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Exposé

Physics is the only science that provides theoretical models for the description of matter
over more than fifty orders of magnitude for energy, length and time scales. While this
range – from the Planck scale to cosmic extensions – seems exotic to most of us, also
in daily life we encounter situations where physical quantities vary over sixty orders
of magnitude. Here, a prominent example is the resistivity which can be changed by
external fields or system parameters from (super-) conducting to insulating behaviour.
Furthermore, physical theories apply to the description of isolated particles as well as to
dense systems such as plasmas or solids, built up of 1019 − 1023 particles.

For each system certain physical effects are dominant while others are of minor impor-
tance. Consequently, the success of a physical model/theory depends on capturing the
essential features of the system. For instance, in celestial mechanics there is no need for
a full quantum description; the motion of the earth around the sun is well approximated
by Kepler’s laws. Corrections to this trajectory, caused by the presence of the other
planets, have been calculated analytically some hundred years ago using sophisticated
perturbation series. However, perturbation theories crucially depend on the existence of
a small expansion parameter, and fail without it. Thus, analytically describing the full
dynamics of many objects with comparable masses, e.g., a galaxy or a globular cluster,
is impossible.

In absence of suitable analytical approaches, we have to resort to numerical methods
for the description of such kind of systems. During the last decades, a steady progress
was achieved in both the development and implementation of different computational
algorithms. Nowadays, molecular dynamics (MD) and particle-in-cell (PIC) based codes
allow for the thorough simulation of a wide class of classical many-particle systems.
Ranging from astrophysical applications over plasma physics to classical statistical me-
chanics, they also apply to the simulation of biochemical processes as protein folding,
situated at the borderline to quantum systems.

In the realm of quantum mechanics, a full many-particle description is not always
necessary and various physical effects may be explained on the basis of an effective
single-particle description. Introducing the concept of quasiparticles, we may calculate
the electronic band structure of solids or the properties of elementary excitations in
electron and spin systems. If the residual interactions between the quasiparticles are
weak, further corrections may be calculated perturbatively. However, such an approach
encounters its limitations when correlations and interaction effects become dominant. As
a result, in strongly correlated electron systems, subtle many-particle effects appear such
as high temperature superconductivity or colossal magnetoresistance. Here the interplay
of different physical aspects is crucial, and their comparable importance prohibits the
use of a perturbative treatment.
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Figure 0.1: Numerical methods used in this work for different physical systems.

To tackle the problem of strongly correlated many-particle systems, the quasi-exact
numerical investigation of microscopic models is especially appealing. Starting from a
microscopic model Hamiltonian, we can calculate the ground state properties of finite
systems in principle by full diagonalisation. Spectral or dynamical quantities can be
treated by the kernel polynomial method (KPM) quasi-exactly. To correctly extrapolate
from the obtained finite-system data to the thermodynamic limit is a challenging task.
Here, we face the drawback of a full microscopic modelling: the exponential growth of
the Hilbert space dimension with the number of considered particles. In order to access
larger systems, we have to turn to approximate methods, such as quantum-chemical
approaches, density-functional based theories or quantum Monte Carlo simulations.
For one-dimensional systems, the diagonalisation-based density matrix renormalisation
group (DMRG) is especially appealing, where the Hilbert space is restricted to its most
important subspace. Alternatively, semiclassical approximations have been conceived for
quantum systems in which not all correlations have to be taken into account. Aiming at
a coarse grained modelling with a more favourable scaling of the computation time with
the number of considered particles they close the gap between a quantum and classical
description of a system.

In this work we will analyse the capabilities of several of the above mentioned numerical
techniques (see Fig. 0.1). Thereby, the considered systems range from quantum over
semiclassical to classical and from few- to many-particle systems. For each case we
address an interesting, partly unsolved question. Despite the different topics we address
in the individual chapters, the problems under study are somehow related because we
focus on the time evolution of the system.

In chapter 1 we investigate the behaviour of a single quantum particle in the pres-
ence of an external disordered background (static potentials). Starting from the quan-
tum percolation problem, we address the fundamental question of a disorder induced
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(Anderson-) transition from extended to localised single-particle eigenstates. Distin-
guishing isolating from conducting states by applying a local distribution approach for
the local density of states (LDOS), we detect the quantum percolation threshold in two-
and three-dimensions. Extending the quantum percolation model to a quantum random
resistor model, we comment on the possible relevance of our results to the influence of dis-
order on the conductivity in graphene sheets. Furthermore, we confirm the localisation
properties of the 2D percolation model by calculating the full quantum time evolution
of a given initial state. For the calculation of the LDOS as well as for the Chebyshev
expansion of the time evolution operator, the KPM is the key numerical technique.

In chapter 2 we examine how a single quantum particle is influenced by retarded
bosonic fields that are inherent to the system. Within the Holstein model, these bosonic
degrees of freedom (phonons) give rise to an infinite dimensional Hilbert space, posing
a true many-particle problem. Constituting a minimal model for polaron formation,
the Holstein model allows us to study the optical absorption and activated transport
in polaronic systems. Using a two-dimensional variant of the KPM, we calculate for
the first time quasi-exactly the optical absorption and dc-conductivity as a function
of temperature. Concerning the numerical technique, the close relation to the time
evolution in the other chapters get clear if we identify temperature with an imaginary
time.

In chapter 3 we come back to the time evolution of a quantum particle in an exter-
nal, static potential and investigate the capability of semiclassical approximations to
it. Considering various one-dimensional geometries, we address basic quantum effects
as tunneling, interference and anharmonicity. The question is, to which extend and at
which numerical costs, several semiclassical methods can reproduce the exact result for
the quantum dynamics, calculated by Chebyshev expansion. To this end we consider
the linearised semiclassical propagator method, the Wigner-Moyal approach and the re-
cently proposed quantum tomography. A conceptually very interesting aspect of the
compared semiclassical methods is their relation to different representations of quantum
mechanics (wave function/density matrix, Wigner function, quantum tomogram).

Finally, in chapter 4 we calculate the dynamics of a classical many-particle system
under the influence of external fields. Considering a low-temperature rf-plasma, we
investigate the interplay of the plasma dynamics and the motion of dust particles, im-
mersed into the plasma for diagnostic reasons. In addition to the huge number of involved
particles, the numerical description of this systems faces the challenge of a large range of
involved time and length scales. Exploiting the mass differences of plasma constituents
and dust particles allows for separating the PIC description of the plasma from the MD
simulation of the dust particles in the effective surrounding plasma.

The challenge for the numerical methods presented in chapters 1-4 is to balance the
competing requirements for accuracy, treatable system sizes and computation time. Fu-
ture developments in this field will be guided by the need for suitable numerical al-
gorithms, their efficient coding and a successful porting to modern (super-) computer
architectures. Along this line, computational physics has emerged as an important,
independent branch of natural science, complementing traditional theoretical and ex-
perimental approaches.
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1 Quantum percolation in disordered structures [1]

Many solids, such as alloys or doped semiconductors, form crystals consisting of two or
more chemical species. In contrast to amorphous systems they show a regular, periodic
arrangement of sites but the different species are statistically distributed over the avail-
able lattice sites. This type of disorder is often called compositional. Likewise crystal
imperfections present in any real material give rise to substitutional disordered struc-
tures. The presence of disorder has drastic effects on various characteristics of physical
systems, most notably on their electronic structure and transport properties.

A particularly interesting case are lattices composed of accessible and inaccessible
sites (bonds). Dilution of the accessible sites defines a percolation problem for the lattice
which can undergo a geometric phase transition between a connected and a disconnected
phase. Since ‘absent’ sites (bonds) act as infinite barriers, such a model can be used to
describe percolative particle transport through random resistor networks (see Fig. 1.1).
Another example is the destruction of magnetic order in diluted classical magnets. The
central question of classical percolation theory is whether the diluted lattice contains a
cluster of accessible sites that spans the entire sample in the thermodynamic limit or
whether it decomposes into small disconnected pieces.

The corresponding problem of percolation of a quantum particle through a random
medium is much more involved. Here, the famous concept of Anderson localisation comes
into play [2]. Anderson argued that the one-particle wave functions in macroscopic,
disordered quantum systems at zero temperature can be exponentially localised. This
happens if the disorder is sufficiently strong or in energy regions where the density of
states is sufficiently small [3]. The transition from extended to localised states is a result
of quantum interference arising from elastic scattering of the particle at the randomly
varying site energies. Particles that occupy exponentially localised states are restricted
to finite regions of space. On the other hand, particles in extended states can escape to
infinity and therefore contribute to transport (see Fig. 1.2).

For the quantum percolation problem all one-particle states are localised below the
classical percolation threshold pc, of course. Furthermore, for arbitrary concentrations
of conducting sites p > pc there always exist localised states on the infinite spanning
cluster [4]. Since for a completely ordered system (p = 1) all states are extended and no
states are extended for p < pc, one might expect a disorder-induced Anderson transition
at some critical concentration pq, with pc ≤ pq ≤ 1. This is because the quantum nature
of particles makes it harder for them to pass through narrow channels, despite the fact
that quantum particles may tunnel through classically forbidden regions [5]. As yet,
the existence of a quantum percolation threshold, different from the classical one, is
discussed controversial, in particular for the two-dimensional (2D) case where also weak
localisation effects might become important [6].

Localisation and quantum percolation have been the subject of much recent research;
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Figure 1.1: 2D site percolation. Shown are lattice realisations below (left) and above (right) the
classical percolation threshold pc = 0.592746

for a review of the more back dated work see, e.g., [7, 8]. The underlying Anderson
model (with uniformly distributed local potentials) and the site percolation or binary
alloy models (with a bimodal distribution of the on-site energies) are the two standard
models for disordered solids. Although both problems have much in common, they differ
in the type of disorder, and the localisation phenomena of electrons in substitutional
alloys are found to be much richer than previously claimed. For instance, the binary
alloy model exhibits not one, as the 3D Anderson model, but several pairs of mobility
edges, separating localised from extended states [4, 9, 10]. Moreover, it appears that
‘forbidden energies’ exist, in the sense that in the vicinity of the band centre the density
of states tends to zero. These effects might be observed in actual experiments.

Understanding these issues is an important task which we will address in this chap-
ter by a stochastic approach that allows for a comprehensive description of disorder
on a microscopic scale. This approach, which we call the local distribution (LD) ap-
proach [10, 11], considers the local density of states (LDOS), which is a quantity of
primary importance in systems with prominent local interactions or scattering. What
makes the LD approach ‘non-standard’ is that it directly deals with the distribution
of the LDOS in the spirit that Anderson introduced in his pioneering work [2]. While
the LDOS is just related to the amplitude of the electron’s wave function on a certain
lattice site, its distribution captures the fluctuations of the wave function throughout
the system.

This chapter will be organised as follows. After introducing the basic concepts of
the LD approach in Sect. 1.1 and explaining how to calculate the LDOS via the highly
efficient kernel polynomial method (KPM), we exemplify the LD concept by a study of
localisation within the Anderson model. Then, having all necessary tools at hand, we
proceed in Sect. 1.2 to the problem of quantum percolation. Refining previous studies of
localisation effects in quantum percolation, we will demonstrate the ‘fragmentation’ of
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Figure 1.2: Anderson transition in disordered systems

the spectrum into extended and localised states. The existence of a quantum percolation
threshold is critically examined. Thereto, we investigate for the 2D site-percolation
problem the dynamical properties of an initially localised wave packet on the spanning
cluster, using Chebyshev expansion in the time domain. In Sect. 1.3 we apply the
findings to a random resistor network model, initially designed to describe the minimum
conductivity in graphene. Finally, in Sect. 1.4 we conclude with a short summary of the
topic.

1.1 Local distribution approach

1.1.1 Conceptual background

In the theoretical investigation of disordered systems it turned out that the distribution
of random quantities takes the centre stage [2, 12]. Starting from a standard tight-
binding Hamiltonian of non-interacting electrons on a D-dimensional hyper-cubic lattice
with N = LD sites, the effect of compositional disorder in a solid may be described by
site-dependent local potentials εj ,

H = −t
∑

〈ij〉

(
c†icj + H.c.

)
+

N∑

j=1

εjc
†
jcj . (1.1)

The operators c†j (cj) create (annihilate) an electron in a Wannier state centred at site
j, the on-site potentials εj are drawn from some probability distribution p[εj ], and t
denotes the nearest-neighbour hopping element. While all characteristics of a certain
material are determined by the corresponding distribution p[εj], we have to keep in mind
that each actual sample of this material constitutes only one particular realisation {εj}.
The disorder in the potential landscape breaks translational invariance that normally
can be exploited for the description of ordered systems. Hence, we have to focus on
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site-dependent quantities like the LDOS at lattice site i,

ρi(E) =

N∑

n=1

|〈i|n〉|2 δ(E −En) , (1.2)

where |n〉 is an eigenstate of H with energy En and |i〉 = c†i |0〉. Probing different sites in
the crystal, ρi(E) will strongly fluctuate, and recording the values of the LDOS we may
accumulate the distribution f [ρi(E)]. In the thermodynamic limit, taking into account
infinitely many lattice sites, the shape of f [ρi(E)] will be independent of the actual re-
alisation of the on-site potentials {εj} and the chosen sites, but depend solely on the
underlying distribution p[εj]. Thus, in the sense of distributions, we have restored trans-
lational invariance, and the study of f [ρi(E)] allows us to discuss the complete properties
of the Hamiltonian (1.1). The probability density f [ρi(E)] was found to have essentially
different properties for extended and localised states [13]. For an extended state the
amplitude of the wave function is more or less uniform. Accordingly, f [ρi(E)] is sharply
peaked and symmetric about the (arithmetically averaged) mean value ρme(E). On the
other hand, if states become localised, the wave function has considerable weight only
on a few sites. In this case, the LDOS strongly fluctuates throughout the lattice and the
corresponding LDOS distribution is mainly concentrated at ρi = 0, very asymmetric and
has a long tail. The rare but large LDOS values dominate the mean value ρme(E), which
therefore cannot be taken as a good approximation of the most probable value of the
LDOS. Such systems are referred to as ‘non-self-averaging’. In numerical calculations,
this different behaviour may be used to discriminate localised from extended states in
the following manner: Using the KPM with a variable number of moments for different
interval sections (see Sect. 1.1.2), we calculate the LDOS for a large number of sam-
ples, Kr, and sites, Ks. Note that there is no conceptual difference between calculating
f [ρi(E)] for one large sample and many sites or considering smaller (but not too small)
systems and more realisations of disorder. As the latter procedure is numerically more
favourable, we will revert to this. Next, we sort the LDOS values for all energies within
a small window around the desired energy E into a histogram. As the LDOS values vary
over several orders of magnitude, a logarithmic partition of the histogram presents itself.
Although this procedure allows for the most intuitive determination of the localisation
properties in the sense of Anderson [2], there are two drawbacks. First, to achieve a
reasonable statistics, in particular for the slots at small LDOS values, a huge number of
realisations is necessary. To alleviate the problems of statistical noise, it is advantageous
to look at integral quantities like the distribution function

F [ρi(E)] =

∫ ρi(E)

0
f [ρ′i(E)] dρ′i(E) , (1.3)

which also allows for the determination of the localisation properties. While for extended
states the more or less uniform amplitudes lead to a steep rise of F [ρi], for localised states
the increase extends over several orders of magnitude. Second, for practical calculations
the recording of the whole distribution (or distribution function) is a bit inconvenient,
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especially if we want to discuss the localisation properties of the whole band. There-
fore, we try to capture the main features of the distribution by comparing two of its
characteristic quantities, the (arithmetically averaged) mean DOS,

ρme(E) =
1

KrKs

Kr∑

k=1

Ks∑

i=1

ρi(E) , (1.4)

and the (geometrically averaged) so called ‘typical’ DOS ,

ρty(E) = exp

(
1

KrKs

Kr∑

k=1

Ks∑

i=1

ln
(
ρi(E)

))
. (1.5)

The typical DOS puts sufficient weight on small values of ρi. Therefore, comparing
ρty(E) and ρme(E) allows to detect the localisation transition. We classify a state at
energy E with ρme(E) 6= 0 as localised if ρty(E) = 0 and as extended if ρty(E) 6= 0. This
method has been applied successfully to the pure Anderson model [14, 15, 16] and even to
more complex situations, where the effects of correlated disorder [17], electron-electron
interaction [18, 19] or electron-phonon coupling [20, 21] were taken into account.

1.1.2 Calculation of the local density of states

At first glance, (1.2) suggests that the calculation of the LDOS could require a complete
diagonalisation of H. It turns out, however, that an expansion of ρi in terms of a finite
series of Chebyshev polynomials Tn(x) = cos(n arccos x) allows for an incredibly precise
approximation [22]. Since the Chebyshev polynomials form an orthogonal set on [−1, 1],
prior to an expansion the Hamiltonian H needs to be rescaled, H̃ = (H − b)/a. For
reasons of numerical stability, we choose the parameters a and b such that the extreme
eigenvalues of H̃ are ±0.99. In this way, the outer parts of the interval, where the strong
oscillations of Tn(x) can amplify numerical errors, contain no physical information and
may be discarded. In terms of the coefficients, the so called Chebyshev moments,

µm =

1∫

−1

ρi(x)Tm(x) dx =
N∑

n=1

〈i|n〉〈n|Tm(xn)|i〉 = 〈i|Tm(H̃)|i〉 , (1.6)

the approximate LDOS reads

ρi(x) =
1

π
√

1− x2

(
g0µ0 + 2

M−1∑

m=1

gmµmTm(x)

)
. (1.7)

The Gibbs damping factors

gm =

(
1− mφ

π

)
cos(mφ) +

φ

π
sin(mφ) cot(φ) (1.8)

with φ = π/(M + 1), are introduced to damp out the Gibbs oscillations resulting from
finite-order polynomial approximations. Equivalently, their introduction can be inter-
preted as a convolution of the finite series with the so called Jackson kernel [23]. In
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Figure 1.3: Approximation of a series of equal weighted δ-peaks using the standard KPM (left)
and the VMKPM (right). While both methods reproduce the correct spectral weight (solid line),
only in the latter case a uniform resolution is obtained, reflected by the equal height of the peaks.
The dashed-dotted line in the left panel is a guide to the eye being proportional to the inverse
of the resolution (1.9).

essence, a δ-peak at position x0 is approximated by an almost Gaussian of width [22]

σ =

√
M − x2

0(M − 1)

2(M + 1)
(1− cos(2φ)) ≈ π

M

√
1− x2

0 +
4x2

0 − 3

M
. (1.9)

Thus, for a fixed number of moments, M , the resolution of the expansion gets better
towards the interval boundaries. While in most applications this feature is harmless
or even useful, here a uniform resolution throughout the whole band is mandatory to
discriminate resolution effects from localisation. This gets clear if we respect that a
small value of ρi at a certain energy may either be due to a true low amplitude of
the wave function, or due to the absence of any energy level for the current disorder
realisation within one kernel width. Depending on which part of the interval we want
to reconstruct, we need to restrict the used number of moments in (1.7) accordingly to
ensure a constant σ. We call this procedure the ’variable moment KPM’ (VMKPM).
The resulting approximations of a series of δ-peaks using the standard KPM and the
VMKPM, respectively, are compared in Fig. 1.3.

For practical calculation of the moments, we may profit from the recursion relations
of the Chebyshev polynomials,

Tm+1(x) = 2xTm(x)− Tm−1(x) , (1.10)

starting from T0(x) = 1 and T1(x) = x, and calculate the µm iteratively. Additionally,
we may reduce the numerical effort by another factor 1/2 by generating two moments
with each matrix vector multiplication by H̃,

µ2m−1 = 2〈i|Tm(H̃)Tm−1(H̃)|i〉 − µ1 ,

µ2m = 2〈i|Tm(H̃)Tm(H̃)|i〉 − µ0 .
(1.11)

Note that the algorithm requires storage only for the sparse matrix H̃ and two vectors
of the corresponding dimension. Having calculated the desired number of moments,
we calculate several reconstructions (1.7) for different M . We obtain the final result
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with uniform resolution by smoothly joining the corresponding results for the different
subintervals. As the calculation of the µm dominates the computational effort, the
additional overhead for performing several reconstructions is negligible since they can
be performed by Fast Fourier Transform (FFT).

1.1.3 Illustration of the method: Anderson localisation in 3D

To clarify the power of the method, let us briefly apply it to the Anderson model of
localisation [2], for which the principal results are well known and can be found in the
literature [3, 8]. The Anderson model is described by the Hamiltonian (1.1), using
local potentials εj, which are assumed to be independent, uniformly distributed random
variables,

p[εj] =
1

γ
θ
(γ

2
− |εj|

)
, (1.12)

where the parameter γ is a measure for the strength of disorder. The spectral properties
of the Anderson model have been carefully analysed (see, e.g., [24]). For sufficiently large
disorder or near the band tails, the spectrum consists exclusively of discrete eigenvalues,
and the corresponding eigenfunctions are exponentially localised. Since localised elec-
trons do not contribute to the transport of charge or energy, the energy that separates
localised and extended eigenstates is called the mobility edge. For any finite amount
of disorder γ > 0, on a 1D lattice, all eigenstates of the Anderson Hamiltonian are lo-
calised [25, 26]. This is believed to hold also in 2D, where the existence of a transition
from localised to extended states at finite γ would contradict the one parameter scaling
theory [27, 28]. In three dimensions, the disorder strength has a more distinctive effect
on the spectrum. Only above a critical value γc all states are localised, whereas for
γ < γc a pair of mobility edges separates the extended states in the band centre from
the localised ones near the band edges [29]. For this reason, the 3D case serves as a
prime example on which we demonstrate how to discriminate localised from extended
states within the local distribution approach.

In the upper panel of Fig. 1.4 we show the resulting distribution of ρi(E = 0), nor-
malised by its mean value ρme, for two characteristic values of disorder. As ρme is a
function of disorder, this normalisation ensures 〈ρi/ρme〉 = 1 independent of γ, allow-
ing for an appropriate comparison. In the delocalised phase, γ = 3t, the distribution
is rather symmetric and peaks close to its mean value. Note that increasing both the
system size and VMKPM resolution, such that the ratio of mean level spacing to the
width of the Jackson kernel is fixed, does not change the distribution. This is in strong
contrast to the localised phase, γ = 24t, where the distribution of ρi(E) is extremely
asymmetric. Although most of the weight is now concentrated close to zero, the dis-
tribution extends to very large values of ρi, causing the mean value to be much larger
than the most probable value. Performing a similar finite-size scaling underlines both
the asymmetry and the singular behaviour which we expect for infinite resolution in
the thermodynamic limit. Note also, that for the localised case, the distribution of the

11
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Figure 1.4: Upper panel: Finite-size scaling of the normalised LDOS distribution f [ρi/ρme] at the
band centre (|E| ≤ 0.01t) for the Anderson model. For the different system sizes N we adapted
the resolution σ such that Nσ ≈ 6.14 is constant and calculated 106, 104, 1024, 400 realisations
of ρi for N = 103, 203, 403, 803. Lower left panel: Double-logarithmic plot of f [ρi/ρme] for the
localised case together with log-normal fits (1.13) to the data. Note that for better visibility the
data for N = 403, 203, 103 were shifted vertically by 2, 3, 4 orders of magnitude towards smaller
values. Lower right panel: Distribution function F [ρi/ρme] of the above data.

LDOS is extremely well approximated by a log-normal distribution [30],

Φlog(x) =
1√

2πσ2
0

1

x
exp

(
−(ln (x/x0))2

2σ2
0

)
, (1.13)

as illustrated in the lower left panel of Fig. 1.4. The shifting of the distribution towards
zero for localised states is most obvious in the distribution function F [ρi] which is de-
picted in the lower right panel of Fig. 1.4. While for extended states the more or less
uniform amplitudes lead to a steep rise of F [ρi], for localised states the increase extends
over several orders of magnitude.

Capturing the essential features of the LDOS distribution by concentrating on the
mean (ρme) and typical (ρty) density of states, we determine the localisation properties
for the whole energy band depending on the disorder. As can be seen from Fig. 1.5,
ρme(E) and ρty(E) are almost equal for extended states, whereas for localised states
ρty(E) vanishes while ρme(E) remains finite. Using the well-established value γc(E =
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Figure 1.5: Mean (solid) and typical (dashed) density of states of the 3D Anderson model on a
lattice with N = 603 sites and periodic boundary conditions (PBC) for different values of disorder
γ. We used Nσ = 45 and the shown curves result from an ensemble of 2000 individual LDOS
spectra obtained for different sites and realisations of disorder. Lower right panel: Mobility edge
(dots) as obtained for (ρty/ρme)c = 0.05 and Lifshitz boundaries (dashed line).

0) ' 16.5t as a calibration for the critical ratio ρty/ρme, required to distinguish localised
from extended states for the used system size and resolution, we reproduce the mobility
edge in the energy-disorder plane [3, 31, 32] (see lower right panel of Fig. 1.5). We
also find the well-known re-entrant behaviour near the unperturbed band edges [33, 34]:
Varying γ for some fixed values of E (6t < E ≤ 7.6t) a region of extended states separates
two regions of localised states. The Lifshitz boundaries, shown as dashed lines, indicate
the energy range of allowed eigenstates. As the probability of reaching the Lifshitz
boundaries is exponentially small, we cannot expect to find states near these boundaries
for the finite ensembles considered in any numerical calculation.

1.2 Localisation effects in quantum percolation [17]

In disordered solids the percolation problem is characterised by the interplay of pure
classical and quantum effects. Besides the question of finding a percolating path of
‘accessible’ sites through a given lattice, the quantum nature of the electrons imposes
further restrictions on the existence of extended states and, consequently, of a finite
dc-conductivity.

As a particularly simple model we start again from the basic Hamiltonian (1.1) drawing
the {εj} from the bimodal distribution

p[εj] = p δ(εj − εA) + (1− p) δ(εj − εB) . (1.14)
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The two energies εA and εB could, for instance, represent the potential landscape of a
binary alloy ApB1−p, where each site is occupied by an A or B atom with probability
p or 1 − p, respectively. Therefore, we call (1.1) together with the distribution (1.14)
the binary alloy model. In the limit ∆ = (εB − εA) → ∞ the wave function of the A
sub-band vanishes identically on the B sites, making them completely inaccessible for
the quantum particles. We then arrive at a situation where non-interacting electrons
move on a random ensemble of Ñ lattice points, which, depending on p, may span the
entire lattice or not. The corresponding quantum site percolation model reads

H = −t
∑

〈ij〉∈A
(c†i cj + H.c.) , (1.15)

where the summation extends over nearest-neighbour A sites only and, without loss of
generality, εA is chosen to be zero.

Within the classical percolation scenario the percolation threshold pc is defined by the
occurrence of an infinite cluster A∞ of connected A sites. For the simple cubic lattice this
site-percolation threshold is p3D

c = 0.311609 [35] for the 3D case and p2D
c = 0.592746 [36]

in 2D. In the quantum case, the multiple scattering of the particles at the irregular
boundaries of the cluster can suppress the wave function, in particular within narrow
channels or close to dead ends of the cluster. Hence, this type of disorder can lead
to absence of diffusion due to localisation, even if there is a classical percolating path
through the crystal. On the other hand, for finite ∆ the tunneling between A and
B sites may cause a finite dc-conductivity although the A sites are not percolating.
Naturally, the question arises whether the quantum percolation threshold pq, given by
the probability above which an extended wave function exists within the A sub-band,
is larger or smaller than pc. Previous results [37, 38] for finite values of ∆ indicate that
the tunneling effect has a marginal influence on the percolation threshold as soon as
∆� 4tD.

1.2.1 3D site percolation

Before discussing possible localisation phenomena let us investigate the behaviour of the
mean DOS for the binary alloy and quantum percolation model in 3D. Figure 1.6 shows
that as long as εA and εB do not differ too much there exists a single, and for p 6= 0.5
asymmetric, electronic band [37]. At about ∆ ' 4tD this band separates into two sub-
bands centred at εA and εB, respectively. The most prominent feature in the split-band
regime is the series of spikes at discrete energies within the band. As an obvious guess,
we might attribute these spikes to eigenstates on islands of A or B sites being isolated
from the main cluster [4, 39]. It turns out, however, that some of the spikes persist, even
if we neglect all finite clusters and restrict the calculation to the N̄ sites of A type on
the spanning cluster, A∞. This is illustrated in the upper panels of Fig. 1.7, where we
compare the DOS of the binary alloy model at ∆ → ∞ and the quantum percolation
model. Increasing the concentration of accessible sites, the mean DOS of the spanning
cluster is evocative of the DOS of the simple cubic lattice, but even at large values of p
a sharp peak structure remains at E = 0 (cf. Fig. 1.7, lower panels).
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Figure 1.6: Mean (upper solid line) and typical (lower dashed line) DOS of the binary alloy
model on a N = 643 lattice with PBC for different concentrations of A sites p and local potential
differences ∆. Taking all sites into account, we chose the resolution such that Nσ = 45 and
calculated 1000 individual LDOS spectra for different probe realisations and sites.

To elucidate this effect, which for a long time was partially not accounted for in the
literature [4, 37, 40, 41], in more detail, in Fig. 1.8 we fix p at 0.337, shortly above
the classical percolation threshold. In addition to the most dominant peaks at E/t =

0,±1,±
√

2, we can resolve distinct spikes at E/t = 1
2

(
±1±

√
5
)
,±
√

3,±
√

2±
√

2, . . .
These special energies coincide with the eigenvalues of the tight-binding model on small
clusters of the geometries shown in the right part of Fig. 1.8. In accordance with [4]
and [42] we can thus argue that the wave functions, which correspond to these special
energies, are localised on some ‘dead ends’ of the spanning cluster.

The assumption that the distinct peaks correspond to localised wave functions is cor-
roborated by the fact that the typical DOS vanishes or, at least, shows a dip at these
energies. Occurring also for finite ∆ (Fig. 1.6), this effect becomes more pronounced as
∆ → ∞ and in the vicinity of the classical percolation threshold pc. From the study
of the Anderson model we know that localisation leads at first to a narrowing of the
energy window containing extended states. For the percolation problem, in contrast,
with decreasing p the typical DOS indicates both localisation from the band edges and
localisation at particular energies within the band. Since finite cluster wave functions
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like those shown in Fig. 1.8 can be constructed for numerous other, less probable geome-
tries [43], an infinite discrete series of such spikes might exist within the spectrum, as
proposed in [42]. The picture of localisation in the quantum percolation model is then
quite remarkable. If we generalise our numerical data for the peaks at E = 0 and E = ±t,
it seems as if there is an infinite discrete set of energies with localised wave functions,
which is dense within the entire spectrum. In between, there are many extended states,
but to avoid mixing, their density tends to zero close to the localised states. Facilitated
by its large special weight (up to 11% close to pc) this is clearly observable for the peak
at E = 0, and we suspect similar behaviour at E = ±t. For the other discrete spikes the
resolution of our numerical data is still too poor and the system size might be even too
small to draw a definite conclusion.

In order to understand the internal structure of the extended and localised states
we calculate the probability density of specific eigenstates of (1.15) restricted to A∞
for a fixed realisation of disorder. Figure 1.9 visualises the spatial variation of |〈i|n〉|2
for an occupation probability well above the classical percolation threshold. The figure
clearly indicates that the state with E = 0.649t is extended, i.e., the spanning cluster is
quantum mechanically ‘transparent’. On the contrary, at E = 3.501t, the wave function
is completely localised on a finite region of the spanning cluster. This is caused by the
scattering of the particle at the random surface of the spanning cluster.

A particularly interesting behaviour is observed at E = 0. Here, the eigenstates
are highly degenerate and we can form wave functions that span the entire lattice in a
checkerboard structure with zero and non-zero amplitudes (see Fig. 1.9). Although these
states are extended in the sense that they are not confined to some region of the cluster,
they do not contribute to the dc-conductivity. This is caused by the alternating structure
which suppresses the nearest-neighbour hopping. In spite of the high degeneracy, the
current matrix element between different E = 0 states is zero. Hence, having properties
of both classes of states these states are called anomalously localised [44, 45]. Another
indication for the robustness of this feature is its persistence for mismatching boundary
conditions, e.g., periodic (anti-periodic) boundary conditions for odd (even) values of the
linear extension L. In these cases, the checkerboard is matched to itself by a manifold
of sites with vanishing amplitude.

Furthermore, for the previously mentioned special energies, the wave function van-
ishes identically except for some finite domains on loose ends (like those shown in the
right panel of Fig. 1.8), where it takes, except for normalisation, the values (±1,∓1),
(1,±

√
2, 1), (−1, 0, 1), . . . Note that these regions are part of the spanning cluster, con-

nected to the rest of A∞ by sites with vanishing wave function amplitude [42].
In the past, most of the methods used in numerical studies of Anderson localisation

have also been applied to the binary alloy model and the quantum percolation model
in order to determine the quantum percolation threshold pq, defined as the probability
p below which all states are localised (see, e.g., [46, 47] and references therein). The
existence of pq is still disputed. As yet, the results for pq are far less precise than the
values of the critical disorder reported for the Anderson model. For the simple cubic
lattice numerical estimates of quantum site-percolation thresholds range from 0.4 to 0.5
(see [47] and references therein). In Figs. 1.6-1.8 we present data for ρty which shows
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Figure 1.9: Normalised probability density N̄ |〈i|n〉|2 for three eigenstates of the quantum per-
colation model. The chosen energies are representative for a localised (E = 3.501t), extended
(E = 0.649t) and anomalously localised (E = 0) state. We performed an exact diagonalisation
for A∞ for one realisation of disorder on a N = 323 lattice with PBC and p = 0.458.

that pq > pc. In fact, within numerical accuracy, we found ρty = 0 for p = 0.337 > pc.

To get a more detailed picture we calculate the normalised typical DOS, ρty/ρme, in
the whole concentration-energy plane. The left panel of Fig. 1.10 presents such kind
of phase diagram of the quantum percolation model. This data also supports a finite
quantum percolation threshold pq & 0.4 > pc (cf. also [37, 47, 48, 49]), but as the
discussion above indicates, for E = 0 and E = ±t the critical value pq(E) = 1, and
the same may hold for the set of other ‘special’ energies. The transition line between
localised and extended states, pq(E), might thus be a rather irregular (fractal?) function.
On the basis of our LDOS distribution approach, however, we are not in the position to
answer this question with full rigour.

Finally, let us come back to the characterisation of extended and localised states in
terms of distribution functions. The right panel of Fig. 1.10 displays the distribution
function, F [ρi(E)], for four typical points in the energy-concentration plane, correspond-
ing to localised, extended, and anomalously localised states, respectively. The differences
in F [ρi(E)] are significant. The slow increase of F [ρi(E)] for localised states corresponds
to an extremely broad LDOS-distribution with a very small most probable (or typical)
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Figure 1.10: Left panel: Normalised typical DOS ρty/ρme in the concentration-energy plane for
the quantum percolation model restricted to A∞. For a fixed resolution of σ = 0.0002 we adapted
the system sizes to keep N̄σ = 45 constant, i.e., N = 623, . . . , 1203 for p = 0.944, . . . , 0.318. The
results base on the calculation of 1000 individual LDOS spectra for different cluster realisations
and sites. Right panel: Distribution function of the LDOS for four characteristic states, for
which the parameters (p,E) are indicated by crosses in the left panel. The parameters for the
curves A,B,C are the same for which we showed the characteristic states in Fig. 1.9.

value of ρi(E). This is in agreement with the findings for the Anderson model. Accord-
ingly, the jump-like increase found for extended states is related to an extremely narrow
distribution of the LDOS centred around the mean DOS, where ρme coincides with the
most probable value. At E = 0 and low p, the distribution function exhibits two steps,
leading to a bimodal distribution density. Here, the first (second) maximum is related to
sites with a small (large) amplitude of the wave function – a feature that substantiates
the checkerboard structure discussed above. For higher p, where we already found a
reduced spectral weight of the central peak in ρme, also the two-step shape of the dis-
tribution function is less pronounced. Therefore we may argue, the increase in weight
of the central peak for lower p is substantially due to the checkerboard states. Having
a rather complete perception of the physics in 3D, let us now come to the 2D case, for
which the findings in literature are more controversial.

1.2.2 2D site percolation

Although the main characteristics of the 3D site-percolation problem, e.g., the frag-
mentation of the spectrum, persist in 2D, there exist some particularities and ad-
ditional difficulties. In particular, the existence of a quantum percolation threshold
p2D
c < p2D

q < 1 is even less settled than in 3D. Concerning this question, the physical

community is evenly divided: one group [46, 50, 51, 52] favours p2D
q = 1 while an-

other group [38, 53, 54, 55, 56, 57, 58] claims that p2D
q < 1. The most striking argument

against p2D
q < 1 comes from the one-parameter scaling theory [27], according to which ar-

bitrary small disorder always leads to localisation in 2D. Nevertheless, there are hints for
p2D
q < 1. In this regard, band centre states seem to be of particular importance [45, 59].

Whether E = 0 states on a 2D bipartite depleted square lattice are a possible ‘let out
clause’ [60, 61] for the one-parameter scaling theory result, is an open question.
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Local density of states

Figure 1.11 shows the mean and typical DOS of the 2D quantum percolation model.
For large p, ρme clearly resembles the 2D DOS shape for the ordered case. For these
parameters ρty nearly coincides with ρme except for the band centre, where ρty shows a
strong dip. If we reduce the occupation probability, the spikes at special energies appear
again (cf. Sect. 1.2.1), with most spectral weight at E = 0. The weight of the central
peak (9% close to pc) is reduced as compared to the 3D case.

In order to obtain reliable results for the infinite system, we examine the dependency
of ρty on the system size, for fixed N̄σ. Here, we find a characteristic difference between
large and small p. Whereas for large p, above a certain system size, ρty is independent of
N , it continuously decreases for low occupation probabilities. This behaviour is evocative
of extended and localised states, respectively. Taking a look at the distribution functions,
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Figure 1.11: Upper panels: Mean (solid line) and typical (dashed lines) DOS for the 2D perco-
lation model for p = 0.7 (left) and p = 0.9 (right). The dashed lines correspond to the typical
DOS for different system sizes (from top to bottom) N = 1142, 4002, 5722, 11442 for p = 0.7 and
N = 1002, 3502, 5002, 10002 for p = 0.9. Again, we adapt σ, such that N̄σ = 45. The curves are
ensemble averages over 1000 (500 for the largest systems) individual LDOS spectra for different
cluster realisations and sites. Lower panel: Distribution function of the LDOS for three char-
acteristic energies: E = 0 (solid lines), E = 0.5t (dashed-dotted lines), and E = 2.5t (dashed
lines). To underline the finite-size scaling, we show the results for two system sizes, 3502 (4002)
marked with circles, and 5002 (5722) with squares.
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we find a similar situation as in the 3D case. At E = 0, the two level distribution evolves,
indicating the checkerboard structure of the states. Except for the special energies, the
distribution functions in the whole band exhibit shapes characteristic for either extended
or localised states. This behaviour exposes when we compare F [ρi(E)] for different
system sizes. While for extended states the distribution function is insensitive against
this scaling, it shifts towards smaller values for localised ones.

Although these results are quite encouraging, one aspect deserves further attention. If
we try to calculate the LDOS distribution at a given energy E, due to the finite resolution
of the KPM, it will also contain contributions from states in the vicinity of E. Thus,
taking the fragmentation of the spectrum into localised and extended states seriously,
the LDOS distribution within this artificial interval will contain contributions of both
classes of states. For practical calculations, this causes no problems, as except for the
most pronounced peaks, the probability of finding a state which is localised on one of
the geometries in the right panel of Fig. 1.8 drops very fast with its complexity.

Dynamical aspects [62]

An alternative approach to address the problem of localisation in 2D quantum percola-
tion is to determine the recurrence probability of a particle to a given site after time τ ,
PR(τ). For τ →∞ this quantity may serve as a criterion for Anderson localisation [3, 28].
While for extended states on the spanning cluster PR(τ → ∞) = 1/N̄ scales to zero in
the thermodynamic limit, for localised states PR(τ) remains finite as N̄ →∞.

Thereto, in a first step, we track the time evolution of an initially localised state (in
general, of course, no eigenstate) by calculating the modulus square of the wave function
at the particle’s starting position as a function of time τ . To this end we expand the
time evolution operator U(τ) = e−iHτ/~ in Chebyshev polynomials [63, 64, 65], as will
be described in detail in Sect. 3.1.1. In a second step, we employ the local distribution
approach [11, 66] to the time dependent particle density at site i

ni(τ) =
∣∣∣
N̄∑

m=1

e−iEmτ/~〈m|ψ(0)〉〈i|m〉
∣∣∣
2
. (1.16)

In contrast to the discussion of the LDOS, here we have to take care of some additional
aspects. Evolving an arbitrary initial state |ψ(0)〉 in time, we only have access to ni(τ),
containing contributions of the whole spectrum. However, tracking ni we obtain infor-
mations from all cluster sites, providing a much better statistics. On the other hand,
the chosen initial conditions introduce an additional dependency. Especially for localised
states the local environment of the starting position will influence F [ni]. So for ni, in
addition to extrapolating to the thermodynamic limit, we have to examine different ini-
tial conditions. While the LD approach for the LDOS allows for an energy resolved
examination of the localisation problem, ni provides no information about pq(E) be-
cause it contains contributions from all E. Starting from pc and increasing p, we detect
at a certain p = pq the first occurrence of extended states somewhere in the spectrum,
without any information about their energies.

21



−4 −2 0 2
i

τ
=

τ
=

τ
=

τ
=

τ
=

τ
=

τ
=

τ
=

τ 
= 

 
τ 

= 
 

τ 
= 

  
τ 

= 

τ 
=

τ 
= 

τ 
= 

 
τ 

= 

3
10

2
3

10
1.

27
−2

3
10

7
−4

30
5

3

2
10

7
2

3
−2

2
10

1.
24

5
1.

24
  1

0
2

10
−4

1.
24

  1
0

20
0

0 0
0

0
0

0

0
00

0
0

0 0

T
T

T
T T

1.
27

  1
0

T
T

T
1.

27
  1

0

0

1.
27

  1
0

0

1.
24

  1
0 

  

< 10  10  10  10

N (τ )n

Figure 1.12: Time evolution of the normalised local particle density N̄ni(τ) for an initially lo-
calised state on the spanning cluster of a N = 5122 square lattice for p = 0.65 (left) and p = 0.90
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The curves correspond to the data in Fig. 1.12, supplemented by the distribution functions at
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Let us now discuss the outcome of our numerical investigations. Note that the dy-
namics of our finite system is governed by two different time scales. The time scale of
a hopping process is given by the inverse of the hopping matrix element, τ0 = ~/t. To
account for the system size, we define a characteristic time T̄0 = N̄τ0, which, in prin-
ciple, is necessary to visit each site of the spanning cluster once. Figure 1.12 compares
the time evolution of an initially localised state on the spanning cluster for low (left
panels) and high (right panels) concentration of A sites, for which qualitatively different
behaviours emerge. For small p = 0.65 > pc, the initial state spreads within a short time
over a finite region of the spanning cluster. Though, also for very long times, τ > 100T̄0,
this extension does not change significantly anymore. For larger p, the spreading is even
faster. In contrast to the previous case, for p = 0.90 the state is not confined to some
finite region, but ni is transfered to the whole cluster. Since the initial state is a su-
perposition of eigenstates from the whole spectrum, it also contains contributions from
localised states, for instance near the band edges. Those are reflected in the darker spots
in the vicinity of the initial position, which persist there, even for very long times. We
know this signature of localised states already from the case of small p. The essential
new feature is that for large p some eigenstates exist, which are not localised, i.e., spread
over the whole cluster.

To go beyond a simple visualisation and account for a quantitative description, in
Fig. 1.13 we show the corresponding local particle density distribution functions F [ni].
The characteristic shapes for localised and extended states evolve with increasing time.
Since these results were obtained for a fixed sample {εi} and a certain starting position i,
it is necessary to examine the influence of this particular choice on the quasi-stationary
state and separate it from the characteristics due to p[εi]. A fingerprint, in which both
the initial position and cluster realisation are encoded, is the LDOS of the initial state. In
Fig. 1.14 we examine the influence of these issues one by one. Fixing a particular cluster
realisation and starting position of the wave function, we may construct several initial
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Figure 1.14: Influence of the initial conditions on the evolution of the wave function on aN = 5122

system at p = 0.65. The colourmap is the same as the one in Fig.1.12. Panels (a)-(d) show the
same cluster realisation with identical starting positions for (a)-(c). All states have E = 0.5t,
except for the case shown in panel (c), where E = t. The insets give a magnification of ni(0).
The corresponding LDOS of the initial states are given below each panel. In panel (f) the solid
lines show the distribution function F [ni(τ)] for τ = 15.4T̄0. For comparison the dashed lines
indicate F [ni(τ)] for p = 0.90 subject to the same differences in the initial conditions.

states with the same total energy. This can be realised by choosing a different number
of sites which initially have non-vanishing amplitudes. For a state with finite amplitude
only on two neighbouring sites, a and

√
1− a2, respectively, we get E = 2ta

√
1− a2 and

we may continuously tune E ∈ [−t, t] by choice of a [cf. Fig. 1.14(a) and (c)]. These
energies may also be constructed for more complicated initial states, as, e.g., for the one
shown in Fig. 1.14(b), with non-vanishing amplitudes on six adjacent sites. The more
complicated these structures get and the more sites are involved, the larger energies of
the initial state are possible, e.g., for the configuration of Fig. 1.14(b) up to (1 +

√
2)t.

As stressed above, these energies are not eigenenergies of H, i.e., the initial state is a
superposition of eigenstates from the whole spectrum. A quantitative characterisation of
the amount of different contributions can be obtained by the LDOS of the initial state.
Changing the starting position [Fig. 1.14(d)] or the cluster realisation [Fig. 1.14(e)] has a
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similar effect. Essentially, we see the same behaviour as for the changes in Figs. 1.14(a)-
1.14(c). Most notably, although the LDOS at τ = 0 and the evolution of the states differs
in detail, on a coarse grained scale they behave similarly. This is also corroborated by
the behaviour of the distribution function F [ni(τ)] for sufficient long times τ . Despite
minor differences between the five curves, they agree on showing the characteristics
of a localised state (Fig. 1.14(f), solid lines). The more a state is localised, i.e., the
lower p, the more the local structure of the spanning cluster influences its evolution and
thus F [ni(τ)]. At large p, the dependency of an extended state on the above criteria
is much weaker, as in this case the local environment of the starting position is less
important (Fig. 1.14(f), dashed lines). Overall, the characteristics of the time evolution
is mainly determined by the cluster structure, the initial state has only minor influence.
This holds as the random nature of the cluster guarantees a similar structure above
a certain scale. Finally, one may ask if the chosen boundary conditions or the linear
extension (odd/even) of the lattice influences the dynamics. The latter distinction has
been shown to be important for a bond percolation model because of the bipartiteness
of the underlying lattice [67]. In our case, however, we did not see an influence on the
results.

In view of a finite-size scaling of the numerical data we first have to ensure that the
obtained distribution function has already become quasi-stationary. To check this, we
calculate the L2 norm of the difference between two distribution functions for different
times. Due to fluctuations, we cannot expect this quantity to vanish completely even
for large times. For τ & τ ∗ ≈ 0.1T̄0, we have reached the quasi-stationary regime for
all considered system sizes (Fig. 1.15). At this time, the wave function has reached its
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maximum extension and the further development is governed by amplitude fluctuations
from site to site. In this regime, the difference between the distribution functions does
not depend on time anymore (inset of Fig. 1.15), which is a clear indication of random
fluctuations without additional drift motion. This allows for a determination of the
quasi-stationary distribution function together with an error estimation and enables us
to compare different system sizes. Estimating the necessary computing time for different
system sizes, the scaling τ ∗ ∼ T̄0 ∼ N̄ together with the linear dependency on the
dimension of the Hilbert space for the Chebyshev expansion leaves us with a scaling
CPU ∼ (pN)2 ∼ p2L4.

As soon as we have quasi-stationary distribution functions, their dependency on the
system size may be exploited for a quantitative distinction between localised and ex-
tended states (Fig. 1.16). For the two different occupation probabilities, we observe
completely different behaviours: while for p = 0.65 the distribution function shifts to-
wards smaller values with increasing system size, for p = 0.90 it is not affected by the
change of system size at all. The latter is clearly the behaviour one would expect for an
extended state.

1.3 Diffusion and localisation in quantum random resistor
networks [68]

Over the past years, percolation approaches have been employed in many circumstances,
e.g., in order to model the transport properties of doped semiconductors [45] and gran-
ular metals [69], the dynamics of atomic Fermi-Bose mixtures [70], the wave propa-
gation through binary inhomogeneous media [71], as well as the formation of novel
two-dimensional spin liquids [72]. Another focal point is the metal-insulator transi-
tion, e.g., in 2D n-GaAs heterostructures [73] and colossal magnetoresistive manganite
films [74], or rather the superconductor-insulator and (integer) quantum Hall transi-
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tions [75, 76]. Quite recently, the problem of disorder in systems with Dirac fermions
has been studied in the context of dirty superconductors [77] and two-dimensional (2D)
graphene [78, 79, 80, 81, 82].

In mono- and bilayer graphene, and graphene-based field effect transistors, strong
fluctuations of the local charge density and, thus, the local conductivity have been
reported near the so called ‘neutrality point’ [83, 84, 85, 86], where the conductivity
reaches its minimum. The mesoscopic regions of different charge carrier density may be
caused by inhomogeneities in the substrate, or non-perfect stacking [87, 88, 89, 90]. In
order to model the minimal conductivity in graphene a random resistor network (RRN)
representation of a graphene sheet has been proposed by Cheianov et al. [91], where
random links between electron and hole ‘puddles’ (corresponding to lattice sites) are
assumed to determine the observable conductivity rather than the local conductivity of
a puddle. Such a RRN, formulated on a square lattice, is closely related to a 2D quantum
percolation model with additional finite ‘leakage’ between all lattice sites.

Let us consider a 2D square lattice with N sites on two sub-lattices α and β which,
e.g., might represent regions of different charge carrier concentrations. The sub-lattices
are linked by connection rules characteristic of specific materials. Generation rule A cor-
responds to a checkerboard-like structure (upper left panel of Fig. 1.17). Regions (sites)
of the sub-lattices are randomly connected with each other (lower panels of Fig. 1.17)
according to the connection rules displayed in the upper right panel of Fig. 1.17. The
hopping probability between suchlike connected sites is assumed to be much higher than
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for hopping events to nearest neighbours. The latter ones are reduced by the leakage
λ < 1. For the more abstract case of generation rule B (with the above connection
rule), additional random bonds connect α to β sites, favouring the formation of quasi
one-dimensional zig-zag chains. We still have a weak leakage between all neighbouring
sites. This generation rule can be interpreted as an attempt to incorporate a spatial
anisotropy into the model.

In both cases, the corresponding RRN can be described by the Hamiltonian

H = −t
[∑

i∈α

(
ηic
†
i ci+↗ + (1−ηi)c†i+↑ci+→

)

+
∑

i∈β

(
ηic
†
i+↑ci+→ + (1−ηi)c†i ci+↗

)

+λ
∑

i

(
c†i ci+→c

†
ici+↑

) ]
+ H.c. .

(1.17)

Here c†i (ci) creates (annihilates) an electron at site i and the arrows denote the near-
est neighbours site of i in the corresponding direction. The discrete random variables
ηi ∈ {0, 1} determine which diagonal in the plaquette is connected (upper right panel in
Fig. 1.17). By fixing the expectation value of the {ηi}–distribution, p = 〈ηi〉, we can con-
trol the sizes of the regions of connected lattice sites. For p = 0.5 the RRN model (1.17)
does not depend on the generation rules A or B because of the symmetry of the bimodal
{ηi}–distribution. In the limit of vanishing leakage we obtain the standard 2D quantum
percolation model using generation rule A.

In Fig. 1.18 we compare the mean and typical DOS in dependence on λ and p for gener-
ation rules A and B. While the 2D percolation model (λ = 0, rule A) exhibits symmetric
DOS spectra, the inclusion of next-nearest neighbour hopping causes an asymmetry that
grows with increasing λ. Moreover, if p > 0.5, the results obtained for the two gener-
ation rules differ significantly. For the A case the mean DOS resembles the ordered
2D case. Generation rule B leads to a spectrum evocative of the DOS in 1D. In both
cases a multitude of spikes exists which we can attribute to localised states on ‘isolated’
islands. This feature is well known from the binary alloy model. Increasing the leakage
broadens the peaks and reduces their abundance, because the ‘isolation’ of the islands
is weakened. Furthermore, the leakage shifts the ‘special energies’ at which these peaks
appear towards lower values as compared to those in the standard 2D percolation model.

The typical DOS underlines the prominent role of the leakage. In Fig. 1.18(a) a
vanishing ρty suggests that all states are localised. As long as the leakage is very small,
the typical DOS remains small throughout the band. This also holds for larger p and both
generation rules. Sizeable values of ρty appear at larger values of λ only (compare the
data for λ = 0.01 and 0.1). As for the mean DOS, we observe a pronounced asymmetry
of ρty in the electronic band. This favours a finite typical DOS, i.e., extended states,
for E > 0. However, this has to be taken with caution. If we increase the system
size together with the resolution of the KPM in such a way, that Nσ, is kept constant,
the picture changes. While for truly extended states, ρty should be independent of the
system size [cf. Fig. 1.18(d)], in Figs. 1.18(b) and 1.18(f), the typical DOS decreases
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Figure 1.18: Mean (solid lines) and typical (dashed lines) DOS. Results are shown for N = 4002

and Nσ = 45 for different p, λ and generation rules A and B. To illustrate the finite-size
dependence of ρty the results for a N = 8002 lattice are included (long dashed lines). The data
are based on 105 (104) individual LDOS spectra for N = 4002 (8002). Dotted vertical lines
indicate the energies for which the distribution functions of the LDOS are given in Fig. 1.19.

with increasing system size. This points towards a large localisation length. While for
small and moderate N the state still spans the entire lattice, the system size exceeds
the localisation length for larger N . Therefore, on a considerable number of sites the
LDOS is very small, leading to a reduced value of ρty. Then the question arises, why
in panel Fig. 1.18(d) the typical DOS is reduced as compared to ρme, even though this
ratio is independent of N . This can be easily understood if we consider a perfectly
ordered system, i.e., p = 1, and take into account the N/2 sites which do not belong
to the spanning sub-lattice. In absence of leakage, the LDOS at those sites vanishes,
suppressing ρty completely. For finite λ, however, these sites have small amplitudes and
in this manner ρty is reduced as compared to ρme but finite. These arguments also hold
for panel Fig. 1.18(b), but there the low leakage suppresses the typical DOS almost
completely, except for E = 0.

As mentioned above, the comparison of ρty and ρme may only serve as a first indication
of localisation. A careful finite-size scaling of the full probability density (or the distri-
bution function) of the LDOS allows for a more reliable distinction between extended
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Figure 1.19: Distribution function of the normalised LDOS for the energies indicated by ver-
tical lines in Fig. 1.18. The statistics is based on 107, 106, 105, 104 LDOS values for
N = 1002, 2002, 4002, 8002 and resolution Nσ = 45.

and localised states. Thereto, in Fig. 1.19 we show for the same sets of parameters the
distribution function of the LDOS at various characteristic energies. In the panels of
Fig. 1.18 these energies are indicated by vertical dotted lines.

For a completely extended state, with uniform amplitudes, the distribution function
would be a step function at ρi/ρme = 1, irrespective of the system size. The ran-
dom structure of the underlying lattice will distort this perfect jump-like behaviour of
F [ρi/ρme]. Nevertheless extended states are characterised by an N -independent distri-
bution function [Fig. 1.19(d)]. In contrast, for localised states, F [ρi/ρme] constantly
shifts toward lower values as N increases [Figs. 1.19(a) and 1.19(e)]. Depending on the
localisation length, this effect is more or less pronounced. Thus, a wide range of system
sizes is necessary in order to discriminate localised from extended states by means of
finite-size scaling [Figs. 1.19(b) and 1.19(f)].

A particular interesting shape of F [ρi/ρme] appears in Fig. 1.19(c), for a state in
the band centre. From the multi-step structure, we may deduce that the probability
distribution is mainly concentrated around three values. The largest of those values is
independent on N , while the others show the above discussed variation. This behaviour
can be explained by considering again the completely ordered case. In absence of leakage
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the E = 0 eigenstate is highly degenerate: we have N/2 completely localised states, one
on each isolated site. The other half of the eigenstates are extended in the perfect lattice,
providing energies in the whole band. As the LDOS probes the complete eigenspace and
not just the amplitude of one particular eigenstate, at E = 0 we obtain the same value
of ρi/ρme for each isolated site. Introducing a small leakage kills the high degeneracy in
principle. Due to the finite energy resolution of the KPM, however, still many of these
states contribute to the LDOS at E = 0. In the presence of imperfections (p < 1), some
of the formerly isolated sites will now be connected to form larger islands. Then less than
N/2 states will contribute to the ‘isolated islands’ peak at high ρi/ρme [but still around
38% in Fig. 1.19(c)]. The second step, having a weight of about 50%, is due to sites on
the highly connected majority sub-lattice, on which the LDOS is reduced but finite due
to the leakage. The remaining lowest step originates from more complicated islands of
several sites. On those islands (two, three and so on sites), the E = 0 eigenstates have
vanishing amplitudes on some sites. Due to the leakage these sites again acquire a finite
value of ρi.

To get additional insight into the spatial structure of the eigenstates, we investigate
a smaller (128 × 128) system using exact diagonalisation techniques. Figure 1.20 vi-
sualises characteristic eigenstates for the parameters discussed in Figs. 1.18 and 1.19.
Most notably is the pronounced leakage-dependence of the results. While we see clear
localisation for λ = 0.01 [Fig. 1.20(a) and 1.20(e)], in the high-leakage case all states
span the entire lattice. The one-dimensional structure for rule B and large p, which
we already found in the DOS in Fig. 1.18(e), is also predominant in Fig. 1.20(e). In
Fig. 1.20(c), notably in the magnifying inset, we see our assumption confirmed that sites
with large amplitudes are almost exclusively isolated, with the exception of some larger
islands. Having the sharp step in mind, which occurs in Fig. 1.19(c) at large ρi/ρme, the
alert reader may wonder about the different amplitudes in Fig. 1.20(c) and the rather
smooth increase of F [N |〈i|n〉|2] in the middle column. This discrepancy is again due to
the high degeneracy of the E = 0 state and the fact, that the LDOS takes into account
the whole E = 0 eigenspace. In contrast, for N |〈i|n〉|2, we randomly pick one particular
eigenstate out of this subspace. For the other E = 0 eigenstates, F [N |〈i|n〉|2] looks
similar, only the location of the sites with maximum amplitudes differ. Clearly, the
physically relevant quantity is the LDOS, as the choice of eigenvectors which span the
eigenspace is arbitrary up to any linear combinations of them. Summing up all eigen-
states to E = 0 for a fixed lattice site we indeed get the same amplitude on each isolated
site, which brings us back to the findings of Fig. 1.19(c). Finally, we consider the case
of higher leakage (λ = 0.1), where all states look rather similar. Here the amplitudes
fluctuate over a smaller range, and the fluctuations occur on very short spatial scales.
This is most pronounced in Figs. 1.20(d) and 1.20(f) where no global structures can be
distinguished, in accordance with the notion of an extended state. By contrast, although
the state in Fig. 1.20(b) spans the entire lattice, we observe sizeable regions with higher
and lower amplitudes than the mean value. Presumably, these inhomogeneities are even
more pronounced for larger systems which, however, (as yet) are not accessible by our
exact diagonalisation studies. In any case, the shifting of the LDOS distribution function
in Fig. 1.19(b) suggests this state to be localised on large length scales.
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Figure 1.20: Normalised occupation probability N |〈i|n〉|2 of several characteristic eigenstates |n〉
on a N = 1282 lattice. The generation rules, doping and leakage as well as the chosen energies En
correspond to the ones for which the distribution functions of the LDOS has been presented in
Fig. 1.19 (same order of panels). In the centre column the distribution function of the normalised
occupation probability is shown for these states. Furthermore, for each state an enlargement of
a characteristic region together with the local structure of the present links is shown.

1.4 Conclusion

In this chapter we demonstrated the capability of the local distribution approach to
the problem of quantum percolation. In disordered systems the local density of states
(LDOS) emerges as a stochastic, random quantity. It makes sense to take this stochastic
character serious and to incorporate the distribution of the LDOS in a description of
disorder. Employing the kernel polynomial method we can resolve with very moderate
computational costs the rich structures in the density of states originating from the
irregular boundary of the spanning cluster.

As for the standard Anderson localisation and binary alloy problems the geometrically
averaged (typical) density of states characterises the LDOS distribution and may serve as
a kind of order parameter differentiating between extended and localised states. For both
2D and 3D quantum site percolation, our numerical data corroborate previous results in
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favour of a quantum percolation threshold pq > pc and a fragmentation of the electronic
spectrum into extended and localised states. At the band centre, so called anomalous
localisation is observed, which manifests itself in a checkerboard-like structure of the
wave function.

For the 2D quantum percolation model, we demonstrated that the time evolution of
the local particle density provides an alternative criterion for localisation. Containing
contributions of eigenstates from the whole energy spectrum, this quantity is an ideal
tool to globally investigate the localisation properties of the system and state about pq.
From our results for the time evolution of the local particle density – supplemented by
a careful finite-size scaling of the data – we conclude that p2D

q < 1.
Furthermore, we extended the 2D quantum percolation problem to a broader class of

random resistor network models including leakage terms. We found that current carrying
states exist, and that the appearance of diffusion is mainly triggered by the amount of
leakage. Analysing the localisation properties in the whole energy band, a tendency
toward extended states is observed for E > 0. In view of the simplicity of the considered
RRN model, our data are certainly not yet suited to be compared against real transport
data for, e.g., undoped graphene monolayers. Nevertheless, using unbiased numerics
on a microscopic level, we fully account for quantum effects in a RRN model originally
designed to describe transport in a graphene-based field effect transistor, and received
results that support a minimal conductivity in graphene.
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2 Optical absorption and activated transport in
polaronic systems [15]

The investigation of transport properties has been playing a central role in condensed
matter physics for a long time. In recent years optical spectroscopy, for example, has
contributed a lot to unravel the complex physics of highly correlated many-body sys-
tems, such as the one-dimensional (1D) metal-halogenide complexes [92], the quasi-2D
high-temperature superconducting cuprates [93], or the 3D colossal magnetoresistive
manganites [94]. That way, optical measurements proved the importance of electron-
phonon (EP) interactions in all these materials and, in particular, corroborated polaronic
scenarios for modelling their electronic transport properties at least at high tempera-
tures [95, 96, 97].

2.1 Holstein model

Polarons are quasiparticles composed of an electron and the surrounding ions which in a
polar solid, provided the electron lattice interaction is sufficiently strong, are displaced
from their equilibrium positions due to the presence of the electron. This bootstrap
relation between electron and lattice displacement makes the particle heavy, because
it has to drag with it the potential well of the phonons. Polaron motion is largely
understood and has been worked out theoretically in two important limits: In the first
case the electronic bandwidth is large and there is a only a slight change in the particle’s
effective mass due to the EP coupling. These quasiparticles are called large polarons
or Fröhlich polarons. In the second case it is assumed that the bandwidth is small,
whereas the EP interaction is strong and short-ranged. Now polaronic effects trap the
electron at a certain lattice site and the size of the quasiparticle becomes comparable
to the inter-atomic lattice spacing. Thermally activated hopping will necessarily be the
dominant transport process of such small or Holstein-type polarons. Although there
are experimental systems with clear large and small polaron characteristics, most of
the above-mentioned novel materials belong to the transition region between these two
limiting cases. Here the relevant energy scales are not well-separated and perturbative
approaches cannot describe the complicated transport mechanisms adequately.

For an unbiased microscopic description, a possible starting point is the 1D tight-
binding Holstein Hamiltonian [101],

H = −t
∑

〈i,j〉
c†i cj −

√
εp~ω0

L∑

i=1

(b†i + bi )c
†
i ci + ~ω0

L∑

i=1

b†ibi , (2.1)

describing a single electron on a chain of L lattice sites, coupled locally to a dispersion-
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less optical phonon mode, where c†i (b†i ) denotes the corresponding fermionic (bosonic)
creation operator. Setting in the rest of the chapter ~ = 1, kB = 1 and measuring all
energies in units of the nearest-neighbour hopping integral t, the physics of the model is
determined by the dimensionless EP coupling constants

λ = εp/2t and g2 = εp/ω0 (2.2)

in the adiabatic (ω0/t� 1) and anti-adiabatic (ω0/t� 1) regimes. In 1D the crossover
from large to small polaron behaviour takes place at λ ' 1 (g2 ' 1) in the former (latter)
case [102, 103]. Whether large polarons form in the Holstein model for D > 1 is still
under debate [104, 105, 106].

A recent non-perturbative dynamical mean-field (DMFT) study of the Holstein model
in infinite dimensions [98] reports quantitative discrepancies of the temperature depen-
dence of the resistivity from standard polaron formulas, but the dynamical mean-field
approach inherently does not account for vertex corrections to the conductivity and for
longer ranged hopping processes induced by the EP interaction. On the other hand,
exact numerical investigations of the Holstein model provided quite a number of reli-
able results for the zero-temperature optical conductivity in the 1D and 2D (extended)
Holstein models [99, 100].

Motivated by this situation, we use in this chapter a recently developed extension of
the kernel polynomial method (KPM) [22, 23], to compute both the dc- and ac-hopping
conductivities at finite temperatures without any serious approximation.

2.2 Calculation of the optical conductivity via kernel
polynomial expansion

Addressing the linear response of our system to an external (longitudinal) electric field
we consider the Kubo formula for the electrical conductivity at finite temperatures,
which is [107]

Reσ(ω) = π
∞∑

m,n

e−βEn − e−βEm
ZLω

|〈n|̂|m〉|2 δ(ω − ωmn) . (2.3)

Here Z =
∑∞

n e−βEn is the partition function and β = T−1 denotes the inverse tem-
perature. Since the Holstein Hamiltonian (2.1) involves bosonic degrees of freedom,
even the Hilbert space for a finite system of L sites has infinite dimension. In prac-
tice, however, the contribution of highly excited phonon states is negligible at the rele-
vant temperatures, and the system is well approximated by a truncated phonon space
with at most M(λ, g, ω0;T ) phonons [108]. Then |n〉 and |m〉 are the eigenstates of H
within our truncated N -dimensional Hilbert space, En and Em are the corresponding
eigenvalues, and ωmn = Em − En. In (2.3) the current operator has the standard hop-

ping form, ̂ = iet
∑

i(c
†
i ci+1 − c

†
i+1ci ) , and connects states with different parity [109].

Thus, assuming that the ground state is non-degenerate, the expectation value 〈0|̂|0〉
vanishes in the absence of an external electric field. The limit ω → 0 of (2.3) yields
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the dc-conductivity, whereas the optical absorption is given by the finite frequency
data. For small polarons both results are interesting and have been evaluated ana-
lytically at an early stage [110]. At T = 0, the regular part of the optical conductivity,
σreg(ω) = π

L

∑
n>0 ω

−1
n0 |〈n|̂|0〉|2δ(ω − ωn0), was calculated for finite 1D and 2D lattices

with periodic boundary conditions (PBC) in a wide parameter range of the Holstein
model, using a combination of the Lanczos algorithm and the KPM [99].

At finite temperatures, a similar straight-forward expansion of the conductivity is
spoiled by the presence of the Boltzmann factors and the contribution of all matrix
elements between eigenstates of the system. Instead, it turns out that a new generalised
KPM scheme [22, 111] can be based upon a current operator density

j(x, y) =
∑

m,n

|〈n|̂|m〉|2 δ(x−En) δ(y −Em) . (2.4)

Being a function of two variables, j(x, y) can be expanded by a two-dimensional KPM,

̃(x, y) =
M−1∑

k,l=0

µklwklg
J
k g

J
l Tk(x)Tl(y)

π2
√

(1− x2)(1− y2)
, (2.5)

where the tilde refers to a rescaling of energy (H → H̃) that maps the spectrum of H into
the domain [−1, 1] of the Chebyshev polynomials of first kind Tk(x). The finite expansion
order M leads to Gibbs oscillations which can be damped by introducing appropriate
damping factors. Here we use gJn derived from the Jackson kernel [23, 112], and M = 512
throughout this chapter. The core of the numerical work is the iterative calculation
of the moments µkl = Tr(Tk(H̃) ̂ Tl(H̃) ̂), where the trace can be replaced [113] by
an average over a relatively small number of random vectors |r〉. Finally, the factors
1/wkl = (2 − δk0)(2 − δl0) account for the correct normalisation. Given the operator
density j(x, y) we find the optical conductivity by integration

Re σ(ω)=
π

ZLω

∞∫

−∞

j(y + ω, y)
[
e−βy − e−β(y+ω)

]
dy . (2.6)

The partition function Z =
∫∞
−∞ dE ρ(E) exp(−βE) is easily obtained by integrating

over the density of states ρ(E) =
∑N−1

n=0 δ(E − En), which can be expanded in parallel
to ̃(x, y). Note the main advantage of this approach: The current operator density that
enters the conductivity is the same for all temperatures, i.e., it needs to be expanded
only once. Figure 2.1 exemplifies the different form of ̃(x, y) in the weak and strong EP
coupling regimes.

At very low temperatures, the numerical evaluation of expression (2.6) requires some
caution since the Boltzmann factors heavily amplify small numerical errors in j(y+ω, y).
We can avoid these problems, occurring mainly at the lower edge of the spectrum,
by treating the contributions of the ground state and some of the lowest excitations
separately. This is illustrated in Fig. 2.2. We split the optical conductivity into three
parts,

Reσ(ω) = Re σED(ω) + Reσ1D
KPM(ω) + Re σ2D

KPM(ω) , (2.7)
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Figure 2.1: Renormalised current operator density ̃(x, y) used in the 2D KPM. Data obtained
for the 1D Holstein model with λ = 0.2 (left panel) and λ = 2.0 (right panel) at ω0/t = 0.4
(L = 6, M = 50, PBC).

where the first contribution describes the transitions (matrix elements) between the S
separated eigenstates, the second part those between the separated states and the rest
of the spectrum, which can be expressed as standard 1D KPM expansions, and finally
the transitions within the remaining N − S states of the spectrum, handled by a 2D
expansion. Using the projection operator P = 1 −∑S−1

s=0 |s〉〈s|, the moments for the
contributions Reσ1D(ω) read µnk = 〈n|̂PTk(H̃)P ̂|n〉. Of course, the number of states
one has to separate depends on the physical situation. The right panel of Fig. 2.2 gives
the lowest eigenvalues of the Holstein model at various coupling strengths. In the strong-
coupling regime (λ� 1) states belonging to the lowest small polaron band have almost
the same energy as the ground state and therefore should be treated separately (cf. the
curves for λ = 1.5 and 2). Obviously the situation is far less dramatic at weak EP
couplings.
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Figure 2.2: Left panel: Schematic setup for the calculation of the finite-temperature optical
conductivity. Right panel: Lowest eigenvalues of the Holstein Hamiltonian for L = 6, M = 25,
and PBC. The shaded area marks the six lowest eigenvalues to be separated from the rest of the
spectrum.
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2.3 Numerical results and discussion

ac-conductivity

We now apply our numerical scheme to the calculation of the optical absorption in the 1D
Holstein model. The results for Reσ(ω) and possible deviations from established polaron
theory are important for relating theory and experiment. The standard description of
small polaron transport [95, 114] provides the ac-conductivity at T = 0 as

Reσ(ω) =
σ0√
εpω0

1

ω
exp

[
−(ω − 2εp)

2

4εpω0

]
. (2.8)

For sufficiently strong coupling this formula predicts a weakly asymmetric Gaussian
absorption peak centred at ω = 2εp. A similar analytical formula can be derived for
finite temperatures [107, 115].

Starting at zero temperature, Fig. 2.3 shows Re σ(ω) for various EP-parameters. For
λ = 2 and ω0/t = 0.4, i.e., at rather large EP coupling, but not in the extreme small po-
laron limit, we find also a pronounced maximum in the low-temperature optical response,
which, however, is located, somewhat below 2εp = 2g2ω0, being the value for small po-
larons at T = 0. At the same time, the line-shape is more asymmetric than in standard
polaron theory, with a weaker decay at the high-energy side, which fits even better the
experimental behaviour observed in polaronic materials such as TiO2 [116]. Varying the
parameters, significant discrepancies to a Gaussian-like absorption are found. Then the
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Figure 2.3: Optical conductivity in the 1D Holstein model at T = 0 (in units of πe2/(~a))
compared to the analytical small polaron result (2.8) [dashed lines]. Exact diagonalisation (ED)
data are obtained for a system with L = 6 and M = 45; σ0 is determined to give the same
integrated spectral weight of the ω > 0 (regular part) of Reσ.
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polaron motion is not adequately described in terms of hopping of a self-trapped carrier
which is almost localised on a single lattice site.

At finite temperatures two different transport mechanisms can be distinguished: co-
herent and incoherent. Clearly, coherent transport, which for large EP couplings is
related to diagonal (zero phonon) transitions within the lowest extremely narrow po-
laron band, will be negligible at high temperatures. For instance, the amplitude of
the current matrix elements between the degenerate states with momentum K = ±π/3
(K = 0, ±π/3, ±2π/3, and π are the allowed wave numbers of a 6-site system with
PBC) is of the order of 10−7 only. While phase coherence is maintained during a diago-
nal transition, the particle loses its phase coherence if its motion is triggered by (multi-)
phonon absorption and emission processes. These so called non-diagonal transitions
which, of course, can take place also with zero energy transfer, become more and more
important as the temperature increases. Accordingly the main transport mechanism is
thermally activated hopping, where each hop becomes a statistically independent event.
In the small polaron limit, where the polaronic sub-bands are roughly separated by the
bare phonon frequency (cf. Fig. 2.2, right panel), this happens for T & ω0. Let us
consider the activated regime in more detail (Fig. 2.4): With increasing temperatures
we observe a substantial spectral weight transfer to lower frequencies, and an increase
of the zero-energy transition probability in accordance with previous results [117].

In addition, we find a strong resonance in the absorption spectra at about ω ∼ 2t,
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Figure 2.4: Optical absorption by Holstein polarons at finite temperatures in the adiabatic regime
(L = 6, M = 45). Thin lines with symbols give the analytical results for the small polaron
transport [107, 115] at temperatures βt = 2 (triangles), 0.5 (squares), 0.2 (circles). The deviations
observed for high excitation energies at very large temperatures are caused by the necessary
truncation of the phonon Hilbert space.
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which can be easily understood using a configurational coordinate picture. Placing a
homogeneous lattice distortion u at Lu consecutive sites by applying the unitary trans-
formation

S†(u) =
Lu∏

i=1

S†i (u) =
Lu∏

i=1

exp[u(b†i − bi )] , (2.9)

the transformed Holstein Hamiltonian takes the form

H̄ = 〈0|S†(u)HS(u)|0〉ph = −t
∑

〈i,j〉
c†i cj − 2

√
εpω0u

Lu∑

i=1

c†ici + ω0u
2Lu . (2.10)

In the adiabatic strong-EP-coupling regime, the ground state can be approximated as
an electron localised at a certain single site with the lattice being in a shifted oscillator
state (Lu = 1). That is, |Ψ0〉 = |1〉el ⊗ S†1(g)|0〉ph and E0 = −εp, in accordance with
the Lang-Firsov approximation. Now let us consider excitations from this ground state,
where the lattice distortion spreads over two neighbouring sites (Lu = 2) and the electron
is in a symmetric or antisymmetric linear combination of |1〉el and |2〉el, i.e., the particle
is mainly located at sites 1 and 2 but delocalised between these sites. We then find
|Ψ1,±〉 = (|1〉el ± |2〉el) ⊗ S†2(g/2)S†1(g/2)|0〉ph and E1,± = ∓t − εp/2. Whereas the
(potential) energy related to the displacement field is reduced to −εp/Lu, the kinetic
energy comes into play since hopping processes between 1 and 2 are allowed. The current
operator ̂ connects these different-parity states with perfect overlap |〈Ψ1,+|̂|Ψ1,−〉|2 =
(et)2, giving rise to a strong signal in the optical absorption. Note that the excitation
energy ω1−,1+ = 2t is independent of εp. In order to activate these transitions thermally,
the electron has to overcome the ‘adiabatic’ barrier ∆ = E1+ − E0 = εp/2 − t. A finite
phonon frequency will relax this condition. From Fig. 2.4, we find the signature to occur
above T & 0.5t. Obviously this feature is absent in the standard small-polaron transport
description which essentially treats the polaron as a quasiparticle without resolving its
internal structure. Owing to the infinite number of neighbouring sites it is also absent
in the DMFT calculation. Of course, one could also extend this scenario to excitations
where the electron is delocalised over more than two distorted lattice sites, but for the
present parameters the signature of these weakly bound states would be rather small.

Entering the non-adiabatic regime of large phonon frequencies at fixed λ = 2, the
pattern of sub-bands separated roughly by ω0 becomes more pronounced, but is, of
course, washed out at higher temperatures (see Fig. 2.5 for ω0/t = 0.8). In Fig. 2.5 the
average number of phonons contained in the ground state (∼ g2) is smaller (g2 = 5)
than in the previous case where g2 = 10 (ω0/t = 0.4). This also concerns the activated
region ω0/t . T . ∆ but for these parameters the simple adiabatic picture anticipated
above breaks down anyway.

Now let us decrease the EP coupling strength at small phonon frequencies ω0/t = 0.2
keeping g2 = 10 fixed. Results for the optical response in the vicinity of the large
to small polaron crossover (λ = 1) are depicted in Fig. 2.6. Here the small polaron
maximum has almost disappeared and the 2t-absorption feature can be activated at very
low temperatures (∆ → 0 for the two-site model with λ = 1). The overall behaviour
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Figure 2.5: Optical absorption by Holstein polarons at finite temperatures in the non-adiabatic
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Figure 2.6: Optical absorption in the adiabatic intermediate EP-coupling regime (the notation
is the same as in Fig. 2.4; again we use L = 6, M = 40). The inset illustrates the finite-
size dependence of Reσ(ω) for T ∼ 0 (the vertical dotted line gives the phonon absorption
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at larger EP couplings, where the polaronic bandwidth is strongly reduced, as well as for high
temperatures.
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of Reσ(ω) resembles that of polarons of intermediate size. At high temperatures these
polarons will dissociate readily and the transport properties are equivalent to those
of electrons scattered by thermal phonons. Let us emphasise that many-polaron effects
become increasingly important in the large-to-small polaron transition region [118]. As a
result, polaron transport might be changed entirely compared to the one-particle picture
discussed so far.

Sum rules

Before we consider the temperature dependence of the dc-conductivity, it is useful to
test the sum rules for the real part of the optical response. First we have the so called
f -sum rule,

Stot :=

∫ ∞

−∞
Re σ(ω)dω = −πe

2

L
Ekin , (2.11)

which relates the ω-integrated Re σ(ω) to the kinetic energy Ekin = −t∑〈i,j〉〈c
†
i cj〉T .

Note that the ω = 0 (Drude) contribution is included in (2.11). The second sum rule for
Re σ(ω) is ∫ ∞

0
ωReσ(ω)dω =

π

L
〈̂2〉T . (2.12)

Throughout our calculations (2.12) was fulfilled within numerical accuracy, where the
thermal average 〈̂2〉T was determined again using a 1D KPM. Testing sum rule (2.11),
we gain important information about finite-size effects.

Figure 2.7 compares Ekin and StotL/πe
2 obtained from our finite-cluster calculation.

At weak EP couplings the kinetic energy is a strictly monotonic increasing function of
temperature and becomes strongly suppressed at high temperatures due to scattering of
the electron by thermal phonons. While the f -sum rule is almost perfectly fulfilled for
smaller values of β, we found pronounced deviations at low temperatures which, without
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doubt, can be assigned to the finite size of our Holstein ring (cf. the L dependence of
Stot shown in the left panel of Fig. 2.7, and also the discussion of the dc-conductivity
below). Clearly, finite-size effects become important when the temperature is comparable
to the energy gaps in the spectrum of H (see Fig. 2.2). At strong EP couplings the
transport is hopping-dominated and the kinetic energy exhibits a maximum at a finite
temperature that can be related to the thermal activation energy of polarons. Now,
in view of the narrow small polaron band (cf. Fig. 2.2), finite size gaps are small and
the f -sum rule is fulfilled down to very low temperatures. Small deviations appear to
vanish rapidly with increasing system size (see inset, right panel of Fig. 2.7). In order
to analyse the contributions of different transport processes to Ekin in some more detail,

we have decomposed Stot = SED
tot +

∑S−1
s=0 S

1D(s)
tot + S2D

tot in analogy to (2.7). Figure 2.7
shows that the coherent (intra-band) contribution (∼ SED

tot ) is almost negligible for the
considered temperatures. Inter-band transitions connecting eigenstates of the lowest
polaron band to higher excited states (1D KPM) are the determining factor at low T . If
the renormalised polaron bandwidth is small enough, all states in the band are equally

populated, leading to pretty much the same values of S
1D(s)
tot . At high temperatures, of

course, the transitions covered by the 2D KPM are predominant.

dc-conductivity

The dc-conductivity is obtained by taking the limit ω → 0 in (2.3). Performing the limit
limω→0(1− e−βω)/ω = β yields

Reσdc =
πβ

ZL

N−1∑

n,m

e−βEn |〈n|̂|m〉|2 δ(Em −En) . (2.13)

Reσdc essentially counts the number of thermally accessible current carrying (degener-
ate) states. Since we have 〈0|̂|0〉 = 0 the conductivity almost vanishes for small T below
the finite size gap between the ground state and the first excited state. In the thermody-
namic limit, L→∞, Reσdc is related to the charge stiffness Dc, or the so-called Drude
weight (at T = 0) [119].

The temperature dependence of the dc-conductivity is illustrated in Fig. 2.8. Again
the weak coupling results appear to have a rather strong finite-size dependence (note
that Reσdc depicted in Fig. 2.8 is an intensive quantity). When L increases a pronounced
signature develops at low temperatures. Independent of the coupling strength εp, the
polaron is still an itinerant quasiparticle that, for T → 0, gives rise to band conduction.
Thus, for L → ∞, we expect metallic behaviour as indicated by the DMFT results
depicted in the lower panel.

The shoulder observed for the 10 and 12 site systems at T/t & 1, again is an artifact of
our phonon truncation procedure as can be seen by comparing the data obtained for L =
6 and different phonon cutoffs M. In the strong-EP-coupling polaronic regime, band-
like transport becomes extensively suppressed (the Drude weight is exponentially small).
Nevertheless quantum zero-point phonon fluctuations cause polaron delocalisation at
T = 0. At higher temperatures incoherent polaron hopping transport manifests in the

44



Figure 2.8: Upper panels: Temperature dependence of the dc-conductivity at weak (left panel)
and strong (right panel) EP coupling. The bottom panel shows, for strong coupling, a comparison
with recent DMFT results [98] and standard polaron theory [107, 115] (for T & ω0/2). ED data
does not account for the low-energy tail because of the finiteness of the system.

temperature dependence, leading to the well-known absorption maximum in Re σdc(T )
(cf. Fig. 2.8, lower panel). Since this signature is related to (rather local) polaron
excitation processes the position of the maximum is almost independent of the system
size. In comparison to the D = ∞ (DMFT) results [98] we find the same qualitative
behaviour in the relevant temperature regime ω0 . T ∼ 2εp but a different location
of the conductivity maximum. Generally in DMFT the activation energy for polaron
hopping turns out to be lower than expected from commonly accepted arguments for
finite dimensional systems. Increasing the lattice size, our 1D Holstein data indicates
that this discrepancy does not necessarily imply the failure of standard theory of hopping
conduction [115] but may partly arise from dimensionality effects on polaron transport
in infinite dimensions. Conversely, and in light of the deviations found for the ac-
conductivity in Fig. 2.4, the standard (anti-adiabatic) strong-coupling description can
only be supposed to provide estimates on relevant energy scales in the intermediate
adiabatic EP-coupling regime.

2.4 Summary

In this chapter we have investigated the motion of a charge carrier in response to external
ac- and dc-fields for strongly correlated 1D electron-phonon systems. The combination of
Lanczos diagonalisation and the kernel polynomial method has enabled us to calculate
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for the first time quasi-exactly the temperature dependence of the optical absorption
spectra and the dc-conductivity in the framework of the one-dimensional Holstein model.
Besides the well-known polaron maximum a pronounced absorption feature at about 2t
is found in the optical conductivity. Finite-size effects were identified and assessed, e.g.,
on the basis of the f -sum rule. In the physically most interesting range of intermediate
coupling strengths and phonon frequencies, we find that the conductivity deviates from
the standard small polaron results.
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3 Comparative study of semiclassical approaches to
quantum dynamics [120]

Quantum statistical physics, such as condensed matter or plasma physics, but also
quantum chemistry, heavily depends on effective numerical methods for solving com-
plex few- and many particle problems. Implementing suitable theoretical concepts for
their description on modern (super-) computer architectures, nowadays computational
physics constitutes, besides experiment and theory, the third column of contemporary
physics [121]. Numerical techniques become especially important for strongly correlated
systems where analytical approaches largely fail. This may be due to the absence of
small (coupling) parameters or, more general, because the relevant energy scales are not
well separated, both preventing the application of standard perturbative schemes. An-
other challenging problem, that calls for numerical approaches, concerns the description
of microscopic and nanoscopic systems, and of particles in finite quantum structures (re-
stricted geometries), where the level quantisation might become as important as particle
correlations.

A first idea for the numerical study of this kind of quantum systems might be a brute
force exact diagonalisation of the underlying (model) Hamiltonian. Considering the ex-
ponential growth of the Hilbert space with the number of particles, such a description
of quantum many-particle systems is (and will be in the future) out of reach. The situ-
ation becomes even more difficult if bosonic degrees of freedom (e.g. phonons in a solid)
come into play, resulting in an infinite dimensional Hilbert space even for finite systems.
One way to circumvent this problem is to restrict the many-particle Hilbert space to
the physically most important subset. Along this line, e.g., density matrix renormal-
isation group schemes have been developed [122, 123]. Semiclassical descriptions offer
another possibility to overcome these limitations. A variety of semiclassical methods
has been proposed during the last decades, especially to describe the dynamics of quan-
tum systems [124, 125, 126, 127, 128]. These methods are appealing, in some sense,
as their close relation to concepts familiar from classical physics facilitates an intuitive
interpretation of the results. Also in view of bridging the gap between quantum many-
particle and classical continuum theories they seem promising for describing systems in
the thermodynamic limit. Therefore we will focus on semiclassical approaches in the
following.

The majority of the traditional semiclassical methods is based on a real time path
integral formulation of quantum mechanics [129, 130]. Expressing the time evolution
of the complex wave function in terms of action integrals, the Feynman path integral
is generally evaluated within the stationary-phase approximation. Then the occurring
integrals can sometimes be performed analytically, otherwise numerically using direct
integration or Monte Carlo (MC) techniques [131]. Integrating an oscillatory, complex
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valued integrand, the dynamical sign problem, however, spoils to some extend the effi-
ciency of the MC integration. Despite the exponential decay of the integrand outside a
vicinity of the classical trajectories the numerics is still challenging. In the sum of many
contributions with different complex phases most of them may cancel out and the result
may become exponentially small. Equivalently, a quantum system can be described in
terms of real valued quantum phase space distribution functions [132], e.g., the Wigner
function [133]. This overcomes the problem of handling a complex valued wave func-
tion but, because of possible negative values of the Wigner function and the Heisenberg
uncertainty relation, the Wigner function cannot be interpreted as a joint probability.
Instead, it should be considered as a convenient mathematical tool for the description of
quantum systems. In the numerical work, the dynamical sign problem is alleviated for
the Wigner function but still present [134, 135, 136].

In order to overcome the heavily debated dynamical sign problem, some years ago
the description of quantum states in terms of a positive function, the so called quantum
tomogram, has been proposed [137, 138]. The strict positivity of the tomogram seems
promising in view of an effective MC sampling of the trajectories. In the framework of
the tomographic representation a description of quantum dynamics by diffusive Markov
processes was suggested in [139]. Recently, the applicability of the tomographic approach
to one- and two-particle systems has been demonstrated [140, 141]. However, to the best
of our knowledge, most of those studies are based on harmonic potentials but validations
for arbitrarily shaped potentials are still missing.

Motivated by this situation, it is the aim of this chapter to outline and compare
the various methods quoted above with respect to their accuracy and computational
performance. Each of the semiclassical methods under consideration builds on a different
description of quantum states: the wave function, the Wigner function and the quantum
tomogram. We will focus on the dynamics of a wave packet in distinct model geometries
which account for basic aspects of quantum mechanics: tunneling, confinement and
nonlinearity (anharmonicity). The semiclassical results obtained will be compared with
an exact solution for the time evolution of the quantum system. Thereby, the exact
solution is calculated using a highly efficient expansion of the time evolution operation
in a series of Chebyshev polynomials.

3.1 Computational schemes

3.1.1 Chebyshev expansion of the time evolution operator

As a reference for the approximate results we will present in the next sections, the Cheby-
shev expansion of the time evolution operator constitutes a very efficient technique which
fully includes all quantum effects. Governed by the time dependent Schrödinger equa-
tion, the dynamics of a quantum state |ψ(t0)〉 in a time independent external potential
may be expressed in terms of the time evolution operator U(t, t0) = U(∆t) = e−iH(t−t0)/~

with ∆t = t− t0. Expanding U(∆t) into a series of first kind Chebyshev polynomials of
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order k, Tk(x) = cos(k arccos(x)), [63, 64, 65], we obtain

U(∆t) = e−ib∆t/~
[
c0(a∆t/~) + 2

M∑

k=1

ck(a∆t/~)Tk(H̃)

]
. (3.1)

Prior to the expansion, the Hamiltonian has to be shifted and rescaled such that the
spectrum of H̃ = (H−b)/a is within the definition interval of the Chebyshev polynomials,
[−1, 1]. The parameters a and b are calculated from the extreme eigenvalues of H as
b = 1

2 (Emax+Emin) and a = 1
2(Emax−Emin+ε). Here, we introduced ε = α(Emax−Emin)

to ensure the rescaled spectrum |Ẽ| ≤ 1/(1 + α) to be well inside [−1, 1]. In practice,
we use α = 0.01. Note, that the Chebyshev expansion also applies to systems with
unbounded spectra. In those cases we truncate the infinite Hilbert space to a finite
dimension by restricting the model on a discrete space grid or using an energy cutoff.
By this, we ensure possibly large but finite extreme eigenvalues.

In (3.1), the expansion coefficients ck(a∆t/~) are given by

ck(a∆t/~) =

1∫

−1

Tk(x)e−ixa∆t/~

π
√

1− x2
dx = (−i)kJk(a∆t/~) , (3.2)

where Jk denotes the k-th order Bessel function of the first kind.
To calculate the evolution of a state |ψ(t0)〉 from one time grid point to the next

one, |ψ(t)〉 = U(∆t)|ψ(t0)〉, we have to accumulate the ck-weighted vectors |vk〉 =
Tk(H̃)|ψ(t0)〉. Since the coefficients ck(a∆t/~) depend on the time step but not on
time explicitly, we need to calculate them only once. The vectors |vk〉 can then be
calculated iteratively using the recurrence relation of the Chebyshev polynomials

|vk+1〉 = 2H̃ |vk〉 − |vk−1〉 , (3.3)

where |v1〉 = H̃|v0〉 and |v0〉 = |ψ(t0)〉.
In the numerics, we use a discrete coordinate space basis |qi〉, i = 1, . . . , N with 〈q|qi〉 =

δ(q−qi), representing an equally spaced grid of N points. The wave function at position
qi is given by the i-th entry of the corresponding (complex) vector, ψ(qi, t0) = 〈qi|ψ(t0)〉.
Aiming at the description of a spatially unbounded system, we choose the extension of
our space grid such that ψ(q1, t) = ψ(qN , t) ≡ 0 throughout the whole simulation. In
this way, no artificial reflections at the boundaries of the simulation volume arise and the
results are independent of the actual size of the simulation volume. Overall, evolving the
wave function from one time step to the next requires M matrix vector multiplications
(MVM) of a given complex vector with the (sparse) Hamiltonian of dimension N as well
as the summation of the resulting vectors after appropriate scaling:

|ψ(t)〉 = e−ib∆t/~
[
J0(a∆t/~) + 2

M∑

k=1

(−i)kJk(a∆t/~)Tk(H̃)

]
|ψ(t0)〉 . (3.4)

Note that the Chebyshev expansion may also be applied to systems with time dependent
Hamiltonians. However, there the time variation H(t) determines the maximum ∆t by
which the system may be propagated in one time step. For time independent H, in
principle, arbitrary large time steps are possible at the expense of increasing M .
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3.1.2 Linearised semiclassical propagator method

Aiming at the description of a many-particle system, the numerical effort for a full
quantum calculation increases drastically. If the system is described in terms of (correctly
symmetrised) product states, the main numerical problem is the exponential growth of
the Hilbert space dimension with the number of particles. For some systems, the full
correlations encoded in those states are of minor importance as particular aspects of
interest may be described on a lower level of complexity. Therefore, much interest has
been devoted to finding a suitable semiclassical approximation for the time evolution
operator. Based on a path integral description of quantum mechanics [129, 130], the
Suzuki-Trotter decomposition [142, 143] of U(t − t0) opens the road towards a class of
semiclassical approximations. Instead of directly propagating the quantum state as a
whole using U(t−t0), we consider the propagation of several individual paths from q0(t0)
to q(t) (virtual particle trajectories). The corresponding propagator is given by

Π(q, t; q0, t0) ∼
∑

v.paths
q0yq

C exp (iS(q, t; q0, t0)/~) , (3.5)

with some normalisation factor C and the action

S(q, t; q0, t0) =

t∫

t0

dt′p(t′)q̇(t′)−H
[
p(t′), q(t′)

]
, (3.6)

evaluated along each virtual path. H(p, q) is the classical Hamilton function of the
system. The only restriction for the virtual paths are fixed starting and end points,
q0(t0) and q(t), apart from which they are completely arbitrary. Specifically, they do
not follow the Hamilton equations of motion, which only hold for a subset of them,
namely the classical paths (left panel of Fig. 3.1).

In a numerical implementation (middle panel of Fig. 3.1), the quantum state is rep-
resented on a discrete coordinate grid q̌i for any time grid point, while the coordinates
of the virtual trajectories are treated as continuous variables. Reconstructing the quan-
tum state at time t involves the integration over the propagators between all possible
combinations of q0 and q. While we choose the q0 from the set of discrete grid points,
the end points q may also be off the grid. For the deposition [144] of a trajectory to the
q̌i grid, a suitable shape function Λ(q̌i, q), e.g., a Gaussian or simply a delta peak at the
nearest grid point, is necessary,

ψ(q̌i, t) =

∫
dq0

∫
dq Λ(q̌i, q)Π(q, t; q0, t0)ψ(q0, t0) . (3.7)

As the contributions to ψ(q̌i, t) from the different paths are complex valued, their su-
perposition includes interference effects in the reconstructed quantum state. The major
difference between existing semiclassical propagator methods concerns the numerical im-
plementation of (3.7). The standard line of argumentation in the literature is that the
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Figure 3.1: Left panel: Virtual (blue, dashed-dotted lines) and classical (red, solid line) paths
connecting q0(t0) and q(t). For the classical path the action along the trajectory is extremal.
Middle panel: Visualisation of the deposition scheme (3.7). At each coordinate grid point q̌i the
initial wave function ψ(q̌i, t0) determines the sampling weight for all trajectories starting from q̌i.
The path propagation follows the classical equations of motion and the virtual (non-extremal)
paths are taken into account perturbatively. As the end points of the paths q(t) need not match
the grid, they are deposited there using the shape function Λ(q, q̌i). Right panel: Wave function
propagation as implemented in this work. Around each grid point the potential is approximated
to first order. The propagator for a constant force field is known analytically. Starting from
all possible pairs of initial conditions (qi, pj), i, j = 1, . . . N , the trajectories are deposited in
momentum space, matched to the momentum grid by Λ(p, p̌j). The reconstruction of the wave
function in coordinate space is done by inverse discrete Fourier transform.

main contributions to (3.5) are those for which S is extremal – these are just the classi-
cally realized trajectories – and the paths in their vicinity. This requirement is deduced
from stationary phase integration. Then, the action is expanded to second order around
the extremal trajectories giving the well known WKB [145, 146, 147] result [148, 149]

ΠWKB(q, t; q0, t0) =
∑

c.paths
q0yq

√
i

2π~
∂2Sc
∂q0∂q

exp

(
i

~
Sc(q, t; q0, t0)

)
, (3.8)

where Sc(q, t; q0, t0) is the action along the extremal trajectories from q0(t0) to q(t)
and the phase of

√
i is fixed to π/4. The sum accounts for the fact that specifying

q0 and q does not uniquely determine a classical trajectory. In addition to the phase
factor from the classical action, the phase of the propagator is determined by the sign of
∂2Sc/(∂q0∂q). Using p0 = −∂Sc/∂q0, the Morse theory [150, 151] allows for separating
the determinant of the monodromy matrix ∂q/∂p0 from its sign. Relating the number
of focal points (at which ∂q/∂p0 vanishes) along a trajectory to the number of negative
eigenvalues of ∂2Sc/(∂q∂q0), the whole phase information can be encoded in the Morse
index ν. For each focal point, ν is increased by one, and the square root is taken from the
absolute value of ∂q/∂p0. Then we obtain the Van Vleck Gutzwiller propagator [152, 153]

ΠVG(q, t; q0, t0) =
1√

2πi~

∑

c.paths
q0yq

∣∣∣∣
∂q

∂p0

∣∣∣∣
−1/2

eiSc(q,t;q0,t0)/~e−iπν/2 . (3.9)

In view of a numerical evaluation, this formulation has several shortcomings. First, the so
called root search problem consists in finding all initial momenta p0 for which trajectories
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starting in q0 end up in q. For complex systems, this boundary value problem is much
more demanding than the solution of an initial value problem. Second, at the focal points
the expression (3.9) diverges and the expansion of S has to be taken to higher order. At
those points it is particularly difficult to keep track of the correct branch of the square
root of ∂q/∂p0 and thus determining the Morse index. Both problems are circumvented
in contemporary applications of the semiclassical propagator by expressing (3.9) in an
initial value representation (SCIVR) [124, 125, 154]. Inserting (3.9) into (3.7), this is
achieved by a change of variables,

∫
dq0

∫
dq

∑

c.paths
q0yq

→
∫
dq0

∫
dp0

∣∣∣∣
∂q

∂p0

∣∣∣∣ , (3.10)

circumventing the root search, and the monodromy matrix appears in the numerator,

ψSCIVR(q̌i, t) =
1√

2πi~

∫
dq0

∫
dp0 Λ(q̌i, q(q0, p0))

∣∣∣∣
∂q(q0, p0)

∂p0

∣∣∣∣
1/2

× eiS(t;q0,p0,t0)/~e−iπν/2ψ(q0, t0) .

(3.11)

Here, the final coordinate q(q0, p0) is a deterministic function of the initial values q0,
p0. Instead of using a coordinate space basis, similar methods have been formulated in
momentum or coherent state representation [154, 155, 156], leading to the Herman-Kluk
propagator [157, 158]. For all these methods the problem of the oscillatory integrand
still persists. To improve the convergence properties of the MC integrals, various integral
filtering techniques have been proposed in the literature [131, 156, 159, 160]. Thereby, the
basic idea is to filter out the high frequency oscillations of the integrand which contribute
only little to the integral but are the main obstacle for an efficient MC evaluation.

In this work, we follow a recently proposed [161, 162], slightly different route (cf.
right panel of Fig. 3.1). Discretising the potential on the coordinate grid q̌i, we locally
approximate the potential to first order and use this approximation for q̌i − ∆q̌/2 <
q < q̌i + ∆q̌/2. A justified question then is, to which extend the concatenated potential
will be able to fully describe quantum effects and reproduce the results for the original
continuous potential. The propagator for a trajectory in a linear potential is known
analytically [163],

Πlin(q, t; q0, t0) =

√
m

2πi~(t−t0)
exp

[
i

~

(
m(q−q0)2

2(t−t0)
− s

2
(q+q0)(t−t0)− s2(t−t0)3

24m

)]
,

(3.12)
where s is the slope of the potential. In contrast to the WKB formulation, here tracking
the sign of the monodromy matrix is not necessary, but the maximum possible time step
is severely reduced. This limit is set by the validity of the local potential approximation,
i.e., by the potential variation and grid spacing. The time step has to be chosen such that
even the fastest particles stay within their initial grid cells intermediately. An advantage
of the constant force field approximation is the bijection between final positions and
initial momenta which allows for a straight forward formulation of the algorithm in terms
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of an initial value representation. The range of initial momenta, which are required by
Fourier completeness is given by the coordinate grid spacing as |p0| ≤ π~/∆q̌. A final
trick consists in depositing the contributions from all virtual particles not directly to the
coordinate grid. Instead, they are gathered in momentum space and the reconstructed
wave function in coordinate space is obtained using inverse discrete Fourier transform,

ψ(q̌i, t) =
N∑

j=1

∆p̌√
2π~

exp

(
2πiq̌ip̌j
~N

)
ψ(p̌j , t) . (3.13)

This mixed representation has proven less noisy than a direct deposition in coordinate
space [154]. In analogy to (3.7), we use the shape function Λ(p̌j , p) for the deposition on
the momentum grid

ψ(p̌j , t) =

∫
dq0

∫
dp Λ(p̌j , p)Πlin(p, t; q0, t0)ψ(q0, t0) , (3.14)

where Πlin(p, t; q0, t0) is the Fourier transform of (3.12),

Πlin(p, t; q0, t0) =
1√
2π~

∫
dq Πlin(q, t; q0, t0)e−ipq/~ . (3.15)

Instead of an explicit evaluation of the q-integral in (3.15), we profit from the knowledge
about the trajectories,

q(t) = − s

2m
(t− t0)2 +

p0

m
(t− t0) + q0 , (3.16)

to change the integration variable from q to p0. Finally, this allows us to propagate the
wave function by one time step, ∆t = t− t0, using an initial value representation,

ψlin(q̌i, t) =
N∑

j=1

∆p̌

2π~
exp

(
2πiq̌ip̌j
~N

)∫
dp Λ(p̌j , p)

√
1

2πi~
∆t

m

∫
dq0

∫
dp0 ψ(q0, t0)

× exp

[
i

~

(
m[q(q0, p0)−q0]2

2∆t
− s∆t

2
[q(q0, p0)+q0]− s2(∆t)3

24m
− pq(q0, p0)

)]
,

(3.17)

where q(q0, p0) is given in (3.16).

3.1.3 Wigner-Moyal approach

Dating back to Wigner [133], the idea of describing quantum mechanics without a com-
plicated operator algebra, but by equations for commuting variables, has been very
appealing. Then, introducing a phase space distribution function and replacing opera-
tor expressions according to the corresponding rules of association, quantum expectation
values may be calculated by simple integration over commuting variables. One of the
most common [132] distribution functions is the Wigner function,

W (q, p, t) =
1

2π

∫
e−iηpψ?(q − η~/2, t)ψ(q + η~/2, t) dη , (3.18)
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together with the corresponding Weyl rule of association [164]. Within this rule of
association, operator expressions ordered as eiξq̂+iηp̂ are replaced by their scalar variables,
e.g., eiξq̂+iηp̂ ↔ eiξq+iηp, with ξ, η ∈ C. Starting from the von Neumann equation for the
time evolution of the density matrix, we determine the evolution equation for the Wigner
function [135, 136, 165] as

∂W

∂t
+

p

m

∂W

∂q
+ F (q)

∂W

∂p
=

∞∫

−∞

ds W (q, p− s, t)ω(s, q) , (3.19)

where F (q) = − dV (q)
dq is the classical force, and

ω(s, q) =
2

π~2

∫
dq′ V (q − q′) sin

(
2sq′

~

)
+ F (q)

dδ(s)

ds
. (3.20)

In the classical limit, the right hand side of (3.19) vanishes, leaving us with the Liouville
equation for the phase space density. Then the dynamics can be expressed in terms of
the classical propagator

ΠW (q, p, t; q0, p0, t0) = δ[q − q̄(t; p0, q0, t0)]δ[p− p̄(t; p0, q0, t0)] . (3.21)

Here p̄ and q̄ are the momentum and coordinate of a trajectory which evolves according to
the Hamilton equations of motion subject to the initial conditions p̄(t0) = p0 and q̄(t0) =
q0. Using ΠW , we may rewrite (3.19) in form of an integral equation [134, 135, 136],

W (q, p, t) =

∫
dp0 dq0 ΠW (q, p, t; q0, p0, t0)W0(q0, p0, t0)

+

t∫

t0

dτ

∫
dpτdqτ ΠW (q, p, t; qτ , pτ , τ)

∞∫

−∞

ds W (qτ , pτ − s, τ)ω(s, qτ ) ,

(3.22)

and solve it by iteration. To lowest order, we only keep the first line in (3.22) and neglect
the second integral completely. This means, we propagate classical trajectories (q̄, p̄) in
time, after sampling their initial conditions p0 and q0 from the initial Wigner function
W0(q0, p0, t0) at time t0 using a MC procedure. Assembling those contributions at the
next time grid point t = t0 + ∆t, we obtain the lowest order approximation W (1)(q, p, t).

For the second order approximation, W (2)(q, p, t), we expand the Wigner function in
the last integral in (3.22) consistently to lowest order,

W (qτ , pτ−s, τ) ≈W (1)(qτ , pτ−s, τ) =

∫
dp0 dq0 ΠW (qτ , pτ−s, τ ; q0, p0, t0)W0(q0, p0, t0) .

(3.23)
This allows for evaluating W (2) also by means of trajectory methods. A sketch of the

basic idea behind the second order approximation is given in Fig. 3.2, together with a
detailed description in the caption. Including momentum jumps in the evolution of W (2)
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Figure 3.2: Cartoon of propagating one trajectory in presence of momentum jumps. At time
t0, the initial conditions for the trajectory (q0, p0) are sampled from W0(q0, p0, t0) by a MC
procedure. Then up to time τ ∈ [t0, t] this trajectory is propagated to (qτ , pτ − s) according to
the classical equations of motion. There, an instantaneous change in momentum by s occurs,
leaving the intermediate position qτ fixed. From the new phase space point (qτ , pτ ) the trajectory
evolves again classically up to t, following the propagator ΠW (q, p, t; qτ , pτ , τ). When summing
up the contributions of all trajectories, each one has to be weighted by the function ω(s, qτ ),
accounting for the momentum jump s and the potential at the intermediate position qτ .

we take into account that continuous phase space trajectories are guaranteed only for
classical or almost classical systems [132]. Depending on the momentum jump s and the
potential V (qτ − q′), the weighting factor ω(s, qτ ) may become negative. Therefore, sign
changes of the Wigner function at some phase space points are included in the second
order approximation, whereas they are absent in the first order approximation due to
strictly positive trajectory weights.

Using the improved estimate W (2) in (3.23), the construction of higher order terms is
straight forward. Conceptually, higher order terms correspond to the inclusion of several
momentum jumps within one time step. As the fundamental aspects (discontinuous
trajectories, possibility of negative trajectory weights) are already included in W (2), we
restrict ourselves to the two lowest orders of the approximation. A detailed investigation
of the inclusion of higher order terms is beyond the scope of this work (for details
see [134, 135]).

Having W (q, p, t) at hand, it is not difficult to calculate expectation values of all
kinds of operators from it. For any operator expression which is ordered as eiξq̂+iηp̂, we
follow the Weyl rule of association and replace each operator by its corresponding scalar
function. After multiplication with the Wigner function we integrate over the whole
phase space and obtain the desired expectation value.
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3.1.4 Tomographic approach

In view of a probabilistic interpretation of quantum mechanics, the Wigner function has
the shortcoming of possible negative values, which prevents its interpretation as a proba-
bility density. Furthermore, any interpretation of a joint probability, that simultaneously
determines coordinate and momentum for a quantum system, violates the Heisenberg
uncertainty relation and is therefore misleading. Meaningful results for probabilities
and expectation values, are integrals over the Wigner function in extended phase space
regions, e.g., minimum uncertainty Gaussians, or along phase space contours. Such a
contour integration is used in the tomographic representation of quantum mechanics
proposed some years ago [137, 138]. The so called quantum tomogram [140, 166],

w̃(X,µ, ν, t) =

∫
dk dq dp

2π
W (q, p, t)e−ik(X−µq−νp) , (3.24)

relates to the Wigner function by a class of Radon transformations [167] which are char-
acterised by µ and ν. A simple, intuitive interpretation of the quantum tomogram is
shown in Fig. 3.3(a). The vector (µ, ν) fixes a direction, with X the distance from the
origin. Then the tomogram w̃(X,µ, ν) is just the integral over the Wigner function along
a straight line perpendicular to (µ, ν) which passes through X. Choosing (µ, ν) appropri-
ately, we may continuously change between coordinate and momentum representation.
Describing a quantum system in terms of the tomogram is completely equivalent to the
wave function or Wigner function representation. Its relation to the Wigner function is
obvious due to its definition, and we obtain the Wigner function from the tomogram by
the inverse map

W (q, p, t) =

∫
dX dµdν

(2π)2
w̃(X,µ, ν, t)ei(X−µq−νp) . (3.25)

The relation to the wave function formalism is a little more involved. We may extract
the probability densities in any rotated reference frame (in particular coordinate and
momentum space) from the tomogram, but not the wave function itself. The phase
information inherent to the wave function is distributed over all reference frames (µ, ν).
Each fixed choice of (µ, ν) gives only a density information, e.g., the coordinate repre-
sentation |ψ(q)|2 is equal to w̃(X,µ = 1, ν = 0). Keeping this aspect in mind as well as
the larger required set of variables, one might ask at this point what the profit of this
method shall be. Considering the dynamics of a quantum system, the strict positivity
of the tomogram is its main numerical advantage. This circumvents the dynamical sign
problem encountered in the Wigner function and semiclassical propagator approaches.

The time evolution of the tomogram can be thought of in two equivalent ways. For any
reference frame (µ(t0), ν(t0)), e.g., the coordinate representation (1, 0), the tomogram
can be calculated for all times by keeping (µ, ν) fixed and evolving the Wigner function
in time [Fig. 3.3(b)]. This is exactly the interpretation we used in Sect. 3.1.3 to extract
|ψ(q, t)|2 from the Wigner function. Alternatively, we can exploit the evolution equation
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Figure 3.3: Cartoon of the quantum tomogram and its time evolution. Panel (a): The tomo-
gram w̃(X(t0), µ(t0), ν(t0), t0) is the integral over W (q, p, t0) along the thick red line. Panel
(b): Extraction of the tomogram in the same reference frame at time t by evolving the Wigner
function and keeping (µr, νr) = [µ(t), ν(t)] = [µ(t0), ν(t0)] fixed. Panel (c): Time evolution of
the tomogram by the method of characteristics. Keeping the Wigner function W (q, p, t0) fixed,
(µr, νr) = [µ(t), ν(t)] is propagated backward in time to (µ(t′), ν(t′)) using (3.29) for different
local approximations. Summing all those contributions gives the tomogram at t in the desired
reference frame (µr, νr).

of the tomogram [139, 168],

∂w̃

∂t
− µ

m

∂w̃

∂ν
− i

~

[
V

(
− ∂

∂µ

1

∂/∂X
− i~ν

2

∂

∂X

)
− V

(
− ∂

∂µ

1

∂/∂X
+

i~ν
2

∂

∂X

)]
w̃ = 0 ,

(3.26)
which can be derived from the von Neumann equation. In view of the definition of w̃
in (3.24), the ‘anti-derivative’ ∂−1

X w̃ just multiplies W (q, p) by i/k. Therefore, the term
∂µ∂

−1
X w̃ is well defined. A solution of (3.26) for harmonic potentials V (q) = 1

2mω
2
0(q−qc)2

can be given explicitly. In analogy to the continuity equation for the tomogram,

dw̃

dt
=
∂w̃

∂t
+
∂w̃

∂X
Ẋ +

∂w̃

∂µ
µ̇+

∂w̃

∂ν
ν̇ = 0 , (3.27)

we collect the terms in (3.26) and find the correspondences

Ẋ = mω2
0qcν , µ̇ = mω2

0ν , ν̇ = −µ/m . (3.28)

This set of linear differential equations defines trajectories in (X,µ, ν) space character-
ising the reference frames in Fig. 3.3. Solving the system (3.28), we get the propagator
from (X0, µ0, ν0, t0) to (X,µ, ν, t) as

ΠT
ω0,qc(X,µ, ν, t;X0, µ0, ν0, t0) = δ

[
ν +

µ0

mω0
sin[ω0(t−t0)]− ν0 cos[ω0(t−t0)]

]

×δ
[
X −X0 − µ0qc

(
cos[ω0(t−t0)]− 1

)
− ν0mω0qc sin[ω0(t−t0)]

]

×δ
[
µ− µ0 cos[ω0(t−t0)] + ν0mω0 sin[ω0(t−t0)]

]
. (3.29)

The uniqueness of the (X(t), µ(t), ν(t)) trajectories is due to the q-independency of the
coefficients in the set of equations (3.28).
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Evaluating (3.26) for arbitrary potentials (beyond the free particle or harmonic case),
higher order derivatives of w̃ appear. This spoils the identification with the continuity
equation (3.27) and the application of the method of characteristics (3.28). A possible
way out is the local expansion of the potential to second order. Then (3.26)-(3.29) are
valid locally for each q with appropriate parameters ω0(q) and qc(q) which are determined
from the harmonic expansion around q. Since now several propagators (3.29) exist, the
(X,µ, ν) trajectories are not unique anymore, and the tomogram at the new time grid
point is given by

w̃(X,µ, ν, t) =

∫
dX0

∫
dµ0

∫
dν0

∫
dq ΠT

ω0(q),qc(q)
(X,µ, ν, t;X0, µ0, ν0, t0)w̃(X0, µ0, ν0, t0) .

(3.30)

Usually, we are not interested in the full w̃(X,µ, ν, t) but only in a particular reference
frame (µr, νr), e.g., the coordinate representation. Having the method of characteristics
in mind, we search for those trajectories (X(t0), µ(t0), ν(t0)) that give contributions to
(X(t), µ(t), ν(t)) = (Xr, µr, νr). To this end, we start from the known w̃(Xr, µr, νr, t0)
and evolve the trajectories backward in time to t′ = t0 − (t − t0) according to (3.29)
using different coordinates q [cf. Fig. 3.3(c)]. The desired w̃(Xr, µr, νr, t) is then the
sum over all such tomograms w̃(Xq(t

′), µq(t′), νq(t′), t0), where the index q reflects the
dependency on the parameters ω0(q) and qc(q) in the propagator ΠT

ω0(q),qc(q)
.

An alternative approach which relates the time evolution of the quantum tomogram
to the theory of Markov processes [169] has been considered recently [139]. Interpreting
the propagator ΠT as a transition probability for a Markov random process, its time
evolution is governed by the Chapman-Kolmogorov equation [170]

ΠT(z, t; z0, t0) =

∫
dzτ ΠT(z, t; zτ , τ)ΠT(zτ , τ ; z0, t0) , (3.31)

where t0 < τ < t and we introduced the abbreviation z = (z1, z2, z3) := (X,µ, ν). Due
to the positivity of the tomogram and its normalisation, the requirements

ΠT(z, t; z0, t0) ≥ 0 ,

∫
dz0 ΠT(z, t; z0, t0) = 1 (3.32)

for a Markov process are fulfilled. Furthermore, the locality in time of the Hamiltonian
guarantees that no memory effects are present. The dynamics of diffusive Markov pro-
cesses may be equivalently described by two partial differential equations, the first and
the second Kolmogorov equation [171],

∂ΠT

∂t0
+

3∑

i=1

ai(z0, t0)
∂ΠT

∂zi0
+

1

2

3∑

i=1

3∑

j=1

bij(z0, t0)
∂2ΠT

∂zi0∂z
j
0

= 0 , (3.33)

∂ΠT

∂t
+

3∑

i=1

∂

∂zi
(
a(z, t)ΠT

)
− 1

2

3∑

i=1

3∑

j=1

∂2

∂zi∂zj
(
b(z, t)ΠT

)
= 0 , (3.34)
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in which the drift and diffusion coefficients are defined as

ai(zτ , τ) = lim
τ ′→τ

1

τ ′ − τ

∫
dz̃τ ′ ΠT(z̃τ ′ , τ

′; zτ , τ)(z̃iτ ′ − ziτ ) , (3.35)

bij(zτ , τ) = lim
τ ′→τ

1

τ ′ − τ

∫
dz̃τ ′ ΠT(z̃τ ′ , τ

′; zτ , τ)(z̃iτ ′ − ziτ )(z̃jτ ′ − zjτ ) . (3.36)

In the limit τ ′ → τ we can evaluate (3.35) and (3.36) using the harmonic approximation
ΠT
ω0,qc from (3.29). As the harmonic propagator depends on ω0(q) and qc(q) of the local

potential expansion, also the drift and diffusion terms are q dependent. For clarity of
the notation, we will suppress the additional index for the moment.

Instead of solving (3.34) directly, we consider the equivalent system of stochastic
integral equations [169, 170] for the underlying random variables z,

zi(t) = zi(t0) +

t∫

t0

dτ ψ(zτ , τ) +

3∑

j=1

t∫

t0

dτ gij(zτ , τ)ξj(τ) . (3.37)

Here ξj(τ) are white noise random processes with 〈ξj(τ)〉 = 0 and 〈ξj(τ)ξk(τ ′)〉 =
δ(τ−τ ′)δjk. For evaluating the second integral we will refer to the Stratonovich definition
of a stochastic integral [169]. The functions ψ(zτ , τ) and gij(zτ , τ) relate to the drift and
diffusion coefficients in (3.35) and (3.36) as

ai(zτ , τ) = ψi(zτ , τ) +
1

2

3∑

j=1

3∑

k=1

∂gik(zτ , τ)

∂zjτ
gjk(zτ , τ) , (3.38)

bij(zτ , τ) =

3∑

k=1

gik(zτ , τ)gjk(zτ , τ) . (3.39)

For an implementation of the derivative term in (3.38) we profit from the equiva-
lence [170]

1

2

3∑

j=1

3∑

k=1

∂gik(zτ , τ)

∂zjτ
gjk(zτ , τ) = lim

∆τ→0

1

∆τ

〈
3∑

k=1

gik(z̄τ , τ)∆ξk(τ)

〉
, (3.40)

where 〈. . .〉 means the stochastic expectation value over the normalised Wiener process
ξk(τ) and ∆ξk(τ) is the corresponding increment of this random process in ∆τ . As a
consequence of the Stratonovich integration the matrix elements g ik have to be evaluated
at z̄τ = zτ + 1

2∆zτ , i.e., shifted by half the increment of zτ during ∆τ . According to
(3.39) these matrix elements can be calculated via Cholesky decomposition [172] from
b(z̄τ , τ). Note, that the matrix b is only positive semidefinite, requiring some care in the
numerical determination of g, e.g, adding ε to b and taking the limit ε→ 0.

In summary, the evolution of a (X,µ, ν) trajectory is calculated iteratively from (3.37)-
(3.40). To lowest order, in (3.37) only the deterministic drift term (3.35) is taken into
account, which is evaluated using the local harmonic propagator (3.29). From the re-
sulting increments z(t)− z(t0) we get a first estimate for b (and thus g) which we use in
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the next iteration. Having access to the deterministic part as well as the diffusion term
in (3.37) we calculate several trajectories, needed for the expectation value in (3.40).
Now an approximation for all terms in (3.37) is available and we can finally propa-
gate our (X,µ, ν) trajectory. Alternatively, we can repeat the last step to ensure that
the increments entering in (3.40) have been calculated using the full stochastic integral
equation.

In addition to the stochastic character of the trajectory propagation, we have to keep
in mind that the drift and diffusion terms depend on the coordinate at which (3.29) is
evaluated. A suitable importance sampling of q is of crucial importance for an efficient
implementation.

Although we discussed for simplicity only a three-dimensional vector z = (X,µ, ν),
which corresponds to one set of initial conditions, the generalisation to k initial conditions
directly carries over. In any case, including the initial condition for the coordinate
representation is obligatory as a reconstruction of q out of z is necessary for intermediate
evaluations of (3.29).

From the tomogram, general expectation values can be calculated in analogy to the
Wigner function case [139]. If the desired expectation value involves only position or
momentum operators but not both, this task simplifies to an integration over the corre-
sponding density. Let us consider for instance the kinetic energy 1

2m 〈p2〉. With µ = 0
and ν = 1, the integral representation of the δ-distribution in (3.24) shows that X ≡ p
and we get

1

2m
〈p2〉 =

1

2m

∫
dX X2w̃(X,µ = 0, ν = 1) =

1

2m

∫
dp p2|ψ(p, t)|2 . (3.41)

3.2 Numerical Evaluation

As test cases for the above methods, we consider one-dimensional systems described by

the Hamilton operators Hi = p2

2m + Vi(q). The four potentials

V1(q) =
1

2
mω2

0q
2 + V0 exp(−q2) , V2(q) =

1

2
mω2

0q
2 − V0 exp(−q2)

V3(q) =
1

2
mω2

0(q2 + a3q
4) , V4(q) = V0 +

1

2
mω2

4(−q2 + a4q
4) ,

(3.42)

shown in Fig. 3.4, each pose another numerical difficulty to semiclassical approaches. It is
well known, that semiclassical methods perform well for harmonic or weakly anharmonic
cases, but that the effects of strong anharmonicities are hard to capture [173, 174].
Specifically, we chose V1(q) to study tunneling effects, V2(q) in view of resonances and
V3(q) to investigate the influence of a nonlinear force term. Finally V4(q) combines the
challenge of tunneling effects and anharmonicities in the potential. The inclusion of the
shallow harmonic trap in V1(q) and V2(q) prevents the particle from escaping to infinity
after the scattering event and restricts the simulation volume to a reasonable size. For
all cases we use the same initial conditions, a Gaussian wave packet of width σ, centred
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at q0, with centre momentum p0,

ψ(q, t = 0) =
1

(2πσ2)1/4
exp

{
− 1

4σ2
(q − q0)2 +

i

~
p0q

}
. (3.43)

Taking the modulus squared |ψ(q, t = 0)|2 of (3.43), the correct normalisation to unity
is obvious. Using the initial wave function (3.43) together with (3.18) we get the corre-
sponding initial Wigner function

W (q, p, t = 0) =
1

π~
exp

{
− 1

2σ2
(q − q0)2 − 2σ2

~2
(p− p0)2

}
. (3.44)

Comparing the coefficient of (p−p0)2 in the exponent to the standard form of a Gaussian,
the standard deviation in momentum space reads σp = ~/(2σ). Therefore, σσp = ~/2,
which makes our initial state a minimum uncertainty Gaussian wave packet. Integrating
the Wigner function over the momentum (coordinate) variables, we get the probability
density in coordinate (momentum) space,

|ψ(q, t = 0)|2 =

∫
dp W (q, p, t = 0) =

1√
2πσ2

exp

{
−(q − q0)2

2σ2

}
. (3.45)

It is clear, that we could have obtained this expression also directly by taking the modulus
square of (3.43). To obtain the probability in momentum space,

|ψ(p, t = 0)|2 =

∫
dq W (q, p, t = 0) =

√
2σ2

π~2
exp

{
−2σ2(p− p0)2

~2

}
, (3.46)

from the wave function, however, first a Fourier transform to momentum representation
is necessary,

ψ(p, t = 0) =
1√
2π~

∫
dq e−ipq/~ψ(q, t = 0)

=

(
2σ2

π~2

)1/4

exp

{
−σ

2

~2
(p− p0)2 − i

~
q0p+

i

~
p0q0

}
.

(3.47)

Finally, we obtain the tomograms of the initial state using (3.24) as

w̃(X,µ, ν, t = 0) =
1√

2πσ2
T (µ, ν)

exp

{−(X − µq0 − νp0)

2σ2
T (µ, ν)

}
, (3.48)

where the width of the tomogram σT depends on the particular reference frame (µ, ν),
and is given by

σT (µ, ν) =

√
ν2

(
~

2σ

)2

+ µ2σ2 . (3.49)

Throughout this work we express all quantities in terms of the fixed reference units for
length (u`), mass (um) and time (ut). From those we may also construct units for energy
(uE = umu

2
`/u

2
t ) and momentum (up = umu`/ut). In these units ~ = umu

2
`/ut. To be

specific, in (3.42) we use m = um, ω0ut = 0.1, a3u
2
` = 0.01, ω4ut = 0.16, a4u

2
` = 0.02

and V0 = uE. As initial conditions, we choose q0 = −5u`, p0 = up and σ = u`/
√

2.
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Figure 3.4: From left to right: Benchmark potentials Vi(q) as given by (3.42). The initial state in
all cases is the same. For the first case we show the real and imaginary part of the wave function
by dashed and dashed-dotted lines. In the other panels, the modulus square of the wave function
is given. For comparison of the relevant energies, the baseline of the wave function is drawn at
the energy of the initial state.

3.2.1 Discussion of the time evolution

Probability densities Figure 3.5 shows the time evolution of the probability density in
coordinate space, |ψ(q, t)|2, for times up to t = 56ut. Each column corresponds to one of
the above potentials (3.42) while the rows refer to the methods used. The topmost row,
calculated by Chebyshev expansion (C), gives the exact solution. For the barrier case
[V1(q), first column] the particle hits the barrier (centre position marked by a dashed
line), at about t ≈ 5ut. Here, the main part of the wave packet is reflected, but a sizeable
fraction also penetrates through the barrier. The quantum nature of the particle gives
rise to the interference pattern on the left hand side of the barrier, where high and low
probability densities alternate. This effect is still more pronounced around t ≈ 35ut
when the transmitted and reflected parts interfere after their reunion. For the case of
a quantum well [V2(q), second column], we observe the overall picture expected for the
dynamics in a simple harmonic trap. Since the width of the initial Gaussian, however,
does not match the resonance frequency of the harmonic trap, its width changes during
the time evolution, refocusing once each π/ω0. The rather small effect of the additional
dip at q = 0 consists in a reduced density in this region for all times and a retardation
of the transmission. For the case of an anharmonic potential [V3(q), third column],
besides the above mentioned broadening of the wave packet, the nonlinearity of the
force causes additional interference effects. Elongations up to q ≈ 15u`, exceeding the
classical turning points qc ≈ 8.2u`, are possible due to the quantum nature of the initial
state. Despite its fixed total energy, the initial wave packet contains contributions with
higher and lower energies. The forth column shows the rich structure of the dynamics in
the double well potential. While the principle part of the wave function remains in the
left well, a considerable amount penetrates the barrier where strong interference effects
arise. The back scattering of these contributions causes strong interference patterns also
in the left well for t > 10ut.

In the second row, the results from the linearised semiclassical propagator method (P )
fully coincide with the exact results. The excellent agreement confirms, that within a
semiclassical framework it is in principle possible to capture quantum effects, although
by an tremendous increase of computational resources (cf. Sect. 3.2.2).
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Figure 3.5: From left to right: Time evolution of the probability density in coordinate space,
|ψ(q, t)|2, for a particle in the benchmark potentials V1(q) to V4(q) as given by (3.42). For each
case, we show (from top to bottom) the exact solution, calculated by Chebyshev expansion (C),
the results from the linearised semiclassical propagator method (P ), the results from the first
order Wigner-Moyal approach (W ) and the tomographic results (T ). For implementation details
see Sect. 3.2.2.
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Restricting the iteration series for the Wigner function to first order, we obtain the
results shown in the third row (W ). The initial splitting of the wave packet for the
barrier case V1(q) at about t ≈ 5ut is reproduced while the second one around t ≈ 35ut
is missed. The explanation of this failure is simple. Trajectories with high enough energy
to cross the barrier once will be able to cross it any time, oscillating forth and back in
the trap potential. Others which already failed the first passage due to an insufficient
energy are reflected every time they hit the barrier. Hence they stay on the left side
of the barrier for all times and in the second half period, t > 35ut, there is almost
no spectral weight to the right of the barrier. Nevertheless some, exponentially rare,
trajectories can be found there. Large negative initial momenta make some trajectories
energetic enough to overcome the barrier, but lead to a phase shift as compared to the
trajectories with positive initial momentum. Furthermore, the first order Wigner results
fail to resolve the fine structure of the interference effects for V3(q) and V4(q). In this
sense, the quantum information contained in this approximation is limited even though
in the initial Wigner function W0(q, p, t0) all quantum effects (to arbitrary high orders
of ~) are included. As we will see later, taking into account the second order term of the
iteration series will alleviate these problems.

The bottom line shows the results from the tomographic approach (T ). Here, the
positions for the potential evaluation in (3.29) are calculated from classical trajectories
sampled from the initial distribution. While also here, the dynamics of the system is
described qualitatively, there is nevertheless a large discrepancy to the exact data. Four
weak points should be stressed. First, any sharp feature in |ψ(q, t)|2 is washed out even
more than in the Wigner approach. Second, for V1(q) and V2(q), the signatures at t ≈ 5ut
erroneously extend to too large negative q-values. The reason for this are diverging
trajectories, caused by the negative curvature of the barrier potential. Third, the turning
points in the anharmonic potentials (V3(q) and V4(q)) are highly overestimated, which
is an effect of the coordinate sampling for the potential evaluation. Forth, the tunneling
in the double well potential is not accounted for correctly. This is due to the large range
of q for which the curvature of the potential is negative. Hence, the amount of rejected
trajectories is overestimated.

Expectation values The semiclassical propagation of the Wigner function and the to-
mogram is intented to give an adequate description of complex many particle systems.
Thereby, average values take the centre stage. For the potentials V{1,2,4}(q) the initial
wave packet splits in two parts. To account for this in terms of expectation values, we
define reduced average quantities for the positive and negative half-axis,

〈q〉− =
1

N−

0∫

−∞

q|ψ(q, t)|2dq , 〈q〉+ =
1

N+

∞∫

0

q|ψ(q, t)|2dq , (3.50)

where N± is the partial norm on the corresponding half-axis,

N− =

0∫

−∞

|ψ(q, t)|2dq , N+ =

∞∫

0

|ψ(q, t)|2dq . (3.51)
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Figure 3.6: Expectation values for the benchmark potentials V1(q) (left column) and V2(q) (right
column). The upper panels show the part of the wave function norm on the negative half-axis
N−. In the lower panels, the mean positions 〈q〉± on the corresponding half-axis are given.
We show the exact results from the Chebyshev expansion (C – solid lines) as well as the first
and second order approximations from the Wigner-Moyal approach (W (1) – dotted lines; W (2) –
dashed-dotted lines ) and tomographic results (T – dashed lines). As the wave functions obtained
by the semiclassical propagator method agree within numerical accuracy with the exact results
from C, no separate curves are shown.

For the first two test cases, we show in Fig. 3.6 the time evolution of the initial state
in terms of 〈q〉± and N−. The norm on the positive half axis is not shown separately as
N+ = 1−N−. For V1(q), the constant value of N− after the initial tunneling event (t ≈
5ut) indicates an independent evolution of the two wave packets on their corresponding
half-axis. Only at the refocusing point (t ≈ 35ut) weight is temporarily redistributed
between them due to interference effects. From 〈q〉±, the oscillation between the barrier
and the confining trap of each wave packet can be identified. The mean energy of the
transmitted wave packet is larger than for its reflected counterpart as the mean position
reaches larger values. Quantum dynamics, however, comprehends more than a simple
energy discrimination of the constituents of the wave packet by the barrier.

This becomes obvious when considering the first order Wigner result, W (1). Contain-
ing the classical energy discrimination only, the finite value of N+ for t > 35ut is missed
as already discussed in Fig. 3.5. The ratio of N+ to N− within this approximation is
solely determined by the initial energy of each simulated classical trajectory. Those con-
stituents of the initial state with E > V0 will overcome the barrier while others will not.
For an estimate, we calculate the energy of the initial state, neglecting for simplicity the
influence of the barrier. Then N− (N+) is the integral over the initial Wigner function
inside (outside) an ellipse defined by p2/(2m) + 1

2mω
2
0q

2 = V0. This result agrees well
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with the numerical data. The strong underestimate of N+ for t > 35ut within W (1)

explains the deviation of 〈q〉+ in this range.

Taking into account the second order term of the iteration series, W (2), slightly im-
proves the accuracies of both the norm and the reduced expectation values; the relative
weight of the split wave packet (N−) after t > 35ut still deviates about 15% from the
exact value. This deviation is related to the finite grid resolution, smearing out the exact
positions during the recurrent coordinate sampling and grid deposition. Increasing the
grid resolution, this effect can be reduced systematically.

In the tomographic approach, the focus on expectation values does not resolve the
problems encountered for the probability density. Around t ≈ 5ut, when mainly the bar-
rier region is sampled, we observe two consequences of the negative potential curvature.
On the one hand, the fraction of trajectories which overcome the barrier is overestimated
(too small value of N−). On the other hand, a considerable amount of the reflected tra-
jectories diverges and thus the value of of 〈q〉− is too negative. Apart from this the
expectation values reproduce the results of C qualitatively but not quantitatively. Here
the especially remarkable features are the larger elongation of 〈q〉− and the absence of a
pronounced modulation of 〈q〉+ for t > 35ut.

For V2(q) (right column) the norm indicates the nearly perfect transmission of the wave
packet since for each time there is considerable weight on one half-axis only. Therefore,
the average positions show an almost perfect sinusoidal oscillation, if we consider 〈q〉+ for
t < 35ut and 〈q〉− afterwards (thick parts of the solid lines). On the respective other half-
axis the average values should be taken with care due to the low weight. The rather good
agreement between the expectation values from C and W (1) in this case is not surprising.
It is known from the literature that for harmonic potentials the exact Wigner function
can be obtained by classical propagation of trajectories [132]. As the dip around q = 0 is
only a moderate perturbation, W (1) describes the dynamics still well. For this case, also
the method of Wigner trajectories [175, 176, 177] is applicable, in which the higher order
terms of the iteration series are included perturbatively into a pseudopotential Ṽ (q). The
trajectories then follow the classical equations of motion with respect to Ṽ (q) instead of
V (q). For the construction of such a pseudopotential an approximate Wigner function
is required. This limits a practical application of the method of Wigner trajectories to
slightly perturbed harmonic potentials or nearly free motions [132]. Furthermore, the
existence of Ṽ (q) is not guaranteed due to the perturbative character of this scheme.
Since for this potential the W (1) results for 〈q〉± almost perfectly match C for the
majority branch, the profit in considering W (2) is limited. Merely in the time evolution
of N− an improvement from W (1) to W (2) is noticeable. The tomographic results once
more show a qualitative agreement with C. In addition to the deviations for the minority
branch, the diverging trajectories, arising when the wave packet crosses the dip, perturb
the results around t/ut ≈ 5, 35.

Wigner function Focussing on the barrier case, V1(q), we compare in Fig. 3.7 the exact
Wigner function, calculated from the (Chebyshev propagated) wave function together
with definition (3.18), to the first and second order approximation. The extension of
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Figure 3.7: Time evolution of the Wigner function for potential V1(q). Upper panels: Exact result
using Chebyshev expansion (C). Middle panels: Propagation of the initial Wigner function
using classical trajectories only [first order approximation, W (1)]. Lower panels: Inclusion of
momentum jumps [second order approximation, W (2)]. For each method snapshots at times
t/ut = 4, 8, 20, 36 are shown. For comparison, the inset in the upper left panel shows the
extension of a minimum uncertainty Gaussian.

a minimum uncertainty Gaussian (inset in upper left panel in Fig. 3.7) is the lower
limit where the concept of a joint probability holds due to the Heisenberg uncertainty
relation. Nevertheless, comparing W (q, p) for different approximations can be taken as
a good quality check since any observable of the system is obtained as an integral over
the Wigner function. Starting from the initial Wigner function (Gaussian, centred at
q = −5u`, p = up), the overall time evolution is dominated by a clockwise rotation of
the phase space points. When the fastest contributions of the wave packet encounter the
barrier (t = 4ut), for the first time significant negative values ofW (q, p) occur. The initial
Gaussian shape breaks up into a triangle, reflecting the low-energy trajectories which are
held back by the barrier and the fast contributions overcoming the barrier. The quantum
nature is reflected in a weak interference pattern of small positive and negative values
around the main structure. Evolving further in time (t = 8ut), the regions with negative
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weights get more pronounced. At t = 20ut there is a strong interference pattern of large
positive and negative values of W (q, p) in between the two major positive portions left
and right of the barrier. When the transmitted part returns to the left side of the barrier
(t = 36ut) the structure remains divided with strong interference in between the two
positive bulks.

Considering the first order approximation, the most pronounced difference compared
to the full quantum result is the absence of regions with negative values in W (1). This
is clear as the initial state W (q, p, t = 0) is strictly positive and during the classical
propagation of the trajectories their weight is unchanged. Therefore, at any time W (1) is
a superposition of positive contributions. Despite the simplicity of this approximation,
all regions with large positive weights are in essence captured correctly. Regions of
nearby positive and negative values in the exact solution are marked within W (1) by
vanishing, or strongly reduced values (cf. q/u` ∈ [0, 10], p/up ∈ [−1, 1] at t = 20ut). The
integral over p in this region vanishes for both W (1) and the exact solution, explaining
why physically measurable quantities like |ψ(q, t)|2 agree well despite the differences in
W (q, p).

Including the second order term of the iteration series, the presence of negative weights
is restored in W (2). Even though arbitrarily large momentum jumps are allowed for the
trajectories, finite amplitudes of W (2) are restricted to the centre region. Outside this
region, the fast oscillations of ω(s, qτ ) guarantee the complete cancellation present in
the exact results. Taking the finite simulation grid into account, the extent of this
cancellation will delicately depend on the used resolution and accuracy of the (MC)
integration. A signature of a non-perfect cancellation can be seen for t = 20ut at values
of q/u` ∈ [5, 10] and large p as a series of positive and negative stripes. Accumulating
such numerical fluctuations, the true region with finite amplitudes is overestimated for
large times (t = 36ut).

3.2.2 Details of implementation

Chebyshev expansion In view of further applicability of the proposed methods, let us
focus on the computational requirements in what follows. In this regard, the description
of quantum dynamics by Chebyshev expansion of the time evolution operator is an
extremely powerful method. Its extraordinary performance is not restricted to the one-
dimensional test cases considered here, but has been demonstrated successfully for more
complex, higher dimensional cases [62]. Despite the exponential growth of the Hilbert
space with the number of particles, also an application to many-particle systems, e.g.,
the polaron problem is within reach [65]. As compared to the standard Crank-Nicholson
algorithm [172], the Chebyshev expansion has two main advantages: speedup and larger
accessible system sizes. First, for the Chebyshev expansion only MVM are required,
while for the Crank-Nicholson scheme,

(
1 +

1

2
iH∆t/~

)
|ψ(t0 + ∆t)〉 =

(
1− 1

2
iH∆t/~

)
|ψ(t0)〉 , (3.52)
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a linear equation system needs to be solved in each time step. While for the one-
dimensional case considered here, the tridiagonal structure of the coefficient matrix
speeds up the calculation, in general the solution of this system is the most time con-
suming step. Speeding up the calculation by an initial inversion of the time independent
coefficient matrix and performing successive MVM afterwards is only feasible for mod-
erate Hilbert space dimensions.

Second, the Crank-Nicholson algorithm is accurate to order (∆t)2, whereas the ac-
curacy of the Chebyshev expansion is determined by the expansion order M . We may
choose M such that for k > M the modulus of all expansion coefficients |ck(a∆t/~)| ∼
Jk(a∆t/~) is smaller than a desired accuracy cutoff. This is facilitated by the fast
asymptotic decay of the Bessel functions,

Jk(a∆t/~) ∼ 1√
2πk

(
ea∆t

2~k

)k
for k →∞ . (3.53)

Then, for large M , the Chebyshev expansion can be considered as quasi-exact and
thus permits a considerably larger time step. For example, using a simulation grid of
N = 1024 sites with grid spacing ∆q̌ = 0.08u` the necessary scaling parameters for
the four test cases are a = 160, 161, 226, 2307, and for k > M = 108, 108, 140, 1028 all
|ck| < 10−16. These cutoffs ensure that the wave function is exact for the used time step
∆t = 0.4ut for all times. Here, ‘exact’ means that within numerical accuracy the wave
function agrees with the time dependent wave function obtained by a full diagonalisation
of the Hamiltonian,

|ψ(t)〉 =
N∑

n=1

e−iEnt/~|n〉〈n|ψ(t = 0)〉 , (3.54)

where |n〉 are the (time independent) eigenstates of the system and En the corresponding
eigenenergies.

Besides the high accuracy of the method, the linear scaling of computation time with
both time step and Hilbert space dimension are promising in view of further applications
to more complex systems. Almost all computation time is spent in MVMs, which can
be efficiently parallelised, allowing for a good speedup on parallel computers.

Linearised semiclassical propagator method The considered implementation of the
linearised semiclassical propagator method is not intended for a fast determination of an
approximate solution. In this respect, more efficient flavours of semiclassical propagator
methods can be found in the literature, where higher order potential terms are taken
into account and the propagated trajectories are chosen by some kind of importance
sampling. Instead, we focus on the question how close a semiclassical approximation can
be to the exact quantum solution if we let all concerns about computational requirements
aside. To achieve the desired accuracy, two aspects are of prominent importance. First,
we cannot choose the trajectories that have to be propagated solely according to the
current wave function amplitude at the grid points. For the overall interference effects,
also trajectories starting at grid points with low amplitudes are of importance. Already
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discarding trajectories with initial weight |ψ(q0, t0)| < 10−6 influences the interference
pattern and leads to a noticeable deviation from the exact results in phase and also
magnitude. Second, the used time step has to fulfil the Courant criterion [144]. During
a single time step any trajectory has to stay within its initial grid cell to ensure the
validity of the local potential approximation. Fortunately, the maximum distance a
trajectory may cover in one time step can be calculated exactly to optimise the time
step. From (3.16) we read the displacement in one time step ∆t as ∆q = −s(∆t)2/(2m)+
p0∆t/m. Substituting the largest value for |p0| = π~/(∆q̌) and requiring |∆q| < ∆q̌/2,
the maximum time step is given by

∆tmax =
π~
|s|∆q̌

(√
1 +
|s|(∆q̌)3m

π2~2
− 1

)
. (3.55)

As for the reconstruction of the wave function contributions from the whole grid are
necessary, the grid points with the largest slope s will be most restrictive for the time
step. For V1(q) to V4(q) the used time steps are ∆t/ut = 5×10−3, 5×10−3, 5×10−4, 10−4

on grids with N = 1024, 1024, 512, 256 sites and grid spacing ∆q̌ = 0.125u`. Using those
parameters, the results reproduce within numerical accuracy the results from the full
quantum calculation, including the correct phase of the wave function.

Wigner-Moyal-approach The numerical demands of directly propagating the Wigner
function depend drastically on the order of the iteration series taken into account. For
W (1), the classical propagation and assembly of a large number of paths (Np ≈ 107) is
possible at very low computational costs. The continuity of the phase space trajectories
allows for once sampling the initial conditions and then following those paths up to
arbitrary times. In contrast, for higher order approximations a single initial sampling
is not sufficient anymore. Due to momentum jumps also regions far away from the
classical end points acquire a finite weight. Then, a resampling of the initial conditions
at each time grid point is necessary. Performing such a resampling also for W (1) slightly
influences the data shown in Fig. 3.7. While for short times the agreement is almost
perfect, with increasing time the sharp features present in the continuous results are
washed out by the resampling. Caused by the grid discretisation this effect systematically
decreases with the used number of grid points. The shape function used in the deposition
to the grid influences the necessary number of trajectories to achieve a desired accuracy.
Using the ‘cloud-in-cell’ (CIC) scheme [144], weight is attributed to the two nearest grid
points in each direction, constituting a reasonable compromise between deposition costs
and necessary broadening. For the first order results shown in Figs. 3.5 - 3.7 we used
Np = 107 initially sampled trajectories. Those are deposited by the CIC scheme onto a
400× 400 grid with ∆q̌ = 0.225u` and ∆p̌ = 0.045up.

For W (2), the computational requirements increase drastically. While the recipe how
to implement this order approximation is straight forward, improving the accuracy as
compared to the first order results is numerically challenging. Especially the stability of
the long time evolution depends drastically on several factors. First, in each time step
the MC sampling of the initial conditions depends on the previous result. Therefore, nu-
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merical and statistical fluctuations may amplify in runs with too poor statistics. As for
the considered one-dimensional systems a direct integration is feasible, we refrain from
the MC integration to circumvent possible convergence problems. Adapting Fig. 3.2 to
the full integration scheme, the considered initial phase space points (q0, p0) cover the
whole (q̌, p̌) grid. As long as t − t0 is not too large, the τ -integral can be evaluated
by the midpoint rule. In absence of momentum jumps the classical trajectory evolves
continuously in [t0, t]. As compared to the dependency on the magnitude of the momen-
tum jump occurring at τ the influence of the exact jumping time τ in [t0, t] is of minor
importance. Working on a fine s grid, at τ all those momentum jumps are performed for
which the final position (qτ , pτ ) does not exceed the simulation grid. From the updated
phase space point, the corresponding trajectories are then evolved up to time t, where
they are deposited onto the (q̌, p̌) grid by means of the CIC scheme. Second, for the
calculation of ω(s, qτ ) the derivative of the δ-distribution in (3.20) needs to be imple-
mented numerically. Approximating the δ-distribution by a Gaussian of width σδ, the
corresponding derivative reads

dδ

ds
= lim

σδ→0


− s√

2πσ3
δ

exp

(
− s2

2σ2
δ

)
 . (3.56)

Taking into account the finite resolution of the simulation grid, a finite value of σδ is
necessary despite the desired limit σδ → 0. In the calculation we use σδ = ∆p̌ and
choose the resolution of the momentum jump grid as ∆š = 0.1∆p̌ in order to resolve
the structure of dδ/ds in the s integration. A further reduction of σδ (and an according
refinement of the momentum jump grid) does not increase the quality of the results.
In addition, the maximum allowed time step has to be severely reduced to prevent
numerical instabilities due to the increased ω(s, qτ ) values in the vicinity of s = 0. For
the relevant range of s and qτ the function ω(s, qτ ) is shown in Fig. 3.8 for V1(q) to
V4(q). Using the same phase space grid as for the first order approximation, the time
step ∆t = t − t0 = 0.04ut fulfils the stability requirements for the chosen value of
σδ = ∆p̌.
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Tomographic approach The crucial point of the tomographic approach is a suitable
sampling of the potential landscape entering (3.29). A straight forward implementation
of (3.30) suggests the consideration of the whole coordinate axis for each time step and
each trajectory (X,µ, ν). Then depositing each varied Gaussian onto the coordinate
axis to obtain |ψ(q, t)|2, such an implementation would be closely related to the concept
of Sect. 3.1.2. The main difference between both methods is the more complicated
propagation of the individual trajectories in the tomographic approach. Using a local
harmonic instead of a linear expansion of the potential and including a diffusive term
allows this method to use a larger time step. But the computational overhead caused
by the complexity of the calculation of each time step clearly outweighs this profit.

Exploiting the major advantage of the tomogram – its positivity – calls for choosing
the used coordinates by a MC procedure instead. A direct sampling of the coordinates
according to the current probability density |ψ(q, t)|2, however, fails completely to repro-
duce the exact results. Instead of the splitting, only a diffusive broadening of the initial
wave packet is observed for V1(q). Apparently no trajectories overcome the barrier as in
(3.29) only the repulsive force from the potential but not the actual momentum distribu-
tion is taken into account. To include the interplay between potential and momentum,
for the data presented in Figs. 3.5 and 3.6 we evaluate the potential at the positions
of simultaneously propagated auxiliary trajectories. Starting from a phase space point
(q, p), sampled from the initial (quantum) state, they are classically propagated in time.
Note that the auxiliary trajectories determine the potential entering in (3.30), but the
evolved tomogram exerts no back action on them. Thus (X,µ, ν), and correspondingly
the centre of the varied Gaussian for the deposition of |ψ(q, t)|2, may significantly de-
viate from the auxiliary trajectory, especially if the potential is evaluated in a region
of negative curvature. The diverging signatures around t/ut = 5, 35 for V1(q) are due
to auxiliary trajectories with energies of almost exactly V0. Those stay in the negative
curvature region in the vicinity of the potential maximum for a long time. There the
evolution of (X,µ, ν) is governed by hyperbolic functions in (3.29).

Apart from this, the pronounced smoothing of the results in Fig. 3.5 is striking. The
broadening during the time evolution results from the dependency of the width of the
deposited Gaussians on (X,µ, ν), spoiling a good resolution. On the other hand, ap-
proximate results are accessible with much less (Np = 12000) trajectories than for the
other discussed semiclassical methods. Controlling the steadily increasing width of the
Gaussians requires some kind of restarting procedure in which the tomogram is resam-
pled by Gaussians of unit width after a certain time. Performing such a resampling at
each time grid point, we again approach the concept behind Sect. 3.1.2. Declining such
a restarting procedure in this work, the given results demonstrate the limitation of the
tomographic approach when sampling the auxiliary trajectories only once.

3.3 Conclusion

In this work, we have compared different semiclassical approaches to quantum mechanics
regarding their numerical implementation and efficiency. Focussing on the time evolution
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of a wave packet in one-dimensional quantum structures, we studied tunneling, inter-
ference and nonlinearity effects. Results were obtained for the probability density and
various expectation values and contrasted against the exact quantum mechanical solu-
tion, calculated by means of a Chebyshev expansion technique. The Chebyshev method
is fast, numerically stable and therefore perfectly suited to resolve the full dynamics of
a quantum system. Accessible system sizes are much larger than the ones that can be
reached by other direct solution schemes of the time-dependent Schrödinger equation
(e.g., using the Crank-Nicholson algorithm or full diagonalisation).

A brute force implementation of the Feynman path integral can be performed by
adapting a linearised semiclassical propagator method, where the inclusion of ‘all possible
paths’ is traced back to the set of possible initial conditions on a discrete coordinate and
momentum grid. Having in mind that within this approach the computation time scales
as N2Nt, where N (Nt) is the number of space (time) grid points, the applicability
to more complex systems is obviously limited. Instead, the implementation should be
considered as a ‘proof of principle’ that quantum effects are accounted for correctly if
one takes into account the complete superposition of the complex weighted trajectories
within a local linear approximation of the potential. Implementations going beyond this
linear potential approximation require a full inclusion of the monodromy matrix. If one,
along this line, correctly takes into account any phase jumps at the focal points, the
time step may be increased without loss of accuracy. On the other hand, the neglect
of some trajectories by the MC sampling procedure of the initial conditions leads to a
systematic loss of accuracy.

Adopting a probabilistic point of view, the Wigner representation of quantum me-
chanics offers an alternative approach to quantum dynamics. In the Wigner-Moyal
scheme the Wigner function is propagated in time according to an equation of motion,
being equivalent to the von Neumann equation. We transform this equation of motion
into an integral equation which can be solved in terms of an iteration series. Then, to
leading (first) order, classical trajectories are propagated in time. Thereby their initial
conditions are sampled from the initial Wigner function. Here, the low computational
costs outweigh the loss of some aspects of quantum dynamics. Trying to improve the
quality of the approximation by including the next (second) order term of the iteration
series, we are faced with a tremendous increase of computation time. This is due to the
necessity of considering a large number of trajectories, a high resolution of the phase
space grid and a correspondingly small time step, in order to avoid the amplification
of numerical fluctuations. Thus, in order to get the exact quantum mechanical results,
we need an even higher numerical effort than for the linearised semiclassical propagator
method. Contrasting the Wigner function results of both orders, the gain in accuracy
for the second order scheme is only moderate such that the additional computational
overhead seems not justified. Hence, the complexity of the implementation and the ill
posed numerics impede the application of the higher order Wigner-Moyal approach to
the description of more complex systems.

Finally, the tomographic representation of quantum mechanics aims at describing
quantum dynamics in terms of a positive semidefinite function. The quantum tomogram
can be interpreted as a set of Radon transformations of the Wigner function. Relating
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its time evolution to a diffusive Markov process, the dynamics of the system is governed
by a set of stochastic integral equations derived from the Kolmogorov equations for the
tomogram. In the calculation of the drift and diffusion coefficients for the stochastic dif-
ferential equations, we used the harmonic propagator deduced from a local, second order
approximation of the potential. The sampling of the potential landscape is the crucial
point of this method and strongly influences the quality of the data. Evaluating the
potential at the coordinates of classically evolving trajectories, we reproduce the quan-
tum results qualitatively but not quantitatively. As compared to the other considered
semiclassical approaches, the quality of the data is poor, especially for potentials with
distinct negative curvatures. We expect a noticeable improvement of the results only if
a more efficient sampling of the coordinates for the potential evaluation can be found.
With respect to the computational costs, the tomographic approach is slightly more ex-
pensive than the Wigner-Moyal approach in first order approximation but much faster
than the linearised semiclassical propagator method or the Wigner-Moyal approach in
second order.

To summarise, although the above analysed semiclassical methods in principle capture
all quantum effects, they largely differ in quality and required computational costs.
If one is interested in a method to include minor quantum corrections on top of a
classical description, the first order Wigner approach is best suited as it provides a
reasonable compromise between accuracy and computation efficiency. Of course, it is
possible to reproduce the complete quantum mechanical solution at the expense of a
dramatic increase of the computing resources. In this respect, the linearised semiclassical
propagator method is slightly more efficient than the second order Wigner approach.
While more quantum effects should be included in the tomographic than in in the first
order Wigner description, the expectation values obtained by the former approach are
not as good as expected. These aspects have to be kept in mind when applying the
above methods to the time evolution of more complex systems.
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4 Dynamics of complex classical many-body systems

Let us now turn to a system for which the quantum nature of its constituents is negligi-
ble and the physics is in essence determined by classical many-particle interactions. For
plasmas, the relative importance of quantum effects may vary drastically depending on
the considered parameter range. While for high densities and temperatures the quantum
nature of electrons and ions cannot be neglected, in the case of low-temperature plasma
physics often a classical description is fully satisfactory. Despite this simplification, de-
scribing a plasma theoretically is still a challenging task due to the macroscopic number
of involved electrons and ions. It is clear, that here only statistical methods apply. Intro-
ducing the phase space distribution function f(~q, ~p, t), where f(~q, ~p, t) d3q d3p describes
the number of particles inside the phase space volume d3q d3p around (~q, ~p ), the plasma
dynamics can be described by the Boltzmann equation,

∂f

∂t
+

~p

m
· ∇~qf + ~F · ∇~pf =

(
∂f

∂t

)

c

. (4.1)

Here, ~F is the classical Lorentz force acting on the charged constituents of the plasma and
the collision term on the right hand side accounts for instantaneous momentum changes.
These collision events occur on a much shorter time scale than the overall evolution of
f(~q, ~p, t). An efficient solution of the Boltzmann equation, e.g., by particle-in-cell (PIC)
methods, is one major challenge for a numerical description of plasma dynamics. For
this purpose, it is of crucial importance to build on reliable cross section data for the
different collisions and chemical reactions involved in (∂f/∂t)c.

As long as we consider a pure plasma far away from any bounding surfaces, such a
description is well settled. For actual discharge experiments, however, a confining vessel
is necessary. In the vicinity of the wall, the so called plasma sheath (see left panel of
Fig. 4.1) forms and the plasma properties differ markedly from their bulk values. As
the (lighter) electrons are much more mobile than the ions, the wall acquires a negative
potential with respect to the bulk plasma. Repulsion of electrons from the wall and
acceleration of ions towards it reduce the densities of both species in the sheath. The
excess positive space charge in the sheath shields the quasi-neutral bulk plasma from the
electric field caused by the potential drop between bulk plasma and wall. According to
the global discharge characteristics, the plasma potential Φp and floating potential Φfl

adjust such that electron and ion fluxes to the wall balance each other. Depending
on the ratios of inherent length scales of the plasma (Debye lengths, mean free paths)
the sheath can be collision-free or dominated by collisions, influencing fundamentally
its spatial structure and shielding properties. A collision-free sheath cannot shield the
whole electric field from the wall which therefore penetrates further into the plasma. The
quasi-neutral region, where a residual electric field is present, is called the presheath.
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Figure 4.1: Left panel: Variation of electron (ne) and ion (ni) densities from the bulk plasma
to the wall. In the presheath, both densities are reduced but still equal. By contrast, in the
sheath ne < ni and a positive space charge arises. The potential difference between plasma and
a grounded surface is the plasma potential Φp. Middle panel: Time averaged electron (〈ne〉)
and ion (〈ne〉) density. Time resolved variation of the electron density in the sheath of an rf-
discharge during a rf-period Trf. While the ion density is in essence constant, the electrons follow
the phase of the driving voltage. Right panel: Sheath voltage for powered (rf) and grounded
(gr) electrodes in an asymmetric rf-plasma. The larger surface of the grounded electrode leads
to a less pronounced oscillation of Φsh,gr.

The assumption of perfectly absorbing walls is, however, an approximation as upon
hitting the wall some electrons are reflected or may generate additional charge carriers by
secondary electron emission. In contemporary simulations this plasma wall interaction
is treated on different levels of complexity. Those range from a complete neglect over the
use of empirically determined pseudo-potentials to ab initio calculations for the sticking
rates and secondary electron emission coefficients.

In contrast to the stationary sheaths in dc-discharges, for rf-discharges the sheath
structure additionally varies on the time scale of the external driving frequency (middle
panel of Fig. 4.1). Commonly those discharges are asymmetric, i.e, the surfaces of the
powered and the grounded electrode (the whole vessel) differ. This causes an asymmetry
in the potentials of both electrodes with respect to the plasma potential and gives rise
to a negative self bias Φself of the powered electrode (right panel of Fig. 4.1)

The importance of plasma matter interaction is not limited to the wall, but also
plays a role at ’inner’ walls, for instance if microscopic (dust) particles are immersed
into the plasma. Such systems are commonly refered to as ’complex plasmas’. In a
plasma, dust particles acquire negative charges as the surrounding electrons are more
mobile than the ions. The particle charge becomes stationary when the particle potential
equals the floating potential, Φfl, reflecting the local equilibrium of electron and ion
fluxes [178, 179, 180]. More detailed investigations of the charging process can be found
in [181, 182, 183, 184]. Depending on the particle size, the accumulated charge may be
several thousand elementary charges.

In the vicinity of the particles individual sheaths will form, locally influencing the
plasma. As compared to the large surface of the wall, the perturbation of the plasma
caused by a single dust particle is negligible. This makes particles ideal candidates for
micro-probes [178, 185, 186, 187]. Monitoring their behaviour, we may deduce local
plasma properties, e.g., the electric field structure. Especially in the plasma sheath,

76



where other diagnostics fail, this method seems appealing [178, 186, 187].
For the reliable determination of the local field structure from the experimentally ob-

served particle motion, a calibration of the method is necessary. This can be achieved by
comparing the experimental findings with numerically simulated dust motion for given
plasma parameters. A computational implementation of the combined dust-plasma sys-
tem faces the challenge that the involved length and time scales cover several orders of
magnitude. On the one hand, resolving the fast plasma dynamics (ns) requires a very
short time step. On the other hand the particle motion takes place on a seconds time
scale and therefore an enormous number of time steps would be necessary in a straight
forward implementation. More efficiently we may exploit the large mass ratio of dust
particles and plasma constituents to describe their dynamics separately. The influence
of the other sub-system is treated as a fixed input parameter. Such a procedure is well
known from quantum mechanics, where the adiabatic (Born-Oppenheimer) approxima-
tion also separates the slow motion of the nuclei from the fast electron motion. For the
complex plasma system, the dust positions are considered as fixed input for the simula-
tion of the plasma. Then the obtained plasma characteristics (electron and ion density,
potential) enter the simulation of the dust particles in a time-averaged sense as a kind
of ‘effective potential’. Within this multi-scale approach, we use different techniques to
follow the dynamics of the two sub-systems. The plasma is described by PIC methods
while the dust dynamics is tracked by molecular dynamics (MD). A third time scale
(µs) is introduced by the adaption of the dust charge to the surrounding local plasma
conditions.

4.1 Dust particles as micro-probes for plasma sheaths

Detailed knowledge of the plasma properties in the sheath is of particular interest for
industrial plasma processing and thin film deposition technologies, e.g., in integrated
circuit fabrication [188, 189]. Due to the constantly decreasing feature sizes in modern
wafer production lines, the accuracy requirements for the involved etching processes
steadily grow. Controlling the ion flux, energy and impact angle onto the substrate is
a key feature to tailor the spatial anisotropy and substrate sensitivity of the etching
process [190]. At constant overall discharge conditions those characteristics of the ions
may be influenced by locally applying additional dc- or ac-bias to (parts of) the substrate.
Along this line, the goal of the PULVA-INP experiment (see Fig. 4.2) is to characterise
modifications of the plasma sheath in front of the grounded electrode by local bias
voltages.

4.1.1 Experimental setup

The PULVA-INP setup consists of an asymmetric, capacitively coupled rf-plasma in
argon, working at neutral gas pressures pg from 0.1 Pa to 100 Pa. The rf-power (Prf =
5−100 W ) is supplied by the upper, powered electrode at a frequency of νrf = 13.56 MHz
and amplitudes Φrf up to 1000 V. In dependence on the external parameters Prf and
pg, the obtained characteristics for the pristine plasma are electron densities ne = 109−
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Figure 4.2: Setup of the PULVA-INP device. The vessel dimensions are about 40 cm in diameter
and 50 cm in height. The distance between powered and adaptive electrode is 10 cm.
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Figure 4.3: Left panel: Powered (top) and adaptive (bottom) electrode of the PULVA-INP device
during operation of an argon plasma (violet colour). The windows in the reactor vessel can be
used to mount different diagnostics. Right panel: Detailed setup of the adaptive electrode (only
one quarter is shown). From the centre outwards: square pixels, fitting segments (green), ring
(light grey) and ground shield (dark grey). The spacings between all constituents are isolating.
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1011 cm−3, electron energies kBTe = 0.8− 2.8 eV and plasma potentials with respect to
the ground of Φp = 20 − 30 V [191]. The overall plasma characteristics are monitored
by Langmuir probe and plasma monitor measurements.

The key feature of the experimental setup is the lower, so called ‘adaptive’ electrode
(AE) [192, 193]. It consists of 101 square electrode segments (pixels) with a linear
extension of 6.6 mm each, separated by thin (0.4 mm) isolating gaps (see Fig. 4.3). In
addition, four larger segments fit the pixel geometry to the surrounding ring and ground
shield. All 105 electrode pixels can be biased individually or in groups by an external
dc-voltage of up to Φbias = ±100 V. Furthermore, ac-voltages of sinusoidal, squared
or triangular shape with frequencies up to 50 Hz and arbitrary relative phase can be
applied to each of them. For three segments an additional rf-power supply (13.56 MHz)
up to Padd = 4 W is possible. The selective application of dc- or ac-voltages to some
pixels allows for studying spatial and temporal changes of the plasma sheath. The small
extension of the pixels as compared to the remaining grounded electrode guarantees that
the applied bias only locally influences the plasma sheath but leaves the overall discharge
conditions unaltered.

In the literature several experiments which examine the dynamics and structure of the
sheath in front of powered electrodes have been reported [182, 187]. Despite its potential
larger relevance to technological applications, the sheath in front of grounded surfaces
is far less studied. A possible reason for this might be its smaller spatial extension
due to the weaker potential drop. Correspondingly, diagnostics in front of grounded
surfaces is even more difficult and most conventional techniques fail. In addition to
the lack of spatial resolution, the presence of a Langmuir probe perturbs the sheath
non negligibly and is therefore not suited. Direct optical measurements suffer from
gathering information along the whole light path. Therefore, their results also contain
characteristics of the bulk plasma. The need of a non-invasive diagnostics with high
spatial and temporal resolution promotes the concept of micro-particles as probes. Here,
we use spherical melamine-formaldehyde (MF) particles with diameters d = 0.5−10 µm.
Immersed into the plasma, they acquire a negative charge and move according to the
total force acting on them. For detection, they are illuminated by a laser fan (532 nm)
and their positions are recorded by a fast CCD camera (up to 20 frames per second).
Exploiting the knowledge about dust particles in a plasma [181, 194], their behaviour
allows for conclusions about the sheath structure and the influence of additional bias
voltages upon it.

4.1.2 Structure formation above the adaptive electrode [192]

It is well known that charged (dust) particles in a plasma can form Coulomb balls [181,
195, 196], i.e., arrange in well defined geometric patterns. Examining those geometric
structures allows to investigate the particle charges, the importance of shielding effects
of the surrounding plasma and the confining potential structure. Along this line we
get a first hint on the sheath structure above the adaptive electrode by investigating
the equilibrium positions of a cloud of dust particles. The focus of this experiment is
the lateral potential structure in the plasma sheath, especially at the interface between
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Figure 4.4: Left panel: Particle pattern above the AE. The confinement of the particles (d =
9.6 µm) is achieved by different pixel-biasing. Right panel: MD-Simulation results for the same
system using 3000 particles.

differently biased pixels.

Results in the literature concerning the electric field in the plasma sheath indicate
a basically linear decrease with distance from the wall towards the bulk plasma. Ir-
respective of the importance of collisions of the sheath and the background gas, this
approximation deviates throughout the sheath only about one percent from the result
of full numerical simulations [182]. As the plasma potential is positive with respect to
grounded surfaces the electric field is directed towards the wall. Applying a local bias to
some pixels of the AE influences the potential structure in the sheath and thus locally
changes direction and magnitude of the electric field. In this way we can tailor confine-
ment potentials for particles which are levitating above the AE (left panel of Fig. 4.4).
The particles will adjust their position such that gravitation and electrostatic force in
vertical direction balance each other, defining an equilibrium position. The equilibrium
position will depend both on the actual particle charge and the applied bias potential
on the corresponding AE pixel. Differently biased pixels induce additional horizontal
forces above them which are strongest at their interface. A cloud of probe particles
arranges such that it minimises the total potential energy and allows therefore to map
the spatial variations of the potential in the sheath. The shape of this equipotential
surface is influenced by several factors. Despite step-like potential differences between
adjacent pixels, the potential above the AE will be smooth due to the mediating effect
of the plasma. Depending on the plasma parameters, this smoothing effect will be more
or less pronounced, alike the shielding of the particle charge.

Reproducing the experimental findings in a numerical simulation depends strongly on
a successful inclusion of those aspects into the model. In a lowest order approximation,
we may neglect the influence of the dust particles on the surrounding plasma completely
and treat them as probes which move in a fixed external potential. Since their charge
is shielded on the scale of a few (one or two) Debye lengths, for larger distances this
approximation is reasonable. In our numerical simulation we statically account for the
shielding of the particle charge by substituting the pure Coulomb interaction between
different dust particles by a potential of Yukawa-type [197]. For the potential transition
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above different pixels, we assume a tanh-like shape whose slope depends on the plasma
parameters. In vertical direction, the particle motion is not restricted to the equilibrium
plane, but confined by a harmonic potential around it. Based on these physical assump-
tions, the numerical simulation of the particle cloud is quite straightforward. Using MD
techniques, we solve the classical equations of motion for N particles,

mk~̈rk = ~Fk , k = 1, . . . , N . (4.2)

Here mk denotes the mass of particle k, ~rk its position and ~Fk is the total force acting
on it, consisting of three contributions,

~Fk = mk~g + qk ~E
p
k +

∑

j 6=k

qkqj
|~rkj|3

e−κ|~rkj |~rkj . (4.3)

In the first term ~g denotes the acceleration of gravity. The second term is the electric
force due to the electric field of the plasma ~Ep and qk is the dust charge. The Yukawa
interaction between the particles in the third term is characterised by the shielding
constant κ and the relative position of the particles, ~rkj = ~rk − ~rj. For κ = 0, this term
is just the (unscreened) Coulomb force between the charged dust grains. Starting from a
random set of initial conditions, we calculate the trajectory of each particle. If we include
an additional friction term and dissipate thus kinetic energy, the particles will relax into
a configuration which minimises the total energy. It is clear, that the obtained energy
is not a true global minimum. For such a minimisation process a more sophisticated
energy reduction is required as, e.g., a simulated annealing process in MC simulations.
The configurations into which the system relaxes for different initial conditions are local
minima providing the desired information about the equipotential surfaces.

The occurrence of a friction term can also be motivated from a physical point of view.
Moving through the background plasma, the particles collide stochastically with ions and
neutral atoms, loosing constantly momentum and energy. Thus, such a term accounts
for ion and neutral drag on the dust grains.

In the right panel of Fig. 4.4 we show the outcome of a typical MD simulation of the
experimental setup in the left panel. Despite the simplicity of the above assumptions on
shielding and smoothing of the potential differences due to the plasma, the accordance
between simulation and experiment is remarkably good. Critically contrasting the two
results, we remark differences in the corners of the structure. Here, the assumption
of a mere superposition of horizontal tanh-profiles for the potential seems to be too
simplistic. To clarify this issue, in Sect. 4.2.2 the full spatial potential structure of
the sheath above the AE will be calculated using a three-dimensional PIC simulation.
Furthermore, using the same shielding constant κ and charge q for all particles only
represents an approximation as they will depend on the local plasma properties, i.e.,
electron and ion densities. So, the shielding will be less efficient for particles in the bulk
of the dust structure than for those at the edges. This gives a hint why the experimentally
observed edges are more pointed than the simulated ones.
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4.1.3 Determination of particle charges using resonance
measurements [198]

For a more detailed examination of the electric field structure above the AE we need to
know the charge of the probe particles. In the literature several methods for determining
the particle charge can be found [179, 199, 200]. One of the most common methods is
to excite oscillations of trapped probe particles around their equilibrium positions by
applying an external low-frequency voltage [178, 179, 201].

In the experimental setup, a single MF-particle is confined above the centre pixel of
the AE and its equilibrium position z0 is measured. Applying an additional sinusoidal
voltage to the centre pixel causes the particle to oscillate around z0. Recording the
oscillation amplitudes for different driving frequencies allows for a determination of its
resonance frequency ω0. In Fig. 4.5 we present results on equilibrium position and
resonance frequency for various neutral gas pressures pg. Using particles of different
sizes, their corresponding equilibrium positions cover a wide range of the sheath and
allow for a thorough characterisation of the electric field in the sheath and the particle
charge.

To this end, we neglect both drag forces and phoresis effects and describe the system as
a driven harmonic oscillator [179]. The equilibrium position of the (negatively) charged
dust particle (charge q(z) = −Z(z)e0) is determined by −q(z) ~E(z) = m~g, where the
number Z(z) of elementary charges e0 on the particle will depend on its vertical position
z, andm is the mass of the particle. Neglecting any lateral forces, ~E(z) = E(z)~ez and ~g =
−g~ez we obtain −e0Z(z)E(z) = mg. Applying a low-frequency voltage, the oscillations
of the particle will be harmonic and the particle charge approximately constant, provided
the amplitudes are not too large. Then, the resonance frequency of the particle at
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Figure 4.5: Left panel: Experimental data for probe particles in the sheath in front of the
AE: Relation between resonance frequency ω0 and equilibrium position z0 for different particle
diameters d and neutral gas pressures pg . Right panel: Calculated electric field E as a function
of distance z from the AE for different neutral gas pressures pg. The symbols correspond to the
particle positions used in the calculation of E(z) Inset: Dust charge q as a function of diameter
for pg = 5 Pa. These results are deduced from the data in the left panel.
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position z0 is given by

ω2
0(z0) = Z(z0)

e0

m

dE(z)

dz

∣∣∣
z0

= − g

E(z0)

dE(z)

dz

∣∣∣
z0
, (4.4)

where we used the equilibrium condition to eliminate m in the second expression. This
differential equation for the electric field can be solved by separation. Formal integration
yields

E(z) = E(0) exp


−1

g

z∫

0

ω2
0(ζ) dζ


 . (4.5)

Equating the (negative) integral over the electric field across the sheath with the sheath
voltage fixes the value of E(0) at the surface of the AE.

For a further evaluation we need to know the relation between resonance frequency
and equilibrium position ω0(z) throughout the whole sheath. Experimental data (left
panel of Fig. 4.5) suggests a linear behaviour over a wide range of the sheath for low
and moderate pressures (pg ≤ 7.5 Pa). For pg = 10 Pa, the available data and the
assumption of a linear relation between ω0 and z agree only poorly. Using a linear
ansatz, ω0 = a0 + a1z, in (4.5), we obtain the electric field

E(z) = E(0) exp

(
−a

2
1

3g
z3 − a0a1

g
z2 − a2

0

g
z

)
(4.6)

in the sheath in front of the AE. The results for different pressures are shown in the
right panel of Fig. 4.5. From the electric field we can directly obtain the particle charge
at its equilibrium position (inset in right panel of Fig. 4.5).

4.1.4 Particle dynamics upon bias switching

Up to now, we considered particles in their equilibrium position that are only slightly
perturbed by the additional ac-driving, justifying the neglect of charge variations. For
the applied driving frequencies and amplitudes in Sect. 4.1.3 the modulations of the
electric field always exert a restoring force on the dust towards its initial equilibrium
position. In contrast, upon a drastic change of the bias voltage, we may no longer neglect
the adaption of the particle charge to the new local environment. In combination, the
altered electric field and particle charge may completely distort the force balance and the
particle can be kicked away. In a series of bias switching experiments we investigate the
behaviour of a particle after such an abrupt change of the plasma conditions in detail.

We start with a single MF particle of d = 9.6 µm which is trapped above the centre
pixel of the AE. From the centre outward the confining potential is 0 V (light blue),
−5 V (violet), −50 V (dark blue), 0 V (rest), where the pixel colours refer to the right
panel of Fig. 4.3. For the experimental conditions Prf = 10 W, pg = 5 Pa, the sheath
width above the centre pixel is about 3 mm and the equilibrium position of the particle
is z0 = 1.8 mm. Under these circumstances, switching off the plasma completely has
a dramatic effect on the force balance for the particle. In the temporal afterglow of
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Figure 4.6: Left panel: Experimental trajectory (squares) of a dust particle, which is initially
confined above the AE, after switching off the plasma. The solid (dashed) lines show the theo-
retical prediction including (without) friction forces due to the neutral drag (4.8). Right panel:
Experimental trajectories (symbols) of a dust particle after application of a large negative dc-bias
voltage at the centre pixel. As compared to the free fall (long dashed line) the dust is additionally
accelerated towards the AE. A theoretical dust trajectory for which also the ion-drag force is
taken into account is given by the dashed-dotted line for Φbias = −30 V. Including also the effect
of positive dust recharging, the trajectories (solid lines) reasonably fit the experimental data.

the plasma, gravity can no longer be compensated by the electric force and the particle
drops onto the AE. As the decay of the residual electric field is much faster (µs) than the
particle dynamics (ms), the dust charge or its variation are irrelevant. Along with the
electric field also the directed ion current towards the wall vanishes and the ion drag can
be neglected. Besides gravity, ~Fg = −mg~ez, the only remaining force is the neutral drag

force ~Fn = −β~̇z = −βż~ez which decelerates the free fall of the dust grain. The damping
constant β reflects the local density of the background gas. The particle dynamics is
determined by the equation of motion m~̈z = ~Fg + ~Fn, i.e.,

z̈ +
β

m
ż + g = 0 . (4.7)

The solution of this equation, subject to the initial conditions ż(t = 0) = 0 and z(t =
0) = z0 is given by

z(τ) = z0 +
m2g

β2

(
1− e−τ − τ

)
, (4.8)

where we introduced the normalised time τ = βt/m. From the experimental data
(squares) in the left panel of Fig. 4.6 we can estimate β ≈ 2×10−11kg/s (solid line). For
comparison, the dashed line shows a particle trajectory in absence of any friction force
(free fall, β = 0).

Charge variations will only influence the particle dynamics if after the switching event
an electric field is still present. In combination with assumptions on the altered electrical
field structure, the force balance then allows to draw conclusions about the particle
charge. Starting from the same initial conditions as in the previous experiment, abruptly
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changing the bias voltage Φbias of the centre pixel drives the particle out of equilibrium.
For negative Φbias we may distinguish two cases: Up to some critical value of the bias
potential the particle is pushed away from the electrode. After some oscillations it relaxes
into another equilibrium position. Above a critical Φbias (about −30 V), the behaviour
changes fundamentally. In this case, the particle falls downwards and hits the AE (filled
symbols in the right panel of Fig. 4.6).

To explain these different behaviours, consider the following: At the initial position,
z0, two equilibrium conditions hold for the particle. On the one hand, gravitation is
balanced by the electrical force (dynamic equilibrium). As the electrical force depends
on the actual particle charge, this implies on the other hand, that the particle charge is
in an equilibrium with the surrounding electrons and ions (charge equilibrium). A more
negative bias voltage broadens the plasma sheath within a few rf-cycles, reducing both
the average electron and ion density at z0. This reduction is much more pronounced for
the electrons than for the ions. By construction, the biasing of the AE should only have
a negligible effect on the bulk plasma and leave the plasma potential unaltered. In the
sheath, the electric field is enhanced due to the increased potential difference which sur-
passes the effect of the sheath broadening. Sustaining the dynamic equilibrium condition
at z0 despite the increased electric field strength requires a particular (reduced) parti-
cle charge. For charges larger than this value, the particle will be accelerated towards
the bulk plasma, in the opposite case towards the AE. Whether the acquired particle
charge is larger or smaller than the required value depends on the altered environment
conditions, i.e., electron and ion densities. The new charge equilibrium will adjust on a
much shorter time scale than the heavy dust particle may react on the initial excess of
upward electric force. For large enough Φbias the reduction of local electron density is
such pronounced that the resulting particle charge is well below the necessary value for
a compensation of gravitation. Therefore, the particle drops onto the AE.

The experimental data (symbols in the right panel of Fig. 4.6) show even an additional
acceleration towards the AE, as compared to the free fall of an uncharged particle (long
dashed line). A first candidate for an explanation would be the electric force, provided
we allow the particle to acquire a positive charge. Positive particle charges in the tem-
poral afterglow of a plasma discharge have been reported in the literature [202, 203],
even though for much smaller particles. Commonly, dust particles in a plasma attain a
negative charge [178, 181]. Charging models in the literature are based on the assump-
tion that the particle is surrounded by both electrons and ions, which is surely valid for
the bulk plasma. Then the higher mobility of the electrons causes the negative charging.
Considering the plasma sheath, the average electron density is reduced as compared to
the ion density. For most of the time, the electrons are confined to the bulk plasma
by the plasma potential and penetrate into the sheath only during a short fraction of
the rf-period. Applying a negative bias to an AE pixel will locally further deprive the
sheath of electrons without changing the global discharge characteristics (Φp, Te, Ti).
Only electrons in the high energy tail of the electron energy distribution function may
enter the locally enlarged sheath, the others will be diverted by the additional potential
well. Then, a dust particle is almost exclusively surrounded by ions, collisions will reduce
its negative charge and eventually also a positive recharging of the dust is possible.
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Estimating the necessary charge to fit the experimental data in the right panel of
Fig. 4.6, it is obvious that the electric force cannot be the only acting force. Or else,
unrealistic large positive dust charges, i.e., q > 104e0, would be necessary already at z0.
This seems unplausible as within each rf-period still enough electrons reach z0 despite
the sheath broadening and increased potential difference. Due to the higher electron
mobility, those are sufficient to retain a negative particle charge, though reduced as
compared to the initial value.

The necessary additional acceleration may be explained partly by the (up to now
neglected) ion-drag force [204, 205, 206]

Fi = miniviv̄i(πb
2
c + πb2o ln Λ) . (4.9)

Here mi, ni, vi are the ion mass, density and drift velocity. Accounting for the thermal
motion of the ions, we define the averaged velocity v̄2

i = v2
i + (8kBTi/(πmi))

2, where kB
is the Boltzmann constant and Ti the ion temperature. In (4.9), the two contributions
to the ion drag force correspond to momentum transfer due to collection of ions and
Coulomb collisions. The associated cross sections are given by [190]

bc =
d

2

√
1− 2e0Φd

miv̄2
i

and bo =
e0q

2πε0miv̄2
i

, (4.10)

where Φd is the potential of the dust particle, and ε0 the permittivity of vacuum. The di-
vergence of the Coulomb scattering cross section is circumvented by using a suitable cut-
off beyond which passing ions are neglected [190, 204, 206, 207, 208]. The shielding effect
of the plasma suggests [206] to use the electron Debye length λD = [(ε0kBTe)/(nee

2
0)]1/2

as cutoff, leading to the approximate Coulomb logarithm ln Λ ≈ ln(2λD/d). Treating the
dust particle as a spherical capacitor, its potential and charge are related by Φd = q/C
with C = 2πε0d (1 + d/(2λD)).

Evaluating (4.9) requires assumptions on the ion density and drift velocity in the
sheath. The large dc-bias applied to the AE pixel will locally dominate the characteristics
of the sheath and mask there the rf-character of the global discharge. Neglecting ion-ion
collisions in the sheath, and taking into account that due to the additional bias the sheath
potential is much larger than the electron temperature, the Child law applies [190]. With
ni ∼ [(zs − z)/zs]

−2/3 and vi ∼ [(zs − z)/zs]
2/3, where zs is the sheath thickness, we can

calculate the ion drag force as a function of position z and dust charge q(z).

However, accounting for the influence of gravitation and ion drag (dashed-dotted line
in the right panel of Fig. 4.6) is not sufficient to explain the observed experimental
data. Even if we increase the local ion density in the sheath because of the increased
ion flux towards the negatively biased pixel, the dust falls too slowly. Solely permitting
a positive recharging of the particle closer to the AE improves the agreement with the
experimental data significantly (solid lines).
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4.2 Complementary calculation of the sheath structure

The general sheath structure of a capacitively coupled rf-plasma is well studied experi-
mentally and theoretically [190]. Neglecting any lateral anisotropies, most numerical in-
vestigations in the literature focus on one-dimensional systems. A suitable concatenation
of such one-dimensional solutions in the previous section produced rather satisfactory
results despite the complex geometry of the AE. For a critical examination of the true
three-dimensional sheath structure and a validation of the assumptions made, a higher
dimensional model is necessary. To this end, in this section we present a PIC code in
which the dimensionality of the discharge and the geometric structure of the individual
AE pixels is fully taken into account.

4.2.1 Characteristics of the PIC code

The use of PIC methods for the simulation of plasmas is well established and many
excellent reviews in the literature cover different aspects of this topic [144, 209, 210, 211,
212]. A thorough introduction into this field is beyond the scope of this work and only
the very basics shall be given. In addition, we will mention some particular aspects of
the present code. The general idea of any PIC code is explained in Fig. 4.7.

The particles which are propagated in the PIC code do not correspond to actual
electrons and ions, but simultaneously represent a large number of them. Possessing
both the accumulated mass and charge of their constituents, those ‘super-particles’ obey
the same equations of motion as individual electrons or ions. This concept is the key
to simulate a macroscopic number of particles in a reasonable time. The ratio of actual
electrons (ions) to the used number of super-particles is determined by the requirement
of an acceptable statistics. So, especially in presence of large density fluctuations (as in
the sheath) the average number of super-particles per grid cell should not be less than
about a hundred.

Using a correspondly larger grid spacing ∆x is, however, not an option as physical
and numerical aspects limit its maximum value. On the one hand, the grid has to be
fine enough to resolve the interesting physical features, e.g., the spatial structure of the
sheath, with sufficient accuracy. On the other hand, the stability of the field solver
requires a grid resolution finer than the electron Debye length, i.e., ∆x < λD.

As for the space grid, similar restrictions also hold for the time axis. Empirical results
on the stability of the leapfrog particle push [209] suggest the time step ∆t < 0.2/ωp.
Electron plasma frequency ωp and Debye length are related by the thermal electron
velocity vt = (kBTe/me)

1/2 as ωp = vt/λD. For force modulations on scales comparable
to the grid spacing, instabilities arise if particles move further than ∆x within one time
step. The resulting requirement ∆t < ∆x/vmax is very limiting if the whole high-energy
tail of the Maxwell distribution is taken into account. Accepting a potential violation of
this criterion for exponentially few particles, in practice vmax = 3vt is sufficient.

In the considered low-temperature plasmas, the applied driving voltages initiate only
weak currents in the plasma. Neglecting the magnetic fields which arise due to their
presence, the absence of any external magnetic field allows for an electrostatic descrip-

87



move particles

calculate fields

external circuitsgather charge

do collisions

startup

Figure 4.7: General scheme of a PIC code. The particle positions are continuous variables while
densities, electric potential and field are calculated and stored on a grid only. For the startup, a
random initial configuration of particles is generated. From this configuration, the charge density
on the grid is calculated which enters the calculation of the external circuit parameters like the
potential on the different electrodes (pixels). Using the charge on the grid and the electrode
potentials, the electric field can be calculated. Interpolating the field at the particle positions
each of them is propagated one time step according to the resulting force. In each time step a MC
routine accounts for collisions, accounting for instantaneous changes of the particle momenta and
the creation of new particles. From the updated positions of the moved and the created particles,
we assign the charge densities to the grid and the whole procedure is repeated for the next time
step.

tion of the plasma. Instead of the full set of Maxwell equations, it is sufficient to solve
the Poisson equation for the electrostatic potential. Profiting from the superposition
principle, we first solve the Laplace equation for each electrode (pixel) on unity poten-
tial in absence of any charges. The Poisson equation for the plasma is solved in each
time step for zero boundary conditions. Finally, we add those potentials after scaling the
individual solutions of the Laplace equation by the potentials currently applying on the
corresponding pixels [213, 214]. The required potentials are calculated from the dynam-
ical charge balance at each electrode. During each time step a number of electrons and
ions hits the electrodes, modifying the present surface charge. This charge variation and
the current external circuit characteristics (supplied voltage by the source and charge on
the capacitor) determine the actual potential at the electrodes [214, 215]. The individual
treatment of each AE pixel and the time resolved tracking of the external circuit puts
us into the position to investigate not only dc-bias but also to study the effect of ac-bias
or rf-voltages on the sheath.
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For one-dimensional geometries the time spent in the field solver is negligible as com-
pared to the particle push and especially the collision routines. In contrast, an effective
Poisson solver is mandatory for the considered two- and three-dimensional cases. . Fo-
cussing on local modifications of the plasma sheath by bias voltages on the AE, we restrict
our simulation volume to a rectangular region in the centre of the discharge vessel. The
large number of used grid points spoils the direct solution of the Poisson equation by an
initial matrix inversion of the coefficient matrix (dimension ≈ 105) and subsequent mul-
tiplications of this matrix with the charge density. Instead, we use Fourier accelerated
cyclic reduction [216] as implemented, e.g., in FISHPACK [217], which is among the
most powerful methods to solve the Poisson equation on large rectangular grids. At the
centre of the discharge, perpendicular to the AE, we use reflecting boundary conditions
to reduce the number of grid points by symmetry arguments. If the outer boundaries are
far away from the region of interest, i.e., the biased pixel of the AE, their direct influence
on the local characteristics of the sheath is negligible. Hence, we are free in our choice
and take zero Dirichlet boundary conditions. It is clear that the long term behaviour of
the discharge will surely depend on the outer boundary conditions, as well as on details
of the volume excitation and extension of the simulation volume. However, for given
global initial conditions (electron and ion temperatures and densities) the formation of
the sheath is a much faster process than the equilibration of the whole discharge. After a
few (5-20) rf-periods, the sheath structure is established and this quasi-stationary state
varies only slightly with time.

Depending on the neutral gas pressure, the inclusion of collisions in the simulation is
crucial. In the considered pressure range pg = 1 − 10 Pa the character of the plasma
sheath changes from collision-free to collisional. Experimental results for the energy
distribution of ions which hit the AE [191, 218] indicate a collision-free plasma sheath
for pg = 1 Pa. At pg = 10 Pa collisions dominate the sheath and cannot be neglected
in the simulation anymore. We treat collisions of the charged species with the neutral
background gas on the basis of the null collision method [219, 220]. Hereby, the fact
that only a small fraction of particles will collide within a time step is exploited to
restrict the potential candidates for a collision. As compared to direct MC techniques,
in which collisions of all particles are sampled according to their individual collision
probability, the null collision method significantly speeds up the calculation. In our
case, included reactions are elastic scattering of electrons and ions with the background
gas (e−/Ar+ + Ar → e−/Ar+ + Ar), excitation (e− + Ar → e− + Ar?) and ionisation
(e− + Ar → 2e− + Ar+) of neutral atoms by electron collisions as well as ion-neutral
charge exchange collisions (Ar+ + Ar → Ar + Ar+). Since we do not follow the meta-
stable species (Ar?) kinetically in the code, the influence of Penning ionisation [221, 222]
(Ar?+Ar→ Ar+Ar++e−) is neglected. Furthermore, Coulomb collisions of the charged
species are not included in the present code. This neglect may be justified by the low
degree of ionisation (ne/ng ∼ 10−5) for the considered experimental conditions.
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4.2.2 Lateral sheath structure

Numerically describing the plasma by PIC methods resolves the complete dynamics of
the system, including the time variation of the sheath within on rf-period. The micro-
particles cannot follow these fast variations due to their large mass and will therefore
diagnose only time averaged quantities. In Fig. 4.8 the potential as well as electron
and ion densities – averaged over one rf-period – are shown for the sheath in front of
the AE. This configuration shows two different perturbations of the plasma sheath. At
the interface of the two outermost pixels, the sheath varies from the unperturbed case
in front of a grounded pixel to a broadened sheath due to an additional negative dc-
bias. The resulting potential profile constitutes the confinement for the particles in the
experiments in Sect. 4.1.2. The numerical results for the sheath structure in absence
of any dust particles validate the assumption of smoothed potential transition and the
assumed tanh-approximation seems appropriate.

Furthermore, we investigate the influence of an additional rf-biasing of the centre pixel
on the sheath characteristics. Upon the extra rf-power deposition, experimental results
show a pronounced local enhancement of the light emission on top of this pixel, having
the shape of a bubble (see Fig. 4.9). Signatures of this feature can be distinguished in
the simulation results for the potential but more pronounced in the electron and ion
densities. The increased electron and ion fluxes towards the centre pixel during each
rf-period result in increased densities in the sheath. The effect of additional attraction
also acts onto the bulk plasma, accumulating electrons and ions in front of the sheath.
The combination of increased densities and higher potential differences in this region
favour an increased excitation rate of ions upon collisions. Relaxing into the ground
state, the ions emit their excitation energy in form of light and thus cause the glowing
bubble.

To get further insight into the spatial structure of the sheath, especially above the
corners of differently biased AE pixels, we show the results of a three-dimensional version
of our PIC code in Fig. 4.10. While the potential structure for z/zs = 0.32, 0.63 sharply
follows the corners of the individual pixels, at z/zs = 0.47 the transition is more smeared
out. Whether the particle pattern in Fig. 4.4 fills the corners of the structure or not
depends therefore markedly on the vertical position of the particles. Again, the acquired
particle charge is of importance as it determines the height where the electric force
balances gravity.

4.2.3 Vertical sheath structure

Using the PIC method to calculate the electric field in the sheath we may critically
examine the results for the electric field as calculated from the resonance measurements
in Sect. 4.1.3. Comparing the PIC results in the left panel of Fig. 4.11 to the deduced
electric fields in the right panel of Fig. 4.5, three points should be stressed. First, the
PIC results show a pronounced dependency on the neutral gas pressure, while the results
in Fig. 4.5 are only marginally influenced by pg. Second, for pg = 1 Pa, both methods
agree on the sheath thickness while for pg = 10 Pa the PIC result is markedly smaller
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Figure 4.8: Lateral structure of the plasma sheath in front of grounded, dc-biased and rf-driven
pixels of the AE. We show results for the time averaged potential (top) as well as for the time
averaged electron (middle) and ion density (bottom). Results are based on a two-dimensional PIC
simulation for the experimentally measured characteristics of the global discharge: pg = 10 Pa,
ne = 5.7 × 10−9 cm−3, kBTe = 1.1 eV. The applied bias voltages are Φdc

bias = −50 V and
Φrf

bias = ±50 V at a frequency of νrf = 13.56 MHz. Time averaging is performed over one
rf-period after an equilibration phase of 60 rf-periods.

Figure 4.9: Enhanced light emission in front of a rf-driven AE pixel. The additional power
deposited into the plasma by the rf-pixel is P rf

bias = 2.5 W at a neutral gas pressure of pg = 7.5 Pa.
The dc-biasing of the pixels is +17 W (centre pixel), −15 W (surrounding eight pixel) and −50 W
(rest of the AE). The lower part of the bright light is a reflection of the bubble on the surface of
the AE.
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than its counterpart. To rule out one of them, an experimental determination of the true
sheath thickness is necessary. Having no means for a direct measurement, estimates can
be based on the variation of the plasma emission with distance from the AE or on the
equilibrium position of the lightest available particles. Both of them are delicate and
the obtained sheath thickness of slightly below 3 mm should be taken with care. Third,
the assumed linear relation between resonance frequency and equilibrium position (left
panel of Fig. 4.5) only agrees poorly for p = 10 Pa. The rather far-off data point for the
d = 1 µm particle may eventually explain the large discrepancy between both results.

Taking the electric fields in the left panel of Fig. 4.11 as fixed input, the resonance fre-
quency and equilibrium position of a particle may be calculated. The obtained relation
between ω0 and z0 is given in the right panel of Fig. 4.11 which shows a clearly non-linear
relation for the given electric field. For pg = 1 Pa, the theoretical prediction are too low
by a factor of about two as compared to the experimentally measured resonance frequen-
cies. The agreement for pg = 10 Pa is better. The experimental data for d = 5 µm and
10 µm agree within error bounds with the numerical prediction, only the 1 µm particle
is missed completely. Possible explanations for this noticeable disagreement are on the
one hand the different approximations made in Sect. 4.1.3. Experimentally determining
the resonance frequency requires finite amplitudes. During the oscillations the particles
exceed the range of validity of the local harmonic approximation. Furthermore, the
particle charge will continuously vary during the oscillation period, because the time
scale for the particle charging (µs) is much shorter than for the particle dynamics [223].
This adiabatic adjustment of the particle charge to the current local environment is
not contained in the simple harmonic oscillator model. On the other hand, the PIC
results contain inaccuracies due to the neglect of charged species collisions. Resulting
in a reduced population of the high-energy tail of the energy distribution functions, the
obtained electron and ion temperatures will be systematically underestimated. Including
such collisions and quantifying this effect will be a first step towards a more accurate
description in future works.

To confirm the assumptions about changes in the plasma sheath upon bias switching in
Sect. 4.1.4, we compare the plasma characteristics in front of a biased and unbiased AE
pixel in Fig. 4.12. The most obvious change in the density profiles and electric fields is
the increased sheath thickness in presence of the additional bias. While for both species
the extension of the bulk region is reduced in a similar manner, the internal structure of
the sheath changes. So the bias voltage influences the electron density profile much more
than the ion density. Due to the extended sheath width the ion profile becomes shallower,
whereas the ion density at the AE remains in essence unchanged. In contrast, almost
the whole sheath is now locally deprived of electrons, except for a narrow transition
region near the bulk plasma. The resulting charge carrier excess causes the pronounced
enhancement of the electric field as shown in the right panel of Fig. 4.12. Overall, these
numerical results on the influence of additional biasing on the plasma sheath support
the explanations of the falling behaviour of the particles in Sect. 4.1.4. The increased
electric field enhances the ion drag throughout the whole enlarged sheath. Furthermore,
the presumed positive recharging of the particle, may be explained by the complete
absence of electrons closer to the electrode.
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4.3 Summary and outlook

In this chapter we investigated the aptitude of micro-particles as electrostatic probes
for the characterisation of the plasma sheath in front of grounded or biased surfaces.
The experimental setup of PULVA-INP allows for dedicated, local modifications of the
sheath in front of the adaptive electrode and can be used to study the influence of dc-
and ac-bias as well as of an additional local rf-power supply. Examining the structure of
a particle cloud, the sheath structure at the interface between differently biased pixels
can be mapped and gives information about the importance of shielding effects in the
plasma. Resonance frequency measurements upon applied ac-bias allow for the determi-
nation of the electric field structure in the sheath and the dust charge. The reaction of a
test particle to abrupt changes of the applied bias reveals informations about the charge
balance in the sheath as well as on ion and neutral drag forces. Results of complementary
PIC simulations confirm in essence the experimentally observed spatial modulations of
the plasma sheath. Only for the vertical electric field structure discrepancies arise for
high pressures. Possible explanations include inaccuracies of the data points, the too
simplistic harmonic approximation of the particle oscillations together with the assump-
tion of a constant particle charge, or the neglect of charged species collisions in the PIC
simulation. Extending the present PIC code to include those kinds of collisions will be
a topic for further activity.

Up to now, the dust charges which enter the MD simulation are based empirically
on the local electron and ion densities. An incorporation of dust charging into the
PIC code by combined particle-particle/particle-mesh (P3M) methods [144, 223] gives
way to an independent calculation. This may be of special importance to describe the
interesting behaviour of test particles in the vicinity of the light bubble in Fig. 4.9. Using
a dc-confinement around the centre pixel, we may trap a cloud of dust particles. Then,
applying a rf-voltage to the centre pixel the particles are first attracted towards the AE
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and gather in the forming light bubble. Upon further increasing the amplitude of the
rf-voltage, they are expelled from the bubble and gather on its outside, held back by the
external dc-confinement. The reversibility of this process can be observed by decreasing
the voltage again, which causes an inverse movement of the particles. For a numerical
description of this effect, the time dependence of the dust charge will be crucial. Still, the
different time scales permit to separate the PIC description of the plasma bubble from
the MD simulation of the dust particles. In addition to supplying the average potential
in which the dust moves, the PIC part now has to describe the charging correctly. This
will eliminate the uncertainty about the dust charges as input parameter of the MD
simulation.
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