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1. Introduction

The optimization of structures has been an ongoing and lively field of research for
decades. Various problem formulations give rise for investigations. Amongst these,
finding an optimal shape of an object is a popular task. In particular the distribution
of a given amount of material across a fixed surface is an interesting assignment.

Structural optimization problems are often settled in the context of linear elasticity.
This theory describes (small) deformations of an object under an applied load.
Starting from a general three dimensional body, several specializations are present
for different types of objects: The theory of plates and shells for objects with one thin
dimension or the theory of beams for objects with two thin dimensions compared to
the remaining one(s). Shells occur in various places in nature as well as in technical
applications. Objects as complex as seashells, as well as roofs or domes or simpler
objects like tubes are all around. The theory of the deformation of shells gained
attention with contributions from Koiter ([Koi66]) and Naghdi ([Nag72]) whose
models are still widely used today. However, more general models like the basic shell
model ([CB03]) or nonlinear ones are available nowadays. These models also extend
from the steady-state case to time-dependent deformations caused by dynamic forces
or an initial momentum.
A common task is to find an optimal thickness – i.e. the expansion of the thin

dimension – of a loaded shell in order to minimize its displacement under an applied
load. The volume of the shell is prescribed and lower and upper bounds for the
thickness are given. Those bounds arise from practical issues: The shell should not
be too thin or too heavy and a maximal thickness is necessary to stay in the context
of shells. Results for such kind of problem formulations can be found for different
particular cases: Nestler investigated full tubes ([Nes12; Nes13]), Azhmyakov and
Schmidt ([AS04]) and Lepikult et al. ([LSW99]) considered beams and the book from
Neittaanmäki, Sprekels, and Tiba ([NST06]) provides results using a Naghdy-like
model. In [ST09] Sprekels and Tiba collect various results on thickness and shape
optimization problems in linear elasticity. Moreover, the publications from Lellep et
al. ([Lel+10; LP10; LP12]) involving different types of shells with piecewise constant
thickness as well as both elastic and plastic behavior are worth mentioning. In
particular the work from Nestler ([Nes10a]), which itself was inspired by a dynamic
problem formulation from Lellep, gave rise for an abstraction from full tubes to more
general objects.
This thesis deals with thickness optimization for a broader range of shells. The

basic shell model serves as the underlying theory from linear elasticity and can be
viewed as middle course between full three dimensional models and the Naghdy shell
model. The theoretical results are provided for arbitrary shells made of isotropic
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2 1. Introduction

homogeneous elastic material while the numerical results focus on parabolic ones,
in particular those with a cylindrical (tube-like) shape. Both the steady-state and
the dynamic case are investigated, whereas the dynamic equations are derived from
scratch based on the basic shell model. The models are studied with the aim of
analytical expressions for the sensitivity of the displacement of the shell with respect
to its thickness. This allows not only a numerical optimization which is superior to
the use of finite difference gradients but also the formulation of necessary conditions
for an optimal thickness. Finally, the efficient implementation of the optimization
algorithms in combination with available libraries is a noteworthy part of the thesis.
Thickness optimization can be put into the more general context of shape opti-

mization. While the former one considers only the extension in one dimension to
be optimized, the latter one tries to find an optimal shape of an object as a whole.
An overview of modern techniques for shape optimization can be found in the book
from Delfour and Zolésio ([DZ11]). The application of these techniques to the actual
thickness optimization problem is discussed and compared to the particular approach
chosen in this thesis. A related field of research is topology optimization which
considers the optimal placement of holes into structures. Beside the view of the
thickness as a (continuously) distributed parameter also discretized values (e.g. on
finite element based nets) can be chosen as design variables as shown by Arnout,
Firl, and Bletzinger ([AFB12]).
From a mathematical point of view, the models from linear elasticity provide a

system of partial differential equations whose solution is the displacement of the
shell under a given load. The thickness can be viewed as a distributed control of this
system. It does not occur as an explicit parameter in the system, but rather defines
certain integral boundaries in the weak formulation of the state equation. The aim
is to find an optimal control to minimize a given objective functional – here, the
objective rates the displacement of the shell. The additional constraints restrict the
space of admissible thickness distributions. Optimal control of partial differential
equations in general is an ongoing field of research in mathematics. A crucial factor
in optimal control theory is the type of the underlying differential equation. An
overview for elliptic systems is given in the book from Neittaanmäki, Sprekels, and
Tiba ([NST06]) or Tröltzsch ([Trö10]) where also results for the parabolic case can
be found. The dynamic equation is a hyperbolic one with less results available.

For the numerical solution of partial differential equations and nonlinear optimiza-
tion problems a wide range of libraries is available. With growing computational
power and the widespread use of parallelization techniques discretized optimal con-
trol problems can be solved in reasonable time on fine grids. Remarkable modern
tools are the Pardiso solver for linear equation systems ([Par15]), the interior point
optimization Ipopt ([Kaw+15]) and the Intel Math Kernel Library ([MKL15]). The
application of these tools and the effective combination of their powers is the base
for a fast and precise calculation of an optimal thickness distribution.
Altogether, this thesis provides several contributions to thickness optimization

of shells in linear elasticity: Starting from the use of the basic shell model and
the derivation of the dynamic model equations, via the thorough analysis of the
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displacement models regarding their sensitivity with respect to the thickness of the
shell and the formulation of necessary conditions for optimal solutions in a certain
case, heading to the efficient numerical implementation of the optimization process
and finally the discussion of several examples involving cylindrical shells.
Following this introduction, in Chapter 2 the basic equations from continuum

mechanics will be shortly reintroduced. Afterwards the geometrical modeling and the
derivation of shell models will be discussed. The basic shell model will be introduced
and compared to other well-known models. Moreover, the dynamic equations will
be presented. The chapter will be closed with the introduction of the steady-state
optimization problem which will be one of the main subjects of investigation.

The third chapter is dedicated to the steady-state case. After a thorough investi-
gation of the displacement model, in particular its sensitivity with respect to the
thickness, the first main result will be presented: An expression for the Gâteaux-
derivative of the displacement with respect to the thickness. This result will be
applied to the reduced optimization problem and a formula for the sensitivity of
the objective with respect to the thickness as well as necessary conditions for an
optimal solution will be provided. The second part of this chapter deals with the
embedding of the thickness optimization problem into the field of shape optimization.
The basic terms such as shape functions and shape derivatives will be introduced
and the shape derivative for the particular problem treated in this thesis will be
calculated. The result will show that both Gâteaux- and shape derivative coincide,
however the latter one needs higher regularity assumptions.

After that, the fourth chapter considers the dynamic problem. First, the dynamic
state equation will be restated in a setting of rigged Hilbert spaces and investi-
gated regarding existence and uniqueness of a solution. Under tightened regularity
assumptions a sensitivity theorem for the Gâteaux-derivative of the displacement
with respect to the thickness will be provided. The result and the proof of this
theorem and its preceding lemmas are other main results of this thesis. Following,
the dynamic optimization problem will be stated and the sensitivity of the reduced
objective with respect to the thickness will be investigated. In addition, necessary
conditions for an optimal solution will be provided.
The fifth chapter deals with the numerical implementation of the optimization

problem. The discretization of both the steady-state and the dynamic optimization
problem with help of the finite element method will be presented. The required
tools for the solution of the state equation and for the actual optimization will be
introduced and their efficient combination in the implementation will be explained.
In Chapter 6 and 7 the numerical results are presented. Different examples

involving cylindrical shells will be investigated. Those examples consist of various
types of loads and boundary conditions. In addition to the optimal thickness
the corresponding displacements will be compared to non-optimized ones and the
differences will be commented. Partly, the optimal thickness will be compared to
available solutions from different shell models. Every example will be completed
with a convergence study for the optimal thickness on successively refined grids.





2. Modeling

This chapter is devoted to the derivation of the state equation and the optimization
problem. The first section contains an overview of the basic equations in linear
elasticity. In the second part an introduction to the theory of shells is presented. This
includes both the geometrical modeling of the shell body as well as the kinematical
modeling and further assumptions special to shells. In addition the particular shell
model used in this thesis is compared to other well known shell models from literature.
The use of balance laws leads to the state equation which describes the displacement
of a shell that is subject to an external load. Both the steady state (time-independent)
case as well as the dynamic (time-dependent) case are investigated.

In the third part of the chapter the actual optimization problem is presented. The
aim is to minimize the displacement of the shell (which is modeled by the state
equation) in a proper sense. The thickness of the shell serves as a distributed control
function which is restricted by lower and upper bounds together with a constraint
on the volume of the shell body.

2.1. Continuum mechanics

This section gives an overview on continuum mechanics and the equations evolving
from this theory. These equations are the basis for further work. Central terms like
strains and stresses as well as balance equations are introduced. In particular the
focus is on concepts from linear elasticity which allow considerable simplifications of
the general equations in case of small deformations of a material body. This overview
is based on the books of Altenbach ([Alt12]), Gould ([Gou94]), Liu ([Liu02]) and
Temam and Miranville ([TM05]).

2.1.1. Basic equations

The theory of continuum mechanics deals with material bodies undergoing motion
and deformation ([Liu02, p. 1]). It provides equations to describe such processes
in a consistent way. Here, a three dimensional material body B is identified with a
subset of the Euclidean space R3 via an injective mapping

κ : B → R3

called reference configuration. Let the image of κ be denoted by Bκ ⊂ R3. When
undergoing a motion or deformation the configuration changes, i.e. the body is
described by another mapping

χ : B → R3.

5



6 2. Modeling

The mapping χκ := χ ◦ κ−1 : Bκ → R3 is called the deformation of the body. Often,
the reference configuration is fixed so that there is no need to mention it explicitly.
Let this be the case from now on and let Bκ be denoted by B and χκ by χ.
To describe a quantity at specific points inside of the deformed body χ(B) there

are two options now: First, the coordinates of the deformed configuration can be
used. Then a quantity f : χ(B)→W defined on the deformed body χ(B) is written
in the form f = f(x). This is known as the Eulerian view and often used in fluid
mechanics. Second, the coordinates of the reference configuration can be used, which
means a point x ∈ χ(B) is actually described as x(a) = χ(a) for a ∈ B. Then the
quantity f is written in the form f = f(x(a)) = f(a). This concept is known as
the Lagrangian view (or material description) and commonly used in mechanics of
solids. In the following the focus is on the Lagrangian view. However, this fixing
is not a decisive factor as will be seen later, because in linear elasticity there is no
distinction between both views.
If the deformation is viewed as a time dependent process, there is a family of

deformations χt := χ(a; t) and deformed bodies Bt. The velocity of a point a ∈ B is
then given by

v(a) =
∂χ(a, t)

∂t
.

Regarding time derivatives of quantities ft : Bt →W (Eulerian view) that are viewed
in material description f(a, t) = ft(χ(a; t), t) the notation

ḟ =
df

dt
=
∂f

∂t
+ (∇χf)v

means the total derivative of f with respect to time.

Kinematics It is important to separate rigid-body transformations from local
deformations (strains) of the body. The time dependence of the deformation is not
needed in this paragraph, so the time parameter is suppressed.
Local deformations at a point x(a) = χ(a) ∈ χ(B) are characterized as follows:

Let ε > 0 and γ : (−ε, ε)→ B, γ = γ(s) be a continuously differentiable curve in B
passing through a, γ(0) = a, and γ′(0) = w. Then in the deformed body χ(B) it
holds χ(γ(0)) = x(a) and

d

ds
χ(γ(0)) = ∇χ(a)γ′(0) = ∇χ(a)w.

So the local change of tangential vectors at a point a ∈ B under the deformation χ
(local deformation) is described by the derivative of χ.

Definition 2.1 (Deformation gradient, [Liu02, p. 2]). The derivative F := ∇χ is
called deformation gradient.

When there is no local deformation at a ∈ B (only rigid-body transformation)
then the deformation gradient at a is equal to the unit tensor I. The term strain is
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justified by the observation of local changes of lengths. Let the vector w ∈ R3 be
given, then it holds

‖∇χ(a)w‖2 = (∇χ(a)w) · (∇χ(a)w) = (∇χ(a)T∇χ(a)w) · w

and the change of the norm of w can be described by the tensor ∇χ(a)T∇χ(a).

Definition 2.2 (Right Cauchy-Green strain tensor, [Liu02, p. 5]). The tensor field
C := ∇χT∇χ = F TF is called right Cauchy-Green strain tensor.

It is often more convenient to describe the deformed configuration in terms of a
displacement U , i.e. the deviation of χ from the identity transformation,

χ(a) = a+ U(a).

The derivative of U , called displacement gradient, is then given by

H := ∇U = ∇χ− I,

and it can be seen that in case of no local deformation ∇U = 0, which is more
intuitive. The right Cauchy-Green strain tensor can be expressed as

C = (I +H)T (I +H) = I +H +HT +HTH.

Another interesting quantity is the difference of lengths after a deformation. It is
calculated by

‖∇χ(a)w‖2 − ‖w‖2 = Cw · w − w · w = ((C − I)w) · w =: (2Ew) · w.

Definition 2.3 (Green-St. Venant strain tensor, [Liu02, p. 8]). The tensor field

E =
1

2
(C − I) =

1

2
(H +HT +HTH)

is called Green-St. Venant strain tensor (Green strain tensor).

Like the displacement gradient, the Green strain tensor at a ∈ B equals zero in
case there is no local deformation at a.
The tensors introduced in this paragraph are the basic ones in the Lagrangian

description of kinematics. The (linearized) Green strain tensor from Definition 2.7 is
the strain tensor which will play the most important role in further text.

Stresses As a consequence of external forces acting on a body, its interior is in a
state of stress ([Alt12, p. 140]). Internal forces arise and different parts of the body
interact with each other. It is assumed that this interaction is only due to contact
forces (surface traction, [Liu02, p. 43]). To describe this, the principle of stress is
introduced:
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At a point x inside a body B the body can be cut into two parts by a surface ∂P .
One part of the body then exerts a force on the other part through ∂P at x. This
force is called the surface traction t(x, ∂P). To simplify the general dependence of t
on ∂P, in classical continuum mechanics Cauchy’s Postulate is used which states
that the traction t only depends on the normal n of ∂P in x, i.e. t = t(x, n). In
other words, through two surfaces with the same (oriented) normal at x the same
surface traction is exerted at x. This dependence can be even further simplified:
Cauchy’s Theorem ([Liu02, p. 45]) states that the dependence of t on n is a linear
one. That is, there exists a second-order tensor field T , such that

t(x, n) = T (x)n. (2.1.1)

Definition 2.4 (Cauchy stress tensor, [Alt12, p. 144]). The second order tensor
field T given in (2.1.1) is called Cauchy stress tensor.

Balance equations Balance equations can be used to express basic laws of mechan-
ics ([Liu02, p.31]). In general, balance equations describe the temporal change of a
quantity inside a region P ⊆ B of a body due to inflow through the boundary of P
(flux ) and due to the growth of the quantity inside P (supply). A special balance
equation is known as Euler’s first law : Here the quantity under investigation is the
linear momentum of a body.

Definition 2.5 (Linear Momentum, [Liu02, p. 41]). Let χt be a (time-dependent)
deformation of a body B. The linear momentum P of a part P ⊆ Bt is given by

P (P, t) =

∫
P
ρẋ dV,

where ρ is the density of the body.

Euler’s first law formulates the balance equation

Ṗ (P, t) = f(P, t),

where f is the total force acting on P at time t. Because of the conservation of mass
([Liu02, p. 40, ex. 2.2.2]) it holds

Ṗ (P, t) =
d

dt

∫
P
ρẋ dV =

∫
P
ρẍ dV. (2.1.2)

In addition it is assumed that the total force acting on P is given by a sum of body
forces with density b and contact forces with traction t,

f(P, t) =

∫
P
ρbdV +

∫
∂P
tdS. (2.1.3)

Putting (2.1.2), (2.1.3) and (2.1.1) together leads to the momentum equation∫
P
ρẍ dV =

∫
P
ρbdV +

∫
∂P
t dS =

∫
P
ρbdV +

∫
∂P
TndS, (2.1.4)
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which is also known as Cauchy’s first law ([Liu02, p. 50]). In order to put (2.1.4)
into a local formulation, the second summand is rewritten using Gauss’s theorem for
second order tensors (see Theorem A.1)∫

∂P
TndS =

∫
P

div T dV.

Using the fact that (2.1.4) is valid for arbitrary parts P ⊆ Bt it follows from the
localization theorem

ρẍ− div T = ρb in Bt, (2.1.5)

which is the commonly known form of Cauchy’s first law. Furthermore, there is
also Cauchy’s second law ([Liu02, p. 51]) which states that the stress tensor T is
symmetric. This is a consequence of the balance of angular momentum (Euler’s
second law, [Liu02, p. 50]).

Equation (2.1.5) shall now be transformed from an equation on Bt to an equation
on the undeformed body B (which corresponds to the Lagrangian view). Let
Pt = χt(P) ⊆ Bt, then by transforming the integrals in (2.1.2) back from Pt to P it
holds∫

P
(ρb) ◦ χt |detF | dV +

∫
∂P

(T ◦ χt) |detF | (F−Tn) dS

=

∫
P

(ρ ◦ χt)
d2

dt2
(x ◦ χt) |detF | dV, (2.1.6)

where the transformation of the volume and surface element are taken from [Liu02,
p. 3, ex. 1.1.1]. Writing

ρκ(a) := (ρ ◦ χt(a)) |detF (a)| , Tκ(a) := (T ◦ χt(a)) |detF (a)|F−T (a),

ẍ(a) =
d2

dt2
(x ◦ χt)(a), b(a) = b ◦ χt(a),

and using the divergence theorem and the fact that P ⊆ B is arbitrary, equation
(2.1.6) can be rewritten as

ρκẍ− div Tκ = ρκb in B. (2.1.7)

Definition 2.6 (First Piola-Kirchhoff stress tensor, [Liu02, p. 56]). The tensor field
Tκ := (T ◦ χt) |detF |F−T is called first Piola-Kirchhoff stress tensor.

Note that unlike the Cauchy-stress tensor, the first Piola-Kirchhoff stress tensor is
not symmetric, but it holds

TκF
T = FT Tκ .

Finally, enforcing ẍ = 0 the steady-state equation (in contrast to the dynamic
ones (2.1.5) and (2.1.7)) can be stated as

−div T = ρb in Bt,
resp. − div Tκ = ρκb in B.
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2.1.2. Linearization

In the following calculations only small displacements are of interest. This gives
rise to a linearization of the above defined quantities and will lead to a considerable
simplification of the model equations. From now on, the displacement U is supposed
to be small, i.e. ‖U‖ � 1. This leads to

x(a) = U(a) + a ≈ a,

so that a distinction between Eulerian and Lagrangian view is no longer necessary.
Moreover, the Green strain tensor

E =
1

2
(H +HT +HTH)

is linearized by canceling the HTH-term.

Definition 2.7 (Linearized Green strain tensor, [Liu02, p. 10]). The tensor field

e :=
1

2
(H +HT ) =

1

2
(∇U +∇UT )

is called linear Green strain tensor (strain tensor).

Because it holds for the deformation χ(a) = x(a) ≈ a, it is F = ∇χ ≈ I, and
hence

Tκ = (T ◦ χ) |detF |F−T ≈ T.

Definition 2.8 (Stress tensor). In case of small displacements, denote σ := T ≈ Tκ
(stress tensor).

Moreover, for the density it holds ρκ = ρ ◦ χt |detF | ≈ ρ. Finally, the equations
of motion and steady-state can be rewritten in the form

ρẍ− div σ = ρb, resp. − div σ = ρb in B, σ = σT .

Constitutive Equations In the past paragraphs, deformations were related to
strains on the one side and stresses were related to external forces on the other side.
Now, the missing link is the one between stresses and strains, which then allows to
calculate displacements caused by external forces. This linkage between stresses and
strains is modeled by constitutive equations. Constitutive equations, in difference to
kinematical and balance equations, are the only ones which are material dependent
([Liu02, p. 63]). Elastic materials are characterized by their ability to change their
shapes under external forces and to return to their original shape, once the force
is taken away ([Gou94, p. 55]). This is expressed in the dependence of the stress
tensor σ = σ(e) only on the strain tensor e.



2.1. Continuum mechanics 11

It is assumed, that the undeformed configuration is a stress-free one, i.e. σ(0) = 0.
In the context of small deformations (linear elasticity) the dependence is linearized
([Liu02, p. 95])

σ(e) = σ(0) +Dσ(0)e =: Le,

which is also known as Hooke’s Law.

Definition 2.9 (Elasticity tensor, [Liu02, p. 108]). In linear elasticity, the tensor
field L which relates strain and stress through σ = Le is called elasticity tensor.

Note that L is a three-dimensional fourth-order tensor field. Hence it has 81
independent components. Due to the symmetry of σ and e, the number of independent
components reduces to 36. In addition, it is assumed that the work done during a
deformation only depends on the start and end configuration but not on the specific
path taken (conservative system). This is equivalent to the symmetry of L itself, so
the independent components reduce further to 21 ([Gou94, pp. 56–57]).

In further work only isotropic materials are considered. In isotropic material there
is no preferred direction (in contrast to e.g. fibered materials like wood, where one
direction is distinguished). Then even more symmetry conditions arise and only two
independent components will be left (see (2.2.17)).

2.1.3. Summary

At the end of this section the basic equations in linear elasticity are collected: Let
B ⊂ R3 be a body with density ρ and b : B → R3 be an applied external force density.
Let the resulting displacement U : B → R3 be small. Then in the theory of linear
elasticity it holds for the balance equations


−div σ = ρb in B (steady-state)

ρẍ− div σ = ρb in B × [0, T ] (dynamic)

σ = σT in B (angular momentum)

(2.1.8a)
(2.1.8b)

(2.1.8c)

and additionally

Constitutive equations: σ = Le, L symmetric

Kinematic equations: e =
1

2

(
∇U +∇UT

)
.

Together with proper boundary conditions these equations determine the resulting
displacement caused by the applied force in a unique way. In this system there are
21 equations for 21 unknowns. In further work instead of this full formulation a
displacement based one will be used: The second and third group of equations will
be inserted into the first one, so that only the displacement will be left as unknown.
This results in a system of three equations to be solved.
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Weak formulation The steady-state equation (2.1.8a) is turned into a weak formu-
lation. The stress tensor σ = σ(U) = Le(U) is understood as a quantity dependent
on the displacement U . Let all mappings be equipped with appropriate regularity.
For a detailed discussion of this topic see Section 2.2.4. Then (2.1.8a) is multiplied
by a function V : B → R3 and integrated over B:∫

B
−div σ(U) · V dV =

∫
B
ρb · V dV.

Now, Green’s formula for symmetric second-order tensors (see Theorem A.2) is used
for the left-hand-side and the weak formulation reads∫

B
σ(U) : e(V ) dV +

∫
∂B

(σ(U) · V ) · n dS =

∫
B
ρb · V dV. (2.1.9)

By imposing suitable boundary conditions on U and V , the boundary integral
vanishes and the equation∫

B
σ(U) : e(V ) dV =

∫
B
ρb · V dV (2.1.10)

is left.
A weak formulation of the dynamic equation is derived and discussed later in

Section 4.1.

2.2. Shell models

This section deals with special geometrical objects called shells. The consideration
of shells in relation with linear elasticity leads to simplifications of the equations
derived in the last section. First, a shell is described from a geometrical point of
view and cylindrical shells are characterized. These are the test objects in later
numerical calculations. After that, a particular ansatz for the displacement is made
and the corresponding strain and stress tensors are presented. Moreover, the balance
equations for the steady-state and dynamic case are investigated. Finally, the shell
model used in this thesis is compared to other ones present in literature. The
following sections about modeling and the steady-state balance equation are mainly
based on the books from Chapelle and Bathe ([CB03]) and Ciarlet ([Cia00]).

2.2.1. Geometrical modeling

The most important characteristic of a three dimensional object called shell is that
it is thin in one dimension compared to the other ones. A common starting point
for the derivation of shell models is a surface in R3, called midsurface, which is
then equipped with a thickness to obtain the whole shell body. The geometrical
properties of the midsurface characterize the shell, and in order to describe them in
a convenient way, some instruments from differential geometry are introduced here.
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Differential geometry on the midsurface

Let a bounded domain ω ⊂ R2 and an injective mapping z : ω → R3, z = z(ξ1, ξ2)
(where the smoothness of z is discussed later in Subsection 2.2.6) be given. Then
S := z(ω) is called the midsurface of the shell. At first, a local covariant basis is
introduced on the midsurface by

a1(ξ1, ξ2) :=
∂z(ξ1, ξ2)

∂ξ1
, a2(ξ1, ξ2) :=

∂z(ξ1, ξ2)

∂ξ2
. (2.2.1)

The injectivity of z ensures that these two vectors are linear independent and that
they span a two-dimensional tangential plane

T(ξ1,ξ2) := span{a1(ξ1, ξ2), a2(ξ1, ξ2)}.

Additionally, let in every point on S an orthonormal vector

a3(ξ1, ξ2) :=
a1(ξ1, ξ2)× a2(ξ1, ξ2)

‖a1(ξ1, ξ2)× a2(ξ1, ξ2)‖2
be given. The corresponding contravariant basis vectors a1 and a2 of T(ξ1,ξ2) are
uniquely defined by

aα(ξ1, ξ2) · aβ(ξ1, ξ2) = δα,β, α, β = 1, 2

where δ denotes the Kronecker delta.
To investigate geometrical properties of the midsurface it is useful to introduce

three second-order tensors called fundamental forms.

Definition 2.10 (Fundamental forms, [CB03, pp. 23–27]). Let S be a surface
with local covariant basis aα and local contravariant basis aβ, α, β = 1, 2. The
two-dimensional tensor

a =
2∑

α,β=1

(aα · aβ)aα ⊗ aβ =
2∑

α,β=1

aαβa
α ⊗ aβ

is called first fundamental form. The tensor

b =
2∑

α,β=1

(a3 ·
∂aα
∂ξβ

)aα ⊗ aβ =

2∑
α,β=1

bαβa
α ⊗ aβ

=
2∑

α,β=1

(a3 ·
∂aα

∂ξβ
)aα ⊗ aβ =

2∑
α,β=1

bβαaα ⊗ aβ

is called second fundamental form. Furthermore, the tensor

c =
2∑

α,β=1

2∑
λ=1

(bλαbλβ)aα ⊗ aβ =
2∑

α,β=1

cαβa
α ⊗ aβ

is called third fundamental form.
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The second fundamental form carries geometrical characteristics of the midsurface,
in particular the local mean curvature

H =
1

2
(b11 + b22)

and the Gaussian curvature
K = b11b

2
2 − b12b21.

Cylindrical midsurfaces, as a special case of parabolic ones, have the property of a
vanishing Gaussian curvature. For plane surfaces both quantities are zero.

To state the kinematic model for the deformation of shells it is useful to express
the derivative ∇u of a vector field u = u1a

1 + u2a
2 as a second order tensor with

covariant-covariant coordinates in a special way.

Definition 2.11 (Christoffel symbols and covariant derivative, [CB03, pp. 28–29]).
The Christoffel-symbols are defined by

Γλβα :=
∂aβ
∂ξα
· aλ, α, β, λ = 1, 2.

Let u = u1a
1 + u2a

2 be a vector field on S. The covariant derivative of u is given by

∇u =
2∑

α,β=1

uβ|αa
α ⊗ aβ, uβ|α =

∂uβ
∂ξα
−

2∑
λ=1

Γλβαuλ.

Moreover, the surface element for integrals over the midsurface can be stated
explicitly. Let a be the first fundamental form on S with covariant-covariant
coordinates aαβ , α, β = 1, 2. Define

a := det(aαβ) := a11a22 − a2
12

and for a function f : S → R it holds∫
S
f dS :=

∫
ω
(f ◦ z)

√
adξ1 dξ2 =

∫
ω
f
√
a dξ1 dξ2

where f = f ◦ z is written if the context is clear.
In addition, Sobolev spaces on the midsurface S can be defined:

Definition 2.12 (Sobolev space on the midsurface, [Heb96, p. 10]). The Sobolev
space W k,p(S) on the midsurface S is given by

W k,p(S) := {f : S → R | f ◦ z ∈W k,p(ω)}

and the usual abbreviations Lp(S) := W 0,p(S) and Hk(S) := W k,2(S) apply.
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Figure 2.1.: Example of a shell body with varying thickness based on a cylindrical
midsurface

Modeling of the shell body

Now that the midsurface S is modeled, the thickness τ : S → R>0 of the shell can
be introduced. As for the midsurface parametrization z, the smoothness of τ is
discussed in Subsection 2.2.6. When the context is clear, τ(ξ1, ξ2) will be written as
a short notation for (τ ◦ z)(ξ1, ξ2). Next, the parameter domain

Ω(τ) :=

{
(ξ1, ξ2, ξ3) ∈ R3 | (ξ1, ξ2) ∈ ω, ξ3 ∈

(
−τ(ξ1, ξ2)

2
,
τ(ξ1, ξ2)

2

)}
(2.2.2)

depending on the thickness τ is introduced. The ξ3-direction shall be the “thin”
dimension, allowing to work in the context of shells. Now the mapping

Z(τ) : Ω(τ) → R3, Z(τ)(ξ
1, ξ2, ξ3) = z(ξ1, ξ2) + ξ3a3(ξ1, ξ2) (2.2.3)

can be defined. Note that Z(τ) depends on τ only via its domain, so this index on Z
will be omitted in further text. The shell body is defined by

B(τ) = Z(Ω(τ)),

see for example Figure 2.1.
Once again, some geometrical quantities are derived – this time for the three-

dimensional shell body B(τ). First, a local covariant basis

gα(ξ1, ξ2, ξ3) =
∂Z(ξ1, ξ2, ξ3)

∂ξα
= aα(ξ1, ξ2) + ξ3 ∂a3

∂ξα
, α = 1, 2

g3(ξ1, ξ2, ξ3) = a3(ξ1, ξ2)

(2.2.4)
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is defined. These three vectors are linear independent as long as

τ(ξ1, ξ2) < 2
∣∣Rmin(ξ1, ξ2)

∣∣ , (2.2.5)

where Rmin(ξ1, ξ2) is the radius of curvature of smallest modulus of the midsurface
S at z(ξ1, ξ2) ([CB03, p. 37]). In the cylindrical case it is always Rmin = const.
Remember that the ξ3-direction bounded by τ shall be the thin dimension allowing
to speak from B(τ) as a shell, so in general it will even be τ(ξ1, ξ2)� 2

∣∣Rmin(ξ1, ξ2)
∣∣.

The corresponding contravariant basis vectors g1, g2 and g3 are uniquely defined by
the equations

gi · gj = δij , i, j = 1, 2, 3.

Next, the metric tensor is introduced which is the three-dimensional counterpart to
the first fundamental form.

Definition 2.13 (Metric tensor, [CB03, p. 11]). Let B(τ) be the shell body with
local covariant and contravariant basis vectors gi and gi, i = 1, 2, 3, resp. Then the
second order tensor given by

g =

3∑
i,j=1

(gi · gj)gi ⊗ gj =

3∑
i,j=1

gijg
i ⊗ gj

=
3∑

i,j=1

(gi · gj)gi ⊗ gj =
3∑

i,j=1

gijgi ⊗ gj

is called metric tensor.

Note that the matrix of contravariant components, (gij)i,j=1,2,3 is actually the
inverse of the matrix of covariant components (gij)i,j=1,2,3. In particular, the relations

g33 = 1, gα3 = g3α = 0, α = 1, 2

hold.
With help of the metric tensor, the integral over the shell body B(τ) can be

rewritten. Let g be the metric tensor of the shell body B(τ) with covariant-covariant
components gij , i, j = 1, 2, 3. Then, according to [CB03, p. 17]

g := |g1 · (g2 × g3)|2 = det(gij) (2.2.6)

is defined and for a function f : B(τ) → R it holds∫
B(τ)

f dV :=

∫
Ω(τ)

(f ◦ Z)
√
g dξ1 dξ2 dξ3 =

∫
Ω(τ)

f
√
g dξ1 dξ2 dξ3,

where f = f ◦ Z is written if the context is clear.

Remark 2.1 (Calculation of g, [CB03, p. 36]). For the quantity g appearing in the
volume element it holds

g = a
(
1− 2Hξ3 +K(ξ3)2

)2
. (2.2.7)
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Cylindrical case

Now, a closer look into the case of a cylindrical shell is taken. Due to the parabolic
character of this surface many of the above geometrical quantities vanish or take a
simple form. Start with the parameter domain

ω = (0, l)× (ϕa, ϕb) l > 0, 0 ≤ ϕa < ϕb < 2π (2.2.8)

and the mapping z : ω → R3

z(x, ϕ) =

 x
R cos(ϕ)
R sin(ϕ)

 , (2.2.9)

where R ∈ R, R > 0 is the radius of the midsurface. Note that the naming of the
coordinates changed in order to reflect a length-coordinate x and an angle-coordinate
ϕ. The local co- and contravariant basis vectors are given by

a1(x, ϕ) = a1(x, ϕ) =

1
0
0

 , a2(x, ϕ) = R

 0
− sin(ϕ)
cos(ϕ)

 , a2(x, ϕ) =
1

R

 0
− sin(ϕ)
cos(ϕ)

 ,

as well as an orthonormal vector

a3(x, ϕ) =

 0
cos(ϕ)
sin(ϕ)

 .

The three fundamental forms also take a quite simple form, the covariant-covariant
coordinates aαβ, bαβ, cαβ and the covariant-contravariant coordinates bβα are given
by

(aαβ) =

(
1 0
0 R2

)
, (bαβ) =

(
0 0
0 −R

)
, (bβα) =

(
0 0
0 − 1

R

)
, (cαβ) =

(
0 0
0 1

)
.

From the second fundamental form, it can also be seen that the two main curvatures
are constant in every point, in particular

κ1 = 0 κ2 = − 1

R
,

and that the mean and Gaussian curvatures are

H = − 1

2R
, K = 0,

resp. All the Christoffel symbols vanish, i.e. Γλαβ = 0, α, β, λ = 1, 2 and so the
covariant derivative of u = u1a

1 + u2a
2 simplifies to

∇u =
2∑

α,β=1

uβ|αa
α ⊗ aβ, uβ|α =

∂uβ
∂ξα

.



18 2. Modeling

The determinant of the coordinate matrix of the first fundamental form is given by

a = det(aαβ) = R2,

so the midsurface integral of a function f : S → R reads∫
S
f dS =

∫
ω
fR dx dϕ.

The shell body B(τ) is parametrized using the domain Ω(τ) from (2.2.2) and the
mapping

Z(x, ϕ, h) =

 x
(R+ h) cosϕ
(R+ h) sinϕ

 .

The covariant basis vectors for the shell body can be found as

g1(x, ϕ, h) =

1
0
0

 , g2(x, ϕ, h) = (R+ h)

 0
− sinϕ
cosϕ

 , g3(x, ϕ, h) = a3(x, ϕ)

and the contravariant basis vectors as

g1(x, ϕ, h) =

1
0
0

 , g2(x, ϕ, h) =
1

R+ h

 0
− sinϕ
cosϕ

 , g3(x, ϕ, h) = a3(x, ϕ).

(2.2.10)
From this, the covariant-covariant components of the metric tensor are calculated

(gij) =

1 0 0
0 (R+ h)2 0
0 0 1


together with its determinant g = (R+ h)2.

2.2.2. Kinematic modeling

Now that there is a geometric concept of what a body called shell should be, the focus
is back on continuum mechanics to model deformations of such bodies. Remember
the initial configuration B(τ) = Z(Ω(τ)) and introduce a displacement U : B(τ) → R3.
As for the thickness τ , U(ξ1, ξ2, ξ3) := U ◦Z(ξ1, ξ2, ξ3) will be written. The deformed
configuration is then given by (Z + U)(Ω(τ)). Note that the starting point is from
general three dimensional continuum mechanics, in particular the displacement U
can depend nonlinearly on all three coordinates which would lead to expensive
numerical calculations later on.
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Displacement ansatz and strain tensor

In the context of shells, kinematic assumptions are posed on the displacement in
order to simplify further calculations. A well-known set of such examples are the
Reissner-Mindlin kinematic assumptions. These state that normals to the midsurface
remain straight and unstretched during deformation ([CB03, p. 81]). More precise,
the term “straight” means that the points on a line segment normal to midsurface in
point z(ξ1, ξ2), i.e. the points contained in

L(ξ1,ξ2) :=

{
z(ξ1, ξ2) + ξ3a3(ξ1, ξ2) | ξ3 ∈

(
−τ(ξ1, ξ2)

2
,
τ(ξ1, ξ2)

2

)}
will still be contained in a straight line after deformation, i.e.

L+ U(L) = {z(ξ̃1, ξ̃2) + ξ̃3v | v ∈ R3, ξ̃3 ∈ (a, b), a, b ∈ R, a < b}.

The term “unstretched” means that the displacement at point z(ξ1, ξ2) in direction
a3(ξ1, ξ2) is independent of the ξ3-coordinate. Note that “unstretched” in this context
does not mean that the line segments L and U(L) have the same length, i.e. in
general

(b− a) ‖v‖ 6= τ(ξ1, ξ2).

By applying these assumptions, the displacement U can be written in the simpler
form

U(ξ1, ξ2, ξ3) = u(ξ1, ξ2) + ξ3θ(ξ1, ξ2). (2.2.11)

Here, u = u1a
1 + u2a

2 + u3a
3 describes a translational displacement of all points

contained in the line segment L(ξ1,ξ2). It can be decomposed into a first order tensor
field on the midsurface, u(·) : S → T(·)S and the real-valued function u3 : S → R, i.e.
u = (u, u3). The first order tensor field θ = θ1a

1 + θ2a
2 describes a field of rotational

vectors and the line segment L(ξ1,ξ2) is subject to a rotation along θ(ξ1, ξ2) in a
linearized sense. Because the object of interest is a shell, ξ3 varies only between very
tight bounds in comparison to the other coordinates and the linearization of the
actual rotational displacement is justified.

By using the Reissner-Mindlin assumptions, the general three dimensional displace-
ment U is decomposed into a translational component u and a rotational component
θ both only depending on the two coordinates parametrizing the midsurface, i.e. the
identification U = (u, θ) = (u, u3, θ) is made. This is very advantageous for later
numerical calculations and reflects the shell characteristics of B(τ).
Next, the linearized three dimensional strain tensor e is introduced (see Defini-

tion 2.7) whose covariant-covariant components are given by

eij =
1

2

(
gi ·

∂U

∂ξj
+ gj ·

∂U

∂ξi

)
, i, j = 1, 2, 3.

To underline the dependence of the strain tensor on the displacement, the notation
eij = eij(U) = eij(u, θ) is introduced. A direct calculation using the displacement
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ansatz (2.2.11) (see [CB03, p. 83]) leads to the components

eαβ(u, θ) = γαβ(u) + ξ3χαβ(u, θ)− (ξ3)2καβ(θ), α, β = 1, 2 (2.2.12a)
eα3(u, θ) = ζα(u, θ), α = 1, 2 (2.2.12b)
e33(u, θ) = 0. (2.2.12c)

Here, four new first order midsurface tensor fields appear, where three of them have
a specific physical meaning. The first one is the ξ3-independent part of eαβ ,

γαβ(u) =
1

2

(
uα|β + uβ|α

)
− bαβu3,

which corresponds to the membrane strain.
The second one can be found in the ξ3-linear part of eαβ ,

χαβ(u, θ) =
1

2

(
θα|β + θβ|α −

2∑
λ=1

bλβuλ|α −
2∑

λ=1

bλαuλ|β

)
+ cαβu3,

which reflects the bending strain.
The third one appears in eα3,

ζα(u, θ) =
1

2

(
θα +

∂u3

∂ξα
+ b1αu1 + b2αu2

)
, (2.2.13)

and stands for the shear strain.
The fourth tensor represents the part of eαβ quadratic in ξ3,

καβ(θ) =
1

2

(
b1βθ1|α + b2βθ2|α + b1αθ1|β + b2αθ2|β

)
. (2.2.14)

Additionally, note that the normal strain e33 always equals zero.

Cylindrical case

In the case of a cylindrical shell with the midsurface S given by (2.2.8) and (2.2.9),
the expressions for the tensors (strains) appearing in (2.2.12) can be calculated
explicitly. For symmetry reasons, only the (·)11, (·)22 and (·)12 components are
stated and rearranged in Voigt-notation, see Section A.2. Using the results for the
components of the three fundamental forms and the covariant derivative in the
cylindrical case, it is

γ :=

 γ11

γ22√
2γ12

 =



∂u1

∂x

∂u2

∂ϕ
+Ru3

√
2

2

(
∂u1

∂ϕ
+
∂u2

∂x

)


(2.2.15)
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χ :=

 χ11

χ22√
2χ12

 =



∂θ1

∂x

∂θ2

∂ϕ
+

1

R

∂u2

∂ϕ
+ u3

√
2

2

(
∂θ1

∂ϕ
+
∂θ2

∂x
+

1

R

∂u2

∂x

)



ζ :=

(
ζ1

ζ2

)
=


1

2

(
θ1 +

∂u3

∂x

)
1

2

(
θ2 +

∂u3

∂ϕ
− 1

R
u2

)


κ :=

 κ11

κ22√
2κ12

 =


0

− 1

R

∂θ2

∂ϕ

−
√

2

2R

∂θ2

∂x

 .

(2.2.15 cont.)

2.2.3. Stress tensor

The relation between stress and strain tensor is given via constitutive equations, see
Subsection 2.1.2. In linear elasticity, this relation is a linear one known as Hooke’s
law

σ = Le, (2.2.16)

where L is called elasticity tensor. In general, there are 21 independent components.
In view of isotropic materials where no direction is distinguished, this number reduces
to two, and the covariant components of L are

Lijkl = L̃1g
ijgkl + L̃2(gikgjl + gilgjk), i, j, k, l = 1, 2, 3. (2.2.17)

The numbers L̃1, L̃2 are called Lamé constants.
For the stress tensor σ another simplification suitable for shells is made ([CB03, p.

87]): The normal stress σ33 is neglectable, so let

σ33 = 0. (2.2.18)

By exploiting this additional assumption, the components of σ can be decomposed
into

σαβ =

2∑
λ,µ=1

Cαβλµeλµ, α, β = 1, 2

σα3 =

2∑
λ=1

1

2
Dαλeλ3, α = 1, 2

(2.2.19)
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where the tensors C and D are given by

Cαβλµ =
E

2(1 + ν)

(
gαλgβµ + gαµgβλ +

2ν

1− ν
gαβgλµ

)
, α, β, λ, µ = 1, 2

Dαλ =
2E

1 + ν
gαλ, α, λ = 1, 2.

(2.2.20)
The numbers

L1 =
Eν

(1 + ν)(1− ν)
, L2 =

E

2(1 + ν)

are called Lamé constants of plane stress and can be calculated from the measurable
quantities Young’s modulus E and Poisson’s ratio ν.

Remark 2.2 ([CB03, p. 88]). The vanishing normal stress assumption is not without
contradiction in this case. Using (2.2.16) together with (2.2.17) leads to

0 = σ33 =
3∑

k,l=1

L̃1g33gkl + L̃2(g3kgj3 + g3lg3k)ekl

⇔ e33 = − L̃1

L̃1 + 2L̃2

2∑
α,β=1

gαβeαβ,

which is 6= 0 in general. This is in contradiction to the vanishing normal strain
resulting from (2.2.12c). However, the component e33 will not be present in the later
stated equilibrium formulation (2.2.25).

Cylindrical case

In order to represent the fourth order tensors C and D in a convenient way for later
calculations, their components are rearranged in a special matrix notation (see Voigt
Notation, Section A.2). For the cylindrical shell with the basis defined in (2.2.10),
this reads

C :=


C1111 C1122

√
2C1112

C1122 C2222
√

2C2212

√
2C1112

√
2C2212 2C1212

 =


L1 + 2L2

L1

(R+ h)2
0

L1

(R+ h)2

L1 + 2L2

(R+ h)4
0

0 0
2L2

(R+ h)2

 ,

D :=

(
D11 D12

D12 D22

)
=

4L2 0

0
4L2

(R+ h)2

 .

(2.2.21)
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2.2.4. Steady-state equilibrium conditions

The next thing to discuss are the equilibrium conditions. First, the focus is on the
steady-state case. In Section 2.1 they were derived in weak form as (see (2.1.9))∫

B
σ(U) : e(V ) dV =

∫
B
ρb · V dV (2.2.22)

for all suitable test functions V : B → R3. Note that the missing boundary integral
term implicitly imposes boundary conditions on U and/or V . At first, the proper
displacement space for the test functions is discussed.

Displacement space

In the displacement ansatz (2.2.11) the general displacement U : B(τ) → R3 was
decomposed into a translational part u : S → R3 and a rotational part θ : S → R3,
where θ was a first order midsurface tensor, i.e. θ(ξ1, ξ2) ∈ T(ξ1,ξ2)S. Furthermore,
u can be written as a sum of a first order midsurface tensor u = u1a

1 + u2a
2 and

u3a
3. For the integral arising in the weak formulation of the steady-state equation

(2.2.22) to be well-defined, all components have to be equipped with H1-regularity.
A suitable choice of the displacement space is

V := {(v, η) | v = (v1, v2, v3) = (v, v3) ∈ H1(S)2 ×H1(S), η ∈ H1(S)2} ∩ BC,
(2.2.23)

where BC introduces proper boundary conditions.
Two types of boundary conditions are investigated here: First, the hardclamped

conditions. Here, the body is clamped over the whole boundary, so that neither
translational nor rotational displacements are possible. Suitable for this situation is
the space

VHC := {(v, ψ) | v = (v, v3) ∈ H1
0 (S)2 ×H1

0 (S), ψ ∈ H1
0 (S)2}.

Second, there are softclamped (or simply supported) conditions. In this case, the
edges of the body are supported, but not clamped. This means, that translational
displacements are not possible, but rotational ones are. The proper space in this
case is

VSC := {(v, η) | v = (v, v3) ∈ H1
0 (S)2 ×H1

0 (S), η ∈ H1(S)2}. (2.2.24)

Boundary conditions for θ are implicitly imposed by the vanishing boundary integral
term in the equilibrium equation (2.2.22) (in contrast to (2.1.9)).
Unless otherwise stated, the identification V := VSC is given in further work.

Variational formulation

For the cylindrical test problems, the incoming force is applied directly to the
midsurface in transverse direction. Moreover, the density ρ is taken constant (homo-
geneous material) and the force density is taken per unit area. The left-hand-side of
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(2.2.22) is thus replaced by ∫
S
fv3 dS.

Now, the variational problem can be stated in the steady-state case: Let a force
density f ∈ L2(S) be given. Then, find (u, θ) ∈ V such that∫

B(τ)

σ(u, θ) : e(v, ψ) dV =

∫
S
fv3 dS

for all (v, ψ) ∈ V. Let ε be the second order tensor with components εαβ := eαβ,
α, β = 1, 2 and ζ be the tensor given in (2.2.13). With equation (2.2.19) the
left-hand-side becomes∫

B(τ)

σ(u, θ) : e(v, ψ) dV =

∫
B(τ)

(Cε(u, θ)) : ε(v, ψ) + (Dζ(u, θ)) : ζ(v, ψ) dV.

This model, consisting of the variational problem: Find (u, θ) ∈ V such that∫
B(τ)

(Cε(u, θ)) : ε(v, ψ) + (Dζ(u, θ)) : ζ(v, ψ) dV =

∫
S
fv3 dS ∀ (v, ψ) ∈ V,

(2.2.25)
is introduced as the basic shell model in [CB03, p. 87f] and is the underlying model
in further work.
Using Voigt notation and the representations as in (2.2.15), (2.2.21) and

ε(u, θ) :=

 e11(u, θ)
e22(u, θ)√
2e12(u, θ)

 ,

the integrand can be expressed as matrix-vector multiplication in the convenient
form ∫

B(τ)

σ(u, θ) : e(v, ψ) dV =

∫
B(τ)

εT (u, θ)Cε(v, ψ) + ζ(u, θ)TDζ(v, ψ) dV,

which is very useful for later numerical calculations.

2.2.5. Comparison with other shell models

The basic shell model introduced above is a quite general model in linear elastic-
ity theory of shells. The key simplifications in comparison to the general three
dimensional model (2.1.10) for isotropic homogeneous materials include

1. Kinematical ansatz (2.2.11),

2. Vanishing normal stress assumption (2.2.18).

Now, further simplifications can be made and lead to well-known shell models
investigated in detail. The following survey is aligned to the books by Chapelle and
Bathe ([CB03]) and Ciarlet ([Cia00]) and includes additional approaches by Nestler
([Nes10a]) and Lellep ([Lel12]).
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Naghdi model In the Naghdi shell model [Nag63; Nag72] the components of the
elasticity tensor are replaced by their restrictions to the midsurface, i.e. they are
assumed to be constant along the “thin” dimension of the shell. The same is done
with g appearing in dV . Moreover, the part of the strain tensor given by κ (see
(2.2.14)) is neglected. Then the integration in (2.2.25) with respect to the thickness
direction can be carried out explicitly, leading to the simplified left-hand-side ([CB03,
p.89])∫
S
τ(C

∣∣
ξ3=0

γ(u)) : γ(v)+
τ3

12
(C
∣∣
ξ3=0

χ(u, θ)) : χ(v, ψ)+τ(D
∣∣
ξ3=0

ζ(u, θ)) : ζ(v, ψ) dS

with the tensors γ, χ and ζ as in (2.2.12). Note that this model still includes
membrane, bending and shear strain. A formulation as a classical boundary value
problem can be found in [Cia00, p. 365].
The corresponding plate model for a midsurface with zero (mean and Gaussian)

curvature is known as the Reissner-Mindlin model. In this case, the Reissner-Mindlin
model and the basic shell model are equivalent ([CB03, p.94]).

Koiter model The Koiter shell model [Koi66] goes one step further: A stronger
kinematical assumption is made, such that the shear strain ζ from (2.2.13) vanishes.
This introduces a relation between the translational and the rotational part of the
displacement. This additional assumption is called Kirchhoff-Love assumption and
the geometrical interpretation says, that normals to the midsurface remain straight
and normal to the midsurface during deformation. Inserting the relation between u
and θ into the bending strain tensor χ leads to χ̃(u) := −χ(u, θ(u)) with

χ̃αβ(u) = u3|αβ +

2∑
µ=1

bµα|βuµ +

2∑
µ=1

bµαuµ|β +

2∑
µ=1

bµβuµ|α − cαβu3

and yields the left-hand-side∫
S
τ(C

∣∣
ξ3=0

γ(u)) : γ(v) +
τ3

12
(C
∣∣
ξ3=0

χ̃(u)) : χ̃(v) dS (2.2.26)

and the variational problem only depends on the translational displacements u and
v. A boundary value problem formulation can be found in [Cia00, p. 338].
The corresponding plate model is known as the Kirchhoff-Love model. It is

suggested to use the Koiter model only in case of very thin shells, while the Naghdi
model is also suited for moderate thick shells ([Cia00, p. 362]).

Model from Tartu University The model for cylindrical shells communicated by
Jaan Lellep from the Mechanic Department of the University of Tartu (Estonia)
([Lel12]) was the first one the author got in contact with. It can also be found
in a book by Vinson ([Vin89, p. 121]). This model contains the application of
elasticity theory for shells with a cylindrical midsurface. Starting from general three
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dimensional elasticity, the Kirchhoff-Love displacement ansatz is employed together
with the vanishing normal stress assumption. Unlike in the Naghdi and Koiter model
explained above, where only the components of the elasticity tensor and the metric
tensor were assumed to be constant through the thickness, here also the basis vectors
gi, i = 1, 2, 3 are approximated to 0-th order, i.e. gi = ai, which is actually more
related to plate models. In particular, this affects the covariant differentiation while
deriving the strain tensor. This leads to slightly different equations in comparison
to the Koiter model (which apart from the 0-th order approximation of the basis
vectors consists of the same assumptions). To be precise, the following terms are
different concerning the individual parts of the strain tensor (2.2.12):

• In χαβ the part

1

2

(
−

2∑
λ=1

bλβuλ|α −
2∑

λ=1

bλαuλ|β

)
+ cαβu3

is missing and

• the tensor κ is missing completely.

While the second point has no influence because κ is neglected in the Koiter model
anyway, the first point influences χ̃, which is in the Tartu model given by

χ̃αβ(u) = u3|αβ +
2∑

µ=1

bµα|βuµ +
1

2

 2∑
µ=1

bµαuµ|β +
2∑

µ=1

bµβuµ|α

 .

The missing part containing c as well as the half weighted part with b carries
information about the curvature of the midsurface, which is an important property
of the shell. Hence, the difference between the Koiter and Tartu model can become
relevant in certain cases. In the particular application to a cylindrical midsurface,
this reveals in the influence on χ̃12 and χ̃22; compare

χ̃12(u) = ∂xϕu3 −
1

R
∂xu2

χ̃22(u) = ∂ϕϕu3 −
2

R
∂ϕu2 − u3

from the Koiter model to

χ̃12(u) = ∂xϕu3 −
1

2R
∂xu2

χ̃22(u) = ∂ϕϕu3 −
1

R
∂ϕu2

from the Tartu model. The comparison of results for these two different models is not
part of this work because the basic shell model (without such kind of simplifications)
was chosen anyway.
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Further models The Koiter model can be simplified even further: Depending on the
geometry of the midsurface and the boundary conditions, for a very small thickness
in (2.2.26) either the part linear in τ or the part cubic in τ becomes dominant. Hence
the respective other part is neglected in the integral. This is known as the membrane
model (in case the part consisting of the membrane strain γ becomes dominant) or
the flexural model (in case the part with the bending strain χ dominates).

Another option, this time not simplifying the model but making it more complex,
is a higher order approximation in the kinematic ansatz (2.2.11). In the basic shell
model, only a first order expansion is present. Higher order expansion are needed
when large deformations transverse to the midsurface are expected [CB03, p. 97].

When considering a related problem about cylindrical shells, Nestler ([Nes10a;
Nes12]) combined the Kirchhoff-Love assumption with an expansion of the integrand
in (2.2.25) up to the second order and then carried out the integration in thickness
direction explicitly.

To summarize, the underlying model is settled between well-known and extensively
investigated classical shell models and full three dimensional elasticity models. The
only two assumptions made, namely the Reissner-Mindlin kinematic ansatz together
with the vanishing normal stress assumption, allow for a displacement space which
consists of functions defined on the midsurface and for a decomposition of the
elasticity tensor which considerably simplifies the numerical calculations. On the
other hand, generality is kept by not simplifying the models further like in Naghdi
or Koiter models. Moreover, the basic shell model has indeed been investigated in
detail in [CB03] with respect to mathematical analysis of the equation itself, but not
much has been done in relation to thickness optimization, which is the goal of this
work. In addition, a dynamic (time-dependent) formulation of (2.2.25) has not been
introduced nor investigated in [CB03] and little can be found in other literature.
Hence, the basic shell model is a well suited object for investigation in this work.

2.2.6. Smoothness of midsurface and thickness

Up to this point, nothing has been said about the regularity assumptions to be put
on the midsurface parametrization z and the thickness τ . The derivatives appearing
in the fundamental forms from Definition 2.10 shall be considered as weak derivatives,
hence in the strain tensor e (2.2.12) as well as in the three-dimensional basis vectors
gi, gi (2.2.4) and in the determinant of the metric tensor g (2.2.7) second weak
derivatives of z appear. So for the integral in the variational equation (2.2.25) to
be well-defined the assumption z ∈W 2,∞(ω) in conjunction with the displacement
space V is needed. From now on, this assumption shall hold if not mentioned
otherwise. Note that this implicates z ∈ C1(ω) by the Sobolev embedding theorem
(see Theorem A.3), and because of the injectivity of z : ω → S the parametrization is
even a diffeomorphism. Further, it is remarked that this regularity is also sufficient
for the Naghdi model. In contrast, the Koiter model involves third weak derivatives,
hence z ∈W 3,∞(ω) is needed. However, for both the Koiter and the Naghdi model
reformulations exist, where only z ∈W 2,∞(ω) ([BL99; BL01]) or even z ∈W 1,∞(ω)
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([Tam14]) is needed. These are known as models for shells with little regularity.
In the following paragraph τ ◦z and τ are distinguished explicitly to avoid confusion.

The discussion of the thickness regularity has two facets: For the integral in (2.2.25)
to be well-defined it is enough to have τ ◦ z ∈ L∞(ω). This assumption is also
made in [Nes12]. Nevertheless, the derivation of the model started from full three
dimensional elasticity and included the application of the divergence theorem in
(2.1.7) and Green’s formula for second order tensors in (2.1.9) on the shell body
B(τ), which has to have a Lipschitz boundary then, see Theorem A.2. The upper
boundary of B(τ) is given by

∂B(τ),upper =

{
z(ξ1, ξ2) +

τ ◦ z(ξ1, ξ2)

2
| (ξ1, ξ2) ∈ ω

}
,

hence τ ◦ z has to be Lipschitz-continuous itself. The condition τ ◦ z ∈ C0,1(ω) is
equivalent to τ ◦ z ∈W 1,∞(ω), as long as ω is (quasi-)convex (see [Hei05, Thm. 4.1]
or [EG15, Thm. 4.5] for a local version). So to stay in the context of Sobolev spaces,
the latter regularity assumptions are chosen for τ ◦ z and ω and apply in further
text if not stated otherwise. This is also equivalent to τ ∈W 1,∞(S). However, it is
interesting to note that the results from Section 3.1 and Chapter 4 stay valid also
for τ ∈ L∞(S). Note that the application to the cylindrical case indeed allows for a
convex ω (see (2.2.8)).

2.2.7. Dynamic equations

In Subsection 2.2.4 steady-state equilibrium conditions were introduced. Another
interesting subject is to view the deformation as a time-dependent process. Moreover,
this enables the model to account for time-dependent loads as well as an initial
momentum. The time-dependent basic shell model is derived from scratch in this
work because it could not be found in available literature.

In contrast to the steady-state equations, the displacement U is equipped with
an additional time parameter, i.e. U = U(ξ1, ξ2, ξ3; t). The same is done with
the translational and rotational parts evolving from the kinematic ansatz (2.2.11),
u = u(ξ1, ξ2; t) and θ = θ(ξ1, ξ2; t). The starting point will be the equation of motion
from general three dimensional elasticity (2.1.8b),

−div σ(U(t)) + ρÜ(t) = ρb(t) in B(τ) for all t ∈ [0, T ].

First, a weak formulation is derived. Let t ∈ [0, T ] be fixed, multiply by a (time-
independent) displacement V from a suitable test space and integrate over B(τ).
Then the equation reads∫

B(τ)

ρÜ(t) · V dV︸ ︷︷ ︸
(a)

−
∫
B(τ)

div σ(U(t)) · V dV︸ ︷︷ ︸
(b)

=

∫
B(τ)

ρb(t) · V dV︸ ︷︷ ︸
(c)

.
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Now, inserting the (time-dependent) displacement ansatz (2.2.11),

U(ξ1, ξ2, ξ3; t) = u(ξ1, ξ2; t) + ξ3θ(ξ1, ξ2; t),

applying the vanishing normal stress assumption and considering a transverse force
acting on the midsurface, the parts (b) and (c) can be transformed like in the
steady-state case and result in the variational equation of the basic shell model
(2.2.25),∫

B(τ)

(Cε(u(t), θ(t))) : ε(v, ψ) + (Dζ(u(t), θ(t))) : ζ(v, ψ) dV =

∫
S
f(t)v3 dS.

The term labeled (a) is of greater interest: Inserting the displacement ansatz
(2.2.11) leads to ∫

B(τ)

ρ∂2
t

(
u(t) + ξ3θ(t)

)
· (v + ξ3ψ) dV

where ∂2
t is written for the second time-derivative to enhance readability. Let the

density ρ be constant through the body from now on. Expanding the scalar product
and carrying out the integration with respect to ξ3 gives∫

B(τ)

ρÜ(t) · V dV = ρ

∫
Ω(τ)

∂2
t

(
u(t) + ξ3θ(t)

)
·
(
v + ξ3ψ

)√
g dξ3 dξ2 dξ1

=

∫
ω
ρ

∫ τ/2

−τ/2

[(
ü(t) + ξ3θ̈(t)

)
· v +

(
ü(t) + ξ3θ̈(t)

)
·
(
ξ3ψ

)]
√
a
(
1− 2ξ3H +K(ξ3)2

)
dξ3 dξ2 dξ1

=

∫
ω

[(
Φ1(τ)ü(t) + Φ2(τ)θ̈(t)

)
· v +

(
Φ2(τ)ü(t) + Φ3(τ)θ̈(t)

)
· ψ
]√

adξ2 dξ1

=

∫
S

[(
Φ1(τ)ü(t) + Φ2(τ)θ̈(t)

)
· v +

(
Φ2(τ)ü(t) + Φ3(τ)θ̈(t)

)
· ψ
]

dS,

where the operators Φi : L∞(S)→ L∞(S) are defined as follows

Φ1(τ) = ρτ + ρK
τ3

12
, Φ2(τ) = −2ρH

τ3

12
, Φ3(τ) = ρ

τ3

12
+ ρK

τ5

80
.

The actual state equation will be stated and discussed later (see Subsection 4.1.1,
equation (4.1.5)). The displacements and their derivatives will be understood as
vector-valued functions and the equation will be viewed in a setting of a Gelfand
triple (or rigged Hilbert space). For now, it shall be enough to state the resulting
equation without deeper discussion of the proper function spaces and initial values:
Let a time-dependent force density f be given. Then, find (u, θ) such that∫

S

[(
Φ1(τ)ü(t) + Φ2(τ)θ̈(t)

)
· v +

(
Φ2(τ)ü(t) + Φ3(τ)θ̈(t)

)
· ψ
]

dS+∫
B(τ)

(Cε(u(t), θ(t))) : ε(v, ψ) + (Dζ(u(t), θ(t))) : ζ(v, ψ) dV =

∫
S
f(t)v3 dS

(2.2.27)
for all (v, ψ) ∈ V, t ∈ [0, T ].
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2.2.8. Summary

In this section the steady-state as well as the dynamic equations to describe the
deformation of a shell under load were introduced. The derivation of the steady-state
equation was oriented on the book by Chapelle and Bathe ([CB03]), where the basic
shell model was chosen from. This model unites the advantage of having the unknown
displacements as functions defined on the midsurface only, while staying as close as
possible to three dimensional linear elasticity. In fact, only the Reissner-Mindlin
displacement ansatz (2.2.11) and the vanishing normal stress assumption were used
to simplify the full three dimensional equation (2.1.9) from Section 2.1. Then the
model equations were applied to the specific cylindrical case.
The basic shell model was comparatively rated to other well-known shell models

(Naghdi, Koiter) as well as to the model from Tartu University.
In the following the corresponding dynamic equation was derived starting from

three dimensional linear elasticity, only using the Reissner-Mindlin displacement
ansatz and the vanishing normal stress assumption. To summarize, both state
equations are stated once again at this point:

Steady-state equation Let a force density f ∈ L2(S) be given. Then, find (u, θ) ∈
V such that∫
B(τ)

(Cε(u, θ)) : ε(v, ψ) + (Dζ(u, θ)) : ζ(v, ψ) dV =

∫
S
fv3 dS f.a. (v, ψ) ∈ V,

(2.2.28)
where V := {(v, η) | v = (v, v3) ∈ H1

0 (S)2 ×H1
0 (S), η ∈ H1(S)2} (see (2.2.25)).

Dynamic equation Let a (time-dependent) force density f be given. Then, find
(u, θ) such that∫

S

[(
Φ1(τ)ü(t) + Φ2(τ)θ̈(t)

)
· v +

(
Φ2(τ)ü(t) + Φ3(τ)θ̈(t)

)
· ψ
]

dS+∫
B(τ)

(Cε(u(t), θ(t))) : ε(v, ψ) + (Dζ(u(t), θ(t))) : ζ(v, ψ) dV =

∫
S
f(t)v3 dS

(2.2.29)
for all (v, ψ) ∈ V, t ∈ [0, T ] (see (2.2.27)), where

Φ1(τ) = ρτ + ρK
τ3

12
, Φ2(τ) = −2ρH

τ3

12
, Φ3(τ) = ρ

τ3

12
+ ρK

τ5

80

and the proper displacement space is discussed in Subsection 4.1.1.
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2.3. Optimization problem

After discussing and choosing a proper shell model, now the optimization problem
is introduced. At this point only the steady-state problem is stated, because the
dynamic state equation is fully discussed later and both problems share the same
structure.
The object of investigation is a loaded shell. The aim is to minimize the corre-

sponding displacement (according to the shell model (2.2.28)). This minimization
can be done subject to various objectives:

• Square-norm of the displacement
1

2
‖(u, θ)‖2 (where a suitable norm must be

chosen, e.g. ‖·‖V , or L2(S)-norms)

• Compliance, where the displacement is weighted with the incoming force, and

the objective matches the right-hand-side of the state equations, i.e.
∫
S
u3f dS

• u3-component of the displacement integrated over the midsurface, i.e.
∫
S
u3 dS,

as done in [Nes10a]

• Maximum of the u3-component (if it exists), as proposed by Lellep [Lel12]

This itemization is referenced as “Itemization 2.3” in the following. Proposal four
suffers from missing differentiability and needs additional regularity assumptions
to be meaningful. The third proposal bears the danger of changing signs, and
misses differentiability if the absolute value is used instead. The first list item is
a commonly used objective in optimal control problems, in which the goal is to
minimize ‖y − yd‖2, where y solves the state equation and yd is a reference state
[Trö10]. However, the second entry in this list is mainly used in shape optimization,
where this work is closest to. Hence, this objective is used as the minimization
subject in later examples. Moreover, an H1(S)-regularization term for the thickness
is added to the objective in order to smoothen the solution.
Some additional limitations have to be taken into account:

• The thickness is bounded from above and below, i.e.

τmin ≤ τ(ξ1, ξ2) ≤ τmax in S.

• The volume of the shell body is prescribed, i.e.∫
B(τ)

dV =

∫
Ω(τ)

√
a
(
1− 2Hξ3 +K(ξ3)2

)
dξ3 dξ2 dξ1

=

∫
ω

(
τ +

Kτ3

12

)√
adξ2 dξ1 =

∫
S

(
τ +

Kτ3

12

)
dS = C.

(2.3.1)
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Now, the steady-state optimization problem can be stated:

min
τ∈W 1,∞(S)

(u,θ)∈V

J(u, θ; τ) :=

∫
S
u3f dS +

λ

2
‖τ‖2H1(S) (2.3.2a)

s.t. :

∫
B(τ)

σ(u, θ) : e(v, ψ) dV =

∫
S
fv3 dS f.a. (v, ψ) ∈ V (2.3.2b)

τmin ≤ τ(ξ1, ξ2) ≤ τmax in S (2.3.2c)∫
S

(
τ +

Kτ3

12

)
dS = C. (2.3.2d)

Another interesting problem formulation was given by Lellep [Lel12]: In a certain
dual way to the above stated problem, the objective is to minimize the volume
of the shell given by (2.3.1) according to the restriction of a prescribed maximal
displacement (see Itemization 2.3, point 4). This introduces state constraints into
the problem formulation which need careful investigation.

Cylindrical case The actual application to the cylindrical case does not change
much of the above stated formulation (2.3.2). Only the volume condition can be
reformulated, because the cylindrical midsurface entails K = 0. Hence, (2.3.2d) can
be simplified to ∫

S
τ dS =

∫
ω
τR dϕdx = C. (2.3.3)



3. Steady-state problem

This chapter is devoted to the analytical discussion of the steady-state optimization
problem. The overall aim is to derive necessary conditions for an optimal solution
of problem (2.3.2). First, the state equation given through the basic shell model
(2.2.25) is investigated in relation to existence and uniqueness of a solution and,
even more important, regarding continuity and differentiability with respect to the
thickness (Theorem 3.3 and 3.4). Followed by this, the results are applied to the
optimization problem, and necessary conditions for an optimal solution in case of a
parabolic midsurface are derived (Theorem 3.6 and 3.7). Some results for this can be
found in the book by Neittaanmäki, Sprekels, and Tiba ([NST06]) for a generalized
Naghdi model. The line of action in the following sections has been inspired by the
control into parameter approach from chapter six of the above book. The content
of this chapter is a new contribution to the field of thickness optimization in linear
elasticity and has been published in [Zie13] and [Zie14].

3.1. Analysis of the state equation

As a reminder, the steady-state equation derived in the previous chapter is stated
again here. It is a variational problem: Let a force density f ∈ L2(S) be given.
Then, find (u, θ) ∈ V such that∫

B(τ)

(Cε(u, θ)) : ε(v, ψ) + (Dζ(u, θ)) : ζ(v, ψ) dV =

∫
S
fv3 dS f.a. (v, ψ) ∈ V,

(3.1.1)
where S is the midsurface of the shell, τ is its thickness, B(τ) is the shell body and
C and D are the parts of the elasticity tensor due to the vanishing normal stress
assumption. The displacement space V contains pairs of translational and rotational
displacements arising from the Reissner-Mindlin kinematical ansatz and ε and ζ
represent the parts of the strain tensor. The colon denotes the inner product in the
space of second order tensors.

3.1.1. Existence and uniqueness of solutions

First, the existence and uniqueness of a solution to the steady-state equation is
discussed. To shorten the notation, for the left-hand-side of (3.1.1)

a(τ)(u, θ; v, ψ) :=

∫
B(τ)

(Cε(u, θ)) : ε(v, ψ) + (Dζ(u, θ)) : ζ(v, ψ) dV

=

∫
B(τ)

σ(u, θ) : e(v, ψ) dV

(3.1.2)

33
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is defined where the subscript (τ) in a(τ) emphasizes the dependence on the thickness
τ . The representation in the first line will be used for the proof of continuity in
Subsection 3.1.2 while the latter form will be used for the investigation of the
differentiability in Subsection 3.1.3 (to shorten the notation). For the right-hand-side

F (v, ψ) :=

∫
S
fv3 dS

is defined. Clearly, a(τ) is a bilinear mapping V × V → R and F is a continuous
linear mapping V → R. In [CB03], the mapping a(τ) has been investigated in detail,
and it holds:

Theorem 3.1 ([CB03, p. 111]). The bilinear mapping a(τ) : V×V → R is continuous,
i.e.

a(τ)(u, θ; v, ψ) ≤ C(τ) ‖(u, θ)‖V ‖(v, ψ)‖V .

Moreover, if the boundary conditions imposed on V from (2.2.23) are such that no
rigid body motion is possible, then a(τ) is also coercive, i.e.

a(τ)(u, θ;u, θ) > c(τ) ‖(u, θ)‖2V .

Proof. See [CB03, pp. 109–113].

Note that both the hardclamped and the softclamped conditions (over the whole
boundary) assure that no rigid body motion is possible. Hence, there is a unique
solution to the state equation:

Theorem 3.2 ([CB03, pp. 113f.]). Let f ∈ L2(S) be given and softclamped
boundary conditions imposed on V. There is a unique solution to the variational
problem: Find (u, θ) in V such that

a(τ)(u, θ; v, ψ) = F (v, ψ) f.a. (v, ψ) ∈ V,

and for the solution it holds

‖(u, θ)‖V ≤ C(τ) ‖f‖L2(S) .

Proof. By use of the Lax-Milgram lemma and the above theorem.

The last theorem gives rise to the definition of the control-to-state operator G,
which maps the thickness to the corresponding solution of (3.1.1). Remember the
overall restriction on τ from (2.2.5), τ(ξ1, ξ2) < 2

∣∣Rmin(ξ1, ξ2)
∣∣, which must be

imposed on the domain of G. However, the constraint (2.3.2c),

τmin ≤ τ(ξ1, ξ2) ≤ τmax in S,

is an even stronger requirement. So, let τmin > 0 and τmax < 2
∣∣Rmin(ξ1, ξ2)

∣∣. Note
the implicit assumption that |Rmin| does not get arbitrarily close to zero. This is
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a reasonable assumption in practice, in particular for the cylindrical case where
Rmin = const.
A suitable domain for G would therefore be the set

Ub := {τ ∈W 1,∞(S) | 0 < τmin ≤ τ(ξ1, ξ2) ≤ τmax < 2
∣∣Rmin(ξ1, ξ2)

∣∣ in S}.
(3.1.3)

Definition 3.1 (Control-to-state operator). The operator G : Ub → V which maps
the thickness τ to the solution (u, θ) of (3.1.1) is called control-to-state operator.

The properties of G are of special interest. In particular, continuity and (Gâteaux-)
differentiability of the operator will be investigated. First, the continuity and
coercivity theorem from above is generalized.

Lemma 3.1. There exist common constants c, C > 0 so that

a(τ)(u, θ;u, θ) ≥ c ‖(u, θ)‖2V ,
a(τ)(u, θ; v, ψ) ≤ C ‖(u, θ)‖V ‖(v, ψ)‖V

holds for all (u, θ), (v, ψ) ∈ V and all τ ∈ Ub with Ub from (3.1.3).

Proof. The proof of Theorem 3.1 (for fixed τ) from [CB03] relies essentially on the
estimations

ĉ(τ)

√
a(ξ1, ξ2) ≤ √g(ξ1, ξ2, ξ3) ≤ Ĉ(τ)

√
a(ξ1, ξ2) ∀ (ξ1, ξ2, ξ3) ∈ Ω(τ)

and

ĉ(τ)

2∑
α,β=1

aαβXαXβ ≤
2∑

α,β=1

gαβXαXβ ≤ Ĉ(τ)

2∑
α,β=1

aαβXαXβ

∀ (ξ1, ξ2, ξ3) ∈ Ω(τ), (X1, X2) ∈ R2.

Those are the only places (beside using the boundedness of τ from above and below)
where a dependence of c(τ) and C(τ) from Theorem 3.1 on the thickness is introduced.
The proof of both statements is based on the compactness of Ω̄(τ) and the continuous
dependence of g and gαβ from ξ3. Indeed, the arguments stay valid if Ω(τ) is replaced
by

Ω(τmax) :=
{

(ξ1, ξ2, ξ3) ∈ R3 | (ξ1, ξ2) ∈ ω, ξ3 ∈
(
−τmax

2
,
τmax

2

)}
,

which has also compact closure. The constants c and C obtained by using Ω(τmax)

for the above statement (independent of τ) are also suitable for all τ ∈ Ub, since
Ω(τ) ⊆ Ω(τmax).

This result also generalizes the dependence of the displacement on the applied
load:

Corollary 3.1. For the solution (u, θ) from (3.1.1) it holds

‖(u, θ)‖V ≤ C ‖f‖L2(S) ∀ τ ∈ Ub

with a constant C > 0 independent of τ .
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3.1.2. Continuous dependence on the thickness

In this subsection the continuity of the control-to-state operator is discussed. In
other words, the continuous dependence of the displacement on the thickness of the
shell is investigated. Some results for this can be found in [CB03] for the basic shell
model and a given thickness profile. Here, the restriction to a thickness profile is not
needed.

The sketch of the subsection will be as follows: First, given a converging thickness
sequence, show that the corresponding sequence of solutions has a weakly convergent
subsequence. Second, prove that the weak limit is solution to the limit thickness.
Third, verify that the convergence is also strong.

Let a sequence τn ∈ Ub with τn → τ̄ ∈ Ub and the set Ub as in (3.1.3) be given.
Denote the sequence of the corresponding solutions to (3.1.1) by (un, θn) := G(τn).

Lemma 3.2. The sequence (un, θn) is bounded.

Proof. From the above Corollary 3.1 and for a fixed load f ∈ L2(S), it holds

‖(un, θn)‖V ≤ C ‖f‖L2(S) =: Ĉ

for all n.

Hence, by use of Theorem A.4 there is a weakly convergent subsequence

(unk , θnk) ⇀ (ū, θ̄). (3.1.4)

This limit is investigated further. For this purpose, a proposition is stated in front
of the next lemma.

Proposition 3.1. The mappings

(u, θ) 7→ Cε(u, θ) and (u, θ) 7→ Dζ(u, θ)

are continuous linear mappings V → L2(B(τmax)).

Proof. The linearity is clear from the definition of εαβ = eαβ, α, β = 1, 2 (see
(2.2.12)) and ζ (see (2.2.13)). Let a sequence (un, θn) → (ū, θ̄) in V be given.
Since the displacement space V is a composition of H1(S)-spaces (see (2.2.23)), all
components of u and θ together with their derivatives converge in L2(S) to the
corresponding parts of ū and θ̄.

Because all components of ε and ζ only contain un, θn and their first derivatives
multiplied by bounded functions, it follows

ε(un, θn)→ ε(ū, θ̄) and ζ(un, θn)→ ζ(ū, θ̄),

both in L2(B(τmax)). The application of the fourth-order tensors C and D does not
destroy the continuity since their components are all bounded functions, so

Cε(un, θn)→ Cε(ū, θ̄) and Dζ(un, θn)→ Dζ(ū, θ̄)

in L2(B(τmax)).
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Lemma 3.3. The weak limit (ū, θ̄) from (3.1.4) is the solution of the steady-state
equation with thickness τ̄ , i.e.

a(τ̄)(ū, θ̄; v, ψ) = F (v, ψ) ∀ (v, ψ) ∈ V.

Proof. First, for τ ∈ Ub rewrite a(τ) in the form

a(τ)(u, θ; v, ψ) :=

∫
B(τmax)

(
(Cε(u, θ)) : ε(v, ψ) + (Dζ(u, θ)) : ζ(v, ψ)

)
χ(τ) dV,

where χ(τ) ∈ L∞(B(τmax)) is given through

χ(τ)(ξ
1, ξ2, ξ3) :=

1, if − τ(ξ1, ξ2)

2
≤ ξ3 ≤ τ(ξ1, ξ2)

2
,

0, else.

In terms of the L2(B(τmax)) inner product this reads

a(τ)(u, θ; v, ψ) =
(
Cε(u, θ), ε(v, ψ)χ(τ)

)
L2(B(τmax))

+
(
Dζ(u, θ), ζ(v, ψ)χ(τ)

)
L2(B(τmax))

where the multiplication of a second-order tensor field with a scalar-valued function
is interpreted in the natural component-wise form.
Again considering the sequence τn, it holds

χ(τn) → χ(τ̄) pointwise,

since for fixed (ξ1, ξ2, ξ3) it is

∣∣χ(τn)(ξ
1, ξ2, ξ3)− χ(τ̄)(ξ

1, ξ2, ξ3)
∣∣ =

1, if
∣∣ξ3
∣∣ between

τn(ξ1, ξ2)

2
and

τ̄(ξ1, ξ2)

2
,

0, else,

and for sufficient big k only the latter case can occur because of τn → τ̄ .
From this it follows (for fixed (v, ψ) ∈ V)

εαβ(v, ψ)χ(τn) → εαβ(v, ψ)χ(τ̄) pointwise

for α, β = 1, 2 and also

ε(v, ψ)χ(τn) → ε(v, ψ)χ(τ̄) strong in L2(B(τmax))

due to the above pointwise convergence and the boundedness of ‖ε(v, ψ)‖L2(B(τmax))
,

assuring that the components of ε(v, ψ) can be used as integrable majorants.
Now, consider the sequence of solutions (unk , θnk) ⇀ (ū, θ̄). The mapping

(u, θ) 7→ Cε(u, θ)
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is a continuous linear operator V → L2(B(τmax)) (see Proposition 3.1) and is therefore
weakly sequentially continuous. So

Cε(unk , θnk) ⇀ Cε(ū, θ̄) in L2(B(τmax)).

Analogously, the convergence

ζ(v, ψ)χ(τn) → ζ(v, ψ)χ(τ̄),

Dζ(unk , θnk) ⇀ Dζ(ū, θ̄),

both in L2(B(τmax)) can be shown. From the weak and strong convergence of its
arguments, it follows that also the inner product converges, i.e.(

Cε(unk , θnk), ε(v, ψ)χ(τnk )

)
→
(
Cε(ū, θ̄), ε(v, ψ)χ(τ̄)

)
,(

Dζ(unk , θnk), ζ(v, ψ)χ(τnk )

)
→
(
Dζ(ū, θ̄), ζ(v, ψ)χ(τ̄)

)
.

Hence it holds for all (v, ψ) ∈ V

F (v, ψ) = a(τnk )(unk , θnk ; v, ψ)→ a(τ̄)(ū, θ̄; v, ψ)

and (ū, θ̄) is the solution to τ̄ .

Remark 3.1. Because of the uniqueness of the state equation solution, every con-
vergent subsequence of (un, θn) converges weakly to the above found (ū, θ̄). So the
whole sequence converges weakly in V, i.e.

(un, θn) ⇀ (ū, θ̄) in V.

Now that the first two steps are done – finding a weakly convergent subsequence
and showing that the weak limit is the solution to the limit thickness – the last step
proofs the strong convergence of the sequence.

Lemma 3.4. The convergence established in Lemma 3.3 and Remark 3.1 is also
strong, i.e. ∥∥(un, θn)− (ū, θ̄)

∥∥
V → 0.

Proof. For every (v, ψ) ∈ V it holds

a(τn) (un, θn; v, ψ) = F (v, ψ),

a(τ̄)(ū, θ̄; v, ψ) = F (v, ψ),

and by subtraction of the equations and insertion of a(τn)(ū, θ̄; v, ψ) it follows

0 = a(τn)(un − ū, θn − θ̄; v, ψ) + a(τn)(ū, θ̄; v, ψ)− a(τ̄)(ū, θ̄; v, ψ). (3.1.5)

The last two terms are of interest now. By inserting (v, ψ) = (un − ū, θn − θ̄) they
get

a(τn)(ū, θ̄;un − ū, θn − θ̄)− a(τ̄)(ū, θ̄;un − ū, θn − θ̄)



3.1. Analysis of the state equation 39

which (also using the symmetry of a(τ)) translates to∫
B(τmax)

(
(Cε(un−ū, θn−θ̄)) : ε(ū, θ̄)+(Dζ(un−ū, θn−θ̄)) : ζ(ū, θ̄)

)
(χ(τn)−χ(τ̄)) dV.

By taking the limit, the same situation as in Lemma 3.3 occurs:

Cε(un − ū, θn − θ̄) ⇀ 0 and Dζ(un − ū, θn − θ̄) ⇀ 0,

ε(ū, θ̄)(χ(τn) − χ(τ̄))→ 0 and ζ(ū, θ̄)(χ(τn) − χ(τ̄))→ 0,

all in L2(B(τmax)). Therefore also the inner product converges to 0 and

a(τn)(ū, θ̄;un − ū, θn − θ̄)− a(τ̄)(ū, θ̄;un − ū, θn − θ̄)→ 0.

Looking again at (3.1.5), it follows

0 = lim
n→∞

a(τn)(un − ū, θn − θ̄;un − ū, θn − θ̄).

Hence, by using the (uniform) coercivity of a(τ)

0 ≥ lim
n→∞

c
∥∥(un − ū, θn − θ̄)

∥∥2

V ,

which is the desired statement.

The above lemmas are merged to the actual continuity theorem:

Theorem 3.3. The control-to-state operator G : Ub → V is continuous.

Proof. From the above lemmas it follows for a sequence of thicknesses τn → τ̄ in Ub

that for the corresponding solutions G(τn) = (un, θn) and G(τ̄) = (ū, θ̄)

(un, θn)→ (ū, θ̄)

strong in V.

3.1.3. Differentiable dependence on the thickness

After clarifying the continuity of the control-to-state operator, now the differen-
tiability comes in place. In view of the optimization problem, this is even more
important, since necessary conditions as well as numerical methods rely on a first
derivative. In infinite-dimensional spaces a whole series of derivation concepts exists;
the Gâteaux-derivative is suited for this work, its definition is recapitulated first.

Definition 3.2 (Gâteaux-differential, [Trö10, p. 56]). Let X, Y be Banach-spaces,
U ⊆ X open, U 6= ∅ and f : U → Y . If the limit

δf(x, h) := lim
λ→0

f(x+ λh)− f(x)

λ
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exists in Y , then δf(x, h) is called directional derivative of f in direction h. If the
mapping

h 7→ δf(x, h)

is linear and continuous, i.e. f ′(x) := δf(x, ·) ∈ L(X,Y ), then f ′(x) is called the
Gâteaux-derivative of f at x.

Note that some authors do not demand the linearity and the continuity of the
Gâteaux-derivative (e.g. Berger, [Ber77, p. 68]).
The sketch of this subsection is to first investigate the directional derivative, in

particular to show the existence of the limit, and then to clarify the linearity and the
continuity of the derivative. Remember the domain of G was the closed set Ub, but
as τmin and τmax could be chosen freely in the interval (0, 2 |Rmin|), there is always
an open subset of W 1,∞(S) containing Ub, where all the results established above
stay valid.
Start by considering a fixed thickness τ ∈ Ub and a direction q ∈W 1,∞(S). For

the solutions (u(τ+λq), θ(τ+λq)) := G(τ + λq) and (u(τ), θ(τ)) := G(τ) it holds

a(τ+λq)(u(τ+λq), θ(τ+λq); v, ψ) = F (v, ψ),

a(τ)(u(τ), θ(τ); v, ψ) = F (v, ψ)

for all (v, ψ) ∈ V , and therefore by subtraction of the above equations, division by λ
and by exploiting the linearity of a(τ) it follows

0 =

∫
B(τmax)

(
σ

(
(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))

λ

)
: e(v, ψ)

)
χ(τ) dV+∫

B(τmax)

(
σ(u(τ+λq), θ(τ+λq)) : e(v, ψ)

)(χ(τ+λq) − χ(τ)

λ

)
dV.

(3.1.6)

For the last summand from (3.1.6), the mapping Zλ : V × V ×W 1,∞(S) → R is
defined as

Zλ(u, θ; v, ψ; q) :=

∫
B(τmax)

(
σ(u, θ) : e(v, ψ)

)(χ(τ+λq) − χ(τ)

λ

)
dV, (3.1.7)

so the above equation (3.1.6) reads in short

a(τ)

(
(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))

λ
; v, ψ

)
= −Zλ(u(τ+λq), θ(τ+λq); v, ψ; q) (3.1.8)

for all (v, ψ) ∈ V.
For the mapping Zλ, the limit case λ→ 0 is of interest.

Lemma 3.5. The pointwise limit

lim
λ→0

Zλ(u, θ; v, ψ; q)

exists.
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Proof. It holds that Zλ(· ; · ; q) : V × V → R is bounded for fixed λ, because

|Zλ(u, θ; v, ψ; q)|

≤ 1

λ

∫
B(τmax)

|σ(u, θ) : e(v, ψ)|
∣∣χ(τ+λq) − χ(τ)

∣∣ dV

≤ 1

λ

∫
B(τmax)

|σ(u, θ) : e(v, ψ)| dV

≤ C 1

λ
‖(u, θ)‖V ‖(v, ψ)‖V .

The last inequality is due to the boundedness of a(τmax). Moreover, Zλ is linear in
both arguments (u, θ) and (v, ψ). So, given a sequence λn → 0, Zλn(· ; · ; q) can be
considered as a sequence in V∗ × V∗.
Next, the pointwise limit

lim
λ→0

Zλ(u, θ; v, ψ; q)

(for fixed (u, θ), (v, ψ) and q) is determined. First, switch to local coordinates and
rewrite (3.1.7) as

Zλ(u, θ; v, ψ; q) :=

∫
ω

∫ τmax
2

− τmax
2

(
σ(u, θ) : e(v, ψ)

)(χ(τ+λq) − χ(τ)

λ

)
√
a
(
1− 2Hξ3 +K(ξ3)2

)
dξ3 dξ2 dξ1.

Note that the innermost integral is bounded by an L1(S)-function because of the
continuous dependence on the ξ3-coordinate, more precise∣∣∣∣∣

∫ τmax
2

− τmax
2

(
σ(u, θ) : e(v, ψ)

)(χ(τ+λq) − χ(τ)

λ

)√
a
(
1− 2Hξ3 +K(ξ3)2

)
dξ3

∣∣∣∣∣
≤ b(ξ1, ξ2)

∫ τmax/2

−τmax/2

∣∣∣∣χ(τ+λq) − χ(τ)

λ

∣∣∣∣ dξ3

≤ b(ξ1, ξ2)
∣∣q(ξ1, ξ2)

∣∣ ,
where b(ξ1, ξ2) is chosen as the maximum

b(ξ1, ξ2) := max
ξ3∈[−τmax/2,τmax/2]

∣∣(σ(u, θ) : e(v, ψ))
√
a
(
1− 2Hξ3 +K(ξ3)2

)∣∣ .
Furthermore, note

‖b‖L1(S) ≤ C ‖(u, θ)‖V ‖(v, ψ)‖V , (3.1.9)

because of the continuity of σ : e (see Proposition 3.1) and the boundedness of all
additional factors.

So the limit can be put past the midsurface-integral. If, in addition, the notation
is returned from the characteristic function χ(τ) to variable integral bounds, the
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limit reads

lim
λ→0

Zλ(u, θ; v, ψ; q)

=

∫
S

lim
λ→0

1

λ

(∫ τ+λq
2

− τ+λq
2

(
σ(u, θ) : e(v, ψ)

) (
1− 2Hξ3 +K(ξ3)2

)
dξ3 dS

∫ τ
2

− τ
2

(
σ(u, θ) : e(v, ψ)

) (
1− 2Hξ3 +K(ξ3)2

)
dξ3 dS

)
.

The integrand is continuous with respect to ξ3, so this limit reduces to the derivative
of the integral bounds with respect to λ at λ = 0. According to Leibniz’s rule
([RHB06, p.178]), this limit exists and evaluates to

lim
λ→0

Zλ(u, θ; v, ψ; q)

=

∫
S

∑
ξ̄3∈{± τ2}

[(
σ(u, θ) : e(v, ψ)

) (
1− 2Hξ3 +K(ξ3)2

)] ∣∣∣
ξ3=ξ̄3

q

2
dS

=: Z0(u, θ; v, ψ; q).

(3.1.10)

Moreover, the newly defined Z0 keeps the linearity and continuity properties for the
arguments (u, θ) and (v, ψ).

Up to now, a pointwise limit of Zλ(· ; · ; q) is established, which corresponds
to the weak-* convergence in V∗ × V∗. The next step is to insert the solutions
(u(τ+λq), θ(τ+λq)) into the first argument of Zλ and consider the limit case λ → 0
again.

Lemma 3.6. The limit

lim
λ→0

Zλ(u(τ+λq), θ(τ+λq); · ; q) = Z0(u(τ), θ(τ); ·; q) =: Zq(·)

exists pointwise, i.e. with respect to the weak-* topology in V∗.

Proof. In the last lemma the pointwise convergence for Zλ(· ; · ; q) in V∗ × V∗ was
established. So, by the Banach-Steinhaus theorem (uniform boundedness theorem
[Ber77, p. 34]), the mappings are uniformly bounded, i.e.

|Zλ(u, θ; v, ψ; q)| ≤ C ‖(u, θ)‖V ‖(v, ψ)‖V

for a constant C independent of λ. For fixed (v, ψ) ∈ V it holds∣∣Zλ(u(τ+λq), θ(τ+λq); v, ψ; q)− Z0(u(τ), θ(τ); v, ψ; q)
∣∣

≤
∣∣Zλ(u(τ+λq) − u(τ), θ(τ+λq) − θ(τ); v, ψ; q)

∣∣+
∣∣(Zλ − Z0)(u(τ), θ(τ); v, ψ; q

∣∣
≤ C

∥∥(u(τ+λq) − u(τ), θ(τ+λq) − θ(τ))
∥∥
V ‖(v, ψ)‖V +

∣∣(Zλ − Z0)(u(τ), θ(τ); v, ψ; q)
∣∣

−−−→
λ→0

0,
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where the first term tends to zero because of the continuity of G (Theorem 3.3)
and the second term tends to zero because of the pointwise convergence of Zλ
(Lemma 3.5). Hence it holds

lim
λ→0

Zλ(u(τ+λq), θ(τ+λq); v, ψ; q)

= Z0(u(τ), θ(τ); v, ψ)

=

∫
S

∑
ξ̄3∈{± τ2}

[(
σ(u(τ), θ(τ)) : e(v, ψ)

) (
1− 2Hξ3 +K(ξ3)2

)] ∣∣∣
ξ3=ξ̄3

q

2
dS

=: Zq(v, ψ)

and Zλ(u(τ+λq), θ(τ+λq); · ; q) converges pointwise to Zq ∈ V∗.

Now, the quotient
(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))

λ

from Definition 3.2 of the directional derivative is ready to be investigated.

Lemma 3.7. For fixed thickness τ ∈ Ub and direction q ∈W 1,∞(S), the norm of

G(τ + λq)−G(τ)

λ
=

(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))

λ

is bounded for λ→ 0.

Proof. Inserting

(v, ψ) =
(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))

λ

into equation (3.1.8) and using the uniform coercivity of a(τ) and the uniform
boundedness of Zλ leads to∥∥∥∥(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))

λ

∥∥∥∥2

V

≤ ca(τ)

(
(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))

λ
;
(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))

λ

)
= −Zλ

(
(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ));

(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))

λ
; q

)
≤ C

∥∥(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))
∥∥
V

∥∥∥∥(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))

λ

∥∥∥∥
V
,

and division by
∥∥∥∥(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))

λ

∥∥∥∥
V
shows

∥∥∥∥(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))

λ

∥∥∥∥
V
≤ C

∥∥(u(τ+λq), θ(τ+λq))− (u(τ), θ(τ))
∥∥
V ,

so the expression is bounded because of the continuity of G.
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Since the norm of solutions is bounded for any sequence λn → 0, by use of
Theorem A.4 there is a weakly convergent subsequence λnk with

(u(τ+λnkq)
, θ(τ+λnkq)

)− (u(τ), θ(τ))

λnk
⇀ (w, ν) ∈ V.

Now go back to equation (3.1.8). Passing to the limit on both sides leads to

lim
λnk→0

a(τ)

(
(u(τ+λnkq)

, θ(τ+λnkq)
)− (u(τ), θ(τ))

λnk
; v, ψ

)
=

− lim
λnk→0

Zλnk (u(τ+λnkq)
, θ(τ+λnkq)

; v, ψ; q),

and using the continuity of a(τ) and the result from Lemma 3.6 yields

a(τ)(w, ν; v, ψ) = −Zq(v, ψ) (3.1.11)

for arbitrary (v, ψ) ∈ V. This is a variational problem to be solved for (w, ν). Since
the right-hand-side Zq is in V∗, there is a unique solution to this problem and hence
the whole sequence

G(τ + λnq)−G(τ)

λn
⇀ (w, ν) (3.1.12)

converges weakly in V∗ for λn → 0.
The next thing to tackle is the question if the strong convergence also holds in

the above equation (3.1.12).

Lemma 3.8. It holds
G(τ + λq)−G(τ)

λ
→ (w, ν)

strong in V with (w, ν) given from (3.1.11).

Proof. It is∥∥∥∥G(τ + λq)−G(τ)

λ
− (w, ν)

∥∥∥∥2

V

≤ ca(τ)

(
G(τ + λq)−G(τ)

λ
− (w, ν);

G(τ + λq)−G(τ)

λ
− (w, ν)

)
= − cZλ

(
G(τ + λq)−G(τ);

G(τ + λq)−G(τ)

λ
− (w, ν); q

)
+

cZq

(
G(τ + λq)−G(τ)

λ
− (w, ν)

)
≤ C ‖q‖L∞(S) ‖G(τ + λq)−G(τ)‖V

∥∥∥∥G(τ + λq)−G(τ)

λ
− (w, ν)

∥∥∥∥
V
,
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where the first “≤” is due to the coercivity of a(τ), the following “=” is from (3.1.8)
and (3.1.11), and the last “≤” follows from an estimation in the style of (3.1.9).
Therefore∥∥∥∥G(τ + λq)−G(τ)

λ
− (w, ν)

∥∥∥∥
V
≤ C ‖q‖L∞(S) ‖G(τ + λq)−G(τ)‖V −−−→

λ→0
0,

since q is fixed and G is continuous.

Now everything is prepared to state the essential theorem of this subsection:

Theorem 3.4. The control-to-state operator G : Ub → V is Gâteaux-differentiable.
For a thickness τ ∈ Ub and direction q ∈W 1,∞(S), it holds

G′(τ)q = (w, ν),

where (w, ν) ∈ V is the solution to the variational problem: Find (w, ν) ∈ V such
that

a(τ)(w, ν; v, ψ) = −Zq(v, ψ) for all (v, ψ) ∈ V, (3.1.13)

with

Zq(v, ψ) =

∫
S

∑
ξ̄3∈{± τ2}

[(
σ(u(τ), θ(τ)) : e(v, ψ)

) (
1− 2Hξ3 +K(ξ3)2

)] ∣∣∣
ξ3=ξ̄3

q

2
dS

and (u(τ), θ(τ)) = G(τ).

Proof. The existence of the (strong) limit

lim
λ→0

G(τ + λq)−G(τ)

λ

in V has been shown in the above Lemmas 3.5 through 3.8. Since the problem
(3.1.13) is linear and q appears linear in the right-hand-side Zq, the derivative (w, ν)
depends linear on q. Moreover, ‖Zq‖V∗ is bounded by C ‖q‖W 1,∞(S) (actually even
by C ‖q‖L∞(S)), so the same is valid for ‖(w, ν)‖V by the Lax-Milgram-Lemma,
hence G′(τ) : W 1,∞(S)→ V is a continuous linear operator – the sought Gâteaux-
derivative.

Note the importance of the above theorem, which is necessary for the differentiation
of the reduced objective in Theorem 3.6.

3.2. Analysis of the optimization problem

This section addresses the analysis of the steady-state optimization problem (2.3.2).
The continuity and differentiability results from the previous section can be applied
to this problem and lead to related conclusions for the reduced objective. Finally,
necessary conditions for an optimal solution can be stated.
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As a reminder, the steady-state problem (2.3.2) is stated again at this point:

min
τ∈W 1,∞(S)

(u,θ)∈V

J(u, θ; τ) :=

∫
S
u3f dS +

λ

2
‖τ‖2H1(S) (3.2.1a)

s.t. :

∫
B(τ)

σ(u, θ) : e(v, ψ) dV =

∫
S
fv3 dS f.a. (v, ψ) ∈ V (3.2.1b)

τmin ≤ τ(ξ1, ξ2) ≤ τmax in S (3.2.1c)∫
S

(
τ +

Kτ3

12

)
dS = C. (3.2.1d)

First, the corresponding (state-)reduced problem is stated. All the restrictions (except
the state equation) are collected in the set

Uad :=

{
τ ∈W 1,∞(S) | τmin ≤ τ(ξ1, ξ2) ≤ τmax,

∫
S

(
τ +

Kτ3

12

)
dS = C

}
.

(3.2.2)
Since Uad ⊂ Ub, the control-to-state operator is well-defined on Uad, and the objective
in conjunction with the state equation can be rewritten as

J(u, θ; τ) = J(G(τ); τ) =: Js(τ), (3.2.3)

where Js : Uad → R only depends on the thickness τ .

Definition 3.3 (Reduced objective). The functional Js : Uad → R defined in (3.2.3)
is called reduced objective.

Combining both equations (3.2.2) and (3.2.3), the reduced problem is stated as

min
τ∈Uad

Js(τ). (3.2.4)

The first thing that can be established is the continuity of the reduced objective Js.

Lemma 3.9. The reduced objective Js : Uad → R is continuous.

Proof. The original objective J is continuous, since

(u, θ) 7→
∫
S
u3f dS

is a continuous linear functional and W 1,∞(S) is continuously embedded into H1(S).
Moreover, the control-to-state operator is continuous, and so is the composition
Js = J ◦ (G, id).

The continuity of the reduced objective gives the possibility for an existence
theorem for an optimal solution of (3.2.4), as long as Uad is further restricted.
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Theorem 3.5 (cf. [HM03, p. 16]). Consider the set

UMad := Uad ∩

{
τ ∈W 1,∞(S)

∣∣∣∣∣
∥∥∥∥ ∂τ∂ξ1

∥∥∥∥
L∞(S)

< M,

∥∥∥∥ ∂τ∂ξ2

∥∥∥∥
L∞(S)

< M

}
,

where M > 0 is fixed. Then the problem

min
τ∈UMad

Js(τ)

has an optimal solution.

Proof. With help of the embedding Theorem A.3, the set Uad belongs to C(ω̄) and
ω̄ ⊂ R2 is compact. Moreover, the functions in Uad are equibounded by τmax. With
the additional restriction introduced in UMad (the equiboundedness of the derivatives),
the functions therein are even equicontinuous on ω̄ (not to be confused with uniform
continuous), i.e.∣∣∣τ(ξ1, ξ2)− τ(ξ̃1, ξ̃2)

∣∣∣ ≤ CM ∥∥∥(ξ1, ξ2)− (ξ̃1, ξ̃2)
∥∥∥ ∀ τ ∈ UMad , ∀ (ξ1, ξ2), (ξ̃1, ξ̃2) ∈ ω.

From the Arzela-Ascoli theorem (see [Yos80, p. 85]) it is known that UMad is relatively
compact in C(ω̄). In addition, the set UMad is closed in C(ω̄), so it is even a compact
subset. Since C(ω̄) is a normed space, it is also sequentially compact. For the
closedness of UMad see [Nes10b], where an analogous proof has been given.
The objective Js is continuous on Uad (see Lemma 3.9), so in particular on UMad .

Therefore by use of a generalization of the (Weierstraß) extreme value theorem (see
[LS74, p. 152]), Js attains its minimum on UMad .

Remark 3.2. Certainly, the above Theorem 3.5 is valid for any continuous objective
J , e.g. the norm minimization proposed in Itemization 2.3, point 2, or the minimiza-
tion of the maximum displacement (under higher smoothness assumptions) suggested
in point 4. A deeper discussion on less restricted admissible sets for the thickness
can be found in [HM03, pp. 16–18].

The next step is to consider the differentiability of the reduced objective and
to derive necessary conditions for an optimal solution of (3.2.1) afterwards. While
the necessary conditions open the possibility for indirect optimization methods, the
expression of a directional derivative which does not rely on finite differences is
invaluable for direct numerical optimization methods and sometimes, which is the
case here, allows for a numerical solution at all. First, the objective is inspected
regarding differentiability. For this, a stronger differentiability concept than the
Gâteaux-derivative is needed.

Definition 3.4 (Fréchet-derivative [Trö10, pp. 58f.]). Let X, Y be Banach-spaces,
U ⊆ X open, U 6= ∅ and f : U → Y . Then f is called Fréchet-differentiable at x ∈ U
if there exist an operator A ∈ L(X,Y ) and a mapping r(x, ·) : U → Y with

F (x+ h) = F (x) +Ah+ r(x, h)
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and
‖r(x, h)‖Y
‖h‖X

→ 0 as ‖h‖X → 0.

The operator A =: F ′(x) =: DxF (x) is called Fréchet derivative. If f is Fréchet-
differentiable at every x ∈ U , then it is called Fréchet-differentiable in U .

Remark 3.3 (Fréchet and Gâteaux-differential [Trö10, p. 59]). If a function
f : U ⊆ X → Y is Fréchet-differentiable at x ∈ U , then it is also Gâteaux-
differentiable and both derivatives coincide, i.e.

f ′G(x) = f ′F (x) ∈ L(X,Y ).

Lemma 3.10. The objective J from (3.2.1a) is a Fréchet-differentiable mapping
V×W 1,∞(S)→ R. The derivative with respect to (u, θ), denoted by D(u,θ)J(u, θ; τ),
is given by

D(u,θ)J(u, θ; τ)(v, ψ) =

∫
S
v3f dS,

and the derivative with respect to τ , denoted by DτJ(u, θ; τ) is given by

DτJ(u, θ; τ)q = λ (τ, q)H1(S) .

Proof. As a continuous linear functional V → R, the first part

(u, θ) 7→
∫
S
u3f dS

is Fréchet-differentiable (see [Trö10, p. 59, ex. (vi)]), and the derivative is the
operator itself, i.e.

D(u,θ)J(u, θ; τ)(v, ψ) =

∫
S
v3f dS.

The second part containing the H1(S)-norm is also Fréchet-differentiable (see [Trö10,
p. 59, ex. (vii)]), and since H1(S) is a Hilbert-space, the derivative with respect to
τ is given by

DτJ(u, θ; τ)q = λ (τ, q)H1(S) .

Remark 3.4. The above Lemma 3.10 could have simplified the proof of Lemma 3.9,
since the continuity of the objective J follows from its Fréchet-differentiability [Jah07,
p. 41].

Remark 3.5. The objectives proposed in Itemization 2.3, point 1 and 3 are also
Fréchet-differentiable, since they consist of an H1(S)-norm and linear operators,
resp.

Now that the existence of the Fréchet-derivative of the objective function is assured,
an adjoint state can be defined as the solution to a related problem.
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Definition 3.5 (Adjoint state, [NST06, p. 434]). The adjoint state (p, η) to a
thickness τ with corresponding displacement (u(τ), θ(τ)) is defined as the solution to:
Find (p, η) ∈ V such that

a(τ)(p, η; v, ψ) = D(u,θ)J(u(τ), θ(τ))(v, ψ) (3.2.5)

for all (v, ψ) ∈ V.

First, note that the above equation (3.2.5) indeed has a unique solution, because
D(u,θ)J(u(τ), θ(τ)) is a continuous linear operator by definition. Further, note that
in case of the objective (3.2.1a), its derivative D(u,θ)J coincides with the original
right-hand-side of the state equation, so that the adjoint state and the actual
displacement are equal. However, the general notation was kept in order to allow for
other objectives (like in Itemization 2.3).

Theorem 3.6. The reduced objective is Gâteaux-differentiable. For the directional
derivative J ′s(τ)q at point τ with corresponding displacement (u(τ), θ(τ)), it holds

J ′s(τ)q = −Zq(u(τ), θ(τ)) + λ (τ, q)H1(S) .

Proof. The proof is based on [NST06, p. 434]. Let (p, η) be the adjoint state defined
in (3.2.5). By using the chain rule for Gâteaux- and Fréchet-derivatives (see [KA82,
p. 499, example IV]), it is

J ′s(τ)q = D(u,θ)J(u(τ), θ(τ); τ)G′(τ)q +DτJ(u(τ), θ(τ); τ)q

= a(τ)(p, η;G′(τ)q) +DτJ(u(τ), θ(τ); τ)q

= a(τ)(G
′(τ)q; p, η) +DτJ(u(τ), θ(τ); τ)q

= −Zq(p, η) +DτJ(u(τ), θ(τ); τ)q.

Here, the second “=” is by definition from the adjoint state, the third one uses
the symmetry of a(τ), and the fourth one is from the Gâteaux-derivative of G (see
Theorem 3.4). Now using the fact that for J from (3.2.1a) it is (p, η) = (u(τ), θ(τ))
(see the remark after Definition 3.5) and that from Lemma 3.10

DτJ(u, θ; τ)q = λ (τ, q)H1(S) ,

the equation from the theorem is proven.

Remark 3.6. As in the definition of the adjoint state, the general notation has been
kept in the above proof to allow for other objectives. The norm minimization from
Itemization 2.3, point 2 is Gâteaux-differentiable too, and the derivative reads

J ′s(τ)q = −Zq(p, η) + λ (τ, q)H1(S) ,

where (p, η) is solution to: Find (p, η) ∈ V such that

a(τ)(p, η; v, ψ) =
(
(u(τ), θ(τ)), (v, ψ)

)
V

for all (v, ψ) ∈ V.
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Again, the importance of an analytical expression for the directional derivative of
the reduced objective is emphasized here. The first things to collect from the above
work are necessary conditions for an optimal solution of (3.2.1).

Theorem 3.7. Let τ∗ ∈ Uad be a (locally) optimal solution for the problem (3.2.1)
with corresponding state (u(τ∗), θ(τ∗)), and let K = 0 everywhere on S. Then it
holds

J ′s(τ
∗)(q − τ∗) = −Z(q−τ∗)(u(τ∗), θ(τ∗)) + λ (τ∗, q − τ∗)H1(S) ≥ 0 (3.2.6)

for all directions q ∈ Uad.

Proof. According to [Trö10, p. 63], if Uad is a convex subset of the real Banach-space
W 1,∞(S), and Js is Gâteaux-differentiable on an open subset of W 1,∞(S) containing
Uad, then: If τ∗ is an optimal solution to the reduced problem (3.2.4), then it solves

J ′s(τ
∗)(q − τ∗) ≥ 0 ∀ q ∈ Uad.

SinceG is Gâteaux-differentiable on Ub (where τmin and τmax can be chosen arbitrarily
from an open interval), there is an open set U with

Uad ⊂ U ⊂ Ub,

where all the above statements concerning the differentiability of Js stay valid. So
the only thing left to show is the convexity of Uad. Indeed, Uad is convex, since

• τmin = λτmin + (1− λ)τmin ≤ λτ1 + (1− λ)τ2 ≤ λτmax + (1− λ)τmax = τmax

•
∫
S
λτ1 + (1− λ)τ2 dS = λ

∫
S
τ1 dS + (1− λ)

∫
S
τ2 dS = C

for all τ1, τ2 ∈ Uad and λ ∈ [0, 1]. The actual expression for J ′s(τ∗)(q − τ∗) was
derived in Theorem 3.6.

This necessary condition gives rise to indirect numerical optimization methods.
However, those will not be used in later work, instead the necessary conditions will
be used to check, how “far away” the solution calculated by a direct method is from
an optimal solution. This will be explained later in Subsection 5.3.3.
A final remark regarding the smoothness of the thickness shall close this section:

Remark 3.7. All the above calculations could have also been done for a thickness τ
that only lies in L∞(S) (except the use of the H1(S) in the objective). In view of the
discussion from Subsection 2.2.6, the stronger assumption τ ∈W 1,∞(S) was retained.
However, the lower smoothness requirement of the “optimal control approach” in
contrast to the more general shape derivative approach following in Section 3.4 is
one of the major differences between the two methods, which is surely an advantage
of the approach taken in this section.
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3.3. Summary

In this section, the steady-state equation (3.1.1) and the corresponding optimization
problem (3.2.1) were investigated in detail. After stating the unique solvability
of the state equation, the existence of a well-defined control-to-state operator had
been assured. This operator was studied with respect to continuity and Gâteaux-
differentiability, which is a key component of this work and a new contribution
to optimization in linear elasticity. Next, the results were applied to the reduced
objective, and analogous results could be shown. On the one hand, this ensures the
existence of a solution to the optimization problem and on the other hand gives an
expression for the directional derivative of the reduced objective and for necessary
conditions for an optimal solution.

3.4. Methods from Shape Optimization

Shape optimization describes a broad range of problems and is a field of current
research. In contrast to real calculus, the geometry is considered as a variable and
a whole new concept of continuity, differentiability, etc. is established. According
to Delfour and Zolésio ([DZ11]), in the context of continuum mechanics, shape
optimization contributes statements about the optimal structure of beams, plates or
shells. Optimal in this sense means to minimize the compliance of a body, i.e. the
work of applied loadings.

In [DZ11] it is also emphasized to distinguish between shape optimization problems
and distributed parameter problems. While shape optimization includes problems
such as finding an optimal shaped midsurface of a shell (which is fixed in this work),
distributed parameter problems deal with tasks like thickness optimization (where
the thickness is viewed as a distributed parameter over the midsurface). Hence,
the more general techniques from shape optimization are not suited as well for
thickness optimization as the optimal control techniques from the previous section,
but nevertheless they can be applied to this problem. A related introduction to
shape optimization with applications to linear elasticity can be found in [HM03].
The field of topology optimization is also closely related and shall be mentioned

here. It deals with the optimal placement of holes inside of structures and has been
an ongoing topic of research for decades, as key contributions by Cheng and Olhoff
([KO82], for plates) from 1982 and Bendsœ ([Ben95]) from 1995 show. Example 7.3
goes in this direction, suggesting the optimal topology (a truss-like structure) of a
partly clamped cylindrical shell.

The application of shape optimization techniques is the aim of the following section,
and certainly the strong presumption is that this approach leads to the same results
as in the previous section. This is answered in Theorem 3.10.
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3.4.1. Basic definitions

The first definition is the one of a shape functional itself. As said in the introduction,
it does not depend on real variables but on a certain geometry.

Definition 3.6 (Shape functional [DZ11, p. 170]). Let D ⊆ Rn be a set called
holdall and A ⊆ P(D) be a family of subsets of D. A real valued shape functional

J : A → R, Ω 7→ J(Ω)

maps sets in A to real values.

In general, the set D is described by mathematical or physical constraints (like
a fixed midsurface for shells or volume constraints). In applications it should be
chosen large enough and smoothly bounded to allow for all required calculations.

The general task in shape optimization is to find an optimal subset Ω∗ such that

J(Ω∗) = min
Ω∈A

J(Ω).

In order to make statements about the existence and necessary conditions for a
minimum and to provide methods for finding such an optimal subset, a concept of
continuity and differentiability of shape functionals must be derived. A general way
would be to define A as a set of certain transformations of a fixed set Ω0 and to
define a metric (with a corresponding topology) on A, see [DZ11, chapters 4–8]. This
can be done in various ways and the deep investigation of all the methods would
lead too far away from the core of this work.
The needs in this section are completely fulfilled by using the so called velocity

method (see [DZ11, p. 159ff.]). Remember that the Definition 3.2 of the Gâteaux-
derivative, of which a counterpart for shape functionals will be given, requires a
vector space structure on the underlying space. Such a structure is not inherent in
families of sets.
Here the velocity method helps out: Consider families of vector fields

V (s) = V (s, ·) : D̄ → Rn, 0 ≤ s ≤ s0

and the ordinary differential equation

dx

ds
(s;X) = V (s, x(s;X)), x(0;X) = X. (3.4.1)

To ensure the existence of a solution and certain smoothness properties, some
conditions must be stated on the vector field V (s). In the following, only vector
fields which fulfill

∀X ∈ D̄ : V (·, X) ∈ C([0, s0];Rn),

∃ c > 0,∀X,Y ∈ D̄ : ‖V (·, Y )− V (·, X)‖C([0,s0];Rn) ≤ c ‖Y −X‖2
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are considered. In other words, the continuity with respect to the “time parameter” s
and a uniform Lipschitz-condition is required. This is written shortly as

V ∈ C([0, s0];C0,1(D̄;Rn)). (3.4.2)

In addition, a tangential condition is required:

∀ s ∈ [0, s0], X ∈ D̄ : ±V (s,X) ∈ TD̄(X) (3.4.3)

where TD̄(X) is the (Bouligand-)tangential cone in X, i.e.

TD̄(X) = {v ∈ Rn | ∃αk ↘ 0, hk → v : X + αkhk ∈ D̄}.

The theory of ODEs ([Mei07, pp. 84–98]) then states that there is a unique solution
to equation (3.4.1). This solution defines a family of transformations Ts : D̄ → D̄ by

Ts(X) := T (s,X) := x(s;X) (3.4.4)

and transformed sets Ωs := Ts(Ω). Moreover, the transformations have certain
smoothness properties (referenced as List 3.4.1 in the following):

• T (·, X) : [0, s0]→ Rn is continuously differentiable for all X ∈ D̄,

• T (s, ·) : D̄ → D̄ is Lipschitz-continuous and invertible for all s ∈ [0, s0].

With help of the above transformations (3.4.4), a useful structure is defined on
the sets in A and a concept of (semi-)differentiability can be stated:

Definition 3.7 (Shape semi-derivative [DZ11, p. 473]). Consider a topological
vector subspace

Θ ⊆ {v ∈ C0,1(D̄;Rn) | ∀X ∈ D̄ : ±v(X) ∈ TD̄(X)}.

Let v ∈ Θ be given. Then the shape functional J : A → R has a shape semi-derivative
(Hadamard semi-derivative) in Ω ∈ A in direction v, if the limit

dJ(Ω; v) := lim
V ∈C0([0,s0];Θ)

V (0)=v
s↘0

J(Ts(Ω))− J(Ω)

s

exists and only depends on V (0) = v for all V which fulfill (3.4.3).

Definition 3.8 (Shape derivative, [DZ11, p. 473]). If J has a shape semi-derivative
in Ω for all v ∈ Θ and if the mapping

v 7→ dJ(Ω; v) : Θ→ R

is linear and continuous in v, then J has a shape derivative and the above mapping
is called gradient of J .
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The term “Hadamard” semi-derivative refers to a concept that must be distin-
guished from the Gâteaux-derivative introduced in Definition 3.2. The key difference
is that the Hadamard semi-derivative does not depend on the “history” of V . The
corresponding counterpart for functionals on Banach spaces is given here for com-
pleteness.

Definition 3.9 (Hadamard (semi-)derivative [DZ11, p. 459]). Let X be a Banach
space, U ⊆ X open, U 6= ∅ and f : U → R. If the limit

dHf(x;h) := lim
s→0
w→h

f(x+ sw)− f(x)

s

exists in Y , then dHf(x; v) is called Hadamard semi-derivative of f at x in direction
h. If dHf(x;h) exists for all h ∈ X and the mapping

h 7→ dHf(x;h)

is linear and continuous, then dHf(x; ·) is called Hadamard derivative of f at x.

The advantage of the Hadamard derivative is that there is a chain rule valid
for compositions of Hadamard-differentiable functions, in contrast to Gâteaux-
differentiable ones. Furthermore, Hadamard-differentiable functions are continuous
[DZ11, p. 458].

3.4.2. Application to the steady-state problem

Now that the basic definitions are stated, the techniques of shape optimization can
be applied to the steady-state optimization problem (3.2.1). In [DZ11] a formula
is given to calculate shape derivatives for a special type of shape functionals, more
precise for domain integrals. Similar formulas can also be found in [SZ92].

Theorem 3.8 (cf. [DZ11, p. 482], [SZ92, p.113]). Let ϕ be a function in W 1,1
loc (Rn),

i.e. ϕ
∣∣
K
∈ W 1,1(K) for every compact subset K ⊂ Rn. Let the vector field

v ∈ C1
loc(Rn,Rn) be given. Then the shape functional

J(Ω) :=

∫
Ω
ϕdx

has the shape semi-derivative

dJ(Ω; v) =

∫
Ω

div(ϕv) dx.

If Ω has a Lipschitz-boundary Γ, then it holds

dJ(Ω; v) =

∫
Γ
ϕv · n dS.
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Proof. The proof is a straight-forward calculation and given in [DZ11, p.482f.]. It is
reproduced in short here, because a similar proof will be given later in Lemma 3.13.
The idea is to rewrite the domain integrals over transformed subsets Ts(Ω) as integrals
over Ω by a change of variables, i.e.

J(Ts(Ω)) =

∫
Ts(Ω)

ϕdx =

∫
Ω

(ϕ ◦ Ts)Js dx,

where Js denotes the Jacobian determinant of the transformation Ts. The trans-
formations Ts (see (3.4.4)) are induced by an arbitrary but fixed vector field
V ∈ C0([0, s0];C1

loc(Rn,Rn)) with V (0) = v that satisfies condition (3.4.2). Then, it
can be shown that

d

ds
(ϕ ◦ Ts) = (∇ϕ · V (s)) ◦ Ts,

d

ds
Js = (div V (s)) ◦ TsJs

and finally

dJ(Ω; v) =
d

ds
J(Ts(Ω))

∣∣∣
s=0

=∫
Ω
∇ϕ · V (0) + ϕdiv(V (0)) dx =

∫
Ω
∇ϕ · v + ϕdiv(v) dx.

Certainly, the optimization problem (3.2.1) does not only consist of a domain
integral. There are the state equation and additional side constraints that must
be considered. In order to do this, the problem is first reformulated as a min-min-
problem. The compliance objective function without the regularization term is best
suited for this approach. As a reminder, it is stated once again here:

min
τ∈W 1,∞(S)

(u,θ)∈V

J(u, θ) :=

∫
S
u3f dS (3.4.5a)

s.t. :

∫
B(τ)

σ(u, θ) : e(v, ψ) dV =

∫
S
fv3 dS f.a. (v, ψ) ∈ V (3.4.5b)

τmin ≤ τ(ξ1, ξ2) ≤ τmax in S (3.4.5c)∫
S

(
τ +

Kτ3

12

)
dS = C. (3.4.5d)

To substitute the state equation (3.4.5b), an energy functional is introduced,

Π(u, θ; τ) :=
1

2
a(τ)(u, θ;u, θ)− F (u, θ) =

1

2

∫
B(τ)

σ(u, θ) : e(u, θ) dV −
∫
S
fu3 dS.
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Lemma 3.11. The problem (3.4.5) with the additional thickness restrictions col-
lected in Uad is equivalent to: Find τ∗ ∈ Uad and (u∗, θ∗) ∈ V with

Π(u∗, θ∗; τ∗) = min
τ∈Uad

−2 min
(u,θ)∈V

Π(u, θ; τ)

Proof. First note from the theory of PDE ([Eva10, ch. 8]) that the solution of the
variational equation (3.4.5b) corresponds to finding a minimizer for Π, i.e.

(u, θ) = arg min
(v,ψ)∈V

Π(v, ψ; τ) ⇔ (u, θ) solves (3.4.5b).

Hence, if (u(τ), θ(τ)) solves the steady-state equation, the objective value J(u(τ), θ(τ))
can be written as

J(u(τ), θ(τ)) =

∫
S
u(τ),3f dS = −a(τ)(u(τ), θ(τ);u(τ), θ(τ)) + 2

∫
S
u(τ),3f dS

= −2Π(u(τ), θ(τ); τ) = −2 min
(u,θ)∈V

Π(u, θ; τ).

The minimization of Js(τ) = J(u(τ), θ(τ)) with respect to τ then leads to

min
τ∈Uad

Js(τ) = min
τ∈Uad

−2 min
(u,θ)∈V

Π(u, θ; τ).

The thickness τ only influences the domain where the variational equation (3.4.5b)
is solved. So in the energy functional the dependence on τ can be replaced by a
dependence on the shell body B(τ). This fact together with the above lemma gives
the idea to define the shape functional

JSh(B(τ)) := min
(u,θ)∈V

Π(u, θ;B(τ)) := min
(u,θ)∈V

Π(u, θ; τ). (3.4.6)

An appropriate holdall D would be a shell of arbitrary “thickness”

D := {Z(ξ1, ξ2, ξ3) | (ξ1, ξ2) ∈ ω} (3.4.7)

and the family of subsets A ⊂ P(D), where JSh is defined on, is given as shells with
specific thicknesses

A :=
{
B(τ) | 0 < τ(ξ1, ξ2) < 2

∣∣Rmin(ξ1, ξ2)
∣∣} .

The actual shape optimization problem is to find B(τ∗) with

JSh(B(τ∗)) = max
B(τ)∈A

JSh(B(τ)). (3.4.8)

Next, the subspace Θ ⊂ C0,1(D̄,R3) from Definition 3.7 has to be defined, i.e. the
space of directions in which JSh shall be (semi-)derived. For this purpose,

Θ := {v ∈ C0,1(D̄,Rn) | v = ξ3q(ξ1, ξ2)a3(ξ1, ξ2), q ∈ C0,1(S)}

is suited.
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Lemma 3.12. The vector fields V ∈ C0([0, s0]; Θ) fulfill the tangential condition
(3.4.3) for D given from (3.4.7), i.e.

∀ s ∈ [0, s0], ∀X ∈ D̄ : ±V (s,X) ∈ TD̄(X) (3.4.9)

where TD̄(X) is the (Bouligand-)tangential cone in X. Moreover, the transformations
Ts defined in (3.4.4) fulfill

Ts : A → A
for sufficient small s ≤ s0.

Proof. For the first part of the lemma, consider the remark in [DZ11, p. 195], where
it is stated that (3.4.9) is fulfilled if for all X ∈ ∂D

V (s,X) · n(X) = 0

if the outward normal n(X) exists. Since ∂D is given by

∂D = {z(ξ1, ξ2) + ξ3a3(ξ1, ξ2) | (ξ1, ξ2) ∈ ∂ω},

the normal n(X) for X ∈ ∂D, where it exists, is perpendicular to a3 and therefore
V (s,X) · n(X) = 0 for V ∈ C0([0, s0]; Θ).
For the second part, let B(τ) ∈ A be fixed and V ∈ C0([0, s0]; Θ). In the

local basis only the third component of V (s) is different from zero. So for any
X = Z(ξ1, ξ2, ξ3) ∈ B(τ) under the transformation Ts induced by V only its ξ3-
coordinate changes, i.e.

Ts(X) = z(ξ1, ξ2) + a3(ξ1, ξ2)k(ξ3) = Z(ξ1, ξ2, k(ξ3)).

Since V (s) is linear in ξ3, the same holds for Ts, in particular for X̃ = Z(ξ1, ξ2,−ξ3)

Ts(X̃) = z(ξ1, ξ2)− a3(ξ1, ξ2)k(ξ3) = Z(ξ1, ξ2,−k(ξ3)).

Hence, the transformed shell body Ts(B(τ)) can be described as a shell body with
transformed thickness B(τ̃s). The smoothness for τ̃ is also kept, i.e. τ̃ ∈ W 1,∞(S),
since the transformation Ts is Lipschitz-continuous (see List 3.4.1, point 2). So
B(τ̃) ∈ A for sufficient small s.

Now, the limit

lim
s↘0

JSh(Ts(B(τ)))− JSh(B(τ))

s

for transformations Ts induced by V ∈ C0([0, s0]; Θ) has to be investigated. The
above Lemma 3.12 ensures that JSh(Ts(B(τ))) is well-defined for s ≤ s0.
A look at the definition of JSh (see (3.4.6)) reveals that this shape functional is

defined as a minimum. The differentiation of a minimum can be quite difficult, but
fortunately in [DZ11, p. 524] the following Theorem 3.9 can be found. It is suited
for mappings of type

s 7→ inf
x∈X

G(s, x), G : [0, s0]×X → R,

which shall be derived with respect to s.
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Theorem 3.9 ([DZ11, p. 524]). Let X be an arbitrary set, s0 > 0 and G :
X × [0, s0] → R be a functional. Let X(s) = arg min

x∈X
G(s, x). Assume that the

following conditions are satisfied:

1. For all s ∈ [0, s0]: X(s) 6= ∅

2. For all x ∈
⋃

s∈[0,s0]

X(s):
∂G

∂s
(x, s) exists everywhere in [0, s0]

3. There exists a topology TX on X such that for any sequence sn ⊂ (0, s0] with
sn → 0 there exist x0 ∈ X(0) and a subsequence snk of sn and for each k ≥ 1
there exists xnk ∈ X(snk) such that

a) xnk → x0 in the TX -topology

b) lim inf
k→∞
s↘0

∂G

∂s
(xnk , s) ≥

∂G

∂s
(x0, 0)

4. For all x in X(0): the map s 7→ ∂G

∂s
(x, s) is upper semicontinuous at s = 0.

Then there exists x0 ∈ X(0) such that

lim
s↘0

1

s

(
inf
x∈X

G(s, x)− inf
x∈X

G(0, x)

)
=
∂G

∂s
(s, x0).

The above Theorem 3.9 is applied to obtain the shape semi-derivative of JSh from
(3.4.6) which is given by

lim
s↘0

1

s

(
min

(u,θ)∈V
Π(u, θ;Ts(B(τ)))− min

(u,θ)∈V
Π(u, θ;B(τ))

)
,

i.e. the conditions of the theorem have to be fulfilled by

Π̃(u, θ; s) := Π(u, θ;Ts(B(τ))) : V × [0, s0]→ R.

In points two, three and four of the conditions in Theorem 3.9, the partial derivative
of Π̃ with respect to s occurs. This is calculated in advance:

Lemma 3.13. Let τ ∈ Ub and V ∈ C0([0, s0]; Θ) with corresponding transformations
Ts, s ∈ [0, s0] be given. Then the mapping Π̃ : V × [0, s0]→ R,

Π̃(u, θ; s) = Π(u, θ;Ts(B(τ)))

is partially differentiable with respect to s. In s = 0 it holds

∂Π̃

∂s
(u, θ; 0) =

∫
B(τ)

∂ϕ

∂ξ3
V3(0) + ϕ

∂V3(0)

∂ξ3
dV,

where V3 denotes the third component with respect to the local basis of B(τ) and

ϕ := σ(u, θ) : e(u, θ)

is written to shorten the notation.
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Proof. Remember the mapping Π : V × A → R is given by a domain and surface
integral,

Π(u, θ;B(τ)) =
1

2

∫
B(τ)

σ(u, θ) : e(u, θ) dV −
∫
S
fu3 dS.

Since the midsurface S is not affected by the transformations Ts at all, the latter
part can be neglected when calculating the derivative. The partial derivative of Π̃ at
s = 0 corresponds to the Hadamard semi-derivative of Π in direction V (0) = v. The
derivative of domain integrals was discussed in Theorem 3.8, but a direct application
is not possible here, since it requires a W 1,1

loc -regularity of the integrand, which would
force (u, θ) to be in H2(S)-spaces. This regularity cannot be achieved and is a too
strict requirement. However, the proof of Theorem 3.8 can be reproduced using the
special structure of the vector fields in Θ, namely

v = ξ3q(ξ1, ξ2)a3(ξ1, ξ2),

to achieve a proper result.
Then, by transforming the integral over Ts(B(τ)) back to B(τ),

Π(u, θ;Ts(B(τ))) =

∫
B(τ)

(ϕ ◦ Ts)Js dV.

Since the transformation Ts only influences the ξ3-coordinate (see Lemma 3.12), the
derivative of the integrand with respect to s reads (cf. the proof of Theorem 3.8)

d

ds
(ϕ ◦ Ts) =

(
∂ϕ

∂ξ3
V3(s)

)
◦ Ts,

dJs
ds

= (div V (s)) ◦ TsJs =

(
∂V3(s)

∂ξ3

)
◦ TsJs,

Note that indeed ϕ = σ(u, θ) : e(u, θ) is differentiable with respect to ξ3 for (u, θ) ∈ V .
Then it holds

∂Π̃

∂s
(u, θ; s) =

∫
B(τ)

(
∂ϕ

∂ξ3
V3(s)

)
◦ TsJs + ϕ

(
∂V3(s)

∂ξ3

)
◦ TsJs dV

which shows that the partial derivative exists and especially for s = 0

∂Π̃

∂s
(u, θ; 0) =

∫
B(τ)

∂ϕ

∂ξ3
V3(0) + ϕ

∂V3(0)

∂ξ3
dV.

Now the conditions of Theorem 3.9 are checked for Π̃. In particular, these are:

1. It holdsX(s) 6= ∅ for all s ∈ [0, s0], because Ts(B(τ)) = B(τ̃s) with τ̃s ∈ Ub for all
s ≤ s0 with sufficient small s0 (see Lemma 3.12). For those τ̃s there is a unique
solution to the state equation (see Theorem 3.2). Moreover, X(s) = {(us, θs)}
is a singleton.
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2. According to Lemma 3.13, the partial derivative
∂Π̃

∂s
(u, θ; s) exists for all

(u, θ) ∈ V and s ∈ [0, s0].

3. The first part is due to the continuity of the control-to-state operator G,
because a sequence sn → 0 corresponds to a sequence of thicknesses τ̃sn ∈ Ub

for which Π(u, θ; sn) = Π(u, θ;B(τ̃sn )). The corresponding sets of minimizers
contain the (unique) solutions X(sn) = {(u(τ̃sn ), θ(τ̃sn ))} = {G(τ̃sn)}. For
sn → 0 it holds τ̃sn → τ and G(τ̃sn)→ G(τ) =: (u0, θ0) in V-strong.
For the second part, set

ϕnk := σ(unk , θnk) : e(unk , θnk)

ϕ := σ(u0, θ0) : e(u0, θ0)

and note that
ϕnk → ϕ (3.4.10)

in L1(B(τ))-strong because of the continuity of σ and e. The same is true for
the derivative

∂ϕnk
∂ξ3

→ ∂ϕ

∂ξ3
(3.4.11)

because (unk , θnk) is independent of ξ3. Consider the difference

∂Π̃

∂s
(unk , θnk ; s)− ∂Π̃

∂s
(u0, θ0; 0)

=

∫
B(τ)

(
∂ϕnk
∂ξ3

V3(s)

)
◦ TsJs + ϕnk

∂V3(s)

∂ξ3
◦ TsJs −

∂ϕ

∂ξ3
V3(0) + ϕ

∂V3(0)

∂ξ3
dV

=

∫
B(τ)

∂ϕnk
∂ξ3

(V3(s) ◦ TsJs − V3(0)) + ϕnk

(
∂V3(s)

∂ξ3
◦ TsJs −

∂V3(0)

∂ξ3

)
dV

+

∫
B(τ)

(
∂ϕnk
∂ξ3

− ∂ϕ

∂ξ3

)
V3(0) + (ϕnk − ϕ)

∂V3(0)

∂ξ3
dV

The first part of the last term converges to zero since the ϕnk and
∂ϕnk
∂ξ3

are

bounded and
V3(s) ◦ TsJs − V3(0)→ 0(

∂V3(s)

∂ξ3

)
◦ TsJs −

∂V3(0)

∂ξ3
→ 0

in L∞(B(τ)). The second part converges to zero because of (3.4.10) and (3.4.11).

4. The fourth point is also satisfied, because for fixed (u, θ) the mapping

s 7→
∫
B(τ)

(
∂ϕ

∂ξ3
V3(s)

)
◦ TsJs + ϕ

(
∂V3(s)

∂ξ3

)
◦ TsJs dV

is continuous in s.
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So all conditions are satisfied and the conclusion of Theorem 3.9 can be used. It
states that the shape semi-derivative can be expressed as

dJSh(B(τ);V (0))

= lim
s↘0

1

s

(
min

(u,θ)∈V
Π(u, θ;Ts(B(τ)))− min

(u,θ)∈V
Π(u, θ;B(τ))

)
=
∂Π̃

∂s
(u(τ), θ(τ); 0)

=

∫
B(τ)

∂
(
σ(u(τ), θ(τ)) : e(u(τ), θ(τ))

)
∂ξ3

V3(0) + σ(u(τ), θ(τ)) : e(u(τ), θ(τ))
∂V3(0)

∂ξ3
dV.

(3.4.12)
Note that the expression for dJSh(B(τ);V (0)) indeed does not depend on V (s), s > 0,
but only on v = V (0), which is requested in the definition of the Hadamard shape
semi-derivative 3.7.
The last term from (3.4.12) can be simplified even further. It holds

dJSh(B(τ); v) =

∫
B(τ)

∂
((
σ(u(τ), θ(τ)) : e(u(τ), θ(τ))

)
v3

)
∂ξ3

dV

=

∫
∂B(τ)

σ(u(τ), θ(τ)) : e(u(τ), θ(τ))v3a3 · n dΓ.

(3.4.13)

This boundary integral can be evaluated in detail.

Lemma 3.14. It holds

dJSh(B(τ); v)

=

∫
∂B(τ)

σ(u(τ), θ(τ)) : e(u(τ), θ(τ))v3a3 · n dΓ

=

∫
S

∑
ξ̄3∈{± τ2}

[ (
σ(u(τ), θ(τ)) : e(u(τ), θ(τ))

) (
1− 2Hξ3 +K(ξ3)2

) ]∣∣∣
ξ3=ξ̄3

τ
q

2
dS.

Proof. The evaluation of the boundary integral reduces to integration over

Γ1 :=

{
Z

(
ξ1, ξ2,

τ(ξ1, ξ2)

2

)
= z(ξ1, ξ2) +

τ(ξ1, ξ2)

2
a3

∣∣∣∣ (ξ1, ξ2) ∈ ω
}
,

Γ2 :=

{
Z

(
ξ1, ξ2,−τ(ξ1, ξ2)

2

)
= z(ξ1, ξ2)− τ(ξ1, ξ2)

2
a3

∣∣∣∣ (ξ1, ξ2) ∈ ω
}
,

since on the other part of the boundary a3 · n = 0, see the proof of the first part of
Lemma 3.12. Considering Γ1, the outward normal n is given by

ñ =

(
∂z

∂ξ1
+

1

2

(
∂τ

∂ξ1
a3 + τ

∂a3

∂ξ1

))
×
(
∂z

∂ξ2
+

1

2

(
∂τ

∂ξ2
a3 + τ

∂a3

∂ξ2

))
n =

ñ

‖ñ‖
.
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The expression for ñ can be rewritten using the covariant basis of B(τ) from (2.2.4)

ñ =

(
g1

(
ξ1, ξ2,

τ(ξ1, ξ2)

2

)
+

1

2

∂τ

∂ξ1
a3

)
×
(
g2

(
ξ1, ξ2,

τ(ξ1, ξ2)

2

)
+

1

2

∂τ

∂ξ2
a3

)
,

and using a3 = g3 it follows

a3 · ñ = g3 ·
(
g1

(
ξ1, ξ2,

τ(ξ1, ξ2)

2

)
× g2

(
ξ1, ξ2,

τ(ξ1, ξ2)

2

))
=
√
a

(
1− 2H

τ(ξ1, ξ2)

2
+K

(
τ(ξ1, ξ2)

2

)2
)

where the first equation only includes the non-vanishing parts of the product and
the second equation comes from (2.2.6) and (2.2.7). The integral over Γ1 then reads∫

Γ1

σ(u(τ), θ(τ)) : e(u(τ), θ(τ))v3a3 · n dΓ

=

∫
Γ1

σ(u(τ), θ(τ)) : e(u(τ), θ(τ))
τ

2
q
√
a

(
1− 2H

τ

2
+K

(τ
2

)2
)

1

‖ñ‖
dΓ

=

∫
ω
σ(u(τ), θ(τ)) : e(u(τ), θ(τ))

∣∣∣
ξ3= τ

2

τ

2
q
√
a

(
1− 2H

τ

2
+K

(τ
2

)2
)

dξ1 dξ2

=

∫
S

[
σ(u(τ), θ(τ)) : e(u(τ), θ(τ))

(
1− 2Hξ3 +K(ξ3)2

) ]∣∣∣
ξ3= τ

2

τ
q

2
dS.

An analogous computation gives∫
Γ2

σ(u(τ), θ(τ)) : e(u(τ), θ(τ))v3a3 · n dΓ

=

∫
S

[
σ(u(τ), θ(τ)) : e(u(τ), θ(τ))

(
1− 2Hξ3 +K(ξ3)2

) ]∣∣∣
ξ3=− τ

2

τ
q

2
dS.

Addition of both integrals then leads to the statement of the lemma.

Taking a closer look at the reformulated expression for dJSh(B(τ); v) reveals that
it matches with the expression for the Gâteaux-derivative of the reduced objective
from Theorem 3.6. This is the main result of this section:

Theorem 3.10. Let Js : Uad → R be the reduced objective from (3.2.3) using the
compliance functional (Itemization 2.3, point 2) with no regularization term. Then
the Gâteaux-derivative of Js at point τ ∈ Uad in direction q ∈ W 1,∞(S) and the
shape semi-derivative of −2JSh from (3.4.6) at point B(τ) in direction

v = ξ3 q(ξ
1, ξ2)

2τ(ξ1, ξ2)
a3(ξ1, ξ2)

coincide.
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Proof. The expression from dJSh(B(τ); v) obtained in (3.4.12) and simplified in
Lemma 3.14 reads

− 2 dJSh(B(τ); v) =

= −2

∫
S

∑
ξ̄3∈{± τ2}

[(
σ(u(τ), θ(τ)) : e(u(τ), θ(τ))

) (
1− 2Hξ3 +K(ξ3)2

)] ∣∣∣
ξ3=ξ̄3

τ
q

4τ
dS

= −2

∫
S

∑
ξ̄3∈{± τ2}

[(
σ(u(τ), θ(τ)) : e(u(τ), θ(τ))

) (
1− 2Hξ3 +K(ξ3)2

)] ∣∣∣
ξ3=ξ̄3

q

2
dS

which is the same as the expression from Theorem 3.6 where

J ′s(τ)q

= −Zq(u(τ), θ(τ))

= −
∫
S

∑
ξ̄3∈{± τ2}

[(
σ(u(τ), θ(τ)) : e(u(τ), θ(τ))

) (
1− 2Hξ3 +K(ξ3)2

)] ∣∣∣
ξ3=ξ̄3

q

2
dS.

Both expression coincide, i.e.

−2 dJSh

(
B(τ); ξ

3 q(ξ
1, ξ2)

2τ(ξ1, ξ2)
a3(ξ1, ξ2)

)
= J ′s(τ)q.

Remark 3.8. The factor -2 in front of JSh was reintroduced to keep the equivalence
between the optimal control problem (3.4.5) and the shape optimization problem
(3.4.8).

3.4.3. Discussion of shape optimization techniques

The above theorem shows that the derivative obtained by using techniques from shape
optimization is the same as the derivative obtained by the optimal control/distributed
parameter approach from the previous section. However, the smoothness assumption
for the thickness, namely τ ∈W 1,∞(S), is really needed here (e.g. in equation (3.4.13)
when the divergence theorem is used), while in the previous section τ ∈ L∞(S)
would have been sufficient. Moreover, the calculations made above do not allow
for other objective functionals than the compliance functional, because using this
particular objective enabled the min-min-reformulation of the problem. Both points
are a drawback and show that the thickness optimization problem should really
be viewed as a distributed parameter optimization problem. The full power of the
shape optimization techniques would come in place if the midsurface would not be
left fixed, because the approach from the previous section relies fundamentally on a
fixed midsurface.

However, the coincidence of both derivatives is a verification of the results obtained
in the last section and shows that essentially both techniques lead to the desired
result.





4. Dynamic problem

This chapter is devoted to the statement and the analysis of the dynamic state
equation and the corresponding optimization problem. The structure is as follows:
First, the statement of a suitable weak formulation for the dynamic case is established,
since this was not given in Section 2.2. This equation is investigated regarding
existence and uniqueness of a solution. After obtaining such a result, the control-
to-state operator is analyzed and continuity and differentiability properties are
formulated. Finally, the actual dynamic optimization problem is stated and the
reduced objective is investigated with respect to the above named properties.
Note that neither a dynamic formulation based on the basic shell model nor its

investigation could be found in available literature. The results of this chapter were
published by the author in [Zie15] and are a new contribution to optimization in
dynamic linear elasticity.

4.1. Dynamic state equation

The analysis of the dynamic state equation which was introduced in Subsection 2.2.7
is more complex than the steady-state case. With the introduction of the time-
parameter t an additional dimension is added and the type of the equation is changed
from elliptic to hyperbolic. This case needs a different treatment which however
relies on results of the steady-state analysis. Those results are necessary to state the
dynamic state equation in a proper weak sense at all. The necessary mathematical
tools are mainly taken from the books by Evans ([Eva10]), Tröltzsch ([Trö10]) and
Wloka ([Wlo87]), while the derivation of the equation is done from scratch, starting
from full three-dimensional equations in linear elasticity.

4.1.1. Weak formulation

In order to continue the derivation of the weak formulation which was started in
Subsection 2.2.7, the formulation stated in (2.2.29) is repeated here:
Let a time-dependent force density f be given. Then, find (u, θ) such that∫
S

[
(Φ1(τ)ü(t) + Φ2(τ)θ̈(t)) · v + (Φ2(τ)ü(t) + Φ3(τ)θ̈(t)) · ψ

]
dS+∫

B(τ)

(Cε(u(t), θ(t))) : ε(v, ψ) + (Dζ(u(t), θ(t))) : ζ(v, ψ) dV =

∫
S
f(t)v3 dS

(4.1.1)

65
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for all (v, ψ) ∈ V, t ∈ [0, T ]. The operators Φi : L∞(S)→ L∞(S) are given by

Φ1(τ) = ρτ + ρK
τ3

12
, Φ2(τ) = −2ρH

τ3

12
, Φ3(τ) = ρ

τ3

12
+ ρK

τ5

80
. (4.1.2)

Clearly, a lot of questions remain open from that starting point, mainly how to choose
a proper displacement space for (u, θ) and how to interpret this weak formulation.
These questions will be clarified in the following.

Displacement space Since (u, θ) are considered as time-dependent displacements,
for a fixed time t the pair (u(t), θ(t)) should lie in the space V already known from
the steady-state case (see (2.2.23)). This concept is expressed with the help of
vector-valued functions. A concept of Lp-spaces of vector-valued functions as well as
differentiation of such functions can be found in [Trö10, pp. 141–147] or [Wlo87, §§
24-25] and is also presented in the Appendix A.4.

In order to define a proper displacement space, first the concept of rigged Hilbert
spaces or Gelfand triples must be introduced. For this, let a Hilbert space V be
given which is continuously and densely embedded into another Hilbert space H.
The spaces V = H1(Ω) and H = L2(Ω) for an open subset Ω ∈ Rn may serve as an
example. Since H is a Hilbert space, it can be identified with H∗. This identification
is avoided for the Hilbert space V , instead it can be shown that the embedding
H ↪→ V ∗ is also dense and continuous ([Wlo87, p. 253]), so that the scalar product
from H can be continuously extended to elements in V ∗ × V . This extension can be
viewed as a new representation formula for functionals from V ∗ ([Wlo87, p. 263]).

Definition 4.1 (Gelfand triple [Trö10, p. 147]). For two Hilbert spaces H and V ,
the chain of dense and continuous embeddings

V ↪→ H ↪→ V ∗

is called a Gelfand triple, the space H is called rigged Hilbert space.

For the steady-state displacement space V, a suitable rigged Hilbert space is

H = L2(S)2 × L2(S)× L2(S)2. (4.1.3)

In addition, a suitable displacement space is W (0, T ),

W (0, T ) := {(u, θ) | (u, θ) ∈ L2(0, T ;V), (u̇, θ̇) ∈ L2(0, T ;H)},

equipped with the norm

‖(u, θ)‖2W (0,T ) =

∫ T

0
‖(u(t), θ(t))‖2V +

∥∥∥(u̇(t), θ̇(t))
∥∥∥2

H
dt,

whereas the L2(0, T ; ·)-spaces are as in Definition A.5 and the time derivative as in
Definition A.8. It is reasonable not to include an assumption on (ü, θ̈), since it is
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achieved automatically from the fact that (u, θ) solves the dynamic state equation
(4.1.5).

For the applied force f , the space H1(0, T ;L2(S)) is suitable. Actually, for
existence and uniqueness of a solution to the state equation f ∈ L2(0, T ;L2(S))
would be sufficient, but the stronger regularity is needed for the differentiability of
the control-to-state operator (see Lemma 4.8 and Theorem 4.4).

Weak formulation Back to the formulation (4.1.1), the second integral in the
equation is (for fixed time t) the bilinear form introduced in (3.1.2),

a(τ)(u(t), θ(t); v, ψ) =

∫
B(τ)

σ(u(t), θ(t)) : e(v, ψ) dV.

According to Theorem 3.1, this bilinear form is coercive and continuous on V.
Hence, by the Lax-Milgram theorem (see [Yos80, p. 92]), there is a unique operator
L(τ) : V → V∗ with

L(τ)(u(t), θ(t))(v, ψ) = a(τ)(u(t), θ(t); v, ψ).

The right hand side can be interpreted as a continuous functional F (t) ∈ V∗, namely

F (t)(v, ψ) =

∫
S
f(t)v3 dS,

as long as f(t) ∈ L2(S).
The missing part is how to interpret the first integral from (4.1.1) as an element

in V∗. To do this, it is rewritten using L2(S) scalar products,∫
S

[
(Φ1(τ)ü(t) + Φ2(τ)θ̈(t)) · v + (Φ2(τ)ü(t) + Φ3(τ)θ̈(t)) · ψ

]
dS

=
(

Φ1(τ)ü(t) + Φ2(τ)θ̈(t), v
)
L2(S)2

+ (Φ1(τ)ü3(t), v3)L2(S) +(
Φ2(τ)ü(t) + Φ3(τ)θ̈(t), ψ

)
L2(S)2

.

(4.1.4)

In view of the above equation an operator M(τ) : H → H is defined via

M(τ)(v, ψ) :=

Φ1(τ)v + Φ2(τ)ψ
Φ1(τ)v3

Φ2(τ)v + Φ3(τ)ψ

 .

Because Φi(τ) ∈ L∞(S), the operator is well-defined, linear and continuous, i.e.
M(τ) ∈ L(H,H). Since H is dense and continuous in V∗, it can also be continuously
extended to an operator M(τ) ∈ L(V∗,V∗). With the help of M(τ), equation (4.1.4)
can be rewritten as(

Φ1(τ)ü(t) + Φ2(τ)θ̈(t), v
)
L2(S)2

+ (Φ1(τ)ü3(t), v3)L2(S) +(
Φ2(τ)ü(t) + Φ3(τ)θ̈(t), ψ

)
L2(S)2

=
(
M(τ)(ü, θ̈), (v, ψ)

)
H
.
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Since the first term is written in the scalar product of H, and L(u(t), θ(t)) and F (t)
can be represented by this scalar product due to the properties of the Gelfand triple
V ↪→ H ↪→ V∗, the dynamic state equation (4.1.1) can be rewritten as(

M(τ)(ü(t), θ̈(t)), (v, ψ)
)
H

+ (L(u(t), θ(t)), (v, ψ))H = (F (t), (v, ψ))H

for all (v, ψ) ∈ V, t ∈ [0, T ]. Back as an equation in V∗, this reads:

M(τ)(ü(t), θ̈(t)) + L(τ)(u(t), θ(t)) = F (t) in V∗ for t ∈ [0, T ].

What is still missing are initial conditions for the displacement and its derivative.
While it is reasonable to demand no initial displacement at t = 0 (corresponding to
a stress-free initial state), it should be possible to give an initial momentum to the
shell body. This momentum depends on the thickness and is expressed as

(u̇(0), θ̇(0)) = Φg(τ),

where the continuous operator Φg : L∞(S)→ V depends on a prescribed function
g ∈ V. The whole problem then reads: Given F ∈ H1(0, T ;H), F (t) = (0, f(t), 0)
and g ∈ V, find (u, θ) ∈W (0, T ) such that

M(τ)(ü(t), θ̈(t)) + L(τ)(u(t), θ(t)) = F (t) in V∗ for t ∈ [0, T ]

(u(0), θ(0)) = 0, (u̇(0), θ̇(0)) = Φg(τ).
(4.1.5)

This will serve as the dynamic state equation from now on.

Remark 4.1. To ensure the existence and uniqueness of a solution to the state
equation as well as the continuity of this solution with respect to the thickness, it
would be sufficient to have

F ∈ L2(0, T ;H), Φg(τ) ∈ H depending on g ∈ H,

see Theorem 4.1. But for the differentiable dependence on the thickness, which is
essential for a successful optimization, the higher regularity claim from above is
needed, see Theorem 4.4.

Choice of initial conditions As stated above, there should be no displacement at
time t = 0, i.e. the shell body starts in an undeformed configuration. However, to
model some sort of initial momentum, for example a body “falling” onto the shell,
there could be a non-vanishing time derivative of the displacement at t = 0. In the
last paragraph, a quite general form was chosen,

(u̇(0), θ̇(0)) = Φg(τ),

where the operator Φg : L∞(S)→ H (or V) depends on a prescribed function g ∈ H
(or V). In the numerical test cases in Chapter 7, the operator

Φg(τ) =
(

0,
g

τ
, 0
)
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will be used, so the momentum is perpendicular to the midsurface.
This can be regarded as if a fixed momentum g is given to the shell body: If

u̇3(0)(ξ1, ξ2) 6= 0, this actually means that the whole line segment perpendicular
to the midsurface through (ξ1, ξ2) attains this “velocity”. The mass of this line
segment depends linearly on the thickness τ , and so does the momentum. Since the
momentum shall be a prescribed function g, the initial velocity has to be given as

g

τ
.

If g ∈ V, then Φg

∣∣
Uad

is well-defined (because τ ≥ τmin > 0 for τ ∈ Uad) and
continuously Fréchet-differentiable with the derivative given as

Φ′g(τ)q = − g

τ2
q,

see the discussion on Nemytskii operators in Lemma 4.6.

4.1.2. Existence and uniqueness of a solution

The first question to deal with when regarding the dynamic state equation (4.1.5) is
the existence and uniqueness of a solution. Luckily, the theory of hyperbolic PDE
provides a theorem for this purpose which can be found in [Wlo87, p. 437]. The
theorem itself is stated for equations involving a time-dependent bilinear form (which
provides more generality), but does not include operators in front of (ü, θ̈). This
can either be bypassed by showing that M(τ) is invertible and that M−1

(τ)L(τ) and
M−1

(τ)F (t) fulfill the conditions from theorem 29.1 in [Wlo87] – or the theorem is
restated and the proof is adapted for the purposes of equation (4.1.5). Here the
latter way is chosen.
In preparation, some properties of the operator M(τ) are shown.

Lemma 4.1. Let τ ∈ Ub be given. Then the operatorM(τ) ∈ L(H,H) is self-adjoint
and if in addition there is c(τ) such that

Φ1(τ) ≥ c(τ) > 0,

Φ1(τ)Φ3(τ)− Φ2(τ)2 ≥ c(τ) > 0

a.e. in S, then it holds(
M(τ)(v, ψ), (v, ψ)

)
H ≥ c(τ) ‖(v, ψ)‖2H

for all (v, ψ) ∈ H.

Proof. First, the expression for M(τ) is reformulated in local coordinates. For this,
fix a covariant basis ãi(ξ1, ξ2), i = 1, . . . 5, for (ξ1, ξ2) ∈ S of the space

T(ξ1,ξ2)(S)⊕ span{a3(ξ1, ξ2)} ⊕ T(ξ1,ξ2)(S),

namely
ã1 = a1 ⊕ 0⊕ 0, ã2 = a2 ⊕ 0⊕ 0, ã3 = 0⊕ a3 ⊕ 0,

ã4 = 0⊕ 0⊕ a1, ã5 = 0⊕ 0⊕ a2,
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and let ãi(ξ1, ξ2), i = 1, . . . , 5 be the corresponding contravariant basis. Then define
the second order tensor field

M̃(τ) =

5∑
i,j=1

(M̃(τ))
j
i ã
i ⊗ ãj ,

where its components are given by

(M̃(τ))
j
i :=


Φ1(τ) 0 0 Φ2(τ) 0

0 Φ1(τ) 0 0 Φ2(τ)
0 0 Φ1(τ) 0 0

Φ2(τ) 0 0 Φ3(τ) 0
0 Φ2(τ) 0 0 Φ3(τ)

 .

Note that M̃(τ) is symmetric and that

M(τ)(u, θ)(ξ
1, ξ2) = M̃(τ)(ξ

1, ξ2)

 u(ξ1, ξ2)
u3(ξ1, ξ2)
θ(ξ1, ξ2)

 .

It holds for all (u, θ), (v, ψ) ∈ H

(
M(τ)(u, θ), (v, ψ)

)
H =

∫
S
M̃(τ)

 u
u3

θ

 ·
 v
v3

ψ

 dS =

∫
S

 u
u3

θ

 · M̃(τ)

 v
v3

ψ

 dS

=
(
(u, θ),M(τ)(v, ψ)

)
H ,

hence M(τ) is self-adjoint. For the second claim of the lemma, look at the eigenvalues
λi, i = 1, . . . , 5, of M̃(τ) which are given by

λ1 = Φ1(τ),

λ2/3 =
1

2

(
Φ1(τ) + Φ3(τ) +

√
(Φ1(τ)− Φ3(τ))2 + 4Φ2(τ)2

)
,

λ4/5 =
1

2

(
Φ1(τ) + Φ3(τ)−

√
(Φ1(τ)− Φ3(τ))2 + 4Φ2(τ)2

)
.

From the conditions of the lemma, it holds λ1 ≥ c(τ) > 0 a.e. in S. From the claim

Φ1(τ)Φ3(τ)− Φ2(τ)2 > 0 a.e. in S

and the fact Φ1(τ) > 0, it follows Φ3(τ) > 0 and therefore

Φ1(τ) + Φ3(τ) > 0 a.e. in S,

with the consequence that λ2/3 ≥ c(τ) > 0 a.e. in S. Finally, a short calculation
gives

Φ1(τ)Φ3(τ)− Φ2(τ)2 ≥ c > 0

=⇒ Φ1(τ) + Φ3(τ) ≥
√

(Φ1(τ)− Φ3(τ))2 + 4Φ2(τ)2 + c(τ),
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hence λ4/5 ≥ c(τ) > 0 a.e. in S. This shows that the matrix (M̃(τ))
j
i (ξ

1, ξ2) is
positive definite a.e. in S and that the eigenvalues do not get arbitrarily close to
zero. It follows

(
M(τ)(v, ψ), (v, ψ)

)
=

∫
S
M̃(τ)

 v
v3

ψ

 ·
 v
v3

ψ

 dS ≥ c(τ)

∫
S

 v
v3

ψ

 ·
 v
v3

ψ

 dS

= c(τ) ‖(v, ψ)‖2H .

Remark 4.2 (Discussion and existence of a common constant). The claims from
the above Lemma 4.1,

Φ1(τ) ≥ c(τ) > 0,

Φ1(τ)Φ3(τ)− Φ2(τ)2 ≥ c(τ) > 0

a.e. in S are not a significant restriction. They translate to

ρτ + ρK
τ3

12
≥ c(τ) > 0,

1

12
ρ2τ4 +

(
7

360
K − H2

36

)
ρ2τ6 +

K2

960
ρ2τ8 ≥ c(τ) > 0

(4.1.6)

a.e. in S. In both cases the leading coefficient in front of the smallest power is
positive, so for sufficient small values of τmax the terms will be positive for all τ ∈ Ub.
Moreover, they do not get arbitrarily close to zero since τ ≥ τmin > 0. It is assumed
in further text that the above condition (4.1.6) is always fulfilled.

Since the above result is valid for arbitrary τ ∈ Ub, there is also a common constant
c such that

Φ1(τ) ≥ c > 0, Φ1(τ)Φ3(τ)− Φ2(τ)2 ≥ c > 0

a.e. in S for all τ ∈ Ub.

Remark 4.3 (Cylindrical case). The above inequality (4.1.6) simplifies further in
case of a parabolic midsurface where K = 0: Then it reads

1

12
ρ2τ4 − H2ρ2τ6

36
≥ c > 0

and is fulfilled if

0 < τmin ≤ τ ≤ τmax <

√
3

|H|
.

In case of a cylindrical midsurface with H = − 1

2R
, this reads

τ

2
≤
√

3R

and is always fulfilled since it is assumed that τ � R (see discussion in Subsec-
tion 2.2.1).
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Remark 4.4 (Square root of M(τ)). From the above lemma it follows in particular
that M(τ) is a positive operator, because(

M(τ)(v, ψ), (v, ψ)
)
H ≥ 0

for all (v, ψ) ∈ H. This ensures the existence of a unique “square root” of M(τ), i.e.
an operator S(τ) =:

√
M(τ) with

M(τ) = S2
(τ),

see [KA82, p. 170].

Now that the required properties of the operator M(τ) have been introduced and
proven, a theorem about the existence and uniqueness of the solution to the dynamic
state equation can be stated.

Theorem 4.1. Let τ ∈ Ub, F ∈ L2(0, T ;H) and Φg(τ) ∈ H be given. Then there
is a unique solution (u, θ) ∈W (0, T ) to the dynamic state equation (4.1.5),

M(τ)(ü(t), θ̈(t)) + L(τ)(u(t), θ(t)) = F (t) in V∗ for t ∈ [0, T ]

(u(0), θ(0)) = 0 (u̇(0), θ̇(0)) = Φg(τ).

Furthermore, it holds

‖(u, θ)‖2W (0,T ) ≤ CT
(
‖Φg(τ)‖2H + ‖f‖2L2(0,T ;H)

)
(4.1.7)

with a constant C independent of τ ∈ Ub.

Proof. The proof is adapted from [Wlo87, pp. 437–442] and suited to the case of
the operator M(τ) in front of (ü(t), θ̈(t)). So only the parts where adjustments are
necessary are stated here, the rest is referenced to the above citation. The proof of
the existence of a solution starts by supposing a set

{wn | n ∈ N}

which is linearly independent and total in V . This is possible since V is separable as
a composition of H1 Sobolev spaces ([AF03, p. 61]). To shorten the notation, write
y := (u, θ). The idea of the proof is to approximate the initial conditions and the
solution by sequences in H and V and to show that a weak limit exists which solves
equation (4.1.5).
In order to approximate the initial conditions, choose coefficients αim with

y1m =

m∑
i=1

αimwi

and y1m → Φg(τ) in H as m→∞. This is possible since V is continuous and dense
in H.
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A sequence ym(t) is sought which approximates the solution and is given in the
form

ym(t) =
m∑
i=1

λim(t)wi

where the functions λim(t) are determined by the equations

d2

dt2
(
M(τ)ym(t), wj

)
H + a(τ)(ym(t), wj) = (F (t), wj)H for 1 ≤ j ≤ m,

ym(0) = 0 ẏm(0) = y1m.

(4.1.8)

This is a system of m linear ODEs for the unknown functions λim(t), namely

M̂(τ)
d2

dt2
λm(t) + Â(τ)λm(t) = F̂ (t), (4.1.9)

where λm(t) := (λ1m(t), . . . , λmm(t))T and

(M̂(τ))ij =
(
M(τ)wj , wi

)
H ,

(Â(τ))ij = a(τ)(wj , wi),

(F̂ (t))j = (F (t), wj)H ,

for i, j = 1, . . . ,m. The matrix M̂(τ) is positive definite, because for any v ∈ Rm,

v 6= 0 it is
m∑
i=1

viwi =: v̂ ∈ V and

vT M̂(τ)v =
(
M(τ)v̂, v̂

)
H ≥ c ‖v̂‖H > 0,

which follows from Lemma 4.1. The same is true for the matrix Â(τ), because

vT Â(τ)v = a(τ)(v̂, v̂) > c ‖v̂‖V > 0

which follows from the coercivity of a(τ). Since both matrices are positive definite,
they are in particular invertible and the system (4.1.9) has a unique solution ([Wal98,
p. 162]). So the functions λim(t) and also ym(t) are well-defined.
If the above equations (4.1.8) are multiplied by λ̇jm(t) and summed over j, they

read (
M(τ)ÿm(t), ẏm(t)

)
H + a(τ)(ym(t), ẏm(t)) = (F (t), ẏm(t))H .

This is equivalent to

d

dt

(∥∥∥√M(τ)ẏm(t)
∥∥∥2

H
+ a(τ)(ym(t), ym(t))

)
= 2 (F (t), ẏm(t))H ,

where the existence of
√
M(τ) was discussed in Remark 4.4. Integration with respect

to t (from 0 to t) then leads to∥∥∥√M(τ)ẏm(t)
∥∥∥2

H
+ a(τ)(ym(t), ym(t)) =

∥∥∥√M(τ)ẏm(0)
∥∥∥2

H
+ 2

∫ t

0
(F (s), ẏm(s))H ds.

(4.1.10)
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The left-hand-side can be bounded from below by using the coercivity of a(τ) and
Lemma 4.1 with Remark 4.2,∥∥∥√M(τ)ẏm(t)

∥∥∥2

H
+ a(τ)(ym(t), ym(t)) =(

M(τ)ẏm(t), ẏm(t)
)
H + a(τ)(ym(t), ym(t)) > c

(
‖ẏm(t)‖2H + ‖ym(t)‖2V

)
.
(4.1.11)

Note that the constant c is independent from τ ∈ Ub following Remark 4.2. The
right-hand-side is bounded from above via∥∥∥√M(τ)ẏm(0)

∥∥∥2

H
+ 2

∫ t

0
(F (s), ẏm(s))H ds

≤
∥∥∥√M(τ)y1m

∥∥∥2

H
+ 2

∫ t

0
‖F (s)‖H ‖ẏm(s)‖H ds

≤ C1 ‖y1m‖2H +

∫ t

0
‖F (s)‖2H ds+

∫ t

0
‖ẏm(s)‖2H ds

where the second last “≤” is due to inequality 2 |ab| ≤ a2 + b2.
By setting

βm(t) =: ‖ẏm(t)‖2H + ‖ym(t)‖2V ,

both estimates can be combined which leads to

cβm(t) ≤ C1 ‖y1m‖2H +

∫ t

0
‖F (s)‖2H ds+

∫ t

0
βm(s) ds.

Now, Grönwall’s lemma is applied ([Wlo87, p. 436]) which shows that βm(t) is
bounded. This ensures that the sequence ym is bounded in L2(0, T ;V) and ẏm is
bounded in L2(0, T ;H) and weak limits of both sequences can be obtained. The
next steps include showing that those weak limits indeed solve equation (4.1.5) as
well as obtaining the estimate (4.1.7) and can be taken directly from [Wlo87, pp.
441–442] (only adding the continuity of M(τ)), so they are not reproduced here. The
same holds for the proof of the uniqueness of the solution which can be reproduced
from [Wlo87, pp. 437–439] making the same modifications as above.

The proof of existence and uniqueness of a solution to the dynamic state equation
is the essential step for further considerations. As in the steady-state case, it is
possible to define a control-to-state operator.

Definition 4.2 (Control-to-state operator). The operator G : Ub →W (0, T ) which
maps the thickness τ to the solution (u, θ) of (4.1.5) is called control-to-state operator.

Note that the notation does not distinguish between the control-to-state operator
from the steady-state case and the dynamic case as long as it is clear from the
context which operator is meant.

The above defined operator is the object of detailed investigation now. It is studied
with regard to its continuity and differentiability properties.
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4.1.3. Continuous dependence on the thickness

The aim of this subsection is to show the continuity of the solution to the dynamic
state equation with respect to the thickness as it was done in Subsection 3.1.2 for the
steady-state case. The sketch will be as follows: First, given a converging thickness
sequence, show that the corresponding sequence of solutions has a weakly convergent
subsequence. Second, prove that the weak limit is solution to the thickness limit.
Third, verify that the convergence is also strong.

The first lemma establishes some additional properties of M(τ):

Lemma 4.2. It holds:

1. For all τ ∈ Ub there exist common constants c > 0 and C > 0 such that(
M(τ)(v, ψ), (v, ψ)

)
H ≥ c ‖(v, ψ)‖2H ,∥∥M(τ)(v, ψ)
∥∥
H ≤ C ‖(v, ψ)‖H

for all (v, ψ) ∈ H.

2. M(τ) depends continuously on τ , i.e.∥∥M(τn) −M(τ)

∥∥
L(H,H)

→ 0

as τn → τ in L∞(S).

3. M(τ) is invertible with a continuous inverse M−1
(τ) . There exists c > 0 indepen-

dent of τ ∈ Ub such that∥∥∥M−1
(τ)(v, ψ)

∥∥∥
H
≤ c ‖(v, ψ)‖H .

Proof. 1. The existence of the common continuity constant can be established
via the common bound on ‖Φi(τ)‖L∞(S). It is

‖Φ1(τ)‖L∞(S) =

∥∥∥∥ρτ + ρK
τ3

12

∥∥∥∥
L∞(S)

≤ ρτmax + ‖ρK‖L∞(S)

τ3
max

12
,

‖Φ2(τ)‖L∞(S) =

∥∥∥∥−2ρH
τ3

12

∥∥∥∥
L∞(S)

≤ 2 ‖ρH‖L∞(S)

τ3
max

12
,

‖Φ3(τ)‖L∞(S) =

∥∥∥∥ρτ3

12
+ ρK

τ5

80

∥∥∥∥
L∞(S)

≤ ρτ
3
max

12
+ ‖ρK‖L∞(S)

τ5
max

80
.

(4.1.12)
By taking the maximum of all three bounds and using the fact that the norm
of M(τ) only depends on ‖Φi(τ)‖L∞(S), a common constant C > 0 with∥∥M(τ)(v, ψ)

∥∥
H ≤ C ‖(v, ψ)‖H

for all τ ∈ Ub and (v, ψ) ∈ H is established. The existence of a common
coercivity constant follows from Lemma 4.1 and the subsequent Remark 4.2.
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2. The continuous dependence of M(τ) on τ is due to the continuous dependence
of the operators Φi on τ , which follows from the discussion on Nemytskii
operators in Lemma 4.6.

3. A direct calculation gives

M−1
(τ)(v, ψ) =

1

Φ1(τ)Φ3(τ)− Φ2(τ)2


Φ3(τ)v − Φ2(τ)ψ

Φ1(τ)Φ3(τ)− Φ2(τ)2

Φ1(τ)
v3

−Φ2(τ)v + Φ1(τ)ψ

 .

In view of the uniform bounds on Φi(τ) from (4.1.12), this is again a linear
continuous operator M−1

(τ) ∈ L(H,H) with∥∥∥M−1
(τ)(v, ψ)

∥∥∥
H
≤ c ‖(v, ψ)‖H

where c > 0 is independent from τ ∈ Ub. Because of the continuous embedding
H ↪→ V∗, the inverse M−1

(τ) can be extended to a continuous operator in
L(V∗,V∗), i.e. ∥∥∥M−1

(τ)(v, ψ)
∥∥∥
V∗
≤ c ‖(v, ψ)‖V∗ .

Let a sequence τn ∈ Ub with τn → τ̄ ∈ Ub be given while the applied load f and
the continuous operator Φg : L∞(S)→ H from the initial conditions is fixed. Denote
the corresponding sequence of solutions to (4.1.5) by

yn := (un, θn) := G(τn) ∈W (0, T ).

The abbreviation using y is to shorten the notation.

Lemma 4.3. The sequence of solutions yn is bounded in W (0, T ). Moreover, ÿn is
bounded in L2(0, T ;V∗).

Proof. By using the estimate from Theorem 4.1, it is

‖yn‖2W (0,T ) ≤ C
(
‖Φg(τn)‖2H + ‖F‖2L2(0,T ;H)

)
≤ C

(
‖τn‖2L∞(S) + ‖F‖2L2(0,T ;H)

)
≤ C

(
τ2

max + ‖F‖2L2(0,T ;H)

)
.

(4.1.13)

The bound for ÿn can be achieved using the inverse of M(τ),

‖ÿn(t)‖V∗ =
∥∥∥M−1

(τn)

(
F (t)− L(τn)yn(t)

)∥∥∥
V∗

≤
∥∥∥M−1

(τn)

∥∥∥
L(V∗,V∗)

∥∥L(τn)

∥∥
L(V,V∗) ‖yn(t)‖V +

∥∥∥M−1
(τn)

∥∥∥
L(H,H)

‖F (t)‖H ,
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so

‖ÿn‖L2(0,T ;V∗) ≤

2
∥∥∥M−1

(τn)

∥∥∥2

L(V∗,V∗)

∥∥L(τn)

∥∥2

L(V,V∗) ‖yn‖
2
L2(0,T ;V) + 2

∥∥∥M−1
(τn)

∥∥∥2

L(H,H)
‖F‖2L2(0,T ;H) .

All terms on the right-hand-side can be bounded independently of n:
∥∥∥M−1

(τn)

∥∥∥ due

to Lemma 4.2 point 3,
∥∥L(τn)

∥∥ because of Lemma 3.1 and ‖yn‖ from equation
(4.1.13).

By use of Theorem A.4 there are weakly convergent subsequences

ynk ⇀ ȳ in W (0, T ),

ÿnk ⇀ ȳ2 in L2(0, T ;V∗).
(4.1.14)

Similar to [Wlo87, pp. 392-393], it can be shown that

¨̄y = ȳ2, (4.1.15)

which relies on the Gelfand-triple property of V ↪→ H ↪→ V∗.
The next thing to show is that the weak limit ȳ is the solution of (4.1.5) to τ̄ .

Lemma 4.4. The weak limit ȳ is solution of (4.1.5) to τ̄ , i.e.

M(τ̄) ¨̄y(t) + L(τ̄)ȳ(t) = F (t) in V∗ for t ∈ [0, T ]

ȳ(0) = 0 ˙̄y(0) = Φg(τ̄).

Proof. Since ynk(0) = 0, this is also true for ȳ(0). For the initial condition on the
first derivative, it holds

ẏnk(0) = Φg(τnk).

Because Φg is continuous, it holds Φg(τnk)→ Φg(τ̄) in H-strong. Taking the limit
in the above equation yields

˙̄y(0) = Φg(τ̄),

so the initial conditions are fulfilled by ȳ. For a fixed time t ∈ [0, T ] consider(
M(τnk )ÿnk(t), z

)
H

+ a(τnk )(ynk(t); z) = (F (t), z)H , (4.1.16)

which is valid for all z = (v, ψ) ∈ V because ynk is solution to τnk . In Lemma 3.3
from the investigation of the steady-state case, it was shown that

a(τnk )(ynk(t); z)→ a(τ̄)(ȳ(t); z).

For the first part of (4.1.16) it is

M(τnk )ÿnk(t) =
(
M(τnk ) −M(τ̄)

)
ÿnk(t) +M(τ̄) (ÿnk(t)− ¨̄y(t)) +M(τ̄) ¨̄y(t).
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As nk →∞, the first summand converges to 0 because of Lemma 4.2, point 2, and
the second one converges weakly to zero because of (4.1.14) and (4.1.15). So it holds(

M(τnk )ÿnk(t), z
)
H
→
(
M(τ̄) ¨̄y(t), z

)
H .

Taking the limit in (4.1.16) then leads to(
M(τ̄) ¨̄y(t), z

)
H + a(τ̄)(ȳ(t); z) = (F (t), z)H

for all z ∈ V and t ∈ [0, T ], which means that ȳ = (ū, θ̄) is solution to τ̄ .

Remark 4.5. Because of the uniqueness of the state equation solution, every con-
vergent subsequence of yn converges to the above found ȳ. So the whole sequence
converges weakly in W (0, T ), i.e.

(un, θn) = yn ⇀ ȳ = (ū, θ̄) in W (0, T ).

Now, only the last step is missing – showing that the weak limit ȳ, which solves
the state equation for the “limit thickness”, is also a strong limit.

Lemma 4.5. The convergence established in the above Lemma 4.4 and Remark 4.5
is also strong, i.e.

‖yn − ȳ‖W (0,T ) → 0.

The same is true for the second time derivatives, i.e.

‖ÿn − ¨̄y‖L2(0,T ;V∗) → 0.

Proof. Consider the equations for yn and ȳ:

M(τn)ÿn(t) + L(τn)ynk(t) = F (t),

M(τ̄) ¨̄y(t) + L(τ̄)ȳ(t) = F (t)

for all t ∈ [0, T ]. Subtraction of both equations and insertion of

M(τ̄)ÿn(t) + L(τ̄)yn(t)

leads to

0 = M(τ̄)(ÿn(t)− ¨̄y(t))+(M(τn)−M(τ̄))ÿn(t)+L(τ̄)(yn(t)− ȳ(t))+(L(τn)−L(τ̄))yn(t).

From the proof of Lemma 3.4 it follows that the last summand converges to 0 as
n→∞. Looking at the second summand reveals∥∥(M(τn) −M(τ̄))ÿn(t)

∥∥
V∗ ≤

∥∥M(τn) −M(τ̄)

∥∥
L(V∗,V∗) ‖ÿn(t)‖V∗ → 0

by the extension of Lemma 4.2, point 2, to the V∗-case. Taking the limit n → ∞
and using the continuity of M(τ̄) and L(τ̄) shows

0 = lim
n→∞

M(τ̄)(ÿn(t)− ¨̄y(t)) + lim
n→∞

L(τ̄)(yn(t)− ȳ(t)).
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This gives
lim
n→∞

‖yn − ȳ‖W (0,T ) = 0. (4.1.17)

To obtain the result for the second time derivative, consider

‖ÿn − ¨̄y‖2L2(0,T ;V∗) =

=

∫ T

0

∥∥∥M−1
(τ̄)L(τ̄)y(τ̄)(t)−M−1

(τn)L(τn)y(τn)(t)
∥∥∥2

V∗
dt

=

∫ T

0

∥∥∥M−1
(τ̄)L(τ̄)(y(τ̄)(t)− y(τn)(t)) + (M−1

(τ̄)L(τ̄) −M−1
(τn)L(τn))y(τn)(t)

∥∥∥2

V∗
dt

≤ 2
∥∥∥M−1

(τ̄)L(τ̄)

∥∥∥2

L(V,V∗)

∥∥y(τ̄) − y(τn)

∥∥2

L2(0,T ;V)
+

2
∥∥∥M−1

(τ̄)L(τ̄) −M−1
(τn)L(τn)

∥∥∥2

L(V,V∗)

∥∥y(τn)

∥∥2

L2(0,T ;V)

→ 0,

where the first summand converges due to (4.1.17) and the second term due to
the continuous dependence of L(τ) and M−1

(τ) on τ (see Subsection 3.1.2 and the
expression for M−1

(τ) in the proof of Lemma 4.2, point 3).

Now the main result of this subsection can be formulated:

Theorem 4.2. The control-to-state operator G : Ub →W (0, T ) is continuous.

Proof. From the above Lemma 4.3 through 4.5, it follows for a sequence of thicknesses
τn → τ̄ in Ub that for the corresponding solutions G(τn) = (un, θn) and G(τ̄) = (ū, θ̄)

(un, θn)→ (ū, θ̄)

strong in W (0, T ).

4.1.4. Differentiable dependence on the thickness

After the continuity of the control-to-state operator is clarified, its differentiability
comes into focus. As in the steady-state case, the differentiability is even more
important for numerical calculations, since those methods rely on an accurate first
derivative. Furthermore, necessary conditions are stated with help of the reduced
objective gradient.
The sketch of this subsection is as in Subsection 3.1.3: First, investigate the

directional derivative, in particular show the existence of the limit, and then clarify
the linearity and the continuity of the derivative.
In preparation, the differentiability of M(τ) with respect to τ is shown. For this

purpose, it is helpful to consider the operators Φi from (4.1.2) as Nemytskii operators.
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Definition 4.3 (Nemytskii operator [Trö10, p. 197]). Let E ⊂ Rm be a bounded
and measurable set, and let ϕ = ϕ(x, y) : E ×R→ R be a function. The mapping Φ
given by

Φ(y) := ϕ(·, y(·)),

which assigns to a function y : E → R the function z : E → R, z(x) = ϕ(x, y(x)), is
called a Nemytskii operator.

The operators Φi from (4.1.2) are Nemytskii operators that are associated in the
above sense with

ϕ1(ξ1, ξ2, y) = ρy + ρK(ξ1, ξ2)
y3

12
,

ϕ2(ξ1, ξ2, y) = −2ρH(ξ1, ξ2)
y3

12
,

ϕ3(ξ1, ξ2, y) = ρ
y3

12
+ ρK(ξ1, ξ2)

y5

80
.

(4.1.18)

The differentiability of Nemytskii operators has been well studied in the literature.
Under proper conditions on ϕ, they are continuously Fréchet-differentiable.

Definition 4.4 (Continuously Fréchet-differentiable [Trö10, p. 203]). Let X, Y be
Banach spaces, U ⊆ X open, U 6= ∅ and f : U → Y . If the Fréchet derivative of f
exists in an open neighborhood V of x and if the mapping x 7→ f ′(x), V → L(X,Y )
is continuous at x, i.e.

‖x̄− x‖X → 0⇒
∥∥f ′(x̄)− f ′(x)

∥∥
L(X,Y )

→ 0,

then f is continuously Fréchet-differentiable at x.

Lemma 4.6 (Differentiability of Nemytskii operators [Trö10, pp. 199–203]). Suppose
that the function ϕ is measurable with respect to x ∈ E for every y ∈ R and
differentiable with respect to y for almost every x ∈ E. Moreover, let the boundedness
condition

∂ϕ

∂y
(x, 0) ≤ K for a.e. x ∈ E

for a constant K and the local Lipschitz condition∣∣∣∣∂ϕ∂y (x, y1)− ∂ϕ

∂y
(x, y2)

∣∣∣∣ ≤ L(M) |y1 − y2|

for all y1, y2 ∈ R with |yi| ≤M , i = 1, 2 be fulfilled. Then the Nemytskii operator
Φ : L∞(E)→ L∞(E) associated with ϕ is continuously Fréchet-differentiable and it
is

(Φ′(y)q)(x) =
∂ϕ

∂y
(x, y(x))q(x) (4.1.19)

for almost every x ∈ E and all q ∈ L∞(E).

The above lemma can be used to make a differentiability statement on M(τ):
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Lemma 4.7. The operator M(τ) ∈ L(H,H) is continuously Fréchet-differentiable
with respect to τ , i.e. the mapping

Ub → L(H,H), τ 7→M(τ)

has a Fréchet-derivative for all τ ∈ Ub. The derivative M ′(τ) : Ub → L(H,H) is given
by

(M ′(τ)q)(u, θ) =

Φ′1(τ)qu+ Φ′2(τ)qθ
Φ′1(τ)qu3

Φ′2(τ)qu+ Φ′3(τ)qθ

 ,

where

Φ′1(τ)q =

(
ρ+ ρK

τ2

4

)
q, Φ′2(τ)q = −2ρH

τ2

4
q, Φ′3(τ)q =

(
ρ
τ2

4
+ ρK

τ4

16

)
q.

(4.1.20)

Proof. The functions ϕi, i = 1, 2, 3 from (4.1.18) that are associated with Φi,
i = 1, 2, 3 are polynomials in y. So they are differentiable with respect to y and fulfill
the local Lipschitz condition. Moreover, they are measurable in (ξ1, ξ2), because so
are the Gaussian and mean curvature K and H. Also, the boundedness condition
is fulfilled because ϕi(ξ1, ξ2; 0) = 0. Applying Lemma 4.6 yields that the Φi are
continuously Fréchet-differentiable, where the derivative is given by (4.1.19). A
direct calculation gives the expressions for Φ′i(τ)q from (4.1.20).
To obtain the differentiability of M(τ), consider the mapping τ 7→ M(τ) as a

composition

L∞(S)→ L∞(S)3 → L(H,H), τ 7→ (Φ1(τ),Φ2(τ),Φ3(τ)) 7→M(τ).

The first mapping is continuously Fréchet-differentiable because so are the Φi,
i = 1, 2, 3. The second mapping is linear, which follows directly from the definition
of M(τ). Hence it is also continuously Fréchet-differentiable with the derivative given
by the mapping itself (see [Trö10, p. 59]). By use of the chain rule ([Trö10, p. 60]),
the composition is also continuously Fréchet-differentiable and the derivative M ′(τ) is
given by

(M ′(τ)q)(u, θ) =

Φ′1(τ)qu+ Φ′2(τ)qθ
Φ′1(τ)qu3

Φ′2(τ)qu+ Φ′3(τ)qθ

 .

For the Gâteaux-differential of the control-to-state operator itself, the limit

lim
λ→0

G(τ + λq)−G(τ)

λ

has to be investigated in W (0, T ). The sketch is as for the steady-state case: Show
the boundedness of the above quotient when a sequence λn → 0 is inserted, find an
equation that is fulfilled by the weak limit, and finally show the strong convergence.
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Start by considering a fixed thickness τ ∈ Ub and a direction q ∈W 1,∞(S). For the
solutions y(τ) := (u(τ), θ(τ)) := G(τ) and y(τ+λq) := (u(τ+λq), θ(τ+λq)) := G(τ + λq),
it holds

M(τ+λq)ÿ(τ+λq)(t) + L(τ+λq)y(τ+λq)(t) = F (t),

M(τ)ÿ(τ)(t) + L(τ)y(τ)(t) = F (t)
(4.1.21)

in V∗ for all t ∈ [0, T ] together with the initial conditions

y(τ)(0) = y(τ+λq)(0) = 0, ẏ(τ)(0) = Φg(τ), ẏ(τ+λq)(0) = Φg(τ + λq). (4.1.22)

Subtraction of both equations from (4.1.21), division by λ, insertion of

M(τ)ÿ(τ+λq)(t) + L(τ)y(τ+λq)(t)

and using the linearity of L(τ) and M(τ) leads to

M(τ)∂
2
t

(
y(τ+λq) − y(τ)

λ

)
(t) + L(τ)

(
y(τ+λq) − y(τ)

λ
(t)

)
=

−
(
M(τ+λq) −M(τ)

λ

)
ÿ(τ+λq)(t)− Zλ(y(τ+λq)(t); q),

(4.1.23)

where Zλ(y(τ+λq)(t); q) ∈ V∗ is the linear form defined by

Zλ(y(τ+λq)(t); q)z := Zλ(y(τ+λq)(t); z; q)

with Zλ : V × V ×W 1,∞(S)→ R on the right-hand-side given from the steady-state
case (3.1.7). The reformulated initial conditions from (4.1.22) read(

y(τ+λq) − y(τ)

λ

)
(0) = 0, ∂t

(
y(τ+λq) − y(τ)

λ

)
(0) =

Φg(τ + λq)− Φg(τ)

λ
.

(4.1.24)
Equation (4.1.23) together with the initial conditions (4.1.24) state a hyperbolic
PDE. Now it is tempting to use the estimate from Theorem 4.1 to obtain an upper
bound for the norm of the solutions

yλ :=
y(τ+λq) − y(τ)

λ
(4.1.25)

for λ → 0. The problem with this is that the right-hand-side of (4.1.23) does not
have the necessary regularity, because it is only

ÿ(τ+λq)(t), Zλ(y(τ+λq); q(t)) ∈ L2(0, T ;V∗),

whereas the theorem requires it to be in L2(0, T ;H). This is the point mentioned
in the previous Subsection 4.1.1, where additional regularity must be posed on the
incoming force f and on the initial condition Φg. Moreover, an extended estimate
for the solution of the dynamic state equation (4.1.5) must be stated, which could
not be found in the standard references [Wlo87; Eva10; Trö10], but should actually
be known in the theory of hyperbolic PDE. However, since it cannot be cited, the
proof is given in full length here.



4.1. Dynamic state equation 83

Theorem 4.3. Let τ ∈ Ub, f ∈ H1(0, T ;V∗) and Φg(τ) ∈ H be given. Then it
holds for the unique solution (u, θ) ∈W (0, T ) to the dynamic state equation (4.1.5)

‖(u, θ)‖2W (0,T ) ≤ C
(
‖Φg(τ)‖2H +

∥∥∥ḟ∥∥∥2

L2(0,T ;V∗)
+ ‖f‖2C(0,T ;V∗)

)
(4.1.26)

with C independent of τ ∈ Ub.

Proof. As a first remark, note that the space H1(0, T ;V∗) is continuously embedded
into C(0, T ;V∗) (see [Hun14, p. 205]), so the use of the norm of the latter space in
(4.1.26) is meaningful.

The actual proof starts the same way as the proof of Theorem 4.1. All claims
from there stay valid until the intermediate step

c
(
‖ẏm(t)‖2H + ‖ym(t)‖2V

)
< ‖y1m‖2H + 2

∫ t

0
(f(s), ẏm(s))H ds (4.1.27)

appears as a combination of (4.1.10) and (4.1.11). The next step taken in the proof
of Theorem 4.1, namely

(f(s), ẏm(s))H ≤ ‖f(s)‖H ‖ẏm(s)‖H

cannot be carried out here, since f(s) is only in V∗. Instead, a partial integration
with respect to t is done which leads to

2

∫ t

0
(f(s), ẏm(s))H ds =

2 (f(t), ym(t))H − 2 (f(0), ym(0))H − 2

∫ t

0

(
ḟ(s), ym(s)

)
H

ds.

This term is bounded from above by∣∣∣∣2 (f(t), ym(t))− 2 (f(0), ym(0))− 2

∫ t

0

(
ḟ(s), ym(s)

)
H

ds

∣∣∣∣
≤ 2 ‖f(t)‖V∗ ‖ym(t)‖V + 2

∫ t

0

∥∥∥ḟ(s)
∥∥∥
V∗
‖ym(s)‖V ds

≤ 2 ‖f‖C(0,T ;V∗) ‖ym(t)‖V +

∫ t

0

∥∥∥ḟ(s)
∥∥∥2

V∗
ds+

∫ t

0
‖ym(s)‖2V ds

where the factor in front of ‖ym(t)‖V is a constant Cf <∞. Again introducing

βm(t) := ‖ẏm(t)‖2H + ‖ym(t)‖2V ,

equation (4.1.27) becomes

cβm(t) < Cf
√
βm(t) + ‖y1m‖2H +

∫ t

0

∥∥∥ḟ(s)
∥∥∥2

V∗
ds+

∫ t

0
βm(s) ds (4.1.28)
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with Cf = 2 ‖f‖C(0,T ;V∗). There are two cases now: It either holds

βm(t) ≤ 4
C2
f

c2
=

16

c2
‖f‖2C(0,T ;V∗) , (4.1.29)

or it follows

βm(t) ≥ 4
C2
f

c2
=⇒ c

2
βm(t) ≥ Cf

√
βm(t) =⇒ cβm(t)− Cf

√
βm(t) ≥ c

2
βm(t),

(4.1.30)
which in combination with (4.1.28) yields

c

2
βm(t) < ‖y1m‖2H +

∫ t

0

∥∥∥ḟ(s)
∥∥∥2

V∗
ds+

∫ t

0
βm(s) ds.

Applying Grönwall’s lemma as in the proof of the original existence Theorem 4.1
shows the boundedness of the sequence βm(t) and the existence of a weak limit
y ∈W (0, T ). Analogously to the proof from Theorem 4.1, it can be shown that the
weak limit is indeed solution to the state equation and that the solution is unique.
Moreover, in the case of (4.1.29) the estimate

‖y‖2W (0,T ) ≤
16

c2
‖f‖2C(0,T ;V∗)

holds while in the case of (4.1.30)

‖y‖2W (0,T ) ≤ C2

(
‖y1m‖2H +

∫ T

0

∥∥∥ḟ(s)
∥∥∥2

V∗
ds

)
is valid. Both estimates can be combined to

‖y‖2W (0,T ) ≤ C
(
‖y1m‖2H +

∫ T

0

∥∥∥ḟ(s)
∥∥∥2

V∗
ds+ ‖f‖2C(0,T ;V∗)

)
where C > 0 is a constant independent of τ ∈ Ub.

It is time to put some more regularity onto the solution of the dynamic state
equation. For this, let the applied force and the initial condition

F ∈ H1(0, T ;H), Φg : L∞(S)→ V differentiable, (4.1.31)

in contrast to the previous assumptions F ∈ L2(0, T ;H) and Φg(τ) : L∞(S)→ H.
By an abstract regularity theorem from Wloka ([Wlo87, pp. 442–443]), it follows for
the solution y ∈W (0, T ) of the dynamic state equation

y ∈ L2(0, T ;V), ẏ ∈ L2(0, T ;V), ÿ ∈ L2(0, T ;H),
...
y ∈ L2(0, T ;V∗). (4.1.32)

An analogous proof as for the continuity Theorem 4.2 shows that all derivatives
depend continuously on the thickness in their respective norms.

With help of this additional regularity, the above Theorem 4.3 can be applied to
show that the norm of the solutions from (4.1.25) is bounded for λ→ 0.
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Lemma 4.8. Let the assumptions from (4.1.31) hold for the dynamic state equation.
Then the norm of the solutions yλ to equation (4.1.23) with initial condition (4.1.24)
is bounded for λ→ 0.

Proof. Take a look at the right-hand-side of (4.1.23), namely

rhs := −Mλÿ(τ+λq)(t)− Zλ(y(τ+λq)(t); q)

:= −
(
M(τ+λq) −M(τ)

λ

)
ÿ(τ+λq)(t)− Zλ(y(τ+λq)(t); q),

(4.1.33)

where y(τ+λq) solves the dynamic state equation for thickness τ + λq.
From the stronger regularity assumptions on the load and initial data, it follows

y ∈ L2(0, T ;V), ẏ ∈ L2(0, T ;V), ÿ ∈ L2(0, T ;H),
...
y ∈ L2(0, T ;V∗),

hence the right-hand-side itself and its first time derivative are in L2(0, T ;V∗). For
the first summand of the right-hand-side, it holds

Mλÿ(τ+λq) −−−→
λ→0

(M ′(τ)q)ÿ(τ) ∈ L2(0, T ;V∗), (4.1.34)

because both parts converge in their respective norm from Lemma 4.7 and 4.5. In
particular, the L2(0, T ;V∗)-norm is bounded.
For the second summand it was shown in Lemma 3.6

Zλ(y(τ+λq)(t); q) −−−→
λ→0

Z0(y(τ)(t); ·; q) =: Zq(t) (4.1.35)

in V∗, where Z0 was defined in (3.1.10). This also ensures the boundedness of Zλ in
the L2(0, T ;V∗)-norm for λ → 0. The same is true for the first time-derivative of
the right-hand-side, i.e. ∥∥Mλ

...
y (τ+λq)(t)

∥∥
L2(0,T ;V∗) < C,∥∥Zλ(ẏ(τ+λq)(t); q)
∥∥
L2(0,T ;V∗) < C.

Since H1(0, T ;V∗) is continuously embedded into C(0, T ;V∗) (see [Hun14, p. 205]),
it holds ∥∥Mλÿ(τ+λq)(t)

∥∥
C(0,T ;V∗) < C,∥∥Zλ(y(τ+λq)(t); q)
∥∥
C(0,T ;V∗) < C.

A look at the initial conditions

ẏλ(0) =
Φg(τ + λq)− Φg(τ)

λ

shows that they also converge (in particular they are bounded),

Φg(τ + λq)− Φg(τ)

λ
−−−→
λ→0

Φ′g(τ)q
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in V according to the differentiability of Φg.
Now the estimate from the extended solution Theorem 4.3 can be applied. It

states that for the solutions yλ to (4.1.23), it holds

‖yλ‖2W (0,T ) ≤

C

(∥∥∥∥Φg(τ + λq)− Φg(τ)

λ

∥∥∥∥2

H
+
∥∥∥ ˙rhs

∥∥∥2

L2(0,T ;V∗)
+ ‖rhs‖2C(0,T ;V∗)

)
< C2,

where all terms were bounded in the above considerations.

Since the norm of yλn is bounded in W (0, T ) for λn → 0, there is a weakly
convergent subsequence

yλnk ⇀ z =: (w, ν), (4.1.36)

which is the candidate for the Gâteaux-derivative. From the proof of the above
lemma, it also follows which equation is solved by (w, ν): The right-hand-side rhs
from (4.1.33) converges in V∗ to

(M ′(τ)q)ÿ(τ) + Zq(t),

see equations (4.1.34) and (4.1.35). The weak convergence of yλnk is also sufficient
to take the limit on the left-hand-side in (4.1.23) which becomes

M(τ)z(t) + L(τ)z(t).

It follows that the Gâteaux-derivative G′(τ)q = (w, ν) must solve the following
problem: Find z = (w, ν) ∈W (0, T ) such that

M(τ)z̈(t) + L(τ)z(t) = −
(
(M ′(τ)q)ÿ(τ) + Zq(t)

)
z(0) = 0, ż(0) = Φ′g(τ)q

in V∗ for all t ∈ [0, T ]. Because of the uniqueness of the limit, the whole sequence yλn
converges weakly to z from (4.1.36) for any λn → 0. The last step is to investigate
if this convergence is also strong.

Lemma 4.9. The convergence of yλ to z from (4.1.36) is strong in W (0, T ), i.e.

‖yλ − z‖W (0,T ) → 0.

Proof. The difference yλ − z is a solution to the problem

M(τ)(ÿλ(t)− z̈(t)) + L(τ)(ÿλ(t)− z(t))
= −(Mλÿ(τ+λq)(t)− (M ′(τ)q)ÿ(τ)(t))− (Zλ(y(τ+λq)(t); q)− Zq(t)),

yλ(0)− z(0) = 0, ẏλ(0)− ż(0) =
Φg(τ + λq)− Φg(τ)

λ
− Φ′g(τ)q,

so the norm ‖yλ − z‖W (0,T ) can be bounded from above with the help of the extended
solution Theorem 4.3.
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Actually, the main work has been done in the previous lemma: In (4.1.34) it
was shown that the first part of the right-hand-side converges to 0 in the norm of
L2(0, T ;V∗), which is also valid for its first time derivative

Mλ
...
y (τ+λq) − (M ′(τ)q)

...
y (τ) −−−→

λ→0
0

strong in L2(0, T ;V∗) because of the differentiability of M(τ) and the continuity of...
y (τ) with respect to τ (under the stronger assumptions on the initial data from
Lemma 4.8). The considerations from the steady-state case of Lemma 3.4 also show
that

Zλ(y(τ+λq))− Zq −−−→
λ→0

0

strong in L2(0, T ;V∗) together with its first time derivative. Furthermore, the initial
condition converges to 0 in H because of the differentiability of Φg. Using the
estimate from Theorem 4.3 then yields

‖yλ − z‖W (0,T ) −−−→
λ→0

0,

which shows the desired strong convergence.

So everything is prepared to state the essential theorem of this subsection:

Theorem 4.4. Consider the dynamic state equation (4.1.5) with applied force and
initial condition

F ∈ H1(0, T ;H), Φg : L∞(S)→ V differentiable.

Then the control-to-state operator G : Ub →W (0, T ) is Gâteaux-differentiable. For
a thickness τ ∈ Ub and a direction q ∈W 1,∞(S), it holds

G′(τ)q = (w, ν),

where (w, ν) ∈W (0, T ) is the solution to the variational problem: Find z = (w, ν) ∈
W (0, T ) such that

M(τ)z̈(t) + L(τ)z(t) = −
(
(M ′(τ)q)ÿ(τ)(t) + Zq(t)

)
z(0) = 0, ż(0) = Φ′g(τ)q

(4.1.37)

in V∗ for all t ∈ [0, T ] with

(M ′(τ)q)(u, θ) =

Φ′1(τ)qu+ Φ′2(τ)qθ
Φ′1(τ)qu3

Φ′2(τ)qu+ Φ′3(τ)qθ

 ,

Φ′1(τ)q =

(
ρ+ ρK

τ2

4

)
q, Φ′2(τ)q = −2ρH

τ2

4
q, Φ′3(τ)q =

(
ρ
τ2

4
+ ρK

τ4

16

)
q
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and Zq(t) ∈ V∗ given by

Zq(t)(v, ψ) =∫
S

∑
ξ̄3∈{± τ2}

[(
σ(u(τ)(t), θ(τ)(t)) : e(v, ψ)

) (
1− 2Hξ3 +K(ξ3)2

)] ∣∣∣
ξ3=ξ̄3

q

2
dS

where (u(τ), θ(τ)) = G(τ).

Proof. The existence of the (strong) limit

lim
λ→0

G(τ + λq)−G(τ)

λ

in W (0, T ) has been shown in the above Lemma 4.7 through 4.9. Since the problem
(4.1.37) is linear, and q appears linearly in the right-hand-side in M ′(τ)q and Zq(t),
the derivative (w, ν) depends linearly on q. Moreover, the right-hand-side can be
bounded by C ‖q‖L∞(S) and the same is valid for ‖(w, ν)‖W (0,T ) by Theorem 4.3,
hence G′(τ) : W 1,∞(S) → W (0, T ) is a continuous linear operator – the sought
Gâteaux-derivative.

As in the steady-state case, note the importance of the above theorem, which is
necessary for the differentiation of the reduced objective in Theorem 4.6.

4.2. Analysis of the optimization problem

This subsection is devoted to the analysis of the dynamic optimization problem. It
has a similar structure as the steady-state problem and is stated as follows: Given
an applied force f ∈ H1(0, T ;L2(S)) and an initial condition by Φg : L∞(S)→ V
differentiable, then with F := (0, f, 0) ∈ H1(0, T ;H),

min
τ∈W 1,∞(S)

(u,θ)∈W (0,T )

J(u, θ; τ) :=

∫ T

0

∫
S
u3(t)f(t) dS dt+

λ

2
‖τ‖2H1(S) (4.2.1a)

s.t. :M(τ)(ü(t), θ̈(t)) + L(τ)(u(t), θ(t)) = F (t) in V∗, t ∈ [0, T ](4.2.1b)

(u(0), θ(0)) = 0, (u̇(0), θ̇(0)) = Φg(τ) (4.2.1c)

τmin ≤ τ(ξ1, ξ2) ≤ τmax in S (4.2.1d)∫
S

(
τ +

Kτ3

12

)
dS = C. (4.2.1e)

The sketch of this subsection is to apply the continuity and differentiability
results from the previous subsection and make respective conclusions for the reduced
objective. Finally, necessary conditions for an optimal solution in case of a parabolic
midsurface can be stated.
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First, the corresponding reduced problem is stated. All the restrictions (except
the state equation) are collected in the set Uad already known from the steady-state
case,

Uad := {τ ∈W 1,∞(S) | τmin ≤ τ(ξ1, ξ2) ≤ τmax,

∫
S

(
τ +

Kτ3

12

)
dS = C}. (4.2.2)

Since Uad ⊂ Ub, the control-to-state operator is well-defined on Uad (see Theorem 4.1),
and the objective in conjunction with the state equation can be rewritten as

J(u, θ; τ) = J(G(τ); τ) =: Js(τ), (4.2.3)

where the reduced objective Js : Uad → R only depends on the thickness τ . The
notation is not distinguished from the steady-state case as long as it is clear from
the context which objective is meant. Combining both equations (4.2.2) and (4.2.3),
the reduced problem is stated as

min
τ∈Uad

Js(τ).

This reduced objective is subject to investigation. The first thing that can be
established is its continuity.

Lemma 4.10. The reduced objective Js : Uad → R is continuous.

Proof. The original objective J : W (0, T )×W 1,∞(S) is continuous since

(u, θ) 7→
∫ T

0

∫
S
u3(t)f(t) dS dt ≤∫ T

0
‖(u(t), θ(t))‖H ‖f(t)‖L2(S) dt ≤ C ‖(u, θ)‖L2(0,T ;V)

is a continuous linear functional and W 1,∞(S) is continuously embedded into H1(S).
Moreover, the control-to-state operator is continuous, and so is the composition
Js = J ◦ (G, id).

By using the continuity of the reduced objective an existence theorem for an
optimal solution can be stated for further restricted Uad.

Theorem 4.5. Consider the set

UMad := Uad ∩

{
τ ∈W 1,∞(S)

∣∣∣∣∣
∥∥∥∥ ∂τ∂ξ1

∥∥∥∥
L∞(S)

< M,

∥∥∥∥ ∂τ∂ξ2

∥∥∥∥
L∞(S)

< M

}
,

where M > 0 is fixed. Then the dynamic optimization problem

min
τ∈UMad

Js(τ)

has an optimal solution.
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Proof. Analogous to the steady-state case in Theorem 3.5.

The next step is to consider the differentiability of the reduced objective and
in the sequel derive necessary conditions for an optimal solution of (4.2.1). As in
the steady-state case, the expression of a directional derivative which does not rely
on finite differences is invaluable for direct numerical optimization methods and
sometimes, as it is the case here, makes a numerical solution possible at all.

Lemma 4.11. The objective functional J from (4.2.1a) is a Fréchet-differentiable
mapping W (0, T )×W 1,∞(S)→ R. The derivative with respect to (u, θ), denoted
by D(u,θ)J(u, θ; τ), is given by

D(u,θ)J(u, θ; τ)(v, ψ) =

∫ T

0

∫
S
v3(t)f(t) dS dt,

and the derivative with respect to τ , denoted by D(τ)J(u, θ; τ), is given by

DτJ(u, θ; τ)q = λ (τ, q)H1(S) .

Proof. As a continuous linear functional W (0, T )→ R the first part

(u, θ) 7→
∫ T

0

∫
S
u3(t)f(t) dS dt

is Fréchet-differentiable (see [Trö10, p. 59, ex. (vi)]), and the derivative is the
operator itself, i.e.

D(u,θ)J(u, θ; τ)(v, ψ) =

∫ T

0

∫
S
v3(t)f(t) dS dt.

The second part containing the H1(S)-norm is also Fréchet-differentiable (see [Trö10,
p. 59, ex. (vii)]) and since H1(S) is a Hilbert space, the derivative with respect to τ
is given by

DτJ(u, θ; τ)q = λ (τ, q)H1(S) .

Remark 4.6. The objectives proposed in Itemization 2.3, point 1 and 3 can be
adapted to the dynamic case and are also Fréchet-differentiable:

1. Square-norm of the displacement
1

2
‖(u, θ)‖2 (where a suitable norm must be

chosen, e.g. the L2(0, T ;V) or L2(0, T ;H) norm),

2. u3-component of the displacement integrated over the midsurface, i.e.∫ T

0

∫
S
u3(t) dS dt,

as done in [Nes10a].
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After the existence of the Fréchet-derivative of the objective functional is assured,
an adjoint state can be defined as the solution to a related problem:

Definition 4.5 (Adjoint state). The adjoint state p = (r, η) to a thickness τ
with corresponding displacement (u(τ), θ(τ)) is defined as the solution to: Find
(r, η) ∈W (0, T ) such that

M(τ)(r̈(t), η̈(t)) + L(τ)(r(t), η(t)) = F (t)

(r(T ), η(T )) = (ṙ(T ), η̇(T )) = 0
(4.2.4)

in V∗ for all t ∈ [0, T ].

First, note that the above equation (4.2.4) does have end conditions instead of
initial conditions, so it is an equation “backwards” in time. For this type of problem,
the solvability must be clarified first.

Lemma 4.12. The adjoint equation (4.2.4) has a unique solution.

Proof. Consider the auxiliary function (r̃, η̃) ∈W (0, T ),

(r̃(t), η̃(t)) := (r(T − t), η(T − t)).

If (r, η) solves the adjoint equation (4.2.4), this is equivalent to (r̃, η̃) solving

M(τ)(¨̃r(t), ¨̃η(t)) + L(τ)(r̃(t), η̃(t)) = F (T − t)
(r̃(0), η̃(0)) = ( ˙̃r(0), ˙̃η(0)) = 0,

(4.2.5)

in V∗ for all t ∈ [0, T ]. Looking at the right-hand-side of the equations shows that
F (T − t) ∈ L2(0, T ;H), so equation (4.2.5) has a unique solution (see Theorem 4.5)
and the same is true for equation (4.2.4).

Note that, given the initial data F ∈ H1(0, T ;H), it follows like in (4.1.32) that the
adjoint has the same smoothness as the displacement, in particular p ∈ H1(0, T ;V).

Remark 4.7. The adjoint state can also be defined for the other objectives mentioned
in Itemization 4.6, where the right-hand-side then reads

1. ((u(t), θ(t)), (v, ψ))H or

2. (1, v3)L2(S).

It follows the main result of this subsection:

Theorem 4.6. The reduced objective Js from (4.2.3) is Gâteaux-differentiable.
For the directional derivative J ′s(τ)q at point τ with corresponding displacement
y(τ) = (u(τ), θ(τ)) and adjoint p ∈W (0, T ), it holds

J ′s(τ)q =

−
∫ T

0

(
(M ′(τ)q)ÿ(τ)(t) + Zq(t), p(t)

)
H

dt+
(
M(τ)p(0),Φ′g(τ)q

)
H + λ (τ, q)H1(S) .
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Proof. By using the chain rule for Gâteaux- and Fréchet-derivatives (see [KA82, p.
499, example IV]), it is

J ′s(τ)q = D(u,θ)J(u(τ), θ(τ); τ)(G′(τ)q) +DτJ(u(τ), θ(τ); τ)q. (4.2.6)

Consider the first summand on the right-hand-side, define z = (w, ν) := G′(τ)q, let
p ∈W (0, T ) be the solution to the adjoint equation (4.2.4), then

D(u,θ)J(u(τ), θ(τ); τ)(w, ν)

=

∫ T

0

∫
S
w3(t)f(t) dS dt =

∫ T

0
(F (t), z(t))H dt

=

∫ T

0

(
M(τ)p̈(t), z(t)

)
H +

(
L(τ)p(t), z(t)

)
H dt

=
(
M(τ)ṗ(T ), z(T )

)
H −

(
M(τ)ṗ(0), z(0)

)
H+∫ T

0
−
(
M(τ)ṗ(t), ż(t)

)
H +

(
L(τ)p(t), z(t)

)
H dt

=

∫ T

0
−
(
M(τ)ż(t), ṗ(t)

)
H +

(
L(τ)z(t), p(t)

)
H dt

=
(
M(τ)ż(0), p(0)

)
H −

(
M(τ)ż(T ), p(T )

)
H+∫ T

0

(
M(τ)z̈(t), p(t)

)
H +

(
L(τ)z(t), p(t)

)
H dt

=
(
M(τ)p(0), ż(0)

)
H +

∫ T

0

(
M(τ)z̈(t), p(t)

)
H +

(
L(τ)z(t), p(t)

)
H dt

=
(
M(τ)p(0),Φ′g(τ)q

)
H +

∫ T

0
−
(
(M ′(τ)q)ÿ(τ)(t) + Zq(t), p(t)

)
H dt

which gives the first part of the derivative. The derivative of the squared norm in
the second summand of (4.2.6) is given by

DτJ(u(τ), θ(τ); τ)q = λ (τ, q)H1(S) .

Combining both terms yields the statement of the theorem.

The importance of an analytical expression for the directional derivative of the
reduced objective is emphasized once again. The first thing to collect from the above
work are necessary conditions for an optimal solution of (4.2.1).

Theorem 4.7. Let τ∗ ∈ Uad be a (locally) optimal solution for the problem (4.2.1)
with corresponding state y(τ) and adjoint p, and let K = 0 everywhere on S. Then
it holds

J ′s(τ
∗)(q − τ∗) = −

∫ T

0

(
M ′(τ∗)(q − τ

∗)ÿ(τ∗)(t) + Z(q−τ∗)(t), p(t)
)
H

dt+(
M(τ∗)p(0),Φ′g(τ

∗)(q − τ∗)
)
H + λ (τ∗, q − τ∗)H1(S) ≥ 0 (4.2.7)

for all directions q ∈ Uad.
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Proof. Analogous to the steady-state case using the derivative of Js and the convexity
of Uad together with the theorem from [Trö10, p. 63].

4.3. Summary

In this chapter the dynamic state equation (4.1.5) and the corresponding optimization
problem (4.2.1) were investigated in detail. After stating the unique solvability of
the state equation, the existence of a well-defined control-to-state operator had been
assured. This operator was studied then with respect to continuity and Gâteaux-
differentiability which is a key component of this work and a new contribution to
optimization in (dynamic) linear elasticity. Since the type of the state equation
changed from elliptic to hyperbolic, considerably more work had to be done to
show the existence of all desired expressions. Optimal control with hyperbolic
state equations is however a more complex and not so deep investigated field of
research (take for example the work of Tröltzsch [Trö10] which ends up with parabolic
equations) and standard works on hyperbolic equations by Wloka [Wlo87] or Evans
[EG15] do not always provide the needed theorems (like Theorem 4.3). Nevertheless,
all needed results could be achieved.
Afterwards, those results were applied to the reduced objective and continuity

and differentiability could be shown. On the one hand, this ensures the existence of
a solution to the optimization problem (under additional restrictions) and on the
other hand gives an expression for the directional derivative of the reduced objective
and for necessary conditions for an optimal solution.





5. Numerical solution

This chapter is devoted to the numerical solution of the state equation and the
optimization problem. The type of the steady-state and dynamic state equation are
fundamentally different (elliptic vs. hyperbolic) and so is the numerical treatment.
This will be discussed in the first two sections. The actual optimization is done using
an interior point method provided by the package Ipopt ([Ipo15]) which is explained
in the third section.
The numerical solution of the state equation relies on the finite element method

and is done in Fortran where self-written and already available code are combined to
achieve a time-efficient solution. While the numerical methods (e.g. the particular
elements used or the interior point optimization) are well-known, the efficient imple-
mentation is pronounced as a substantial own contribution to this work. It consists
of the combination of fast linear algebra using Intel MKL ([MKL15]), the parallel
solution of sparse linear equation systems using Pardiso ([Par15]) and parallelized
element calculations using OpenMP ([OMP15]).

5.1. Solution of the steady-state equation

The first section deals with the numerical solution of the steady-state equation
(2.2.25). It is stated once again using the (implementation-friendly) Voigt notation:
Find (u, θ) ∈ V such that∫

B(τ)

εT (u, θ)Cε(v, ψ) + ζ(u, θ)TDζ(v, ψ) dV =

∫
S
fv3 dS (5.1.1)

for all (v, ψ) ∈ V . The vector ε(u, θ) (representing a part of the strain tensor e given
in (2.2.12)) is defined by

ε(u, θ) :=

 e11(u, θ)
e22(u, θ)√
2e12(u, θ)

 ,

while ζ represents the shear strain

ζ(u, θ) :=

(
ζ1(u, θ)
ζ2(u, θ)

)
.
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Figure 5.1.: 9-node reference element

The matrices C andD are the representations for the parts C and D of the elasticity
tensor from (2.2.20) and consist of

C :=


C1111 C1122

√
2C1112

C1122 C2222
√

2C2212

√
2C1112

√
2C2212 2C1212

 , D :=

(
D11 D12

D12 D22

)
.

The numerical solution of the variational problem (5.1.1) is done as in the book by
Chapelle and Bathe ([CB03, sec. 6.3]) and the paper by Lee and Bathe ([LB05]). In
the above literature, general shell elements are suggested which use an isoparametric
approach that interpolates the geometry and the displacement using the same shape
functions. However, for the cylindrical test case the parametrization Z is readily
available from (2.2.3), so the parameter region Ω(τ) is discretized rather than the
shell body B(τ). This is the main difference to the above method. Indeed, for more
general test cases, general shell elements should be used which directly discretize
B(τ). An overview of various other finite element approaches in shell theory is given
in [Hug00, chp. 5–6].

5.1.1. Shell elements and finite element displacement

Discretization using shell elements The spatial discretization uses shell elements
based on 9-node biquadratic rectangle elements, see Figure 5.1. Given the coordinates
ξ1,(j) and ξ2,(j) at the nine local nodes j = 1, . . . , 9 together with the nodal values of
the thickness τ (j), the global coordinates (ξ1, ξ2, ξ3) (in the parameter domain Ω(τ))
depending on the element coordinates (r, s, z) ∈ [−1, 1]3 read

ξ1

ξ2

ξ3

 (r, s, z) =

9∑
j=1

λj(r, s)


ξ1,(j)

ξ2,(j)

z
τ (j)

2

 .
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The ansatz functions λj , j = 1, . . . , 9 on the reference element are given as

λ1(r, s) =
1

4
(r + 1)r(s+ 1)s, λ5(r, s) =

1

2
(1− r2)(s+ 1)s,

λ2(r, s) =
1

4
(r − 1)r(s+ 1)s, λ6(r, s) =

1

2
(r − 1)r(1− s2),

λ3(r, s) =
1

4
(r − 1)r(s− 1)s, λ7(r, s) =

1

2
(1− r2)(s− 1)s,

λ4(r, s) =
1

4
(r + 1)r(s− 1)s, λ8(r, s) =

1

2
(r + 1)r(1− s2),

λ9(r, s) = (1− r2)(1− s2).

(5.1.2)

With the use of such shell elements, a three dimensional mesh is obtained using two
dimensional shape functions. The existence of only one layer through the thickness
reflects the idea of degenerating a fully three dimensional solid shell element ([CB03,
p. 180f.]).

Finite element displacement The modeling of the displacement involves an ad-
ditional coordinate transformation as suggested in [LB05]. The values u(i) of the
translational displacement at the nodes i = 1, . . . , N are represented in the standard
basis i1, i2, i3 of R3,

u(i) = û
(i)
1 i1 + û

(i)
2 i2 + û

(i)
3 i3.

The same is done with the nodal values of the rotational displacement θ,

θ(i) = θ̂
(i)
1 i1 + θ̂

(i)
2 i2 + θ̂

(i)
3 i3.

Note that this leads to an additional degree of freedom per node (six in standard
basis, five in local basis) but shows more accurate numerical results according to
[LB05]. However, the rotational part θ(i) must be enforced to be in the tangent
space of node i, i.e.

θ(i) · a(i)
3 = 0,

in order to be compliant with the displacement ansatz from (2.2.11). Altogether,
the finite element displacements are given as

Uh(ξ1, ξ2, ξ3) =
N∑
i=1

hi(ξ
1, ξ2)(u(i) + ξ3θ(i)), θ(i) · a(i)

3 = 0,

where the hi are chosen as the shape functions arising from the biquadratic ansatz
functions (5.1.2). The index h refers to the mesh-size and indicates a quantity that
is interpolated from discrete nodal values. In local element coordinates this reads

Uh

∣∣∣
E

(r, s, z) =
9∑
j=1

λj(r, s)

(
un(j) + z

τn(j)

2
θn(j)

)
, (5.1.3)
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where n(j) denotes the global node corresponding to the local node j. This also
reflects the isoparametric ansatz. The division into translational and rotational parts
leads to the finite element displacement space

Vh :=

{
(uh, θh)

∣∣∣uh =

N∑
i=1

hiu
(i), θh = π

(
N∑
i=1

hiθ
(i)

)}
∩ BC,

where π denotes the projection operator onto the tangent space at point z(ξ1, ξ2) ∈ S
(see [CB03, p. 183]). The part denoted BC imposes proper boundary conditions
on the displacement. Accordingly, the nodal thickness τ (i) is interpolated using the
shape functions hi which leads to

τh =
N∑
i=1

hiτ
(i). (5.1.4)

The actual variational problem to solve on the finite element displacement space is:
Find (uh, θh) ∈ Vh such that∫

B(τh)

εT (uh, θh)Cε(vh, ψh) + ζ(uh, θh)TDζ(vh, ψh) dV =

∫
S
fv3,h dS (5.1.5)

for all (vh, ψh) ∈ Vh. In short notation this reads

a(τh)(uh, θh; vh, ψh) = F (vh, ψh).

The linear structure of the finite element displacements with respect to the nodal
values (u(i), θ(i)) shows that the above equation has to be evaluated numerically
only for the shape functions hi, i = 1, . . . , N . The actual calculation is presented in
Subsection 5.1.2.

Coordinate transformation In order to transform between the -̂accented Cartesian
coordinates and the coordinates in local basis, the vectors ai, i = 1, 2, 3 from (2.2.1)
are used. It is u1

u2

u3

 =

(a1)1 (a1)2 (a1)3

(a2)1 (a2)2 (a2)3

(a3)1 (a3)2 (a3)3

û1

û2

û3

 =: Su

û1

û2

û3

 .

Moreover, the coordinates of the derivatives must be transformed, so

∂

∂ξα

u1

u2

u3

 = Su
∂

∂ξα

û1

û2

û3

+
∂Su
∂ξα

û1

û2

û3

 .

For the coordinates of the rotational displacement, only the first two rows of Su are
used due to the constraint a3 · θ(i) = 0, i.e.(

θ1

θ2

)
=

(
(a1)1 (a1)2 (a1)3

(a2)1 (a2)2 (a2)3

)θ̂1

θ̂2

θ̂3

 =: Sθ

θ̂1

θ̂2

θ̂3

 .
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The combination of Su and Sθ gives the transformation
u1

u2

u3

θ1

θ2

 =

(
Su 0
0 Sθ

)


û1

û2

û3

θ̂1

θ̂2

θ̂3


=: S



û1

û2

û3

θ̂1

θ̂2

θ̂3


.

For the cylindrical case, the matrix Su(x, ϕ) reads

Su(x, ϕ) =

1 0 0
0 −R sinϕ R cosϕ
0 cosϕ sinϕ

 (5.1.6)

and its derivatives are

∂Su
∂x

= 0,
∂Su
∂ϕ

=

0 0 0
0 −R cosϕ −R sinϕ
0 − sinϕ cosϕ

 . (5.1.7)

The matrix Sθ and its derivatives consist of the first two rows of Su and its respective
derivatives.

5.1.2. Evaluating the quantities in the variational problem

The time-efficient evaluation of the quantities appearing in equation (5.1.5) is a key
feature of a successive optimization in reasonable time.

Strain-displacement matrices The strain vector ε is related to the nodal displace-
ment via strain-displacement matrices. Remember from (2.2.12) that ε is actually
given as

ε = γ + ξ3χ−
(
ξ3
)2
κ.

To obtain the components of the vector

γ =

 γ11

γ22√
2γ12

 =

 u1|1 − b11u3

u2|2 − b22u3√
2

2

(
u1|2 + u2|1

)
−
√

2b12u3


from the nodal displacement values on the element (û(j), θ̂(j)), j = 1, . . . , 9, the
following calculation is done exemplarily for u1|1 from Definition 2.11:

u1|1 =
∂u1

∂ξ1
−

2∑
α=1

Γα11uα

=
∂

∂ξ1

 9∑
j=1

λju
(j)
1

− Γ1
11

9∑
j=1

λju
(j)
1 − Γ2

11

9∑
j=1

λju
(j)
2

=
9∑
j=1

(
∂

∂ξ1

(
λj

[
S

(
û(j)

θ̂(j)

)]
1

)
− Γ1

11λj

[
S

(
û(j)

θ̂(j)

)]
1

− Γ2
11λj

[
S

(
û(j)

θ̂(j)

)]
2

)

=
9∑
j=1

((
∂λj
∂ξ1
− Γ1

11λj , −Γ2
11λj , 0, . . . , 0

)
S

(
û(j)

θ̂(j)

)
+ (λj , 0, . . . , 0)

∂S

∂ξ1

(
û(j)

θ̂(j)

))
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Altogether, for the membrane strain the strain-displacement matrix on the reference
element is calculated as follows

γ =

9∑
j=1




∂λj
∂ξ1 − Γ1

11λj −Γ2
11λj −b11λj 0 0 0

−Γ1
22λj

∂λj
∂ξ2 − Γ2

22λj −b22λj 0 0 0
√

2
2

(
∂λj
∂ξ2 − (Γ1

12 + Γ1
21)λj

) √
2

2

(
∂λj
∂ξ1 − (Γ2

21 + Γ2
12)λj

)
−
√

2b12λj 0 0 0

S

+

λj 0 0 0 0 0
0 0 0 0 0 0

0
√

2
2 λj 0 0 0 0

 ∂S

∂ξ1

+

 0 0 0 0 0 0
0 λj 0 0 0 0√
2

2 λj 0 0 0 0 0

 ∂S

∂ξ2




û
(j)
1

û
(j)
2

û
(j)
3

θ̂
(j)
1

θ̂
(j)
2

θ̂
(j)
3



=:
9∑
j=1

(
B(j),0
γ S +B(j),1

γ

∂S

∂ξ1
+B(j),2

γ

∂S

∂ξ2

)
(û(j), θ̂(j))

=:
9∑
j=1

B(j)
γ (û(j), θ̂(j)).

Corresponding matrices B(j)
χ , B(j)

κ and B(j)
ζ can be calculated for the strain vectors

χ, κ and ζ. For the cylindrical test case, the matrices B(j),k
γ , k = 0, 1, 2 take the

simple form

B(j),0
γ S =


∂λj
∂x 0 0 0 0 0

0
∂λj
∂ϕ Rλj 0 0 0

√
2

2
∂λj
∂ϕ

√
2

2
∂λj
∂x 0 0 0 0

S, B(j),1
γ

∂S

∂x
= 0,

B(j),2
γ

∂S

∂ϕ
=


0 0 0 0 0 0

0 λj 0 0 0 0

1√
2
λj 0 0 0 0 0

 ∂S

∂ϕ
.

Note that the derivatives of the ansatz functions have to be transformed from element
coordinates (r, s) to global coordinates (ξ1, ξ2) which is a straight-forward procedure
in finite element calculations.

Evaluation of the bilinear form The matrices C and D representing the elasticity
tensor can be calculated directly from (2.2.20). To evaluate the bilinear form on the
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left-hand-side of (5.1.1), the matrix-vector-product

εTCε

must be considered which boils down to the calculation of

B(i)T
γ CB(i)

γ (5.1.8)

and corresponding matrix products. To enable fast and efficient linear algebra
calculations, the Intel Math Kernel Library (MKL) comes in place. It provides an
efficient implementation of the well-known Basic Linear Algebra System (BLAS)
routines optimized for Intel processors. However, the use of the general matrix-matrix
product routine gemm ([MKL12, p. 124] is not a good guess here: It should be noted
that for the cylindrical test case, the matrix

C =


L1 + 2L2

L1
(R+h)2 0

L1
(R+h)2

L1+2L2
(R+h)4 0

0 0 2L2
(R+h)2


can be decomposed into a product CT

RCR with

CR =


√
L1 + 2L2

L1

(R+h)2
√
L1+2L2

0

0 2
√

L1L2+L2
2

(R+h)4(L1+2L2)
0

0 0
√

2L2
R+h

 .

Therefore, the product in (5.1.8) can be rewritten as(
CRB

(i)
γ

)T (
CRB

(i)
γ

)
.

This can be calculated as a matrix-matrix-product with one matrix being triangular
(trmm, [MKL12, p. 147]) followed by a symmetric rank-k update (syrk, [MKL12,
p. 141]), which is much more efficient than using the general matrix-matrix product.
The same is possible for the other products containing C and also for the products
containing D. Moreover, the calculation is done simultaneously for all i = 1, . . . , 9

by concatenating the matrices B(i)
γ and using the fact that C is independent of i.

Further matrix additions and scalar multiplications (e.g. to construct ε) can be
executed efficiently using daxpy ([MKL12, p. 54]).

The integral itself is evaluated using Gauss quadrature with three points in each
direction. This is sufficient to integrate the ansatz functions exactly and for an
accurate quadrature of the entries in C.
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Parallelization The single element matrices can be calculated independently of
each other, so this step is suited well for parallelization. To obtain this, the OpenMP
library is used. It provides an easy way to carry out independent loop iterations
in parallel by adding !$omp parallel do and !$omp end parallel do statements
around the loop ([CJP08, p. 58].

In addition, other spacial integrations appearing in the evaluation of the objective
function (see Subsection 5.3.1) or in the calculation of the finite element gradient (see
Subsection 5.3.2) can be carried out element-wise in parallel. To provide thread-safe
additions during the calculation (instead of using an additional assembly step after
the loop), the !$omp reduction command is used ([CJP08, pp. 105ff.].

Assembly of the stiffness matrix The element stiffness matrices calculated by
evaluating the bilinear form in the last paragraph are assembled and build up the
left-hand-side of a linear equation system for the nodal values of the displacement.
The stiffness matrix is usually large, sparse and – due to the elliptic character of
the steady-state equation – positive definite. The solver Pardiso (Parallel Direct
Sparse Solver) contained in the MKL is constructed to solve large sparse systems in
an efficient ([GSH07]) way. As input it needs the stiffness matrix in a special format
for sparse matrices ([MKL12, p. 2339]), called Compressed Sparse Row (CSR) (see
e.g. [Bar+94, p. 57]):
Given a sparse matrix A ∈ RN×N with #nnz non-zero entries. To represent A,

three vectors are constructed: rInd ∈ RN+1, c ∈ R#nnz and v ∈ R#nnz. The entries
inside rInd, for example

rInd(k) = ik and rInd(k + 1) = ik+1

mean that the k-th row of A is represented by the values from c(ik) through c(ik+1−1)
and corresponding entries in v. The value in c(i) stands for the column of A in
which the value v(i) occurs. In other words,

c(i) = j and v(i) = a Akj = a, i = rInd(k), . . . , rInd(k + 1)− 1.

In addition, rInd(N + 1) := #nnz + 1 is set and c must be in strictly ascending
order inside a row of A. Although the MKL provides methods to create a sparse
matrix in CSR format out of a full matrix ([MKL12, p. 307]), it is time- and
memory-consuming to construct the full stiffness matrix from the single element
matrices before switching to CSR format. Since no other tools could be found to
construct the CSR stiffness matrix directly from the element matrices, this had to
be implemented by hand.

The position of the non-zero elements in A is determined by the element-to-node
assignment of the discretization. By traversing each element stiffness matrix with
its corresponding nodes, the vectors c and v are build gradually. Given the matrix
Ei to element i with element nodes n(1) to n(9), each entry of Ejk must be added
to the stiffness matrix A at position (n(j), n(k)). The main idea is to use a linked
(ordered) list to manage the entries for each row in A. The entries in those lists are
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used later to create the vectors c and v. When adding an entry to A at position
(n(j), n(k)), the list of row n(j) is traversed to find the correct position of n(k): If
the entry n(k) does not exist, a new one is created between the next bigger and
smaller entry to keep the list ordered. The value Ejk is stored at the same position
inside the list. Alternatively, if the entry n(k) already exists, Ejk is added to the
value already stored at this position. After having processed all element matrices,
the vectors c and v are created by concatenating the lists for each row. The fact
that the single lists were ordered ensures an ascending order of the vector c inside
each row, as required for the CSR format. The vector rInd is finally created by
counting the entries in each single list.
The algorithm used is shown in Listing 5.1. It provides an efficient way to

create the stiffness matrix in CSR format. Further adjustments were made in
the implementation to account for the symmetry of the stiffness matrix and for
multiple degrees of freedom per node resulting from the six coordinates that must be
determined. The implementation of the linked list is done using [Ble09] and [Ola16].

Algorithm 5.1 Pseudo-code for CSR format (one degree of freedom per node)
1: for i = 1 to #Elements do
2: for j = 1 to 9 do
3: for k = 1 to 9 do
4: Search the correct position for the (j, k)-entry of the i-th element matrix

in the ascending ordered list of row n(j)
5: Create a new list entry or add to an existing entry
6: end for
7: end for
8: end for
9: for i = 1 to N do
10: Save the entries in the list of node i consecutively in c and v

11: Count the entries and adjust rInd
12: end for

Evaluation of the linear form The right-hand-side of (5.1.5) is calculated using
standard Gauss quadrature with three points in each direction. The resulting element
load vectors are assembled simultaneously with the element stiffness matrices.

5.1.3. Solution of the linear system

The discretization of (5.1.1) finally leads to a linear system of equations

KhYh = Fh (5.1.9)

with a large sparse positive definite left-hand-side Kh ∈ R6N×6N and the vector
Yh collecting the (six) nodal values (û(i), θ̂(i)), i = 1, . . . , N . The solution using
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Pardiso involves three phases ([MKL12, p. 2344]): First, a reordering phase, where
a permutation of Kh is created to reduce the fill-in. Second, the actual factorization
of Kh into a product LhLTh and at last a forward/backward-substitution.

During the optimization process, the above system (5.1.9) has to be solved several
times for different values of τh. Note that the matrix Kh shares the same structural
pattern for all τh, so the results from the reordering phase can be reused which saves
roughly a third of the time for the solution.

In addition, Pardiso offers the possibility to use an indirect pcg-method instead of
the above described direct factorization method ([MKL12, p. 2364]). While indirect
methods are in general a good choice for large sparse systems ([Saa03, Preface]),
they rely on a good preconditioner ([Saa03, ch. 9]), which is not always available.
From the multiple solution of (5.1.9), benefits can be gained from a combination of
direct and indirect methods which is described in Subsection 5.3.2.

5.2. Solution of the dynamic equation

The dynamic state equation has a hyperbolic character and thus needs a different
numerical treatment than the steady-state equation. The dynamic equation to be
solved is (see (4.1.5))

M(τ)ÿ(t) + L(τ)y(t) = F (t) in V∗ for t ∈ [0, T ]

y(0) = 0, ẏ(0) = Φg(τ)
(5.2.1)

for y = (u, θ) ∈ W (0, T ). Such a hyperbolic equation can be solved by reducing
it to a system of first order equations and using a Crank-Nicolson scheme. This
approach is taken in [Nes10b] and is also followed in this work. By introducing the
new vector-valued function w := ẏ, equation (5.2.1) reads

ẏ(t)− w(t) = 0, y(0) = 0

M(τ)ẇ(t) + L(τ)y(t) = F (t), w(0) = Φg(τ)
(5.2.2)

in V∗ for all t ∈ [0, T ]. This equation system is discretized on an equidistant time-grid

0 = t1 < t2 < . . . < tM = T

with step size s = tm − tm−1. Let the functions

ym := y(tm) ∈ V, wm := w(tm) ∈ H, Fm := F (tm) ∈ H

be defined. Note that from the stronger regularity assumptions on the initial data
(4.1.31), it actually holds wm ∈ V if F ∈ H1(0, T ;H). The time-derivative in (5.2.2)
is approximated using a Crank-Nicolson scheme,

ym = ym−1 +
s

2

(
wm + wm−1

)
M(τ)w

m = M(τ)w
m−1 +

s

2

(
−L(τ)

(
ym + ym−1

)
+ Fm + Fm−1

)
.

(5.2.3)
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The spatial discretization involves the evaluation of
〈
L(τh)(·), ·

〉
V∗×V = a(τh)(·; ·)

which is done in the same manner as in Subsection 5.1 leading to the stiffness
matrix Kh. The discretization of M(τh) is done by inserting the ansatz functions
into

(
M(τh)·, ·

)
H. This gives the mass matrix Mh ∈ R6N×6N . Let the vectors Y m

h

and Wm
h collect the (six) components of ym and wm at the N nodes, i.e.

Y m
h := (ym1 , . . . , y

m
N )T ∈ R6N , Wm

h := (wm1 , . . . , w
m
N )T ∈ R6N .

Then, for every time-step tm−1 → tm the system

Y m
h = Y m−1

h +
s

2

(
Wm−1
h +Wm

h

)
(5.2.4a)

MhW
m
h = MhW

m−1
h − s

2
Kh

(
Y m
h + Y m−1

h

)
+
s

2

(
Fmh + Fm−1

h

)
(5.2.4b)

has to be solved. Multiplication of (5.2.4a) with Mh and inserting (5.2.4b) leads to(
Mh +

s2

4
Kh

)
Y m
h =

(
Mh −

s2

4
Kh

)
Y m−1
h + sMhW

m−1
h +

s2

4

(
Fmh + Fm−1

h

)
Wm
h =

2

s

(
Y m
h − Y m−1

h

)
−Wm−1

h .

(5.2.5)
The above equation has to be solved for every time-step, in total (M − 1)-times.
Note that the matrices Mh and Kh do not differ at all between any two time-steps
which saves a considerably amount of time during the calculation, which is done as
follows:

Algorithm 5.2 Calculating the dynamic solution
1: Calculate the element matrices of Mh and Kh for thickness τh
2: Assemble

(
Mh + s2

4 Kh

)
in CSR format

3: Use Pardiso to calculate the factorization of the above matrix
4: for m = 1 to M − 1 do
5: Calculate force Fmh and right-hand-side of (5.2.5)
6: Calculate Y m

h by forward/backward-substitution
7: Calculate Wm

h

8: end for

Note that the reuse of the factorization in line 6 of Algorithm 5.2 saves about
95 % of the time compared to an additional (redundant) factorization.

5.3. Solution of the optimization problem

In order to solve the optimization problem, the main part of the work has been
done in the previous sections by solving the state equation. There are the objective
functional and the remaining constraints left to be evaluated, which is discussed
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first. Since those evaluations are similar for steady-state and dynamic case, they
are explained simultaneously in this section. Afterwards, the finite-dimensional
approximation to the reduced problem is presented and its solution using Ipopt is
discussed.

5.3.1. Creating a finite-dimensional problem

In this subsection the creation of a finite-dimensional approximation to the optimiza-
tion problems (3.2.1) and (4.2.1) is discussed.

Evaluation of the objective functional Having calculated the nodal values Yh of
the steady-state solution, the evaluation of the objective functional

J(uh, θh; τh) =

∫
S
u3,hf dS +

λ

2
‖τh‖2H1(S)

is done using Gauss quadrature with the same Gauss points as in the evaluation of
the bilinear form. The interpolated functions (uh, θh) as well as τh are constructed
with help of the shape functions as in (5.1.3) and (5.1.4). The evaluation of the
dynamic objective

J(uh, θh; τh) =

∫ T

0

∫
S
u3,h(t)f(t) dS dt+

λ

2
‖τh‖2H1(S) (5.3.1)

from the nodal values Y m
h is done in the same way using Gauss quadrature in the

spatial domain and the trapezoidal rule for the time domain. Since both integrals
only depend on the nodal values, this evaluation induces functions

Jh : R6N × RN → R resp. Jh : R6N×M × RN → R, (5.3.2)

which map the nodal values to the corresponding objective value.

Evaluation of the remaining constraints Let the nodal values of the thickness be
given together with τh as in (5.1.4). The volume constraint∫

S

(
τh +

Kτ3
h

12

)
dS = C

is evaluated using Gauss quadrature leading to restrictions on the nodal values τ (i),
i = 1, . . . , N . In the case of a parabolic midsurface, those restrictions are even linear
because the integral reads ∫

S
τh dS = C (5.3.3)

as discussed in (2.3.3). The minimum and maximum thickness constraint is also
enforced only on the nodal values leading to 2N additional constraints. All those
constraints can be collected in the set Uad,h which is defined as

Uad,h := {Th ∈ RN | f(Th)− C = 0, τmin ≤ Th ≤ τmax}

where “≤” has to be understood componentwise.
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Creating the finite-dimensional approximation When collecting the nodal values
of the thickness in the vector

Th :=
(
τ (1), . . . , τ (N)

)T
and solving the linear equation(s) (5.1.9) for the steady-state case or (5.2.5) for the
dynamic case, there is a function

Gh : RN → R6N resp. Gh : RN → R6N×M

which maps Th to the nodal values of the approximated solution of the state equation.
The concatenation of Gh and Jh from (5.3.2) builds an discretized reduced objective

Js,h : RN → R, Js,h(Th) := Jh(Gh(Th),Th)

which serves as an approximation to the reduced objective from (3.2.3) or (4.2.3).
Adding the remaining side constraints leads to the finite-dimensional approximation
to the problems (3.2.1) or (4.2.1),

min
Th∈Uad,h

Js,h(Th). (5.3.4)

5.3.2. Solution of the finite-dimensional problem

Problem (5.3.4) is a “standard” finite-dimensional nonlinear optimization problem.
Since Uad,h describes a compact subset of Rn and the objective Js,h is continuous, it
has a solution by the Weierstrass theorem. This solution can be approximated by
various methods: active-set strategies, SQP methods or trust-region algorithms are
only a small part of the manifold methods available. Amongst these options, the
interior-point method has gained much attention over the last decades ([FGW02])
and it is chosen to solve the above optimization problem.

A sophisticated implementation of the interior-point method can be found in the
package Ipopt ([Kaw+15]). The library is equipped with a Fortran interface which
is used inside the program. The key concept of interior-point optimization and
the details of the implementation are explained in detail in [WB06]. In short, the
interior-point method creates a sequence of points (vectors T

(i)
h of thickness values)

inside the feasible region (Uad,h) that approximates an optimal solution – so it is an
iterative method. In each iteration, the following information is provided to Ipopt
for a fixed thickness vector T

(i)
h :

• value of the objective Js,h(T
(i)
h ),

• gradient of the objective ∇Js,h(T
(i)
h ),

• value of the constraints f(T
(i)
h )− C,

• gradient of the constraint ∇f(T
(i)
h ).
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The information about upper and lower bounds on Th as well as general problem data
(such as dimension and optimization parameters) are provided once at the beginning.
The calculation of points one and three was discussed in the previous subsection. In
the particular case of a parabolic midsurface, the constraint f(T

(i)
h )− C becomes a

linear one,
cTvolT

(i)
h − C = 0,

so the gradient is the vector cTvol ∈ RN itself. In addition, Ipopt provides special
treatment for linear constraints ([Kaw+15, p. 72]) which avoids the query of their
(constant) gradient in every iteration.

The repeated calculation of the objective value involves the solution of the linear
system(s) (5.1.9) or (5.2.5). After calculating a search direction for the next iterate
T

(i+1)
h , a line search is performed in Ipopt. Between two subsequent line search

steps, the nodal thickness values are not “too far away” from each other, so by
continuity the corresponding left-hand-sides of the equation systems do not “differ
much” either. As mentioned at the end of Section 5.1, the solver Pardiso offers –
beside of a direct solution via factorization – also an indirect (iterative) pcg-method
[MKL12, p. 2364f.]. Indirect methods rely heavily on a good preconditioner of
the system. Once the factorization for T

(i)
h is done, the pcg-method is used for

subsequent line search steps involving the thickness vector T
(i)
h +αkd. The previously

calculated factorization L
(T

(i)
h )
LT

(T
(i)
h )

serves as a well-suited preconditioner, since

only one forward/backward-substitution is needed to approximate the inverse of
K

(T
(i)
h +αkd)

.
Although the Pardiso pcg-method works well, there is an additional possibility

to save computation time: As communicated by Nestler ([Nes13]), the pcg-method
can be implemented without the need to assemble the stiffness matrix explicitely.
So an own implementation of the pcg-method is used in the program instead of the
one provided by Pardiso. This saves about 20 % of the computation time for the
solution of the linear systems during the line search. Clearly, if the pcg-method uses
too much iterations (more than about 5), the program switches back to a direct
factorization.
It can be asked whether the factorization can also be reused during subsequent

optimization iterations, i.e. between T
(i)
h and T

(i+1)
h . While this is working principally,

at the beginning of each iteration the gradient ∇Js,h(T
(i)
h ) must be provided. This

is a crucial point of the optimization process, so the accurate solution using direct
factorization is preferred in comparison to an iterative solution of the system.
The point which is left to be discussed is the actual calculation of the gradient
∇Js,h:

Providing the objective gradient The straight-forward way of providing the ob-
jective gradient is to approximate it by finite differences. This method does not need
any additional information other than the value of the objective itself at certain
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disturbed points in a neighborhood of T
(i)
h . Serious drawbacks are the missing

accuracy and multiple evaluations of the objective function (and hence solutions
of the state equation). The missing accuracy of the gradient leads to unsatisfying
optimization results as shown in [Nes12, p. 201]. This is the reason why some effort
has been put into the calculation of the reduced objective gradient. The steady-state
gradient from Theorem 3.6 involves the evaluation of

J ′s(τh)q = −Zq(u(τh), θ(τh)) + λ (τh, q)H1(S)

from the nodal values of τh collected in Th. Because of the special choice of the
objective as the compliance functional, an additional solution of the adjoint system
is avoided. The directions q are chosen as the ansatz functions hi. The evaluation of
Zq as well as the H1(S) scalar product are done using Gauss quadrature. The nodal
values of u(τh) and θ(τh) are available from the solution of the state equation. The so
called finite element gradient reads

∇Js,h(Th) ≈
(
J ′s(τh)h1, . . . , J

′
s(τh)hn

)
=: J ′s,h(Th)

and is a much better approximation to ∇Js,h(Th) than finite differences would create.
The situation is a bit more complex in the dynamic case. First, an additional

adjoint system has to be solved backwards in time, namely: Find p ∈W (0, T ) such
that

M(τ)p̈(t) + L(τ)p(t) = F (t)

p(T ) = ṗ(T ) = 0
(5.3.5)

in V∗ for all t ∈ [0, T ]. The reformulation as a first order system and the discretization
is done as for the dynamic state equation in (5.2.3) except that pm = p(tm) is
calculated from pm+1 = p(tm+1). Let the nodal values of pm and its first derivative
rm = ṗ(tm) be collected in

Pmh := (pm1 , . . . , p
m
N ) ∈ R6N , Rmh := (rm1 , . . . , r

m
N ) ∈ R6N .

Then, in every time-step tm+1 → tm the equation system(
Mh +

s2

4
Kh

)
Pmh =

(
Mh −

s2

4
Kh

)
Pm+1
h − sMhR

m+1
h +

s2

4

(
Fmh + Fm+1

h

)
Rmh =

2

s

(
Pm+1
h − Pmh

)
−Rm+1

h

(5.3.6)
has to be solved. Note that in case of other objective functionals the right-hand-side
F of the adjoint equation would be replaced by another F̃ which could also depend
on the solution y (see Remark 4.7). Additionally, note that the factorization of

Mh +
s2

4
Kh has already been calculated during the solution of the state equation

(see Algorithm 5.2, line 3), so it can be reused here. The calculation of the adjoint
boils down to:
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Algorithm 5.3 Calculating the adjoint solution
1: for m = M − 1 to 1 do
2: Calculate Fmh (resp. F̃mh which could depend on Y m

h )
3: Calculate right-hand-side of (5.3.6)
4: Calculate Pmh by forward/backward-substitution
5: Calculate Rmh
6: end for

The forward/backward-substitutions are carried out efficiently by the Pardiso
solver. The gradient of the reduced objective, as calculated in Theorem 4.6, reads

J ′s(τ)q =

−
∫ T

0

(
(M ′(τ)q)ÿ(τ)(t) + Zq(t), p(t)

)
H

dt+
(
M(τ)p(0),Φ′g(τ)q

)
H + λ (τ, q)H1(S) .

However, the second derivative of y is not readily available from the values Y m
h and

Wm
h . To overcome this, a partial integration is carried out which leads to

J ′s(τ)q =

∫ T

0

(
(M ′(τ)q)ẏ(τ)(t), ṗ(t)

)
H
− (Zq(t), p(t))H dt+(

M(τ)p(0),Φ′g(τ)q
)
H +

(
(M ′(τ)q)ẏ(τ)(0), p(0)

)
H

+ λ (τ, q)H1(S) . (5.3.7)

This can be evaluated by using the values of Y m
h ,Wm

h , P
m
h , R

m
h and Th. As in the

steady-state case, the direction q is chosen as the ansatz functions hi, so the finite
element gradient reads

∇Js,h(Th) ≈
(
J ′s(τh)h1, . . . , J

′
s(τh)hn

)
=: J ′s,h(Th)

and is a good approximation to ∇Js,h(Th).

Providing a start solution Another crucial point for optimization methods is
providing a suitable initial estimate of the optimal solution. A good starting solution
reduces the necessary iterations to only a few while a bad estimate can prevent the
optimization process from succeeding. On coarse grids this is not as deciding as
on fine grids because one iteration takes less time. So it is reasonable to solve the
optimization problem on successively refined grids, where the optimal solution on
the coarser grid is used as an estimate on the finer grid.

In the examples presented in the next chapter, the calculation started on a coarse
grid consisting of only 289 nodes with the constant thickness as a very general
estimate of the optimal solution. The grid is refined to half the step size (leading to
a fourfold number of nodes) and the optimization is restarted with the interpolated
solution of the coarse grid as the initial estimate. This process is repeated three
(dynamic case) to four (steady-state case) times and the optimization even succeeded
on fine grids consisting of around 16000 resp. 66000 nodes in reasonable time. This
would not be possible with a constant thickness as an initial estimate on the fine
grids.
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Saving the result The optimization results, i.e. the nodal values of the optimal
thickness as well as the optimal displacement and adjoint together with general
problem information must be saved for further postprocessing. The plain save of the
values in a text file would cause a huge amount of disk space, since those formats
are not optimized for keeping large numbers of numerical values.
The “mat” file format known from Matlab is considerably better suited for such

tasks. It enables much smaller result files and also time-efficient read and write
processes. A Fortran library for reading and writing mat-files ([Mat15b]) as well as
for creating suitable structures to be saved in mat-files ([Mat15a]) is used in the
implementation.

5.3.3. Optimality test

While the finite element gradient accelerates the optimization significantly, it can also
be used to evaluate the necessary conditions for an optimal solution. This evaluation
can be used as an “optimality test” to measure how “far away” the calculated solution
is from an exact solution to the finite-dimensional problem. In detail, the necessary
conditions read

J ′s(τ
∗)(q − τ∗) ≥ 0 for all q ∈ Uad (5.3.8)

if τ∗ is an optimal solution, see Theorem 3.7 and 4.7. Let T∗h collect the nodal values
of τ∗, then by using the discretized version of J ′s, equation (5.3.8) reads

J ′s,h(T∗h)(Qh − T∗h) ≥ 0 for all Qh ∈ Uad,h. (5.3.9)

As done in [Nes12], this equation can be reformulated as an optimization problem,

(5.3.9)⇐⇒ J ′s,h(T∗h)T∗h = min
Qh∈Uad,h

J ′s,h(T∗h)Qh. (5.3.10)

In case of a parabolic midsurface, the set Uad,h only consists of linear constraints, so
the problem on the right-hand-side of the above equation is a linear program. Those
can be solved in short time, e.g. using Matlab’s linprog procedure. In numerical
calculations the optimal solution T∗h will not be reached in general, so equation
(5.3.10) will evaluate to

min
Qh∈Uad,h

J ′s,h(T∗h)Qh − J ′s,h(T∗h)T∗h = −ε < 0. (5.3.11)

The value ε can be used as an “optimality measure” to specify how “far away” the
calculated T∗h is from a solution of the finite-dimensional problem (5.3.4), and hence
from a solution of the continuous problems (3.2.1) or (4.2.1).

5.4. Some words on locking

The phenomenon of locking describes the overestimation of the stiffness of the shell
by certain finite elements ([CB03, p. 211]). This results in inexact numerically
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calculated displacements, in particular they become too small. Clearly, an inaccurate
solution of the state equations can lead to wrong optimization results, as is described
in the paper [CBB04].

However, locking mainly appears in very thin structures ([CB03, p. 212f.]). In the
presented examples in Chapter 6 and 7, the thickness of the cylindrical shell and its
length have a ratio of about 0.1 which counts rather to moderately thick shells. This
is also the reason why the basic shell model was chosen prior to the Koiter model or
the model that Nestler ([Nes12]) used (see also the discussion in Subsection 2.2.5).
On the other hand, to overcome locking different elements could be used. The

so called MITC elements (Mixed Interpolation of Tensorial Components) avoid the
locking phenomenon and are described in connection with general shell elements in
the paper [BIC00]. The use of other shell elements can be an implementation feature
for future work and provides the basis for an additional investigation of locking in
thickness optimization.

5.5. Summary

In this chapter the numeric solution of the optimization problems (3.2.1) and (4.2.1)
was discussed. First, the solution of the respecting state equations with help of
the finite element method was investigated. Shell elements were introduced and
implementation details for an time-efficient calculation of the element matrices and
solution of the resulting sparse linear system were provided. For this, the Intel MKL
and the solver Pardiso were used. It was also shown how benefits can be gained
from the reuse of matrix factorizations in the dynamic case, where the finite element
method and the Crank-Nicolson scheme were combined.
Afterwards, a finite-dimensional approximation to the continuous optimization

problem was provided. It was shown how to solve it with the interior point method
using the package Ipopt. Special treatment was given in providing a finite element
gradient to the solver instead of using finite differences. Moreover, initial estimates
were created by solving the optimization problem on successively refined grids.
Finally, it was shown how to use the necessary conditions that were derived in the
previous chapters as an optimality measure to the numerically calculated optimal
solution.

While the algorithms and methods described in the chapter are known in general,
the efficient implementation of the single process steps and the effective combination
of the various available libraries are an own contribution to the numerical solution
of optimal control problems in linear elasticity.



6. Results for the steady-state problem

In this chapter the numerical results for the steady-state optimization problem (3.2.1)
are presented. Different test cases are chosen involving a shell with a cylindrical
midsurface. Although the theoretical considerations in the previous chapters are valid
for shells with a more general midsurface, the program files are optimized to account
for cylindrical ones. Four different examples are presented, including not only the
calculated optimal thickness but also convergence studies and the investigation of the
“optimality measure” discussed in (5.3.11). In addition, the optimized displacement
is compared to the initial displacement involving a constant thickness. Moreover,
the results from Example 6.2 and 6.4 are verified by using available solutions for
similar problems with more specialized shell models. The examples presented in
Section 6.2 and 6.3 were also published in [Zie14].

6.1. General problem data

As mentioned above, shells with a cylindrical midsurface are investigated. The
midsurface is modeled as presented in Subsection 2.2.1 by the parameter domain

ω = (0, l)× (ϕa, ϕb) l > 0, 0 ≤ ϕa < ϕb < 2π,

and the mapping z : ω → R3,

z(x, ϕ) =

 x
R cos(ϕ)
R sin(ϕ)

 ,

where R ∈ R, R > 0 is the radius of the midsurface. The length parameter is chosen
to be l = 1 over all examples; it can be considered to be in meters. The radius is
taken as R = 1 m and the angle ϕ varies between 0 and π/2, except in the second
part of Example 6.2 where a full tube is considered and in Example 6.4 involving a
beam model.

The material parameters are the same over all examples: Poisson’s ratio is ν = 0.3
and Young’s modulus is E = 210 kN mm−2. This corresponds to steel ([Kuc11,
p. 624]). The incoming force density is in units of MN m−2 = MPa. This yields
displacements in units of mm.
In all examples (except Example 6.4) the thickness τ (also given in meters) is

restricted to be within
0.05 ≤ τ(x, ϕ) ≤ 0.15.

113
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(a) Cylindrical shell with constant thickness
τ = 0.1
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(b) Image z(ωh) and local basis vectors

Figure 6.1.: Initial geometry

The optimization starts with a constant thickness of 0.1 which corresponds to a
volume of C = 0.1(ϕb−ϕa)m3. This volume is kept constant during the optimization.
In Figure 6.1 the quarter tube with constant thickness is shown which serves as the
initial geometry for the examples presented in Section 6.2, 6.3 and 6.5. Besides, the
image z(ωh) of the discretized parameter region ωh is shown together with the local
basis vectors at the nodes. The regularization parameter λ is chosen in a way that
the regularization term is about two to three orders of magnitude smaller than the
objective value.
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Figure 6.2.: Applied force for Example 6.2 as colored midsurface
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(b) Thickness distribution as colored
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Figure 6.3.: Optimal thickness for Example 6.2

6.2. Rotational symmetric force

6.2.1. Optimization results

The first example considers the quarter of a tube which is subject to the transverse
force

f(x, ϕ) = x(1− x).

Its distribution is shown in Figure 6.2 as a colored midsurface. The panel is
softclamped over its whole boundary, i.e. the translational displacement is forced to
be zero (see the displacement space from (2.2.24)).
The optimal thickness distribution is shown in Figure 6.3. This is the result on

a very fine grid consisting of about 66,000 nodes, which corresponds to a step size
of 2−8 in x-direction. It can be seen that the thickness follows approximately the
incoming force. Nevertheless it is not independent from the angle ϕ. On the other
hand, the symmetry with respect to the x = 0.5-axis is reflected well and also the
symmetry with respect to the ϕ = 0.25π-axis can be observed.
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(a) Optimal displacement (×104) for
Example 6.2
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(b) Comparison of translational displacement,
udiff(x, ϕ)
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(c) Comparison of translational displacement,
urel(x, ϕ)

Figure 6.4.: Displacement for optimal thickness of Example 6.2

An investigation of the optimal displacement is shown in Figure 6.4: On the
upper left-hand side the displacement for the optimal thickness τopt is shown. The
upper right picture illustrates the comparison of the translational displacement norm
for the initial thickness τconst = 0.1 and for the calculated optimal thickness. The
difference is normalized with respect to a “characteristic displacement” taken as the
maximal displacement norm, i.e.

udiff(x, ϕ) :=
‖uh,opt(x, ϕ)‖2 − ‖uh,const(x, ϕ)‖2

sup ‖uh,const(x, ϕ)‖2
. (6.2.1)

It can be noticed that the optimal thickness results in a displacement more than
20 % smaller compared to the constant thickness at the region where the force has
biggest magnitude. In addition, a slightly increased displacement near the boundary
can be observed. This increasing is even more obvious if the relative displacement
change

urel(x, ϕ) :=
‖uh,opt(x, ϕ)‖2
‖uh,const(x, ϕ)‖2

(6.2.2)
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step size hx ‖τh − τopt‖∞,h
2−4 1.16 · 10−2

2−5 1.23 · 10−3

2−6 9.92 · 10−4

2−7 6.87 · 10−4

Table 6.1.: Comparison of optimal thickness on different grids for Example 6.2

is considered. This is presented in Figure 6.4(c), where the increased displacement in
particular near the corners is visible. Nevertheless, the absolute displacement values
near the boundary are nearly neglectable and so are the absolute differences. Hence,
the overall smaller displacement is a clear gain from thickness optimization.
Furthermore, it is interesting to investigate the rate of convergence between

successively refined grids. For this, the solution on the finest grid is taken as the
“exact” solution. The comparison of the norms of the optimal thickness τh from a
coarser grid and τopt restricted to that grid is shown in Table 6.1. From those results,
convergence towards the exact solution can be presumed. Finally, the solution of
the (linear) program (5.3.11) leads to the optimality measure ε = 4.5 · 10−7, which
suggests a good approximation of the real solution.
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Figure 6.5.: Optimal thickness for Example 6.2 with a full tube

6.2.2. Comparison with results from Nestler

A similar problem was investigated by Nestler ([Nes12]). In his work the same
force was chosen but applied to a full tube. A Koiter-like model was used (see
discussion in 2.2.5) for the calculations. The objective was chosen as the compliance
functional without a regularization term. Moreover, the thickness was modeled to
be independent from the angle ϕ.
To enable comparable calculations, some modifications to the program were

necessary: An additional introduction of N constraints forced the thickness to be
independent of ϕ. Moreover, the boundaries ϕ = 0 and ϕ = 2π had to be coupled to
account for a full tube.
The comparison of the optimal thickness distributions is shown in Figure 6.5.

Since the thickness is independent of ϕ, only the behavior along the x-axis is shown.
Differences between the solution of the steady-state problem (3.2.1) and the optimal
thickness calculated by Nestler are hardly visible. This shows that the model and
its implementation can also be used for full tubes and serves as a verification of the
results. On the other hand, although the model in this work does not suffer from
the restrictions of specialized models, a “simpler” model (like in [Nes12]) seems to be
sufficient in certain cases.
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Figure 6.6.: Region (yellow) of applied force for Example 6.3
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Figure 6.7.: Optimal thickness for Example 6.3, region of applied force (dashed-line)

6.3. Discontinuous force

The second example deals with a discontinuous force

f(x, ϕ) =

1, if (x, ϕ) ∈
[

1

4
,
3

4

]
×
[
π

4
− 1

4
,
π

4
+

1

4

]
0, else

applied to the quarter of a tube. This setup is shown in Figure 6.6. Note that the
weak solution theory in particular allows for discontinuous forces. As in the former
example, the panel is softclamped over its whole boundary.
The optimal thickness distribution is shown in Figure 6.7. This is the result on

a fine grid with a step size of 2−8 in x-direction. It can be seen that the thickness
follows approximately the incoming force. Certainly, it is interesting to observe
that the shell is thickest in a cross-shaped area, whereas the force is applied on a
rectangular region.
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Figure 6.8.: Displacement for optimal thickness of Example 6.3

The displacement corresponding to the optimal thickness (referred to as optimal
displacement in the following) and the comparison of the translational displacement
norm is shown in Figure 6.8. In the upper left part, the displaced midsurface for
the optimal thickness τopt is shown. The upper right part presents the quantity
udiff(x, ϕ) from (6.2.1). It can be noticed from Figure 6.8(b) that the optimal
thickness results in an up to 35 % smaller displacement compared to the constant
thickness in the region where the force is applied. Outside this area, the displacement
hardly shows (absolute) differences between constant and optimized thickness. The
relative differences urel(x, ϕ) can be observed in Figure 6.8(c): Here, the bigger
displacement outside the loaded region is clearly visible – up to 135 % near the
corners of the shell. As in Example 6.2, the absolute displacement values near the
boundary are nearly neglectable and so are the absolute differences.

The increased displacement surrounding the loaded region is due to the compliance
objective: Outside the loaded area the displacement is not weighted at all, so the
increasing displacement has no influence on the objective value.

Altogether, the overall smaller displacement resulting from thickness optimization
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step size hx ‖τh − τopt‖∞,h
2−4 4.45 · 10−2

2−5 1.96 · 10−2

2−6 7.04 · 10−3

2−7 1.88 · 10−3

Table 6.2.: Comparison of optimal thickness on different grids for Example 6.3
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Figure 6.9.: Optimal thickness for Example 6.3 with unweighted objective

is a satisfying result. The difference between the solution on successively refined
grids is shown in Table 6.2. As in Example 6.2, convergence towards the “exact”
solution is noticeable, although the differences are about one order of magnitude
bigger than in the previous example. This could be caused by the discontinuous
load that is applied. Finally, the solution of the (linear) program (5.3.11) leads to
the optimality measure ε = 6.2 · 10−7, which suggests a good approximation of the
solution from (5.3.4).

The focus on the displacement minimization around the area of the incoming force
is even more evident if the objective is changed to an unweighted one: As discussed
in Itemization 2.3, the use of L2(S)-norms for the displacement is another candidate
for the objective function. In detail, it is given as

J‖·‖(u, θ; τ) = ‖(u, θ)‖2H +
λ

2
‖τ‖H1(S)

with the L2-space H as in (4.1.3).
The optimal thickness profile and distribution is shown in Figure 6.9. The cross-

shaped structure can be recognized as in the compliance objective case. Certainly,
there are four small additional spikes near the x = 0 and x = 1-boundary. As an
offset to these spikes, the central thick region is separated from the outer part by a
small “valley”.
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Figure 6.10.: Comparison of translational displacement for Example 6.3 with un-
weighted objective

The influence on the displacement can be seen in Figure 6.10. Overall, the
difference is distributed more evenly: The gain at the loaded region is not as big as
for the compliance objective. On the other hand, the increase of the displacement
at the corners and around the central area is smaller. It depends on the particular
application, which objective should be preferred.
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Figure 6.11.: Cross section of the beam from Example 6.4

6.4. Loaded beam

6.4.1. Optimization results

The problem of a loaded beam was communicated by Lellep ([Lel15]). Beams
are a further specialization of shells, where not only one but two dimensions are
thin compared to the third one. This leads to further simplifications in the model
equations: A well-known one amongst these models is the Euler–Bernoulli beam,
see for example [Ger04]. To account for the shell model in this work, the beam is
approximated with help of a cylindrical midsurface with a very narrow interval given
for the angle ϕ. In this example, the parameter domain is chosen as

ω = (0, 1)×
(π

2
− 0.05,

π

2
+ 0.05

)
with an initial thickness of 0.1. The cross-section of the beam is shown in Figure 6.11.
Note that the curvature of the midsurface is hardly visible, hence this parametrization
serves as a good approximation to the beam. Additionally, the upper and lower
bound for the thickness are expanded to 0.2 and 10−4, resp. This is due to the
comparison between the numerical and the exact solution (for the Euler–Bernoulli
model) presented in Subsection 6.4.2. Moreover, the thickness is forced to be
independent from ϕ like in Subsection 6.2.2.
The beam is hardclamped at x = 0, i.e. there are neither translational nor

rotational displacements allowed. The other three edges are free. Note that these
boundary conditions forbid rigid body motions, as required for the existence and
uniqueness of the state equation solution (see discussion in Subsection 3.1.1).

The beam is subject to a point load applied on the opposite of the clamped edge.
Point loads are not included in the class L2(S), so an approximation must be used.
This is done by using a discontinuous load applied on a small rectangular region,

f(x, ϕ) =

{
1, if x ≥ 0.99,

0, else.
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The optimal thickness distribution is shown in Figure 6.12. This is the result on
a fine grid with a step size of 2−8 in x-direction. It can be seen that the beam is
thickest at the hardclamped edge while the thickness tends to zero at the edge where
the load is applied.
The comparison of the dominating displacement component u3 for constant and

optimal thickness can be seen in Figure 6.13. The maximum of the optimized
displacement component (≈ 0.1126) is about 40 % smaller than in the case of
a constant thickness (≈ 0.1894). The evaluation of the linear program (5.3.10)
(including additional restrictions on the thickness to be independent from ϕ) gives
ε = 3.77 · 10−6.
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6.4.2. Comparison with analytic solution

The use of the Euler–Bernoulli beam model does not only simplify the model
equations, but even enables an analytic solution of the problem. This is a great
possibility to verify the numerical results and to study the difference of optimization
results between the general basic shell model and the Euler-Bernoulli model. A
related problem was studied in [HM03, p. 13]. The simplified optimization problem
reads as follows:

min
τ∈C(0,l)

y1,y2∈C2(0,l)

J(y1, y2; τ) = y1(l) (6.4.1a)

s.t. : y′1(x) = y2(x) (6.4.1b)

y′2(x) = −12P

Eτ3
(x− l) (6.4.1c)

y1(0) = 0, y2(0) = 0, y1(l), y2(l) free (6.4.1d)∫ l

0
τ(x) dx = C. (6.4.1e)

All quantities in the above equations only depend on the variable x, which makes it
a one-dimensional problem. This is characteristic for beam models. In detail, there
is y1, which stands for the transverse displacement component, and its derivative
y2, which can be understood as a rotational displacement. The coupling in (6.4.1b)
is due to the assumption of a vanishing shear strain like in the Koiter model or in
the model from Nestler discussed in Subsection 2.2.5. The value of P is the amount
of force applied in transverse direction and E is Young’s modulus. The initial
conditions at x = 0 correspond to the hardclamped case, since neither translational
nor rotational displacements are permitted. The edge at x = l can move freely. The
volume condition is the same as in the steady-state model except that the constant C
has to be multiplied by 0.1 in contrast to the original formulation, since the thickness
τ is independent from ϕ and the integration in ϕ-direction has already been carried
out.
With help of the methods of variations, an analytic solution to (6.4.1) can be

calculated. All constraints are coupled to J which leads to the extended objective

J∗ =

∫ l

0
λ(τ(x)− C) + ψ1(y′1 − y2) + ψ2

(
y′2 +

12P

Eτ3
(x− l)

)
dx+ y1(l).

The variation of J∗ leads to necessary conditions for an optimal solution τ∗. The
adjoint equations are given as

ψ′1 = 0, ψ1(l) = −1

ψ′2 = −ψ1, ψ2(l) = 0.

These are solved by
ψ1(x) = −1, ψ2(x) = x− l.
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The variation with respect to τ gives

λ− 36P

E(τ∗)4
(x− l)2 = 0 =⇒ τ∗ =

√
6

(
P

λE

)1/4√
l − x. (6.4.2)

Inserting into the volume constraint (6.4.1e) leads to∫ l

0
τ∗(x) dx =

∫ l

0

√
6

(
P

λE

)1/4√
l − x dx =

2
√

6

3
l
3/2

(
P

λE

)1/4
!

= C,

so the expression for λ reads

λ =
64

9

P

E
l6C−4,

and inserting into (6.4.2) yields

τ∗(x) =
3

2
Cl−

3/2
√
l − x.

It is interesting to see that the optimal thickness does neither depend on the amount
of force applied to the beam nor on Young’s modulus (which characterizes the
material). The corresponding displacement is given as the solution to the state
equation (6.4.1b) and (6.4.1c) and reads

y∗2(x) = −64

9

P

EC3
l
9/2
(√

l − x−
√
l
)

y∗1(x) =
128

27

P

EC3
l
9/2

(
(l − x)

3/2 − l3/2 − 3

2

√
lx

)
.

In order to compare with the results of Example 6.4, l = 1 m, P = 0.01 MN,
E = 210 kN mm−2 and C = 0.01 m3 are chosen. This gives the optimal thickness
and displacements

τ∗(x) =
3

200

√
1− x

y∗2(x) = − 64

189

(√
1− x−

√
1
)

y∗1(x) =
128

567

(
(1− x)

3
2 − 1 +

3

2
x

)
,

(6.4.3)

where [τ∗] = m and [y∗i ] = mm according to the numerical quantities. When the
displacement

y∗1(1) =
64

567
≈ 0.1129

is compared to the value of u3(1, π/2) denoted as 0.1126 in Figure 6.13 it can be
observed that the first three significant digits coincide, which shows a great accuracy
of the numerically calculated solution. This is underlined by the comparison of τ∗

from (6.4.3) and the numerical result in Figure 6.14. The error is below 0.5 · 10−3

in the region x ∈ (0.1, 0.9). Outside this interval the error grows because the lower
bound 10−4 becomes active for the numerical solution while the exact solution tends
to 0 at x = 1.
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Figure 6.14.: Comparison of analytical solution of (6.4.1) and numerical solution of
Example 6.4
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Figure 6.15.: Applied force for Example 6.5 as colored midsurface

6.5. Asymmetric force

To prove the success of the optimization not only for special cases like rotational
symmetric forces or loaded beams, an asymmetric loading is chosen for the fourth
example. It is given as

f(x, ϕ) =

2

(
x− 2

π
ϕ+ 0.6

)
, if x+

2

π
∈ [1.2, 1.3] and x− 2

π
∈ [−0.6, 0.6]

0, else.

The load can be interpreted as some kind of bar with varying weight lying on the
shell a bit off the diagonal. The load distribution is shown graphically in Figure 6.15.
The optimal thickness is shown in Figure 6.16. The left picture presents the

thickness over the parameter domain on a grid with a step size of 2−8 in x-direction
and the right one contains the thickness distribution as a colored midsurface. In
addition, the loaded region is enclosed with dashed lines. It can be seen that the
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Figure 6.16.: Optimal thickness for Example 6.5, region of applied force (dashed-line)

thickness is distributed along the region of the applied force. The distribution is
neither symmetric nor represented by any “regular” shape. There is also an interesting
thick shaped domain near ϕ = 0 which is a bit away from the actually loaded region.
This could be caused by the strongest force applied at the bottom right end of the
rectangular loaded area.
The optimal displacement and the comparison of the translational displacement

norm is shown in Figure 6.17. On the upper left side, the displaced midsurface for
the optimal thickness τopt is shown. The upper right graphic contains the quantity
udiff(x, ϕ) from (6.2.1). It can be noticed that the optimal thickness results in an up
to 50 % smaller displacement compared to the constant thickness at the region where
the force is applied. Outside this region the graphic hardly shows differences between
constant and optimized thickness. Those effects are better resolved in the bottom
Figure 6.17(c): Here, the smaller displacement at the thickened region near the
y = 1-boundary is visible as well as the bigger displacement near the x = 0-boundary.
Certainly, both hardly influence the objective value. Altogether, the overall smaller
displacement in particular around the loaded area is a satisfying result.
The rate of convergence between successively refined grids is shown in Table 6.3.

It is not as satisfying as in Example 6.2 and 6.3 although some kind of convergence
can be observed. The poorer rate could be explained by the additional thicker region
off the loaded area that was mentioned above: On the coarser grids this region is
not resolved as good as on the fine grid.
The solution of the linear program (5.3.11) leads to the optimality measure

ε = 6.2 · 10−7, which suggests a good approximation of the solution from (5.3.4).
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udiff(x, ϕ)
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Figure 6.17.: Displacement for optimal thickness of Example 6.5

step size hx ‖τh − τopt‖∞,h
2−4 4.53 · 10−2

2−5 1.91 · 10−2

2−6 1.23 · 10−2

2−7 6.06 · 10−3

Table 6.3.: Comparison of optimal thickness on different grids for Example 6.5
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6.6. Summary

In this chapter numerical results for the steady-state optimization problem (3.2.1)
were presented. The theoretical results were applied to shells with a cylindrical
midsurface. Different boundary conditions were investigated, like softclamped over
the whole boundary (Example 6.2 and 6.5) or partly hardclamped (Example 6.4).
Moreover, different types of forces were applied, like rotational symmetric ones
(Example 6.2) or discontinuous forces (Example 6.3). In addition, the model was
tested for two limit cases: For a full tube where a numerical solution is available
in [Nes12] and for a beam for which a comparable analytic solution is available
(Example 6.4). For both cases the compliance with the available solutions is great.

In all examples a comparison between the displacement for the optimal thickness
and the displacement for the initial (constant) thickness was presented. It was shown
that the optimized displacement was significantly smaller than the initial one, espe-
cially in the region where the strongest force was applied. Additionally, a comparison
between the optimal thickness on successively refined grids was investigated: In every
example some sort of convergence could be observed. Moreover, the “optimality test”
from (5.3.11) indicated a numerical solution which is near to an optimal solution of
(5.3.4).

The overall numerical results show that the optimization workflow (including
the use of the finite element gradient) and the implementation lead to satisfying
optimization results.



7. Results for the dynamic problem

In this chapter the numerical results for the dynamic optimization problem (4.2.1)
are presented. As in the steady-state case, different setups are chosen involving a
shell with a cylindrical midsurface. Three different examples are presented, including
not only the calculated optimal thickness but also convergence studies and the
investigation of the “optimality measure” discussed in (5.3.11). In addition, the
optimized displacement is compared to the initial displacement involving a constant
thickness.
The geometry is the same as discussed in Section 6.1. The same is true for the

general problem data, like upper and lower bounds for the thickness, the prescribed
volume and the regularization parameter; the units are kept as well. The density is
chosen as ρ = 7.8 g cm−2, still corresponding to steel. The time is measured in units
of ms. The temporal step-size is chosen as 5 · 10−3 for all examples. The spatial
grid is once less refined than in the steady-state case to keep a reasonable time and
memory consumption for the optimization.

7.1. Force with time-dependent intensity

The first example involves a spatially stationary load, while its intensity changes
over time. It is given as

f(x, ϕ; t) =

{
2t sin(2πx) sin(2ϕ), if x ≤ 0.5

−t sin(2πx) sin(2ϕ), if x > 0.5.
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Figure 7.1.: Applied (maximal) force for Example 7.1 as colored midsurface

There is no initial momentum given, i.e. g = 0. The distribution of the maximal
load (w.r.t. to t) on the midsurface is shown in Figure 7.1.

131
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Figure 7.2.: Optimal thickness for Example 7.1

The optimal thickness is shown in Figure 7.2. The thickness distribution follows
approximately the applied load. Clearly, the shell is thicker in the region x ≤ 0.5,
since the double amount of force is applied there. However, the hardly loaded area
around x = 0.5 is not reflected by the optimal thickness. The symmetry about the
ϕ = π/4-axis is clearly visible.

The comparison of the optimal displacement and the initial one involving a constant
thickness is shown in Figure 7.4. The time-integrated quantities udiff derived from
(6.2.1),

udiff(x, ϕ) =

∫ T

0

‖uh,opt(x, ϕ; t)‖2 − ‖uh,const(x, ϕ; t)‖2
sup ‖uh,const(x, ϕ; t)‖2

dt (7.1.1)

and urel derived from (6.2.2),

urel(x, ϕ) =

∫ T

0

‖uh,opt(x, ϕ; t)‖2
‖uh,const(x, ϕ; t)‖2

dt (7.1.2)

are presented there. It can be observed that the optimization leads to a decrease
in displacement of over 30 % in the region x ≤ 0.5 where the strongest force is
applied, and also a noticeable decrease in the area of x > 0.5. As in the steady-state
case, there are also regions where the displacement increases – this can be seen best
in the right subfigure of Figure 7.4 involving urel. Since the actual displacements
(and hence the absolute differences) are small in those regions, the overall gain from
thickness optimization is clearly visible.
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Figure 7.3.: Optimal displacement (×5 · 103) for Example 7.1
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Figure 7.4.: Comparison of translational displacement for Example 7.1
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Figure 7.5.: Maximal displacement (w.r.t. time) ×103 for Example 7.1

step size hx ‖τh − τopt‖∞,h
2−4 3.76 · 10−2

2−5 8.26 · 10−3

2−6 1.62 · 10−3

Table 7.1.: Comparison of optimal thickness on different grids for Example 7.1

It is also interesting to observe how the place of maximal displacement (w.r.t.
to time) changes between constant and optimal thickness. In Figure 7.5 it can be
seen that the constant thickness leads to the maximal displacement at the place
of the maximal force. This is no more true for the optimal thickness: Here, the
maximal displacement moves to the middle of the shell and also takes a symmetric
shape. Hence, the thickness optimization provides a more even distribution of the
displacement. Moreover, the maximal displacement for the optimized thickness is
clearly smaller than for the constant one.
The difference between the solution on successively refined grids is shown in

Table 7.1. The convergence towards the “exact” solution is noticeable and emphasizes
the satisfying result for this example. Finally, the evaluation of the optimality
measure (5.3.11) gives ε = 1.78 · 10−5.
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Figure 7.6.: Applied force for Example 7.2 as colored midsurface

7.2. Moving load

The second example consists of a moving load with time-varying intensity. It is given
by

f(x, ϕ; t) =

{
5(1− t), if t ≤ 1, x ∈ [0.9− t, 1.1− t], ϕ ∈

[π
2
t− 0.1,

π

2
t+ 0.1

]
0, else.

The load moves along the diagonal of the shell with decreasing intensity. The path
and the intensity is visualized as a colored midsurface in Figure 7.6. In this graphic,
the maximal load (w.r.t. to t ∈ [0, T ]) at each point on the midsurface is presented.
The end time is chosen as T = 1. There is no initial momentum given, i.e. g = 0.

The objective is taken as the L2-norm of the translational displacement rather
than the compliance functional, i.e.

J‖·‖(u, θ; τ) = ‖u‖2L2(0,T ;L2(S)2×L2(S)) +
λ

2
‖τ‖2H1(S) ,

so the displacement is considered without further weighting. This objective is better
suited than the compliance functional if an end time T > 1 is considered (see the
discussion in the following paragraph), because otherwise the displacement at time
points t ≥ 1 would not contribute to the optimization at all.

The optimal thickness is shown in Figure 7.7. This is the result on a grid consisting
of about 16,000 nodes. It can be observed that the shell is thickest along the path of
the applied force. However, there are additional spikes near the ϕ = π/2-boundary.
This is an effect of the specifically chosen end time T = 1. As can be seen in the
displacement comparison in Figure 7.9, at t = 1 the displacement norm takes maxima
near those specific areas where the additional thickness is placed. A different choice
of the end time would lead to a different or additional placement of those spikes,
so they should not be over-pronounced in the interpretation of the result. This is
visible in Figure 7.8, where the optimal thickness for T = 2 (left picture) and T = 5
(right picture) are shown as a colored midsurface. Note that also for T > 1 the
continuity of f with respect to the time is met, which is required in Theorem 4.4.
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Figure 7.7.: Optimal thickness for Example 7.2
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Figure 7.8.: Optimal thickness for different values of T for Example 7.2

Another interesting observation is the missing symmetry of the optimal thickness
with respect to the diagonal: Although the spatial path of the load is symmetric,
its intensity changes over time – so the displacement (and therefore the optimal
thickness) cannot be expected to be symmetric either.
The comparison of the optimal displacement and the initial one, involving a

constant thickness, is shown in Figure 7.10. The quantities udiff from (7.1.1) and
urel from (7.1.2) are presented there. It can be observed that the optimization leads
to a decrease in displacement of up to 50 % in the region where the strongest force
is applied. As in the steady-state case, there are also regions where the displacement
increases – this can best be seen in the right figure involving urel. Since the actual
displacements (and hence the absolute differences) are small in those regions, the
overall gain from thickness optimization is clearly visible.
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Figure 7.9.: Optimal displacement (×104) for Example 7.2
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Figure 7.10.: Comparison of translational displacement for Example 7.2
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(a) ∞-norm

step size hx ‖τh − τopt‖∞,h
2−4 7.66 · 10−2

2−5 5.77 · 10−2

2−6 6.05 · 10−2

(b) L2-norm

step size hx ‖τh − τopt‖L2,h

2−4 2.00 · 10−2

2−5 1.10 · 10−2

2−6 9.89 · 10−3

Table 7.2.: Comparison of optimal thickness on different grids for Example 7.2
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Figure 7.11.: Optimal thickness on a coarse grid for Example 7.2

It is also interesting to investigate the convergence properties of the solution on
refined grids. In Table 7.2 two subtables are shown: The left one lists the difference
between the “exact” solution (on the finest grid) and the solutions on coarser grids
taken in the∞-norm. It is obvious that the error does not decrease monotonically as
in other examples. This is caused by the spikes placed off the loaded region. Those
are not resolved at all on coarser grids, as can be seen in Figure 7.11, where the
solution on a coarse grid consisting of only 289 nodes is shown. So for investigating
the convergence properties, the L2-norm is better suited: The “exact” solution is
restricted to its nodal values on the coarse grid, which are then interpolated by the
ansatz functions on that grid. This “restricted exact” solution is compared to the
solution on the coarse grid with help of the L2-norm. The results are shown in the
right listing of Table 7.2. Here, the error decreases monotonically. The evaluation of
the optimality measure (5.3.11) gives ε = 1.25 · 10−6.
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Figure 7.12.: Magnitude of force and momentum distribution as colored midsurface
for Example 7.3

7.3. Impact on partially clamped shell

The third example of this chapter considers a partially hardclamped cylindrical shell.
Given the usual parameter domain ω = (0, 1)× (0, π/2), the shell is hardclamped at
the edge x = 0, i.e. neither translational nor rotational displacements are allowed
there. The other three edges are free. Note that these boundary conditions forbid
rigid body motions, as required for the existence and uniqueness of the state equation
solution (see discussion in Subsection 3.1.1). The setup is a body falling on the shell
at the opposite of the clamped edge, giving an initial momentum to the shell body
and staying at the place of the impact.
The load is given as

f(x, ϕ) =

{
−1, if x ≥ 0.9, π4 − 0.05 ≤ ϕ ≤ π

4 + 0.05

0, else.

The weak solution theory in particular allows for discontinuous forces and f ∈ L2(S)
meets the requirements of the differentiability Theorem 4.4. Certainly, the momentum
cannot be chosen like f , because the corresponding operator Φg = g/τ induced by
the function g must be L∞(S)→ V. In particular, there is no jump discontinuity
allowed as in f . So the momentum is smoothened with help of linear interpolation,

g(x, ϕ) =


−0.1, if (x, ϕ) ∈ (0.9, 1)×

(
π
4 − 0.05, π4 + 0.05

)
0, if (x, ϕ) /∈ (0.8, 1)×

(
π
4 − 0.15, π4 + 0.15

)
−5
(∣∣x+ ϕ− (0.95 + π

4 )
∣∣+
∣∣x− ϕ− (0.95− π

4 )
∣∣)+ 1.5, else.

The force distribution f and the momentum distribution g are shown in Figure 7.12.
The optimal thickness is shown in Figure 7.13. This is the result on a grid

consisting of about 16,000 nodes. An interesting structure can be observed here:
The region of impact (and the loaded region) is surrounded by a thick area. Evolving
from this area, there are two supporting struts which lead along the ϕ = 0 and
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Figure 7.13.: Optimal thickness for Example 7.3

ϕ = π/2-boundary to the clamped edge. In addition, the corners at the x = 1-
boundary are thickened and there is a little thicker area around ϕ = π/4 near the
x = 0-edge. The symmetry with respect to the ϕ = π/4 axis is clearly visible. This
structure is an intriguing starting point for topology optimization: The thin areas
would be erased completely from the shell, leading to a cut midsurface. For this
purpose, the techniques from shape optimization discussed in Section 3.4 would
come in place.

The comparison of the optimal displacement and the initial one involving a constant
thickness is shown in Figure 7.15. Note the inverted x-axis in the plots of the optimal
displacement for a better viewing angle. The wave caused by the initial momentum
can well be tracked through the shell.

The quantities udiff from (7.1.1) and urel from (7.1.2) are presented in Figure 7.15.
The evaluation of udiff shows an around 30 % lowered displacement near the impact
region. In addition, the quantity urel indicates an evenly distributed overall decrease
in displacement. Only near the hardclamped edge, where the thickness is chosen
smaller, an increase can be observed. However, the displacement near the clamped
edge is small in general. Altogether, the overall gain from thickness optimization is
clearly visible.
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Figure 7.14.: Optimal displacement (×3 · 103) for Example 7.3
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Figure 7.15.: Comparison of translational displacement for Example 7.3
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(a) ∞-norm

step size hx ‖τh − τopt‖∞,h
2−4 6.74 · 10−2

2−5 1.00 · 10−1

2−6 6.63 · 10−2

(b) L2-norm

step size hx ‖τh − τopt‖L2,h

2−4 2.76 · 10−2

2−5 1.92 · 10−2

2−6 6.78 · 10−3

Table 7.3.: Comparison of optimal thickness on different grids for Example 7.3
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Figure 7.16.: Optimal thickness on coarse grids for Example 7.3

The convergence properties of the solution on refined grids is shown in Table 7.3,
which consists of two subtables: The left one lists the difference between the “exact”
solution (on the finest grid) and the solutions on coarser grids taken in the ∞-norm.
It is obvious that the error does not decrease monotonically. This is caused by two
possible reasons: The actual shape of the thick area is not resolved on the coarser
grids, and since there is no smooth transition between the thick and thin area, a
large error in the maximum norm can be expected if the thick and thin areas do not
match. This is the case for the solution on the hx = 2−6 step size grid: The thick
corners at the x = 1-edge are still connected to the main thick area here, while this is
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not true for the “exact” solution. The second explanation is an additional gap around
the region of impact, which is only present on coarse grids (see Figure 7.16). Clearly,
this cut causes errors in the maximum norm. For investigating the convergence
properties, the L2-norm is better suited, as explained in Example 7.2. The results
are shown in the right listing of Table 7.3. Here, the error decreases monotonically.
The evaluation of the optimality measure (5.3.11) gives ε = 2.55 · 10−7.

7.4. Summary

In this chapter numerical results for the dynamic optimization problem (4.2.1) were
presented. The theoretical results were applied to shells with a cylindrical midsurface.
Different boundary conditions were investigated, like softclamped over the whole
boundary (Example 7.1 and 7.2) or partly hardclamped (Example 7.3). Moreover,
different types of forces were applied: A spatially fixed force with time-varying
intensity (Example 7.1), a discontinuous moving load (Example 7.2) and a force
combined with an initial momentum (Example 7.3).

In all examples a comparison between the displacement for the optimal thickness
and the displacement for the initial (constant) thickness was presented. It was
shown that the optimized displacement was significantly smaller than the initial one,
especially in the region where the strongest force was applied. This coincides with
the results from the steady-state case. In addition, a more equal distribution of the
(time-) maximal displacement was observed (Example 7.2).

Moreover, a comparison between the optimal thickness on successively refined
grids was investigated: In every example some sort of convergence could be observed.
It turned out that the ∞-norm is not always suited for this study, because some fine
structures were not present on coarser grids. The L2-norm is a better candidate, and
indeed it decreased monotonically on refined grids. In addition, the “optimality test”
from (5.3.11) indicated a numerical solution which is near to an optimal solution of
(5.3.4).

Some differences evolved in comparison to the steady-state case: The optimal
thickness depends on the end-time up to a certain degree (Example 7.2) and the
comparison of the displacements at specific time-points was not suitable, so rather
the time-average of the displacement differences was studied.
Altogether, the overall numerical results show that the optimization workflow

(including the use of the finite element gradient) and the implementation lead to
satisfying optimization results.





8. Summary and outlook

The last chapter gives a short review of the results and points out further questions
that arise from the previous chapters.

In chapter two an overview of the equations of linear elasticity and different shell
models was given. The decision for this thesis was made in favor of using the basic
shell model from the book of Chapelle and Bathe ([CB03]). The corresponding
equations were presented and specialized ones for the cylindrical test cases were
calculated. In addition, the required smoothness for the thickness was discussed.

Clearly, optimization results involving different shell models are of further interest:
A generalization to nonlinear models is possible and even full three-dimensional
models serve as potential candidates. The computational effort would grow for such
models, but processing power is widely available and efficient implementations would
lead to reasonable calculation times. Comparisons to the results of different (simpler)
models were presented in Section 6.2 and 6.4 and hardly showed discrepancies. This
could be different when switching to three-dimensional equations, especially with
thicker objects. Furthermore, the linearity assumptions on the strains is only valid
for small deformations. For bigger loads or initial momenta, the use of nonlinear
models becomes inevitable.

As further research, the optimization problem itself can be formulated for different
objectives. As mentioned in Section 2.3, an interesting variation would be to look
for a shell with as little material as possible (the most lightweight one), that does
not deform more than a given value under a certain load. This introduces state
constraints into the optimization problem which makes it more complex. Certainly,
various other formulations are available from real-world applications. In addition, the
use of robust optimization techniques brings an interesting approach: In Example 7.3
the area or the strength of the impact could be made variable, so that the optimization
under this uncertainty yields a different thickness distribution.

Chapter three dealt with the steady-state optimization problem. Here, the inves-
tigation of the displacement sensitivity with respect to the thickness was of main
interest. With the help of this result, also the sensitivity of the reduced objective
functional and necessary conditions for an optimal solution could be given. From a
mathematical perspective it would be interesting to view the role of the thickness
τ as integral boundaries actually as a mapping τ 7→ I(τ), where I(τ) is an integral
operator defining the innermost integral of the bilinear form a(τ). This could simplify
or shorten some of the proofs. Moreover, the Fréchet-differentiability of the control-
to-state operator is worth looking at: The continuity of the Gâteaux-differential
with respect to τ is the missing piece here.

The existence of a solution to the optimization problem was answered for thickness

145



146 8. Summary and outlook

distributions lying in a certain restricted space UMad (see Theorem 3.5). The existence
of a solution in more general spaces like W 1,∞(S) or even L∞(S) remains open.

The embedding of thickness optimization into the more general shape optimization
theory was discussed in the second part of chapter three. Dropping the requirement
of a fixed midsurface would lead to a whole new consideration of the problem and
head away from the actual task of thickness optimization. However, the coincidence
of shape derivative and Gâteaux-derivative with respect to the thickness was an
enlightening result of Section 3.4.
The fourth chapter focused on the dynamic problem. Here, some effort was put

onto the preparation of the sensitivity Theorem 4.4. As for the steady-state case, the
objective sensitivity and necessary conditions for an optimal solution were provided.
A further exploration of available results for hyperbolic partial differential equations
could simplify some of the proofs. Moreover, the tighter regularity assumptions on
the loading and initial momentum lead to restrictions in real-world applications. A
reformulation of the theorems with the same assumptions as for the existence of
a solution to the state equation (see Theorem 4.1) would be a huge profit for the
theoretical results.
Looking at the optimization problem itself, the same variants as for the steady-

state case are present. Moreover, the evaluation of the displacement at specific time
points (e.g. the end time) creates more possibilities for objective functionals. This
would introduce an observation operator into the objective which leads to additional
considerations.
Methods for the numerical solution of the optimization problem were presented

in chapter five. For the solution of problems from linear elasticity, a wide range of
different finite elements is available. The rectangle elements used in this thesis rank
among the simpler ones. The MITC elements mentioned in Section 5.4 are a suitable
candidate to try for further investigation and to avoid the locking phenomenon
discussed in Section 5.4. In addition, adaptive methods would serve as an interesting
continuation.

Other available packages for the solution of linear equation systems or for nonlinear
optimization are worth trying, and even a self-written solver tailored to thickness
optimization problems is a possibility for further research. In addition, the availability
of necessary conditions for optimal solutions enables the application of indirect
optimization methods. Those methods try to solve the variational inequality (3.2.6)
or (4.2.7) instead of the actual optimization problem and have gained much attention,
in particular in optimal control of ordinary differential equations.
The results in chapter six and seven proof the functionality of the proposed

models and the optimization workflow. While the theoretical results apply to general
midsurfaces (except the overall restrictions for shell models (2.2.5) and the necessary
conditions), the numerical calculations focus on cylindrical ones. The presented
results look reasonable and the comparison of the optimized displacement to the
non-optimized one shows the gain from thickness optimization. In addition, the
convergence studies on successively refined grids propose a good quality of the results.
This is as well underlined by the evaluation of the necessary conditions (3.2.6) and
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(4.2.7), which are fulfilled up to a small error in every example.
In particular, the dynamic case gives rise for additional considerations: The

influence of the end time is clearly visible in Example 7.2, so it should be discussed
which time horizon is of importance. The result in Example 7.3 gives rise for studies
in topology optimization where the thin parts of the shell would be cut out of
the midsurface. This leads to a quite different geometry, in particular to a new
midsurface and is settled nearer to the field of shape optimization. To stay in the
context of cylindrical shells, the influence of the radius of the shell as well as its
extension in angular direction is worth looking at. Moreover, the presence of cracks
or parts with different material properties would lead to interesting investigations.

Regarding the focus on cylindrical shells, a more generalized implementation would
be straightforward, however, general shell elements should be used then. This seems
to be the most promising practical continuation of the work, since it enables a broad
range of new problems to be solved. The midsurface would not have to be defined
by a given parametrization, but rather by given nodes in Cartesian coordinates, e.g.
from CAD systems. Moreover, the introduction of plastic behavior as well as the
investigation of multi-layered materials following real-world problems would be a
promising field for further research.
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A. Appendix

A.1. Integral theorems

Theorem A.1 (Gauss’s theorem for second order tensors, [RHB06, p. 954]). Let T
be a second order continuous differentiable tensor and V ⊂ R3 a bounded subset
with boundary ∂V = S and outward normal vector n. Then it holds∫

V

3∑
j=1

∂

∂ξj
T ij dV =

∫
S

3∑
j=1

T ijnj dS

or in short ∫
V

div T dV =

∫
S
TndS.

Theorem A.2. Let B ⊂ R3 be a bounded region with Lipschitz-boundary ∂B
and outward normal vector n and v ∈ H1(B). Then it holds for any symmetric
second-order tensor σ ∈ H1(B) (e.g. the stress tensor, see Definition 2.8) and for
the linearized strain tensor ε (see Definition 2.7)∫

B
− (div σ) · v dV =

∫
B
σ : ε(v) dV −

∫
∂B

(σ · v) · n dS.

Proof. Let σij and vj be the coordinates of σ and v, resp. It holds

div(σ · v) =
3∑
i=1

∂

∂ξi

3∑
j=1

σijvj

=
3∑
i=1

3∑
j=1

∂σij

∂ξi
vj + σij

∂vj
∂ξi

=
(
div σT

)
· v + σT : ∇v

= (div σ) · v + σ : ∇v.

Moreover, by using the property σ : ∇v = σT : (∇v)T it is

σ : ∇v =
1

2

(
σ + σT

)
: ∇v = σ :

1

2

(
∇v + (∇v)T

)
= σ : ε(v).

Then it follows∫
B
− (div σ)·v dV =

∫
B
−div(σ·v)+σ : ε(v) dV =

∫
B
σ : ε(v) dV −

∫
∂B

(σ·v)·n dS.
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A.2. Voigt notation

First- and second-order tensors can be represented with help of their components as
vectors and matrices, resp. It is more difficult to find such representations for higher
order tensors. Ideally, operations between higher order tensors like contraction or
the :-product are written as matrix-vector or matrix-matrix multiplications.
For symmetric tensors, which often arise in engineering applications, the Voigt-

or Mandel-notation is used. It is based on the representation of symmetric tensors
by reducing their order ([Hel01]). In this section the application to two-dimenional
tensors will be discussed.
First, the representation of the tensors themselves: Let e be a symmetric second

order tensor with covariant components eαβ , α, β = 1, 2. Then the vector

e :=

 e11

e22√
2e12


includes all information to represent e. The factor

√
2 is actually due to Mandel,

but the term Voigt notation is kept in further text. Let C be a symmetric fourth
order tensor with contravariant components Cαβλµ. With respect to fourth order
tensors, symmetric means that the relations

Cαβλµ = Cβαλµ Cαβλµ = Cαβµλ, Cαβλµ = Cλµαβ

for α, β, λ, µ = 1, 2 hold. Then the (symmetric) matrix

C :=

 C1111 C1122
√

2C1112

C1122 C2222
√

2C2212
√

2C1112
√

2C2212 2C1212


contais all information to represent C.

Second, operations between tensors can be rewritten in an elegant way: Let σ and
e be two symmetric second-order tensors. Then for the double-dot product it holds

σ : e =

 σ11

σ22
√

2σ12

 ,

 e11

e22√
2e12


where (·, ·) is the standard inner product for vectors. Let C and e be symmetric fourth-
and second-order tensors, resp. Then the contraction σ := Ce with components

σαβ = (Ce)αβ =
2∑

λ,µ=1

Cαβλµeλµ

is a symmetric second order tensor which can be represented by the usual matrix-
vector multiplication

σ = Ce.
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A.3. Functional Analysis

Theorem A.3 (Sobolev embedding theorem, [AF03, p. 85f]). Let ω ⊂ Rn be a
domain with Lipschitz-boundary and let j ≥ 0 and m ≥ 1 be integers and let
1 ≤ p <∞. If mp > n, then there is a continuous embedding

W j+m,p(ω)→ Cj(ω).

Theorem A.4 (Weakly sequentially relatively compact sets in Banach spaces, [Yos80,
p. 126]). Let X be a reflexive Banach space and let xn be a seqence in X which is
bounded. Then there is a weakly convergent subsequence of xn.

Remark A.1. The above theorem can be generalized to: Every bounded subset of a
reflexive Banach space is weakly sequentially relatively compact, see [Trö10, p. 46].

A.4. Vector-valued functions

This section is devoted to the concept of vector-valued functions. It is oriented on
[Trö10, pp. 141ff.].

Definition A.1 (Vector-valued function, [Trö10, p.141]). Any mapping from [a, b] ⊂
R into a Banach space X is called a vector-valued function.

With help of the norm of the Banach space X, a concept of continuity can be
introduced.

Definition A.2 (Continuity of a vector-valued function, [Trö10, p. 142]). A vector-
valued function y : [a, b]→ X is continuous at the point t ∈ [a, b] if

lim
s→t
‖y(s)− y(t)‖X = 0.

The space of vector-valued functions that are continuous at every t ∈ [a, b] is denoted
by C(a, b;X). It is a Banach space with respect to the norm

‖y‖C(a,b;X) := max
t∈[a,b]

‖y(t)‖X .

Moreover, Lp-spaces of vector-valued functions can be defined. For this, a little
more preparation is necessary.

Definition A.3 (Step function, [Trö10, p. 142]). A vector-valued function y :
[a, b]→ X is called a step function if there are finitely many yi ∈ X and Lebesgue
measurable, pairwise disjoint sets Mi ⊂ [a, b], 1 ≤ i ≤ m, such that [a, b] =

⋃m
i=1Mi

and y(t) = yi for every t ∈Mi, 1 ≤ i ≤ m.

Definition A.4 (Measurable vector-valued function, [Trö10, p. 142]). A vector-
valued function y : [a, b]→ X is said to be measurable if there exists a sequence yk of
step functions yk : [a, b]→ X such that y(t) = lim

k→∞
yk(t) for almost every t ∈ [a, b].
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Definition A.5 (Lp(a, b;X)-spaces, [Trö10, p. 143]). The space Lp(a, b;X), 1 ≤
p < ∞ consists of all (equivalence classes of) measurable vector-valued functions
y : [a, b]→ X having the property that∫ b

a
‖y(t)‖pX dt <∞.

This space is a Banach space with respect to the norm

‖y‖Lp(a,b;X) :=

(∫ b

a
‖y(t)‖pX dt

) 1
p

.

It holds C(a, b;X) ⊂ Lp(a, b;X) for all p ≥ 1 ([Trö10, p. 143]).
For vector-valued functions in Lp-spaces, an integral can be defined. This is known

as the Bochner integral.

Definition A.6 (Bochner integral, [Trö10, p. 143]). For a step function y : [a, b]→
X with values yi ∈ X on the sets Mi with Lebesgue-measure |Mi| the Bochner
integral is defined as ∫ b

a
y(t) dt :=

M∑
i=1

yi |Mi| ∈ X.

Since y ∈ Lp(a, b;X) is measurable there exists a sequence yk of step functions
converging almost everywhere on [a, b] to y. Then the Bochner integral of y is
defined by ∫ b

a
y(t) dt := lim

k→∞

∫ b

a
yk(t) dt.

The Bochner integral is indeed well-defined, because it does not depend on the
choice of the sequece yk, see [Trö10, p. 143].

In order to define derivatives of vector-valued functions, vector-valued distributions
must be introduced first.

Definition A.7 (Vector-valued distribution, [Trö10, p. 145]). Let V be a Banach
space, y : [a, b]→ V . Then define T : C∞0 (a, b)→ V by

T ϕ :=

∫ b

a
y(t)ϕ(t) dt,

where the above integral is understood as the Bochner integral. The vector-valued
distribution T can be identified by the function y.

The derivative T ′ of T can be introduced as

T ′ϕ := −
∫ b

a
y(t)ϕ′(t) dt.
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Definition A.8 (Derivative of a vector-valued function, [Trö10, p. 146]). If for
the above defined distribution T with its derivative T ′ there exists a vector-valued
function w : [a, b]→ V with

T ′ϕ =

∫ b

a
w(t)ϕ(t) dt

for all ϕ ∈ C∞0 (a, b), then T ′ can be identified by w and w is called derivative of y,

y′(t) := w(t).

In this sense it is y′ ∈ L1(a, b;V ).

This concept extends naturally for higher order derivatives using the formula of
integration by parts∫ b

a
y(t)ϕ′(t) dt = y(t)ϕ(t)

∣∣b
a
−
∫ b

a
y′(t)ϕ(t) dt = −

∫ b

a
y′(t)ϕ(t) dt

for all ϕ ∈ C∞0 (a, b) and continuously differentiable y : [a, b] → V . Finally,
Hk(a, b;X)-spaces can be introduced.

Definition A.9 (Hk(a, b;X)-space). The space Hk(a, b;X), k ≥ 0, consists of all
vector-valued functions y ∈ L2(a, b;X) which have all derivatives up to the order of
k in L2(a, b;X).





B. Source code overview

The following sections present an overview of the attached source files on the DVD.
Please note that the DVD does not contain an executable program in order to avoid
the redistribution of the utilized third-party libraries (Ipopt, Intel MKL, Matlab
libraries, ...). However, the actual important part is the self-written code, which is
the content of the DVD. There are two source subfolders contained in the folder
Source_Code, one (SteadyStateCase) containing the source files for the steady-state
optimization (Chapter 6), and the other one (DynamicCase) containing the source
files for the dynamic optimization (Chapter 7).
The folder mat-files contains the files with the optimization results presented

in Chapter 6 and 7. Those files can be opened with Matlab or Octave. The nodal
values of optimal thickness are saved in the variable x, those for the corresponding
displacement in displ, and those for the adjoint in adj. The coordinates of the
nodes can be found in the matrix FEMData.Coords. The objective value is saved
in fval. The several problem parameters (force, objective, ...) are stored in the
structure FEMData.opts. The results can plotted with the help of the Matlab routines
contained in the folder Plot_functions.

B.1. Steady-state case

The folder SteadyStateCase includes the self-written source code for the optimiza-
tion of the steady-state problem. The below table contains selected files which
implement the referred part of the discussion of the numerical solution in Chapter 5.

Table B.1.: Source files for steady-state problem and referred implementation details

file implemented part to find on page

mod_BasisTransf provide basis transformation matrix
(5.1.6) and their derivative (5.1.7)

99

mod_calcLambda choose regularization parameter to en-
sure small influence of the regulariza-
tion term on the objective value

113

mod_calcVolume calculate volume of shell from nodal
thickness values (5.3.3)

106

mod_createStart interpolate solution on coarse grid for
use as initial solution on refined grid

110

mod_csrMat provide structure to manage sparse ma-
trix CSR format

102

169
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Table B.1.: Source files for steady-state problem and referred implementation details

file implemented part to find on page

mod_erg2MatFile save results to mat-file 111
mod_FEMData create 9-node rectangle elements, refine

grid
96

mod_FormFGP calculate values of shape functions from
(5.1.2)

97

mod_getElemSt calculate element stiffness matrix and
load vector for state equation (5.1.1)

100, 103

mod_getElemVals calculate objective value, objective gra-
dient, and adjoint load vector on ele-
ment

106, 109

mod_main assemble element matrices (Algorithm
5.1), solve state and adjoint equation

103

mod_pcg provide preconditioned conjugate gradi-
ent method

107

mod_VerschVerzerrMat create strain-displacement matrices 99
mod_zielfun calculate objective value and finite ele-

ment gradient
106, 107

mod_optimiere main program

B.2. Dynamic case

The folder DynamicCase includes the self-written source code for the optimization of
the dynamic problem. The below table contains selected files which implement the
referred part of the discussion of the numerical solution in Chapter 5.

Table B.2.: Source files for dynamic problem and referred implementation details

file implemented part to find on page

mod_BasisTransf provide basis transformation matrix
(5.1.6) and their derivative (5.1.7)

99

mod_calcLambda choose regularization parameter to en-
sure small influence of the regulariza-
tion term on the objective value

131

mod_calcVolume calculate volume of shell from nodal
thickness values (5.3.3)

106

mod_createStart interpolate solution on coarse grid for
use as initial solution on refined grid

110

mod_csrMat provide structure to manage sparse ma-
trix CSR format

102

mod_erg2MatFile save results to mat-file 111
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Table B.2.: Source files for dynamic problem and referred implementation details

file implemented part to find on page

mod_FEMData create 9-node rectangle elements, refine
grid

96

mod_FormFGP calculate values of shape functions from
(5.1.2)

97

mod_getAdjElemLoad calculate element load vector for adjoint
equation (5.3.5)

109

mod_getElemGrad calculate objective gradient on element
(5.3.7)

110

mod_getElemLoad calculate element load vector for state
equation (5.2.1)

104

mod_getElemMass calculate element mass matrix for state
equation (5.2.1)

104

mod_getElemSt calculate element stiffness matrix 100
mod_getElemZielf calculate objective value on element

(5.3.1)
106

mod_InitDispl create initial valueW 0
h from momentum

g
104

mod_main assemble element matrices (Algorithm
5.1), solve state and adjoint equation
(Algorithm 5.2 and 5.3)

103, 105, 110

mod_pcg provide preconditioned conjugate gradi-
ent method

107

mod_VerschVerzerrMat create strain-displacement matrices 99
mod_zielfun calculate objective value and finite ele-

ment gradient
106, 107

mod_optimiere main program
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