta-

bility, the mode-coupling instability [50, 68, 180–182]. However, the role of the ion focus

for the dynamics of finite 3D dust clouds was still not fully understood and serves as one

starting point for this thesis.

10



2.3 Confined Yukawa plasmas in a nutshell

Dynamical aspects of finite 3D dust clouds

To fully describe the thermodynamic phase of an extended Yukawa-type system, another

dimensionless quantity besides κ has to be known. This is the Coulomb coupling parameter

Γ [28, 183, 184], which describes the ratio of Coulomb interaction energy to thermal energy

kBT in the ensemble

Γ =
Q2

4πε0bws

1

kBT
. (2.4)

Here, bWS is the Wigner-Seitz distance as a measure of the particle density. The system

is said to be strongly coupled when Γ exceeds unity. In general, the dust component is

strongly coupled in the experiment, see e.g. Refs. [29–31]. In the absence of screening

(κ = 0), the solid-liquid phase transition of an extended system occurs when Γ exceeds

the critical value of Γcrit ≈ 170, see Ref. [185]. Finite size effects and the influence of

screening on Γcrit were only investigated by means of simulations but unclear from the

experimental point of view [72, 90, 186].

Theoretically, normal modes of dust clusters were investigated by Henning et al. [91,

92] whereas fluid modes for confined Yukawa systems were examined by Kählert and

Bonitz [94, 95]. Moreover, they studied how a Yukawa system evolves from a weakly

coupled, fluid state to the crystalline state with a pronounced shell structure [93, 96].

However, the access to the dynamical properties even in the fluid phase is comparatively

easy in theory and simulation, since there neutral gas damping is not an obstacle. In con-

trast, energy relaxations [97] and normal modes [98] have been observed in the experiment

for solid state dust clusters only. Here, e.g. the normal modes are massively damped at

high pressures and consequently the corresponding normal mode spectra are blurred [98].

Additionally, beside spontaneous shell transitions [81], transport processes are hindered

in the highly frictional regime (ν � ω0) and require extensive observation time.

Hence, from the experimentalists’ side, many unsolved questions remained. One of these

is how the transition from the solid, crystalline state into the liquid state can be induced

and reasonably described. Consequently, to trace finite dust clouds from this fluid state

back into the ordered, crystalline structure was another open task. To validate theoretical

work, it is worthwhile to investigate if the dynamics of 3D dust clusters in the solid and

liquid state can either be handled in a particle or a continuum based picture. At the

same time, the impact of the ion focus onto the particle dynamics was an open issue,

since most previous observations of wake-affected clusters concentrated onto the cluster

structures [86, 87]. Yielding statistical information of finite 3D dust clouds from long-run

experiments could help to compute transport coefficients and even to link dusty plasmas

to other areas of research. All mentioned tasks serve as the main working directions for

this thesis.
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3 Experimental setup

All experiments presented in this thesis were conducted with the setup depicted in Fig. 3.1

(a) and described in [A4], [A5] and [B1].

Centerpiece of the setup is a plasma chamber made from stainless steel with four win-

dows, see Fig. 3.1 (b). Inside the vessel, a capacitively coupled rf discharge is operated in

argon. The rf power is fed via a rf generator to the discharge where low rf powers of the or-

der 1-4 W were used to maintain the discharge. Many previous experiments with Yukawa

balls used a similar discharge chamber but were performed at higher neutral gas pressure,

see e.g. Refs. [30, 81, 83, 98, 158]. Contrary to these, pressure was held low here, in the

range between 4 and 10 Pa. Thus, the neutral gas damping rate is estimated to be of the or-

der of the confinement frequency [129]. Then, the motion of individual particles is expected

to be weakly damped. It is common, but not a restriction to use melamine-formaldehyde

(MF) microspheres as dust particles (mass density ρd = 1514 kg/m3). For [A2], [A4– A7],

the MF-particles had a diameter of 4.86µm whereas a grain size of 4.04µm was chosen

in [A8] and [A9]. Other dusty plasma experiments used paramagnetic [187] or even rod-

like particles [188, 189]. Here, the dust grains are immersed via a dust dispenser into the

discharge.

To confine the dust particles, a cubic glass box (wall length 2.5 cm) is placed on top

of the powered and heated electrode (T = 55◦ − 75◦), as can be seen from Fig. 3.1 (b).

As already described in Sec. 2.3, the superposition of thermophoretic force, gravity and

electric field forces provides a harmonic 3D potential trap for the dust ensemble [30, 74].

In that manner, 3D particle clouds with up to 100 particles can be well confined, see

Fig. 3.1 (c) and (d).

The 3D particle positions have been measured by applying a stereoscopic imaging tech-

nique [81]. Beside stereoscopic imaging [81, 190–192], other methods to retrieve par-

ticle positions include e.g. scanning video microscopy [30, 43, 47], the color-gradient

method [85, 193], or digital in-line-holography [194] as well as the recently developed sin-

gle exposure technique [195]. Deeper insight into the methods is given by Ref. [196]. In

this stereoscopic setup, the dust grains are illuminated from two sides using two Nd:YAG

lasers with maximum output power of 600 mW per laser. The scattered laser light of the

particles is imaged directly using three orthogonal high speed C-MOS cameras. Typi-

cally, the cameras were operated at 100-200 Hz [114], [A4] and [A5]. A higher frame rate

of 0.5 − 1 kHz was necessary to cope with the fast dynamics in the recrystallization ex-

periments [A8], [A9]. To yield statistical information from the dust clusters requires an

observation over long time. Thus, we captured sequences from roughly 2000 [A8] and even

up to 100 000 frames per camera, e.g. for [A7]. When operated at 100 Hz, this corresponds

to time series ranging from 20 seconds up to more than 16 minutes. The used stereoscopic

13



3 Experimental setup
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Fig. 3.1: (a) Complete stereoscopic setup; The particles are trapped in the glass box and are

illuminated by two Nd:YAG lasers from two sides. Two diode lasers allow to manipulate the

dust cloud from opposing directions. The three orthogonal C-MOS cameras allow to track

the full 3D particle motion. (b) View into the plasma chamber; (c) Yukawa ball (courtesy S.

Käding 2008); (d) Trajectories of a laser heated N = 48 dust cluster. Reprinted from [B1].

setup allows to reveal the full phase space information of each individual particle for clus-

ters with N < 100 [81]. Feng et al. [197] pointed out, that a reliable velocity estimation is

only possible in a sampling interval of finite width. Hence, minimizing the error in particle

detection is a nontrivial task [197–200]. Here, the moment method with Gaussian band

pass filter is used to detect the particles in single images [199].

To gain dynamical and thermodynamic properties of the Yukawa cluster, we have ma-

nipulated the dust systems in two ways, either by changing the plasma environment or,

more generically, by means of laser heating. Changing the discharge parameters (rf power,

neutral gas pressure) leads to a complex interplay between a change in the densities and

temperatures of the plasma species as well as the drag coefficient and–eventually–the ion

focus [46, 137], [B1]. Thus, it is barely possible to tune a single parameter in the experi-

ment by changing the plasma environment.
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Recently, the method of laser heating was used for the manipulation of single dust

particles and for the heating of dust ensembles, see Refs. [61, 105, 107, 108, 110–114, 201–

203]. Lasers enable to study dust-dust interaction an dust-plasma interactions [35, 40, 204,

205], to excite waves in dusty plasma experiments [100–103] and to feed the dust system

with energy [52, 105, 108, 114]. The great benefit when using lasers is that the plasma itself

stays unaffected, whereas the dust particles directly respond to the momentum transferred

by the radiation pressure of the laser beam [35, 99, 110]. Stationary dust beams can be

used to create vortex-like dust flows [122, 206] or to induce shear [55, 58, 106, 107, 109].

However, most of these laser experiments were performed with 2D dust structures.

Our approach to mimic a heating process is via random kicking of the dust particles

by laser beams [110, 111, 114]. Therefore, the beam is swept randomly over the entire

cross section of the dust cluster. During my master thesis, such a heating scheme was

implemented to drive phase transitions in finite 3D dust clouds for the first time, see

Ref. [114]. The best momentum transfer from the laser field to the dust ensemble was

achieved with a dwell time of 0.1 s per laser-”kick”. In 2D, this method has been applied

to heat the dust particles even in a thermodynamic manner [112, 113]. In 3D, we have

shown that the velocity distribution of the laser heated particles is near-Maxwellian, thus

sufficient to assign a kinetic temperature to the dust particles. In fact, using laser heating

enables not only to vary the coupling parameter Γ by tuning the kinetic dust temperature

but moreover offers the possibility to cover a wide range of coupling [A5].

In my studies, we further improved the laser heating scheme by implementing a second

beam line to the experimental apparatus. In this setup, both heating lasers are diode laser

with a maximum output power of 1 W per laser. The new additional beam line allows to

increase the total laser power fed to the cluster and minimizes directed particle motion as

one would expect when using a single laser pointing from one side into the dust clouds.
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4 Results

The chapter summarizes the main work of this thesis. The aim of this work is to give an

overview about the dynamics and phase changes of laser heated finite 3D dust clouds as

well as to address the influence of wakefields onto the particle dynamics.

We start our analysis with a review of the melting properties of finite 3D dust clusters

in Section 4.1. Part of this work was done during my master thesis in 2010/2011, see

Refs. [114, 122] 1. A consistent continuation of this early work has led to publication [A2],

where the clusters were manipulated using an advanced two-beam laser heating source

that was implemented in the experiment in the early stage of my thesis. The mode

dynamics of finite 3D dust clusters in the solid and in the laser-driven, liquid-like regime

is described in Section 4.2 on basis of the journal articles [A5] and [A6]. In article [A5], fluid

modes were for the first time derived from dusty plasma experiments. Crystal modes for

strongly wake-affected dust clusters were deduced in article [A6]. Statistical quantities,

such as the diffusion coefficient, revealed using long-run dusty plasma experiments are

presented in Sec. 4.3 and articles [A4], [A6] and [A7]. Calculating the diffusion coefficient

on basis of instantaneous normal modes is a direct continuation of previous work on 2D

dust clusters, see articles [A1] and [A3]. A relationship between transport and disorder

is tested in article [A4]. Nonequilibrium dust clusters subject to strong wakefields are

versatile to extend established theories, see article [A6], and even to link dusty plasmas

to other areas of research, for instance information theory, as shown in article [A7]. To

complete the circle, we come back to were we have started with in Sec. 4.4 which, on basis

of articles [A8] and [A9], shows the capability of dusty plasma experiments to investigate

the recrystallization process of finite 3D dust clouds kinetically.

Part of this thesis has contributed to the recent review on controlling dust clusters

with lasers [R1]. Wake effects are prominent in low pressure dust clouds. Beside the

addressed papers, an introductory book chapter is devoted to my work on streaming

complex plasmas [B1]. Reprints of all publications achieved during this thesis can be

found in Chapter 6.

1Therefore, the journal article [114] is not explicitly included in Chapter 6.
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4 Results

4.1 Melting transition in finite 3D dust clouds

(Articles [A2] and [R1])

Phase transitions are ubiquitous in nature [207, 208]. The melting transition of the plasma

crystal was extensively studied in experiment and theory, see e.g. Refs. [45, 46, 48, 49, 52,

62, 70, 209]. Schweigert and Peeters reported that classical finite 2D systems undergo a

two-step melting transition were angular order and radial order diminish one after another

upon heating [156]. Accounting for the solid-liquid transition in the experiment is a

demanding task. Different scenarios might be applied to induce the phase transition in a

finite 3D dust cloud experiment, all with their advantages and disadvantages. Additionally,

characterizing the phases in finite ensembles is challenging, since typical thermodynamic

quantities like the heat capacity are not suitable in the limit of low particle numbers [72,

73, 210]. Hence, alternative parameters that specify the loss of order in 3D dust clusters

have to be developed.

4.1.1 Melting parameters

We have reported on two different methods to drive phase changes in finite 3D dust clouds.

First, by a plasma-induced melting scenario and second by laser heating. Therefore, the

melting process has to be characterized using appropriate quantities.

Inter-particle distance fluctuations (IDFs) can be measured using Lindemann-like pa-

rameters [73, 90, 155]. Here, local fluctuations of a N particle cluster are identified by

ui =
1

N − 1

∑

j 6=i

√√√√
〈
r2
ij

〉

〈rij〉2
− 1 (4.1)

using rij as the distance between particles i and j. The global IDF value then follows

from the ensemble average urel = N−1
∑N

i=1 ui. For extended Yukawa systems, the melting

transition occurs at IDF values of about 16%−19% [211].

The correlation loss in finite 3D two-shell clusters is adequately captured by the Triple

correlation function (TCF) [212, 213] which has been used in the following definition [114]

ḡ(r2, φ) =

∫

r1∈R1

g(r1, r2, φ)dr1 . (4.2)

Here, r1 and r2 is the distance to the trap center, φ is the angle between #»r 1 and #»r 2 and

R1 is the radius of the inner shell. The great benefit in utilizing the TCF results from

the possibility to capture angular and radial order simultaneously, see Fig 4.1 (c) and (d)

and Refs. [114, 212, 214]. Further integration of the TCF gives a measure for angular

g(φ) =
∫
r2
ḡ(r2, φ)dr and radial g(r) =

∫
φ ḡ(r2, φ)dφ correlations.

4.1.2 Plasma-induced melting

Increasing the rf power or lowering the neutral gas pressure of the discharge leads to an

increased disorder in the system. In extended dust crystals, the ion focus was accounted

to be responsible for this kind of phase transition [46, 62], cf. Sec. 2.3.
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4.1 Melting transition in finite 3D dust clouds (Articles [A2] and [R1])

We have shown that ions not only affect the structure of the 3D dust clusters, but

moreover have a high impact for the melting of the ensemble. When increasing the rf

power and thus the strength of the ion focus, fluctuations ui around the equilibrium

cluster positions start to grow preferably from the lower part of the cluster [A2]. Here,

the action of the ion focus is expected to be the biggest. Consequently, the wake-affected

dust clusters show a bottom-up melting. The velocity distribution of the dust particles

was found to be near Maxwellian and thus sufficient to assign a temperature. The ions

fed the dust system with energy via the ion focus. Thus, wakefields lead to elevated

kinetic temperatures of the dust particles even at low rf powers and drive the transition

upon increasing the rf power via the Schweigert instability [62]. The IDFs reach values of

about 30% for the plasma-induced melting at high rf powers, corresponding to a molten

state [114].

By changing the discharge parameters, a complex interplay between plasma densities

and temperature moreover affects the dust charge in a nonlinear manner. Here, also the

confinement is altered. We pointed out that increasing the rf powers, besides changing

the plasma properties, leads to an increase of the confinement strength ω0, which in turn

influences the particle density [A2]. This prevents a simple estimation of a critical coupling

parameter Γcrit because of its multiparametric changes upon plasma heating. To conclude,

the plasma-driven melting represents a nonequilibrium melting scenario, since the plasma-

driven melting of finite 3D dust clusters is triggered by the ion focus.

4.1.3 Laser-driven melting

As mentioned earlier, laser beams leave the plasma unaffected but allow full control of

the coupling parameter, see Eq. (2.4), via changing the kinetic temperature of the dust

particles. To mimic a heating process, we applied the random kicking method that is

described in Sec. 3. Thereby, we have confirmed a quadratic dependence between applied

laser power PL and dust kinetic temperature [110]. Without external heating, the cluster

particles only perform small oscillations around their equilibrium positions, as can be seen

from the trajectories of the N = 35 cluster in Fig. 4.1 (a). The dust cluster trapped at 8 Pa

and 1.6 W rf power is in the solid state and does not only show a well-defined crystalline

structure [30, 81], but moreover peaked features in the corresponding TCF at distinct

angles and radii, as depicted in Fig. 4.1 (c). The peaks at distances r2 ≈ 0.5 mm and

r2 ≈ 1 mm correspond to the inner and outer shell, respectively. Moreover, the outer shell

shows a pronounced substructure indicated by several peaks at different angles. Thus,

the TCF reflects the high ordered state. Figure 4.1 (b) shows particle trajectories for

a laser heated dust cluster. There, in contrast, the corresponding TCF loses its rich

topology at high laser powers. The angular peaks on the outer shell are completely lost

and also the overall higher correlations at inner and outer shell radii start to diminish,

indicating the loss of order. Finite 2D systems show a two-step phase transition [156].

This two-step transition is also valid for 3D dust clusters, which is seen in the angular

and radial correlations pictured in Fig. 4.1 (e) and (f). In general, the angular order is

lost (here at PL = 90 mW) prior to the radial order at higher laser powers. The shell
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Fig. 4.1: Trajectories of a N = 35 cluster confined at 8 Pa and 1.6 W rf power without

external laser heating (a) and with laser heating power of PL = 180 mW (b). (c) and (d)

Corresponding TCFs to (a) and (b), were darker colors indicate higher correlations. (e)-(f)

Angular and radial order derived from the TCF as a function of increasing laser power for a

laser heated N = 53 cluster trapped at 7.5 Pa and 2.4 W. Reprinted from Ref. [114] and [A2].

structure starts to decrease at roughly PL = 300 mW in this example [A2]. Monte Carlo

simulations showed good agreement concerning the two-step correlation loss during the

melting transition [114]. From the fluctuations point of view, IDF values of 20% are

reached during the laser-driven melting.

Finally, we have emphasized the capability of laser heating for the estimation of a the

critical coupling parameter Γcrit that describes the melting point of a finite 3D Yukawa

system. To calculate Γcrit, one has to be aware of two effects: For finite systems, Schiffer

proposed an empirical formula for the coupling parameter that takes boundary effects into

account Γfin = Γ/(1− 0.98F ) [72], with F being the fraction of particles on the outer shell

compared to the total particle number. Additionally, screening by the ambient plasma,

i.e. κ > 0, influences melting [28, 76, 215–217]. A good estimate for the critical coupling

parameter of a Yukawa-type system can be found using the scaling law from Vaulina et

al. [216]

Γcrit = Γ

(
1 + κ+

κ2

a

)−1

exp(κ) , (4.3)

with a being 2 for an infinite and 3 for a two-particle system [76, 114]. Both effects,

finite size and screening, contribute in the calculation of Γcrit. As an example, we have

estimated that melting of a N = 35 dust cluster occurs at a critical coupling parameter
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4.1 Melting transition in finite 3D dust clouds (Articles [A2] and [R1])

of Γcrit ≈ 570 with respect to the correlation loss. This value of Γcrit for a finite 3D dust

cluster is decisively larger than for an extended Yukawa system [183].

Thus, laser heating provides a generic melting scenario allowing to fully control the

coupling parameter precisely. Finite 3D dust clouds undergo a two-step melting transition,

which is properly revealed using the triple-correlation function [A2].

It is worthwhile to compare the laser-driven melting scenario for 2D and 3D dust clusters

to deduce basic principles relevant for phase transitions in finite systems [R1]. Based on

the random kicking method with a four-axis laser beam setup, 2D dust clusters can be

heated in the true thermodynamic sense [112, 113]. An improvement of the TCF is the

so-called center-two-particle correlation function, which can also be used to study the

loss of order in the system. It is verified from experiments on laser heated dust clusters

and confirmed with Monte Carlo simulations, that also 2D dust clusters show a two-step

correlation loss. Hence, this gradual melting mechanism seems to be generic in finite dust

systems [R1].
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4 Results

4.2 Mode dynamics of finite 3D dust clusters

(Articles [A5], [A6] and Book chapter [B1])

It was shown in the previous section that laser heating is a versatile tool to drive finite dust

systems into fluid states [112–114], [A2]. Moreover, by tuning the discharge parameters,

one can modify the dust-dust interaction by means of the ion focus [40].

The question arises, to what extend and under which experimental conditions these

wakefields influence the dynamics of finite dust clouds. Furthermore, one has to elaborate

how the collective dynamics of the dust clouds can be characterized and if the applied

methods are suitable in the solid, the liquid, or even both regimes.

4.2.1 Mode techniques

One approach to the dynamics of an ensemble is the description in terms of modes, i.e.

collective oscillation patterns of a system [137, 157]. In finite dust clouds, modes are

the counterpart of waves in extended systems [63–65]. The modes of a finite 3D dust

cloud can be either obtained in a particle based [98, 117, 137, 156, 157] or a fluid based

picture [94, 95]. In the particle based picture, the so-called normal mode analyis (NMA),

it is assumed that the N cluster particles only perform small oscillations around their

equilibrium positions [156, 157]. This validates an expansion of the Hamiltonian (2.3) up

to the second order, giving the Hessian or Dynamical matrix of the system,

H =
∂2E

∂rα,i∂rβ,j
, (4.4)

with i, j denoting the particle number and α and β being the Cartesian coordinates x, y

and z. The normal modes of the system are obtained by solving the eigenvalue problem

of Eq. (4.4). In 3D, the eigenvalues λl define the 3N frequencies ωl =
√
λl and the 3N

eigenvectors #»e i,l the oscillation pattern of the lth eigenmode. A mode resolved spectral

power density, i.e. the energy density per frequency interval per mode Sl(ω), can be

calculated by the Fourier transform of the overlap from the lth eigenmode #»e i,l onto the

particle velocities #»v i(t) along a measured time series

Sl(ω) =
2

T

∣∣∣∣∣

∫ T

0

N∑

i=1

#»v i(t)
#»e i,l exp (iωt) dt

∣∣∣∣∣

2

. (4.5)

The total energy density per frequency interval (PSD) is derived by summing up Eq. (4.5)

over all l eigenmodes, S(ω) =
∑

l Sl(ω).

A complementary access to the mode dynamics relies on the solution of the cold fluid

plasma equations. Kählert and Bonitz extended previous work by Dubin and Schiffer [218,

219] by treating the collective motion of the confined Yukawa plasma like an oscillating

fluid droplet [94, 95]. In their fluid mode approach, the global oscillations of the ”Yukawa

droplet” are decomposed into a set of orthogonal eigenfunctions as

qlm(t) = Q

√
4π

2l + 1

∫
nd( #»r ′, t)̂il(κr

′)Y ∗lm(θ, φ)d #»r ′ . (4.6)
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4.2 Mode dynamics of finite 3D dust clusters (Articles [A5], [A6] and Book chapter [B1])

The angular mode numbers are denoted by l and m, Ylm(θ, φ) are the spherical harmonics

to describe the angular part and îl(κr
′) is the modified spherical Bessel function repre-

senting radial modes. The power spectral density qlm(ω) of a fluid mode is then as above

given by a Fourier transformation of qlm(t) over a time interval T as

qlm(ω) =
2

TN

∣∣∣∣
∫ T

0
qlm(t) exp (−iωt) dt

∣∣∣∣
2

. (4.7)

4.2.2 Modes of finite 3D dust clouds

The laser heating experiments were conducted by tuning the laser heating power precisely

and at two different neutral gas pressures to aim at the mode dynamics in solid and liquid

phase and at the impact of the ion focus onto the collective mode dynamics [A5]. The

experiment highlighted here was carried out at sufficiently low pressure (p = 4.8 Pa), where

the cluster particles are under influence of ion wakefields [A5]. However, the ion focus is

not as dominant as in [A6], which is dealt with in the next section. Figure 4.2 (a) and

(b) show the spectra of the fluid modes q00 to q22 of a N = 49 cluster confined at low

pressure in the absence of laser heating. The monopole fluid mode is denoted by q00, q10

and q11 correspond to the dipole mode in vertical and horizontal (to the ion streaming)

direction and the q2m modes with m = 0, 1, 2 represent the quadrupole modes. Several

fluid modes are naturally excited, like the q11 and the q22 mode at 3.5 Hz and 4.0 Hz

respectively. Due to friction, only fluid modes with low radial mode numbers are seen in

the spectra [95]. In contrast, a sharp peak at 7.8 Hz was found in the spectra of all high

order angular mode numbers. Since the fluid mode eigenfunctions are orthogonal, this

cannot be an eigenmode of the system. This unstable mode is a hint toward the role of

the Schweigert instability for low pressure dust clusters [62]. As can be seen from Fig. 4.2

(c) and (d), transverse laser heating predominantly excites fluid modes which correspond

to a transverse particle motion, like the q11 fluid mode. The laser beams frequently hitting

the particles destroy the establishment of coherent Schweigert oscillations. We have found

that the excitation frequency of the individual fluid modes stays nearly independent of

the Coupling parameter, which confirms the predictions by the cold fluid theory [94, 95].

The NMA power spectral density depicted in Fig. 4.2 (e) reflects the highly ordered,

crystalline dust structure. The features of a weakly damped Yukawa system [91, 92],

where the mode energy of the crystal modes is concentrated around a frequency region

that increases as the mode number increases, are revealed. Due to the persistent ion focus

present in the experiment, additional effects are seen [137]. As for the fluid modes, the

Schweigert oscillation manifests itself in the mode spectra with a strong energy density

per mode at a narrow, certain frequency (here 7.8 Hz). They give the highest contribution

to the PSD that is shown in Fig. 4.2 (f), too. However, when the cluster is in the fluid

regime, the NMA power spectral density is less structured and the PSD becomes flat, see

Fig 4.2 (g) and (h), indicating that the NMA is mainly applicable for crystalline states.

Remarkably, NMA and fluid mode analysis methods both allow a recovery of the main

spectral features of the dust clusters, even in the limit of low particle numbers and in case

the particle dynamics is perturbed due to wakefields. Although they are isotropic theories,
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Fig. 4.2: Mode properties of a N = 49 dust cluster trapped at 4.8 Pa and 1.5 W rf power. (a)-

(d) Spectra of fluid modes q00, q10 and q11 in (a) and q20 to q22 in (b) for the unheated cluster

and spectra of the same fluid modes for the laser heated cluster in the liquid regime (PL =

250 mW) in (c) and (d). The lasers excite several, mainly transverse fluid modes. (e) Mode

resolved power spectral density and (f) corresponding PSD for the unheated cluster. (g) Mode

resolved power spectral density and (h) corresponding PSD for the liquid-like, laser heated

cluster (PL = 250 mW). In the absence of laser heating, an unstable Schweigert oscillation

manifests itself in a sharp peak in the spectra of high order fluid modes and in almost all

modes of the NMA power spectral density at a certain frequency, here at 7.8 Hz. Reprinted

from [A5].

NMA and fluid mode techniques both point at the anisotropy in the particle interaction

and, in case of the fluid modes, even at anisotropies in the confinement [A5].

The impact of wakefields on the structure and dynamics of finite 3D dust clouds was

addressed in [B1]. There, we have shown that the competition between shell and chain

formation leads to a variety of cluster structures, ranging from spheroidal over droplet-like

to chain-aligned with variation of the plasma environment. Moreover, Schweigert oscilla-

tions nonlinearly depends on the local plasma parameters of each individual grain [B1].

Hence, together with the dynamical aspects of wake effects outlined in this Section, wake-

affected dust clusters in the experiment serve as a promising input for wakefield simula-

tions [169, 170].

4.2.3 Crystal modes for strongly wake-affected dust clusters

Recently, the method of NMA has been extended to obtain crystal modes even for dust

clusters which are strongly wake-affected [A6]. In short, the systems’ Hamiltonian, Eq. (2.2),

has to be extended to take the ion focus explicitly into account. This can be done by

modeling the ion focus as a point-charge rigidly attached to the particles as outlined pre-

viously [40, 62, 70]. The ion focus model assumes restoring forces in transverse directions

24



4.2 Mode dynamics of finite 3D dust clusters (Articles [A5], [A6] and Book chapter [B1])

only [176], i.e. somewhat different than the mode-coupling models used by Refs. [68, 180–

182]. By applying this approach to a three-particle system, the role of the ion focus can be

studied quantitatively. Three different regimes have been elaborated ranging from abso-

lute unstable configurations at low ion focus strength over Schweigert oscillatory regimes

at intermediate ion focus strength to stable, aligned clusters at very high strength of the

ion focus [A6]. Extensions of the fluid mode description, which explicitly model wakefields,

are still an open issue and leave space for future investigations.
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4 Results

4.3 Statistical properties of finite dust clouds

(Articles [A4], [A6] and [A7])

Usually, classical thermodynamic quantities are deduced assuming large statistics with

ensembles of the order of Avogadros’ constant, i.e. N ≈ 1023, and by assuming that

ergodic hypothesis holds [207, 220–222]. Speaking of thermodynamics when dealing with

finite dusty plasmas is moreover tricky, since the dust subsystem is an open, generally

nonequilibrium system, the particle number of the ensemble is rather low and boundaries

strongly influence the physical behavior of the ensemble [138, 186]. However, one might

ask which statistical quantities are robust enough to overcome these obstacles. Moreover,

it is worthwhile to search for deeper, fundamental connections of these measures in the

context of finite dust systems.

4.3.1 Statistical quantities for finite dust clouds

In dust cluster experiments, the full phase space information is at hand and thus, by

evaluating long-run experiments, statistical measures closely related to thermodynamics

can be deduced. One of these statistical measures is the (configurational) entropy, which

follows from a standard textbook definition as Sc = −∑k pk ln pk simply by counting over

all possible configurations respectively their probabilities pk, see e.g. Ref. [222]. In gen-

eral, entropy characterizes the disorder in a system. In dust clusters, a configuration can

be attributed to a certain state of the system, or equivalently, the shell occupation num-

ber [76], [A4]. Counting all possible states along a time series results in the probabilities

pk to find this certain state in the experiment and thus gives the configurational entropy.

Another quantity that everybody bears in his mind when thinking of statistical physics

is the diffusion constant that describes transport properties [222, 223]. Transport is often

connected to hopping events, which are governed by unstable modes of the system. Set-

ting entropy and unstable modes in relation to each other might be a challenging issue.

However, based on previous work [224], Keyes [225] proposed the existence of a rather

robust relationship between the configurational entropy Sc of an ensemble and the total

fraction of unstable modes fu, given by the simple equation

Sc = a+ b ln (fu) , (4.8)

with a and b being parameters. Even though this relation was worked out for Lennard-

Jones liquids under the assumption of a random energy model, it is charming to test

whether dusty plasma experiments, and more specifically finite dust clouds, obey these

connection.

Our access to the fraction of unstable modes relies on an offspring of the normal mode

analysis [157], the instantaneous normal mode (INM) technique [226–232]. In INM, the

eigenvalue problem of the systems’ Hessian, see Eq. (4.4), is evaluated at each instant

of time using momentary particle coordinates #»r (t). This results in a density of states

ρ(ω) = 〈∑l δ(ω − ωl)〉 for the momentary eigenvalues ωl along the time series which has

two parts: The stable part ρs(ω) accommodates the stable modes (real eigenfrequencies)
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whereas the unstable part ρu(|ω|) houses the unstable modes (imaginary eigenfrequen-

cies). Real modes are due to oscillatory caging of particles in the potential landscape

formed by their neighbors [233, 234]. The unstable modes are formed due to transient

crossings of the particles over potential barriers that intersect stable states. It is said that

the fluid properties, such as the diffusion coefficient, can be mainly deduced from this

unstable mode branch [228–231]. The total fraction of unstable modes is simply given by

fu =
∫∞

0 ρu(|ω|)dω.

The inverse time constant associated with crossing over potential hills is the so-called

hopping rate [230]

τ−1
h = c

∫
ρ(ω)

ω

2π
A exp

(
−B ω2

kBT

)
dω . (4.9)

Here c ≈ 3 describes possible escape routes over the potential barriers [A1], A and B are

obtained from fitting ρu(ω)/ρs(|ω|) [A4]. Finally, the diffusion coefficient can be derived

in the INM picture as

D =
kBT

m

∫
ρ(ω)

τh

1 + τ2
hω

2
dω . (4.10)

A lot of effort has been put forward to account for diffusion in extended dust systems

using the mean square displacement or the velocity auto-correlation function [54, 56, 57,

59, 60, 66, 235, 236], but both methods have their difficulties due to the boundaries in

finite systems [237]. By using the INM technique, one has the possibility to overcome

these difficulties by using this alternative approach.

4.3.2 From transport to disorder

We have analyzed long-run experiments from laser heated 2D and 3D dust clusters in the

fluid regime with the aim to test the prediction made by Keyes [225] and thus to work

out whether a connection between transport and disorder exists in finite dust clouds [A4].

Therefore, the INM technique was applied to the measurements. The INM spectra of

a laser heated N = 60 dust cluster confined at 6.4 Pa and 1.3 W rf power at different

temperatures are depicted in Fig. 4.3 (a). By convention, the unstable density of states is

plotted as ρu(|ω|) on the negative frequency axis. Only a few peaked features are seen in

the stable branch. Compared to earlier INM investigations on 2D dust clouds [A1], [A3],

the fraction of unstable modes is relatively large for 3D dust clusters (fu = 16% − 23%)

and comparable with Lennard-Jones liquids [228]. The hopping rate increases with the

temperature of the 3D cluster, but seems to be independent of the system size in the range

covered by the experiments (N = 33 . . . 60). We used unstable instantaneous normal modes

to obtain the diffusive properties of various clusters [A4]. The diffusion coefficient scales

roughly linear with the temperature of the particles in the dust cloud, but was found

almost independent of the cluster size. In 3D, diffusion is several orders of magnitude

higher (D ≈ 10−6 m/s2) as for 2D dust clusters [A1], [A3]. Langevin simulations based

on an algorithm of Manella [238] have revealed that both boundary effects and friction

by the ambient neutral gas lead to lowering of diffusion compared to extended frictionless

Yukawa systems [54].

27



4 Results

Fig. 4.3: (a) INM density of states for a laser heated N = 60 cluster trapped at 6.4 Pa and

1.3 W at different temperatures. The unstable density of states is plotted as ρu(|ω|) on the

negative frequency axis by convention. The spectra are plotted with a constant vertical offset.

(b) Logarithm of unstable mode fraction fu as a function of the configurational entropy Sc

for 2D dust clusters (full circles) and 3D clusters (open triangles). The solid line represents

a linear fit to the 2D data. As representatives, the 2D clusters N = 20 (full squares) and

N = 27 (open squares) are highlighted. The data of a simulated N = 60 cluster are added as

full upward triangles. Reprinted from [A4].

The long time series allowed us to calculate the configurational entropies of 2D and

3D clusters directly from the cluster states. In 2D, geometrical constrains dominate the

configuarional entropy. A threshold behavior in the Sc(T )-curve indicates configurational

melting at a certain temperature. These 2D configurational melting temperatures are

comparable to the melting temperatures that were obtained by extrapolating the INM

D(t)-curve to zero [A1], [A3]. Contrary, the configurational entropy of 3D Yukawa clus-

ters lacks of such a threshold behavior. Instead, the 3D clusters were found at elevated

temperatures, even in the unheated case. As we have seen previously, this is caused by an

additional heating due to the ion focus for clusters confined at low pressure [62]. Due to

the larger number of possible states, bigger clusters show a larger configurational entropy.

Here, our results are in agreement with recent simulations [239].

We tested Keyes’ prediction [225] (Eq. (4.8)) for both 2D and 3D clusters using our in-

dependent methods to calculate fu and Sc as summarized in Fig. 4.3 (b). Indeed, 2D dust

clusters show a clear correlation between unstable modes (transport) and entropy (disor-

der). The parameter b in Eq. (4.8) was estimated from the experiment to be around 1.7 for

the 2D dust clusters, which is well within the assumed range 1 ≤ b ≤ 2 [225]. For the 3D

dust clusters, the fraction of unstable modes is overall higher than in 2D and stays nearly

constant for all obtained configurational entropies. In 3D dust clouds, streaming ions

might alter the diffusive and configurational properties in a complex manner. However, a

solid evidence of this assumption is outstanding. As a first step, the INM technique was

extended with the intention to analyze clusters which are strongly affected by wakes [A6].
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The approach is similar to that already mentioned in Sec. 4.2.3. The resulting density of

states then consists not only of purely real and purely imaginary eigenmodes, but also of

eigenfrequencies which are complex conjugates, making a straight forward interpretation

more sophisticated [A6].

To summarize, the INM technique is reliable method to estimate diffusive properties for

2D and 3D dust clusters. The configurational entropy can be computed by counting cluster

states observed using long-run experiments. Indeed, 2D clusters show a clear correlation

between transport and disorder.

4.3.3 Measuring information transfer in streaming complex plasmas

The flexibility of dusty plasmas make them even interesting for information theory, like

network analysis [154], or to address fundamental problems in statistical physics like the

BBGKY-hierarchy [140].

To measure information transfer [240, 241], we have conducted experiments with few

particle clusters suspended in the plasma sheath and hence subjected to strong wake-

fields [A7]. More precisely, we have used a special form of the so-called transfer entropy,

which is called symbolic transfer entropy (STE) [242]. In general, the STE serves as a

statistical interpretation of the information flow from a driver to a receptor.

A two-particle dust cluster situated in the sheath of a discharge serves as a model system

to study wake effects [38–41]. We could show that in this streaming environment, infor-

mation is always transferred from the upper to the lower particle [A7]. The information

transfer is mediated via the ion flow. Moreover, the transfer rates were found higher in

transverse directions. This is fully consistent with our wakefield model used for the normal

mode analysis [A6] and with simulations of Hutchinson [175, 176], who argued that restor-

ing forces arising from wakes are mainly in transverse directions. A strong dependence

between transfer rate and inter-particle distance as well as a pronounced dependence on

the cluster height above the lower electrode was elaborated. Information and interaction

asymmetries were also found for bigger dust clusters using the STE. In summary, infor-

mation theoretic measures can be benchmarked using dusty plasma experiments and open

new areas of research for the dusty plasma community.
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4.4 Recrystallization processes in finite 3D dust clouds

(Articles [A8] and [A9])

Nowadays, recrystallization is one of the most fascinating and wide spread topics in physics,

see e.g. Refs. [243–246]. The process of recrystallization was triggered for 2D systems by

means of laser manipulation [52, 108, 203], and by quenching and relaxation of the dust

crystal [51, 53, 109, 247, 248]. In 3D, freezing was investigated for extended dust structures

under microgravity conditions only, where the direct access to the experiment is rather

limited [141, 249].

Hence, there is a need to study recrystallization of 3D systems generically. In doing so,

we aim at three major issues. First, if a recrystallization process can be triggered using

lasers. Second, if the temporal evolution of the coupling parameter Γ can be traced on

the kinetic level. And third, how the temporal evolution of Γ is linked to the correlation

buildup in a finite 3D dust cloud.

4.4.1 Experimental access to recrystallization

As was emphasized in Sec. 4.1, laser heating allows the precise tuning of the Coulomb

coupling parameter Eq. (2.4) via the dust kinetic temperature. Moreover, by suddenly

switching off the external laser heating source, one can observe the relaxation and recrys-

tallization dynamics of a dust cluster on the microscopic, kinetic level [203]. We applied

such a heating scheme for finite 3D dust clouds consisting of N = 19 and N = 36 particles.

Both clusters were confined at a neutral gas pressure of 8 Pa, resulting in an Epstein fric-

tion coefficient of ν = 21 s−1 [129]. This corresponds to moderately damped dust clouds

with ν/ω0 = 0.9−1.1 [A8], [A9]. The dust ensembles were laser heated for a short duration

of about ∆t = 1 s before the laser beams were suddenly switched off. Using momentary

data as an input, one can calculate the time-dependent Coulomb coupling parameter Γ(t),

see Eq (2.4). Charge and Wigner-Seitz distance are assumed to be constant during heating

and subsequent recrystallization, whereas Γ(t) is sensitive mainly to changes in the ther-

mal energy kBT (t). To derive the thermal energy, the relation (3/2)kBT (t) = (1/2)mv2(t)

is used. Here, v(t) is the absolute value of the 3D velocity. To enhance statistics, v(t)

was averaged over ten consecutive frames and the particle ensemble. Additionally, the

recrystallization experiments were repeated several times in the same manner [A8]. A

typical result is shown in Fig. 4.4 (a) and (b) for N = 36, where the dust cluster is fluid

while heated (for N = 36, one gets Γfluid = 40± 6 [A8]) and relaxes into a solid structure

after laser heating.

4.4.2 Recrystallization dynamics and correlation buildup

For convenience, the recrystallization process is timed to start at t = 0 s, here. The initial

phase of recrystallization up to ∆t = 0.3 s follows an exponential growing law [51] with the

time constant τrc, see Fig. 4.4 (c). This initial phase was found to be fairly robust for all

individual recrystallization experiments. We have shown that the cooling rate estimated

from this initial stage of recrystallization is significantly lower than damping by the neutral
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gas τrc/ν ≈ 0.25, see Table 4.1. These observations stand in contrast to previous findings

for 2D dust systems [51, 202, 203], but confirm recent simulations of the crystallization

behavior of 3D confined Yukawa plasmas at moderate damping rates [93, 96]. In the range

0.3 s < t < 1 s, the coupling parameter increases further, but with a moderate slope. As

can be seen from the inset of Fig. 4.4 (c), Γ(t) oscillates toward its equilibrium value, which

is Γcrystal = 440 ± 37 for the N = 36 cluster, at later times (t > 1 s). Oscillations of Γ(t)

were observed only for some of the recrystallization experiments in this stage [A8], [A9].

Tab. 4.1: Cooling rate τrc, normalized cooling rate τrc/ν and correlation rates for the correla-

tion buildup of ground (τc,gs) and metastable state clusters (τc,ms) for N = 36 and N = 19.

Reprinted from [A8].

N τrc (s−1) τrc/ν τc,gs (s−1) τc,ms (s−1)

36 5.16 ± 1.28 0.25 ± 0.06 4.2 ± 2.78 3.61 ± 2.64

19 5.19 ± 2.30 0.25 ± 0.11 2.53 ± 0.54 3.63 ± 0.54

Analogous to the estimation of Γ(t), the potential and the interaction energy of the

finite dust clouds, i.e. the first and second sum in Eq. (2.2), can be computed using

instantaneous particle positions #»r (t). We could reveal that the energy in the system

shows pronounced fluctuations when the dust clusters are heated and that both energy

terms perform damped oscillations toward their equilibrium value when the system re-

crystallizes [A8]. The temporal evolution of the coupling parameter and the evolution

of the energy coincide. Because of the finite size, individual cooling paths might be ac-

countable whether the dust cluster sediments into a ground or a metastable state after

heating [81, 82, 158]. We could show that a large fraction of states after heating is in

metastable states (for N = 36, one finds 30%). The heating lasers provide sufficient

amount of energy to achieve a metastable state, which is locked due to friction [82].

To assess the correlation buildup during recrystallization, the pair correlation function

g(r, t) = 〈δ( #»r − #»r ij(t))〉 can be computed (with normalization
∫
g(r)dr = 1). Peaks

in g(r, t) indicate correlations at certain distances r at time t. An inverted parabola

fitted to the nearest neighbor peak of g(r, t) serves as a measure for these correlations.

The reversal point of the parabola then corresponds to the magnitude of the correlation

whereas the parabolas’ width can be interpreted as a quantity that indicates localization

of the particles. The time-dependent correlation peak that is shown in Fig. 4.4 (d) follows

an exponential trend during recrystallization. We have worked out that these exponential

behavior was found up to times t = 1 s, which is larger than the corresponding exponential

growth of the coupling parameter. Additionally, the correlation buildup in both ground

and metastable states occurs on even slower time scales than cooling of the coupling

parameter, see Table 4.1. This stems from the fact that the shells itself emerge fast and

thus strongly alter Γ(t), but the individual ordering of the particles within the shells, which

mainly affect g(r, t), takes place on a slower time scale. The intra-shell ordering with its

only minor adjustments leave Γ(t) unaffected, but have a strong impact for g(r, t) [A8].

Laser heating experiments on 3D dusty plasmas allow to study recrystallization pro-
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Fig. 4.4: (a) Trajectories of a laser heated N = 36 dust cluster confined at 8 Pa and 3.8 W

rf power over a time span of 0.9 s. (b) Trajectories of the same cluster after switching off the

heating over a time span of 1 s. The particles’ velocities are color coded, where darker color

indicate lower velocities. (c) Temporal evolution of the Coulomb coupling parameter Γ for a

N = 19 dust cluster (grey squares) and a N = 36 cluster (red diamond). In the inset, the

coupling parameter for N = 36 is depicted in linear scale in the range 0.7 s < t < 2.5 s together

with the equilibrium value (dotted line). (d) Time-dependent nearest neighbor peak of the

pair correlation function g(r, t) for N = 36 and N = 19 where the solid line represents an

exponential fit of the nearest neighbor peak for N = 36. In the inset, the temporal evolution

of the curvature of the nearest neighbor peak for the N = 36 cluster is shown. In (c) and

(d) averaged results are imaged. (e) Sketch of the heating laser trigger scheme. Reprinted

from [A8].

cesses on the kinetic level. From these experiments, we have found that the emergence of

coupling and the correlation buildup in finite 3D dust clouds occur on time scales slower

than friction by the neutral gas [A8].
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Summary

During the past decade, various physical properties of the Yukawa ball, like structure and

energy states, were unraveled using experiments. However, the dynamical features served

further attention. Therefore, the main aim of my thesis was to investigate and under-

stand how a finite system–represented by Yukawa clusters–evolves from a solid, crystalline

structure to a liquid-like system, how it behaves in this phase and in what manner the

reordering back into the solid state can be described. As a method of choice to reach

this goal, laser heating has been proven successful. Moreover, the special importance of

wakefields for dust clusters confined at low neutral gas pressure was addressed.

Melting of finite dust clouds can be induced in two ways, either by altering the properties

of the ambient plasma or by laser heating. The latter was shown to be a generic melting

scenario, allowing to estimate a critical coupling parameter at the melting point. Moreover,

the melting transition of finite 3D dust systems was found to be a two-step process where

angular order is lost before the radial order starts to diminish at higher energies [155].

Next, the mode dynamics of finite 3D dust ensembles in the solid and the fluid phase

was studied. Crystal and fluid modes revealed the main spectral properties of the system.

The normal modes are mainly suited to describe crystalline states. Fluid modes were

excited naturally and via laser heating, with excitation frequencies almost independent of

the coupling parameter in the solid and the liquid-like regime [94, 95]. Tuning the plasma

parameters can be used to vary the particle-particle interaction via the ion focus. Both

methods, even though assuming equilibrium situations, allowed to hint at these wakefields.

The corresponding peaks in the fluid and normal mode spectra were no eigenmodes, con-

firming the nonequilibrium character of the ion focusing effect. First steps to extend the

normal mode theory to achieve the dynamics of wake-affected nonequilibrium dust clusters

were presented.

Statistical quantities were obtained evaluating long-run experiments and transport co-

efficients for finite dust systems were calculated via the instantaneous normal mode tech-

nique, see e.g. Ref. [231]. Diffusion was found considerably higher for 3D than for 2D dust

clusters. Using the configurational entropy, we have shown that in 2D and 3D disorder

increases with increasing size of the system, in agreement with simulations [239]. The

temperature dependence of the configurational entropy differs for 2D and 3D dust clouds,

with a threshold behavior found for finite 2D ensembles only. Finally, using instantaneous

normal modes to reveal the total fraction of unstable modes, the predictive connection of

Keyes between transport and disorder [225] was tested and verified for 2D, but not for 3D

clusters. The reason for this has to be left open.
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Finally, laser-mediated recrystallization processes of finite 3D dust clouds were inves-

tigated. First, the temporal evolution of the Coulomb coupling parameter was traced

during heating and recrystallization. A cooling rate has been determined from the initial

phase of recrystallization [51]. This cooling rate is lower than damping by the neutral

gas, in agreement with simulations [93]. We have observed a large fraction of metastable

states for the final cluster configurations. Further, we have revealed that the time scale for

the correlation buildup in the finite 3D ensemble was on even slower scales than cooling.

Thus, different time scales can be attributed to the fast emergence of the shells and to the

slower individual ordering within the shells.

Outlook

There are many directions for future work. Regarding the fluid mode technique, it would

be charming to selectively excite fluid modes as an alternative route to heat dust ensembles.

First experiments in that direction were already performed using an electrical manipulation

of the dust clusters [250]. Beside that, the fluid mode theory needs an extension to account

for wakefields and hence to handle more realistic plasma conditions. Moreover, the non-

equilibrium character of wake-affected dust systems makes them interesting for the field

of stochastic thermodynamics [251].

The focus of this thesis lies on relatively small systems with N < 100. However, whether

shells emerge first at the center or the boundary during recrystallization is still an open

issue [93]. To circumvent the requirement to measure all particles in a cluster with large

particle number, the usage of tracer particles is recommended [206, 252]. Large crystalline

3D Yukawa systems are only little explored in general. It is expected from simulations

that a transition from shell to a bulk ordering occurs with increasing cluster size [186].

Other types of particle-particle interaction are worthwhile to study with respect to their

different types of pattern formation, too. One approach to alter the interaction can be the

use of non-spherical particles or binary mixtures [189, 253–256].

Dusty plasmas share a lot with the field of colloidal suspensions [19]. Both research

areas could complement each other further. With using optical tweezers, it would be

interesting to study frustrated crystallization of dust clusters as recently reported for 2D

colloids [257]. Contrary, the dynamical properties of colloidal clusters could be revealed

using the INM technique. First results in that direction are expected to be available in

the near future.
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The experimental melting transition of finite two-dimensional dust clusters in a dusty plasma is

analyzed using the method of instantaneous normal modes. In the experiment, dust clusters are heated

in a thermodynamic equilibrium from a solid to a liquid state using a four-axis laser manipulation system.

The fluid properties of the dust cluster, such as the diffusion constant, are measured from the instantaneous

normal mode analysis. Thereby, the phase transition of these finite clusters is approached from the liquid

phase. From the diffusion constants, unique melting temperatures have been assigned to dust clusters of

various sizes that very well reflect their dynamical stability properties.

DOI: 10.1103/PhysRevLett.108.225001 PACS numbers: 52.27.Lw, 64.60.an

Phase transitions in finite systems (‘‘clusters’’) generally
differ from those of bulk matter. Nevertheless, solid and
liquid ‘‘phases’’ in finite systems can be successfully iden-
tified analogously to bulk matter [1]. Hence, the under-
standing of melting transitions in such finite clusters allows
an insight into bulk phase transitions or the behavior of
finite systems in general. A paradigm for finite systems are
clusters of trapped charged particles, such as ions in traps
[2], electrons on liquid helium [3], electrons in quantum
dots [4], or charged microspheres in a plasma discharge:
so-called dust clusters [5–8].

The thermodynamic quantities of finite clusters (e.g.,
specific heat) do not show sharp transitions [9], which
makes it difficult to distinguish a solid from a liquid phase.
However, upon heating, Lindemann-like fluctuations of the
particles around their equilibrium position start to grow
[10–15] until the ordered arrangement of particles in the
cluster is lost. In finite two-dimensional (2D) systems, the
loss of order occurs in two steps starting with a loss of
orientational correlation and followed by a loss of radial
correlation. Attempts have been made to assign criteria for
the melting point from the particle configurations and their
fluctuations [10,16]. In all these approaches, the phase
transition is assigned to a loss of structural properties of
an ordered particle arrangement.

In contrast, it might be advantageous to judge the system
from the liquidlike side of the transition. A phase transition
to the solid phase may then be assigned when the liquid
properties are lost. For that purpose, the method of instan-
taneous normal mode (INM) analysis provides an interest-
ing description of the liquid behavior [17–21] especially
for the case of supercooled liquids or liquids near freezing.
For extended liquids, the INM analysis has been used to
derive diffusion constants or solvation properties.

In this INM analysis, the frequencies of the instanta-
neous normal modes!� are obtained from the eigenvalues

of the dynamical matrix at any instant of time, which are
either real or imaginary. The resulting density of states

�ð!Þ ¼
�X

�ð!�!�Þ
�

(1)

is the averaged distribution of the normal mode frequencies
with the normalization

R
d!�ð!Þ ¼ 1. The total density of

states can be split into the stable part �sð!Þ with real !�

and the unstable part �uð!Þ with imaginary !�. In an
instantaneous energy landscape of the liquid, real values
of!� belong to potential wells in which the particles of the
liquid can oscillate around their current equilibrium in the
cage of the nearest neighbors. Imaginary values of !�

represent the potential hills that separate the minima.
Now, especially the unstable part �uð!Þ provides detailed
information of the liquid behavior since the the thermal
energy drives configurational transitions to take place over
these potential hills. The unstable part of the density of
states is closely related to liquid properties, such as the
diffusion constant D. This can be understood because the
crossing over the potential barriers characterizes the tran-
sient behavior of the liquid.
In this Letter, we will determine the phase transitions of

a large number of charged-particle clusters in a dusty
plasma, which are thermodynamically heated by lasers.
We adapt the INM analysis to finite dust clusters to derive
liquid transport constants, such as the diffusion constant.
From the diffusion constants, the solid-liquid phase tran-
sition is approached from the liquid side, and freezing
temperatures are derived and compared to the stability
properties of the cluster arrangements.
The experiments have been performed in a dusty plasma

where plastic microspheres are trapped in a gaseous dis-
charge plasma (see Refs. [5,6,8,22,23]). The plasma was
ignited in argon at a gas pressure of 7 Pa using a radio-
frequency discharge (fRF ¼ 13:56 MHz) at a power of
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3W. In this plasma, a small numberN of microspheres was
trapped to form two-dimensional finite dust clusters. The
microspheres were 12:26 �m melamine-formaldehyde
grains with a mass of m ¼ 1:5� 10�12 kg. The spheres
attained a negative charge of Z ¼ 21 900� 2000 elemen-
tary charges due to the continuous inflow of plasma elec-
trons and ions. Vertically, the particles are trapped in a
monolayer due to the strong confinement provided by
gravity and electric fields in the space charge sheath. For
horizontal confinement, the electrode has a very shallow
spherical depression. The likewise curved equipotential
planes trap the microspheres horizontally in a harmonic
confinement of trap frequency !0 ¼ 6:4� 1:0 s�1. The
particle motion is recorded with high-resolution CCD
cameras at a frame rate of 60 frames=s which is decisively
faster than the typical plasma (Debye) frequency of

the cluster !pd ¼ ðZ2e2=ð��0mb3ÞÞ1=2 ¼ 15 s�1 with the

elementary charge e, the dielectric constant �0, and the
interparticle distance b ¼ 1:1 mm.

The dust clusters are heated by an in-plane four-axis
laser system [24] where the laser beams randomly ‘‘kick’’
the microspheres on both horizontal axes in both directions
by radiation pressure forces. The random process of laser
‘‘kicks’’ is chosen in such a way that the kinetic energies of
the microspheres are isotropic with a nearly Maxwellian
velocity distribution. Hence, the particles gain a tempera-
ture T in a true thermodynamic sense [24].

The experiments shown here have been performed on
dust clusters with N ¼ 19–50 particles. Here, 10–20 runs
at different temperatures have been realized for each clus-
ter. Each run covers an observation time of 250 s (corre-
sponding to 15 000 frames), which is long enough to allow
for a large number of slow configurational changes in
the liquid phase. As an example, Fig. 1 shows the trajecto-
ries of the particles in the N ¼ 19 dust cluster for three
different heating temperatures. Together with the trajecto-
ries, the INM density of states � is shown for these
temperatures.

To calculate the INM, the instantaneous experimental
positions of the particles in each frame have been used. For
the dynamical matrix the particles are, as in the experi-
ment, assumed to be trapped in a harmonic 2D confinement
potential and to interact via a shielded Yukawa (Debye)
potential. The dynamical matrix is fully determined
by a single experiment parameter: the screening strength

� ¼ r0=�D defined as the spatial scaling r0 ¼
ð2Z2e2=ð4��0m!2

0ÞÞ1=3 in units of the shielding (Debye)

length �D [15]. Here, a fixed value of � ¼ 1 has been
used as determined from previous experiments [7,23].
The 2N eigenfrequencies (either real or imaginary) in all
the 15 000 frames then constitute the density of states �.

It is seen from the trajectories that the cluster develops
from an unordered arrangement (‘‘liquid state’’) at the
high temperature, where frequent intershell transitions
occur, to an ordered arrangement (‘‘solid state’’) at low

temperature. At the medium temperature the excursions of
the innershell particles start to overlap, indicating the onset
of loss of angular order, and a few intershell transitions are
recognized.
The density of states reflects this behavior. For the low-

est temperature, � shows a very peaked structure, indicat-
ing that only certain modes at specific frequencies can
occur in this ordered state. This state density very much
resembles that found for the solid ground state [25,26]
except for the small unstable part. For higher temperatures,
a more continuous mode spectrum �ð!Þ is found, reflect-
ing the disordered arrangement. As mentioned above, es-
pecially the unstable part of the state density �u reflects the
liquid behavior. The unstable part (plotted here, as usual,
on the negative frequency axis) becomes much broader
with increasing temperature. Also, the fraction of unstable
modes compared to the total density increases from about
2% at T ¼ 1600 K to about 8% at T ¼ 43 240 K. These
findings already qualitatively demonstrate the change from
a solidlike to a liquidlike cluster.
Now, to quantitatively address the liquid state of these

clusters, liquid transport properties are determined from
the INM modes. As the most important transport coeffi-
cient in a liquid, the diffusion constantD is presented here.
The diffusion constant is derived from the relation [18,20]

D ¼ kBT

m

Z
d!�ð!Þ 	h

1þ 	2h!
2
; (2)

where 	h is the average waiting time that is associated with
the transition across potential barriers to other local min-
ima in the momentary many-body potential surface of the

FIG. 1 (color online). Density of states � of the dust cluster
with N ¼ 19 at three different temperatures achieved by laser
heating. The different curves are vertically shifted by 0.5 for
clarity. As usual, the unstable part �uð!Þ with the imaginary
eigenfrequencies is plotted as �uðj!jÞ on the negative frequency
axis. Corresponding trajectories of the cluster particles over
250 s are also shown.
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liquid (see also [27]). Following the method of
Vijayadamodar and Nitzan [20], the corresponding hop-
ping frequency 	�1

h is given by

	�1
h ¼ c

Z
d!�ð!Þ !

2�
A exp

�
�B

!2

kT

�
; (3)

where c � 3 is associated with the different possibilities of
escape routes from a potential minimum [28]. The parame-
ters A and B are obtained, with an error of about 2%, from
fitting �uðj!jÞ=�sð!Þ to the function A expð�B!2=kTÞ.
As shown in the inset of Fig. 2, this functional form very
well fits the behavior of �uðj!jÞ=�sð!Þ from the experi-
ment at all temperatures except the very lowest, where we
expect the cluster to be in the solid state. These fits are
given for the N ¼ 19 cluster close to the freezing point
(T ¼ 6700 K) and in the liquid regime (T ¼ 14 590 K and
43 240 K, respectively).

The so-determined diffusion constants are shown in
Fig. 2 for the 19- and 20-particle cluster as a function of
cluster temperature. It is seen that the diffusion constant
increases roughly linearly for both clusters above a thresh-
old temperature. The diffusion constant takes values up to
D ¼ 6� 10�9 m2=s. For extended 2D systems under
similar conditions, values in the range D ¼
10�9–10�7 m2=s [29–31] were reported. These values
are in the range of those we find here for our finite systems,
and especially the diffusion constants given by Vaulina
et al. [29] match our results very well.

It is seen that the same magnitude of the diffusion
constant is reached for the 19-particle clusters at higher

temperatures. This reflects the higher stability of this clus-
ter compared to the 20-particle cluster. The 19-particle
cluster has a ground state configuration (1,6,12) with 1
particle in the center, 6 in the inner ring, and 12 in the outer.
This is a ‘‘magic number’’ configuration due to the com-
mensurate number of particles in the inner and outer ring
with a high structural and dynamical stability. In the ex-
periment, at the very low temperatures the 19-particle
cluster happened to be in a metastable (1,7,11) configura-
tion that has a low structural and dynamical stability due to
the incommensurate particle numbers. However, upon la-
ser heating the cluster ‘‘snapped’’ back into the more stable
(1,6,12) configuration (see structures in Fig. 1). The
20-particle cluster has throughout a (1,7,12) configuration
with incommensurate particle numbers and, hence, very
low stability [6,23,25].
It should be noted that the hopping frequencies deter-

mined in this calculation are of the order of 	�1
h ¼ 0:1 Hz

for N ¼ 19 and 	�1
h ¼ 1:5 Hz for N ¼ 20 at the highest

temperatures. This is of the order of the frequency of inter-
shell transitions seen in the trajectories (compare Fig. 1).
It is now very tempting to extrapolate the diffusion

constants acquired by INM to D ! 0 to identify the freez-
ing point, thereby assuming that in the solid regime the
diffusion constant is much smaller than in the liquid.
Hence, the freezing transition temperature is approached
from the liquid phase of the cluster, here. In doing so [32],
we find TM ¼ 1650� 550 K for N ¼ 20 and TM ¼
6700� 2200 K for N ¼ 19, again reflecting the higher
stability of the 19-particle cluster.
The so-determined melting temperature lies, for the

N ¼ 19 cluster, in a range where quite noticeable angular
excursions of the particles are seen but where no angular
transitions occur yet (compare Fig. 1). For the N ¼ 20
cluster the melting temperature is found where angular
transitions just have started to occur. Hence, the INM
analysis of the liquid properties of finite charged-particle
clusters seems to relate the solid-liquid phase transition to
the loss of angular order of these clusters.
We have repeated these heating experiments and the

INM analysis for a large number of clusters with different
particle numbers between N ¼ 19 and N ¼ 50. In each
case the diffusion constants as a function of temperature
are determined, and then the melting temperatures are
derived by extrapolating to D ! 0. The so-determined
melting temperatures are shown in Fig. 3. It is seen that
the melting temperature decisively depends on the exact
particle number. A big variation of melting temperature is
seen for the most prominent pair of N ¼ 19 and 20, as
discussed above. Relatively high melting temperatures
are found for N ¼ 22, 25, and 29 and relatively low
temperatures for N ¼ 21, 23, and 26. The Coulomb cou-
pling parameter at melting �M ¼ Z2e2=ð4��0bkBTMÞ
ranges from �M ¼ 900 (for N ¼ 21) to �M ¼ 5500 (for
N ¼ 19). Values in this range might be expected

FIG. 2 (color online). Diffusion constant D as a function of
cluster temperature for both the N ¼ 19 (circles) and N ¼ 20
(squares) particle clusters calculated from INM. The symbol size
approximately corresponds to the errors in D (for fixed c). The
dashed lines indicate a linear fit to the INM data to determine the
melting temperature. The inset shows the ratio �uðj!jÞ=�sð!Þ as
a function of !2 for N ¼ 19 together with the best exponential
fit.
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when taking into account finite size effects [9] and
screening [33].

The assignment of a single freezing temperature cer-
tainly is to be taken with care since the melting usually is a
two-step process (angular and radial melting) and might
also differ between the different shells of the cluster
[10,25]. Hence, to judge the quality of the above-described
freezing temperature, we compare with stability criteria
obtained from simulations in Ref. [25]. These authors have
shown that the mode with the lowest eigenfrequency de-
termines the stability of the cluster. For small clusters, this
lowest-frequency mode usually corresponds to intershell
rotation, for larger to vortex-antivortex motion. Here, the
frequency of the lowest-frequency mode !min is given in
comparison to the melting temperatures in Fig. 3.

It is seen that the melting temperature derived from the
INM diffusion constants qualitatively matches the behav-
ior of the minimum excitation frequency !min. The high
freezing temperature of theN ¼ 19 cluster goes along with
a high excitation frequency and, hence, a high stability
against perturbations. In the same way, the N ¼ 20 system
has a low freezing temperature and a low excitation fre-
quency. Our freezing temperatures obtained from INM
correlate well with the minimum excitation frequency for
all particle numbers. For larger clusters, N ¼ 34 and 50;
however, the correspondence is not as close as for the
smaller clusters. This is due to the fact that the configura-
tion realized in the experiment does not correspond to the
ground-state configuration of the simulation with pure
Coulomb interaction. Consequently, also the minimum
excitation frequency from the simulation will not exactly
correspond to the experimental situation. Nevertheless, the
freezing temperatures determined here are very well re-
lated to the minimum excitation frequencies.

In conclusion, our controlled laser-heating experiments
together with the described analysis opens up new

possibilities to study the fluid properties of charged-
particle clusters in terms of reliable diffusion constants,
hopping rates, and melting temperatures. These now allow
us to address the solid-fluid phase transition from the fluid
state and to determine the point where the liquid properties
are lost. This is complementary to the usual approach
where one is interested in identifying the loss of order.
Another advantage of INM lies in the fact that all 2N
eigenfrequencies !� in each time step enter the analysis
whereas in other methods, e.g., using distance fluctuations
[16], only a single parameter is calculated from the con-
figuration in each time step, thus requiring a much longer
time series for the same statistics. Hence, this method is
capable to determine the stability of finite clusters from
experiments, allowing us to reveal detailed insight into the
phase transition behavior of finite systems and to character-
ize fluid finite systems.
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Phase transitions of finite systems of charged microspheres trapped in a gaseous discharge plasma in two-
dimensional and three-dimensional arrangements are investigated. Novel experimental techniques to drive
phase transitions in these dust clusters as well as advanced theoretical concepts to quantitatively characterize
these transitions are presented.

1 Introduction

Finite systems of charged microspheres (“dust clusters”) trapped in a gaseous plasma discharge provide a deep
insight into the dynamical behavior of (finite) strongly-coupled systems in general [1] and of complex plasmas
in particular [2]. Such dust clusters consist of a small number of microscopic particles (N < 1000, say) that are
charged by the inflow of the plasma species and that can be confined by plasma forces in different geometries
[3–8]. The motion of the particles can be studied by video microscopy with high spatial and temporal resolution
allowing the determination of the dynamics of individual particles on a kinetic level. Hence, these systems are
particularly suited to study solid-liquid phase transitions both experimentally and theoretically.

Upon heating, finite systems, in general, show increasing fluctuations of the particles around their equilibrium
positions which can be interpreted as a solid-liquid phase transition similar to bulk matter [9]. However, the
melting of finite systems is usually characterized by a two-step process where first the orientational order is
destroyed, followed by a loss of radial correlation at higher temperatures [10, 11]. Also, the thermodynamic
properties associated with a phase transition, such as the specific heat, generally do not show a sharp transition
making it thus difficult to assign a distinct melting temperature [12, 13].

Therefore, on the one hand, dedicated experiments are required in which the finite dust clusters are heated from
the ordered to a disordered, liquid state. The kinetic properties of the individual particles during phase transition
are to be resolved on the level of individual particles. On the other hand, reliable theory-based measures have
to be developed to adequately describe the phase transition behavior. The combination of experiment and theory
then allows for a detailed insight into the phase behavior of finite charged-particle systems.

Here, we describe different methods to achieve particle heating and solid-liquid transitions of dust clusters
together with the detailed analysis of the transition. In the experiment, we drive phase transitions by variation
of plasma properties, by sheared neutral gas flows, or by laser-heating of the microspheres. Different cluster
geometries can be realized, e.g. flat two-dimensional (2D) or spherical three-dimensional (3D) clusters. Corre-
spondingly, theoretical concepts, such as the triple correlation function (TCF) or the variance of the interparticle
distance fluctuation (VIDF), have been developed that allow us to characterize such a phase transition quantita-
tively.
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2 Theoretical Concepts

Dust clusters are usually characterized [1] as a finite charged-particle system trapped in a harmonic confinement
with a (ground-state) energy

E =
1

2
mω2

0

N∑

i

r2i +
Z2e2

4πε0

N∑

i<j

exp(−rij/λD)

rij
, (1)

where ri is the position of particle i relative to the trap center and rij is the distance between particles i and j.
The dust mass is denoted by m, the dust charge number by Z. Further, e is the elementary charge and ε0 the
vacuum permittivity. The first term describes the potential energy in the confining potential of strength ω0 and
the second term is the Coulomb repulsion between the particles including shielding by the ambient plasma with
the Debye shielding length λD. Such a finite system is fully characterized by the dimensionless parameters

Γ =
Z2e2

4πε0r0kBT
and κ = r0/λD (2)

where κ is the screening strength and Γ is the coupling parameter describing the Coulomb energy of nearest
neighbors with a typical particle separation r0 = (Z2e2/(4πε0mω2

0))
1/3 in units of the thermal energy kBT .

Numerically, the thermodynamic equilibrium properties of such an ensemble of N particles at a temperature
T is adequately determined from Monte Carlo (MC) simulations where the probability distribution is sampled
according to the Boltzmann factor exp(−E/kBT ) by means of the Metropolis algorithm [1]. While in extended
systems a transition from a liquid to a solid state is associated with Γ exceeding a distinct critical value Γc

that depends on the screening strength [14, 15], in finite systems Γc also strongly depends on the exact cluster
configuration [10, 16], but generally increases with reduced particle number N [12].

Fig. 1 Scheme to determine the triple correlation function (TCF). False-color representation of the TCF for a N = 53-cluster
obtained from MC simulations for different coupling strengths.

To characterize melting, the excursions of the particles in the cluster are usually derived from the interparticle
distance fluctuation (IDF, Lindemann-like criteria see e.g. [13])

urel =
2

N(N − 1)

N∑

i≤j

√
〈r2ij〉
〈rij〉2

− 1 . (3)

For extended systems, the IDF shows a distinct jump at the solid-liquid transition. For finite systems, however,
urel shows a continuous increase over a wide temperature range [11]. Rather than using the IDF itself, we have
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followed the the approach of Ref. [13] to use the variance of the IDF (VIDF) averaged over blocks of the entire
time series (of block length M ) according to σurel

= K−1
∑K

s=1(〈urel(s)
2〉 − 〈urel(s)〉2)1/2, where urel(s)

is the IDF calculated over a block of length M and K is the number of blocks in the total time series. From
simulations, the VIDF is found small in the solid and liquid state, but has a pronounced peak during melting.
Hence, the VIDF can serve as a good indicator for the phase transition, but requires a very long time series of the
particle positions (more than 106 time steps).

Further, we have developed a method based on the triple correlation function that simultaneously captures
the orientational and radial order in a cluster and fully describes the configurational correlation [17]. Here,
g(r1, r2, φ) is the probability to find one (reference) particle at a radius r1 relative to the cluster center and
another particle at a radius r2 with an angle φ between the two radius vectors (see Fig. 1). By averaging over the
reference particles at r1 (here, we usually have chosen to select particles of the inner shell as reference particles)
the TCF ḡ(r2, φ) is obtained, from which the cluster structure can be analyzed beyond the pair correlation.

As an example, the TCF is shown in Fig. 1 for a 3D cluster with N = 53 particles for different coupling
strengths Γ at moderate screening (κ = 1). Such a cluster has two shells with 12 particles in the inner and 41
particles in the outer shell. At high values of Γ (in the solid regime) the TCF shows pronounced peaks at the
distinct radii of the two shells (r2/r0 = 1.1 and 2.2) and at distinct angles (φ = 60◦ and 120◦ in the inner shell)
reflecting the ordered cluster structure. With decreasing Γ (increasing temperature) first the distinct angular order
vanishes (Γ ≈ 100) before the radial order ist lost at even lower Γ ≈ 10. This demonstrates that the structural
transitions in finite clusters can be nicely captured by the TCF.

These tools have been developed based on numerical thermodynamic simulations to be directly applicable
also to experimental situations.

3 Experimental Heating Mechanisms

Typically, the experiments have been performed in parallel plate radio-frequency (rf, 13.56 MHz) discharges. The
discharges are operated in argon at gas pressures between 1 and 100 Pa at rf powers between 1 and 10 W. The dust
grains trapped in the discharge are either monodisperse plastic microspheres with diameters chosen between 4 and
15 μm or glass hollow microspheres of 20 μm diameter. The particles attain high negative charges of the order
of thousands or a few ten thousands of elementary charges. The screening strength in these clusters is generally
found in the range κ = 0.5 to 1.5 [18,19]. The particles are illuminated by lasers and the scattered light is recorded
with high-speed video cameras at frame rates of 50 to 200 frames per second (fps), typically [18, 20–23].

Two-dimensional dust clusters are trapped in the sheath of the discharge, where gravity and electric field force
provide a strong vertical confinement. For horizontal trapping, an electrode with a shallow parabolic depression
is used. The equipotentials provide a 2D harmonic confinement for the particles. There, the particles arrange in
nested rings [3, 4, 23–25]. These 2D clusters are observed form the top by a single high-speed camera.

Three-dimensional clusters are trapped inside a glass box placed onto the lower electrode. The glass box
provides inward electric forces on the negative dust grains. To compensate the gravitational force an upward
thermophoretic force is applied by heating the lower electrode. The combination of all forces provides a 3D
harmonic confinement [26]. There the particles arrange in nested spherical shells, so called Yukawa balls [7,
18, 20]. For the observation of the 3D clusters a stereoscopic camera setup [20] or (stereoscopic) digital inline
holgraphy is used [21].

In the experiments, the particle motion is recorded with high spatial and temporal resolution to reveal the
kinetic properties of all particles individually. In the following, different experimental melting scenarios for
small dust clusters with particle numbers up to N = 100 in 2D and 3D are presented.

3.1 Shear Melting by Rotating Neutral Gas

First, phase transitions in 3D dust clusters can be driven by a sheared gas rotation. Here, the 3D cluster is formed
from the glass microspheres of 20 micron diameter at a gas pressure of 3 Pa. In this experiment, the upper
electrode consists of a rotating metal disk. The rotating disk sets the neutral gas background into rotation where
the angular rotation speed of the gas decreases from the rotating disk towards the bottom electrode [27]. Hence,
the dust particles at the top and at the bottom of the dust cluster experience different gas speeds leading to a
differential torque between lower and upper particles.
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Fig. 2 Particle trajectories over ten seconds induced by the sheared neutral gas rotation due to the rotating upper disc.
Rotation frequency of the upper disc: a) f = 0, b) f =7 Hz, c) f =12 Hz.

Figure 2 shows the melting process due to the sheared gas rotation. At low disk rotation speeds, i.e. low shear,
the cluster (slowly) rotates as a whole (see Fig. 2 b). With increasing speed a shear melting of the dust cluster
is induced (Fig. 2c). Here, besides the rotation of the complete cluster exchanges of particles between different
cluster shells can be observed. These particle exchanges are interpreted as a sign of a phase transition.

Shear melting is a novel tool for dusty plasmas, but is also a topic of high interest in the community of colloidal
suspensions [28, 29]. Hence, such a shear melting scenario opens up a new path to investigate phase transitions
in these finite dust systems and provides a bridge to colloids.

3.2 Non-equilibrium Melting by Change of Plasma Properties

Second, we have demonstrated that 3D dust clusters undergo a melting transition from a solid-like arrangement
to a liquid-like arrangement by a change of plasma properties such as the variation of plasma power or neutral
gas pressure [22]. Similar behavior has long been known for multilayered 2D systems [30–34].

As an example, a 3D cluster that is melted by increasing the plasma power is shown in Fig. 3. This cluster con-
sists of 4.86 μm diameter plastic microspheres in a discharge at a gas pressure of 4.1 Pa. Starting from a solid-like
arrangement, the particles perform growing excursions around their equilibrium with increasing plasma power
until a liquid-like arrangement is achieved. At low plasma powers distinct shells can be seen, at higher power
intershell transitions start to occur. Hence, the cluster undergoes a transition from an ordered to a disordered
structure. This phase transition has been more closely inspected in Ref. [22] using the TCF and IDF.

Fig. 3 Melting by variation of plasma power. In a)-c) to the plasma power is increased from 1 W to 1.7 W and to 3.3 W.

The physical origin of the particle heating with increased plasma power is quite subtle. In experiments at low
gas pressures the ions streaming through the dust cluster form a region of enhanced positive space charge in the
wake of the dust particles [35–38], see also [39]. The presence of the ion wake is recognized by the establishment
of vertically aligned chains of particles in the cluster [21, 40] and can be measured by direct laser-manipulation
of a pair of particles [21, 41]. Hence, in addition to the purely repulsive interaction in Eq. (1), an attractive force
component is provided by these streaming ions. Moreover, this alignment can become unstable and can then
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effectively transfer energy from the ion motion to the dust particles [35]. With increasing plasma power, the
effect of the ion wake is increased, eventually leading to the melting of the dust cluster [42].

It should also be noted that the ion streaming motion not only has an influence on the cluster structure, but also
on the charge of the particles. In simulations [37, 43] and precision experiments [44], the directed ion stream has
been found to shift the negative particle charge towards more positive values which makes this melting scenario
even more complex [39].

In conclusion, the melting transition by increasing the plasma power is instability-driven. Hence, such plasma
parameter-driven transitions are paradigmatic for non-equilibrium melting scenarios [42].

3.3 Near-Equilibrium Melting by Laser Heating: 3D

To realize a heating process that is closer to a thermodynamic equilibrium 3D dust clusters are heated by manipu-
lation lasers. There, a laser beam is randomly swept over the cross section of the cluster from one direction [22].
The laser pushes the particles by radiation pressure forces and thus adds kinetic energy to the dust particles. By
randomly sweeping the laser beam over the cluster random “kicks” to the particles are exerted and heating is
mimicked [45].

Fig. 4 Melting by variation of laser power for a cluster with N = 53. Particle trajectories for a laser power of a) 0 mW, b)
90 mW and c) 400 mW. The corresponding triple correlation functions are shown in d), e), f). The averaged g) angular g(φ)
and h) radial correlation g(r) with increasing laser power.

Here, the melting of a two-shell 3D cluster with N = 53 particles is demonstrated (as above, this cluster is
formed from 4.86 μm particles at a gas pressure of 4.1 Pa) using a pair of opposing heating laser beams which
is a refinement of the previous experiments described in Ref. [22]. By increasing the laser power, the amount of
heating is increased and melting is achieved [see Fig. 4a)-c)]. For low laser heating power the cluster remains in
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a solid-like arrangement, as seen from the particle trajectories. Stronger random excitation of particle motion is
excited at higher laser power where then frequent intrashell and intershell particle exchanges are seen. Hence,
the cluster is driven into the liquid regime.

The laser-heating in this setup takes a step towards equilibrium heating: The particle velocities are found to
approach a Maxwellian distribution for all particles. However, there still is an overpopulation at small particle
velocities indicating that at a given time some particles might not be heated effectively. Further, the energy
transfer is, as might be expected, more efficient in the direction of the laser beams than in the perpendicular
directions [22]. Consequently, this laser-heating scenario of 3D clusters does not provide a true thermodynamic
heating, yet.

Nevertheless, the TCF allows to quantitatively assess this melting transition [see Fig. 4 d-f)]. At low heating
power, one sees pronounced peaks at distinct angles φ and radii r2. This demonstrates that the cluster prefers
certain angular positions and radii characteristic for a solid phase. With increased heating the peaks become
broader and smeared out until, at the highest laser powers, the order is lost. This is more clearly revealed when the
TCF is averaged over angle φ or radius r2, respectively, yielding the radial correlation g(r) and the orientational
correlation g(φ). In the angular correlation g(φ) one finds distinct peaks, reflecting the orientational order, for
laser powers below 90 mW (see Fig. 4g). With increased laser power the angular peak structure is lost indicating
the loss of angular order. Correspondingly, the radial correlation g(r) (Fig. 4h) shows two major peaks at the two
radii r ≈ 0.4 mm and at r = 0.7 to 1.4 mm. The outer shell is quite broad and has a complicated substructure
which is a consequence of the formation of the vertically aligned chains that lead to a competition of vertical and
shell order [21,22]. At 90 mW, where the angular order is already lost, the radial order still shows two pronounced
radial peaks with substructure. Hence, the radial order survives higher perturbations. Only at the higher powers
larger than 300 mW, a broad radial distribution is obtained indicating the loss of radial order.

Hence, laser heating provides a near-equilibrium heating scenario. A two-step melting (orientational melting
before radial melting) which is expected for finite clusters [10,16,46,47] has now been experimentally identified
for 3D clusters.

3.4 Equilibrium Melting by Laser Heating: 2D

We have recently achieved a true thermodynamic laser-heating for two-dimensional dust clusters [23,48]. Laser-
heating of 2D systems has previously been successfully applied, see e.g. [45, 49], using a single or two counter-
propagating beams. However, as for the above mentioned 3D case, those experiments showed anisotropic heating
or non-equilibrium particle dynamics. To overcome these problems, we have developed a four-axis laser heating
system where two opposing beams in each of the two horizontal axes have been used. Further, the process of
randomly sweeping the laser beam over the dust cloud is specifically chosen to guarantee proper thermodynamic
excitation [23, 48].

Fig. 5 a) Simulated force field (color-coded) for heating of 2D dust clusters using the random sweep time process. The
arrows indicate the direction of the force. Trajectories of a single particle of a N = 19 cluster heated by our random sweep
method (b) and in a simulated cluster using a Langevin thermostat (c).

For a quantitative description of the laser heating process, the force field that is exerted on the dust particles
by the lasers is calculated (see Fig. 5 and Ref. [48]). In the “traditional” case [49], two opposing lasers are moved
across the cluster in a Lissajous-like figure by steering the two lasers at two (nearly) incommensurate, but fixed
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frequencies. The force field in this situation exhibits some spatial pattern. Moreover, the force is directed only
along the beam direction. Further, the force field is stationary on the time scale of particle motion. These effects
lead to anisotropic and incomplete Maxwellian heating [23, 48]. Our novel technique utilizes laser sweeps with
a sweep time that is randomly chosen for every sweep. This leads to a much more random spatial and temporal
pattern. Further, now the four-axis laser system acts along both horizontal directions x and y, see Fig. 5a). The
force field in this situations is also rapidly changing on the time scale of particle motion.

We are even able to compare the effect of the heating methods on the microscopic kinetic level. This is shown
in Fig. 5 b) and c) where the trajectories of a single particle in a larger 2D cluster are shown using our four-axis
random-sweep heating in comparison to simulations of a 2D cluster in a Langevin thermostat. The microscopic
view on the individual particles reveals that the random-sweep heating provides a nice random Brownian motion
very similar to that in the simulation. Actually, the trajectory characteristics, such as the autocorrelation function,
are practically indistinguishable [23] indicating that the random-sweep method really mimics thermodynamic
heating on the microscale.

This is further substantiated by the spectral power density of the particle velocity in an unheated and heated
cluster in Fig. 6a). It is seen that the heated power spectrum very closely resembles that of the unheated case and
is only shifted towards higher energy at all frequencies. This demonstrates the equilibrium nature of the heating.
It also has been verified that the velocity distribution of the particles is isotropic and Maxwellian [23]. Hence,
this method provides true thermodynamic heating of 2D dust clusters and a true thermodynamic temperature can
be assigned to the particles.

Fig. 6 a) Velocity power spectra of the individual particles in the heated and unheated case. b) Relative interparticle distance
fluctuation as a function of temperature together with the corresponding particle trajectories in a 2D (N = 23) dust cluster
over 250 s. c) Ratio of the unstable and stable instantantaneous mode density as a function of frequency for the N = 23
cluster. d) Diffusion constant derived from the mode densities in a) as a function of temperature.

Moreover, a cluster melting with N = 23 particles (12.26 μm microspheres at 7 Pa) using our advanced
heating method is shown in Fig. 6b). Similar to the above discussed 3D case, here in the 2D case, particle
excursions increase with increased laser-heating leading to a melting of the dust system. It is further noticed that
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first mainly angular motion is excited and upon further heating radial particle motions are observed. To quantify
the fluctuations, here the interparticle distance fluctuations are measured according to Eq. 3. The IDF increases
from values much smaller than 5 % at low dust temperatures to about urel ≈ 20 % at high temperatures. For
inifinite systems such a high value of the IDF would indicate melting [50]. However, the IDF rises only gradually
with temperature, so a distinct melting point cannot be identified. Although the measured particle trajectories
already span over 250 s, equivalent to 15 000 camera frames, the time series of particle motion is still not long
enough to reliably determine the variance of the IDF which would more precisely indicate the melting point.

Finally, this equilibrium heating scenario allows us to extract unstable instantaneous normal modes (INM)
which might otherwise result from the non-equilibrium nature of the heating mechanism. In this INM analysis,
the frequencies of the instantaneous normal modes are obtained from the eigenvalues of the dynamical matrix
[derived from Eq. (1)] at any instant of time which are either real or imaginary. Now, especially the unstable
part with the imaginary frequencies provides detailed information of the liquid behavior since they characterize
potential hills in the energy landscape that have to be overcome by diffusion processes [51]. It is seen in Fig. 6c)
that the overall amount of unstable modes increases with temperature and that their distribution becomes broader
indicating the growing effects of liquid behavior. From these unstable modes the diffusion constant has been
derived [Fig. 6d)] and the freezing temperature can be identified as the point where the liquid properties are lost,
i.e. the diffusion drops to zero. Here, TM = 0.16 eV for this N = 23 cluster. Repeating these measurements
for a large number of different 2D clusters we find that the freezing temperatures very well reflect the dynamical
stability of the clusters [52].

4 Summary and Conclusion

Charged-particle clusters in a dusty plasma provide an ideal model system for the study of phase transitions in
finite systems both from the experimental side and from simulations. Dust clusters can be realized in different
geometries and can be analyzed at the kinetic level of individual particles.

We have devised a wide spectrum of heating methods that drive melting transitions in these finite clusters:
Induced rotation of the neutral gas background yields a shear melting of the cluster that links dusty plasmas
to colloidal suspensions. Instability-driven melting by the change of plasma parameters by variation of plasma
power or pressure provides a route to non-equilibrium melting scenarios. Thermodynamic heating is achieved by
laser manipulation of the particles in the cluster. Especially for 2D systems, a true thermodynamic heating has
been realized.

Theoretical tools to characterize and quantify phase transitions have been conceived, such as the triple cor-
relation function and the (variance of the) interparticle distance fluctuation which provide detailed insight into
the phase behavior of these finite systems. The great advantage is that these tools are equally applicable to ex-
perimental dust clusters and simulated finite systems since individual particle trajectories with high spatial and
temporal resolution are available on both sides. This allows a quantitative and direct comparison of experiment,
simulation and theory. Consequently, the microscopic kinetic properties during such phase transitions become
assessable. As an example, liquid cluster properties become accessible from the instantaneous normal mode
analysis.

We now have the experimental, numerical and theoretical tools at hand to study the mechanisms of phase tran-
sitions in great detail. Open questions include the behavior of larger (but still finite) systems and their transition to
bulk order in their central region or the role of particle interaction, e.g. an attractive part due to the ion wake [39],
on the transition. Moreover, the dynamics of crystallization from a liquid state as well as the influence of external
electric or magnetic fields (on magnetic particles) will be studied and compared to theoretical predictions [53].
Toroidal dust clouds forming ring-like shell structures along the torus [54] will provide further mutual insight
into shell formation and particle flows.
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[53] H. Kählert and M. Bonitz, Phys. Rev. Lett. 104, 015001 (2010).
[54] T. Reichstein, J. Wilms, F. Greiner, A. Piel, and A. Melzer, Contrib. Plasma Phys. 52, 813–818 (2012).

www.cpp-journal.org c© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

A2

53



6 Thesis Articles

A3

Analyzing the liquid state of two-dimensional dust clusters: The
instantaneous normal mode approach
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The liquid state and the freezing transition of finite two-dimensional dust systems are studied using the
instantaneous normal mode (INM) analysis. This technique measures the instantaneous unstable modes of a
cluster configuration and relates them to the liquid properties of the system. Here, the INM analysis has been
applied to experiments on laser-heated dust clusters. From the experiments, diffusion constants and melting
temperatures for clusters of different size have been derived. The INM diffusion constants have been compared
to those derived from other standard approaches. The scatter of the diffusion constant retrieved by the INM is
smaller than that retrieved by other methods, allowing a more reliable determination of melting temperatures.
Moreover, the behavior of double-well and escape modes, which reflect certain topological properties of unstable
modes, correlates very well with the behavior of the diffusion constant. Further, the dynamic nature of the unstable
modes has been determined as mostly shearlike. Finally, the INM results on the experiments are checked against
those from Langevin simulations.
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I. INTRODUCTION

Dusty plasmas provide an ideal situation in which to study
the dynamical processes of charged-particle systems. Dust
particles can be followed on the kinetic level of individual
particles because the temporal and spatial scales in dust
systems can easily be resolved by video microscopy. Further,
the dynamical properties are only weakly damped by the
gaseous plasma environment. In a plasma, the particles
attain high negative charges of the order of a few thousand
elementary charges, resulting in a dominance of the mutual
electrostatic interaction over the thermal motion. Hence, these
systems are usually strongly coupled and arrange in an ordered,
crystalline state [1–3].

For melting, the particles in these dusty plasmas have to
be effectively heated. Focused laser beams can be used to
manipulate the dust particles by radiation pressure effects;
see, e.g., [4–8]. Random laser excitation can effectively mimic
a heating process from an ordered solidlike state to a fluid state
[9,10]. In recent experiments and simulations, a laser technique
was described that provides true equilibrium heating of a two-
dimensional (2D) dust system [11,12]. This now allows us
to address the influence of unstable mode dynamics during
solid-fluid phase transitions which otherwise might be masked
by the nonequilibrium nature of the heating process.

Finite systems (clusters) add an interesting feature to the
problem of phase transitions, namely the boundary effects
due to the confinement potential. Finite systems of confined
dust particles in dusty plasmas can be prepared in two
dimensions [13–17] or three dimensions [18–20]. In finite
systems, the melting is a two-step process, in which first
orientational order is lost and, in a second step at a higher
temperature, radial order is destroyed [21–23]. Furthermore,
due to the finite system size, the thermodynamic quantities do
not show a sharp transition [24,25]. Combining the aspects

of full dynamic information, weak damping, equilibrium laser
heating, and finite system size, finite two-dimensional dust
clusters represent interesting systems in which to study the
effects of phase transitions.

In a recent paper [26], we applied the instantaneous normal
mode (INM) technique [27–31] to derive the freezing tempera-
tures of experimental finite 2D dust clusters. The INM analysis
was originally developed to determine diffusion constants or
solvation properties in (simulated) extended liquids, especially
for the case of supercooled liquids or liquids near freezing
[27–31]. With our laser-heated dust clusters, we were then
able to demonstrate the usefulness of the INM technique for
our experimental finite dust systems. Here, we will show
that the INM analysis provides an interesting approach to
evaluate the fluid side of the phase transition for finite dust
clusters in the experiments. The dynamic nature of the unstable
instantaneous modes will be discussed, and comparisons to
standard measures of diffusion constants will be performed.
The unstable modes will be filtered according to topological
criteria, and their correlation with the diffusion constants
will be studied. The experiments will be complemented by
Langevin simulations of dust clusters.

II. INSTANTANEOUS NORMAL MODE ANALYSIS

Dynamical processes of a finite ensemble of particles can
be addressed by an analysis of the normal modes [16,32–35].
The normal modes are derived from a harmonic approximation
to the potential energy surface around the equilibrium configu-
ration. They are computed as the eigenvalues and eigenvectors
of the dynamical matrix (Hessian) of the energy, i.e.,

A =
(

∂2E

∂riα∂rjβ

)
, (1)
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with α,β = {x,y} denoting riα as the x or y coordinate
of particle i. The eigenvalues ω2

� of A are the square
of the eigenfrequencies ω� and the eigenvector �e� describes
the oscillation pattern of the particles in mode number �.
The energy of dust clusters is usually described as a finite
charged-particle system trapped in a harmonic confinement,
i.e.,

E = 1

2
mω2

0

N∑
i

r2
i + Z2e2

4πε0

N∑
i<j

exp(−rij /λD)

rij

, (2)

where rij is the distance between particles i and j . The dust
mass is denoted by m and the dust charge number by Z. Further,
e is the elementary charge and ε0 is the vacuum permittivity.
The first term describes the potential energy in the confining
potential of strength ω0 and the second term is the Coulomb
repulsion between the particles, including shielding by the
ambient plasma with the Debye shielding length λD. Other
influences, such as ion-streaming-induced dynamics, do not
need to be considered for these single-layer systems [12,16].

In normalized energy units E0 = [Z4e4mω2
0/(32πε0)]1/3

and scale lengths r0 = [Z2e2/(2πε0mω2
0)]1/3, the energy is

simply written as

E =
N∑
i

r2
i +

N∑
i<j

exp(−κrij )

rij

(3)

with the screening strength κ = r0/λD [21,32,36,37].
The instantaneous normal mode (INM) analysis [27–31,38]

tries to connect the curvature of the energy landscape of
momentary configurations to the dynamic properties of a
liquid state such as the diffusion constant. For the calculation
of the INM, the dynamical matrix A is calculated for every
instantaneous configuration. In the liquid state, instantaneous
configurations close to equilibrium result in the expected
positive values for the eigenvalues ω2

� similar to those of
the solid state. However, when the liquid instantaneous
configuration deviates from equilibrium, negative eigenvalues
ω2

� of the dynamical matrix may be found. Hence, the normal
mode frequencies ω� are either purely real (reflecting the
stable, equilibrium modes) or purely imaginary (reflecting the
nonequilibrium, unstable modes), respectively.

The resulting density of states,

ρ(ω) =
〈∑

δ(ω − ω�)
〉
, (4)

is the averaged distribution of the normal mode frequencies
with the normalization

∫
dω ρ(ω) = 1. The total density of

states can be split into the stable part ρs(ω) with real ω� and
the unstable part ρu(ω) with imaginary ω�.

Real values of ω� correspond to potential wells in the
momentary energy landscape of the system, in which the
particles can oscillate around their current equilibrium in
the cage of the nearest neighbors. Imaginary values of ω�

correspond to the potential hills that separate the minima. It is
now argued [27–30,38] that especially the unstable part can be
related to the liquid properties, such as the diffusion constant
D, since the thermal energy drives configurational transitions
to take place over these potential hills associated with ρu(ω).
According to this reasoning, the diffusion constant is given

as [27–30,38]

D = kBT

m

∫
ρ(ω)

τh

1 + τ 2
hω2

dω, (5)

where τh is the average waiting time that is associated with
the transition across potential barriers to other local minima in
the momentary many-body potential surface of the liquid (see
also Ref. [39]). The waiting time is given by

τ−1
h =

∫
ω

2π

QB

Qm

sn(ω) exp[−βEB(ω)]dω, (6)

where β = 1/(kT ) with the temperature T and Boltzmann’s
constant k, EB(ω) is the characteristic barrier height for barrier
frequency ω, s is the number of saddles in the potential surface
connected to each potential well, n(ω) is the normalized
distribution of saddle frequencies, and, finally, QB,Qm are
the partition functions of stable modes in the barrier and the
well, respectively.

Following the method of Vijayadamodar and Nitzan [30],
the hopping frequency τ−1

h can be simplified as

τ−1
h = c

∫
ω

2π
ρ(ω) A exp

(
−B

ω2

kT

)
dω, (7)

where c ≈ 3 is associated with the different possibilities of
escape routes from a potential minimum. In their model, the
dependencies of EB(ω), n(ω), and QB/Qm can be summa-
rized into the exponential form A exp(−Bω2/kT ), where the
parameters A and B are obtained from fitting ρu(|ω|)/ρs(ω)
to this exponential function. This is the basic INM technique
taking into account all unstable modes.

The modes in the unstable part ρu(ω) can be further
refined with respect to their topological properties (see, for
example, Ref. [40]). It has been shown that some of the
imaginary frequency modes are not connected to diffusion
[31]. This is because imaginary frequencies ω� can result either
from double-well potentials where the imaginary frequencies
correspond to the barrier between two stable wells or from
shoulder modes that result from a single well with a shoulder
of negative curvature. These latter modes do not describe
transition over an energy barrier, whereas the double wells
(DWs) are those which might be considered to contribute
primarily to diffusion. To extract only those INMs that are
connected to double wells, the energy E of Eq. (2) is calculated
along the eigenvectors �e� of each mode � with imaginary ω�.
By tracing the energy along the eigenvectors, double wells can
be separated from shoulder modes.

A further, more advanced filtering addresses the question
of whether the two minima of a DW mode really belong to
different configurations. For that purpose, the pair of one-
dimensional minima of the double well along �e� are traced to
the minima in the 2N -dimensional energy landscape. Then the
2N -dimensional distance between the minima is determined.
Modes that then correspond to two different 2N minima are
termed escape or true DW modes (see, e.g., [40]).

In the analysis below, we will discuss the influence of this
topological mode filtering, i.e., the use of all or of the refined
double well or of the escape modes.
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FIG. 1. Scheme of the experimental setup. Four heating laser
beams are swept by galvanometer mirrors randomly over the dust
cluster. The particle motion is recorded by a high-speed camera. See
also [11].

III. EXPERIMENT

The experiment to laser-heat the finite dust clusters is
described in detail in Ref. [11]. Here, only the main points
are repeated for clarity. The experiments have been performed
in a parallel plate radio-frequency (rf) discharge at 13.56 MHz.
The discharge was operated in argon at a gas pressure of
7 Pa and at an rf power of 3 W. Dust particles (plastic
melamine-formaldehyde microspheres) of 12.26 μm diameter
were trapped in the space-charge sheath above the lower
electrode. The electrode was equipped with a shallow spherical
depression to confine the particles horizontally; see also Fig. 1.
The particle motion was recorded via a top-view camera at a
frame rate of 60 frames per second (fps). In a typical run,
the particle motion was recorded for 250 s corresponding to
15 000 frames.

To heat the dust particles, a four-axis laser heating system
was used [11] in which two pairs of opposing beams run from
each of the two horizontal directions. The beams were swept
independently and randomly over the cluster area. A thermal
Brownian motion is realized in such a way that the time for
every sweep over the cluster is chosen randomly. This random
sweep time heating together with the excitation from all four
horizontal directions guarantees a true thermodynamic heating
of the cluster [11,12]. This means that the particle velocities are
truly Maxwellian and isotropic. The power spectra of particle
motion do not show any sign of preferred excitation of certain
frequencies.

Hence, this true equilibrium heating method is a pre-
requisite for the identification of unstable modes from the
particle trajectories which otherwise might be due to the
nonequilibrium nature of heating.

IV. RESULTS

Here, we present an INM analysis of 2D dust clusters heated
by our four-axis laser system. The INM analysis will be illus-
trated in the following mainly for a cluster of N = 26 particles.
The results are qualitatively identical for the other clusters with
N = 19 to 50 in the experiment; compare Ref. [26].

FIG. 2. (Color online) Density of states for a cluster with N = 26
at four different temperatures. The gray area indicates the unstable
branch ρu containing the imaginary values of ω�, where ρu(ω) is
plotted as ρu(|ω|) on the negative frequency axis (ω → −|ω|).

A. INM analysis

We start with an illustration of the INM method to determine
the liquid properties of the observed finite dust clusters. For
the analysis, video sequences of 15 000 frames at 60 fps were
recorded for each temperature value realized by the four-axis
laser heating system. For the N = 26 cluster, 12 different
temperatures of the cluster between room temperature and T =
22 190 K have been acquired. Since the laser-heating provides
Maxwellian velocity distributions [11], the kinetic temperature
(in two dimensions) is simply kT = m〈v2

x + v2
y〉/2.

Now, for each temperature setting, the dynamical matrix
A as well as its eigenvalues and eigenvectors are calculated
for each of the 15 000 time steps using the instantaneous
particle positions �ri(t) for the calculation of the energy E

according to Eq. (3). The number of instantaneous eigenvalues
(and eigenvectors) then is 2N × 15 000 = 780 000 in this case
(for each temperature). The value of the screening strength κ

in Eq. (3) is chosen between 0 and 3 as suggested by previous
experiments [15,16,41,42]. The results presented here are for
κ = 2. The particularly chosen value of κ barely influences
the results (see below for error ranges).

The corresponding density of states ρ according to Eq. (4)
is obtained and shown in Fig. 2 for four temperature values
[here, by convention, the unstable branch ρu(|ω|) is shown
on the negative frequency axis]. The lowest temperature
shown in this figure is already decisively larger than room
temperature, but ρ shows a very peaked structure indicating
that only certain modes at specific frequencies can occur
in this ordered state. For example, the peak at ω/ω0 ≈ 2
corresponds to the breathinglike mode at κ = 2, where all
particles oscillate (nearly) radially inward and outward (for
pure Coulomb interaction the breathing mode [43] is found
at ω = √

3ω0 [32], but the frequency increases with increased
screening [16,35]).

This state density very much resembles that found for the
solid ground state [32,44], except for the small unstable part.
Corresponding particle trajectories at different temperature are
indicated in Fig. 3. For higher temperatures, a more continuous
mode spectrum ρ(ω) is found, reflecting the disordered
arrangement. Nevertheless, breathing-mode-like oscillations
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FIG. 3. (Color online) Diffusion coefficient D derived from INM
analysis as a function of cluster temperature. A linear fit to the data
D(T ) is also indicated. The insets show the trajectories of the particles
in the cluster with N = 26 at different temperatures.

are still pronounced. As mentioned above, especially the
unstable part of the state density ρu reflects the liquid behavior.
The unstable part becomes much broader with increasing
temperature. Also, the fraction of unstable modes compared to
the total density increases from about 2% to about 6%. These
findings already qualitatively demonstrate the change from a
solidlike to a liquidlike cluster (see below or Ref. [40]). In
this section, all modes with imaginary ω� are counted and
no distinction into double-well or escape modes is made. The
behavior of DW and escape modes is discussed in Sec. IV D
in more detail.

The diffusion constant derived from the INM technique is
shown in Fig. 3. The diffusion constant is calculated from
Eq. (5) using the hopping rate from Eq. (7). For that purpose,
the ratio of the unstable and stable branch of the density
of states ρu(|ω|)/ρ(ω) is fitted to the exponential function
A exp(−Bω2/kT ) [30]. The quality of the fit can be judged
from Fig. 4, in which the ratio together with the best fits
are shown for different temperatures. It is seen that the
overall agreement with the exponential form is reasonable.
The exponential decay is strongest for the lower temperatures.
Correspondingly, this reflects the broader unstable part already
seen in the density of states in Fig. 2 at higher temperatures.
It should be noted that for the lowermost temperatures near
room temperature, fitting to an exponential decay was not
always possible. This might be taken as a hint that at these
temperatures the cluster is in a solid state.

The so-derived diffusion constants in Fig. 3 increase nearly
linearly when a threshold temperature is exceeded. Such a
behavior has also been reported from diffusion processes in
simulations of extended 3D Yukawa systems [45,46]. The
diffusion constant in our experiments takes values up to
D = 3 × 10−9 m2/s. For extended 2D systems under similar
conditions, values in the range D = 10−9–10−7 m2/s [47–49]
were reported.

FIG. 4. (Color online) The ratio ρu(|ω|)/ρs(ω) as a function of
ω2 for N = 26 together with the best exponential fit at four different
temperatures.

The diffusion constants acquired by INM are now extrap-
olated to D → 0 to identify the “freezing point”, thereby
assuming that in the solid regime the diffusion constant is
much smaller than in the liquid. The so-achieved “freezing”
temperature is the so-called mode-coupling temperature Tc

that, in extended systems, is associated with the solid-liquid
transition temperature Tm, where Tc � Tm [50]. Here, we
define the measured Tc as the freezing transition temperature
that is approached from the liquid phase of the cluster. For
the discussed cluster with N = 26, we derive from Fig. 3 a
freezing temperature of Tc = 2900 K.

To assess the errors connected with the INM analysis, we
have calculated the diffusion constants using different values
of the screening strength κ in Eq. (3) in the evaluation of the
energy. Figure 5 shows the diffusion constants for values of
κ = 0 to 3. It can be seen that the diffusion constants depend
only slightly on κ . Similarly, the freezing temperatures Tc

change by only 10% for the different screening strengths.
In conclusion, the INM diffusion analysis now allows us to

assign a freezing temperature, indicating a fluid-to-solid phase

FIG. 5. (Color online) Diffusion constants derived from INM as a
function of temperature for different values of the screening strength
κ in Eq. (3).
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transition, at the point where the liquid properties are lost.
In complementary approaches, e.g., the interparticle distance
fluctuations [25], one usually is interested in identifying the
loss of order to search for the solid-to-fluid transition. As
mentioned above, in the INM approach at each time step all
2N eigenfrequencies ω� enter the analysis, yielding a quite
high statistical quality.

B. Comparison to other techniques

It is now certainly of enormous interest to compare the
diffusion constants derived by INM to those using other
techniques. The standard way to derive diffusion constants
is via the mean-squared displacement (MSD) 〈|�ri(t) − �ri(0)|2〉
[51–54] as

D = lim
t→∞

1

4t
〈|�ri(t) − �ri(0)|2〉. (8)

Under normal diffusion, the MSD scales linearly with time t for
times t 	 ω−1

0 ; for short times t ballistic transport is expected
where MSD scales as t2. The diffusion constant D then is the
slope of the MSD in the linear regime. Clearly, this reasoning
holds in particular for extended systems. Alternatively (see,
e.g., Refs. [53,55]), the diffusion coefficient can be derived
from the velocity autocorrelation function (VACF) Z(t) =
N−1〈|�vi(t) · �vi(0)|2〉 via

D = 1

2

∫ ∞

0
Z(t) dt. (9)

Both Eqs. (8) and (9) are given here for two-dimensional
systems.

Figure 6(a) shows the behavior of the mean-squared
displacement over time for our finite dust cluster with N = 26
at a temperature well in the liquid regime at T = 9270 K.
For times up to t ≈ 0.1 s we find a ballistic regime. For
larger times, no clear dependence can be observed. The scaling
MSD ∝ tα is somewhere between linear (α = 1) and less than
linear (α < 1). This makes it difficult to assign a clear linear
regime and thus to determine a diffusion constant. Clearly, the
finite system size of the order of a few mm limits the diffusive
behavior of the particles to values of the MSD ≈ 10−5 m2,
resulting in the weak scaling and oscillatory behavior of the
MSD for large times t .

A further aspect that needs to be taken into account for our
experimental system is the fact the particle motion is hindered
by friction with the neutral gas in the discharge. Certainly,
friction also affects the particles’ diffusive behavior.

Vaulina et al. [55] have quantitatively addressed the
diffusion behavior of particles in a trap under the influence
of friction in terms of the time-dependent diffusion constant
D(t) = 〈|�ri(t) − �ri(0)|2〉/(4t). Figure 6(b) shows the measured
time-dependent diffusion constant D(t) in comparison to
the model [55] for the experimental parameters of friction
coefficient β ≈ 5 s−1 and trap frequency ω0/(2π ) ≈ 0.8 s−1.
In the model, D0 is the diffusion constant of a freely diffusing
system. The two curves are in quite nice agreement, indicating
the validity of the approach.

To compare now with the diffusion from INM, we derived
on the one hand the diffusion constant from the VACF, and

FIG. 6. (Color online) (a) Mean-squared displacement MSD over
time for N = 26 at a temperature of T = 9270 K. (b) Corresponding
time-dependent diffusion constant D(t) derived from the experiment
(solid line). A model calculation according to Ref. [55] is shown for
comparison.

on the other hand from the maximum of the time-dependent
MSD diffusion constant. The so-derived diffusion constants
are compared to those from INM in Fig. 7. There is a
gross agreement between the diffusion constants from INM,
MSD, and VACF. Both the VACF and time-dependent MSD
diffusion values exceed those from INM. Since the MSD
values are the maximum of the time-dependent diffusion
constant, it is not surprising that they are generally larger
than the INM values. Further, the VACF values show a
much stronger scatter than the INM values, especially at low
temperatures, and seem to be shifted upward on the ordinate
compared to the INM and MSD values. One reason for that
behavior might be that the particle velocities entering the
calculation of the VACF are derived from the difference in
particle position of successive frames, and any small errors in
position result in larger errors for the velocities. Neither VACF
nor time-dependent MSD indicate a threshold behavior with
temperature. Instead, a more or less continuous increase of the
diffusion constant with temperature is seen. Hence, a melting
temperature cannot be derived from VACF and MSD diffusion
coefficients.
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FIG. 7. (Color online) Diffusion constants derived from MSD,
VACF, and INM (symbols) as a function of temperature, respectively.
The lines indicate best linear fits to the diffusion constants where the
dashed, dash-dotted, and dotted lines are the fit to VACF, MSD, and
INM values, respectively.

C. Comparison to simulations

We have performed Langevin molecular-dynamics sim-
ulations of 2D dust clusters at different temperatures. The
Langevin technique accounts for velocity-dependent damp-
ing and random kicks to mimic the neutral-gas friction
of the particles and the heating by random laser forces.
The particles were modeled according to Eq. (3) to be
trapped in a harmonic 2D confinement interaction with a
screened Coulomb potential with κ = 2. Then a time series
for particle motion in the simulation corresponding to 15 000
“frames” has been determined for various temperatures of
the cluster. Then, as in the experiment, the INM analysis
has been performed and the freezing temperatures (i.e., the
mode-coupling temperatures Tc) have been derived from the
extrapolation of the diffusion constants D → 0, as described
above.

In the experiment, the corresponding freezing temperatures
have been derived for a number of different dust cluster with
particle numbers between N = 19 and 50. These freezing
temperatures are shown in Fig. 8 as a function of particle
number N . The error bars take into account the uncertainty due
to the chosen values of κ and c in Eqs. (3) and (7). Similarly,
simulations have been performed for the same clusters as in
the experiment, and the derived freezing temperatures are also
given in Fig. 8.

One finds a close agreement of the temperatures with the
simulated and the experimental clusters, especially for the
smaller clusters. The discrepancies for larger clusters are due
to the fact that the exact cluster configurations in experiment
and simulation generally are different. This is because with a
larger particle number many more metastable configurations
exist that have only slightly larger energy than the ground state.
We found that some of the experimental configurations indeed
correspond to metastable configurations. Since the mode-
coupling (freezing) temperature is sensitive to the cluster
configuration, the observed differences in melting temperature
may well arise.

FIG. 8. (Color online) Freezing temperature of dust clusters with
different particle number N . Shown are temperatures from the
experiment and from simulated dust clusters. The upper panel shows
the frequency of the least stable mode from Ref. [32].

For comparison, we also have plotted the frequency of
the least stable mode as determined from the ground-state
configuration by Schweigert et al. [32]. The least stable
mode, i.e., the mode of lowest eigenfrequency ω�, reflects
the symmetry and the configurational stability of these 2D
clusters [32,56]. A paradigm in this context are the clusters
with N = 19 and 20. The 19-cluster has a configuration
(1,6,12) where 1 particle is in the center, 6 particles are in the
inner ring, and 12 particles in the outer ring. This configuration
is of high symmetry due to the commensurate number of
particles in the inner and outer rings. Moreover, it has the
hexagonal arrangement expected for infinite 2D systems. The
20-cluster is of (1,7,12) configuration with correspondingly
low symmetry. Consequently, from the experimental INM
analysis the freezing temperature is derived for N = 19 as
very high (Tc = 7600 K), whereas for N = 20 it is found very
low (Tc = 1360 K). For almost all investigated clusters, the
least stable mode frequency is very well correlated with the
freezing temperature [26].

D. Double-well and escape modes

We have seen in Fig. 2 that the fraction of unstable modes
grows with temperature. This is quantified in Fig. 9(a) where
the fraction of unstable modes fu = ∫ ∞

0 ρu(|ω|)dω in relation
to the fraction of stable modes fs = ∫ ∞

0 ρs(ω)dω is shown
as a function of temperature. In Fig. 9(a), all modes with
imaginary mode frequency have been used to measure fu. At
low temperatures, this fraction fu/fs is about 2% and increases
to about 6.5% at T = 20 000 K.

To further characterize the unstable branch ρu, we have
calculated the double-well and the escape INM modes as
described above. The respective fractions fu/fs as a function of
temperature are shown in Figs. 9(b) and 9(c), where only DW
modes and escape modes, respectively, are used to determine
fu. It is seen that the fraction of DW modes is smaller by about
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FIG. 9. (Color online) Ratio of the density of states fu/fs for a
cluster with N = 26 at different temperatures. In (a) all INM modes
are used, in (b) only DW modes, and in (c) only escape modes.

a factor of 4 compared to Fig. 9(a), indicating that only every
fourth unstable mode is a DW mode. The others are single-well
modes with a shoulder of negative curvature. The escape mode
fraction, in turn, is only slightly smaller than the DW mode
fraction. This indicates that the two wells of the DW modes
indeed belong to different configurations. Such a behavior has
been previously revealed for simulations of extended liquids
(water) [57].

It has also been shown that the DW and escape mode
fraction closely follows the behavior of the diffusion constant
[57]. Indeed, the mode fraction shows a kink at a certain
temperature: while for smaller temperatures fu/fs is nearly
constant, a linear increase is seen for higher temperatures. We
have therefore applied a linear fit to the mode fraction ratio
for higher temperatures and tried to identify the point where it
bends over to the constant part (see dashed lines in Fig. 9). It is
seen that the transition temperature Tt is about 3000 K and thus
very close to the freezing, i.e., mode-coupling, temperature Tc

derived from the extrapolation of the diffusion constant. The
comparison of derived temperatures is shown quantitatively in
Table I.

TABLE I. Comparison of freezing temperature Tc derived from
the extrapolation of the diffusion constant and the temperature Tt at
which the mode ratio fu/fs bends over to a constant value. The errors
for the temperatures are about 20%.

Considered modes Tc (K) Tt (K)

all INM modes 2900 600
DW modes only 2970 3230
escape modes only 2940 2730

Clearly, the freezing temperatures Tc and transition tem-
peratures Tt agree within about 10% when DW modes
or escape modes are considered. Taking all unstable INM
modes, a reliable temperature Tc is still derived from the
extrapolation of the diffusion constant, but the fu/fs ratio is
not a good indicator. This is again in agreement with findings
for simulated extended liquids [57]. Our investigations extend
this finding and show the usefulness of this approach also for
finite systems under experimental conditions.

E. Characterization of modes

Finally, we will characterize the nature of the modes to
elucidate whether the above measured freezing temperatures
are connected to radial or angular loss of order. Because
normal modes in finite systems cannot be separated into purely
compressional or shear motion, the respective compressional
and shear contribution to each mode is calculated. This is done
via the local divergence for the compressional contribution ψc

and the local rotor for the shear contribution ψs according
to [32,56]

ψc = 1

N

N∑
i=1

ψ2
c,i ,

(10)

ψs = 1

N

N∑
i=1

ψ2
s,i ,

with

ψc,i =
M∑

j=1

(�ri − �rj ) · (�ei,� − �ej,�)/|�ri − �rj |2,
(11)

ψs,i =
M∑

j=1

|(�ri − �rj ) × (�ei,� − �ej,�)|/|�ri − �rj |2,

where �rj are the positions of the neighbors of particle i, and
M is the number of neighbors.

The compressional and shear contributions of all INM
modes have been determined accordingly. The relative abun-
dance of modes at frequency ω with the compressional
contribution ψc or the shear contribution ψs is given in Fig. 10
for the highest temperature (T = 22 190 K) realized in the
N = 26 cluster. First, it is seen that for each mode frequency,
the compressional and shear contributions are concentrated
in a narrow band. This shows that each frequency contains
very similar mode patterns. Second, the shear contribution
is large for low-frequency modes with |ω/ω0| < 2 whereas
the high-frequency modes (ω/ω0 > 3) are dominated by more
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FIG. 10. (Color online) Plane of mode frequency ω and com-
pressional part ψc and shear part ψs , respectively, for the N = 26
cluster at T = 22 190 K. Darker colors indicate a higher abundance
of modes. To guide the eye, the lines indicate the mean values of ψc

(dash-dotted) and ψs (dashed).

compressional modes. Similar findings have been made for
equilibrium normal mode analysis of dust clusters [16]. Such
a behavior is expected since compressional modes lead to
changes in interparticle distances and thus to stronger restoring
forces and thus to higher-frequency oscillations.

Interestingly, the unstable branch (on the negative fre-
quency axis) supports practically only pure shear modes with
essentially no compressional contribution. Hence, especially
those shearlike modes are connected with the liquid behavior of
the cluster. This is plausible since the melting of finite clusters
happens in two steps, whereby angular melting precedes the
radial melting [20,21,32,56,58]. Naturally, angular motion is
preferably shearlike and radial motion preferably compres-
sional. Hence, the dominance of the shear contribution in the
unstable branch suggests the priority of angular melting here.

V. CONCLUSION AND SUMMARY

We have analyzed the solid-to-liquid transition in finite two-
dimensional dust clusters using the method of instantaneous
normal modes. This technique was originally developed to
address the fluid state of (simulated) liquids [28,29]. Here,
we have applied it to long-term observations of experimental
finite dust systems that were laser-heated from a solid to a
liquid state.

First, from the INMs we retrieved liquid state properties
such as the diffusion constant, which was found to increase
nearly linearly above a temperature threshold. This tempera-
ture threshold Tc can then be taken as a freezing temperature
of the cluster. This has been substantiated by Langevin
simulations of dust ensembles with the same particle number.

We then analyzed the unstable modes and the role of
topological mode filtering (all unstable modes, double-well
modes, and escape modes). We found that the behavior of
the DW modes and the escape modes reflects very well the
behavior of the diffusion constant and the freezing tempera-
tures. Hence, the mode-coupling temperature Tc derived from
the zero-crossing of the diffusion constant and the transition
temperature Tt from the bending-over of the fu/fs ratio
both qualify as a “freezing” temperature. Further, the shear
and compressional contributions of the stable and unstable
modes were analyzed, revealing that the unstable modes are
preferably shearlike modes, which corresponds very well to
the orientational melting of finite clusters.

Finally, the diffusion constants derived from INM have been
checked against those that are usually determined from an
evaluation of the mean-squared displacement or the velocity
autocorrelation function. Here, however, the mean-squared
displacement is not a good indicator of the diffusion constant
since the diffusive regime is not really entered because of
the finite system size. The diffusive motion is hindered by
the confinement. The same applies to the analysis using the
velocity autocorrelation function.

In contrast, the INM technique looks at the momentary con-
figuration and its small-scale motion to derive the properties of
the system and hence allows us to extract valuable information
even from a finite system. Moreover, the INM technique, in
contrast to other measures such as the Lindemann criterion,
focuses on the liquid side of the phase transition, and the phase
change is attributed to the point where the liquid properties are
lost.

In summary, the INM provides additional insight into the
phase behavior of finite dust systems.
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[39] Z. Donkó, G. J. Kalman, and K. I. Golden, Phys. Rev. Lett. 88,

225001 (2002).
[40] R. Schulz, M. Krishnan, I. Daidone, and J. C. Smith, Biophys.

J. 96, 476 (2009).
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The quantities entropy and diffusion are measured for two- and three-dimensional (3D) dust clusters in
the fluid state. Entropy and diffusion are predicted to be closely linked via unstable modes. The method of
instantaneous normal modes is applied for various laser-heated clusters to determine these unstable modes
and the corresponding diffusive properties. The configurational entropy is measured for 2D and 3D clusters
from structural rearrangements. The entropy shows a threshold behavior at a critical temperature for the 2D
clusters, allowing us to estimate a configurational melting temperature. Further, the entropic disorder increases
for larger clusters. Finally, the predicted relation between entropy and unstable modes has been confirmed from
our experiments for 2D systems, whereas 3D systems do not show such a clear correlation.
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I. INTRODUCTION

The statistical properties of fluid (liquid) states of an
ensemble are often associated with quantities such as entropy
or diffusion [1–14]. Diffusive transport itself is closely related
to the onset of unstable modes [15–22].

Based on the work of La Nave et al. [23], Keyes predicted
a close relationship between configurational entropy Sc and
unstable modes [24]. The configurational entropy Sc is a
measure of structural rearrangement. Unstable modes describe
crossing events over potential barriers. In the framework of a
random energy model Keyes found a rather robust relation of
the form

Sc = a + b ln(fu), (1)

with a being a free parameter. The parameter b was only
specified to be in the range of 1 � b � 2. The fraction of
unstable modes fu describes the relative amount of unstable
modes in the density of states of the system. The density of
states can be retrieved by instantaneous normal mode (INM)
analysis [19–21]. At first glance, it seems counterintuitive to
speak in terms of normal modes in the context of liquids.
However, below the Maxwell relaxation time τM , liquids
show many aspects of solidlike behavior [15]. In typical dusty
plasma experiments, τM is of the order of ≈ 0.1 s [25]. Hence
fast video imaging is needed to account for these short-time
dynamics. In contrast, structural rearrangement can be found
at time scales up to a few seconds.

Dusty plasmas are ideally suited to study these fluid
state properties [4,26,27]. They are formed by trapping dust
particles, e.g., melamine formaldehyde particles of micron
size, in a gaseous plasma. The particles become highly
negatively charged due to the fluxes from the plasma species.
Moreover, the large mass of the microspheres slows down their
dynamics to time scales in the millisecond range. This allows
for video imaging of the dust component on the kinetic level.
Fluid two- and three-dimensional (3D) dust clusters can be
realized by laser heating [25,28–31].

Now we study the dynamics of finite 2D and 3D dusty
plasmas. These are generated by trapping a small number
of dust particles in a harmonic confinement [32–35]. Finite

ensembles offer the possibility to study the complex interplay
between the particle interaction and the system boundary on
the particle dynamics [12,36].

The pairwise interaction between the N dust particles is
generally assumed to be of Yukawa type, where shielding by
the ambient plasma is considered. With the additional isotropic
confinement, the Hamiltonian of the finite system can thus be
written as [32]

E =
N∑

i=1

r2
i +

N∑
i<j

exp(−κrij )

rij

. (2)

Here dimensionless units are used by introducing the nor-
malized energy E0 = (mω2

0Q
4/32π2ε2

0)1/3 and the normalized
length r0 = (Q2/2πε0mω2

0)1/3 with ω0 the trap frequency, Q

and m the dust charge and mass, respectively, and κ = r0/λD

the screening strength (where λD denotes the Debye shielding
length). The distance to the trap center is ri = (x2

i + y2
i )1/2 in

two dimensions and ri = (x2
i + y2

i + z2
i )1/2 in three, with the

indices i and j denoting the particles.
In this paper the INM approach is used to investigate the

transport properties of 3D dust clusters, so-called Yukawa
balls, in the fluid phase, whereas the fluid quantities, such as
diffusion coefficients, are mainly deduced from the unstable
INM modes [16,17]. Additionally, the INM technique allows
us to determine the fraction of unstable modes fu. The INM
approach for 2D systems has been demonstrated previously in
Refs. [21,22].

Moreover, the configurational entropy is measured from
long video sequences of fluid particle arrangements in two and
three dimensions. To calculate the configurational entropy, a
certain number of structural transitions has to be observed.
Thus the INM approach and entropy as statistical methods
require long-time series on the one hand recorded at high
frame rates on the other.

II. EXPERIMENT

We report on laser-heating experiments of finite dust clus-
ters in two and three dimensions. The 2D setup was extensively
described in Refs. [21,31], whereas the 3D setup has been
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reported in Ref. [30]. Both experiments were conducted in
asymmetrically driven rf argon discharges at 13.56 MHz where
the lower electrode was powered and the discharge chamber
was grounded. A brief repetition of the devices will be given
below for clarity.

A. Experiments on 3D dust clouds

The rf discharge was driven at powers between 1.2 and
1.5 W (Upp = 70–95 V at the driven electrode) and at neutral
gas pressures between 4.8 and 7.8 Pa. For the 3D experiments
[see Fig. 1(a)], isotropic confinement is achieved inside a
cubic glass box placed on top of the lower electrode. The
particles are trapped by a superposition of the electric field
force from the dielectric walls and a thermophoretic force
from the heated lower electrode (55 ◦C), which, together with
the sheath electric field force, compensates for gravity and
levitates the particle cloud. Melamine formaldehyde particles
of 4.86 μm diameter have been used here. Yukawa clusters
with total particle number in the range 5 < N < 70 were
trapped in that way [see Figs. 1(b)–1(e)].

Two laser beams at 532 nm were used to illuminate the
particles. The scattered laser light is observed via three or-
thogonal complementary metal-oxide semiconductor cameras
to retrieve the 3D particle positions using well-established
techniques [37,38]. The camera frame rate was 100 frames

manipulation laser and
galvanometric mirror I

manipulation laser and
galvanometric mirror II

illumination lasers

plasma chamber

cuvette and
heated electrode

CMOS camera

CMOS cameraCMOS camera(a)

(b) (c) (d) (e)

Z

XY

FIG. 1. (Color online) (a) Scheme of the experimental 3D setup.
The particles confined in the glass box are illuminated by two Nd:YAG
lasers from two sides and manipulated by two diode lasers from
opposing directions. The three orthogonal high-speed complementary
metal-oxide semiconductor (CMOS) cameras allow for a full 3D
dynamic measurement. (b)–(e) Yukawa balls consisting of (a) 33,
(b) 48, (c) 49, and (d) 60 particles in the ρ-z plane with ρ = √

x2 + y2.
Some of the clusters are slightly elongated along the z axis.

(a)

(b) (c)

-

FIG. 2. (a) Scheme of the experimental 2D setup. The particles
are trapped in a shallow spherical depression in the sheath of the
discharge. A top view camera allows us to track the particle movement
in the (x,y) plane. The four-axis laser-heating systems is used heat the
particle ensembles. Also shown are 2D dust clusters in the (x,y) plane
consisting of (b) N = 20 and (c) N = 27 particles. The trajectories
of laser-heated clusters are shown over a time span of 10 s.

per second in the experiments described here. For most of the
experiments, long video sequences (runs) with approximately
30 000 frames per camera were evaluated. The stereoscopic
setup thus allows us to follow both the short-time kinetics due
to the high frame rate and the long-time dynamics.

To heat the 3D dust ensemble, two diode lasers with
two opposing laser beams at 660 nm wavelength with 1 W
maximum output power were used. To mimic a heating
process, the two beams were swept independently in a random
way over the cluster’s cross section by galvanometer scanners
with a dwell time of τ = 0.1 s at each position [30].

B. Experiments on 2D dust clouds

Here also an asymmetric rf discharge was used. The rf
power was set to 3 W and the neutral gas pressure was
held constant at 7 Pa. Melamine formaldehyde particles of
12.26 μm diameter were used for the experiments on laser-
heated 2D dust clusters. The 2D setup is illustrated in Fig. 2(a).

When immersed into the discharge, the particles sediment
into a position where the sheath electric field from the
lower electrode compensates for gravity. An additional radial
confinement is achieved by a shallow spherical depression.
Since no thermophoretic levitation is used in this case, the dust
particles are trapped as a finite single-layer system in the sheath
[see Figs. 2(b) and 2(c)]. A top-view CCD camera observed
the particle positions at a frame rate of 60 frames per second
with a sequence length of 15 000 frames per experiment.

A four-axis laser-heating system was used to heat the 2D
clusters with a sophisticated random frequency method [31].
This technique allows us to mimic a true heat bath for the dusty
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plasma subsystem [31,39]. Here two green diode-pumped solid
state lasers with total output powers of 5 and 6 W were used.

III. THEORETICAL CONCEPTS

At this point, only a brief description of the INM technique
is given; details can be found in Refs. [15–20]. Our starting
point is the Hessian matrix, which is given by the second
derivative of the energy of the system in Eq. (2) as

H (t) = ∂2E(�r,t)
∂rα,i ,∂rβ,j

∣∣∣∣
�r(t)

. (3)

Contrary to the normal mode analysis (NMA) [33,40–42],
the eigenvalue problem of Eq. (3) is solved for each instant
of time. The 2N and 3N eigenvectors (in two and three
dimensions, respectively) obtained at each time step describe
the momentary mode oscillation pattern and the 2N and 3N

eigenvalues ω2
l the mode frequency. The eigenfrequencies are

averaged over the time series resulting in a dimensionless
density of states

ρ(ω) =
〈∑

l

δ(ω − ωl)

〉
, (4)

where we use the normalization 1
ω0

∫
ρ(ω)dω = 1.

Since the ordinary NMA uses the equilibrium positions of
the particles as input, the NMA eigenvalues are always positive
definite, i.e., their eigenfrequencies are always real [40]. In the
INM approach the eigenvalues ω2

l can be either positive or
negative, hence, depending on the sign of the eigenvalues, the
INM eigenfrequencies ωl can be either purely real or purely
imaginary. Thus, by convention, the INM density of states is
split into a stable ρs(ω) and an unstable part ρu(|ω|) with real
and imaginary ω, respectively. Integrating over all imaginary
eigenfrequencies defines the fraction of unstable modes as
fu = ∫ ∞

0 ρu(|ω|)dω.
Real eigenfrequencies describe the oscillation of a particle

in the local potential cage of the neighboring particles;
they describe the solid properties of the system. Imaginary
eigenfrequencies describe the crossing over potential hills.
Consequently, the liquid properties can be deduced mainly
from the unstable part ρu(|ω|) [15–20].

A measure of crossing over potential hills is the so-called
hopping rate τ−1

h . In general, τ−1
h is a rather complicated func-

tion due to the multidimensional potential energy landscape of
the involved particles [19,20]. In the INM approach used here,
we follow Vijayadamodar and Nitzan [19], resulting in

τ−1
h = c

∫
dω ρ(ω)

ω

2π
A exp

(
−B

ω2

kBT

)
. (5)

Here c ≈ 3 is used to describe the possible escape routes
[21,22]. The free parameters A and B are obtained from
the fit ρu(|ω|)/ρs(ω) to the function A exp(−Bω2/kBT ). The
exponent in the exponential is mainly related to the energy
of vibration (proportional to ω2), i.e., reflecting the barrier
height over which to cross and the thermal energy (proportional
to kBT ).

Finally, the diffusion coefficient D can be derived from the
hopping rate by

D = kBT

m

∫
dω ρ(ω)

τh

1 + τ 2
hω2

. (6)

This equation allows us to measure the diffusion coefficient as
a function of the INM density of states.

As already mentioned, diffusion is closely connected to
configurational changes, or rearrangement. A classical quan-
tity to describe the disorder or, equivalently, the probability
for configurational changes in a system, is the configurational
entropy. The classical textbook definition for the entropy (see,
for instance, Ref. [3]) follows from the probability of finding
a state pk by

Sc = −
M∑

k=1

pk ln pk. (7)

Radzvilavičius and Anisimovas investigated the entropy of
charged particle clusters by means of Monte Carlo simulations
[5]. They found that the entropy as a function of the particle
number can be described by two terms. The first terms comes
from a combinatorial contribution to the entropy, thus giving

Sc = γ ln(N !) + Sc2, (8)

where γ is a factor depending on the dimensionality of the
system and the screening strength. This equation can be
interpreted as a general increase of Sc with the cluster size. The
second term Sc2 describes fluctuations of the configurational
entropy as a consequence of the exact configuration of the finite
ensemble and the specific interaction between the particles due
to shielding. The simulation data of Ref. [5] will be used for
comparison in the following.

IV. RESULTS

Laser-heating and long-run experiments enable us to inves-
tigate finite dust clusters with statistical methods over a wide
thermodynamic range and thus to retrieve both entropy and
unstable modes.

A. The INM analysis for 3D dust clusters

In the first part, the INM analysis is performed to evaluate
unstable modes and connected thermodynamic properties of
3D dust clusters consisting of N = 33, 48, 49, and 60 particles
(see Fig 1). All clusters were laser heated as described
above. As a measure of heating, the kinetic temperature
Tkin = m〈v2〉/3kB is determined from the particle velocities
[30].

As a representative to illustrate the INM technique in more
detail, the cluster consisting of N = 60 particles [shown in
Fig. 1(e)] is chosen. The Yukawa ball has a well-established
two-shell structure with 16 particles on the inner shell and 44
particles on the outer.

Figure 3 shows the INM spectra as a function of the
normalized frequency in units of ω/ω0 and the corresponding
trajectories over a short period of time of about 2 s at different
cluster temperatures. By convention, the unstable branch of
the INM spectra is plotted on the negative frequency axis.
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1.7mm

(a) (b)

FIG. 3. (Color online) (a) The INM spectra for the N = 60
particle cluster for three different temperatures. By convention,
the unstable density of states ρu(ω) resulting from imaginary
eigenfrequencies is plotted as ρu(|ω|) on the negative frequency axis
(ω → −|ω|). The INM spectra shown here are plotted with a constant
offset. (b) The corresponding trajectories of the cluster particles are
shown over a time span of 2 s.

For the lowest temperature T = 2930 K, several peaks
occur in the stable branch: The sharp peak at ω/ω0 = 1
belongs to the sloshing mode. The sloshing oscillation is an
exact solution of the Hessian with threefold degeneracy in
three dimensions [41,43]. The broader peak at ω/ω0 = 1.2
belongs to a large-scale vortex-antivortex mode [42]. The peak
at approximately ω/ω0 = 1.72 comprises the breathinglike
oscillations.

By heating the cluster to T = 8180 and 27 810 K the high-
frequency features near ω/ω0 = 2 vanish. Only the sloshing
oscillation and the large-scale oscillation remain. The INM
spectra are generally less structured than in the corresponding
2D cases (see Refs. [21,22]).

The unstable branch shows a continuum curve with its
maximum position at about |ωu,max| = 0.75ω0. The fraction
of unstable modes fu increases from 16% for T = 2930 K
to 23% for T = 27810 K. These values agree well with the
unstable mode fraction of 3D Lennard-Jones fluids [16].
In contrast, the unstable mode fractions derived here are
decisively larger than for 2D dust clusters, which were in
the range of up to only 8% [21,22]. The reason for the higher
fraction in three dimensions can be understood since in three
dimensions a particle has more low-energy pathways to cross
the energy barrier formed by the surrounding particles than
in a flat 2D cluster. Additionally, the larger reconstruction
error in three dimensions might contribute to a broadening
of the spectra since they lead to a larger variation of the
eigenvalues [37]. However, the simulations, which do not
suffer from reconstruction errors, show exactly the same
behavior.

From fitting the ratio ρu(|ω|)/ρs(ω) of each INM spectrum,
it is straightforward to calculate the hopping frequency
according to Eq. (5). The total error in fitting the curves did

0 1 2 3 4

x 10
4

0
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FIG. 4. (Color online) Hopping frequency τ−1
h as a function of

the temperature T for various dust clusters. The hopping frequency
increases slowly as the dust cluster temperature increases.

not exceed 3%. The so-determined hopping frequency τ−1
h is

shown as a function of the cluster temperature T in Fig. 4 for
all dust clusters shown in Figs. 1(b)–1(e).

Most hopping rates are in the range of 0.05 s−1 < τ−1
h <

0.17 s−1. These rates correspond to 15–50 hopping events
per video sequence, which corresponds well with the visual
impression. The hopping rate generally increases as the
temperature of the cluster particles increases to higher values.
It seems that τ−1

h is only weakly dependent on the particle
number here.

The temperature dependence of the hopping frequency is
consistent with the point of view that the thermal energy mainly
drives configuration changes in the system. These lead to a
hopping from a particle into another local equilibrium position
formed by the potential cage of neighboring particles [44]. To
consider the vertical elongation of some of the clusters shown
in Fig. 1, we also tested the influence of an anisotropic trap by
assuming weaker confinement in the vertical direction in the
INM analysis, but the results do not differ significantly.

Figure 5(a) shows the diffusion coefficient calculated via
Eq. (6) for all clusters as a function of temperature. To guide
the eye, the dashed line corresponds to a linear fit of the
diffusion constants to the observed temperatures that involves
all clusters. In all the cases, a linear relationship between
diffusion coefficient and temperature is found. The diffusion
coefficients reaches values of about D = 1.3 × 10−6 m2/s at
the highest dust temperatures of about T ≈ 4 × 104 K. The
values for the diffusion coefficient are decisively larger than
in the 2D case [21,22]. A reason is the higher dimensionality
of the system, as discussed above. The calculated diffusion
coefficients do not vary much for the different cluster sizes.
The coefficients follow the overall trend quite nicely.

A freezing transition to the solid state might be derived
from the point where diffusion vanishes [45]. Thus one can
estimate a melting temperature TM by extrapolating the D(T )
curve toward zero. This was done for the N = 60 cluster,
where the dashed line in Fig. 5(b) corresponds to a linear fit
to the diffusion coefficients in normalized units introduced
below. Here, from the zero crossing of the fit, freezing can be
found at TM = 2010 K. Comparing this melting temperature
with the kinetic temperature of the particles in the unheated
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Infinite
YOCP

Simulation

Experiment

(b)

(a)

FIG. 5. (Color online) (a) Diffusion coefficients D(T ) as a
function of temperature for Yukawa balls of different size. The
dashed line corresponds to a linear fit to the diffusion coefficients for
all clusters. (b) Normalized diffusion coefficients D∗ as a function
of the normalized temperature T ∗ for the experimental N = 60
cluster (triangles), a simulated N = 60 cluster (open circles), and
the extended Yukawa one-component plasma (YOCP) (solid line) of
Ref. [7]. Dashed and dotted lines represent linear fits to the measured
and simulated data of the finite clusters, respectively.

cluster (T = 2930 K) implies that, from the INM point of view,
already the unheated cluster is in a fluidlike state. The fact that
the unheated cluster is already at a high temperature can be
attributed to heating by the Schweigert instability [30,46–48].

Due to this heating, the low-temperature regime of the
diffusion constant could not be explored. Hence, contrary to
2D dust clusters [21,22], a kink in the diffusion is not observed.
Thus a precise freezing temperature for the 3D clusters could
not be determined.

B. Comparison to simulations

Ohta and Hamaguchi investigated the diffusion of a fric-
tionless Yukawa one-component plasma (YOCP) over wide
parameter regimes of � and κ by means of simulations
[7]. The authors revealed that the self-diffusion coefficient
obeys a universal scaling near the melting point of the form
D∗ = α(T ∗ − 1)β + γ , with T ∗ = T/TM the temperature

normalized to the melting temperature TM , and α, β, and γ

fit parameters depending on κ . The formula is valid as long
as the temperatures are not too high (1 < T ∗ < 10). There the
diffusion constant is normalized to D∗ = D/ωEb2

WS, with ωE

the Einstein frequency of the lattice and bWS the Wigner-Seitz
radius as a measure of the interparticle spacing.

Moreover, to account for the finite system size and friction,
we performed Langevin molecular dynamics simulations with
60 particles in a harmonic confinement interacting via isotropic
Yukawa pair potentials with moderate screening (κ = 1)
according to Eq. (2). Friction was set to be at the order of
the confinement frequency γ /ω0 = 1, which is valid for our
experiment. To model the heat bath at a certain temperature T ,
the symplectic low-order scheme of Ref. [49] was used. The
time step was chosen to be �t = 0.2/ωDP, with ωDP the dust
plasma frequency. After an equilibration phase, the particle
positions in the simulated clusters were simulated for 18 000
time steps further and then analyzed with the INM technique
in the same manner as the experimental ones.

Figure 5(b) now shows the normalized self-diffusion
coefficients D∗ of the measured N = 60 cluster as a function
of the temperature together with our Langevin simulations
and the YOCP diffusion constants [7]. For normalization
of the experimental values, the Wigner-Seitz radius was
calculated from the cluster volume as bWS = 560 μm. The
charge number of the particles is Z = 6900 ± 1100 [30].
Then the Einstein frequency in the experiment follows as
ωE = (32.06 ± 2.56) s−1.

The YOCP results of Ohta and Hamaguchi [7] are systemat-
ically larger in the observed temperature range. In contrast, the
diffusion coefficients obtained from the simulated finite cluster
are close to the experimental values. There are two reasons for
this. On the one hand, friction, which hinders the movement
of the particles, was neglected in Ref. [7]. On the other hand,
our observed 3D system is finite. Particles sense the system
boundary so that, in general, the diffusion processes in particle
traps should be smaller than for extended matter [9].

C. Configurational entropy

To measure the configurational entropy, different dust clus-
ter configurations have to be identified. To separate different
configurations, boundaries between the different shells are
defined from the equilibrium positions of the clusters. By
counting the particles within each shell, the cluster config-
uration is determined at each time step. Then the occurrence
of different configurations, i.e., the shell occupation numbers,
along the time series is counted to calculate the probabilities.

An illustrative example is depicted in Fig. 6. In Fig. 6(a)
the trajectories of the particles of a N = 19, 2D cluster at T =
25 730 K over a time span of 250 s are shown. In Figs. 6(b)–
6(d) the corresponding observed different states together with
the shell occupation number and their probabilities in the
experiment are visualized.

The most probable configuration at T = 25730 K is the
(1,7,11) configuration with p1 = 87.37% followed by the
(1,6,12) configuration with p2 = 12.47% and the (1,8,10)
configuration with a rather low probability p3 of 0.06%.
Note that the most probable configuration is a metastable
state [33,50] and not the ground state.
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(a) (b) (c) (d)

FIG. 6. (Color online) (a) Trajectories of the particles in an N =
19, 2D particle cluster over a time span of 250 s. (b)–(d) Observed
cluster configurations together with the shell occupation numbers and
their probabilities. Dashed lines indicate borders between different
shells.

Consequently, the configurational entropy simply follows
from the probabilities as Sc = 0.38 according to Eq. (7).
This procedure was repeated for all measured 2D clusters at
different temperatures along the time series of 15 000 frames
and all 3D clusters of Figs. 1(b)–1(e) along the time series of
30 000 frames.

Figure 7 shows the configurational entropy as a function of
the dust particle temperature for selected 2D and 3D clusters.

(b)

(a)

FIG. 7. (Color online) Configurational entropy as a function of
the temperature for selected (a) 2D and (b) 3D clusters. Note the
different temperature scaling in (a) and (b).

TABLE I. Melting temperatures for 2D dust clusters derived from
the behavior of the diffusion constant given in Ref. [21] and of the
configurational entropy.

Number of particles TM (K) from D (Ref. [21]) TM (K) from Sc

19 6700 ± 2200 14520 ± 1890
20 1650 ± 550 1550 ± 200
27 1800 ± 600 3640 ± 1780
34 2190 ± 730 820 ± 400

For the 2D clusters, the configurational entropy always starts
at Sc = 0 (i.e., a single stationary configuration) for very
low temperatures. Above a certain critical temperature, the
entropy grows fast and reaches higher values. This critical
temperature differs for the different clusters. Higher values for
the configurational entropy are reached for larger clusters in
the limit of high temperatures. Due to the limited number of
experimental runs, a clear saturation as in the simulations of
Ref. [5] is not found.

According to Radzvilavičius and Anisimovas [5], the
sudden increase of the configurational entropy with tem-
perature can be attributed to a configurational phase transi-
tion. This implies that one can estimate a further melting
temperature TM from the curve Sc(T ). For the 2D clusters
shown in Fig. 7(a), configurational melting was estimated
at the critical temperature where the entropy starts to soar.
The so-determined melting temperatures are summarized in
Table I. For comparison, the INM melting temperatures of
Ref. [21] are added for exactly the same 2D clusters, where the
melting temperature has been derived from the zero crossing
of the diffusion constant, as discussed in Sec. IV A. The
values of the two approaches differ, since the method of
configurational entropy is only sensitive to radial transitions,
whereas the melting temperatures of Ref. [21] seem to indicate
angular melting. The relatively large error in TM from the
Sc(T ) curve results from a sensitive dependence of Sc on
the number of different cluster configurations detected during
the experimental runs, especially around the transition from
Sc = 0 to finite values.

The highest melting temperature is obtained for the N = 19
dust cluster. The N = 20 dust cluster has a much lower
melting temperature. This is consistent with the INM results
of Ref. [21] since the difference of the configurational melting
temperature well reflects the geometrical stability of the 2D
clusters. The 19-particle cluster has a high stability due to
the commensurable number of particles in the inner and outer
shells. The 20-particle cluster with incommensurable numbers
has a much lower stability [32].

The configurational entropies as a function of the dust
particle temperature for the 3D clusters, except for the lowest
temperature of the N = 48 cluster, are more or less constant
over temperature [see Fig. 7(b)]. As a general trend the entropy
increases with cluster size.

The findings agree with the results from the INM analysis.
The Schweigert instability leads to elevated kinetic tempera-
tures for the 3D clusters [30]. As a result of the high kinetic
energies, more different states are energetically accessible.
Hence the low-temperature branch with a single stationary
configuration (i.e., Sc = 0) was not monitored. However, even
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(b)

(a)

FIG. 8. (Color online) Configurational entropy Sc as a function of
the particle number N for finite dust clusters. The symbols represent
experimental values for (a) 2D and (b) 3D dust clusters and the lines
are results from simulations of Ref. [5] for different values of κ . In
(b), the (blue) circles represent unheated clusters and (red) squares
mark laser-heated clusters.

for clusters observed at high pressures and low temperature,
spontaneous configurational changes are not so seldom [38].

Now the question arises as to how the configurational
entropy behaves with increasing size of the dust cloud. Figure 8
shows the configurational entropy Sc of the 2D and 3D
dust clusters of various sizes as a function of ln(N !). For
comparison, the results from the simulations of Radzvilavičius
and Anisimovas [5] for different screening strength are also
given. For the 2D clusters, only the configurational entropies
above the critical configurational melting temperature TM were
used.

In general for 2D systems, the entropy rises with increasing
particle number, ranging from Sc = 0.58 ± 0.15 for the N =
19 cluster to Sc = 1.45 ± 0.63 for the N = 50 cluster. The
overall agreement with the simulations of Ref. [5] is good.
Exact quantitative agreement cannot be expected since, on
the one hand, the finite sampling time in the experiment
allows only for a limited number of different determined
configurations and, on the other hand, even the simulation
results massively depend on the exact value of κ .

FIG. 9. (Color online) Logarithm of the unstable mode fraction
fu as a function of the configurational entropy Sc for 2D dust clusters
(closed circles) and 3D clusters (open triangles). The solid line
represents a linear fit to the 2D data. As representatives, the 2D
clusters N = 20 (closed squares) and N = 27 (open squares) are
highlighted. The data of the simulated N = 60 cluster are added as
closed upward triangles.

Figure 8(b) shows the configurational entropies for the 3D
dust clusters. The circles represent unheated clusters. Here,
only the number of particles was varied. Due to the Schweigert
instability, these clusters are nevertheless at elevated tempera-
tures. The error in estimating the configurational entropy then
is roughly represented by the symbol size. The squares in
Fig. 8(b) denote the configurational entropy of the laser-heated
clusters and the error bars result from averaging Sc over
different cluster temperatures. The general trend given by the
simulations [5] is well reproduced for the 3D clusters, with a
slight underestimation for larger clusters.

D. Unstable modes and entropy

The main aim of this paper is to address the relationship
between the unstable modes from the INM and the concept
of the configurational entropy, as given by Eq. (1). For
that purpose, the unstable mode fraction fu derived from
the INM is shown in Fig. 9 as a function of the configu-
rational entropy Sc obtained from the cluster states. These
thermodynamic quantities were derived from the experiments
using independent methods. It should be noted that both
the unstable mode fraction and the configurational entropy
are depicted for diverse 2D and 3D dust clusters at all
realized temperatures [23,24]. As illustrative examples, the
2D clusters shown in Fig. 2 with N = 20 and 27 particles
are highlighted. The configurational entropy and the fraction
of unstable modes for the simulated clusters were also
added.

For the 2D clusters, the expected linear relation between
ln(fu) and Sc can be assigned. A linear relationship between
Sc and ln(fu) implies that a lower number of unstable modes
coincides with a lower number of realized configurations
[23,24]. The unstable modes connect different cluster
states via diffusion. Thus a higher fraction of unstable modes
leads to a larger configurational entropy. The parameter b in
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Eq. (1) can be estimated as b ≈ 1.7 for the 2D dust clusters.
This is fully consistent with the parameter range predicted by
Keyes, where it was argued that 1 � b � 2 [24].

For the 3D clusters, the fraction of unstable modes is
generally higher than in two dimensions. Moreover, the
unstable mode fraction seems to be nearly constant. For
the simulated N = 60 cluster, the values of ln(fu) and
Sc above the melting point lie in the same range as the
experimental Yukawa balls. The overall higher fraction was
already attributed to the higher dimensionality of the 3D
clusters. No clear trend of increasing entropy with increasing
fu is observed. A possible reason can be that wake field effects
by the streaming ions lead to a more complex interplay between
the diffusive properties and the configurational entropy of the
3D dust clouds. A modification of Eq. (2) that considers also
the ion focus could lead to an improvement and leaves space
for future investigations.

V. CONCLUSION

We investigated statistical properties of finite fluidlike
Yukawa systems. The major question was how unstable modes,
which are related to the diffusion of the particles, are connected
to the configurational entropy. Finite 2D and 3D dust clusters
serve as ideal model systems since the particles in the charged
particle cluster can be traced individually and the ensemble
can be heated by lasers to fluidlike regimes.

The INM analysis was applied to laser-heated 3D finite
dust clouds. We found that the fraction of unstable modes is
relatively large compared to 2D systems even for the unheated
clusters. The hopping rates seem to be nearly independent of
the size of the cluster, but increase with the temperature of

the cluster particles. The diffusion coefficients were derived
for various clusters using the unstable modes of the INM.
As an example, the melting transition was investigated by
extrapolating the D(T ) curve to the freezing point for an
N = 60 cluster. A comparison between measured and simu-
lated clusters showed that the diffusive behavior of the cluster
particles is influenced by boundary effects and friction.

Further, the configurational entropies of 2D and 3D clusters
were evaluated using long-time series. In two dimensions the
configurational entropy shows a threshold behavior at a certain
temperature. Melting temperatures were derived for the 2D
clusters from the Sc(T ) curve and compared to the literature.
For the 3D Yukawa balls, no such threshold behavior for the
configurational entropy was observed since even the unheated
clusters exhibit large kinetic temperatures. The influence of
the cluster size on the configurational entropy was compared
with simulations of Ref. [5], showing good agreement in two
dimensions as well as in three dimensions. In general, the
entropy increases for bigger clusters because of the larger
number of possible states.

Finally, the relation between unstable modes and configu-
rational entropy as predicted by Ref. [24] was tested. For 2D
dust clusters, a clear relation was observed, whereas for the
3D Yukawa balls, the fraction of unstable modes was nearly
constant for all measured configurational entropies.
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Abstract. The spectral properties of three-dimensional dust clusters confined
in gaseous discharges are investigated using both a fluid mode description and the
normal mode analysis (NMA). The modes are analysed for crystalline clusters
as well as for laser-heated fluid-like clusters. It is shown that even for clusters
with low particle numbers and under presence of damping fluid modes can be
identified. Laser-heating leads to the excitation of several, mainly transverse,
modes. The mode frequencies are found to be nearly independent of the coupling
parameter and support the predictions of the underlying theory. The NMA
and the fluid mode spectra demonstrate that the wakefield attraction is present
for the experimentally observed Yukawa balls at low pressure. Both methods
complement each other, since NMA is more suitable for crystalline clusters,
whereas the fluid modes allow to explore even fluid-like dust clouds.
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1. Introduction

One access to study the dynamics of finite systems are dusty plasmas (see [1–3] for an
overview). These are plasmas with additionally embedded, typically micron-sized, particles.
Once immersed in the discharge, the particles attain a high negative charge through the ion
and electron fluxes to the particles’ surface. Due to the high charge and a thermal energy near
room temperature the dust system generally is strongly coupled. In dusty plasmas, the particle
dynamics can be studied on the kinetic level of individual particles.

When the system consists of less than a thousand dust particles, it is often considered to be
finite. Finite systems are known to differ from extended bulk matter in many ways. Theoretical
concepts and quantities had to be developed to account for boundary-related effects dominating
over volume effects [4–8].

In dusty plasmas, finite dust clusters can be formed by trapping the particles in a cubic
glass box inside a discharge plasma [9–17]. There, the dust particles arrange under the influence
of their mutual Yukawa interaction and a harmonic confinement into nested spherical shells, the
so-called Yukawa balls [9, 10].

While the shell structure and energy states of finite three-dimensional (3D) dust clouds
are well understood [18–26], the dynamical properties of finite 3D systems are less explored
[14, 27–34]. They offer the possibility to study the interplay between the external confinement
and the particle–particle interaction.

Two alternative approaches to study the mode dynamics of finite dust clouds have been put
forward: the normal mode analysis (NMA) together with its offspring, the instantaneous NMA
and, more recently, the fluid mode description. In the NMA approach, the particle dynamics
is described as a harmonic oscillation pattern around the particles’ equilibrium positions, the
so-called eigenmodes of the system. The NMA has been applied to two-dimensional (2D) dust
clusters [4, 35, 36]. So far, 3D systems have been investigated by NMA only at high gas pressure,
where the modes are heavily damped [27].
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Figure 1. Scheme of the experimental setup. The particles confined in the glass
box are illuminated by two Nd:YAG lasers from two sides and manipulated
by two diode lasers from opposing directions. The three orthogonal high-speed
cameras allow for a full 3D dynamic tracking of particle trajectories.

A different, recently developed approach has been proposed by Kählert and Bonitz [8, 37].
They have treated the Yukawa ball similar to a fluid droplet, deriving the fluid modes of a 3D
dust cluster from a cold fluid plasma description.

In the following, we adopt both approaches to describe the dynamical properties of
experimentally observed Yukawa balls. The scope is to compare fluid modes and NMA both
for crystalline and liquid-like, laser heated clusters. The dust clouds under investigation are
heated systematically and identically by means of two laser beams. Laser-heating enables to
drive the clusters from a crystalline to a fluid-like state, and hence to study the mode dynamics
over a wide range of the strong-coupling regime [14, 38–45].

The dust clouds are investigated at different gas pressures to study the influence of ion
streaming motion on the mode properties. At low gas pressure the ion streaming motion leads
to the onset of attractive forces between the dust particles [46–51].

Finally, NMA and fluid mode approach are compared to each other. Also, the limitations
of the approaches are discussed in section 3.

2. Experiment

The experimental setup to trap 3D dust clusters has been described extensively in [13, 14,
23, 27] (see figure 1) and will only be briefly reviewed here. The experiments have been
carried out in an asymmetric capacitively coupled rf discharge in argon. The rf power was
varied between 1.2 and 1.5 W (corresponding to Upp = 70 and 95 V at the driven electrode), the
neutral gas pressure was set to rather low values ranging between 4.8 to 7.8 Pa.

Inside a cubic glass box of 2.5 cm wall-length placed on a heated electrode, a small number
of particles (melamine–formaldehyde particles of 4.86 µm in diameter) is trapped in a harmonic
3D confinement [10]. The electric field from the dielectric glass walls confines the particles
horizontally. A temperature gradient in the neutral gas due to the heated lower electrode (55 ◦C)
leads to an upward thermophoretic force that, together with the electric field force, levitates the
particle cloud against gravity.
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Figure 2. Trajectories over a time span of about 10 s of the N = 60 particle
cluster for (a) 0 mW laser power, (b) 250 mW laser power and (c) equilibrium
particle positions in cylindrical coordinates ρ =

√
x2 + y2 and z for case (a).

(d)–(f) The same for a N = 49 particle cluster which has a structure influenced
by the ion focus. A single particle chain is highlighted in (d) and (f), e.g. particles
1–4. See text for details.

In that manner, up to hundred dust grains can be confined in an isotropic potential well
where they form ordered 3D structures, the so-called Yukawa balls, see figure 2 and [9, 10].
To follow the kinetics of each individual particle in the cluster, we use the stereoscopic setup
described in detail in [23, 27]. The particles are illuminated via two expanded Nd:YAG laser
beams at 532 nm with 600 mW power each. Three C-MOS cameras observe the scattered light
from the dust from orthogonal directions. Here, they were operated at a frame rate of 100
frames per second. In the experiments here, long runs with up to 30 000 frames per camera
were recorded.

Two focused laser beams from diode lasers at 660 nm with maximum output power of
1 W are used to laser-heat the Yukawa balls from two opposing sides. The beams are swept
randomly over the cross section of the cluster similar to the procedure of [14, 32], leading to
heating primarily in the horizontal direction. In the experiments shown here, the two lasers
are adjusted to the same output power with a maximum power of PL = 400 mW at the cloud
position. With this setup we are able to heat Yukawa balls with particle numbers N < 100 to the
liquid regime [14].

We conducted several experiments upon laser heated finite 3D dust clouds by varying the
particle number (5 < N < 100), the rf power of the discharge and the neutral gas pressure.

It is well known from many dusty plasma experiments that the ion focusing effect becomes
important below a certain neutral gas pressure. The ion focus is due to ions flowing through
a dust cloud. By the electric field of the dust the ions are focused below the highly charged
particles [46]. There, the ions create a local positive space charge, which on the one hand leads
to a flow-alignment of particles [47–49, 52–60]. On the other hand, the flow-aligned state can
exhibit unstable oscillations, so-called Schweigert instabilities [46]. The trend to form aligned
particle chains was reported in various experiments with finite 3D dust clouds confined at low
pressure under the influence of an ion focus [12–14, 16, 50, 51, 61].
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To study the mode dynamics of Yukawa balls with and without the trend to form aligned
particle chains, we choose two representative clusters. Firstly, we have confined and analysed
a cluster above the critical neutral gas pressure for the onset of Schweigert oscillations (6.4 Pa
and 1.3 W rf power). The Yukawa ball with N = 60 particles is spherical in shape and consists
of two shells, see figures 2(a)–(c). Secondly, we selected a cluster that was confined at 4.8 Pa
and 1.5 W, just below the threshold neutral gas pressure. The cluster with N = 49 particles is
slightly elongated along the ion streaming direction (aspect ratio about 1.7:1) and the particles
tend to align below each other, see figures 2(d)–(f). The four highlighted particles shown in
figure 2 build a single vertical chain emphasizing the trend to chain formation.

3. Mode properties

The fluid mode as well as the normal mode technique to analyse the mode properties of finite
dust clusters are briefly described. In dimensionless units, the Hamiltonian for the ground state
of the N particle ensemble can be written as [7]

E =

N∑
i=1

r 2
i +

N∑
i< j

exp(−κri j)

ri j
, (1)

where coordinates and energies are dimensionless with the units r0 = (Q2/2πε0 mω2
0)

1/3 and
E0 = (mω2

0 Q4/32π 2ε2
0)

1/3. Furthermore ω0 is the trap frequency, Q and m the dust charge and

mass, ri =

√
x2

i + y2
i + z2

i is the distance of particle i to the trap centre. The indices i and j denote
the particles and κ = r0/λD the screening strength, which is inversely proportional to the Debye
length λD. The first term in equation (1) describes the isotropic harmonic 3D confinement and
the second the pairwise interaction between the charged particles. The interaction is of Yukawa
type, since shielding by the ambient plasma should be taken into account.

Although the N = 49 cluster confined at low pressure lacks a perfect isotropic shape and
even though wake field effects become important for this cluster [50–52], we can test the validity
of state of the art theories [4, 8] in the limit of realistic experimental situations.

3.1. Fluid modes analysis

When the number of dust particles becomes sufficiently large, it is convenient to treat the system
as a continuum. In addition, when the cluster is not in a solid state, a fluid description might be
more adequate.

Kählert and Bonitz [8, 37] treated the Yukawa cluster as a fluid droplet and derived
the modes by solving the plasma fluid equations. In their approach, the total potential of
the dust cloud with time-dependent density nd(Er , t) is expanded into a set of radial and
angular eigenfunctions. Multipole moments of the density can be defined in terms of these
eigenfunctions as

qlm(t) = Q

√
4π

2l + 1

∫
nd(Er

′, t)îl(κr ′)Y ∗

lm(θ, φ)dEr ′, (2)

with l and m being the angular mode numbers, îl(κr ′) the modified spherical Bessel function,
and Ylm(θ, φ) the spherical harmonics, respectively. In our analysis, weak screening was
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assumed by fixing the screening strength to κ = 0.6 but other values of κ did not reveal any
qualitative differences [23, 24].

In order to derive the experimental fluid modes, the particle positions at each time step are
taken to calculate the multipole moments qlm , where the density nd is treated as a series of δ-
functions according to nd(Er , t) =

∑
i δ(Er − Er i(t)). For all fluid modes shown here, we calculated

the power spectral density from 30 000 frames. The power spectral density qlm(ω) of each fluid
mode is taken as the Fourier transform of qlm(t) via

qlm(ω) =
2

T N

∣∣∣∣∫ T

0
qlm(t) exp (−iωt) dt

∣∣∣∣2

(3)

over a time interval T .

3.2. Normal mode analysis (NMA)

For the sake of a broader picture, the dynamics has also been analysed by normal modes [4, 27,
35, 62, 63]. Thereby, it is assumed that the particles only perform small oscillations around their
local equilibrium positions. Thus, using the dynamical matrix, i.e. the second derivative of the
total energy given in equation (1),

H =
∂2 E

∂rα,i , ∂rβ, j
, (4)

the 3 × N eigenvalues and eigenvectors are calculated with α and β being the Cartesian
coordinates x , y, z and i, j denoting the particle number. The eigenvalues define the frequencies
of the different modes of the Yukawa cluster. The resulting 3D eigenvectors Eei,l describe the
oscillation pattern of particle i in each normal mode l.

From the measured time series, the velocities Evi(t) of each particle are mapped onto the
eigenmode pattern according to

fl(t) =

N∑
i=1

Evi(t)Eei,l . (5)

From this, the NMA spectral power density Sl(ω), i.e. the energy per frequency interval of
each individual crystal mode l, follows from the Fourier transform of equation (5) similar to
equation (3) above [27]. Contrary to the fluid mode technique, where the momentary particle
positions inside the dust cloud are required, the NMA needs the full trajectories of each
individual dust grain. For the NMA performed here, the full 3D trajectories of more than 1600
frames per experiment were used.

While both approaches are well applicable to dust clouds at high pressure, the analysis
faces problems at low pressure since both methods are based on the isotropic Yukawa potential.
In the latter case, the streaming ions make the potential anisotropic and lead to non-reciprocal
inter-particle forces [52]. In principle, the ion focus can be taken into account by introducing an
additional positive charge below each dust grain [46, 58, 64, 65] or by using the linear response
formalism to calculate an improved interaction potential [50, 52]. However, the anisotropy of
the clusters in the present experiment is not very pronounced, which is why we neglect these
effects in our analysis. The comparison with the measurements is thus expected to yield useful
information on the importance of wake effects in the theoretical description.
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4. Results

For the analysis of fluid modes and NMA of Yukawa balls two clusters are considered. The first
cluster is of spherical shape. The pressure (6.4 Pa) was high enough to suppress the onset of
Schweigert oscillations. The second dust cloud under investigation has aligned particle chains.
Here, the cluster was trapped at 4.8 Pa where an influence of the ion streaming motion onto the
dust dynamics is expected. Both clusters were laser-heated in the same manner.

4.1. Fluid modes of the spherical dust cluster N = 60

We have observed a spherical dust cluster and recorded the particle motion over 30 000 frames.
From that, the particle positions have been determined. Then, the spectra of the fluid modes were
calculated for all angular mode numbers up to the order l = m = 5 according to equations (2)
and (3). Here, the q00, q10 and q11 fluid modes are presented as representatives for the monopole
and dipole modes (with q00 being breathing mode like [8, 37], q10 containing the sloshing mode
in vertical direction and q11 containing the sloshing mode in horizontal direction). As examples
for fluid modes with a more complex structure, the spectra of the q2m , m = 0, 1, 2 modes are
depicted, corresponding to quadrupole modes.

Figure 3(a) shows the spectra of the fluid modes q00, q10 and q11 and figure 3(b) the spectra
of the fluid modes q20, q21 and q22 for the unheated N = 60 cluster. Figures 3(c) and (d) show the
same modes for the same cluster in the liquid regime at a laser heating power of PL = 250 mW.
In the absence of any external laser heating, figures 3(a) and (b), no fluid modes are detectable.

For the spectra of the heated cluster shown in figures 3(c) and (d), mainly two fluid modes
are excited. This can be seen from the elevated signal of the q11 fluid mode at 2.5 Hz and the q22

fluid mode at 3.0 Hz. The value of the peak positions for all fluid modes shown here and in the
following were determined by fitting a Gaussian distribution to the peak. The peak width was
typically found from the fit as σ = 1.4 Hz. The reason for the excitation of the horizontal q11 and
q22 modes can be understood by the fact that the beams are pointing in the horizontal direction
to the dust cloud. Therefore, the lasers transfer momentum to the cluster particles mainly in this
direction.

Interestingly, the ratio of the two mode frequencies ω22/ω11 = f22/ f11 = 3.0/2.5 Hz = 1.2,
is in good agreement with the fluid theory which predicts two limiting cases: (a) for κ = 0
one gets ωll =

√
3l/2l + 1ω0, ω22/ω11 =

√
3 · 2/(2 · 2 + 1) = 1.095 and for (b) κ → ∞ one finds

ωll =
√

lω0, ω22/ω11 =
√

2 ≈ 1.41 [8]. In particular, equating the theoretical ratio to 1.2 we
obtain κ = 0.57 ≈ 0.6, which is in good agreement with earlier findings (due to the weak
dependence of the frequency on the screening parameter (see figure 2 in [8]), the error is
relatively large).

A possible cause not to find any peak in the q00 spectra (which describes a monopole
breathing oscillation) is the presence of neutral drag. As pointed out by Kählert and Bonitz
low damping rates are necessary to detect fluid modes [37]. In our experiment, the neutral gas
pressure was held constant at 6.4 Pa. From this, the Epstein friction coefficient can be calculated
as ν = 8 s−1 [66]. When we now assume that the peak of the q11 mode is a sloshing oscillation at
the trap frequency f11 = 2.5 Hz ≈ ω0/(2π) the normalized friction is ν/ω0 ≈ 0.5. Even though
the gas pressure is relatively low compared to most other Yukawa ball experiments [22, 23, 27],
only a few broad peaks can be seen in the interesting frequency domain.
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Figure 3. Spectra of fluid mode analysis of a spherical N = 60 particle cluster.
Spectra of fluid modes q00, q10 and q11 in (a) and q20 to q22 in (b) for the unheated
cluster. Spectra of fluid modes q00, q10 and q11 in (c) and q20 to q22 in (d) for the
cluster in the liquid regime (PL = 250 mW). The unheated cluster does not show
any characteristics at all. The laser heated cluster has a transverse sloshing mode
q11 at 2.5 Hz and a transverse quadrupole mode q22 at 3.0 Hz.

4.2. Fluid modes of the wake-affected dust cluster N = 49

It is tempting to reduce the neutral gas pressure in order to decrease friction of the particles. This
should lead to richer fluid mode spectra [37]. As discussed in section 2, lowering the neutral gas
pressure leads to an increasing influence of the ion focus on the particles [36, 49]. Thus, we can
study the influence of damping and the influence of anisotropic particle–particle interactions to
the fluid modes at once. The spectra of the same fluid modes as above are shown in figure 4 for
a cluster with N = 49 particles to compare directly with the results of the isotropic cluster.

In the absence of any external laser heating, figures 4(a) and (b), indeed a few collective
excitations appear in the elongated cluster. No peak occurs in spectra of the q00 and q10 fluid
mode. An elevated signal can be found in the q11 mode at about 3.5 Hz. The q22 fluid mode,
which represents a transverse quadrupole oscillation, has also a broad peak at the frequency
domain of 4 Hz. Moreover, a sharp peak occurs in all quadrupole spectra and in nearly all
spectra of the higher order modes at 7.8 Hz for this cluster indicating that this peak is not a
pure fluid eigenmode.
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Figure 4. Spectra of fluid mode analysis of an elongated N = 49 particle cluster
as in figure 3. Laser heating destroys the ion focus related unstable oscillation at
7.8 Hz and mainly excites a sloshing movement at 3.2 Hz.

Even though the friction is rather low no q00 mode is detectable (for 4.8 Pa and assuming the
trap frequency to be ω0/(2π) ≈ 3.5 Hz one finds ν/ω0 ≈ 0.27). The reason is in the elongation
of the cluster along the z-axis and the particle-interaction, which is influenced by the ion focus.
Such a cluster does not possess a uniform monopole mode.

High mode numbers generally correspond to more localized oscillations in the cluster. The
observed sharp peak at 7.8 Hz in the spectra of the higher-order fluid modes for the N = 49
cluster thus belongs to an oscillation that does not involve large-scale motion. Moreover, the
fact that quadrupole oscillations transverse to the ion flow q22 are favoured over the longitudinal
quadrupole oscillations seem to confirm that restoring forces are mainly in the direction
perpendicular to the ion streaming direction even without laser excitation [48, 49, 60].

The origin of the transverse restoring forces can be attributed to the ion focus [46, 48,
49, 60]. The alignment can result in unstable oscillations—the Schweigert instability—since
there are repulsive forces between the dust particles and attractive forces between ion cloud and
the dust particles [47, 48, 52–59].

Additional evidence for the Schweigert instability in our experiment is given by the fact
that the dust system is ‘heated’ by the instability [14, 31, 36, 46, 58, 64, 67–69]. For the dust
cluster under investigation, the temperature (mean kinetic energy) of the cluster particles is
found at Tkin = m

〈
v2

〉
/3kB ≈ 7370 K, i.e. far above room temperature even in the unheated case

[14, 67]. For comparison, the cluster in section 4.1 has T = 2930 K.
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Figure 5. (a) Transverse movement of selected particles in the cluster over a
time span of 2 s. All particles belong to one particle chain where the particles
are numbered from top to bottom. The correlated oscillatory movement of
particles 2–4 is clearly visible. (b) The corresponding power spectra from the
full trajectories (300 s), showing a peak in the spectra at 7.8 Hz.

To underline the above argument, the motion of individual particles was analysed.
Therefore, the four representative particles of the particle chain were chosen (marked in
figure 2).

In figure 5(a) the transverse (to the ion stream) movement ρ(t) of the four particles within
the cluster is shown over a time span of 2 s. The corresponding power spectra from the full
trajectories (300 s) are depicted in figure 5(b).

For the uppermost particle 1, the trajectory does not show any particular oscillations,
consequently the power spectrum is nearly flat. In contrast, the lower particles 2–4 respond to
the ion wakefield from particles placed above it. This can be seen from the trajectories correlated
oscillatory motion and the corresponding peak in the spectra of the particles, respectively.
Clearly, the frequency of the peak in the spectrum of the individual particle motion ρ(t)
coincides with that of the q2m fluid modes. Furthermore, the amplitude of the oscillatory
motion increases with particle positions further down the ion stream. This supports that these
oscillations are due to the Schweigert instability. A second peak in the spectrum for particles 3
and 4 at the first harmonic (≈16 Hz) hints at the nonlinear character of these oscillations.

The ion wakes induce local small-scale perturbations of the cloud potential, leading to
signals in the fluid spectra for higher mode numbers, see figure 4. Even when the fluid mode
technique starts from the assumption of an isotropic Yukawa model, equation (1), it allows for
identification of such instabilities.

To display the influence of heating, the fluid mode spectra for the laser heated N = 49
cluster are shown in figures 4(c) and (d). Heating was applied in the same manner as for the
spherical cluster. Here, the peak at roughly 3.2 Hz is even more pronounced in the q11 mode. A
slightly higher signal is also found in the spectra of the q10 mode at 5 Hz.

Contrary to the unheated case, no sharp peaks occur at 7.8 Hz for higher angular mode
numbers l = 2. Instead, several other modes are excited at 5.6 and 11.4 Hz in the q20 mode, at
2.6 and 6 Hz in the q21 mode and at roughly 3.6 Hz in the q22 fluid mode.
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The ratio of the two mode frequencies ω22/ω11 = 4/3.5 Hz = 1.14 for the unheated, and
3.6/3.2 Hz = 1.13 for the heated case, respectively, agree well with the ratio for the spherical
cluster and literature [8]. However, one must take into account that the assumptions of the theory,
i.e., isotropic confinement and interaction, are not fully fulfilled here.

According to the fluid theory of [8], the frequency for excitations in the qlm fluid modes
for the same l but different m should be independent of mode number m, since the underlying
theory assumes isotropic confinement and isotropic particle–particle interaction. The fact that
the frequencies of the q1m and q2m fluid modes change as m changes could either indicate
that the confinement in the experiment is not perfectly isotropic or that the symmetry in the
particle–particle interaction is broken due to the presence of an ion focus.

4.3. Evolution of fluid modes during laser heating

To analyse the fluid behaviour of finite dust clouds more closely, the evolution of the q11 mode
and the q22 mode with temperature is investigated. Here, we restrict to the N = 49 cluster, since
the fluid modes are more pronounced than for the spherical cluster, but the general results are
qualitatively the same. The mode evolution is shown in figure 6 as a function of laser heating
power. The power of the two beams was varied between 0 and 400 mW in steps of 50 mW thus
covering a wide range of fluidity.

For comparison, the kinetic temperature of the cluster particles as function of the
applied laser power is shown in figure 6(c) together with the corresponding Coulomb
coupling parameter. The Wigner–Seitz radius for the N = 49 cluster was estimated as bWS =

(3/4πn)1/3
= 340 µm from the overall density. For the dust charge, the value of [14] Q = 6900e

was used. The solid curve represents a parabolic fit of the temperature versus laser heating
power. This parabolic dependence corresponds to a laser particle interaction via radiation
pressure [38, 70]. It was shown previously [14] that the velocity distribution is not purely
Maxwellian for the dust particles, but sufficient to assign a temperature to the 3D dust clusters.

In each spectrum of the q11 fluid mode shown in figure 6(a), a peak is found at a frequency
range of (3.3±0.2) Hz. The position of the peak maximum does not change significantly with
laser heating. This transverse sloshing mode was already discussed in the previous section. The
peak height slightly increases as the laser power increases, and the peak gets broader. This is
exactly what is expected for the fluid modes [37].

Figure 6(b) shows the evolution of the q22 fluid mode. Here, a peak is found for all modes
at a frequency interval of about (3.7±0.2) Hz. As in figure 6(a), the peak height increases
and broadens continuously. Similar behaviour was found for all fluid modes. The oscillation
associated with the Schweigert instability at 7.8 Hz is seen for the unheated cluster at 0 mW.
At higher heating this peak is destroyed, probably due to the frequent particle exchanges in the
liquid regime.

4.4. NMA of finite dust clusters

One goal of this paper is to compare the fluid and crystal modes of finite dust clouds. Contrary
to the fluid mode description, where the Yukawa ball is treated like a fluid droplet, the NMA
describes the harmonic movement of individual dust grains in terms of crystal modes [4, 71]. To
compare the crystal modes with the fluid mode results, a NMA is performed from the trajectories
of the spherical and the aligned cluster for the unheated crystalline case (PL = 0 mW) and
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Figure 6. Evolution of the q11 fluid mode (a) and the q22 fluid mode (b) during
laser heating. In (c) the kinetic temperature of the cluster particles and the
Coulomb coupling strength for the applied laser power are shown. The solid
curve corresponds to a parabolic fit.

the heated, liquid-like clusters (PL = 250 mW). For both cases, the 3D positions of the cluster
particles with respect to the centre of mass were assumed to be equilibrium positions and again
weak screening κ = 0.6 was assumed to calculate the dynamical matrix H of equation (4).

The reason for choosing the NMA instead of the recently established instantaneous normal
mode (INM) technique is that the NMA allows to investigate the mode resolved spectral
properties, whereas the INM only enables to reveal information about the total distribution of
the eigenfrequencies [32, 72].
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Figure 7. Normal mode spectra for the spherical N = 60 particle cluster (p =

6.4 Pa); (a) power spectral density per mode and (b) corresponding PSD for the
unheated cluster, (c) power spectral density per mode and (d) corresponding PSD
for a cluster in the liquid regime (PL = 250 mW). In the mode resolved spectra,
darker colours correspond to a higher energy per frequency interval. The circles
correspond to calculated mode frequencies. Without external heating, the energy
per mode is concentrated in an narrow frequency band.

Figure 7 shows the mode resolved NMA spectral power density for the unheated cluster
and the heated cluster together with the total power density S(ω) (PSD), which follows from
the summing up Sl(ω) over each individual mode S(ω) =

∑
l Sl(ω).

For the crystalline cluster, figure 7(a), regions with higher power density can be found for
each mode. These regions shift slightly to higher frequencies as the mode number increases.
This is the expected trend and has been previously demonstrated for 2D and 3D clusters
[27, 36]. The spectral width is much less than that of [27] due to the much lower pressure
used in the present experiment. The corresponding PSD, figure 7(b), that is obtained from
the integration over all modes, shows evenly distributed energy at each frequency in this
representation. However, the interpretation of individual normal modes is not as straightforward
as in the fluid mode description. For the heated cluster, see figure 7(c), the energy in the modes
is not located in a narrow frequency band as for the solid cluster. Higher energy can be found in
a much broader region up to 15 Hz for all modes. In the PSD, figure 7(d), most of the energy in
the system is seen to be located in a broad frequency range with its maximum at about 2.6 Hz.
Compared to the PSD for the solid cluster, figure 7(b), laser heating increases the values of the
PSD about one order of magnitude since kinetic energy is deposited to the cluster particles.
Frequent particle exchanges occurring in this liquid regime prevent the establishment of normal
mode oscillations. Thus, the spectrum is much broader as for the cluster in the solid phase, so
as the NMA is mainly suited for crystalline states.
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Figure 8. Normal mode spectra for the wake-affected N = 49 particle cluster
(p = 4.8 Pa) as in figure 7. In the unheated case, an unstable oscillation occurs
at 7.8 Hz within all modes (marked by the arrows).

The N = 49 cluster with aligned particle chains was investigated by means of NMA in
the same manner as described above. For the solid cluster, figure 8(a), the features of the mode
resolved NMA spectra of a solid weakly damped Yukawa cluster are recovered, too. Moreover,
in this unheated case, a significant amount of energy is stored in a narrow frequency band around
7.8 Hz in most of all modes. Consequently, this feature is no eigenmode of the system [36].
The peak at 7.8 Hz becomes more distinct in the corresponding PSD, see figure 8(b). The
contribution at 7.8 Hz is by far the most dominant input in the PSD (note that energy density
in this narrow frequency band is about two magnitudes larger than for the unheated spherical
cluster, figure 7). Thus, the Schweigert instability at 7.8 Hz can be identified within both, the
crystal and the fluid mode approach.

The mode resolved NMA spectra of the heated chain-like cluster, see figure 8(c), looks very
similar to that of the spherical cluster with laser heating. In the PSD, figure 8(d), the maximum
of the energy is now found at 3.3 Hz due to the different discharge parameters.

It is a remarkable result that even when both approaches assume isotropy and use different
data as an input (fluid modes require the 3D density, i.e. the particle positions, and NMA uses
the particles velocities), the dominant spectral properties of the system are well recovered:

In the fluid regime, the peak of the q11 fluid mode coincides with the maximum of the
PSD for both clusters. Moreover, in the unheated case of the elongated cluster, the sharp peak
at 7.8 Hz due to the ion focus is covered by the NMA and the fluid mode approach as well.
A difference in both methods lies however in the allocation of the total energy of the system
onto the individual crystal or fluid modes.
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5. Summary

A comparison between two different approaches, the NMA and the fluid mode technique,
describing the mode structure of finite 3D Yukawa type systems in solid and liquid phases
was made. For that purpose, a cluster consisting of N = 60 particles representing a spherical
Yukawa ball and a cluster formed from N = 49 particles, which was elongated along the ion
streaming direction, were investigated. Both clusters, which were solid in the unheated case,
were gradually heated by means of two opposing laser beams to a liquid state.

The fluid mode technique was applied to the experimental data. Here, the dust cluster is
treated as a continuous fluid, similar to a fluid droplet. Diverse fluid modes could be identified
in the motion of the finite dust clouds. Furthermore, for the crystalline but elgonated cluster, the
Schweigert instability at 7.8 Hz was seen as a sharp peak in high order modes, that corresponds
to more local cloud oscillations.

Transverse laser heating mainly excites fluid modes that correspond to a transverse
particle movement. The evolution of fluid modes was followed during laser heating. The mode
frequencies were found to be nearly independent of heating power, but the peaks themselves
were getting broader, in agreement with theoretical calculations.

A NMA was performed to compare the fluid modes with crystal eigenmodes. A clear mode
spectrum has been derived for the unheated, crystal-like 3D clusters. Again, it has been revealed
that the ion focus leads to an unstable oscillation of the cluster particles due to the Schweigert
instability for the cluster which leads to particle alignment. With laser heating, i.e. when the
clusters are in a liquid-like regime, the NMA spectra becomes less structured due to frequent
particle exchanges.

Both methods yield comparable results concerning the spectral features of the system, even
for the low particle numbers of the investigated cluster and under the influence of the ion focus.
Also, both techniques hint at the non-isotropy of the confinement and particle interaction.

The results are a helpful input and feedback for theory and simulations. Future extensions
of the theory, for instance for systems in a flowing environment, are desirable, as they are
important for a quantitative comparison. This will allow to widen up the fluid mode description
to a broader area of physical systems, even beyond dusty plasmas.
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[24] Kählert H, Ludwig P, Baumgartner H, Bonitz M, Piel A, Block D and Melzer A 2008 Phys. Rev. E 78 036408
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The dynamic properties of finite three-dimensional dust clusters in a dusty plasma under the influence of an
ion focus are studied by normal modes. The mode analysis has been extended to account for the ion focus using
the point-charge model for the horizontal interaction of the dust particles. From that, an analytical model for a
few-particle system is derived accounting for three distinct dynamical regimes at different focus strengths, namely,
absolutely unstable and fully stable configurations as well as an unstable oscillatory regime. The techniques of
normal mode analysis (NMA) and instantaneous normal modes (INM) extended by the ion focus have been
applied to dust systems in the experiment and compared to the model. From this, the ion focus strength has
been derived. The specific sensitivity of NMA and INM allows one to identify equilibrium configurations in this
nonequilibrium environment for these finite clusters.

DOI: 10.1103/PhysRevE.89.013109 PACS number(s): 52.27.Lw, 64.60.an

I. INTRODUCTION

The dynamics of systems in a nonequilibrium environment
is of enormous interest in many situations. Specifically, dusty
plasmas allow a fundamental insight into the microphysical
behavior of such systems since the individual particles can
be traced on the kinetic level. In dusty plasma systems
the particles are typically trapped in a (plasma-mediated)
confining potential and interact via a shielded Coulomb
interaction. The nonequilibrium environment stems, among
others, from the ions streaming through the dust system, e.g.,
in the space-charge sheath where the dust particles generally
are confined [1].

The particles in a dusty plasma usually are highly charged
microspheres and, hence, the dust-dust interaction is strongly
coupled [1–3]. The spatial and temporal scales of the dust mo-
tion allow for a detailed observation by video microscopy [4]
where the particle motion can be resolved on the microscopic
dynamic level. Here, we will focus on three-dimensional (3D)
dust clusters of a small number of particles (N < 50, say) in a
spherical confinement (so-called Yukawa balls [5–7]).

Under typical particle trapping conditions the dust particles
are found in an environment with streaming ions. The ion
streaming motion then leads to the formation of an ion
wake, or ion focus, which is a region of positive space
charge downstream from the dust particle [8–21]. This ion
focus leads to a nonreciprocal interaction between the dust
particles [10,12,22–25] where a dust particle sitting further
downstream in the ion flow feels an attraction from the ion
focus of the upstream particle, whereas the upstream particle
is repelled from the downstream particle. The influence of the
ion focus on the structure formation has been studied (see, e.g.,
[23,25–27]). Further, this nonequilibrium ion focus leads to
the onset of instabilities (so-called “Schweigert” oscillations)
and to the heating of the dust system and, subsequently, to
solid-liquid phase transitions [22,28–30]. The occurrence of
ion-focus-driven oscillatory instabilities in extended and finite
systems has been demonstrated [15,18,31–33].

To analyze the dynamical properties of finite (dust) systems
the normal mode analysis (NMA) is a well suited technique
[34–37]. In finite systems, the normal mode spectra assume
the role of wave spectra [16,38–40] of extended systems.

A related technique, the instantaneous normal mode (INM)
analysis [41–46] has also been successfully applied to dusty
plasmas [47–49]. These techniques, however, have always
relied on the equilibrium energy to derive the mode patterns
and oscillations.

It is now tempting to study how the techniques of NMA and
INM, which are well established for equilibrium situations,
can be extended to account for this nonreciprocal ion-focus
interaction and the corresponding instabilities. We will demon-
strate how this nonreciprocity can be taken into account in the
NMA and INM analysis of a 3D finite system. From that,
an analytical model for a few-particle system is derived. The
NMA and INM technique extended by the ion focus will then
be applied to dust systems in the experiment and compared
to the model. The differences arising between NMA and INM
lead to interesting consequences in the stability analysis of
these finite systems.

II. THEORETICAL TREATMENT AND MODEL

The normal modes of a finite system under equilibrium
conditions are derived by starting from the ground-state energy
of the system which is given by

E = 1

2
mω2

0

N∑
i

r2
i + Z2e2

4πε0

N∑
i<j

exp(−rij /λD)

rij

, (1)

where ri is the distance of particle i from the trap center and
rij is the distance between particles i and j . The dust mass is
denoted by m, and the dust charge number by Z. Further, e is
the elementary charge and ε0 the vacuum permittivity. The first
term describes the potential energy in the (assumed harmonic)
confining potential of strength ω0 and the second term is the
Coulomb repulsion between the particles including shielding
by the ambient plasma with the Debye shielding length λD.

A. NMA and INM

In the NMA the modes are derived from a harmonic approx-
imation to the potential energy surface around the equilibrium
configuration. They are computed as the eigenvalues and
eigenvectors of the dynamical matrix (Hessian) of the energy,
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i.e.,

A =
(

∂2E

∂riα∂rjα′

)
, (2)

with α,α′ = {x,y,z} denoting riα as the x, y, or z coordinate
of particle i. The modes are, as usual, derived from

det[A − ω(ω + iβ)I] = 0, (3)

where β is the Epstein friction coefficient and I is the unit
matrix [50]. The eigenvector �e	 describes the oscillation
pattern of the particles in mode number 	. In the absence
of friction, the eigenfrequencies ω	 are simply found as the
square root of the eigenvalues ω2

	 of A. Due to the harmonic
approximation around equilibrium the dynamical matrix A is
symmetric and positive definite. Hence, the eigenvalues ω2

	

are positive and real and so are the normal mode oscillation
frequencies ω	. This defines a stable configuration.

Hence, the solutions describe an oscillatory motion around
the equilibrium configuration of the form

�X(t) = �e	 exp(−iω	t), (4)

where �X = (x1 . . . xN ,y1 . . . yN ,z1 . . . zN ) is the state vector.
It should be noted that, since ω	 is real, all particles oscillate
with the same phase (the amplitude and direction of the motion
are, however, defined by �e	). With friction, the eigenvalues are
modified to ω	,β = −iβ/2 ± (ω2

	 − β2/4)1/2 and the motion is
a damped harmonic oscillation. In the following, the influence
of neutral gas friction β is not explicitly described since often
ω	 is of the order of 30 s−1 and β ≈ 10 s−1, so that ω2

	 � β2/4
and also the influence of friction is easily accounted for by
using ω	,β .

In the case that the analyzed particle configuration is not in
equilibrium the dynamical matrix A is not necessarily positive
definite, but still symmetric (due to Newton’s third principle
for pairwise interaction). Consequently, the eigenvalues ω2

	 are
still real, but may become negative. Hence, purely imaginary
ω	 = ±i|ω	| may result. According to Eq. (4) they indicate
exponentially growing excursions from this nonequilibrium
configuration. Here, this will be referred to as absolutely
unstable situations.

In liquid systems one exactly looks for the presence of
stable and unstable modes when using the INM analysis
[41–46]. There, the dynamical matrix A is calculated for
every instantaneous configuration. In the liquid state, for
example, the instantaneous configuration generally is not in an
equilibrium state and, consequently, negative eigenvalues ω2

	 of
the dynamical matrix may be found in addition to the positive
values for an equilibrium system. Since the eigenvalues ω2

	

reflect the curvature of the energy landscape of momentary
configurations, one tries to connect the eigenvalue distribution
to the dynamic properties of a liquid state.

The resulting density of states

ρ(ω) =
〈∑

δ(ω − ω	)
〉

(5)

is the averaged distribution of the normal mode frequencies
with the normalization

∫
dω ρ(ω) = 1. The total density of

states can be split into the stable part ρs(ω) with (positive) real
ω	 and the unstable part ρu(ω) with (purely) imaginary ω	.

Real values of ω	 correspond to potential wells in the
momentary energy landscape of the system, in which the
particles can oscillate around their current equilibrium in
the cage of the nearest neighbors. Imaginary values of ω	

correspond to the potential hills that separate the minima.
It is now argued [41–45] that especially the unstable part
can be related to the liquid properties, such as the diffusion
constant D, since the thermal energy drives configurational
transitions to take place over these potential hills associated
with ρu(ω). Using this approach, the diffusion and liquid-solid
phase transitions have recently been studied in finite dust
clusters [47–49].

B. Accounting for the ion focus

The presence of an ion focus (or wakefield) is a well-known
phenomenon in dusty plasmas with streaming ions (such as in
the space charge sheath) [8–21,51,52]. The streaming ions
are deflected in the electric field of the negatively charged
particle and are scattered into a region downstream from the
dust particle. There, they form a region of enhanced positive
charge, the ion focus. It has earlier been noted [10,22] that
the interaction between two dust particles at different heights
in the sheath is not reciprocal, but that rather the downstream
particle feels an attraction due to the ion focus of the upstream,
but the upstream particle is repelled from the downstream
(i.e., Newton’s third law of action and reaction is seemingly
violated). This behavior has been demonstrated experimentally
[12,23–25]. Ion-neutral collisions somewhat affect the strength
of the ion focus, but its nonreciprocal attraction is severely
diminished only at much higher gas pressures than used here
[23,25,51,53].

Often (see, e.g., [10,14,15,19,21,21,22,51,52]), the ion
focus has been modeled as a positive point charge Z+ rigidly
attached to the dust particle at a distance d+ below the dust
[see Fig. 1(a)]. Following this assumption together with the
nonreciprocity of the attraction, we have added the interaction
of a dust particle with the ion focus of another particle by an

(a) (b)

(c)

FIG. 1. (Color online) (a) Model of the dust-dust interaction.
The ion focus is modeled as a point charge below the dust. Here
the situation is illustrated for three vertically interacting particles.
(b) and (c) Horizontal and vertical modes of the three-particle system.
See text for details.
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additional term in the energy equation as

EIF = −Z+Ze2

4πε0

N∑
i<j

′ exp(−r ′
ij /λD)

r ′
ij

, (6)

where r ′
ij = |�ri − (�rj − d+�z)| is the distance between particle i

and the ion focus of particle j and �z is the unit vector in vertical
direction. Note that EIF is attractive. As indicated by the prime
at the sum symbol, the nonreciprocity of the interaction is
accounted for by adding EIF only for particles i that are
below the ion focus of particle j , i.e., zi < zj − d+. Further,
this interaction is taken into account only in the horizontal
motion in the x and y directions without any coupling to the
vertical component, i.e., only contributions to ∂2E/∂riα′∂rjβ ′

with α′,β ′ = {x,y} are considered. This kind of interaction
is proposed, e.g., by Refs. [22,29,51]. Hence, the pairwise
interaction force is expressly nonreciprocal with �Fij �= − �Fji

when particle i is situated below the ion focus of particle j .
As a consequence of this nonreciprocity the dynamical

matrix A is not symmetric anymore and complex eigenvalues
for ω2

	 may arise. Hence, ω	 itself may be complex with
ω	 = ω	,r ± iω	,i . Dynamically, this corresponds to particle
motions �X(t) = �e	 exp(−iω	t), according to Eq. (4), that
describe oscillations at the frequency ω	,r with exponentially
growing (and decreasing) amplitudes on the time scale of ω	,i .
These unstable types of oscillations (so-called Schweigert
oscillations) have been observed, e.g., also in the phase
transition of multilayer dust systems [11,29,32]. The situations
where these oscillations with complex eigenvalues occur will
be termed Schweigert unstable in the following.

It should be noted that our model does not account for any
mode coupling between horizontal and vertical oscillations
(see discussion in Sec. V).

C. Three-particle model

We like to illustrate the above model for a three-particle
system that can be treated analytically (a system of only
two particles cannot become Schweigert unstable within the
framework of this model). We consider a situation with three
particles confined in a potential well of strength ω0 where
the particles are vertically aligned due to the action of the
ion-focus attraction, as shown in Fig. 1. This model will later
be compared to the experimental situation.

The equation of motion for the three particles in the
horizontal (x) direction can be written as, using F = −∇E

with the energies E given by Eqs. (1) and (6),

ẍ1 + βẋ1 + ω2
0x1 = −ω2

h(x2 − x1),

ẍ2 + βẋ2 + ω2
0x2 = (ξ − 1)ω2

h(x1 − x2) − ω2
h(x3 − x2), (7)

ẍ3 + βẋ3 + ω2
0x3 = (ξ − 1)ω2

h(x2 − x3),

where xi is the horizontal excursion of particle i from the
aligned situation and β is the Epstein friction coefficient
due to the neutral gas damping. Here, we have boiled down
the situation to the minimum complexity assuming that the
particle interaction is pure Coulomb (λD → ∞). The hori-
zontal interaction strength is then ω2

h = Z2e2/(4πε0md3) and
the ion-focus strength ξ = (Z+/Z)[d/(d − d+)]3 accounts for
the ion-focus attraction [23]. The ion focus of particle 1

is acting on particle 2 (but not vice versa, since particle 2
is found below particle 1). Equivalently, the ion focus of
particle 2 influences particle 3. Hence, in this model only
nearest-neighbor interaction is considered. In principle, one
can account for the interaction of all particles (repulsion of
particle 1 by particle 3 and attraction of particle 3 by ion
focus of particle 1). However, in the above approximations,
the interaction strength between particle 1 and 3 is only 1/8
of the interaction of particle 1 and 2 (due to the d−3 scaling of
ω2

h) leading to only minor corrections and, more importantly,
one would lose the simple analytical expression for the mode
frequencies (see below).

From this model, the dynamical matrix is asymmetric as
mentioned above and found as

Axx =

⎛
⎜⎝

ω2
0 − ω2

h ω2
h 0

−(ξ − 1)ω2
h ω2

0 + (ξ − 2)ω2
h ω2

h

0 −(ξ − 1)ω2
h ω2

0 + (ξ − 1)ω2
h

⎞
⎟⎠ ,

(8)

where only the x-x component is given which is sufficient for
the following analysis. It is straightforward to verify that the
eigenvalues ω2

	 of Axx are

ω2
1 = ω2

0, (9)

ω2
2 = ω2

0 + ω2
h(ξ − 2 −

√
1 − ξ ), (10)

ω2
3 = ω2

0 + ω2
h(ξ − 2 +

√
1 − ξ ), (11)

which for the case of no ion focus (ξ = 0) reduce to ω2
2 = ω2

0 −
3ω2

h and ω2
3 = ω2

0 − ω2
h. The corresponding mode oscillation

patterns are given in Fig. 1(b). The first mode is just the
“sloshing” oscillation of all particles in the confining potential,
the second mode is the zigzag transition mode [54,55], and the
third is a “weaker” variant of the zigzag mode. In the absence
of the ion focus, the relative magnitude of ω0 and ωh determine
whether the aligned situation is the equilibrium situation. For
ω2

0 > 3ω2
h the vertical chain is stable, otherwise it is absolutely

unstable, i.e., ω2 =
√

ω2
0 − 3ω2

h is purely imaginary.
For ξ > 1 the eigenvalues ω2,3 become complex (complex

conjugate pairs, to be precise). This indicates the onset of
the “Schweigert” oscillations with growing amplitudes. No
mode coupling to the vertical oscillations is required, here.
Obviously the complex eigenvalues go along with complex
eigenvectors. The resulting mode oscillation pattern is a
combination of modes 2 and 3 in Fig. 1(b), but with phase
lags between the individual particle oscillations (reflecting the
real and imaginary parts of the eigenvector).

Similarly, the vertical excursions zi of the three-particle
chain are described as

z̈1 + βż1 + ω2
0z1 = ω2

v(z2 − z1),

z̈2 + βż2 + ω2
0z2 = ω2

v(z1 + z3 − 2z2), (12)

z̈3 + βż3 + ω2
0z3 = ω2

v(z2 − z3).

The vertical interaction is not influenced by the ion fo-
cus and, hence, the interaction is pairwise symmetric and
repulsive. The vertical interaction strength is described by
ω2

v = 2Z2e2/(4πε0md3) = 2ω2
h and the vertical interaction
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part of the dynamical matrix then is symmetric and

Azz =

⎛
⎜⎝

ω2
0 + ω2

v −ω2
v 0

−ω2
v ω2

0 + 2ω2
v −ω2

v

0 −ω2
v ω2

0 + ω2
v

⎞
⎟⎠ , (13)

with the eigenvalues

ω2
4 = ω2

0, (14)

ω2
5 = ω2

0 + ω2
v, (15)

ω2
6 = ω2

0 + 3ω2
v. (16)

Again, the first mode corresponds to the vertical sloshing
motion, and the other two to relative vertical motions as
indicated in Fig. 1(c). As stated above the ion focus is
considered not to influence the vertical interaction (and also
no coupling of the vertical motion to the horizontal is taken
into account here).

Concluding, from this model the nine modes of the three-
particle system are then the three vertical modes at ω4,5,6

and the 2 × 3 horizontal modes at ω1,2,3 which are twofold
degenerate in x and y due to the symmetry in the horizontal
plane.

III. RESULTS: THREE-PARTICLE EXPERIMENT

The experiments have been performed in a capacitively
coupled radio-frequency (frf = 13.56 MHz) discharge in
argon described in detail elsewhere [5,56,57]. Melamine-
formaldehyde microspheres of 4.86 μm diameter are trapped
inside a cubic glass box that provides a harmonic 3D
confinement for the particles [58]. The particle motion is
followed in three dimensions using a stereoscopic camera
setup [56] and time series of 30 000 frames at a frame rate
of 100 Hz have been recorded.

Figure 2 shows the full particle trajectories for a three-
particle system at a gas pressure of 6 Pa at different discharge
powers. At the lower powers the three particles are vertically
aligned. At 0.8 W [Fig. 2(a)] the particle excursions are
small, whereas at 1.2 W [Fig. 2(b)] wide elongations from
the vertically aligned positions are seen. At a further increased
discharge power of 1.6 W [Fig. 2(c)] the particles form a
triangle, where, however, two of the three particles still seem
to be vertically aligned. The dynamics of this system will

FIG. 2. (Color online) Particle trajectories over 300 s for a three-
particle system at discharge powers of (a) 0.8 W, (b) 1.2 W, and
(c) 1.6 W.

be analyzed in the following and compared to the analytical
calculations.

The INM spectrum is obtained from the particle configu-
rations in each frame as described in Sec. II A. The mode-
resolved NMA spectrum [34] is determined experimentally
via

S	(ω) = 2

T

∣∣∣∣
∫ T/2

−T/2
f	(t) exp(−iωt)dt

∣∣∣∣
2

, (17)

where f	(t) = �V (t) · �e	 is the projection of the particle
velocities �V (t) =  �X(t)/t (t = 0.01 s according to the
camera frame rate) onto the mode pattern �e	 of mode number
	. The spectral density S	(ω) of mode 	 is then just the Fourier
transform of this projection. The total power spectral density
(PSD) S(ω) is the summation over the mode-resolved spectral
density S(ω) = ∑

	 S	(ω).

A. Analysis ignoring the ion focus

We start analyzing the three-particle system at 0.8 W shown
in Fig. 2(a) with the standard approach that neglects the ion-
focus effect. The mode-resolved spectrum is shown in Fig. 3 in
false colors together with the total power spectral density and
the INM spectrum. Here, we have taken the limit of infinite

FIG. 3. (Color online) Spectra of the three-particle system ig-
noring the effect of an ion focus. Top panel: INM spectrum ρ(ω).
By convention, purely imaginary mode frequencies obtained in the
INM spectrum are plotted on the negative frequency axis, i.e.,
iω	 → −|ω	|. The central panel shows the mode-resolved NMA
spectrum (darker colors correspond to higher spectral density). The
lower panel shows the PSD.
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screening length λD → ∞ to allow for comparison with the
simple analytical model.

The mode numbers in Fig. 3 correspond to those in
Figs. 1(b) and 1(c), i.e., the modes 5 and 6 are the two
vertical modes and the modes 2x (2y) and 3x (3y) are the
horizontal modes, where the modes 2x and 2y as well as
3x and 3y are identical, but oriented along the x and y

directions, respectively. The center-of-mass modes at ω = ω0

are omitted for clarity, here. The normal modes and the PSD
reveal that most energy is stored at three distinct frequencies,
namely, f2,3 = 4.3 Hz, f5 = 7.0 Hz, and f6 = 9.8 Hz. It is
interesting to note here, that the mode-resolved NMA spectrum
yields nearly the same mode frequency of f2,3 = 4.3 Hz for
the modes 2 and 3, although these modes describe different
oscillation patterns.

The INM spectrum shown in the upper panel shows three
distinct frequencies with f > 0, namely, at f = 10.2 Hz
(≈f6), at f = 6.1 Hz (≈f5), and at f = 1.5 Hz, and a
fourth absolutely unstable frequency of f = i5.4 Hz (which
absolute value is plotted, by convention, on the negative
frequency axis as −5.4 Hz). These last two frequencies do
not really match the mode frequencies of either of the first
four modes. This means that the vertical modes 5 and 6 are
adequately modeled using the standard approach of NMA,
but the horizontal modes 2x (2y) and 3x (3y) are not well
described.

The INM mode frequencies are well reproduced from the
analytical model where the confinement frequency is obtained
as ω0/(2π ) = 3.8 Hz, the vertical frequency is ωv/(2π ) =
5.6 Hz, and ωh/(2π ) = 3.5 Hz ≈ (1/

√
2)ωv/(2π ). From that,

the dust charge number follows to be Z = 8100. This
would result in the following mode frequencies (compare
Sec. II C):

f2 =
√

f 2
0 − 3f 2

h = i4.7 Hz,

f3 =
√

f 2
0 − f 2

h = 1.5 Hz,

f5 =
√

f 2
0 + f 2

v = 6.7 Hz,

f6 =
√

f 2
0 + 3f 2

v = 10.4 Hz.

The slight numerical differences between the analytical model
and the INM values (derived from the experimental configura-
tion) stem only from the fact that, in the experiment, the vertical
distances between the three particles are not identical as
assumed in the analytical model. Hence, the analytical model
allows one to generally nicely retrieve the mode frequencies
in this three-particle system.

To conclude, the standard approach of NMA reveals
oscillatory motions for modes 2 and 3 at a distinct frequency.
The INM (and the analytical model) fail to explain these
horizontal mode frequencies when the effect of an ion focus
is neglected. Especially the fact that these two modes show
the same oscillation frequency cannot be recovered (not
even an anharmonic confinement can resolve this issue).
Instead both INM and the analytical model would char-
acterize this vertically aligned arrangement as absolutely
unstable.

FIG. 4. (Color online) Spectra of the three-particle system in-
cluding the effect of an ion focus. Top panel: INM spectrum ρ(ω). The
real parts of the eigenvalues are given with solid lines. The imaginary
part (conjugate pairs, dashed lines) of the mode with the lowest
real part (f ≈ 4.5 Hz) is also plotted. The central panel shows the
mode-resolved spectrum (darker colors correspond to higher spectral
density). The spectrum is split into two parts for the real part of
the eigenvectors and the imaginary part. The lower panel shows the
PSD where also the contributions of the real and imaginary parts are
indicated.

B. Analysis including the ion focus

We now analyze the same data, but including the ion-focus
effect according to Eq. (6) using Z+ = 0.7Z and d+ = 0.33d

(other combinations of Z+ and d+ that lead to the same ion-
focus parameter ξ = 2.3 show the same outcome). The results
are shown in Fig. 4.

First of all, it is seen that the INM spectrum shows complex
eigenvalues. In the INM spectrum, we find real, positive
eigenvalues and complex eigenvalues where the real part is
positive, and the imaginary part shows that we have complex
conjugate pairs. The following mode frequencies f2,3 = 4.5 ±
i0.8 Hz, f5 = 6.6 Hz, and f6 = 10.8 Hz are obtained. Hence,
these eigenvalues indicate only stable modes (modes 5 and 6
with real, positive eigenvalues) or Schweigert unstable modes
(modes 2 and 3: complex eigenvalues with positive real part).
We do not find any eigenvalues which are purely imaginary
which would indicate absolutely unstable configurations. We
can thus conclude that the observed configuration is adequately
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ANDRÉ MELZER, ANDRÉ SCHELLA, AND MATTHIAS MULSOW PHYSICAL REVIEW E 89, 013109 (2014)

FIG. 5. (Color online) Variation of the ion-focus strength ξ for the three configurations shown in Fig. 2. The lower panels show the normal
mode spectra of modes numbers 2 and 6. The upper panel shows the eigenvalues of the dynamical matrix f2 and f6 for these two modes as a
function of the ion-focus strength ξ . For the horizontal modes real and imaginary parts of f2 are indicated.

described by the ion-focus model (see Sec. V B for a more
elaborate discussion).

The mode-resolved spectrum is split into two parts where
the NMA is performed using the real and imaginary part of the
eigenvectors, respectively. It is seen that the horizontal modes 2
and 3 have both real and imaginary parts (corresponding to the
complex eigenvalues of these modes), but the vertical modes
5 and 6 are purely real. Hence, it is seen that the horizontal
modes get Schweigert unstable, and the vertical modes are
stable. It is further seen, that still the four modes 2x (2y) and
3x (3y) have nearly the same frequency (both for the real
and imaginary parts of the eigenvectors). This is now easily
explained by the fact that the Schweigert unstable modes 2 and
3 correspond to conjugate pairs of eigenvalues. The real part
that defines the oscillation frequency is the same for this pair
and hence the same oscillation frequency is obtained. We still
have the degeneracy in x and y so that there are four modes
with the same frequency.

Now also the eigenvalues can be derived from the analytical
model of Sec. II C. From the values of Z+ and d+ the ion-focus
strength is obtained as ξ = 2.3 > 1 which is necessary for the
appearance of Schweigert oscillations. The trap frequency is
f0 = 4.1 Hz and fh = 2.5 Hz, fv = 5.4 Hz. This results in the
mode frequencies

f2 =
√

f 2
0 + f 2

h (ξ − 2 +
√

1 − ξ ) = 4.4 + i0.8 Hz,

f3 =
√

f 2
0 + f 2

h (ξ − 2 −
√

1 − ξ ) = 4.4 − i0.8 Hz,

f5 =
√

f 2
0 + f 2

v = 6.8 Hz,

f6 =
√

f 2
0 + 3f 2

v = 10.2 Hz,

which very well reflect the measured mode frequencies (again
slight numerical deviations arise from the slight difference in
the vertical separation between the three particles).

C. Strength of the ion focus

Now the role of the ion-focus strength ξ will be investigated
in some more detail. Figure 5 shows the behavior of the
horizontal mode number 2 and the vertical mode number 6
as a function of frequency for the three-particle configurations
of Fig. 2. The corresponding mode frequencies as obtained
from INM as a function of the ion-focus strength are also
indicated. For the horizontal mode number 2 both real and
imaginary parts are given. The real part corresponds to the
observable oscillation frequency [59].

Starting with the situation for 0.8 W as (described in the
previous sections) the INM frequencies f2 of mode number
2 in the upper panel show purely imaginary eigenvalues for
ion-focus strengths below ξ < 0.8. There the real part is
zero and the imaginary part is finite. This corresponds to the
absolutely unstable situation described in Sec. III A where
this vertically aligned situation of the three particles is always
unstable. Obviously, absolutely unstable regimes cannot be
realized in long-run experiments.

For ξ > 1.7 the imaginary part is zero and the real part
is finite indicating a situation where this aligned situation is
stable without any self-excited Schweigert oscillations. In the
medium range 0.8 < ξ < 1.7 the frequency f2 is complex
with finite real and imaginary parts indicating the possibility
of Schweigert oscillations. The best agreement between the
NMA spectra of the two modes and the INM frequencies is
obtained for ion-focus strengths of ξ ≈ 1.5. This is just in the
range of Schweigert oscillations, but very close to the stable
situation. This is also seen directly in the trajectories that
show only relatively small excursions around the equilibrium
configuration [60].

For the second configuration at 1.2 W, the Schweigert
oscillation range is much broader and agreement between INM
values and the NMA spectra is seen for ξ ≈ 3. Hence, here the
effect of the ion focus is much stronger than for 0.8 W. This
can also be seen from the trajectories that show much stronger
oscillatory motion. Consequently, the NMA spectra have a
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much higher power density (note the different ordinate scales).
The instability in this case is so strong that the horizontal mode
number 2, whose power density peaks around 4 Hz couples to
the vertical oscillation that, while having its main peak around
9.5 Hz, shows a second peak at the horizontal mode frequency.

Finally, for the triangular configuration at 1.6 W the
situation is slightly different. There we do not find a regime of
ion-focus strengths where the observed configuration can be
identified as stable. In contrast, at low focus and high focus
strengths the situation is absolutely unstable: At low strength
the vertically aligned pair of particles at y ≈ −0.1 mm in
Fig. 2(c) tends to a not-aligned situation, whereas at high
strength the configuration tends to become a three-particle
vertically aligned chain similar to that in Fig. 2(a). For medium
values of ξ the configuration is oscillatory unstable, and a
reasonable agreement between measured NMA frequencies
and INM frequencies is found for ξ ≈ 5. Also here, a coupling
of the unstable horizontal oscillations to the vertical mode is
seen. Even though this triangular configuration looks similar to
the expected equilibrium configuration without ion focus the
present analysis suggests a strong influence of the ion focus.

From the above investigations it is seen that the ion-focus
strength increases with higher discharge power. How the
discharge power affects the formation of the ion focus is not
obvious. In the experiment it is seen that, with increased power,
the levitation height of the dust cloud above the lower electrode
decreases. Also the particle separation decreases (see Fig. 2).
This might hint at a decreased sheath width with stronger
electric fields that might result in higher ion streaming velocity
and thus increased ion-focus strength.

IV. RESULTS FOR LARGER PARTICLE NUMBER

The above NMA-INM analysis can, of course, also be used
to describe larger systems. First, we show an example of a five-
particle system consisting of a three-particle and a two-particle
vertically aligned string. The gas pressure in this experiment
was 7.2 Pa and the discharge power 1.3 W. The corresponding
mode spectrum consisting of the 12 eigenmodes excluding
the three sloshing modes is shown in Fig. 6 together with
the INM eigenvalues. An ion-focus strength of about ξ ≈ 2.5
has been obtained as the best fit using the method described
above. For comparison, when an ion focus is neglected (ξ = 0),
four absolutely unstable modes are obtained. The number of
absolutely unstable decreases with increasing ξ and for an ion-
focus strength of about ξ ≈ 2.5 no absolutely unstable mode
is found. For this value, there are three pairs of Schweigert
unstable modes which comprise the highest power spectral
density. This again substantiates that these modes are indeed
best described using the ion-focus model.

In a second example, a 30-particle cluster has been
analyzed that shows a strongly prolate shape (gas pressure
7.8 Pa, discharge power 1.2 W) (see Fig. 7). The ion-focus
strength used for the NMA/INM analysis is about ξ = 6,
here. As in the previous cases, the adoption of an ion focus
strongly reduces the number of absolutely unstable modes.
Nevertheless, possibly due to the strongly prolate shape, we
were not able to completely get rid of all absolutely unstable
modes in this case.

FIG. 6. (Color online) NMA spectrum of the five-particle system
including the effect of an ion focus. The spectrum is split into two
parts for the real part of the eigenvectors and the imaginary part. The
particle trajectories of the system are shown in the inset. The white
circles correspond to the INM eigenvalues.

The cluster shows prominent activity in a frequency range
around 5 Hz and exactly there the Schweigert unstable modes
also show their maximum power density. Hence, here the
influence of the ion focus can also be captured in the normal
mode analysis, even for strongly prolate clusters. This extends
the structure analysis of elongated clusters in Ref. [61] to their
dynamical properties. In Ref. [61] two parameters from the
structural information have been used to derive the ion-focus
strength. These are, first, the geometric deformation parameter
α, that describes the maximum horizontal extension of the

FIG. 7. (Color online) NMA spectrum of the 30-particle system
including the effect of an ion focus. The spectrum is split into two
parts for the real part of the eigenvectors and the imaginary part. The
particle trajectories of the system are shown in the inset. The white
line corresponds to the INM eigenvalues (only shown for the real
part, here, for clarity).
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cluster in relation to the vertical. The second is the vertical
order parameter VOP, that describes the number of vertical
bonds related to the total number of bonds. For this cluster, we
obtain α = 0.35 and VOP = 0.1 which corresponds to Z+/Z

of 0.45 giving an ion-focus strength of ξ ≈ 7 (an ion-focus
distance of d+/d ≈ 0.4 has been used there) [compare Fig. 9(a)
of Ref. [61]]. This correlates very well with our dynamic
results.

V. DISCUSSION OF THE MODEL

Finally, we like to add a few notes on the ion-focus model
that has been used here.

A. Comparison to similar models

Our approach is on the one hand somewhat comparable
to but on the other hand principally different from that of
others, e.g., Refs. [14,15,18,21,52]. These authors aim at the
description of a mode-coupling instability between horizontal
and vertical modes (compare also Ref. [62]). Therefore, they
analyze a two-dimensional system of dust particles with an
ion focus as a point charge below the negative dust particle,
similar as it is done here. There, however, the dust particles
and their ion foci are essentially in the same layer, and only
small horizontal and vertical excursions are treated. The wave
propagation in the horizontal direction couples to the vertical
motion, which is essential for the instability in their model.

In contrast to our approach, the interaction between dust
and ion focus in Refs. [14,15,21,52] is pairwise symmetric re-
sulting in a dynamical matrix that also is symmetric. However,
the mode coupling of horizontal and vertical motion leads to
complex interaction terms in the x-z or y-z components. These
complex entries then lead to complex eigenvalues, describing
unstable hybrid (mode-coupled) oscillations.

In our situation the downstream particles are located
beneath the ion focus of the upstream particles. Hence,
our investigations essentially refer to vertically elongated
systems. The interaction is nonreciprocal resulting from the
non-Newtonian interaction between upstream and downstream
particles, as explained above, and this asymmetry specifically
manifests only in the horizontal modes x or y. The nonrecipro-
cal interaction directly yields an asymmetric matrix, but with
real elements.

As a consequence, the mode-coupling instability
[14,15,18,21,52] is a quite subtle instability that requires
relatively low neutral-gas damping and horizontally extended
systems, whereas our model describes a comparatively robust
instability of vertically extended and aligned clusters.

B. Dynamical information from INM and NMA

The dynamical analysis without accounting for an ion focus
has led to differences between INM and NMA in the prediction
of oscillation frequencies (see, e.g., Fig. 3). One might now
suspect that using such an inappropriate model to describe
the dynamics naturally leads to such discrepancies. However,
both INM and NMA make use of the same energy equation,
Eq. (1), and of the same data: The INM use directly the
particle positions, whereas NMA uses the particle velocities

that are derived from the particle positions in different
frames.

So, it is not obvious that the two methods should give
different results. Or oppositely, what can be learned when
NMA and INM agree with each other (using, e.g., the proposed
ion-focus model)? To check this, we will investigate here how
an oscillating particle configuration is treated in NMA and
INM, respectively.

To start with, we consider a particle configuration that
oscillates at a certain frequency ω∗ with amplitude �X∼ around
a particular configuration �X0 (that is not necessarily an
equilibrium configuration). Hence, the motion is given as

�X(t) = �X0 + �X∼ sin(ω∗t). (18)

Here, as above, �X is the state vector of all particle positions.
In the NMA, now the mode projection becomes

f	(t) = d �X(t)

dt
· �e	 = ω∗ cos(ω∗t)( �X∼ · �e	)

and the mode-resolved spectra are found as [see Eq. (17)]

S	(ω) = 2

T

∣∣∣∣
∫ T/2

−T/2
ω∗ cos(ω∗t) exp(−iωt)( �X∼ · �e	)dt

∣∣∣∣
2

= 2ω∗2

T
( �X∼ · �e	)2δ(ω − ω∗). (19)

This means, in the NMA a sharp peak is obtained at a
frequency ω = ω∗ when the oscillation vector has a nonzero
contribution along the eigenmode pattern, i.e., �X∼ · �e	 �= 0. If
the assumed oscillation is purely along the eigenmode pattern
�e	, we only find a contribution at this particular eigenmode due
to the orthogonality of the eigenmodes. Otherwise, we find a
contribution at ω = ω∗ for more modes. Most important, the
mean configuration �X0 does not contribute to the NMA spectral
density directly.

In contrast, for the INM the mode frequencies are derived
as the eigenvalues of the dynamical matrix that in turn depends
on the instantaneous particle positions. Hence, the eigenvalues
can be developed in first order as

ω	(t) = ω	( �X0) + �∇ω	 · �X∼ sin(ω∗t). (20)

As a result, the density of states ρ(ω) is centered around ω	( �X0)
with a width that depends on the oscillatory part. So, the
oscillatory motion only enters in the width of the distribution
of mode frequencies, but the central value is determined by the
configuration �X0. Since in our assumptions the configuration
�X0 is not necessarily the equilibrium configuration, also the
mode frequencies ω	( �X0) in general differ from that of the
equilibrium. Obviously, NMA and INM “see” different aspects
of the particle dynamics. NMA is sensitive to the oscillatory
part and INM to the configurational part.

But now, and this is the important point here, when the
cluster oscillation is around the equilibrium configuration
�Xeq with the corresponding mode frequency ω	, then both
methods, INM and NMA, give the same frequency ω	: in
NMA the mode-resolved spectrum is peaked at ω	 and in
INM, the central frequency is ω	 ≡ ω	( �Xeq) with a width
related to the oscillation amplitude. Conversely, when one
finds the same frequencies of cluster oscillations in INM and
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NMA one can conclude that the observed configuration is
an equilibrium configuration under the assumed interaction
model.

Hence, the fact that we find the differences in frequencies
between INM and NMA in Sec. III A where we have ignored
ion-focus effects states that this is not the right model to
account for the observed cluster configuration. In contrast, in
Secs. III B and IV where the INM frequencies agree with the
NMA spectrum our ion-focus model suggests that the observed
cluster configurations are indeed equilibrium configurations in
the presence of an ion focus.

VI. SUMMARY

We have studied how the dynamic properties of finite
3D dust clusters can be described under the influence of an
ion focus. The normal mode analysis has been extended to
account for the ion focus using the point-charge model for the
horizontal interaction of the dust particles.

In a three-particle analytical model and corresponding
experiments the role of the ion focus has been described
quantitatively. There we have combined analytical descriptions
and dynamical analysis both from NMA and INM. Three

distinct regimes have been identified, namely, absolutely
unstable configurations preferably at low ion-focus strengths,
a regime of fully stable configurations at very high focus
strengths, and the Schweigert oscillatory regime at medium
strengths. In the experiments, we find configurations close to
stability, and also fully in the Schweigert regime. Absolutely
unstable regimes are naturally not realized in these long-run
experiments.

We then have used the normal mode analysis (NMA and
INM) for larger systems and have shown that these clusters
are equally well described by a mode analysis including the
ion focus. For the prolate cluster, the dynamical derivation of
the ion-focus strength has been found to agree with previous
investigations using structural information. Since NMA and
INM are sensitive to different dynamic aspects of the particle
motion equilibrium configurations in this nonequilibrium ion-
focus environment can be deduced.
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[15] L. Couëdel, S. K. Zhdanov, A. V. Ivlev, V. Nosenko, H. M.
Thomas, and G. E. Morfill, Phys. Plasmas 18, 083707 (2011).
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The method of symbolic transfer entropy has been applied to analyze the behavior of charged-particle systems
under the influence of an ion focus (wakefield) in a dusty plasma. Using long-run experiments under various
plasma and trapping conditions, it is revealed from the transfer entropy that information is transported from the
upper particle in an ion flow to the lower. The information transfer increases with smaller interparticle distance
and with reduced height in the sheath. This can be consistently explained by the formation of the ion focus by
an ion flow in the sheath. From the analysis of two-particle and many-particle systems, the symbolic entropy
transfer can be judged as a reliable measure for information asymmetry, and hence interaction asymmetry, in
dusty plasma systems.

DOI: 10.1103/PhysRevE.89.041103 PACS number(s): 52.27.Lw, 02.50.−r, 05.45.Tp

Directed processes usually drive asymmetries in physical
systems. An example is the formation of an ion focus
(or wakefield) in particle-containing, “dusty,” plasmas with
directed, streaming ions. Since dusty plasmas allow to measure
the full dynamical properties of the individual particles on the
kinetic level over long times, these systems are ideal to extract
statistical information from the particles’ motion. Here, by
exploiting techniques from information theory, namely, the
(symbolic) transfer entropy, we will measure the asymmetry
of the particle interaction due to the ion focus.

Dusty plasma usually consist of highly charged micro-
spheres that acquire a (negative) charge due to the continuous
inflow of plasma electrons and ions. Because of their high
charge the dust-dust interaction is strongly coupled [1–3].
The spatial and temporal scales of the dust motion allow
for a detailed observation by video microscopy [4] where the
particle motion can be resolved on the microscopic dynamic
level.

The particles are usually trapped in a region with streaming
ions, such as the space charge sheath. There, downstream
of the particles an ion focus or wakefield is formed [5–22]:
The streaming ions are deflected in the electric field of the
negatively charged particle and are scattered into a region
downstream of the dust particle forming an enhanced positive
charge, there. It has been found from theory, simulations, and
experiments that the interaction between two dust particles at
different heights in the sheath is not reciprocal, but asymmetric
in that the downstream particle feels an attractive force due
to the ion focus of the upstream particle, but the upstream
particle is repelled from the downstream one [8–10,18,23–26].
Moreover, the wakefield of the upstream particle affects the
charging properties of the downstream particle due to the
modified ion streaming motion [27–29].

However, there has been no attempt yet to detect the
asymmetry in the particle interaction from a statistical,
probabilistic measure using the detailed microscopic dynamic
information of the particles’ motion. Here we will apply
the symbolic transfer entropy (STE) to determine driving

*melzer@physik.uni-greifswald.de

and responding particles from time series Ai and Bi of
different particles in an ion stream. Transfer entropy has
been used in various systems ranging from physiology to
climate science [30–33] to detect influences, or even causality,
between different agents. Hence, it is reasonable to try STE to
detect dependencies in the wakefield interaction between dust
particles. To reduce contributions of noise in the time series,
the symbolic representation of the time series [34] has been
proven successful for the analysis of transfer entropy [33]. In
this STE, not the time series Ai , Bi themselves are used, but
their symbolic representations determined from ordering the
amplitude values of these time series.

Following Refs. [33,34], we start from a time series
Ai = {ai} with the amplitude values ai recorded at sam-
pling instance i. Given an embedding dimension m and a
delay � the amplitude values are combined to {a(i),a(i +
�), . . . ,a(i + (m − 1)�)}, giving a sequence of length m for
each instance i. These sequences are then sorted in as-
cending order {a(i + (ki1 − 1)�) � a[i + (ki2 − 1)�] � · · · �
a[i + (kim − 1)�]}. A symbol then denotes the order indices
âi ≡ (ki1,ki2, . . . ,kim) thus mapping this sequence onto one of
the possible m! permutations of the numbers 1 to m reflecting
the successive order of the amplitude values. This is done
analogously for the time series Bi = {bi}. From these symbols
then the symbolic transfer entropy is defined as

T S
B→A =

∑

âi+1,âi ,b̂i

p(âi+1,âi ,b̂i) log
p(âi+1|âi ,b̂i)

p(âi+1|âi)
, (1)

that describes the information transfer from the time series Bi

to Ai . Here p(âi+1,âi ,b̂i) is the joint probability of finding
the symbols âi+1 at instant i + 1 together with âi and b̂i at
instant i. Further, p(âi+1|âi ,b̂i) is the conditional probability
of finding the symbol âi+1 at instant i + 1 under the condition
that we have âi and b̂i at instant i. Equivalently, p(âi+1|âi) is
the conditional probability to find âi+1 with âi given at instant
i. This can be interpreted as the Shannon-like entropy that is
found for finding âi+1 at the instant i + 1 under the knowledge
of both âi and b̂i at instant i tested against the consecution of
âi+1 from âi alone. This STE defines an asymmetric measure
that describes the additional amount of information gained
(or required) to represent the next observation âi+1 from the
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FIG. 1. (Color online) Particle trajectories of the two-particle
system at discharge powers of (a) 1.2 W, (b) 1.4 W, and (c) 1.6 W at
a gas pressure of 8 Pa. Directionality index T S in false colors for the
three situations at (d) 1.2, (e) 1.4, and (f) 1.6 W. The directionality
index is calculated taking the x, y and z coordinate of the upper versus
the coordinates of the lower particle.

previous observation âi and the input from b̂i . Hence, this
quantifies the influence of Bi on Ai .

Using the analogous definition of the STE T S
A→B from Ai

to Bi , the directionality index of the STE can be defined as
[33]

T S = T S
A→B − T S

B→A, (2)

where T S > 0 when A is the driver and B is the responding
system (analogously T S < 0 for B being the driver and A

responding). In order to test the asymmetry in the interaction
between upstream and downstream dust particle in an ion flow
we will calculate the directionality index T S for time series Ai

and Bi from the dust particle trajectories in a streaming plasma
environment [35].

The experiments on the dust systems have been performed
in a capacitively coupled radio-frequency (fRF = 13.56 MHz)
discharge in argon described in detail elsewhere [36–38].
Melamine-formaldehyde microspheres of 4.86 μm diameter
are trapped inside a cubic glass box that provides a harmonic
three-dimensional confinement for the particles [39]. The
particle motion is followed in three dimensions using a
stereoscopic camera setup [37], and time series of 20 000 to
100 000 frames at a frame rate of 100 Hz have been recorded.
Gas pressures were varied between 4 and 8 Pa, and the rf power
ranged between 0.8 W and 2.2 W.

We start with the simplest system of two trapped particles.
Figure 1(a)–(c) shows the particle trajectories of the two-
particle system at 8 Pa and different rf powers. The particles
are vertically aligned as can be expected from the action of
the ion focus. The particles just move under the influence of
their thermal Brownian motion and their mutual (ion-focus
mediated) interaction. The trajectories show similar behavior

0 0.2 0.4 0.6 0.8
−0.1

0

0.1

0.2

0.3

0.4

interparticle distance (mm)

TS xx

4 Pa
6 Pa
8 pa

10 15 20 25 30
height above electrode (mm)

(a) (b)

0.1 mm

FIG. 2. (Color online) Directionality index T S
xx for the x compo-

nents of the upper and lower particle trajectory. In (a) T S
xx is shown

as a function of interparticle distance, whereas in (b) it is given as a
function of height above the lower electrode. The particle trajectories
of the outlier in (a) and (b), which is marked by the arrow, are shown
as an inset.

in the three cases; only the vertical distance between the
particles is reduced with increasing plasma power.

For these situations, the STE and the associated direction-
ality indices have been calculated from Eqs. (2) and (1); see
Fig. 1(d)–(f). There we have taken the x, y, and z coordinate
of the particle trajectory of the upper particle as the time series
A and those of the lower particle as time series B.

It can be seen that information transfer only occurs between
the same coordinates xupr versus xlow, yup versus ylow, and
zup versus zlow. All other components are essentially zero.
Further, the diagonal elements T S

xx and T S
yy are almost equal and

increase with increasing plasma power from T S
xx ≈ T S

yy ≈ 0.11
at 1.2 W via T S

xx ≈ 0.21 at 1.4 W to T S
xx ≈ 0.40, whereas

the component T S
zz ≈ 0.13 remains relatively constant [40].

Most important, all the diagonal elements T S
xx , T S

yy , and T S
zz

are clearly larger than zero. This demonstrates that there is a
directed transfer of information from the upper to the lower
particle (otherwise T S would be smaller than zero). Hence,
this supports that the interaction between upper and lower
particle can be described by a nonreciprocal interaction where
the upper particle forms the ion focus and the lower reacts to
this ion focus without reaction of the upper particle.

To study the effects of the plasma properties on the STE
such two-particle systems have been studied under different
rf powers and gas pressures. Also, the thermophoretic force
to levitate the particles against gravity has been varied. This
allows us to trap the two particles at different heights in the
plasma sheath and at different vertical interparticle distances
in order to judge the influence of the ion focus strength on
the STE. The results of this survey are shown in Fig. 2
for the directionality index T S

xx using the x coordinates of
upper and lower particle, only. Since no clear trend for the
behavior of T S

xx is seen as a function of rf power or gas
pressure, the directionality index is given as a function of
vertical interparticle distance in Fig. 2(a) and height above
the electrode in Fig. 2(b). There clearly the information
transfer increases with decreased interparticle distance. The
gas pressure has only a little influence. This is understandable
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(a) (b) (c)

FIG. 3. (Color online) Particle trajectories of a three-particle
system at discharge powers of (a) 0.8 W, (b) 1.2 W, and (c) 1.6 W
at a gas pressure of 6 Pa together with the directionality index T S in
false colors. The directionality index is calculated taking the x and y

coordinates of the three particles against each other. The color bar is
nearly the same as in Fig. 1.

since at closer vertical distance the influence of the ion focus of
the upper particle becomes stronger. Further, with decreased
height above the electrode the directionality index T S

xx also
increases, at least for gas pressures of 6 and 8 Pa; for the case
of 4 Pa the trend is not that clear. This behavior is evenly
reasonable, since, when at constant pressure the particles are
located closer to the electrode, i.e., deeper in the sheath, the
ion streaming motion can be assumed to increase, and the ion
focus is then strengthened at least up to a certain streaming
velocity of the order of the Bohm velocity [19,41]. Whether
the somewhat different behavior of the measurements at a gas
pressure of 4 Pa can be attributed to the fact that here already
the ion focus strength decreases with increasing ion streaming
velocity cannot be answered.

An interesting fact can be illustrated by the apparent outlier
in Fig. 2(a) and 2(b), which is marked by the arrow. There the
entropy transfer is found to be nearly vanishing. This data point
corresponds to very small interparticle distance of the order
of 0.1 mm and a relatively small height above the electrode
of only 15 mm. The peculiar trajectory of this particle pair is
shown in Fig. 2 as an inset from which it is seen that here
the upper particle moves in a circle whereas the the lower is
more or less stationary. In all other situations the particles are
vertically aligned (as in Fig. 1). This indicates that the STE can
serve as reliable indicator for determining vertically aligned
situations with asymmetric interactions.

Extending these investigations, we will now study three-
particle systems at different discharge powers; see Fig. 3. For
the lower powers, we find three vertically aligned particles;
for the highest discharge power, a triangular system is seen,
where the uppermost and the lowermost particle are vertically
aligned (particles 1 and 3). For these systems the directionality
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FIG. 4. (Color online) (a) Directionality index T S
xx in false colors

for a system with 30 particles (color bar as in Fig. 1). Here, the
x-time series of all particles are calculated against each other. The
particle number is counted from top to bottom. (b) Trajectories of the
30 particle system. See text for details.

index is calculated using the x and y coordinates of the particles
against each other (obviously T S = 0 when using the same
time series as input for Ai and Bi , hence the diagonal elements
of the directionality matrix are exactly zero). Starting with the
situation at 1.2 W [see Fig. 3(b)], one finds high positive values
for T S at particle 1 influencing particle 2 (in both x − x and
y − y coordinates), as well as particle 2 influencing particle
3 (in both x − x and y − y coordinates). So the information
transfer is stepwise from the upper to the lower particle in
this vertically aligned chain. The same behavior is seen for
0.8 W in Fig. 3(a), however, somewhat less pronounced.
For the triangular case in Fig. 3(c) one finds the dominant
contributions for entropy transfer from 1 → 3, but not for
1 → 2, again substantiating that the direct vertical interaction
is decisive. This is in perfect agreement with an analysis using
(instantaneous) normal modes under the influence of an ion
focus [22].

Finally (see Fig. 4) in an even larger system of 30 particles,
the directionality index T S

xx is determined for the x − x

interaction of all particles against each other (also here the
diagonal elements are zero). The particles are counted here
from top to bottom along their (vertical) z coordinate. It
is now seen that almost only the upper triangular part of
the directionality matrix shows positive values. This clearly
indicates that the information flow is from top to bottom (since
the particle count is also arranged this way). As an example, the
maximum value for the STE is found for particle 12 influencing
particle 19 (marked by the arrow). Now, these two particles
are also highlighted in the trajectories of the 30-particle cluster
in Fig. 4(b), and they are found to be vertically aligned and
positioned just atop of each other substantiating that the STE
serves as a powerful indicator of vertical alignment.

To summarize, we have demonstrated that the symbolic
transfer entropy that has been used for statistical interpretation
of information transport from a driving to a responding
agent in other systems can be successfully applied to the
asymmetry introduced by the ion focus (wakefield) interaction

041103-3

6 Thesis Articles

106



RAPID COMMUNICATIONS
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in dusty plasmas. The STE reveals that indeed information is
transported from an upper particle in an ion flow to a lower.
The information transfer increases with decreased interparticle
distance and trapping height in the plasma sheath, which can
be reasonably explained by the ion flow and its role in the
formation of the ion focus. This technique is also reliably
applicable to larger particle clusters and will open up new

directions for the statistical interpretation of the asymmetric
interactions in dusty plasmas.
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The recrystallization process of finite three-dimensional dust clouds after laser heating is studied

experimentally. The time-dependent Coulomb coupling parameter is presented, showing that the

recrystallization starts with an exponential cooling phase where cooling is slower than damping by

the neutral gas friction. At later times, the coupling parameter oscillates into equilibrium. It is

found that a large fraction of cluster states after recrystallization experiments is in metastable

states. The temporal evolution of the correlation buildup shows that correlation occurs on even

slower time scale than cooling. VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4875750]

One access to study crystallization processes on the ki-

netic level are dusty plasmas, see Refs. 1 and 2 and referen-

ces therein. These are discharge plasmas that contain

additionally embedded, negatively charged dust grains of

micron size. Due to their convenient charge to mass ratio the

particles can be traced individually by means of video cam-

eras. Recrystallization processes in dusty plasmas were

investigated experimentally by quenching and relaxation of

the entire dust system3–5 and by means of laser

manipulation,6–8 but these studies are limited to 2D dust

structures. Recrystallization experiments for three-

dimensional (3D) dusty plasmas are rare and were performed

under microgravity conditions where the direct access to the

dusty plasma is limited.9

In this letter, we study the recrystallization process of a

3D dust cloud consisting of a small number of dust particles

in a harmonic confinement. Under typical conditions, the

particles are strongly coupled and arrange into spherical,

nested shells.10,11 Due to the pairwise, shielded interaction

between the dust grains these system are a often termed

Yukawa balls. The energy of such a dust cluster is given as12

E ¼ 1

2
mx2

0

XN

i¼1

r2
i þ

Q2

4pe0

XN

i< j

expð�rij=kDÞ
rij

; (1)

with i and j denoting the particle number, ri is the distance to

the trap center and rij ¼ j~ri �~rjj is the distance between par-

ticles i and j. Dust mass and charge are denoted by m and Q
and x0 is the frequency of the confinement potential. The

first term describes the potential energy Epot in the confining

potential, the second term the screened Coulomb interaction

energy Eint. The electron Debye length can be expressed by

the relation kD ¼ bWS=j using the Wigner-Seitz distance

bWS as a measure for the particle density and the screening

strength j, which characterizes the effect of shielding by

the ambient plasma. Together with the Coulomb coupling

parameter

CðtÞ ¼ Q2

4pe0bWS

1

kBTðtÞ ; (2)

which describes the ratio of interaction energy to thermal

energy kBT(t) in the ensemble, the phase behavior of

Yukawa-type systems is completely described.13,14

The goal of this letter is to compare both, the correlation

buildup and the evolution of coupling of a finite 3D system

during recrystallization. We perform 3D dynamic measure-

ments of individual particle motion that allows us to study

the kinetics of the recrystallization process in detail. From

that, we will compute the time-dependent Coulomb coupling

parameter during the transition from a laser heated, fluid

state to the solid, ordered state of the dust cluster. The initial

phase of recrystallization will be used to calculate the cool-

ing rate of the dust system. The emergence of correlations in

our dust clusters will be estimated by means of the temporal

evolution of the pair correlation function.

Strongly coupled finite 3D systems of charged particles

are formed in a discharge plasma, see e.g., Refs. 10, 11, and

15. Here, a capacitively coupled rf discharge was operated in

argon at 13.56 MHz at about 4 W with a neutral gas pressure

of 8 Pa. A 3D harmonic trap for the dust particles can be cre-

ated inside a cubic glass box of 2.5 cm wall length that is

placed onto the electrode.11 The cloud is confined sideways

due to the electric field from the dielectric glass walls. To

balance gravity, the heated lower electrode (T¼ 75 8C) pro-

vides a thermophoretic force that, assisted by the sheath elec-

tric field force, levitates the particle cloud. In that manner,

up to hundred particles can be trapped in a 3D harmonic con-

finement.10,11 Melamine formaldehyde microspheres of

4.04 lm size (m¼ 5.23� 10�14 kg) were used for the pre-

sented experiments and clusters with different particle num-

bers were investigated. Here, we study clusters with N¼ 19

and N¼ 36 particles in detail. The dust charge can be esti-

mated by means of a normal mode analysis (NMA) as

Q� 2900 e for the N¼ 36 cluster confined at 3.8 W rf power

and Q� 3400 e for the N¼ 19 cluster trapped at 4.1 W rf

power (e is the elementary charge).16,17 The error in charge

measurement is about 20% (Ref. 18) and the charge differ-

ence can be explained by the slightly different rf power

applied to confine both clusters.

A common way to observe the particles is by means of

high speed cameras.3,4,15 We use two Nd:YAG lasers (600 mW
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PHYSICS OF PLASMAS 21, 050701 (2014)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

141.53.32.60 On: Wed, 07 May 2014 05:51:22

A8

109



per laser) for illumination of the dust clouds and three orthogo-

nal C-MOS cameras to image the particles. To follow the fast

kinetics during the recrystallization experiments, the frame rate

of the cameras was set to 0.5–1.0 kHz. With the stereoscopic

setup, the full 3D phase space information of the system is

retrieved, see e. g. the trajectories in Fig. 1.

Driving this strongly coupled system into a fluid state

requires heating of the particles.19–21 Feeding the clusters

with kinetic energy is achieved by directly “kicking” the par-

ticles via random motion of two opposing additional diode

laser beams (maximum output power 1 W).17,22 Here, the

heating lasers and cameras are synchronized to get a fixed

starting point for the heating and recrystallization events in

our experiment. In that manner, all clusters were heated for

approximately 1 s. The particle motion was tracked during

heating and subsequent recrystallization for a total of about

4 s for the N¼ 36 cluster or 2 s for the N¼ 19 cluster. To

increase statistics, the procedure was repeated ten times for

the N¼ 36 cluster and eight times for the N¼ 19 cluster. The

trajectories of the N¼ 36 cluster during laser heating (over a

time span Dt¼ 0.9 s, heating power PL¼ 400 mW) are shown

in Fig. 1(a). The particles along the laser beam are displaced

from their equilibrium positions.8 The cluster is visibly

molten. The mean particle velocities are of the order of 2 to

8 mm/s. In contrast, when the heating is switched off, see

Fig. 1(b), the particles lose their kinetic energy very quickly

and sediment into an equilibrium position where they form a

solid dust cluster.

To assess the recrystallization dynamics, we first deter-

mine the time-dependent Coulomb coupling parameter, see

Eq. (2). The dust charge is considered unaffected by our laser

experiments23 and the Wigner-Seitz distance is calculated as

bWS¼ 250 lm for N¼ 36. Apparently, the coupling parame-

ter is determined by the kinetic energy kBT(t) of the particles.

An instantaneous temperature is derived from the kinetic

energy using the relation (3/2) kBT (t)¼ (1/2)mv2(t), with v(t)
being the absolute value of their 3D velocity. To improve

statistics the velocities v(t) are averaged over ten consecutive

frames as well as over the dust ensemble. An analysis of the

velocities in different spatial directions reveals that the ki-

netic energy in laser heating direction is larger by about 60%

than perpendicular to it.

The temporal evolution of the Coulomb coupling param-

eter for both clusters is depicted in Fig. 2(a). The

recrystallization process is timed to start at t¼ 0 s, i.e., the

heating lasers were “on” between t¼�1 s and t¼ 0 s. After

switching on the lasers, the coupling parameter drops to a

low, fluctuating level of Cfluid � 40 6 6 for N¼ 36 (in the

range of �0:75 s < t < 0 s). At these values of C, finite

dust clusters are in the fluid state.22

When the lasers are switched off, C quickly rises in the

initial phase of recrystallization. We found that the slope of

C(t) in this phase was almost equal for all individual recrys-

tallization experiments. Thus, the initial phase of recrystalli-

zation must obey a generic mechanism. An inflection point is

reached at approximately t¼ 0.3 s, afterwards C rises further

monotonically. For t> 1 s, C seems to oscillate into equilib-

rium, where Ccrystal � 440 6 37, see inset in Fig. 2. A pro-

found oscillatory behavior was found for some, but not all of

our recrystallization experiments in this later stage of recrys-

tallization. This can be due to the fact that the observed sys-

tem is rather small and individual particles might have an

influence onto the cluster dynamics.24,25 At the high camera

frame rates, the main error in the velocity estimation arises

FIG. 1. (a) Trajectories of a N¼ 36 dust cluster over a time span of

Dt¼ 0.9 s during laser heating and (b) trajectories of the same cluster over a

time span of Dt¼ 1.0 s just after switching off the lasers. The velocity of

individual particles is color-coded (dark colors correspond to lower

velocities).

FIG. 2. (a) Temporal evolution of the coupling parameter for the N¼ 36

cluster (red diamond) and the N¼ 19 cluster (gray squares). The inset shows

the coupling parameter for N¼ 36 in linear scale in the range 0:7 s < t <
2:5 s where the dotted line corresponds to the equilibrium value. (b)

Temporal evolution of the potential (trap) energy DEpot and (c) temporal

evolution of the interaction energy DEint difference per particle of the

N¼ 36 (N¼ 19) cluster relative to the equilibrium value. The curves in (a)-

(c) show the average over all experiments and the error bars in (c) and (d)

indicate the standard deviation of DEpot and DEint. (d) Sketch of the heating

laser trigger scheme.
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from pixel noise26 which might affect the measurement of

the small velocities only in the crystalline state.

To evaluate the initial stage of recrystallization, we fit-

ted an exponential to C(t) in the range from t¼ 0 s to 0.3 s,

where we observed the exponential increase of C(t). The

time constants src are evaluated individually for each experi-

mental run from fits to our data sets. The mean and rms val-

ues are found in Table I. The cooling rate is almost equal for

both clusters and is systematically lower than the Epstein

friction coefficient � ¼ 21 s�1 for our recrystallization

experiments.27 Knapek et al.3 reported, using experiments on

2D dust crystals, that the coupling strength obeys an expo-

nential growing law where the time constant src was found

close to the Epstein friction coefficient. This was confirmed

for finite 2D systems under the influence of an external per-

turbation.8,28 Simulations of the crystallization process28,29

reveal that the cooling rate depends on the normalized damp-

ing rate �=x0. The trap frequency x0 in our experiments

is derived from the NMA as x0 � 18:5 s�1 (N¼ 36) and

x0 � 24:1 s�1 (N¼ 19),16,17 hence �=x0 � 0:9� 1:1 in

our experiments. In this moderate damping regime, simula-

tions for 3D crystals predict a cooling rate src � �, in agree-

ment with our observations.29

Figures 2(b) and 2(c) show the temporal evolution of

both the potential energy in the trap DEpot and the interaction

energy DEint relative to the equilibrium value, which was

determined from the behavior at t> 1 s. The potential energy

is found higher when the system is laser heated (t< 0 s) and

decreases during recrystallization t> 0 s. We find large fluc-

tuations for the estimated energies, especially for DEint. The

interaction energy fluctuates strongly when the system is

fluid, which is due to collision events between the particles.

Both energy terms oscillate towards their equilibrium value,

which is reached roughly at t> 1 s. The first minimum

(maximum) of the oscillation of DEpot ðDEintÞ after the lasers

are switched off is found at t¼ 0.3 s. This is exactly when C
changes from an exponential growth into a more moderate

slope, see Fig. 2(a). Switching off the external laser heating

at t¼ 0 s leads to an instantaneous contraction of the cluster

and therefore to the excitation of a damped monopole oscil-

lation, which is seen in DEpot and DEint.
29

Since the observed dust clouds are finite, particles

within the cluster can—statistically—follow different indi-

vidual paths towards an equilibrium state after the system

has cooled down. This equilibrium state must not necessary

be the ground state of the system.15 The ground state for a

N¼ 36 dust cluster is found as (6,30) with (N1, N2) being the

number of inner and outer shell particles (for N¼ 19 the

ground state is (1,18)). Observed metastable states were

(5,31) and (7,29) for N¼ 36 and (2,17) for the N¼ 19 cluster.

We observed settling into ground states only in 70% (50%)

of the recrystallization experiments for the N¼ 36 (N¼ 19)

cluster. The probability of the observed metastable states

corresponds very well to a screening strength of j ¼ 1.30

The energy that is needed to achieve metastable states is usu-

ally of the order of about 50 meV per particle.15,30,31 As can

be seen from Figs. 2(b) and 2(c), laser heating can provide

sufficient energy to reach a metastable state. Due to friction

the dust clusters remain in these metastable state instead of

sedimenting into the ground state again.15

It is our major goal to compare the temporal evolution

of the coupling parameter with the emergence of correlations

during the recrystallization process. To measure these, the

time-dependent pair correlation function was computed

using gðr; tÞ ¼ hdð~r �~rijðtÞÞi. Again, we average over ten

consecutive frames and normalize g(r,t) to unity,Ð
gðrÞdr ¼ 1. The temporal evolution of the pair correlation

function for the N¼ 36 cluster is shown in Fig. 3(a). Darker

colors indicate higher correlation. During the laser heating

phase t< 0 s, the pair correlation function is very broad with

relatively weak correlation up to distances of r � 1:5 mm.

When the system recrystallizes, two regions of enhanced cor-

relations arise: An inner region for distances up to 0.7 mm

and an outer region for distances between 0:7 mm < r
< 1:5 mm. The position of the maximum correlation in these

TABLE I. Cooling rate src, normalized cooling rate src=� and correlation

rates for the correlation buildup of ground ðsc;gsÞ and metastable state clus-

ters ðsc;msÞ for N¼ 36 and N¼ 19.

N src (s�1) src=� sc;gs (s�1) sc;ms (s�1)

36 5.16 6 1.28 0.25 6 0.06 4.2 6 2.78 3.61 6 2.64

19 5.19 6 2.30 0.25 6 0.11 2.53 6 0.54 3.63 6 0.54

FIG. 3. (a) Temporal evolution of the pair correlation function of the N¼ 36

cluster and (b) of the nearest neighbor peak of g(r,t) (N¼ 19 added in gray-

scale). Shown are averaged results. The solid line shows an exponential fit

of the nearest neigbor peak for N¼ 36. The inset shows the temporal evolu-

tion of the curvature of the nearest neighbor peak for the N¼ 36 cluster.
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two regions corresponds to the nearest neighbor and next-

nearest neighbor distance, respectively.

To find a measure for the temporal behavior of the pair

correlation function, we approximated the nearest neighbor

peak, i.e., the maximum of g1 ¼ gðr < 0:7 mmÞ by inverted

parabolas. The maximum of these parabolas then correspond

to the height of the peak of g1, the curvature of the fitted

parabola is a measure of the peak width and thus of the local-

ization of the particles. The time-dependent peak height is

depicted in Fig. 3(b) for both clusters (Due to the normaliza-

tion of g1, the peak height seems to be overall larger for the

N¼ 19 cluster). The inset in Fig. 3(b) shows the curvature of

g1 for the N¼ 36 cluster.

During the heating period, the peak height of g1 is low

and the curvature is large. Thus, in the time period t< 0 s,

the particles are less correlated and less localized, as one

would expect for fluid systems. When the system cools

down, the peak heights increases and reaches equilibrium

values approximately 1 s after the laser heating was switched

off. The same trend was found for the region of enhanced

correlation at distances of r¼ 1 mm for both clusters. To

compare the correlation buildup with the coupling parameter

at the initial phase of recrystallization, the curves in Fig. 3(b)

are also fitted to exponentials. To address the role of individ-

ual cooling paths, we distinguished between clusters which

sediment into ground and into metastable states after recrys-

tallization. The time scales are then defined as sc;gs for

ground and sc;ms for metastable cluster states, respectively.

Interestingly for the correlations, an exponential behavior

was found for times up to t¼ 1 s. Here, the time dependent

coupling parameter C(t) already reaches its equilibrium

value. The obtained values for the correlation rates sc;gs and

sc;ms are given in Table I. Within the uncertainties, for both

ground and metastable states, correlation occurs with the

same rate. As found for the coupling parameter, the correla-

tion buildup of individual measurements follows the general

slope of the averaged results shown in Fig. 3(b). For both

investigated clusters, the correlation buildup seem to be

slower than the cooling rates estimated from C(t). Hence, the

clusters are faster cooled down than correlated. The initial

emergence of the shells occurs fast, but the individual order-

ing of particles within the shells, which mainly affect the

correlations and leave the coupling parameter nearly unaf-

fected, takes place on a slower time scale. Minor adjustments

on the shells do not significantly affect C, but the correlation

function g.

The recrystallization dynamics for finite 3D dust clouds

were studied kinetically. Two dust clusters were heated by

means of lasers into fluid states. A cooling rate for the initial

phase of recrystallization was estimated from the temporal

behavior of the Coulomb coupling parameter and compared

to recent experiments and simulations. After laser heating,

dust clusters sediment either in ground or in metastable

states. The correlation buildup was studied during the

recrystallization experiments. Measurements indicate that

the correlation rate obtained from the pair correlation func-

tion is lower than the cooling rate computed from the cou-

pling parameter.
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Recrystallization in Finite 3-D Dust Clouds
André Schella, Matthias Mulsow, and André Melzer

Abstract— The recrystallization process of a finite dust cloud
is studied experimentally on the kinetic level. The temporal
evolution of the coupling parameter allows to reveal that the
cluster is molten while laser heated and recrystallizes when
heating is switched OFF. The cooling rate can be deduced from
the initial stage of recrystallization.

Index Terms— Crystallization, dusty plasmas, finite systems,
laser heating.

DUSTY plasma experiments are ideally suited to study
recrystallization processes on the kinetic level [1]–[4].

Recently, Kählert and Bonitz investigated the process of
reordering for 3-D confined plasmas by means of simulations
[5], [6]. Here, we report on recrystallization experiments with
a finite 3-D dust cluster consisting of N = 19 particles. Dusty
plasmas are discharge plasmas containing additionally embed-
ded, usually melamine formaldehyde, particles of micrometer
size. The particles attain high negative charges in the plasma
environment and their individual 3-D motion is accessible with
video cameras because their dynamics is on slow timescales.

The RF discharge and the experimental setup used here are
described in [7] and [8]. The argon plasma was operated at
an RF power of 4.1 W and the neutral gas pressure was set
to 8 Pa. A cubic glass box [9] provides a harmonic trap for a
small number of particles of 4.04-μm diameter. By imaging
the scattered laser light of the dust grains with three orthogonal
high speed cameras (sampling rate 1 kHz) the particles can be
traced individually. Therefore, the 3-D particle coordinates in
each frame were obtained using standard routines [8]. The par-
ticle velocities are calculated using the particle displacement
between two consecutive frames and the given frame rate.
Here, the particles were heated with two opposing laser beams
with 400 mW total laser power. To study recrystallization, the
heating lasers were switched OFF at t = 0 s. Fig. 1(a) shows
trajectories of the dust grains during the laser heating phase.
The velocity of the particles is color-coded. The laser beams
drive large displacements of the particles from their initial
equilibrium position. The cluster is visibly in a fluid state.
In Fig. 1(b), the trajectories of the particles are depicted after
switching OFF the laser beams. The color scheme indicates
that the particles lose kinetic energy very quickly.
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Yukawa-type systems are adequately described by two para-
meters, namely the Coulomb coupling parameter Γ and the
screening strength κ . The latter one is inversely proportional
to the electron Debye length. Since the plasma is not affected
by the lasers we can assume that screening is constant during
heating and recrystallization. For the analysis we take κ ≈ 1.
The coupling parameter describes the ratio of the interaction
energy between neighboring particles and their thermal energy,
Γ = Q2/(4πε0 bWS kBT ), with Q being the dust charge, ε0
the dielectric permittivity, and bWS the Wigner–Seitz distance.
Since the laser beams only lead to a momentum transfer to
the dust particles, Q and bWS are assumed to be unaffected,
whereas T increases with laser power. To assign an instanta-
neous temperature to our 3-D system we make use of T in
terms of a kinetic energy via 3/2 kBT = 1/2 mv2 = Ekin(t)
with m being the dust mass and v the absolute value of their
3-D velocity. To calculate the temporal evolution of Γ (t) dur-
ing recrystallization the velocities to determine the temperature
are averaged over the dust cluster and 10 consecutive frames.
The time-dependent coupling parameter is shown in Fig. 1(c).
During the heating phase (t <0 s), Γ (t) = 57 ± 13 is rather
low. When the lasers are switched off at t = 0 s, Γ (t) rises
quickly before it oscillates to the equilibrium value, which was
measured from an unheated cluster. By fitting the temporal
evolution of Γ at the initial stage of recrystallization between
t = 0 and 0.3 s with a growing exponential Γ (t)∼exp(at),
a cooling rate of a = 5.84 s−1 is derived. Knapek et al. [1]
reported for 2-D crystals that the cooling rate is of the order
of the friction coefficient. In our case, the damping rate is
ν = 21 s−1, which is decisively larger than our cooling
rate. In units of the confinement frequency ω0, which is
obtained by normal mode analysis [10], as ω0 = 24.1 s−1 s,
one finds ν/ω0 = 0.9. At these moderate damping rates,
Kählert et al. predicted that the evolution of Γ goes through
transient equilibrium stages [5], and that the cooling rate is
smaller than the damping rate, supporting our experimental
findings.
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Chapter 2
Introduction to Streaming Complex Plasmas
A: Attraction of Like-Charged Particles

André Schella, André Melzer, Patrick Ludwig, Hauke Thomsen
and Michael Bonitz

Abstract Like-charged particles usually interact via a repulsive force. However, in
streaming dusty plasmas one can observe that two negatively charged dust particles
may attract each other. This is explained by accumulation of positive ions below the
dust particles (with respect to the streaming direction). In this chapter, we describe
the dependence of this ion focus and the resulting wakes on discharge rf-power,
pressure and thermophoretic force, as the three key parameters, that can be varied in
dusty plasma experiments. Moreover, we discuss the impact of this attractive force
on the collective properties of many dust particles, in particular, on the structure and
on the dynamics of spherically confined clusters.

2.1 Introduction

Trapped charged particle systems are ideally suited model systems to study strongly
coupled matter, see Refs. [1–4] and references therein. When the particle number is
low, less than N < 1000 say, the system is said to be finite. These systems usually
require an external confinement potential to be stable. In such systems the properties
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may strongly varywith the particle number and depend on the symmetry (for example
in the case of “magic” configurations). Similar effects are known from other fields
such as nuclei or clusters. Dusty plasmas provide a unique way to analyze and control
these effects. Since the dust particles in a plasma usually interact via a screened
potential, where the screening parameter depends on the plasma environment, dusty
plasmas bridge the gap between systems with long-range Coulomb interaction (such
as trapped ions) and systems with a hard-core potential (such as granular matter,
nuclear matter or neutral Fermi gases).

A common characterization of the coupling strength in dusty plasmas is the dimen-
sionless Coulomb coupling parameter. This parameter is defined as the ratio of the
typical interaction energy of neighboring particles characterized by the distance bWS
and the typical kinetic, thermal energy,

Γ = Q2
d

4πε0bWS

1

kBT
. (2.1)

Here, Qd is the dust charge, ε0 the vacuum dielectric permittivity, bWS the Wigner-
Seitz-distance and kBT the thermal energy. When the coupling parameter exceeds
unity, the system is said to be strongly coupled.With increasingΓ , correlation effects
and long-range order develop, eventually leading to liquid and solid behavior. For
an infinite three-dimensional (3D) system the phase transition from a liquid into a
solid state occurs when this parameter exceeds a value of about 172…175 [5–7].
Although Γ is usually defined for infinite systems, the coupling parameter can still
be used to characterize the coupling strength of finite 3D dust clouds [8–10]. In this
case, however, the melting point may strongly vary with the particle number N , and
phase transition-like behavior typically extends over a finite transition interval [11,
12].

In situations where wakefield effects are negligible, dust particles in harmonic
confinement potential are found to arrange themselves to clusters with nested spher-
ical shells [9]. Due to Yukawa-type inter-particle forces, these crystals are called
“Yukawa balls” [13–16]. A very successful model to describe Yukawa balls turned
out to be the one-component plasma model (Yukawa OCP) which assumes that ion-
flow effects can be neglected (which is the case if the 3D dust cloud is in the plasma
bulk). The Hamiltonian for the ground state (i.e. in the limit of zero kinetic energy)
of an ensemble of N identical dust grains with a time independent charge1 Qd and
mass md is then given by [17, 18]

E =
N∑

i=1

md

2
ω2
0ri

2 +
N∑

i> j

Q2
d

4πε0

e−ri j /λD

ri j
, (2.2)

1 While the light plasma particles have a universal charge (electrons qe, ions qi), the grain charge Qd
is subject to dynamical plasma processes andmay fluctuate (this will not be taken into account in this
chapter). Therefore, in order to denote this difference, we use small and capital letters, respectively.
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2 Introduction to Streaming Complex Plasmas A: Attraction of Like-Charged Particles 53

where ri = |ri | denotes the distance of dust particle i from the trap center and
ri j = |r j − ri | denotes the pair distance of two particles i and j . The trap frequency
enters via ω0. The first term in (2.2) describes the external harmonic trap which is,
for simplicity, assumed to be isotropic. The second term represents the Yukawa-type
interaction potential ΦY of the dust particles. Shielding by the light plasma species
is taken into account by the Debye length

λD =
(

q2
e n̄e

ε0kBTe
+ q2

i n̄i

ε0kBTi

)−1/2

, (2.3)

where qe,i, n̄e,i, and Te,i denote charge, density, and temperature of electrons and
ions, respectively.

Despite its simplicity, model (2.2) serves as a good starting point to analyze finite
dust clouds as long as wakefield effects play a minor role [19–21]. It can be used to
study the structural properties [13, 16, 22–27] aswell as collective dynamical features
and excitation behavior, see Refs. [28–36]. Dust clouds confined in anisotropic traps
were studied as well [20, 37–40]. (For a more detailed discussion of the structural
properties and the melting behavior of dust crystals, we refer the reader to the chapter
“Phase Transitions in Dusty Plasmas”).

While the Yukawa OCP model (2.2) is adequate for spherical dust crystals (e.g.
the plama bulk), an ion streaming motion leads to a different type of ordering–the
formation of flow-aligned strings[41–43]. This is attributed to attractive interactions
[44–53] between the dust grains caused by the ion focussing below the upper grain,
as described below.

In this chapter, we specially address experiments with spherically confined dust
clusters with particle numbers between N = 2 and N ≈ 50. Of particular interest
is the transition between a spherical plasma crystal with a nested shell structure
(an “artificial atom”) and flow-aligned strings when the ion flow speed is increased.
The goal is to gain insight into the influence of the relevant plasma parameters on
the inter-particle forces, the structure of the dust clouds and their dynamics. An
in-depth theoretical analysis and the computation of the ion-wake field can be found
in the Chap.3.

2.2 Ion Focus and Wakefield

In the very first dusty plasma experiments, particles were embedded in the sheath
of the discharge. There, they formed extended crystalline structures which are known
as plasma crystals [54–56]. In the horizontal plain, the particles formed a hexagonal
lattice, see Refs. [54–56] and Fig. 2.1a. It was early realized that in the vertical
direction, instead of a close-packed crystal structure, the particles often aligned in
vertical strings, cf. Fig. 2.1b and Refs. [41, 42, 57, 58]. Such a structure was one of
the first hints towards ion focusing effects. Similar observations were made for finite
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Fig. 2.1 a Top view of a plasma crystal in a rf-discharge and b side view of the same crystal.
Horizontally, the particles arrange in hexagonal patterns,whereas the particles are aligned vertically.
c and d Top and side view of a finite 3D dust cloud at low pressure (Reprinted with permission from
[19]. Copyright [2010], AIP Publishing LLC.). Here, the particles are aligned in vertical chains due
to wakefield effects

3D dust clouds at low pressure, where it was revealed that the particles tend to form
aligned particle chains in vertical direction as depicted in Fig. 2.1d [19].

2.2.1 Phenomenological Description of the Ion Focus

In this section, we present a phenomenological explanation for the formation of the
ion wakefields and the connected attractive forces. Wakefield and ion focus are often
used synonymously because they describe the same physical process where the first
refers more to a wave-like picture and the second to a more particle-like picture.

A sketch of the ion focusing effect is shown in Fig. 2.2. Since the very first obser-
vations, many different approaches faced the question towards the nature of the ion
wakefield attraction. In the wave-like approach, the dust particle is considered to
excite ion acoustic waves that superimpose to form regions of increased positive
potential. For this purpose, the dielectric response function of the ions in the vicinity
of the dust particle is computed [44, 45, 59, 60]. The solution for the total (dynami-
cally screened) potential of the dust particle is an oscillatory wake potential, the ion
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Fig. 2.2 Sketch of the wakefield mechanism; a The ions are accelerated by strong electric fields in
the sheath region. When streaming towards the lower electrode, they are deflected by the large grain
charge that has a focusing effect giving rise to a positive space charge below the grain. b Reduced
model of the ion focus: the space charge is replaced by a positive point charge rigidly attached to
the upper dust particle. While the like-charged grains repel each other with an isotropic force Fr ,
grains downstream are attracted to the positive space charge by Fa . Consequently, the ion focus
leads to an effective non-reciprocal grain attraction and causes a vertical grain alignment.

wakefield. The model is capable of explaining the formation of aligned particles as
well as instabilities, even in the presence of collisions [48, 61–63].

The particle-basedmodels startwith amicroscopic description of the ions [46, 64].
Often, the ion trajectories are solvedbymeans ofMonte-Carlo [46] or Particle-In-Cell
simulations [65, 66] allowing also to study nonlinear effects [67, 68]. These models
also find an enhanced ion density region, the ion focus, downstream to an upper
grain leading to attractive forces on the lower particles. To explain the mechanism,
we restrict ourselves to the particle-based picture. A description in form of the linear
dielectric plasma response is given in the Chap.3 by Ludwig et al.

In the sheath of the discharge, positive ions are streaming towards the electrode.
When passing by a dust particle, they are attracted by the potential of the highly
negatively charged dust grain, see Fig. 2.2a. The fast ions are deflected and focused
below this grain creating there a positive space charge region, the ion focus [46].
A second particle placed downstream experiences the presence of this ion focus
of the upper grain, see Fig. 2.2b. This leads to a superposition of the repulsive
dust–dust and the attractive dust–ion interaction that can cause an alignment of the
particles. In contrast, the upper particle only feels a repulsive force from the lower
particle. Hence, the interaction is non-reciprocal. The non-reciprocal nature of the
ion focus was proven in many experiments [19, 49–52]. Moreover, the alignment
of the particles can become unstable below a critical neutral gas pressure [46]. As
a result, the particles are heated by this ion-focus induced instability, that can even
cause phase transitions from ordered, solid-like arrangements to liquid and gas-like
situations [10, 41, 69–74].

Models suggest that there are two key parameters that strongly influence the
amplitude, shape and range of the wakefield potential, namely the ion streaming
velocity and the neutral gas pressure. The ion streaming velocity ui can be described
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in terms of the Mach number M = ui/cs, with cs = (kBTe/mi)
1/2 being the sound

(Bohm) speed [75]. From experiments deep in the sheath of the discharge, where
the ion flow is supposed to be supersonic, i. e. M ≥ 1, the particles inside a dust
crystal are found to be on aligned particle chains [42]. However, recent investigations
have demonstrated that particle chains even form at moderate ion flow velocities
M < 1 in 3D dust clouds [20, 76, 77], as well as in microgravity situations [78].
The second key parameter that affects the wake structure is the ion-neutral collision
frequency νi which is closely related to the neutral gas pressure. At low neutral gas
pressure, streaming ions can move freely along their path without (or with only a
few) collisions. Here, the wakefield effects are more pronounced, as confirmed by
many experiments [19, 20, 42, 58, 71]. At higher damping rates, simulations suggest
that the effect of the ion focus becomes weaker [63, 68].

2.2.2 Biasing Wakes in the Experiment

The experiments to study wakefield effects in dusty plasmas are manifold, see
Refs. [19, 20, 42, 49, 50, 71, 77, 79–82], just to name a few. Often, one has the pos-
sibility to influence the dust–dust-interaction and the dust-confinement by varying
several parameters that also affect the ion wakefield:

• By changing the neutral gas pressure p, one can change the friction force that acts
on the dust particles and the ion-neutral collision rate of the streaming ions. A
high pressure seems to reduce the ion focusing effect. Additionally, changing the
pressure leads to changes in the local plasma environment of the dust grains.

• By adjusting the temperature of the lower electrode, one can induce an upward
themorphoretic force that can be used to change the vertical position of the dust
cluster in the plasma. This changes the local dust charge and the streaming velocity
of the ions.

• By varying the rf-power, one changes the energy input into the discharge. This
affects the densities of the plasma species and their temperatures which, in turn,
has an intricate effect onto the dust charge, the confinement and the local Mach
number.

• By external laser fields, one can feed energy to the dust system but leave the plasma
unaffected.Moreover, driving dust clouds to fluid states bymeans of lasers hinders
the establishment of particle alignment [10].

• By strong magnetic fields, the ions can be magnetized. This influences the wake-
field attraction as well [82].

In contrast to the simulations, the Mach number is not directly controllable in the
experiments. Therefore, in the experiments presented in the following, the first three
parameters—(i) neutral gas pressure, (ii) thermophoresis and (iii) rf-power—are
modified in order to studywake-affected 3D dust clusters. The parameters are closely
related to Mach number M , ion-neutral collision frequency νi and relative tempera-
ture Te/Ti, which serve as an input for the simulations [63]. Thus, the great benefit

6 Thesis Articles

122
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results from the possibility to compare the experimental findings with simulations
presented in the Chap.3.

2.3 Wakefield Effects in Dusty Plasma Experiments

In dusty plasma experiments, typically, micron-sized dust particles are immersed
into a discharge plasma where they attain a high negative charge due to the steady
flux of electrons and ions onto each particle’s surface. Moreover, due to their high
mass compared to ions and electrons, the charge to mass ratio becomes sufficiently
low to trace the individual particles by means of high-speed video cameras on the
kinetic level, see Refs. [2, 4, 83] and references therein.

2.3.1 Experimental Setup

A typical experimental setup is shown in Fig. 2.3a. Since the dust particles are all
negatively charged, their mutual repulsion (even in the presence of wake effects
there is repulsion between the particles that are not flow-aligned ) has to be balanced
by an external confinement. Trapping the dust particles inside a cubic glass box
(cuvette), as shown in Fig. 2.3b, provides the great benefit to achieve harmonic
confinement by a superposition of several forces acting on the individual grains [3,
9, 10, 14, 16, 19, 20, 24, 34, 39, 77, 84–87]. Radial confinement is established
by the electric field, due to the dielectric glass walls. To compensate for gravity, the
sheath electric field force together with a thermophoretic force from a heated lower
electrode levitates the particle cloud upwards. In that manner all these forces provide
a harmonic confinement where the particles form Yukawa balls, see Fig. 2.3c and
Ref. [9].

Despite the harmonic confinement, the particle arrangemnet is influenced by ion
wakefields. As described above, experiments upon Yukawa balls at high pressure
reported a well established shell structure [9, 14, 16, 24]. At sufficiently low neutral
gas pressure, wakefield effects due to the streaming ions become important [19, 20].

For all experiments presented in this chapter, melamine formaldehyde particles
with a diameter of 4.86µm (corresponding to a dust mass of md = 9.1 · 10−14 kg)
were trapped in a cubic glass box of 2.5cmwall length. The argon plasma is operated
in a capacitively coupled radio-frequency (rf) discharge at rf-powers in the range
1–4W and a neutral gas pressure of 4–10Pa. Due to the low pressure used here, the
establishment of wakefields can be expected in the experiments.

The dust particles are observed by imaging the scattered laser light from the grains
via three orthogonal high speed cameras. These share at least one common axis and
thus easily allow us to reconstruct the 3D positions. Here, particle clouds with up to
hundred particles can be observed. The cameras are typically operated at frames rates
up to 500 frames per second. To identify the particle positions in each image, standard
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Fig. 2.3 a Experimental setup used to investigate and to manipulate 3D dust clusters. b View into
the plasma chamber; c Photograph of a Yukawa ball (Käding 2008); dReconstructed 3D trajectories
of a laser heated cluster consisting of N = 48 particles

particle identification techniques are used [88]. Afterwards, the individual particles
are digitally tracked and their 3D dynamics can be retrieved, see Fig. 2.3d and
Refs. [10, 16]. Hence, the full 3D particle dynamics are available at the kinetic level.

An overview about the different approaches to image and reconstruct three-
dimensional dust clouds has been given in Ref. [3]. Established methods include
scanning video microscopy [9, 89, 90], stereoscopic imaging [16, 91], digital
in-line-holography [92], the color-gradient method [28, 93] and, more recently, the
single exposure technique [94].

All dust systems in the experiments presented herewere investigatedwith a stereo-
scopic imaging system pictured in Fig. 2.3a that allows us to track all particles in 3D
[10, 16].

An additional surplus of our setup is the possibility to manipulate dust clusters
by focused laser beams. Laser heating has become the most common method to
manipulate dust ensembles [10, 95–101]. Among others, it allows us to experimen-
tally study dust–dust-interactions [49], phase transitions [10, 97, 102] and to excite
waves in dusty plasmas [103–105].

The laser beams leave the plasma itself unaffected. The dust particles respond to
the momentum transferred by the radiation pressure of the beam [95, 106]. Random
laser excitation of the dust particles mimics a heating process leading to increased
kinetic temperatures of the dust particles [99, 100]. Thus, controlling the laser inten-
sity allows us to change the dust temperature and, with it, vary the coupling parameter
Γ ∝ 1/T very precisely without varying other plasma properties. With the setup
shown here, it is possible to cover a wide range of coupling strengths, see Fig. 2.4.
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Fig. 2.4 Coupling parameter as a function of the applied laser power (large dots). The inset shows
typical particle trajectories for two characteristic values of Γ . The dashed line is a guide to the eye

2.3.2 Structure of Ion-Focus Affected 3D Dust Clusters

The influence of the ion focus is omnipresent in low pressure dusty plasma experi-
ments [19, 20, 58, 71, 77, 79]. As a first insight into the complex wakefield mech-
anisms, we start with a brief phenomenological introduction into the structure of
wake-affected 3D dust clusters. In order to study the fundamental particle–particle
interaction, it is sufficient to start with a simple system of a single elongated 1D
dust string.

Figure 2.5a shows a “dust molecule” formed by two particles inside the cubic
glass box. The particles were confined at 6Pa and 1.6W rf-power. Evidently, the
like-charged particles are vertically aligned. This situation is found to be very stable
(see below). Further, a low rf-power is favorable to confine single dust strings [39].
Figure 2.5b shows a camera image of a vertical dust string made of five particles.
The particles are aligned along the ion streaming direction. The dust chain was
confined at 0.8W rf-power at a pressure of 10Pa. In Fig. 2.5c, the reconstructed
3D trajectories of the particles are depicted. At these experimental conditions, the
particles within the cluster are nearly at rest. In general, single aligned particle chains,
as shown in Fig. 2.5a–c, can even be formed for like-charged particles that obey
purely repulsive interactions if the vertical confinement is much weaker than the
horizontal confinement. As a representative example of a larger dust cloud, a cluster
of N = 30 particles with a trend to form aligned particle chains is shown in Fig. 2.5d.
The highlighted particles are aligned along the ion streaming direction. This cluster
structure hints towards the presence of the ion focus, because the particles in the
glass box are in a nonequilibrium environment.

The competition between repulsive dust–dust interaction and attractivewakefield–
dust interaction leads to a rich variety in structure and shape of the dust clouds.

B1

125



60 A. Schella et al.

-0.2
0.2

-0.2
0.2

-1.5

-1

-0.5

0

0.5

1

1.5

Y (mm)

Z
(m

m
)

Z
(m

m
)

-0.2

0.2 -0.4
0

-1

-0.5

0

0.5

1

Y (mm)

0.4

X (mm) X (mm)

(a) (b) (c) (d)

Fig. 2.5 a Still video image of two vertically aligned particles (“dust molecule”). b–c Processed
video image of a single particle chain formedby N = 5dust grains and reconstructed 3D trajectories.
d 3D positions of a N = 30 cluster with trend to chain formation. A single particle chain is
highlighted

1 1.5 2 2.5 3 3.5 4 4.5
12

14

16

18

20

22

rf-power (W)

di
st

an
ce

 to
 e

le
ct

ro
de

 (
m

m
)

6Pa
(b)

(a)

(c) (d) (e) (f)

Fig. 2.6 a Cluster height inside the glass box as a function of the applied rf-power for a neutral
gas pressure of 6Pa. b–f Processed camera images of a N = 16 cluster for different rf-powers. The
shape changes from droplet-like to spheroidal with increasing rf-power

Therefore, it is tempting to get a deeper insight about cluster structure at different
experimental conditions.

Figure 2.6a shows the distance of the center of mass of the dust cluster from
the lower electrode as a function of the applied rf-power. The neutral gas pressure
was kept constant at 6Pa. At fixed thermophoretic levitation force, increasing the
discharge power leads to a lowering of the cluster position inside the glass box. An
increase of the discharge power causes an increased density of electrons and ions.
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This, in turn, leads to a smaller Debye length and hence to a smaller sheath width
and to the observed sinking of the dust clusters.

In Fig. 2.6b–f snapshots of a dust cluster formed by N = 16 particles for different
rf-powers are depicted. For a low discharge power of 1.1W, Fig. 2.6b, the cluster is
strongly elongated along the ion streaming direction. The uppermost particles form
a single chain and the cluster looks like a droplet. By increasing the discharge power
to 1.5 and 2.0W, Fig. 2.6c–d, the inter-particle distance reduces, but the droplet-like
shape remains. A further increase of the discharge power to 3.0 and 4.0W leads to a
transitions from the droplet-like shape to a more spheroidal shape of the dust cloud
[20], see Fig. 2.6e–f.

The ions are streaming towards the lower electrode. As discussed before, below
the upper particles, the streaming ions are being focused producing a positive space
charge regionwhen themean free path length for ion-neutral collisions becomes large
[75]. This positive charge leads to an attractive force on the downstream particles and
favors vertical particle alignment. The strength of thewakefield attraction depends on
theMach number M of the streaming ions. By varying the height of the cluster inside
the glass box, not only this local Mach number is changed. Furthermore, the dust
charge crucially depends on the local plasma parameters, which change dramatically
with the vertical position of the cluster [14]. Reliable calculations of the dust charge
in flowing plasmas are only starting [63, 65, 66, 107], therefore, it is still a challeng-
ing task to simulate the dust charge in a flowing environment self-consistently. From
the experiment point of view, understanding the complex physical mechanisms for
the cluster structure under the influence of wakefields is still an open issue. Thus,
the cluster structure can serve as a hint at wakefield effects in the experiment. How-
ever, further detailed investigations of the particle dynamics are required.

2.3.3 Dynamics of Ion-Focus Affected 3D Dust Clusters

2.3.3.1 Attraction of Two Like-Charged Particles

Two-particle dust systems are the simplest accessible system to study the interaction
between like-charged particles. They have become a very attractive playground for
experimentalists to study interactions and correlations [79, 108, 109] as well as wake
effects [19, 49, 50, 80–82, 110].

Figure 2.7a, b shows still camera images of two dust particles inside a confining
glass box are shown that form a “dust molecule” under different experimental con-
ditions. The particles are trapped without additional thermophoretic levitation at a
neutral gas pressure of 6Pa. Thus, their equilibrium position is located where the
sheath electric field force compensates gravity. In Fig. 2.7a, the particles are aligned
horizontally. This is due to the high rf-power of 4.5Wwhich leads to a strong vertical
confinement.

It is well known that reducing the discharge power weakens the vertical confine-
ment to the dust particles in a glass box, see Refs. [20, 39] and the previous section.
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Fig. 2.7 Still video images of two dust grains confined at 6Pa and 4.5W (a) and 1.6W (b). c–f
Fluctuations of the trajectories over a time span of one second. g–h Power spectra of the transverse
movement of particles 1 and 2

Here, by reducing the discharge power to 1.6W, the dust particles tend to align under
each other along the ion streaming direction in Fig. 2.7b. This is due to the previously
discussed ion focusing effect.

Figure 2.7c–f shows the horizontal (perpendicular to the ion flow) and vertical
fluctuations of the particles’ movement over a time interval of one second. In the
case of the horizontally aligned particles, Fig. 2.7c, d, the particles’ motion is not
correlated, neither in horizontal nor in vertical direction. This changes drastically
for the vertically aligned particles. In Fig. 2.7e, the correlated oscillatory motion is
clearly visible. Moreover, the downstream particle lags behind the upper one but
with a slightly larger amplitude. This means that the lower particle tries to follow
the upper particle’s motion. The oscillation period can be found as 	t = 0.16 s.
Consequently, the frequency of this oscillation is f = 1/	t = 1/0.16 s = 6.25Hz.
Interestingly, the fluctuations along the z-direction in Fig. 2.7f do not show well
established oscillations. Thus, restoring forces due to the ion focus seem to bemainly
in the horizontal direction [67, 111].

Figures 2.7g, h show the power spectra of the transverse motion computed using
trajectories along a time span ofmore than tenminutes. In the case of the horizontally
aligned dust particles, both particles show two peaks in the spectra. The peak at 5.5Hz
can be identified with a center of mass oscillation in the confining potential, while the
peak at 12Hz is associated with the so called “breathing mode”-type oscillation, a
radial expansion and compression of the dust system [109]. Both modes are sketched
in the inset of Fig. 2.7g.
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The corresponding power spectra for the particle system under the influence of
an ion wakefield is shown in Fig. 2.7h. Here, only one peak in the power spectra is
found. Interestingly, the peak for the upper particle is found at 6Hz, whereas the peak
of the downstream particle is found at a slightly higher frequency of 6.2Hz. That
already shows the sensitivity of dust particles to the local plasma environment. The
two-particle system can serve as plasma probe, for instance to measure the sheath
electric field or the dust charge [81, 112, 113].

A clear oscillatory movement and the phase delay between upper and lower parti-
cle are a direct indication of the ion focus. The downstreamparticle feels the attraction
by this positive ion focus. In contrast, the upper particle feels the repulsive force of
the downstream particle [46]. The observed aligned situation is preferred, because
the lower particle follows the upper one. The source of the oscillation is not the con-
fining potential, but the wakefield attraction. The particles experience friction due to
the neutral gas. The oscillations are nonetheless persistent against this friction. Thus,
to perform an oscillatory movement, the particles must gain their energy from the
ion focus.

We can conclude that a two-particle systems can be used to experimentally study
wake effects with high accuracy. The particles are sensitive to even little changes in
the local plasma parameters. Thus, they may also serve as a valuable reference for
wakefield simulations.

2.3.3.2 Wake-Affected Cluster Dynamics

For the sake of a broader picture, in the following, the dynamics of larger 3D dust
clusters will be investigated. In order to emphasize the role of the ion wake for the
cluster dynamics, experiments with a cluster consisting of N = 11 particles at a
pressure of 4.3Pa are presented, see Fig. 2.8a–c. (In Fig. 2.8c, the cluster consists
of N = 12 particles due to an accidentally trapped additional particle, letting our
conclusions unaffected). The discharge power was varied from 0.8W to 2.4W in
order to increase the energy of the dust subsystem. The shape of the cluster changes
from elongated and droplet-like, in (a), to an almost perfect sphere, in (c), which
is due to the different confinement conditions, as was discussed in Sect. 2.3.2. The
particles of the cluster perform oscillatory motions for all three discharge powers.
At low power, Fig. 2.8a, the three uppermost particles perform a movement that
resembles a wiggling fish tail.

To investigate the collective behavior in more detail, in the following, the oscilla-
tions of the three uppermost particles will be analyzed further. Figure 2.8d–f shows
a time series of the transverse fluctuations (with ρ = (x2 + y2)1/2) of the three
uppermost particles over a time span of one second. Oscillatory movement is found
for all the cases. For a large inter-particle spacing and a low discharge power (0.8W),
Fig. 2.8a, the fluctuations seem to be somewhat oscillatory. At intermediate discharge
powers of 1.4W, Fig. 2.8e, the oscillations become well pronounced: The amplitude
grows for particles placed downstream, and one finds a constant phase delay from top
to bottom. Following the discussion in Sect. 2.3.3.1, these findings can be attributed

B1

129



64 A. Schella et al.

-0.50
0.5

-0.5
0

0.5

-1

0

1

Y(mm)

-0.5
00.5

-0.5 0
0.5

-1

0

1

Y(mm)

-0.5
0 0.5 -0.5

0 0.5

-1

0

1

Y(mm)

0.4mm 0.6mm0.4mm

(a) (b) (c)

(d) (e) (f)

Fig. 2.8 a–c Trajectories of a N = 11 (12) cluster over a time span of 7 s for different discharge
rf-powers. d–f Transverse fluctuations of the three uppermost particles 1–3 corresponding to (a)–(c)

to the same type of oscillation as for the two-particle system. At a high discharge
power of 4.0W, the cluster is clearly molten. The amplitude of the oscillations had
grown further. Nonetheless, it seems that the motion of the particles 1–3 is not as
correlated as in the previous case. A reason can be that at these high discharge powers
the fluid-like particle motion hinders the establishment of coherent oscillations.

Finally, we draw the attention to the dynamics of entire dust clusters. An estab-
lished technique to retrieve the dynamical properties of a finite system is the normal
mode analysis (NMA) [18, 32, 34, 37, 114–116]. Here, it is assumed that the dust
particles perform small oscillations around their equilibrium positions. This justifies
an expansion of the system’s Hamiltonian, see (2.2) up to the second order, to obtain
the so-called dynamical matrix

H = ∂2E

∂rα,i , ∂rβ, j
, (2.4)

with α, β = x, y, z and i and j denoting the different particles. The solution of the
corresponding eigenvalue problem of the dynamical matrix defines the 3N eigenfre-
quencies, as well as the corresponding eigenvectors ei,l of the system that define the
mode pattern of eigenmode l. The mode-resolved power spectral density (PSD), i. e.
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the energy density per frequency interval of the lth eigenmode is calculated via [18]

Sl(ω) = 2

T

∣∣∣∣∣

∫ T

0
dt

(
N∑

i=1

vi (t)ei,l

)
eiωt

∣∣∣∣∣

2

. (2.5)

In otherwords, the velocity of the i-th particlevi (t) ismappedonto the l-th eigenmode
and transformed into Fourier space. The PSD S(ω), reflecting the energy density in
the frequency domain, can be obtained by summation over the mode number l, i. e.
S(ω) = ∑

l Sl(ω).
A NMA from the trajectories of a cluster consisting of N = 12 particles was

performed. The cluster was trapped at a rf-power of 3.6W and a pressure of 5.7Pa.
From the trajectories, Fig. 2.9, it can be seen that the cluster is spherical in shape
and that the cluster particles only perform small oscillations around their equilibrium
positions. Thus, (2.4) is a suitable approximation. In Fig. 2.9b, the mode-resolved
power spectral density is shown. The mode spectra recovers the features of a weakly
damped Yukawa system [32, 116], where the normal mode frequencies rise steadily
with increasing mode number. Moreover, the mode spectrum has additional features:
One finds a high amount of energy stored in a narrow frequency interval at approx-
imately 9.2Hz in most of the modes. The dominant contribution in the PSD comes
exactly from this frequency domain. This phenomenon was noticed previously for
flat dust clouds under the influence of an ion focus [71]. In those dust clouds, unsta-
ble oscillations at a fixed frequency were attributed to the ion-focus instability [46].
The ion-focus instability manifests itself in a distinct frequency, the oscillation is
not an eigenmode of the equilibrium system of (2.2). Hence, the oscillation can be
seen in almost all of the equilibrium modes. One might be up to include wakefield
effects in the energy equation (2.2) to account for these modes. However, due to the
asymmetry in the forces between upper and lower particle, this cannot be done in a
simple manner and is a topic of ongoing investigations.
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Thus, within the NMA, wakefield effects due to the streaming ions arise as a
collective phenomenon that involves all dust particles of the 3D dust cluster. In
larger systems, aligned particle arrangements can become unstable below a critical
neutral gas pressure if the energy gain due to the ion focus is not balanced by the
energy loss via friction [46, 70]. The inherently unstable situation is the cause of
phase transitions in dust clouds when the neutral gas pressure is varied [58, 71].

2.4 Summary and Outlook

Dust clusters in streaming plasmas exhibit configurations that differ qualitatively
from spherical Yukawa balls that are observed in the plasma bulk where streaming
effects are negligible. In particular, the chain formation in low-pressure dusty plasma
experiments points to the presence of an ion focus in the wakefield below the indi-
vidual dust grains. This positive space charge can give rise to a net attractive force
between two negatively charged dust grains. These forces cause an alignment and
lead to the formation of vertical particle strings.

More precisely, when two particles are vertically aligned, the lower particle
directly follows the upper particle’s motion, via the attractive ion-mediated force.
In contrast, the oscillatory motion of two horizontally aligned particles is essen-
tially uncorrelated. By varying the parameters of the discharge, namely rf-power and
pressure, the structure of the dust cluster changes dramatically from a spheroidal
to chain-like form with (unstable) particle oscillations. This complexity reflects the
complex nature of the dust-plasma interaction in a flowing environment.

Due to its non-reciprocal nature, the ion wake force is capable of feeding energy
into the dust system. Below a critical neutral gas pressure, the energy gain due
to the streaming ions cannot be dissipated by friction and, thus, leads to the ion-
focus instability. This instability manifests itself in unstable oscillations at a certain
frequency in the power spectral density. To conclude, the actual particle interaction
force depends on the pressure, the rf-power and on the thermophoresis which controls
the vertical position of the cluster and, therefore, on the local Mach number. Thus,
the experimental findings are a challenging input for theory and simulations.
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Lasers have been used extensively to manipulate matter in a controlled way – from single atoms
and molecules up to macroscopic materials. They are particularly valuable for the analysis and
control of mesoscopic systems such as few-particle clusters. Here we report on recent work on finite
size complex (dusty) plasma systems. These are unusual types of clusters with very strong inter-
particle interaction so that, at room temperature, they are practically in their ground state. Lasers
are employed as a tool to achieve excited states and phase transitions.

The most attractive feature of dusty plasmas is that they allow for a precise diagnostic with single-
particle resolution. From such measurements, the structural properties of finite two-dimensional
(2D) clusters and three-dimensional (3D) spherical crystals in nearly harmonic traps–so-called
Yukawa balls–have been explored in great detail. Their structural features–the shell compositions
and the order within the shells–have been investigated and good agreement to theoretical predictions
was found. Open questions on the agenda are the excitation behavior, the structural changes, and
phase transitions that occur at elevated temperature.

Here we report on recent experimental results where laser heating methods were further improved
and applied to finite 2D and 3D dust clusters. Comparing to simulations, we demonstrate that
laser heating indeed allows to increase the temperature in a controlled manner. For the analysis of
thermodynamic properties and phase transitions in these finite systems, we present theoretical and
experimental results on the basis of the instantaneous normal modes, pair distribution function and
the recently introduced center-two-particle correlation function.

I. INTRODUCTION

Complex (dusty) plasmas differ from traditional plas-
mas in a number of aspects: complex plasmas, in very
general terms, are multicomponent plasmas that con-
tain, in addition to electrons, ions and neutral atoms,
also (macro-)molecules.

This may lead to substantial chemical reactivity or
growth of clusters or nanoparticles that are of high in-
terest for technological applications, see e.g. [1–4]. Al-
ternatively, macroscopically large particles (dust) can be
introduced into the plasma externally which may rad-
ically alter the plasma properties. These “dusty plas-
mas” have evolved into a separate research field and are
the subject of this review. Here, we focus on non-reactive
dusty plasmas containing comparatively large—typically
micrometer sized—monodisperse plastic spheres.

The unusual properties of these plasmas arise from
the behavior of the dust particles and their enormously
high charge. In the plasma, the particles are subject to
continuous bombardment by the much lighter electrons,
ions and neutrals. In a radio frequency (rf) discharge,

∗ thomsen@theo-physik.uni-kiel.de; ludwig@theo-physik.uni-
kiel.de; bonitz@physik.uni-kiel.de; schablinski@physik.uni-
kiel.de; block@physik.uni-kiel.de; schella@physik.uni-
greifswald.de; melzer@physik.uni-greifswald.de

the electron temperature is way above the ion tempera-
ture resulting in a higher impact rate of electrons onto
the originally neutral particles, compared to the ions.
As a consequence the particles become highly negatively
charged, with the charge reaching values on the order of
Qd = O(−10 000 e) elementary charges for a particle of
micron size [5]. It is due to this high negative charge
that the dust particles are strongly interacting with each
other, and the dust component of the plasma aquires a
very large electrostatic energy that may exceed the ther-
mal energy by orders of magnitude: the dust becomes
strongly coupled (or strongly correlated), in striking con-
trast to usual high-temperature plasmas. At the same
time electrons and ions are only weakly coupled and can
often be regarded as a more or less uniform background.

Such strong correlation effects are presently of high
interest in a large variety of fields, including condensed
matter, dense plasmas (such as warm dense matter), ul-
tracold quantum gases or the quark-gluon plasma. In
fact, dusty plasmas serve as a prototype for studying cor-
relation phenomena, e.g. [6]. A particular advantage of
dusty plasmas is the large particle size and large inter-
particle spacing (on the order of several micrometers)
which allows for a direct optical imaging of individual
particles. At the same time the large mass results in
slow characteristic time scales (on the order of hundreds
of milliseconds), so the whole dynamics of these plasmas
can be studied on the single-particle “atomic” level [1, 3].
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Despite the purely classical behavior, dusty plasmas al-
low for unique and unprecedentedly accurate diagnostics
of strong correlation effects which are important for other
strongly correlated systems where such diagnostics are
missing.

To have a quantitative measure of correlation effects
in these highly non-ideal charged particle systems, it has
been common to use the Coulomb coupling parameter Γ
that relates the mean Coulomb interaction energy of two
particles to the thermal energy as[7]

Γ =
Q2

d

4πε0 bWS

1

kBTd
, (1)

where the Coulomb interaction is estimated by the one
of two particles separated by the Wigner-Seitz radius,
that is related to the density by n−1 = 4πb3WS/3 in 3D
(n−1 = πb2WS in 2D[8]), and Td is the kinetic tempera-
ture that corresponds to the dust particles’ random mo-
tion. In ideal (or weakly non-ideal), conventional plas-
mas Γ � 1. If Γ exceeds unity, the system is strongly
coupled and the particle arrangement exhibits an increas-
ingly long range order, giving rise to liquid-like behavior.
If Γ exceeds about one hundred the interaction is strong
enough to spatially localize the particles leading to a crys-
talline structure. In macroscopic Coulomb systems, the
critical value for the freezing transition is around Γ = 175
in 3D and Γ = 137 in 2D [9–11].

Extended (nearly macroscopic) dust systems in 2D and
3D have been realized in experiments for decades, see
e.g. Refs. [12–17]. There, Γ values of several hundreds
are easily achieved, even at room temperature, as will
be discussed in Secs. V B and VI. At these conditions
the system is practically in its ground state. Therefore—
and this may be surprising—for dusty plasmas, the major
challenge for many applications is to lower the coupling
strength. The main task is to do this in a controlled
manner for instance by increasing only the dust temper-
ature Td, without affecting the other plasma parameters.
This is particularly important in order to study the ther-
modynamic properties, the melting process and the dif-
ferent phases of these systems. To achieve a controlled
heating of dust clusters several methods have been used,
including variation of the rf power or the neutral gas pres-
sure [18–21]. However, these methods usually alter the
whole discharge environment and, thus, effectively cre-
ate a different plasma, making a “clean” analysis of dust
thermal effects difficult [18, 22].

A. Laser heating of dust in the context of
laser-matter interaction

A suitable approach to heat the dust without affecting
the discharge environment is the use of lasers which is,
therefore, in the focus of the present review. Since laser
manipulation has become common in many fields it is of
interest to put the present activities in the field of dusty
plasmas into a broader perspective, before moving on.

The control of matter by lasers has seen dramatic
progress over the last two decades which is due to the
rapid increase of available coherent radiation sources.
These are, in first place, optical and infrared lasers but,
with the progress in the field of harmonic generation as
well as of free electron lasers, also high photon energies—
from UV to soft x-rays—became available. At the same
time a tremendous variety of methods and mechanisms to
control matter with lasers is being utilized which is briefly
summarized in table I. There we list the main properties
of coherent electromagnetic radiation and how they are
applied in different areas.

Traditionally, lasers have been used to excite electronic
transitions in atoms and molecules allowing for high pre-
cision spectroscopy. By choosing a particular laser po-
larization, certain transitions can be activated or deacti-
vated depending on the selection rules. In case of laser
excitation of electrons into the continuum (photoioniza-
tion) the photoelectron spectrum reveals detailed infor-
mation on the target material. Related methods such
as photoelectron spectroscopy are highly successful in
atomic, molecular and condensed matter physics. With
the increase of laser intensity also nonlinear processes
such as multi-photon excitation and ionization have be-
come available. In complex plasmas containing reactive
species spectroscopic methods have found broad applica-
tion as well, e.g. [2, 3] and references therein, but this has
not been relevant for dusty plasmas so far. At the same
time, ionization by UV radiation has been discussed by
some groups [23–27], but has proven to be difficult. The
interesting prediction is that the dust particles acquire
a positive charge, but this will not be considered in the
present paper.

Another important concept is the use of laser radiation
with a spatially inhomogeneous intensity profile such as
focused beams or interference patterns of several lasers.
The latter gives rise to optical traps or optical lattices
and has become a key tool in the field of ultracold atoms
and molecules, e.g. [28] or in the field of colloidal sys-
tems, where laser patterns have been used to create quasi-
crystals [29, 30]. Furthermore, the spatially varying field
of a moving laser wave is at the heart of particle acceler-
ation predicted long ago [31, 32]. In the mean time laser
wake field acceleration has been successfully realized ex-
perimentally and allows for the generation of relativistic
electron beams with MeV energy [33–37] as well as for ion
acceleration. In dusty plasmas laser beams with spatially
varying intensity profile are exploited utilizing the inten-
sity dependence of the index of refraction of dust par-
ticles allowing to trap and move single particles (“laser
tweezers”) [38–40], see also Ref. [41].

An alternative direction in laser-matter interaction is
heating of matter by generating Ohmic heat. Acceler-
ation of electrons in solids easily allows to couple laser
energy into the material and to melt it. This has become
a standard method in technology and is used e.g. for mi-
crosopic structuring of surfaces as well as for drilling high
quality micrometer-size holes. With the availability of ul-
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Laser property Applications and Mechanisms

photon energy • (multi-)photon excitation and ionization of atoms,
N~ω, N = 1, 2, . . . molecules, condensed matter etc.

• photoemission spectroscopy
• inverse bremsstrahlung heating of matter
• photoionization of dust particles

laser polarization • selection of intra-atomic (intra-molecular) transitions,
e.g. linear vs. circular polarization

electrical field strength E, • tunnel and field ionization of atoms
potential energy −eEx • field assisted creation of electron-positron pairs

(Schwinger mechanism)
laser intensity, I ∼ E2 • heating, melting, evaporation of matter
Ohmic heat • ionization of matter, creation of dense plasmas
light pressure, p ∼ I • structuring of surfaces, micro-hole boring

• acceleration of single dust particles
short pulse duration • time-resolved diagnostics (e.g. pump-probe schemes)

• rapid excitation of non-equilibrium phenomena
• non-thermal melting of solids

field gradient of • charge confinement, “optical tweezers”
standing wave • confinement of neutral particles in optical lattices
field gradient of • charged particle trapping
moving wave • laser wake field acceleration

TABLE I. Examples of laser-matter interaction processes in macroscopic systems (for details and references see main text).
The concepts presently being used in dusty plasmas are highlighted in bold, cf. also table II. Note that in many applications
several laser properties are active simultaneously and the highlighted property should only be understood as the dominant one.

trashort laser pulses it has become possible to couple the
energy in a controlled way only into the electron subsys-
tem, without heating the lattice, and to probe—on a fem-
tosecond time scale—the “non-thermal melting” of solids
far from equilibrium, e.g. [42, 43]. Lasers can also be di-
rectly used to heat plasmas, via photon absorption in
electron-ion collisions (inverse bremsstrahlung), e.g. [44–
46] and references therein. With the help of Petawatt
lasers, the combination of laser ionization and particle ac-
celeration allows to produce and compress plasmas which
reach densities that are comparable to and even exceed
by one or two orders that of metals. This has led to the
new fields of laser plasmas or high energy density physics,
e.g. [47, 48]. It has been predicted long ago that suffi-
ciently high laser intensities will allow to achieve even
fusion conditions [49].

The heating of dusty plasmas follows the same general
idea of transmitting momentum and energy from the ra-
diation to the particle ensemble by exploiting the light
pressure but, obviously, using very modest laser inten-
sities. The specifics here lies in the large particle size,
compared to the typical laser focus, and in the peculiar
properties of finite dust clusters. These mesoscopic par-
ticle ensembles have many properties in common with
more traditional neutral or metal clusters and will be
discussed below.

B. Finite dust clusters and comparison with metal
clusters

The properties of finite systems have been first stud-
ied in nuclear matter and more recently in the context of
cluster physics. Finite two-dimensional (2D) and spher-
ical three-dimensional (3D) dust clusters in a (nearly)
isotropic harmonic trap provide a fascinating opportu-
nity to systematically study the physics of mesoscopic
few-particle systems. The reason is the above mentioned
unique opportunity provided by dusty plasmas to study
structure, dynamics and thermodynamics of all individ-
ual system particles on the kinetic level, i.e. resolving
simultaneously all particle trajectories. This is of high
interest for finite systems in a variety of other fields in-
cluding gas or metal clusters, electrons in quantum dots,
trapped ions, ultracold gases and so on. In none of these
fields observations on the kinetic level are possible.

Finite 2D clusters have been studied first, already for
quite some time [50–55]. More recently also spherical
3D dust crystals could be produced [56], and their low-
temperature structure (which, in general, is more sensi-
tive to screening than for 2D systems) is now well un-
derstood (for details see Sec. II B). In the case of strong
coupling, the excitation behavior is dominated by col-
lective modes of the whole system rather than by single
particle dynamics. This is typical not only for finite dust
clusters but for mesoscopic systems in trapping poten-
tials in general. The frequency of some of these normal
modes (in particular that of the monopole or “breath-
ing” oscillation) has been found sensitive to the internal
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properties of finite systems such as type of interaction
[57, 58] and, in the case of quantum clusters, also on the
interaction strength (on the coupling parameter) [59] or
particle number [60]. This has led to the idea to use
the normal mode frequencies as a novel kind of “spec-
troscopy” for strongly correlated finite systems [61], for
a recent overview see [62].

Of particular interest is the gradual crossover, with in-
creased cluster size [50, 54], from single atoms to macro-
scopic condensed matter [66, 67]. In this field, also the
interaction of lasers with finite clusters has been stud-
ied in great detail. Due to the similarity of these sys-
tems to the finite dust clusters that are in the focus of
this review we provide some comparison in table II. In
both cases clusters in a similar range of particle number
are studied. The main difference is the different type
of particles—atoms (or molecules) versus highly charged
plastic spheres—and the different type of confinement. In
the case of metal clusters the valence electrons are kept
together by the central Coulomb force from the ionic core
of the cluster. In contrast, in the case of dust clusters
the pair interactions are purely repulsive and the con-
finement is provided by an external potential (or combi-
nations thereof). Another key difference is that, in metal
clusters, the coupling strength is fixed by the governing
Coulomb forces between all particles. In contrast, in dust
clusters the charge of the grains and their distance can
be modified by changing the plasma parameters. Never-
theless, the dust systems usually feature only relatively
large values of the coupling parameter Γ.

Among the most interesting questions both for finite
metal clusters and finite dust clusters is the size depen-
dence of their properties. This includes the ground state
structure, the excitation spectrum and the thermody-
namic properties. Since a central topic of this review is
phase transitions this involves the question of size depen-
dent melting temperatures. It is known for a long time
that the melting temperature of small clusters is lower
than the bulk melting temperature. This topic has been
studied for metal clusters in some detail. We mention
experimental studies, e.g. [68–70] and references therein,
theoretical work, e.g. [71, 72] as well as computer sim-
ulations, e.g. [73, 74]. There is overall consensus that
the melting temperature of such clusters with short-range
interaction decreases proportional with the cluster diam-
eter. For harmonically confined Coulomb clusters [75]
also a decrease of the melting temperature was observed
in simulations which is almost linear in the fraction of
particles in the surface layer. For dust clusters, no such
general trend is known yet due to the lack of systematic
studies of larger clusters and due to the difficulties in
controlled cluster heating. The laser heating technique
described in this review will pave the way towards such
studies.

When lasers where first shot on finite metal clusters,
the experiments revealed a surprisingly effective energy
absorption [76]. Subsequently, also collective absorption
mechanisms (by coupling to plasmons) were observed

[77, 78]. These effects could be successfully explained
by theoretical modeling [79] and complex many-particle
simulations, for an overview see [80]. Among the the-
oretical difficulties is the proper treatment of electronic
quantum many-body effects, see e.g. [81, 82]. A detailed
discussion of the various laser-cluster interaction mech-
anisms has been given in Ref. [83], see also the recent
reviews [80, 84].

Among the most interesting effects of laser illumina-
tion of metal clusters is the emission of higher harmonics
of the laser radiation [85], the emission of energetic elec-
trons and, in case of strong ionization, Coulomb explo-
sion of the whole cluster [86]. A similar rapid expansion
of Coulomb and Yukawa dust clusters has been recently
predicted in Ref. [87]. Here laser illumination is not nec-
essary at all, it is sufficient to turn off the confinement po-
tential. Similarly, many other effects observed for metal
clusters in the presence of intense laser radiation can also
be expected for dust clusters. However, more recently the
focus was on a gentle heating of dust clusters so that the
system is transfered from its ground state into a state
with moderately elevated temperature.

As discussed above a focused low intensity laser beam
is well capable to accelerate single dust particles. Sim-
ilarly, stationary laser beams were used to excite shear
flows in monolayer dust crystals [88, 89] or rotations in
finite 2D clusters [54]. Mach cones could be excited by
moving the laser spot through the dust crystal [90, 91]. A
further application of moving laser spots is the realization
of a heat source for the dust component [92–95]. A more
detailed description of these pioneering laser experiments
is given in section III A. An improved heating scheme al-
lowing to realize a true thermodynamic heating with an
isotropic, Maxwellian 2D velocity distribution has been
applied by Schablinski et al. [96] to finite 2D dust clus-
ters. A first heating concept for finite 3D clusters has
been realized by Schella et al. [97], see Sec. V B.

The goal of this review article is to present an overview
on these recent experimental developments, compare
them to theory and computer simulations and to dis-
cuss possible future applications of laser manipulation of
dust clusters. We start by giving a brief overview on the
properties of finite 2D and 3D dust clusters in Sec. II.
Then, we discuss the laser heating principle and how it is
used to reduce the coupling strength in a controlled way
(Sec. III). Dedicated numerical simulations of the laser
heating are presented in Sec. IV. Experimental results for
finite 2D and 3D dust systems are presented in Secs. V B
and VI. We conclude in Sec. VII with an outline of future
applications, including spatially inhomogeneous plasmas
and time-dependent processes.

II. STRUCTURAL, THERMODYNAMIC AND
TRANSPORT PROPERTIES
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Property Metal clusters Dust clusters

size, geometry N ∼ 10 . . . 104; 3D N ∼ 10 . . . 104; 2D, 3D
elementary constituents single atoms spherical plastic particles
particle radius R R ∼ aB R ∼ 1 . . . 10µm
interparticle distance r̄ r̄ ∼ few aB r̄ several 100 µm
confinement attraction from external potentials:

central ionic core trap, thermophoresis etc.
pair interaction Coulomb repulsion screened Coulomb

between electrons (Yukawa) repulsion
interaction strength fixed externally controlled
coupling parameter valence electrons: dust component:

rs = r̄/aB ∼ 2 . . . 5 Γ = Eint/Ekin ∼ 10 . . . 104

stationary state equilibrium non-equilibriuma

ground state concentric shells concentric shells

Laser manipulation σ � R, r̄ r̄ & σ > R
laser spot size σ homogeneous field fast spot movement:

across cluster on average homogeneous
force across cluster

• photoionization, • single-particle diagnostics
• collective ionization by light scattering
• Coulomb explosion • particle control

by optical tweezers
laser heating • via inv. bremsstrahlung • via light pressure

TABLE II. Comparison of atomic clusters (example of metal clusters) with finite dust clusters. In the lower part the relevant
cluster manipulation approaches by means of lasers are outlined. Comments: a–streaming electrons and ions may give rise to
anisotropic and even attractive dust-dust interaction, depending on the plasma parameters and location in the discharge, e.g.
[63–65].

OF FINITE DUST CLUSTERS

A. Structural properties of extended dust clusters

As described in the introduction, electrons and ions
screen the repulsive interaction of the dust grains. The
interaction between the dust particles is, in most cases,
well described by a Yukawa-type pair-potential

ΦY (~ri, ~rj) =
Q2

d

4πε0 |~ri − ~rj |
· e−κ|~ri−~rj | , (2)

where κ = λ−1
D is given by the inverse Debye length

taking into account the screening effect of electrons and
ions[98]. Wake effects due to the streaming ions (for re-
cent overviews see e.g. Refs. [63–65]) are neglected in the
presented results.

Extended 2D dust systems arrange, in the solid state,
in a hexagonal lattice [12–14]. These systems are of
special interest since the mechanism of thermodynamic
phase transition in 2D systems from the ordered solid
phase to the unordered liquid phase is still not finally
clarified [99]. On the one hand, a first-order transition is
predicted by the formation of grain boundaries between
crystalline patches [99, 100]. On the other hand, a two-
step second-order transition with an intermediate hex-
atic phase, the so-called KTHNY scenario [99, 101–103],
is expected. A recent numerical study concludes that the
hexatic phase is metastable and vanishes in the long-time
limit [104]. Thermodynamic heating of 2D dust crystals

by means of laser techniques might, therefore, be very
beneficial in addressing these issues from the experimen-
tal side, see Sec. V A.

B. Structural properties of finite dust clusters

The striking property of solid Yukawa clusters in 2D
as well as in 3D is their well ordered structure. This
structure and the loss of order with increasing tempera-
ture is accompanied by a sequence of phase transitions
(or structural transitions) which are peculiar in finite
systems [52, 105]. Details of these transitions are still
open and of high interest for many finite size systems.
They depend on the particular crystal structure which
we, therefore, review in the following.

The Hamiltonian of the N -particle Yukawa cluster is
(prior to laser manipulation) given by [3]

H =
N∑

i=1

1

2m
~p2
i +

N∑

i=1

mω2
0

2
~r2
i +

∑

i<j

ΦY (~ri, ~rj) , (3)

where the first term describes the kinetic energy, the sec-
ond the confinement energy due to the harmonic trap of
strength ω0 and the third the mutual Yukawa interaction
energy. In this model, all dust grains are assumed to be
equal in mass m and charge Qd.

Small 2D dust clusters typically consist of concentric
rings [50, 52]. The core region of larger clusters with
several hundred particles, in contrast, shows a hexagonal
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FIG. 1. Yukawa ball with N = 60 particles consisting of two
spherical shells and a single particle in the center. In order
to sample the center-two-particle (C2P) correlation function
based on the coordinates, for each particle pair, both radial
coordinates rI and rII as well as the angular pair distance ϕ
with respect to the trap center are recorded. The Voronoi
grid of the intra-shell particle configuration is shown in gray.

structure, like in infinite systems. This lattice has dislo-
cations at the outer shells, where the circular boundary
has to be matched [106].

Finite 3D dust clusters consist of spherical shells in-
stead of rings [56, 107]. Due to their spherical shape,
these clusters are called Yukawa balls [or Coulomb balls,
when screening can be neglected]. This structure has
been measured experimentally [56, 108] and is repro-
duced in first-principle simulations–molecular dynamics
(MD) or Monte Carlo (MC)–and has been investigated
in detail for both Coulomb balls [109–111] and Yukawa
balls [112, 113]. The general trend is that, when the
screening parameter κ increases, more particles occupy
the inner shells, and–even in the ground state–the av-
erage density becomes inhomogeneous, decaying towards
the cluster boundary [114, 115]. This is in striking con-
trast to classical Coulomb clusters which have, at T = 0,
a homogeneous mean density. [116]

Recently, also several analytical theories for the shell
structure in 3D have been developed. The local den-
sity approximation as a continuum theory accurately de-
scribes the mean density profile of the spherical clus-
ters [114, 115], but it misses the formation of shells. The
positions and the populations of the shells of Coulomb
balls are well reproduced by a slightly modified version
of the hypernetted chain approximation which can be
adapted to particles interacting via a Yukawa potential as
well [117–120]. Beyond the radial shell structure, 3D dust
balls exhibit a well ordered intra-shell structure at strong
coupling. In contrast to a flat 2D system, the spherical
curvature requires a fraction of pentagonal Voronoi cells
in the hexagonal pattern on the shell [111, 121].

C. Thermodynamic properties and phase
transitions

As the ground state properties of finite dust clusters
are well understood by now [109–113], further investiga-
tions concentrate on thermodynamic properties at ele-
vated temperatures. When a cluster is excited by feed-
ing thermal energy into the system, metastable states
with energies above the ground state energy E0(N,κ)
are occupied. These metastable states may differ from
the ground state with respect to the occupation numbers
of the shells or in the particle configuration within the
shells. The metastable states of Yukawa balls as well as
their increased population with temperature were inves-
tigated in both experiment [108, 122] and first principle
simulations [123, 124]. Among others, these simulations
allowed to determine the heights of energy barriers be-
tween different metastable states [123–125]. This “fine
structure” [111] is observed for 3D but not for 2D clus-
ters.

When the temperature is increased a transition from a
well ordered structure with thin shells and a highly sym-
metric intra-shell order (3D) towards a disordered parti-
cle fluid-like state is observed. It is an interesting ques-
tion whether this process occurs rapid and constitutes
a phase transition, as in macrocscopic systems. While
many similarities to phase transitions have indeed been
observed[126], there are also differences: the first is that
in finite systems “melting” requires a finite temperature
interval. The second is that melting may involve a se-
quence of distinct processes. Therefore, in order to re-
solve and understand these processes, the concepts for
characterization of phase transitions known from macro-
scopic systems have to be re-considered and adapted. In
particular, structural parameters are required that are
suitable to characterize the phase transition. The first
quantity that comes to mind is the heat capacity, (the
amount of heat δQ required to heat up the system a tem-
perature δT ) which is a widely used melting parameter
e.g. in solid state physics. However, measuring the heat
capacity is challenging in dusty plasmas. The dust sub-
system exchanges energy with electrons, ions and neu-
trals making it very difficult to extract the pure heat
capacity of the dust system with a particle number that
is negligible compared to the number of the surrounding
plasma constituents [75]. In contrast, the pair distri-
bution function and, even more, the center-two-particle
correlation, discussed in the next section, have proven to
be well suited for this purpose in theory as well as in
experiments.

Let us now summarize the known results about “phase
transitions” in finite dust systems. In two dimensions,
for the loss of the ring structure, two different melt-
ing processes were identified. The first process is at-
tributed to the rotation of one ring with respect to the
other rings [52–54]. The required energy for such a rota-
tion crucially depends on the exact occupation number of
the rings. For example, the commensurate configuration
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(“magic number”) N = 19 (1-6-12) is very stable against
such inter-shell rotations (due to the matching particle
numbers on the inner and outer shell this cluster has a
perfect hexagonal symmetry). In contrast, the N = 20
(1-7-12) configuration is extremely unstable against this
excitation [54] and has a drastically reduced inter-shell
rotation barrier and melting temperature. The second
melting process is associated with particles undergoing a
transition between two adjacent rings and is called “ra-
dial melting”. It, typically, takes place at substantially
higher temperatures [22]. It is worth noting that the
same kind of two-stage melting process is observed in fi-
nite quantum clusters [127, 128], indicating that these are
correlation effects which are of high interest also beyond
the field of dusty plasmas.

The complexity of the melting process increases when
advancing from 2D to 3D clusters [125, 129]. Besides the
melting of the radial structure and the inter-shell rota-
tion, a third melting process emerges that is connected to
the intra-shell order [129]. However, this classification is
not strict since the interplay between the different melt-
ing processes in 3D clusters is utmost complex and there
is, in general, no separation of the different processes.
Thus many interesting questions are still open that have
to be answered by experiments and theory.

In order to trigger phase transitions in dusty plasma
experiments, selective control over the dust kinetic tem-
perature is essential. In particular, it is desirable to feed
energy into the random dust motion without changing
other plasma parameters such as the neutral gas pres-
sure, the electron and ion temperatures and the flow ve-
locity of the ions. A further requirement is that the entire
cluster should be heated homogeneously while preserving
an isotropic velocity distribution. As will be described in
detail in Section III, this selective control over the dust
temperature is indeed possible—by the means of intense
laser light.

D. Key quantities for the analysis of finite dust
clusters

An important structural parameter that characterizes
the order (and its loss during melting) in extended sys-
tems is the radial pair distribution function g(rij) =
g (|~ri − ~rj |). It is commonly defined by the average num-
ber of particle pairs found at a distance of rij divided by
the number of pairs which one would find in a homoge-
neous (i.e. uncorrelated) system with the same density.
The first maximum of g reflects the mean inter-particle
distance between the particles. An algebraic decay of
the envelope of g over rij indicates a long range order,
characteristic of the solid regime. Moreover, the height
of the first maximum allows to detect a melting line in
the (Γ, κ) space [130].

The radial pair distribution function for finite 2D and
3D clusters is shown in parts d of Figs. 2 and 3,
respectively[131]. g(r) drops to zero after a few near-
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FIG. 2. (a)-(c) Center-two-particle correlation function for
a 2D Coulomb cluster with N = 25 particles for different
coupling strengths. The ground state configuration consists
of three concentric rings, see inset in (d). The first radial
coordinate rI is integrated over a range corresponding to the
inner shell indicated by the arrows. Intra-shell correlations
are visible at rII ∼ 0.7 and φ = 120. Pronounced inter-shell
correlations with particles on the second shell are found at
rI ∼ 1.6 for strong coupling. (d) The radial pair distribution
function g(rij) shows distinct peaks at high Γ which vanish
when Γ is being decreased. Note that g(rij) decreases to zero
at large distances for all couplings, due to the finite size of
the cluster. Results are from a Monte Carlo simulation, Γ
is defined with the length unit r0 = [Qd/(4πε0mω0)]1/3 as
characteristic pair distance.

est neighbor distances for finite clusters in both 2D and
3D. For obvious reason, a true “long range behavior” can-
not be investigated for finite clusters. Nevertheless, g(r)
contains detailed information about the thermodynamic
state of the cluster and its temperature dependence. In
particular, a fine structure of the peaks in g(rij) is vis-
ible at high coupling strength (low temperature), indi-
cating a frozen structure. When the temperature is in-
creased, the subpeaks disappear. Finally, at a moderate
coupling strength, see curve Γ = 10 in Fig. 2, the pair
distribution function has only a single peak followed by
a monotonous decay. The classification of inter-shell and
intra-shell melting is not possible by means of this quan-
tity as sampling the modulus of the distance does no dis-
tinguish whether the particles of a pair are on one shell
or on different shells.

For this reason, the center-two-particle (C2P) corre-
lation function g2 (rI, rII, ϕ) is introduced which takes
into account the radial position of both particles as well
as their angular distance with respect to the trap cen-
ter [97, 132]. A sketch of the sampled coordinates is
shown in Fig. 1 for a 3D Yukawa ball consisting of two
spherical shells and one particle in the center. To evalu-
ate the C2P, the sampled two-particle probability density
ρ2 (rI, rII, ϕ) is computed and normalized by the uncor-
related probability density (i.e. the function which one
would find in a system with the same radial structure but
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homogeneously filled shells) ρuncorr
2 (rI, rII, ϕ),

g2 (rI, rII, ϕ) =
ρ2 (rI, rII, ϕ)

ρuncorr
2 (rI, rII, ϕ)

. (4)

Since ρ2 (rI, rII, ϕ) is invariant under rotation of the en-
tire cluster, it is not necessary to remove a rigid rotation
before sampling.

The C2P contains very detailed information on the
structure of finite clusters and useful special cases. For
example, integration of g2 over both radial coordinates
over a range corresponding to one shell allows one to ex-
tract the angular pair correlation function within that
shell. On the other hand, when only one radius coor-
dinate is integrated of the width of one shell, the TCP
contains information on the relative radial and angular
arrangement of the particles of the same shell as well as
from different shells. To visualize this, g2 (rI, ϕ) can be
plotted in a color map, as is done for a 2D cluster, in
Fig. 2, and a 3D cluster, cf. Fig. 3. In this color map,
the intra-shell structure is responsible for the maxima
and minima in ϕ-direction. While the data in the figures
are from MC simulations, equally well one can use data
from experiments with finite dust clusters, as is shown
below in Fig. 12.

For the 2D cluster with N = 25 particles, depicted in
Fig. 2, a reference particle from the inner shell is chosen
by the integration range around rI ≈ 0.7. Since the inner
shell consists of three particles, the intra-shell neighbors
appear as a peak at ϕ = 120◦. At Γ = 1000, the distinct
peaks found around rII ≈ 1.6 show that the angular ori-
entation of the second shell with nine particles is locked
with respect to the inner shell. This inter-shell order
disappears between Γ = 1000 and Γ = 100 where g2 is
smeared out in angular direction. At moderate coupling,
Γ = 10, hardly any angular correlations remain and also
the radial order is lost. Particle transitions between dif-
ferent shells are revealed by a finite density in the radial
regions between the shells.[133]

Consider now a 3D Yukawa cluster with N = 60 par-
ticles, cf. Fig. 3. In the ground state (and at strong cou-
pling), the particles are found in a configuration which
has one particle in the center, 15 particles on the inner
shell and 44 particles on the outer shell (44-15-1). Again,
one reference particle is chosen from the inner shell by in-
tegrating over rI. Due to the complexity of the particle
composition on a spherical shell compared to the compo-
sition on a ring in 2D, the peaks at rII ≈ 1.2, indicating
intra-shell correlations, are not as sharp as for the 2D
cluster at high coupling. Inter-shell correlations appear
as dark and bright areas in the horizontal stripe at radius
rII ≈ 2.4 that corresponds to the outer shell. At mod-
erate coupling, Γ = 10, the angular correlations are lost
and frequent transitions between the shells take place as
seen by the radial extension of the density.
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FIG. 3. (a)-(c) Center-two-particle correlation function for a
3D Yukawa (κ = 1) ball with N = 60 particles for different
coupling strengths. The ground state configuration consists of
two concentric spherical shells and one particle in the center.
The first radial coordinate rI is integrated over a range corre-
sponding to the inner shell (arrows). Intra-shell correlations
are visible at rII ∼ 1.3. Inter-shell correlations with particles
on the outer shell are visible at rI ∼ 2.2 by the angular mod-
ulation of g2(rII, ϕ). (d) The radial pair distribution function
g(rij) shows distinct peaks a high Γ which vanish when Γ
is being decreased. Note that g(rij) decreases to zero a large
distances for all couplings, due to the finite size of the cluster.
Results are from a Monte Carlo simulations, Γ is defined with
the length unit r0 = [Qd/(4πε0mω0)]1/3 as characteristic pair
distance.

E. Transport properties

Besides thermodynamic properties, also transport co-
efficients and their dependence on parameters like tem-
perature or the magnetic field strength are important
characteristics of dusty plasmas. A particularly impor-
tant example of transport coefficients is the diffusion co-
efficient. In dusty plasmas, diffusion was investigated
in detail in macroscopic systems, e.g. [134, 135] and
references therein. In particular, in two dimensions an
anomalous diffusion was found [136–139] which turned
out to be a transient effect [140]. Furthermore simu-
lations were performed for magnetized dusty plasmas.
Here, the diffusion coefficient D⊥ perpendicular to the
magnetic field as well as the parallel diffusion coefficient
D‖ were found to be strongly affected by the magnetic
field in the strong coupling regime approaching Bohmian
diffusion (decay with B−1) [135]. Recently diffusion in
a two-dimensional one- and two-component magnetized
strongly coupled plasma was studied and interesting be-
havior of the diffusion coefficients of both components
was reported [141].

One way to compute (or measure) the diffusion coeffi-
cient in a macroscopic system is to use the mean square
displacement (MSD)

ur(t) =
〈
|~r(t)− ~r(t0)|2

〉
N

= 2 dimDtα, (5)
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as an average over all N particles. Here dim is the system
dimensionality (2 or 3) and α is the diffusion exponent
which equals one for normal diffusion. However, the long
time behavior of the MSD has only limited meaning for
mesoscopic systems since there the particles reach the
cluster border after a few inter-particle distances [142].

Therefore, a different method is required to calculate
the diffusion coefficients in small clusters. The instanta-
neous normal mode (INM) analysis has proven successful
to this purpose [143–148]. This method deduces dy-
namic properties of a liquid state from the curvature of
the energy landscape of the momentary configuration of
the cluster. The first step is to calculate the dynamical
(Hessian) matrix of the potential energy in the Hamilto-
nian, Eq. (3), as

A =

(
∂2E

∂riα∂rjβ

)
, (6)

where i, j are particle indices and α, β indicate the (two
or three) components of the coordinates. The eigenvalues
of the this matrix present the squared eigenfrequencies
ω2
l of the system. In a stable state, all these eigenval-

ues are positive resulting in real eigenfrequencies which
reflect stable oscillations of the particles in the potential
cage formed by their neighbors [149, 150]. A liquid in-
stantaneous configuration, in contrast, has also negative
eigenvalues of A, resulting in purely imaginary eigenfre-
quencies reflecting unstable modes.

The second step is to calculate the spectral density,
ρ(ω), which is normalized to unity,

∫
dωρ(ω) = 1. In

turn, we average over the normal modes of many config-
urations

ρ(ω) =

〈
dim·N∑

l=1

δ(ω − ωl)
〉
. (7)

This density is composed of a stable part, ρs(ω), with
real frequencies, and an unstable part, ρu(ω), with imag-
inary frequencies. The unstable part ρu(ω) is associ-
ated to a negative curvature in the momentary potential
landscape. As described in Refs. [143–148], especially
ρu(ω) can be related to the diffusion constant. The self-
diffusion constant is expressed as [143–148]

D =
kBT

m

∫
ρ(ω)

τh
1 + τ2

hω
2

dω, (8)

and depends on the temperature kBT , the particle mass
m and the average “hopping time” τh for the transi-
tion across potential barriers between two local poten-
tial wells. This time is known as the inverse hopping
frequency and calculated as

τ−1
h = c

∫
ω

2π
ρ(ω)A exp

(
−B ω2

kBT

)
dω, (9)

where c ≈ 3 is a constant taking into account the differ-
ent routes to escape from a local potential minimum and
the constants A and B are obtained from an exponential
fit of ρu(|ω|)/ρs(ω). For details, we refer the reader to
Refs. [143–148].

III. CONTROLLED CHANGE OF THE
COUPLING STRENGTH BY LASER

MANIPULATION

A. General concept

In order to obtain valid information on thermody-
namic properties it is essential to gain reliable control
on the coupling parameter of the system. According to
Eq. (1), three possibilities exist to control Γ: (i) control-
ling the charge Qd of the particles, (ii) controlling the
inter-particle distance bWS, and (iii) controlling temper-
ature T . With Γ ∼ Q2

d, already a moderate variation of
charge allows to change the coupling strength consider-
ably. Thus, controlling the charge on the particles is the
most tempting approach. However, this is not feasible in
practice. Qd is determined by geometric properties of the
particles (such as the particle radius) and by the plasma
conditions in the vicinity of the particles. Except for
rare special conditions, the geometric properties cannot
be altered during experiments and the local plasma con-
ditions are not solely set by the discharge parameters but
are modified by neighboring particles as well. Thus, the
charge is not directly controllable by means of external
parameters such as discharge power, neutral gas pressure
or bias voltages. Each will affect the plasma as well as
the particle arrangement and thus result in a rather com-
plex parameter dependence. Especially the inter-particle
distance is strongly determined by the mutual particle
repulsion, i.e. the particle charge, and the external con-
finement. Thus, there is no easy access to control charge
and inter-particle distance independently. Therefore, to
decrease the coupling strength, temperature is the only
remaining control parameter.

B. Kinetic and surface temperature of dust
particles

Due to the macroscopic size of the particles (at least)
two temperatures have to be distinguished: the kinetic
temperature T i of the particles and the particle surface
temperature T is , where “i” labels different dust particles
(we use the notion “temperature” for the mean kinetic
energy of the particle). To understand the physical differ-
ence of these temperatures we have to take a microscopic
view point: The dust grains are solid bodies consisting
of a very large number N of molecules (their atomic sub-
structure and electronic properties are not relevant in this
context). A transfer of energy to the particle from exter-
nal sources will, in general, excite all 3N degrees of free-
dom of the molecules. Among them are 6 degrees of free-
dom (“center of mass”, COM modes) which are related
to a collective displacement or a rotation of all particles
which leave all inter-molecular distances unchanged. In
contrast, the remaining N − 6 degrees of freedom are
related to intramolecular vibrations (phonons, “relative
modes”). It is easy to verify that the Hamiltonian of this
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system ofN molecules can be split in a center of mass and
a relative part which are independent (they commute).
Therefore, only the vibrations contribute to the surface
temperature T is . On the other hand, the kinetic temper-
ature (energy) is connected only to the center-of-mass
(COM) modes – in fact, only to the translational degrees
of freedom. Now, in case of laser heating, predominantly
the COM modes are excited via the radiation pressure,
cf. the discussion in Sec. I A. This is due to the large spot
size compared to the intermolecular distances (in order to
excite the relative modes there should exist a substantial
field gradient on the scale of the intermolecular separa-
tion which is not the case). Still, an open question is
to what degree individual photons are absorbed by the
molecules which could lead to an excitation of the relative
degrees of freedom and, eventually, to a slight increase of
the surface temperature, but this effect will be neglected
here.

The surface temperature is almost the same for all par-
ticles (provided they are under the same plasma condi-
tions), T is ≈ Ts, because it arises from a very large num-
ber of coupled modes of many particles N . In contrast,
the kinetic energies of individual particles (i.e. the in-
dividual Ti) are, in general, different. This is because
the displacements of individual dust particles caused by
lasers are, to a large extent, random, as is the case
with the random displacements of the molecules of a
gas. And as in the case of a gas, collisions between
all dust grains eventually drive the system to thermody-
namic equilibrium (with respect to the collective degrees
of freedom). For a classical system one would expect
that a Maxwellian velocity distribution is established the
width of which then reflects the overall kinetic tempera-
ture T . This expectation is fully confirmed by our simula-
tions and the laser heating experiments discussed below,
cf. Fig. 5.

The decoupling of center of mass and relative degrees
of freedom and, correspondingly, of T i and T is (and,
therefore also T and Ts), has been verified–indirectly–
experimentally. Here we mention detailed studies of the
surface temperature by Maurer et al. [151] for dust parti-
cles doped with a temperature sensitive fluorescent dye.
They concluded, from an energy balance model, that
T is scales roughly linearly with the rf power. At low
rf discharge powers, T is has been found slightly above
room temperature. In contrast, in the experiments re-
ported below, the kinetic temperature is found signif-
icantly higher than room temperature and thus it may
strongly exceed T is . This is because the radiation pressure
from the laser(s) implies a substantial momentum trans-
fer to the particles. Combined with their small weight
and low friction in the plasma, these laser beams are ca-
pable to significantly accelerate individual dust particles.

Returning to our original goal – a control of Γ – we con-
clude that only the kinetic temperature has the meaning
of thermodynamic temperature. (We mention that this
holds rigorously only in the thermodynamic limit, how-
ever, many simulations and experiments indicate very

similar behavior in the case of finite clusters.) So, in
the following we will concentrate entirely on the kinetic
temperature T . We expect that variation of T (and hence
Γ) gives access to the thermodynamic properties of finite
dust clusters and to phase transitions. The only require-
ment which we have to fulfill is that the employed heating
scheme should guarantee a truly random character of the
individual kinetic temperatures T i. In other words, the
excitation should act like a thermostat for dust particles
allowing for equilibration by particle scattering. As we
will see below, properly chosen laser heating fulfills this
requirement very well and allows for spatially homoge-
neous and stationary heating.

Finally we mention that, unlike Ts, the kinetic tem-
perature T cannot be obtained experimentally from a
conventional heat flux analysis. Recent investigations by
Fisher et al. [152] state that electrostatic fields in the
plasma background provide a significant contribution to
the kinetic temperature of dust particles. However, a
complete understanding of the involved processes is still
missing and this makes it difficult to control tempera-
ture this way. These questions are beyond the present
review and are not crucial for our subsequent analysis.
In the experiments discussed below, the kinetic temper-
ature (kinetic energy) of individual particles is recorded
directly by tracking all particles. This gives access to
the collective properties of the COM degrees of freedom
of the entire dust cluster, including the power specturm
and the velocity distribution.

C. Realizing laser heating of dust particles

The idea to transfer momentum from a laser beam
to a dust particle goes back to the early days of dusty
plasma research [153–158] and has been used for many
purposes so far. This includes the investigation of parti-
cle interaction potentials [63, 159, 160], the excitation of
waves [153, 157], study of Mach cones [90, 91, 161, 162]
or the stability and normal mode analysis [54]. The first
systematic laser heating experiments were performed by
Wolter et al. [92] and by Nosenko et al. [93, 94]. In the
experiment of Wolter et al. [92] the spot of a laser beam
is rapidly moved via scanning mirrors to one position in
a 2D dust cluster and remains at this position for about
one tenth of a second, accelerating dust grains during this
time. Then, the laser spot is rapidly moved to the next
randomly chosen position via galvanometer mirrors. A
similar heating scheme has been developed in Greifswald
in order to manipulate finite 3D clusters [97]. There, a
laser beam is used to manipulate the cluster from the hor-
izontal direction using this “point and shoot” technique.
In this experiment, a near Maxwellian velocity distribu-
tion of the particles is realized, but with different kinetic
temperatures in the beam direction and perpendicular to
it.

The experiment of Nosenko et al. [93, 94] exploits two
opposing laser beams which were directed onto a 2D
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FIG. 4. (a) Setup for a laser heating experiment using 4 laser
beams. The spot of each laser beam is moved through the
2D plasma crystal layer by independently controlled scanning
mirrors. The scanned area is large enough to cover the entire
crystal. The radiation pressure force impels the particles in
~e‖ direction. (b) The improved heating method moves the
spot with constant speed in both directions until the border
of the scanned area is reached. At this point, a new speed is
chosen randomly for the inverse direction.

plasma crystal using scanning mirrors. Driving these
scanners with sinusoidal signals at an irrational frequency
ratio a well defined area of the plasma crystal is scanned
(i.e. heated) in a Lissajous figure-like fashion. In addi-
tion, the opposing beam setup assures that the transfered
momenta cancel on average, while the kinetic energy of
each particle is raised as a result of non-compensated mo-
mentum fluctuations. Nosenko et al. showed that their
laser heating results in a Maxwellian velocity distribution
parallel and perpendicular to the optical axis. However,
the temperature in perpendicular direction was found to
be significantly lower. Obviously, the viscous damping of
the neutral gas impedes that collisions redistribute suffi-
cient energy in perpendicular direction.

To overcome this limitation recent laser heating exper-
iments for 2D clusters use four laser beams, where each
optical axis is equipped with two opposing beams and
perpendicular orientation of both optical axes [96, 163],
see Fig. 4(a). In addition, the scanning procedure has
been optimized. The reason for this is that a scan-
ning scheme based on Lissajous figures results in a ve-
locity power spectrum where strong harmonics of the
scanning frequencies are observed. This is an indication
that the periodicity of the driver causes individual par-
ticles to move with the same periodicity, i.e. between
two kicks of the laser the particle velocity decreases sig-
nificantly. Therefore, the optimized scanning procedure
[see Fig. 4(b)] assures that each particle is driven by a
laser beam before its motion originating from the pre-
vious laser drive is damped out. Thus, the requirement
that each spatial position is covered by the scanning pro-
cedure is only sufficient if the maximum time between
two complete scans is less than the inverse of the damp-
ing rate.

The experiments of Schablinski et al. demonstrated
that this is feasible for small clusters (N < 100). Their
measured velocity spectra show no residual peak of the
scanning lasers. Fig. 5 summarizes the basic features
of their heating method. In Fig. 5(a) the velocity dis-
tributions of the heated system are clearly Maxwellian.
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FIG. 5. (a) Average particle velocity distribution function for
a 2D cluster of 19 particles for three different values of the
heating power. The velocity components in x and y direc-
tion (gray and black dots) are plotted separately. For each
case (unheated, medium and high heating power) Gaussian
fits (dashed lines) indicate only slight deviation from an ideal
Maxwell distribution. (b) Velocity distributions for a heated
system [similar to (a)], but here the distribution is calculated
for each particle independently. The small scatter of the data
confirms that all particles are heated equally. (c) Power spec-
trum of the velocity fluctuations. The spectrum of the un-
heated system is plotted in dark gray. The spectra of the x
and y component of a heated system are plotted (light gray
and black). Note that both components are equally heated
and no artefacts from the scanning process can be found in
the spectra. From Ref. [96]

Plot (b) stresses that the Maxwellian character is even
obtained if the velocity distribution is checked for each
particle individually. The small scatter in particle tem-
perature is a clear indication that the heating process
is spatially homogeneous. Therefore, the laser heating
with four laser beams and an optimized scanning proce-
dure can be regarded as an ideal thermostat for 2D dusty
plasma crystals.

IV. THEORETICAL DESCRIPTION OF 2D
LASER HEATING

In this section, we first describe how the 2D laser ma-
nipulation experiment described above is simulated with
the Langevin molecular dynamics (LMD) method [96,
163, 164] and then develop an analytical model for the
achieved temperature. We explicitly study the elaborate
heating scheme used in the experiments that will be pre-
sented below in Sec. V B. The purpose of such computer
simulations is to suggest optimal values for the heating
parameters and to recommend future experiments like in-
homogeneous heating. Moreover, computer simulations
provide the possibility to systematically scan single pa-
rameters like the heating power or the beam (spot) size at
constant other parameters which is often experimentally
too costly.

A. Langevin Molecular Dynamics simulations

In an LMD simulation, the Langevin equations of mo-
tion for the dust component

m
d~vi
dt

= ~Fi + ~fL
i − γm~vi + ~ξi(t), i = 1 . . . N, (10)
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for all dust grains i are integrated numerically. In these
equations, the first term on the right hand side results
from minus the gradient with respect to ~ri of the Hamil-
tonian, Eq. (3) [i.e. the forces due to external poten-
tials and inter-particle interactions that appear in New-
ton’s equations of motion]. The last two terms on the
right hand side describe the frequent collision of the dust
grains with the neutral gas background statistically by a

viscous damping force, −γm~vi, and a random force ~ξi(t).
The random force has zero average and can be modeled
by a Gaussian probability distribution with correlation
function

〈ξi,α(t)ξj,β(t′)〉 = 2γmkBTδi,jδα,βδ(t− t′), (11)

where i, j are particle indices and α, β ∈ {1, 2} indicate
the spatial components of the random force vector. The
amplitude of this force depends on the temperature kBT
as well as on the friction coefficient γ via the fluctuation-
dissipation theorem (11).

The dust-dust interaction is described by a Yukawa
potential, Eq. (2). In experiments on 2D clusters, the
strong vertical confinement in the plasma sheath allows
the formation of monolayer clusters. Therefore, the sys-
tem is treated strictly two-dimensional in the simulation.

The effect of the heating lasers on each particle is
given by the second term on the r.h.s. in Eq. (10),
~fLi =

∑NL
l=1

~fLil , which is composed of separate contri-
butions of all NL laser beams. The dominating effect of
every single heating laser beam (index l) on particle “i”
is a momentum transfer by the radiation pressure which

is described by the force ~fLil . If the laser spot hits a dust
grain, this particle is accelerated in beam direction. The
laser force

Fl = qopticn1

πr2
pIlaser

c

= qopticn1

πr2
p

c

Plaser

2πσxσy
exp

[
−∆2

x

σ2
x

− ∆2
y

σ2
y

]
(12)

is proportional to laser intensity Ilaser at the particle po-
sition (∆x,∆y) relative to the laser spot center, the cross-
section of the dust particle πr2

p, the refractive index of
the plasma n1 surrounding the particle and a dimension-
less quality factor qoptic [165]. This factor describing the
momentum transfer by an incoming photon has the lim-
iting values 1, if the particle was a perfect absorber, and
2 for a perfectly reflecting flat disk perpendicular to the
beam. For a spherical particle reflecting, absorbing and
transmitting photons it is qoptic < 2. Typical values of
qoptic ≈ 1 are reported for melamine particles [165]. σx,y
characterizes the extensions of the elliptical spot which
has an area of 2πσxσy.

As sketched in Fig. 4, the laser beams strike the clus-
ter from above the levitation plane with a low angle of
incidence. The out-of-plane component of the accelerat-
ing force is considered to have no impact on the par-
ticles’ motion due to the strong vertical confinement.

method A-I B
laser beams 2 4
frequency ratio pseudo-irrational random frequencies
f‖ 14.5623 Hz 50–300 Hz
f⊥ 9.0 Hz 15–60 Hz

TABLE III. Parameters defining the pattern which is scanned
by the lasers. Since both beams are oriented in ±x-direction
for methods A-I, f‖ = fx in that case.

However, the spot profile is stretched in beam direction
due to the relatively small angle of incidence, α < 90◦.
The laser force is time and space dependent according
to the experimentally chosen scheme. The amplitude of
the force depends on the particle’s position inside the
spot which is described by an anisotropic Gaussian in-
tensity profile. The force acting on a particle at position
{∆x(t),∆y(t)} = ~r − ~rl(t) away form the moving spot
center is described by

~fl (~r, t) =
P0

2πσxσy
· exp

[
−∆2

x(t)

2σ2
x

− ∆2
y(t)

2σ2
y

]
~el, (13)

where ~el is a unit vector in beam direction. Here, based
on Eq. (12), we have introduced dimensionless units for
all lengths and P0. The amplitude of the force P0 =
qopticn1πr

2
pPlaser/c is determined by the laser power, the

cross section of the dust grain and its absorption and
reflection characteristics. Since only the in-plane compo-
nent has an effect on the particle’s motion, P0 is reduced
by the factor cosα where α is the angle of incidence. The
trajectories of the laser spot centers within the levitation
plane are denoted by ~rl(t) = {xl(t), yl(t)} and depend on
the heating scheme.

B. Comparison of different heating schemes

All investigated heating methods (a more extensive
analysis was reported in Refs. [163, 166]) use triangu-
lar signals to drive the x- and y-oscillations of the lasers
spots x(t) = x0 · triag(fxt), y(t) = y0 · triag(fyt). Using
a sinusoidal signal would cause an increased intensity at
the borders of the scanned area. The heating methods
differ in the scanning frequencies f . These frequencies
are fixed for heating methods A-I. Method A-I uses the
same frequencies for both laser and a pseudo-irrational
ratio fx/fy. For method B, the scanning frequencies are
dynamically changed each time a laser spot reaches the
border of the scanned area. Hence, no pattern is re-
peated [96, 163]. added. The parameters of all heating
methods are summarized in table III and the scanned
patterns are shown in figure 6.

For the simulation results presented in this review, we
used the following dimensionless units of length, time

and energy: r0 =
[
Q2

d/(4πε0mω
2
0)
]1/3

, t0 = ω−1
0 , and

E0 =
[
Q4

dmω
2
0/(4πε0)2

]1/3
. For the numerical integra-

tion of the stochastic differential equations, we used an
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FIG. 6. Trajectories of the laser spots (red/green: ±x-
direction) for two of the investigated heating methods. (a)
Method A-I uses a pseudo-irrational frequency ratio. (b) Us-
ing method B, a new scanning frequency is randomly chosen
each time a laser spot reaches the border. Here, the two addi-
tional spots of the laser oriented in ±y-direction are omitted,
for the sake of clarity.

integration scheme described by Mannella et al. that
can be considered as an extension of the “leap frog”
scheme [167]. For details concerning the simulations, we
refer the reader to Refs. [163, 164]. (This scheme can also
be easily generalized to incorporate homogeneous mag-
netic fields of arbitrary strength [168–170]).

As a first result, our LMD simulations confirmed the
importance of randomly changing the scanner frequency.
Especially rational scanning frequency ratios fx/fy which
result in a closed scanning pattern prove to be problem-
atic. A second result is the confirmation of the excel-
lent heating qualities (with respect to homogeneity of the
heating) of the random frequency method B [163]. While
constant scanning frequencies and combinations of them
appear as peaks in the power spectral density (PSD) of
the particle velocities for the method A-I, this artefact is
removed by randomly changing the scanning frequencies,
see Fig. 7 and Fig. 5(c). The PSD further discloses that
effective energy transfer from x- to y-motion works for
low frequencies, f . 8 Hz, only. The pseudo-irrational
frequency method A-I shifts the entire spectrum of the
motion in x-direction to higher energies but also induces
several peaks at the scanner frequencies and combina-
tions thereof, Fig. 7(a).

Both experiment, Fig. 5(c), and LMD simulation,
Fig. 7 (bottom), show that the random frequency method
B is well suited as a thermostat for the 2D dust sys-
tem. The energy input is homogeneous over the entire
frequency spectrum. It is also homogeneous in space and
the Maxwellian shape of the velocity profile is conserved
in both x- and y-direction. Moreover, the random fre-
quency method B is very robust against changes in the
laser parameters [163]. The temperature increase ∆T
(i.e. the heating effect) is reduced when the typical scan-
ning frequency f̄ of the laser beams is increased according
to ∆T ∝ f̄−1. However, in order to achieve a thermal

heating effect, each particle should frequently be affected
by a laser spot. This condition is violated for f̄ below
the trap frequency ω0. Therefore, scanning frequencies
of the order of a few ω0 are advantageous [163].

C. Analytical estimate for the temperature
increase

We now derive an analytical approximation for the
heating power as a function of the laser parameters: the
force amplitude P0, spot size σx,y, size of the scanned
array 2X × 2Y and average spot velocity. The spot ve-
locity is connected to the scanning frequencies, fl,x, fl,y,
via vl,x = 4Xfl,x and vl,y = 4Y fl,y. A similar analytical
derivation of the heating effect was performed by Wolter
et al. for a setup with one laser spot that was rapidly
moved to one position, remained there for a dwell time
of a few microseconds and was then moved to the next
position [92].

Here we extend this model to a continuously moving
laser spot corresponding as closely as possible to the ex-
perimental heating method by Schablinski et al. that is
discussed in Sec. V. For simplicity, the momentum trans-
fer is computed in one direction only. Since the velocity of
the dust is small compared to the velocity of the moving
laser spot, the particle’s displacement during an acceler-
ation event can be neglected. The time-dependent force
acting on a particle when a spot passes with distance ∆y0

in y-direction is

F (t′) = ±P0
1√
2π
e−

t′2
2τ2 (14)

· 1√
2π

1

σxσy
exp

{
−1

2

[
∆y2

0

σ2
y

− τ2
∆y2

0v
2
y

σ4
y

]}

︸ ︷︷ ︸
:=Σ

,

where we introduced the time scale of the passing event
1
τ2 =

v2l,x
σ2
x

+
v2l,y
σ2
y
, and the shifted time t′ = t+ τ2 ∆y0vl,y

σ2
y
−

t0. Here, t0 is the time when the spot has the smallest
distance ∆y0 in y-direction and we introduced the time-
independent geometry factor Σ. The total momentum
transfer to the particle during this laser hit follows from
Eq. (14)

∆p =

∫ ∞

−∞
dt′ F (t′) = ±P0Σ · τ , (15)

and is canceled, on average, by the momentum transfer
from the opposing laser beam. To calculate the average
energy transfer, we need to average the squared geometry
factor Σ2 over all possible passing distances ∆y0. Assum-
ing that the particle at (xp, yp) does not come too close
to the boundary, the integration limits can be extended
to infinity, with the result

〈
Σ2
〉
y
≈ 1

2Y
· 1

2
√
π
· 1

σxσy
· 1

vl,x
· 1

τ
. (16)
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Each time the laser crosses the levitation plane in x di-
rection, it passes the particle position once. Then, the
“passing rate” χ is given by the inverse crossing time in
x direction as χ =

vl,x
2X .

The energy change of a particle with velocity v during
a single laser-particle interaction event is (neglecting the
deceleration due to friction during the kick),

∆E = E′ − E = v∆p+
∆p2

2m
, (17)

where the momentum transfer ∆p is given by Eq. (15).
From this the average energy transfer is obtained using
Eq. (16),

〈∆E〉 =
1

2m
P 2

0 Σ2 · τ2, (18)

which depends on the passing distance ∆y0 via Σ. Then,
the average energy transfer per time follows from aver-
aging over ∆y0, multiplying by χ and using Eq. (16),

〈
∆E

∆t

〉
=

1

2m
· 1

2
√
π
· P 2

0 ·
1

4XY
· 1

σxσy
· τeff , (19)

where we also took into account that the laser spot veloc-
ity components vx, vy vary in the experiment by comput-
ing an effective time scale τeff by averaging τ(vl,x, vl,y) =(
v2
l,x/σ

2
x + v2

l,y/σ
2
y

)−1/2

over all possible spot velocities

vl,x ∈ [vmin
x , vmax

x ] and vl,y ∈ [vmin
y , vmax

y ] [171].
From the result (19), we can now calculate the equilib-

rium temperature Teq in the Langevin MD model which
follows from the balance between laser input power Plaser,
the power input by the stochastic force, Pstochastic, and
the power loss due to friction, Pfriction,

Plaser + Pstochastic + Pfriction = 0. (20)

Assuming a 1D Maxwellian particle velocity distribution
with temperature Teq,

p(v) =

√
m

2πkBTeq
e
− mv2

2kBTeq , (21)

and the velocity change due to friction, v̇ = −γv, where
γ is the friction coefficient, we obtain

Pfriction =

〈
d

dt

m

2
v2

〉
= −mγ

〈
v2
〉

= −γkBTeq (22)

On the other hand, in an equilibrium system without
laser heating at the temperature T0 of the neutral gas,
the power loss due to friction is be compensated by
Pstochastic = γkBT0. Using Eq. (20) and the power input
by the laser from Eq. (19) multiplied by 2 to take into
account the pair of lasers in each direction, we obtain our
final result for the equilibrium kinetic temperature of the
dust particles

Teq = T0 +

√
π3

2mγkB
· I2

0 ·
σxσy
XY

· τeff , (23)

γ formula simulation deviation
σx = 0.50, σy = 0.10
53.23 63.17 Γ

0.67
18.79× 10−3 15.83× 10−3 15.7% T

70.24 80.26 Γ
1.00

14.24× 10−3 12.46× 10−3 12.5% T
83.71 94.52 Γ

1.33
11.95× 10−3 10.58× 10−3 11.4% T

94.65 104.7 Γ
1.66

10.56× 10−3 9.550× 10−3 9.60% T
104.0 114.5 Γ

2.00
9.619× 10−3 8.732× 10−3 9.22% T

111.6 121.5 Γ
2.33

8.965× 10−3 8.234× 10−3 8.15% T
118.0 127.7 Γ

2.66
8.473× 10−3 7.831× 10−3 7.57% T

TABLE IV. Comparison of Eq. (23) and results from a LMD
simulation. For smaller spots (not listed), the agreement is
even better.
Parameters: particle number N = 25, screening parameter
κ = 1, coupling parameter without laser heating Γ0 = 200,
trap frequency ω0 = 5.5 Hz, dimensionless laser power F0 =
10, scanned area X = Y = 3.5

where we introduced the laser intensity according to I0 =
P0/(2π σxσy). It is interesting to note the dependence on
the relevant system parameters: Teq grows proportional
to the square of the laser intensity, in agreement with
the findings of Wolter et al. [92], and the ratio of spot
area to scan area and inverse proportional to the neutral
gas friction. These qualitative trends are also seen in the
experiments. The time scale τeff introduces additional
slightly more complex dependencies [172].

Despite the simplicity of the model, the accuracy of
the result (23) is very good, as is confirmed by compari-
son to LMD simulations, see table IV. The temperature
is overestimated slightly, and the accuracy improves with
γ from about 15% to better than 10%. For very small
spot sizes and low friction (not shown) the agreement is
even better than 5%. For very large spot sizes, σx & 0.7
in dimensionless units, the formula becomes less accu-
rate. Then, most particles are close to the border of the
scanned area compared to the spot width, violating the
assumption of Eq. (16). Moreover, τeff becomes large
in this case and the deceleration due to friction as well
as the interaction with other particles during the hitting
event should not be neglected.

Our result is not only in very good agreement with the
simulations, it is also useful for characterizing the heating
in the experiment. In fact, the spot size used in Tab. IV
is typical for the experiments. Assuming that the visible
spot width is ∆vis = 3σ, our formula suggests a coupling
strength of Γform = 80 which is in good agreement with
the measured temperature T = 3.5 eV corresponding to
Γexp = 63 for the maximum laser power used in Ref. et
al. [96]. However, that result has to be understood as a
rough approximation, since parameters like the spot size,
the trap frequency, and laser power losses in the optical
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FIG. 7. Power spectral density (PSD) of the dust velocity
averaged over all particles of a Yukawa cluster with N =
38 particles with different heating methods (trap frequency
ω0 = 5.5 s−1). Top: Method A-I uses one pair of laser beams
in ±x-direction and a pseudo-irrational scanning frequency
ratio fx/fy. Bottom: Heating method B uses two pairs of
laser beams to accelerate the particles in both ±x- and ±y-
direction. The scanning frequencies are randomly chosen each
time the border of the scanned area is reached. The spectra
for vx and vy coincide, here. Only this method conserves the
shape of the PSD by shifting the entire spectrum to higher
energies.

setup each have an uncertainty of several percent in the
experiment.

V. EXPERIMENTAL RESULTS FOR
TWO-DIMENSIONAL DUSTY PLASMAS

We now turn to the experiments on laser heating.
First, we start with two-dimensional systems and con-
tinue, in Sec. VI, with experiments with finite three-
dimensional dust cluster. Before presenting our exper-
imental results for finite 2D dust clusters we briefly sum-
marize previous work on extended systems.

A. Experimental results for extended systems

In many experiments in extended 2D systems the Lis-
sajous heating scheme A-I (cf. Sec. IV B) has been ap-
plied since it allows one to densely scan (and heat) a well
defined dust area. This technique has been used success-
fully to drive 2D extended dust systems into the liquid
state [94, 173, 174]. There, it has been demonstrated that

the defect concentration in steady-state laser-heating ex-
periments exhibits an Arrhenius-type dependence on the
kinetic temperature [173]. Moreover, these experiment
suggest a grain-boundary-induced melting scenario which
is also observed in non-equilibrium heating experiments,
e.g. by changing the gas pressure of the plasma discharge
[18].

Further, experiments on heat transport and particle
transport properties, such as diffusion and viscosity, of
laser-heated dust layers have been performed, see e.g.
[89, 94, 175–178]. From these, fundamental transport pa-
rameters like the thermal diffusivity of the dust compo-
nent, as well as diffusion constants, Γ-dependent viscosi-
ties and anomalous diffusion properties have been identi-
fied and measured. These experiments have yielded im-
portant information on the application of laser-dust in-
teraction methods in the field of dusty plasmas which are
of high relevance also for strongly correlated small dust
clusters at finite temperature.

B. Experimental results for 2D clusters

The reminder of this section will concentrate on finite
2D clusters and their thermodynamic properties. Espe-
cially the phase transition of these small systems is of
interest as it should significantly depend on the cluster
size. The following experiments use the isotropic heating
method B of Schablinski et al. [96, 163], which has been
introduced in Sec. IV B. As shown there, the laser heat-
ing effectively provides a heat bath for the dust particles
assuring that the dust subsystem is in thermodynamic
equilibrium. Changing the laser power will result in a
different temperature of this thermostat. In the experi-
ment, for each temperature, long time series are recorded
to obtain the trajectories of all particles. Examples of
such particle trajectories are shown for low, medium and
high temperature in Fig. 8(a). For low temperature the
particles are well localized and only a slight angular ro-
tation is observed. At medium temperature the particles
are less localized in angular direction. Finally, at high
temperatures (high laser power), the radial correlations
vanish as well. Thus, we confirm that the melting process
has two phases: first, a loss of angular correlation and,
second, a loss of radial correlation [52, 179].

To determine the melting temperature several methods
have been proposed (see [180] and references therein).
Unfortunately most of them either fail for small clus-
ters or are experimentally not feasible since they require
extremely long time series in order to achieve sufficient
statistics, see Sec. II C. Therefore, recently different
methods have been applied which were introduced in
Secs. II D, II E: The first is the Instantaneous Normal
Mode (INM) analysis. This method computes the fre-
quencies of the eigenmodes of a cluster from the eigen-
values of the dynamical matrix, see Sec. II E. The re-
sults of such an INM-analysis are plotted in Fig. 8. The
plots show that, above a critical temperature, the dif-
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FIG. 8. Diffusion constant as a function of temperature for
finite 2D clusters. (a) Above a critical temperature the diffu-
sion constant increases linearly with temperature. The insets
show trajectories of a dust cluster with N = 26 particles at
different temperatures. (b) Diffusion constant for two differ-
ent dust clusters. The N = 19 cluster with its (1-6-12) shell
occupation is highly symmetric, and its critical temperature
is significantly higher than that of the less symmetric N = 20
cluster. (From Ref. [148]).

fusion constant increases linearly with temperature. A
freezing temperature can be derived approximately from
the point where D vanishes [150]. Thus one can estimate
a melting temperature TM by extrapolating the D(T )
curve toward zero. Especially in Fig. 8(b) the compari-
son of a highly symmetric cluster (N = 19) and a clus-
ter with low symmetry (N = 20) reveals that the melt-
ing temperature of the symmetric cluster is significantly
higher (T 19

M ≈ 9.000 K, T 20
M ≈ 2.000 K). A systematic

investigation of melting temperatures as a function of
particle number [148] has shown that symmetry has a
mayor influence on melting temperatures of finite sys-
tems, confirming earlier theoretical predictions [52, 128].

The above results show that the INM analysis is sen-
sitive to the cluster symmetry. However, it does not re-
solve different melting processes such as inter-shell and
intra-shell melting. (For example, it is well known [52]
that the above two clusters have angular melting tem-
peratures that differ by many orders of magnitude but
that their radial melting temperatures are comparable.)
For this reason, we also consider the center-two-particle
correlation [cf. Sec. II D] for the experimental cluster of
19 particles. Figure 9(a) shows a highly ordered struc-
ture of the weakly manipulated cluster. The inner shell is
occupied by six particles. Intra-shell neighbors are found
under angles of ϕ = 60◦, 120◦ and 180◦, as is clearly seen
by the peaks at these angles and a radius rII ≈ 1mm, cor-
responding to the inner shell. The outer shell is occupied
by twelve particles and the angular order with respect
to the inner shell is fixed. Distinct peaks are visible at
multiples of ϕ = 30◦. When the laser power is increased
to a moderate value (cf. Fig. 9(b)), clear intra-shell and
inter-shell correlations persist. However, inter-shell rota-
tion (“angular melting”) has started, as the peaks at the
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FIG. 9. (a)-(c) C2P correlation function for a laser heated
cluster of N = 19 particles. The low laser power corresponds
to T=2.800 K, the moderate (high) power to T=17.000 K
(T=34.000 K). The first radial coordinate is averaged over
the inner shell (arrow). (d) Radial pair distribution function
for all three laser powers. Note that it does not distinguish
between different shells. The inset shows the cluster configu-
ration at the lowest laser power.

outer radius are no longer fully separated. At the inner
shell radius, weak peaks at ϕ ≈ 103◦ and ≈ 154◦ (arrows
in Fig. 9(b)) indicate the occurrence of configurations
with seven particles on the inner shell. The appearance
of this metastable configuration indicates the onset of ra-
dial melting. Finally, at high laser power (Fig. 9(c)), the
correlations between inner and outer shell have vanished
almost completely. At this heating power, the frequent
particle transitions between the two shells give rise to a
finite density in the region between these shells.

Thus the C2P correlation function fully confirmed the
stability of this “magic number” cluster against inter-
shell rotation. Yet a complete quantitative analysis of
the different melting temperatures and their dependence
on the particle number is still open.

VI. EXPERIMENTAL RESULTS FOR 3D
CLUSTERS

Three-dimensional dust clusters are formed in paral-
lel plate radio-frequency (rf, 13.56 MHz) discharges, see
Fig. 10 and e.g. Ref. [56, 122, 181, 182]. The discharges
are typically operated in argon at gas pressures between
1 and 100 Pa and at rf powers between 1 and 10 W.
The dust grains trapped in the discharge generally are
monodisperse plastic microspheres with diameters cho-
sen between 3 and 10µm. These three-dimensional clus-
ters are trapped inside a cubic glass cuvette placed onto
the lower electrode. The glass box provides inward elec-
tric forces on the negative dust grains. To compensate
the gravitational force an upward thermophoretic force is
applied by heating the lower electrode. The combination
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manipulation laser and
galvanometric mirror I

manipulation laser and
galvanometric mirror II

illumination lasers

plasma chamber

cuvette and
heated electrode

C-MOS camera

C-MOS cameraC-MOS camera

Z

XY

FIG. 10. Sketch of the experimental setup. The particles are
trapped in the cubic glass box and are illuminated by two
Nd:YAG lasers from two sides and heated by two diode lasers
from opposite directions. The three orthogonal high-speed
cameras allow to trace the full 3D particle motion individually.
(From Ref. [183].)

FIG. 11. Trajectories of a N = 60 particle cluster recorded
over a time span of about 10 s. (a) Without laser excitation,
(b) with 250 mW laser power. (c) Equilibrium particle posi-

tions in cylindrical coordinates ρ =
√
x2 + y2 and z for the

unheated case (a). (From Ref. [183].)

of all forces provides a 3D harmonic confinement [107].
There, the particles arrange in nested spherical shells
forming Yukawa balls or Yukawa clusters [56, 122, 184],
cf. Sec. II B.

In the experiments described here, the particles are
illuminated by low-intensity laser beams and the scat-
tered light is recorded with high-speed video cameras at
frame rates of 50 to 200 frames per second (fps), typically
[97, 122, 184, 185]. For the observation of the 3D clus-
ters a stereoscopic camera setup [122] is used where the
particles are observed from three orthogonal directions.
This setup allows to measure and reconstruct the full 3D
trajectories of clusters with up to N = 100 particles with
high temporal resolution [122, 186]. Consequently, the
dynamical properties of the dust cluster can be followed
for all particles individually. To realize a heating process
for these 3D clusters a simpler approach than for the 2D
case had to be chosen due to experimental constrains.
The transfer of the elaborate heating schemes used for
the 2D clusters (Sec. V A) to the 3D case would require
six beams, two of which would be blocked by the elec-
trodes. Here, only two additional opposing laser beams

are oriented parallel to the electrode and are randomly
swept over the cross section of the cluster with a dwell
time of τ = 0.1 s at each position [97, 183, 185]. The two
laser beams at 660 nm wavelength are operated with up
to 1 W output power. The random “kicks” to the par-
ticles by the radiation pressure mimic a heating process
for these 3D clusters.

As a consequence, the resulting velocity distribution of
the particles in the cluster is only near-Maxwellian, with
an overpopulation of “cold” dust particles [97]. Also the
heating is more effective in the direction of the beams
resulting in higher temperatures along this axis. Con-
sequently, this laser-heating scenario of 3D clusters does
not provide a true thermodynamic heating, yet. Never-
theless, from the velocity distributions reasonable kinetic
temperatures kTα = m〈v2

α〉 with α = x, y, z can be as-
signed and values of the order of a few times 104 K (few
eV) have been realized by this laser heating setup.

Here, as an example, the heating and melting of a 3D
cluster with N = 60 particles is demonstrated[187] using
the pair of opposing heating laser beams. The Yukawa
ball is spherical in shape and consists of two shells, see
Fig. 11. By increasing the laser power, the amount of
heating is increased and melting is achieved. For low laser
heating power the cluster remains in a solid-like arrange-
ment, as seen from the particle trajectories. Stronger
random particle motion is excited at higher laser power
where then frequent intra-shell and inter-shell particle ex-
changes are seen. Hence, the cluster is apparently driven
into the liquid regime. The change of structural and ther-
modynamic properties that is induced by the lasers is
illustrated in Fig. 12(d). There we show the pair distri-
bution function g(rij) for three different heating powers.
The differences in g(rij) between the three heating pow-
ers are only small. All three curves show a pronounced
first-neighbor maximum at rij ≈ 0.6 mm, a shoulder at
rij ≈ 1.2 mm corresponding to second neighbors and a
decay to zero. While the curves for Γ = 250 and Γ = 550
appear smooth, a substructure is visible at high coupling,
Γ = 850. The reason for the weak sensitivity is that
g(rij) does not distinguish between intra-shell neighbors
and neighbors on different shells. This leads to a smeared
out structure of g(rij).

The loss of order is reflected more clearly in the C2P
correlation function. As for the 2D case, it allows to
quantitatively assess the melting transition(s) for these
3D clusters. This is shown in Fig. 12 for the same clus-
ter (N = 60) with or without laser heating. As for the
2D case, one sees pronounced peaks at distinct angles
ϕ and radii rII at low heating powers and subsequent
loss of correlations for increased heating (reduced Γ).
Also, in these 3D systems, laser heating provides a near-
equilibrium heating scenario. A two-step melting (orien-
tational melting before radial melting) which is expected
for finite clusters [52, 53, 129, 188] is experimentally iden-
tified also for 3D clusters [97].

Finally, as another example of a liquid state property,
the diffusion constant D, Eq. (8), has been derived from
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FIG. 12. Center-two-particle correlation functions for the
N = 60 cluster, a) without laser heating (Γ = 850), b) for
a laser heating power of 100 mW (Γ = 550) and c) 300 mW
(Γ = 250). d) Pair distribution function. The smoothening
of the curve with decreasing Γ indicates the loss of order but,
in contrast to the C2P correlation function in a)-c), the pair
distribution function cannot distinguish intra-shell from inter-
shell correlations. (The zero line is shifted for Γ = 550 and
Γ = 250, for sake of clarity.)

the experimental 3D particle trajectories of the N = 60
cluster, based on the analysis of unstable instantaneous
normal modes [148, 179, 185], see Sec. II E. The so ob-
tained diffusion coefficient is shown in Fig. 13. For com-
parison, also the diffusion constants of clusters of differ-
ent sizes are added [185]. A linear relationship between D
and temperature is found for all studied clusters where
D reaches values of about D = 1.3 · 10−6 m2/s at the
highest dust temperatures, T ≈ 4 · 104 K. The values for
the diffusion coefficient are decisively larger than in the
2D case [148, 179]. A reason for this is the higher dimen-
sionality of the system that allows more paths to change
configurations [189].

As discussed in Sec. V B, from the diffusion constant
an approximate melting temperature can be extrapolated
which is then found to be TM ≈ 2010 K for N = 60. In-
terestingly, this is smaller than the kinetic temperature
of this cluster even in the absence of heating which is
Tkin = 2930 K [185]. This relatively high kinetic tempera-
ture, even in the unheated case, is explained by additional
heating processes by the wake-field instability caused by
streaming ions in the plasma sheath [190–192].

VII. DISCUSSION AND OUTLOOK

A. Discussion of the results

In this review, we discussed the various opportunities
provided by laser beams as manipulation tools for dusty
plasmas. We focused on the use of lasers as heating in-
struments for dust particles. As discussed in the intro-

FIG. 13. Diffusion coefficient D(T ) as a function of temper-
ature for Yukawa balls of different size determined from an
INM analysis. The dashed line corresponds to a linear fit to
the diffusion coefficients for all clusters. (From Ref. [185].)

duction, various further uses, like the excitation of shear
stress [88, 89] or of the rotation of a cluster shell [54],
are possible as well, but this goes beyond the scope of
this review. The availability of reliable heating tools is
essential for the experimental investigation of phase tran-
sitions and instabilities in dust crystals. The enhanced
manipulation setup for finite 2D dust clusters, presented
in Sec. III A, has proven to be usable as a tunable thermo-
stat in both experiment and LMD simulation. The exper-
iments confirmed that the used laser heating scheme pro-
vides a homogeneous power input over the entire cluster
and over all frequencies. As desirable for a true thermal
heating, the isotropy and the Maxwellian shape of the
velocity distribution are preserved to very high accuracy.
Various laser scanning concepts have been studied in the
simulations allowing to predict the optimal parameters
for the experiments.

The laser heating method was used to perform tem-
perature scans of small 2D dust clusters with different
particle numbers. The instantaneous normal mode anal-
ysis allowed us to calculate the diffusion constant and, by
this, to determine an approximate melting temperature.
This melting temperature is found to be crucially depen-
dent on the exact particle number, as a consequence of
different cluster symmetries. At the same time the INM
analysis does not allow to discriminate between intra-
shell and inter-shell melting. As another more sensitive
quantity we studied the center-two-particle correlation
function which displays both intra-shell and inter-shell
correlation.

The heating method for 3D dust clusters has to work
with two opposing laser beams, due to the required space
for diagnostics and illumination of the cluster. Hence,
the heating quality with respect to the isotropy and
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the Maxwellian shape of the velocity distribution is not
as perfect as for 2D clusters. Nevertheless, as in 2D,
the quality of this heating technique is sufficient to ma-
nipulate the dust temperature (and hence the coupling
strength) in a controlled manner, without affecting the
plasma parameters. Due to the spherical symmetry of
3D Yukawa balls, structural parameters which take into
account this symmetry are required in order to investi-
gate the structure and the melting behavior of these sys-
tems. The most sensitive quantity turned out to be the
center-two-particle correlation function which displays
both intra-shell and inter-shell correlation and allows us
to distinguish solid clusters with a highly ordered struc-
ture from molten clusters. While important aspects of
the melting behavior in 3D are now understood, accurate
data for the phase diagram and its the particle number
dependence are still missing. The presented experimental
tool–laser heating–, combined with the diagnostic based
on the center-two-particle correlation function should al-
low to study these questions in detail in the near future.

B. Extension to transport properties of
inhomogeneous strongly coupled systems

Both experiments and LMD simulations have shown
that an appropriate heating scheme allows for a homoge-
neous heating of the entire 2D cluster [96, 163]. However,
this heating method can also be used to heat only a se-
lected spatial region. As long as the heated region is
larger than the laser spot size, local heating is simply re-
alized by restricting the area which is scanned by the laser
spots. Kudelis et al. suggested an experiment where only
the central region of a 2D Yukawa cluster is heated by
four randomly moving laser spots and performed LMD
simulations for this scenario [164]. The thermal conduc-
tivity associated with the radial temperature profile, see
Fig. 14 (bottom), is found to be constant over a wide
range in coupling strengths, including the phase transi-
tion between solid and liquid [164]. This result is in good
agreement with experimental data for the heat transport
in an extended 2D dust crystal by Nosenko et al. [94].
The upper part of Fig. 14 shows the spatial particle den-
sity of the Yukawa cluster that is heated in the inner
region. While a pronounced shell structure is found at
the cold outer region, the center of the cluster is molten.

It remains an interesting task to verify these predic-
tions in an experiment and, thus, employ laser heating
for the measurement of heat transport in strongly corre-
lated finite dusty plasmas. Another interesting task is to
study the influence of an electric or magnetic field on the
transport coefficients.
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FIG. 14. Top: Spatial density of a Yukawa cluster with
N = 200 particles. Four randomly moving laser spots heat the
inner square marked by the dashed rectangle. Bottom: Ra-
dial temperature profile and the fit by the analytical model
presented in [164]. The temperature towards the border ap-
proaches the equilibrium temperature Teq of the unheated
cluster.

C. Control of time-dependent processes in complex
plasmas

The applications discussed so far all considered sta-
tionary states. However, the laser heating method also
allows for the study of transient, time-dependent pro-
cesses. Compared to the relatively slow time scale of
the heavy dust particles, the power input can be turned
on and off practically immediately by switching on an
off the external laser source. A possible application is a
temperature quench during which the system is abruptly
cooled (or heated). This allows, for example, to study
the time-dependent relaxation from a fluid into a crys-
talline state. Alternatively, quenching of a dust crystal
was achieved by changing the properties of the ambient
plasma, e.g. via a sinusoidal modulation of the dc self-
bias of the lower, powered electrode [193], or by apply-
ing shock waves induced via a wire placed beneath the
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crystal [194, 195]. However, this alters the plasma envi-
ronment and does not allow to vary only Γ by a single
parameter, namely the dust kinetic temperature, like in
the laser experiments presented in this review.

Feng et al. [174] laser-heated, and subsequently rapidly
cooled, a 2D dust crystal that initially was arranged in
a hexagonal lattice. During rapid heating, the dust ar-
rangement remained in a solid structure at temperatures
above the melting point, demonstrating solid superheat-
ing. The relaxation of small, 2D dust clusters was inves-
tigated by means of lasers by Lisin et al. [196]. There and
in Ref. [194], the cooling rate for the crystallization of a
2D dust system was found to be close to the friction coef-
ficient, at moderate damping rates. A different behavior
was found in laser-mediated recrystallization experiments
with small 3D dust clouds [197] where the cooling rate
was found to be decisively lower than the friction coef-
ficient for moderate damping (i.e. ω0 ≈ γ), confirming
previous simulations [198]. However, further investiga-
tions are required to study the shell formation process
in larger dust clouds with several thousand particles and
a multi-shell structure. A possible approach to circum-
vent the obstacle of high particle numbers could be the
use of tracer particles to artificially reduce the particle
density [199, 200].

Furthermore, since dust clusters are, at low neutral gas
pressure, strongly influenced by wake effects due to fast
streaming ions and thus exhibit attractive forces leading
to particle chain formation [63, 64], it would be tempting
to apply a laser-induced torque to the dust system in
order to study the energetic landscape by screwing the
aligned dust ensemble.

A particularly interesting application would be a tem-
perature quench in the presence of a strong magnetic
field. Ott et al. found in MD simulations that a mag-
netic field may prevent crystallization. This is unex-
pected since, due to the Bohr von Leeuwen theorem, a
magnetic field should not affect the static properties of

a classical system. The reason for the observed effect is
that a strong magnetic field may prevent conversion of
potential energy into kinetic energy creating a bottleneck
for a phase transition. Above at critical magnetic field
strength, the relaxation time τr for the crystallization
increases exponentially [201]. It would be very interest-
ing to verify these simulation results in a laser heating
experiment. So far magnetizing dust particles in an ex-
periment has not been possible which is due to the low
specific charge Qd/m of the dust grains. An alternative
way to effectively “magnetize” the dust component is to
put the cluster into rotation via a rotation of the neutral
gas [202]. The Coriolis force then has the same func-

tional form, ~FC ∝ ~v× ~ω, as the Lorentz force and acts as
a “pseudo-magnetic” field (Larmor’s theorem). This idea
has in fact been realized in dusty plasma experiments. It
was shown that important properties such as collective
modes of magnetized strongly correlated plasmas can be
accurately reproduced [203–205]. In combination with
the laser heating (or cooling) method presented in this
paper, this technique should allow to perform temper-
ature quenches in experiments with finite dust clusters
and to investigate the influence of the magnetization on
the relaxation time for crystallization.

This outlines just a few possible further directions of
laser heating of strongly correlated finite dust clusters.
Besides thermodynamic properties which were in the fo-
cus of this article, an experimental analysis of time de-
pendent processes is now within reach. The relevance of
correlation effects in many fields of physics should make
such studies interesting also beyond the field of dusty
plasmas.
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[21] Couëdel L, Mikikian M, Samarian A A and Boufendi L

2010 Phys. Plasmas 17 083705
[22] Ivanov Y and Melzer A 2005 Phys. Plasmas 12 072110
[23] Land V and Goedheer W 2007 IEEE Trans. Plasma Sci.

35 280–285
[24] Rosenberg M and Mendis D A 1995 IEEE Trans.

Plasma Sci. 23 177–179
[25] Rosenberg M, Mendis D A and Sheehan D P 1996 IEEE

Trans. Plasma Sci. 24 1422–1430
[26] Samarian A A, Vaulina O S, Nefedov A P, Fortov V E,

James B W and Petrov O F 2001 Phys. Rev. E 64
056407

[27] Samarian A A and Vaulina O S 2000 Phys. Lett. A 278
146–151

[28] Bloch I 2005 J. Phys. B: At. Mol. Opt. Phys. 38 S629
[29] Mikhael J, Gera G, Bohlein T and Bechinger C 2011

Soft Matter 7 1352–1357
[30] Bohlein T and Bechinger C 2012 Phys. Rev. Lett. 109

058301
[31] Tajima T and Dawson J 1979 Phys. Rev. Lett. 43 267
[32] Joshi C, Mori W B, Katsouleas T, Dawson J M, Kindel

J M and Forslund D W 1984 Nature 311 525–529
[33] Pukhov A and Meyer-ter Vehn J 2002 Appl. Phys. B 74

355
[34] Katsouleas T 2006 Nature 431 515
[35] Geddes C, Toth C, van Tilborg J, Esarey E, Schroder

C, Bruhwiler D, Nieter C, Cary J and Leemans W 2004
Nature 431 538

[36] Hegelich B, Albright B, Cobble J, Flippo K, Letzring S,
Paffett M, Ruhl H, Schreiber S, Schulze R and Fernan-
dez J 2006 Nature 439 441

[37] Lu W, Tzoufras M, Joshi C, Tsung F S, Mori W B,
Vieira J, Fonseca R A and Silva L O 2007 Phys. Rev.
Spec. Top. Accel Beams 10 061301

[38] Ashkin A, Dziedzic J M, Bjorkholm J E and Chu S 1986
Opt. Lett. 11 288–290

[39] Ashkin A 1997 Chapter 1 forces of a single-beam gra-
dient laser trap on a dielectric sphere in the ray optics
regime Methods in Cell Biology vol 55 ed Michael P
Sheetz (San Diego: Academic Press) pp 1–27

[40] Ashkin A 2000 IEEE J. Sel. Top. Quantum Electron. 6
841–856

[41] Grier D G 2003 Nature 424 810–816
[42] Rousse A, Rischel C, Fourmaux S, Uschmann I, Sebban

S, Grillon G, Balcou P, Forster E, Geindre J, Audebert
P, Gauthier J and Hulin D 2001 Nature 410 65–68

[43] Sokolowski-Tinten K, Blome C, Blums J, Cavaller A, Di-

etrich C, Tarasevitch A, Uschmann I, Forster E, Kamm-
ler M, Horn-von Hoegen M and von der Linde D 2003
Nature 422 287

[44] Kremp D, Bornath T, Bonitz M and Schlanges M 1999
Phys. Rev. E 60(4) 4725–4732

[45] Bonitz M, Bornath T, Kremp D, Schlanges M and
Kraeft W D 1999 Contrib. Plasma Phys. 39 329

[46] Haberland H, Bonitz M and Kremp D 2001 Phys. Rev.
E 64(2) 026405
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Contrib. Plasma Phys. 50 2630
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viscosity of a single-layer complex plasma,” Phys. Rev. E, vol. 84, p. 016404, 2011.

[62] V. A. Schweigert, I. V. Schweigert, A. Melzer, A. Homann, and A. Piel, “Alignment

and instability of ’dust’ crystals in plasmas,” Phys. Rev. E, vol. 54, p. 4155, 1996.

[63] X. Wang, A. Bhattacharjee, and S. Hu, “Longitudinal and transverse waves in

yukawa crystals,” Phys. Rev. Lett., vol. 86, p. 2569, 2001.

[64] S. Nunomura, J. Goree, S. Hu, X. Wang, A. Bhattacharjee, and K. Avinash, “Phonon

spectrum in a plasma crystal,” Phys. Rev. Lett., vol. 89, p. 035001, 2002.

[65] S. Nunomura, S. Zdhanov, D. Samsonov, and G. E. Morfill, “Wave spectra in solid

and liquid complex (dusty) plasmas,” Phys. Rev. Lett., vol. 94, p. 045001, 2005.

[66] S. Nunomura, D. Samsonov, S. Zhdanov, and G. Morfill, “Self-diffusion in a liquid

complex plasma,” Phys. Rev. Lett., vol. 96, p. 015003, 2006.

[67] M. Schwabe, M. Rubin-Zuzic, S. Zhdanov, H. Thomas, and G. E. Morfill, “Highly

resolved self-excited density waves in a complex plasma,” Phys. Rev. Lett., vol. 99,

p. 095002, 2007.

[68] S. K. Zhdanov, A. V. Ivlev, and G. E. Morfill, “Mode-coupling instability of two-

dimensional plasma crystals,” Phys. Plasmas, vol. 16, p. 083706, 2009.

[69] T. M. Flanagan and J. Goree, “Observation of the spatial growth of self-excited

dust-density waves,” Phys. Plasmas, vol. 17, p. 123702, 2010.

[70] A. Melzer, V. A. Schweigert, I. V. Schweigert, A. Homann, S. Peters, and A. Piel,

“Structure and stability of the plasma crystal,” Phys. Rev. E, vol. 54, pp. 46–49,

1996.

167



Bibliography

[71] M. Lampe, G. Joyce, and G. Ganguli, “Interactions between dust grains in a dusty

plasma,” Phys. Plasmas, vol. 7, pp. 3851–3861, 2000.

[72] J. P. Schiffer, “Melting of cristalline confined plasmas,” Phys. Rev. Lett., vol. 88,

p. 205003, 2002.
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[220] M. Toda, R. Kubo, and N. Saitô, Statistical Physics I: Equilibrium Statistical Me-

chanics. Solid-State-Sciences, Springer, 2nd ed., 1991.

[221] R. Kubo, M. Toda, and N. Hashitsume, Statistical Physics II: Nonequilibrium Sta-

tistical Mechanics. Series in Solid-State-Sciences, Springer, 2nd ed., 1991.

[222] F. Schwabl, Statistical Mechanics. Springer, 2006.

[223] J. Goree, B. Liu, and Y. Feng, “Diagnostics for transport phenomena in strongly

coupled dusty plasmas,” Plasma Phys. Control. Fusion, vol. 55, no. 12, p. 124004,

2013.

178



Bibliography

[224] E. La Nave, A. Scala, F. W. Starr, F. Sciortino, and H. E. Stanley, “Instantaneous

normal mode analysis of supercooled water,” Phys. Rev. Lett., vol. 84, pp. 4605–

4608, 2000.

[225] T. Keyes, “Entropy, dynamics, and instantaneous normal modes in a random energy

model,” Phys. Rev. E, vol. 62, pp. 7905–7908, 2000.

[226] G. Seeley and T. Keyes, “Normal-mode analysis of liquid-state dynamics,” J. Chem.

Phys., vol. 91, pp. 5581–5586, 1989.

[227] J. E. Adams and R. M. Stratt, “Instantaneous normal mode analysis as a probe of

cluster dynamics,” The Journal of Chemical Physics, vol. 93, no. 2, pp. 1332–1346,

1990.

[228] T. Keyes, “Unstable modes in supercooled and normal liquids: Density of states,

energy barriers, and self-diffusion,” J. Chem. Phys., vol. Vol. 101, No.6, pp. 5081–

5092, 1994.

[229] R. M. Stratt, “The instantaneous normal modes of liquids,” Acc. Chem. Res.,

vol. Vol. 28, No. 5, pp. 201–207, 1995.

[230] G. V. Vijayadamodar and A. Nitzan, “On the application of instantaneous normal

mode analysis to long time dynamics of liquids,” J. Chem. Phys., vol. 103 (6),

pp. 2169–2177, 1995.

[231] T. Keyes, “Instantaneous normal mode approach to liquid state dynamics,” J. Phys.

Chem. A, vol. 101, pp. 2921–2930, 1997.

[232] J. D. Gezelter, E. Rabani, and B. J. Berne, “Can imaginary instantaneous normal

mode frequencies predict barriers to self-diffusion?,” J. Chem. Phys., vol. 107 (12),

pp. 4618–4627, 1997.
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