
Geometric T-Duality

I n a u g u r a l d i s s e r t a t i o n

zur

Erlangung des akademischen Grades eines

Doktors der Naturwissenschaften
(Dr. rer. Nat.)

der

Mathematisch-Naturwissenschaftlichen Fakultät

der

Universität Greifswald

vorgelegt von
Malte Arthur Kunath

Greifswald, September 2021



Dekan*in: Prof. Dr. Gerald Kerth

1. Gutachter*in: Prof. Dr. Konrad Waldorf

2. Gutachter*in: Prof. Dr. Tilmann Wurzbacher

Tag der Promotion: 02.03.2022



Contents
1 Introduction 3

2 Bundle Gerbes 9
2.1 The monoidal category of abelian principal bundles . . . . . . 9
2.2 Bundle 0-gerbes . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3 Bundle gerbes . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.4 Morphisms of bundle gerbes . . . . . . . . . . . . . . . . . . . 20
2.5 The cup product bundle gerbe construction and the Hopf bun-

dle gerbe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.6 2-morphisms of bundle gerbes . . . . . . . . . . . . . . . . . . 29
2.7 Composition of 1-morphisms . . . . . . . . . . . . . . . . . . . 31

3 Topological T-Duality 35
3.1 The Poincaré bundle . . . . . . . . . . . . . . . . . . . . . . . 35
3.2 Topological T-duality correspondences . . . . . . . . . . . . . 37
3.3 The Hopf correspondence . . . . . . . . . . . . . . . . . . . . . 40

4 Kaluza-Klein and the Buscher Rules 44
4.1 The Kaluza-Klein metric . . . . . . . . . . . . . . . . . . . . . 44
4.2 The Buscher rules . . . . . . . . . . . . . . . . . . . . . . . . . 48

5 Geometric T-Duality 52
5.1 Geometric T-backgrounds . . . . . . . . . . . . . . . . . . . . 52
5.2 Geometric Correspondences . . . . . . . . . . . . . . . . . . . 61
5.3 Geometric T-duality correspondences . . . . . . . . . . . . . . 66

6 Comparisons 67
6.1 Geometric T-duality and the Buscher rules . . . . . . . . . . . 68
6.2 Geometric T-duality and T-duality with H-fluxes . . . . . . . 73

7 Bibliography 76



1 Introduction
From a physicists point of view T-duality is a relation connecting string
theories on different spacetimes. The simplest example for T-duality looks
like the following: A string theory with strings propagating in a fictional
spacetime shaped like a circle with radius R is T-dual to a string theory
with strings propagating on a spacetime shaped like a circle with radius
proportional to R−1. That means the observable quantities in one theory
can be identified with other quantities from its T-dual. For example, the
momentum of a string in the first theory only takes discrete values and equals
the winding number of the equivalent string in the second one - and vice versa.

Probably the most relevant application of T-duality is as a duality of
superstring theories. During the 1980s five different candidates of superstring
theories were developed: type I string theory, type IIA and IIB string theory
and the two heterotic string theories SO(32) and E8 × E8. Although these
seemed quite different at first sight, they turned out to be related in highly
nontrivial ways. One of these relationships is the aforementioned T-duality,
connecting not only type IIA with type IIB string theory but also the two
heterotic string theories with each other. This led to the groundbreaking
suggestion of Edward Witten in 1995 that all of these different theories might
just be different limits of an even higher dimensional theory that became
known as M-theory, which sparked the second superstring revolution among
string theorists.

Mathematically speaking, T-duality should be a symmetric relation on
the space of toroidal string backgrounds. Such a background consists of

• a smooth manifold M ;

• a torus bundle E over M - the total space modelling spacetime;

• a Riemannian metric g on E - modelling the field of gravity;

• a U(1)-bundle gerbe G with connection over E - modelling the Kalb-
Ramond field;

• possibly even more structure, for example a map ϕ : E → R modelling
the Dilaton field or a cocycle in differential K-theory modelling the
RR-field,

such that the induced quantum field theories are physically T-dual. But as of
now a complete mathematical model for T-duality of arbitrary toroidal string
backgrounds is still missing. It is in particular the non-trivial topology of M ,
E and G that could not be treated in full generality.
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The first approach of a rigorous mathematical formulation of T-duality is
due to Buscher. Motivated by physical considerations, in [Bus87] and [Bus88]
he defined duality transformations that interweaved the Riemannian metric
g and 2-form B on a trivial S1-bundle Rm × S1 to obtain another metric ĝ
and 2-form B̂ on the same bundle. I.e. compared to the background data
described above, Buscher only considers a trivial bundle E of torus dimension
1 and his bundle gerbe G over E is trivial, which implies that the only non-
trivial data is given by the connection on G in the form of the 2-form B.
In addition, in [Bus88] a transformation of the Dilaton field for this specific
setting was proposed. Today these transformation rules are known as the
“Buscher rules”. They have been used by various authors to construct the
duals of some specific topologically nontrivial bundles by first applying the
transformation rules locally and then reassembling the local T-duals again.
One example for this procedure is [ÁÁBL94], where among other examples
the dual of the Hopf bundle S3 over S2 (with trivial 2-form B = 0) was
calculated to be the trivial bundle S2 × S1. Further generalizations of the
Buscher rules included transformation rules for trivial bundles over Rm of
higher torus dimension (see for example [Bou10]).

A slightly different variant was later introduced by Bouwknegt, Evslin and
Mathai. In [BEM04a] and [BEM04b] they directly investigated the more
general case of arbitrary S1-bundles E over a manifold M by introducing
transformation rules that included an H-flux H ∈ H3(E,Z) (in physics also
known as NS-flux) in exchange for the metric on E. Essentially, this H-flux
is the Dixmier-Douady class dd(G) ∈ H3(E,Z) of the bundle gerbe G over
E of the string backgrounds. In detail, the T-dual (Ê, Ĥ) of (E,H) has to
fulfill

c1(Ê) = π∗H, c1(E) = π̂∗Ĥ,

where c1 denotes the first Chern class of the circle bundles E resp. Ê and
π∗ : H

k(E,Z) → Hk−1(M,Z) (and similarly, π̂∗) denotes the pushforward
map. In addition to a number of different examples for this duality they
explicitly constructed isomorphisms between the twisted cohomologies and
twisted K-theories of (E,H) and its T-dual. Notably, one of these examples
includes the Hopf example introduced in [ÁÁBL94] which is now represented
by the two T-dual pairs (S3, 0) and (S2 × S1, 1) over M = S2.

Shortly after, Bouwknegt and Mathai together with Hannabuss were able
to extend their former results to bundles with arbitrary torus-dimensions
[BHM04]. Notably, in contrast to the circle bundle case, torus bundles with
H-flux do not always admit T-duals. However, they defined a subset of
T-dualizable H-fluxes that led to isomorphisms in twisted cohomology and
twisted K-theory as in [BEM04b], but a complete classification of all T-
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dualizable pairs (E,H) was not introduced. A more recent approach building
up on the works of Bouwknegt et al. is presented by Cavalcanti and Gualtieri
in [CG11]. In their paper the original definition of T-duality with H-fluxes
was used to introduce a description of T-duality as a isomorphism of Courant
algebroids. This way the T-duality relation can be viewed as a generalization
of the Fourier-Mukai transform. The latest refinement of this approach is due
to Crilly and Mathai in [CM21] where this T-duality isomorphism is extended
to an isomorphism of exotic Courant algebroids.

Of course, by replacing the bundle gerbe in the string background by
the H-flux a lot of the topological data of the actual bundle gerbe is lost.
In [BS05] and [BRS06] Bunke, Rumpf and Schick therefore introduced the
definition of topological T-duality as a relation on the purely topological back-
ground data (“T-backgrounds”) of a principal Tn-bundle E over M together
with a U(1)-bundle gerbe over E (in their context in the notion of “twists”).
I.e. they disregarded the Riemannian metric on E and the bundle gerbe
connection. Roughly speaking, two T-backgrounds (E,G) and (E ′,G ′) are
defined to be T-dual if there exists a stable isomorphism D between the
pulled back bundle gerbes over the correspondence space E ×M E ′ that ful-
fills some local condition relating it to a specific U(1)-bundle, namely the
Poincaré bundle. They were able to embed these triples ((E,G), (E ′,G ′),D)
into a category of topological T-duality triples and classify the isomorphism
classes of this category. Furthermore, they also answered the questions on the
existence and classification of topological T-duals for a given T-background.
In [NW20] Nikolaus and Waldorf refined this even further by extending the
category of topological T-duality triples to a 2-category and by introducing
the strict Lie 2-group TD, whose geometric realization |BTD| happens to be
a classifying space for topological T-duality triples.

Other recent approaches to T-duality that will not be investigated fur-
ther in this thesis include for example the works by Kahle and Valentino in
[KV14] and by Aschieri and Szabo in [AS21]. In [KV14] a precise mathemat-
ical formulation of T-duality for Ramond-Ramond fields is given using the
context of differential K-theory and then shown to be compatible with the ap-
proaches [BEM04b],[BHM04], [BS05] and [BRS06] described earlier. On the
other hand, [AS21] extends the works of [BEM04b] and uses a C∗-algebraic
framework to describe T-duality for non-principal torus bundles.

The main goal of this thesis is now to unify these different approaches.
That means we want to give a definition for geometric T-duality on com-
plete toroidal string backgrounds in a way that the following three goals are
fulfilled:
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• Goal 1: Geometrically T-dual backgrounds locally fulfill the
Buscher rules, i.e. for each x ∈ M there exists a neighborhood
x ∈ U ⊂M over which the torus bundles and the bundle gerbes can be
trivialized such that metrics and bundle gerbe connections under these
trivializations fulfill the Buscher rules.

• Goal 2: Geometric T-duality extends T-duality with H-fluxes,
i.e. every example for geometric T-duality is an example for T-duality
with H-fluxes, by taking the curvatures of the bundle gerbes as H-fluxes.

• Goal 3: Geometric T-duality extends topological T-duality, i.e.
every pair of geometric T-duals is topologically T-dual after forgetting
the geometric data on the toroidal string backgrounds.

In this thesis we will introduce a definition for geometric T-duality (Definition
5.3.1) that achieves all three of these goals in torus dimension 1 (in the above
order: Theorem 6.1.1, Theorem 6.2.4 and Theorem 5.3.3).

We start in chapter 2 where we concentrate on the prerequisites that will
be needed regarding principal bundles and bundle gerbes. In particular we
will review how principal circle bundles and U(1)-bundle 0-gerbes are in-
terrelated (Proposition 2.2.7) and we will describe in detail the 2-category
of U(1)-bundle gerbes with connections whose 1-morphisms are connection-
preserving stable isomorphisms (see section 2.7). We will be especially in-
terested in a certain subclass of bundle gerbe trivializations called global
sections, which generalize the concept of global sections of principal bun-
dles (Definition 2.4.4). Furthermore, we will introduce the Hopf bundle gerbe
H (Definition 2.5.5) that is derived from the Hopf bundle and will play an
important role as a part of the background data of our main example for
T-duality correspondences.

In chapter 3 we concentrate on topological T-duality as introduced in
[BRS06]. I.e., we will introduce the n-fold Poincaré bundle (Definition 3.1.3)
and state the definitions for topological T-backgrounds (Definition 3.2.1) and
T-duality correspondences (Definition 3.2.3) as described in [NW20], where
the language of bundle gerbes was used instead of twists. The main example
of this thesis will be the (topological) Hopf correspondence H (Definition
3.3.1) that consists of the Hopf bundle S3 → S2 and the trivial gerbe I over
S3 on one side and the trivial bundle S2 × S1 → S2 and the Hopf bundle
gerbe H on the other side. The last section of chapter 3 is dedicated to the
construction of the stable isomorphism making H an actual example for a
topological T-duality correspondence (Proposition 3.3.2). Although the Hopf
correspondence is already known in the context of T-duality with H-fluxes
[BEM04b], this is the first time that this example is constructed in full detail
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in the context of topological T-duality with bundle gerbes in the sense of
[BRS06].

Chapter 4 revolves around the geometric data of the T-backgrounds. First
we review how a metric on the total space of a principal G-bundle can be
decomposed into a connection 1-form, a metric on the base space and a
family of scalar products on the Lie algebra of G using ideas from Kaluza-
Klein theory (Theorem 4.1.1). Moreover, we state the Buscher rules and
investigate them under this decomposition (Lemma 4.2.1 and Lemma 4.2.2).

In chapter 5 we extend the definition of topological T-backgrounds by the
additional geometric data of a metric on the torus bundle E and a bundle
gerbe connection on the bundle gerbe G to give a definition for geometric
T-backgrounds (Definition 5.1.1). In addition, we introduce the specific geo-
metric T-backgrounds that later become part of the geometric version of the
Hopf correspondence (Definition 5.1.5) and we show that the geometric data
belonging to these examples locally fulfills the Buscher rules (Theorem 5.1.6).
In section 5.2 we define the bicategory of geometric correspondences (Defini-
tion 5.2.2) as an extension of the bicategory of (topological) correspondences
established in [NW20] and we construct the geometric Hopf correspondence
H as an example for this definition (Proposition 5.2.4). We end the chap-
ter by introducing the definition for geometric T-duality correspondences in
torus dimension 1 (Definition 5.3.1) which accomplishes our main goal. As
an immediate result we observe that geometric T-duality extends topological
T-duality (Theorem 5.3.3).

In our last chapter we will start with relating geometric T-duality with
the Buscher rules in section 6.1. We prove that the geometric data of every
geometric T-duality correspondence locally fulfills the Buscher rules, similar
to the previously mentioned geometric Hopf correspondence (Theorem 6.1.1).
Conversely, we will prove that every pair of geometric data fulfilling the
original Buscher rules gives rise to a geometric T-duality correspondence
(Theorem 6.1.2). We will use these results to show that the geometric Hopf
correspondence defined in chapter 5 is an example for geometric T-duality
(Corollary 6.1.5). Finally, in the last section we compare geometric T-duality
with T-duality with H-fluxes as introduced in [BEM04b]. We review the
definition for a T-duality correspondence with H-fluxes as given in [CG11]
(Definition 6.2.2) and show that geometric T-duality is an extension of it.
Specifically, every example of a geometric T-duality correspondence gives rise
to a canonical example of a T-duality correspondence with H-fluxes (Theorem
6.2.4).

With our main goal achieved this thesis gives the first complete picture
of a T-duality correspondence for both topological as well as geometrical
background data in torus dimension 1 taking into account fully general base
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manifolds, 1-torus-bundles, metrics, bundle gerbes, and gerbe connections.
Futhermore, our definition fits well into the already existing literature on
the subject. Lastly, this marks the first time that the example of the Hopf
correspondence is written out in full detail with the complete background
data.
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2 Bundle Gerbes
In this chapter we will define the 2-category BGrb(M) of bundle gerbes
over a smooth manifold M , introduce global sections of bundle gerbes and
recapitulate some important constructions for bundle gerbes that will be
of use in the later sections. Our definition of the 2-category BGrb(M) of
bundle gerbes over M is derived from the definition in [Wal07b]. Since it will
be convenient for us to speak about principal U(1)-bundles instead of line
bundles we will change some of the definitions accordingly. Before we can
begin with the definition of BGrb(M) we will give a quick reminder about
the monoidal category of principal torus bundles over a fixed manifold Mand
we will make use of the notion of bundle 0-gerbes as another convenient way
to work with principal U(1)-bundles.

Throughout all following chapters we will identify the 1-sphere S1 = U(1)
with the quotient group R/Z and accordingly write the group operation
additively.

2.1 The monoidal category of abelian principal bundles

Let M be a smooth manifold and let A be any abelian Lie group. Let
PBunA(M) denote the category of principal A-bundles over M with mor-
phisms being the A-action preserving smooth maps. In contrast to the non-
abelian case, the category PBunA(M) is symmetric monoidal if A is abelian.
Since this fact is not that well-known we will give a quick review about the
monoidal structure of PBunA(M) in this section. In the subsequent sections
and chapters we will exclusively be interested in principal bundles with the
abelian Lie groups U(1) and the n-dimensional tori Tn.
Proposition 2.1.1. Let A be an abelian Lie group and π1 : P1 → M and
π2 : P2 → M principal A-bundles over M . In particular there is a group
action of A on P1 ×M P2 defined by (p1, p2).a := (p1.a, p2.(−a)). Then
there exists a unique smooth structure on the corresponding quotient space
(P1 ×M P2)/A such that the quotient map P1 ×M P2 → (P1 ×M P2)/A is a
surjective submersion.

Using this smooth structure (P1 ×M P2)/A defines a principal A-bundle
over M with the A-action given by

[p1, p2].a = [p1.a, p2] = [p1, p2.a]

and the surjective submersion given by π1 resp. π2.
The unique existence of the smooth structure is a direct consequence of

Lee’s Quotient Manifold Theorem [Lee12, Theorem 21.10]. Note that A has
to be abelian for the group action on P1 ×M P2 to be well-defined.
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The principal A-bundle (P1×M P2)/A over M from the proposition above
is the tensor product bundle of P1 and P2 and is denoted with P1 ⊗ P2. Ac-
cordingly, we denote the equivalence classes of P1⊗P2 with p1⊗p2 := [p1, p2].
Note that this definition can be extended inductively to iterated tensor prod-
ucts of principal bundles. We denote the n-fold tensor product of a principal
bundle P with itself with P⊗n. Furthermore, it induces a tensor product on
principal bundle morphisms in the following sense: Given two principal bun-
dle morphisms f1 : P1 → Q1 and f2 : P2 → Q2 the tensor product morphism
f1⊗f2 : P1⊗P2 → Q1⊗Q2 is defined by (f1⊗f2)(p1⊗p2) := f1(p1)⊗f2(p2).

Remark 2.1.2. Let pr : M × A→ M be the trivial A-bundle over M . Given
another principal A-bundle P over M we can construct the following bundle
isomorphisms

ι : P ⊗ (M × A)→ P and λ : (M × A)⊗ P → P

p⊗ (m, a) 7→ p.a (m, a)⊗ p 7→ p.a .

Therefore the trivial A-bundle fulfills the role of a unit object with respect
to the tensor product.

In total, this implies that the tensor product defines a monoidal structure
on the category PBunA(M) of principal A-bundles over M with the trivial
A-bundle over M being the unit object with respect to this monoidal struc-
ture. Furthermore, PBunA(M) is symmetric monoidal and compact closed,
meaning every object in PBunA(M) has a unique dual (up to isomorphisms)
with respect to the tensor product structure. The dual bundle is described
in the following remark.

Remark 2.1.3. Let P be a principal A-bundle over M . Then we can define the
dual bundle P∨ as the A-bundle over M with the same surjective submersion
but with the inverse group action, i.e. (p, a) 7→ p.(−a). Every principal A-
bundle P tensored with its dual P∨ is again isomorphic to the trivial bundle
via

P ⊗ P∨ →M × A

p⊗ p′ 7→ (π(p), g(p, p′)),

where g(p, p′) ∈ A is the unique element such that p = p′.g(p, p′).

Using these remarks we extend the notation P⊗n from n ∈ N to n ∈ Z
by defining

P⊗n =


P⊗n, if n > 0

M × A, if n = 0

(P∨)⊗(−n), if n < 0
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as A-bundles over M .
Of course we can also equip the principal A-bundles with a connection

1-form to obtain the category PBun∇
A(M), whose morphisms are connection-

preserving bundle morphisms. Fortunately, the monoidal structure can be
extended to connection 1-forms via the following proposition.

Proposition 2.1.4. Let ω1 and ω2 be connection 1-forms on the A-bundles
P1 resp. P2 over M . Then the 1-form ω̃ := pr∗1 ω

1 + pr∗2 ω
2 ∈ Ω1(P1 ×M P2)

induces a connection 1-form ω on P1 ⊗ P2.

Proof. For ω̃ to descend to a 1-form ω on P1 ⊗ P2 = (P1 ×M P2)/A it needs
to be invariant under the A-action on P1 ⊗ P2 defined in Proposition 2.1.1.
This follows directly from the A-invariance of the connection 1-forms ω1 and
ω2 since

R∗
aω̃ = pr∗1R

∗
aω

1 + pr∗2R
∗
−aω

2 = pr∗1 ω
1 + pr∗2 ω

2 = ω̃,

where Ra denotes the appropriate A-action with a fixed element a ∈ A on
P1×M P2, P1 and P2 respectively. The 1-form ω ∈ Ω1(P1⊗P2) is now defined
as

ωp1⊗p2

(
d

dt

∣∣∣∣
0

ρ1(t)⊗ ρ2(t)

)
:= ω̃(p1,p2)

(
d

dt

∣∣∣∣
0

(ρ1(t), ρ2(t))

)
for all points pi ∈ Pi, i = 1, 2 and all curves ρi in Pi with ρi(0) = pi for
i = 1, 2.

It remains to show that ω is a connection form. Let a ∈ A, pi ∈ Pi. Let
α be a curve in A such that α(0) = a and let ρi be a curve in Pi such that
ρi(0) = pi for i = 1, 2. Then

ω(p1⊗p2).a

(
d

dt

∣∣∣∣
0

(ρ1(t)⊗ ρ2(t)).α(t)

)
= ωp1.a⊗p2

(
d

dt

∣∣∣∣
0

ρ1(t).α(t)⊗ ρ2(t)

)
= ω1

p1.a

(
d

dt

∣∣∣∣
0

ρ1(t).α(t)

)
+ ω2

p2

(
d

dt

∣∣∣∣
0

ρ2(t)

)
= ω1

p1

(
d

dt

∣∣∣∣
0

ρ1(t)

)
+ ϑa

(
d

dt

∣∣∣∣
0

α(t)

)
+ ω2

p2

(
d

dt

∣∣∣∣
0

ρ2(t)

)
= ωp1⊗p2

(
d

dt

∣∣∣∣
0

ρ1(t)⊗ ρ2(t)

)
+ ϑa

(
d

dt

∣∣∣∣
0

α(t)

)
,

where ϑ is the Maurer-Cartan form on A.
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We will use the notation ω1 ⊗ ω2 for the induced connection 1-form ω
on P1 ⊗ P2 from Proposition 2.1.4. The n-fold tensor product of connection
forms is defined inductively and we denote the n-fold tensor product of a
connection form ω ∈ Ω1(P ) with itself as ω⊗n ∈ Ω1(P⊗n).

Combining these results the category PBun∇
A(M) is again symmetric

monoidal with respect to the tensor product structure. The unit is now given
by the trivial A-bundle with the trivial connection form, i.e. the Maurer-
Cartan form. Furthermore, PBun∇

A(M) is compact closed again: Given a
principal A-bundle P with connection form ω the dual bundle P∨ can be
equipped with the connection 1-form −ω. (Note that although −ω defines a
connection on P∨, it is usually not a connection form on P itself.)

2.2 Bundle 0-gerbes

Let us now look into the definition of bundle 0-gerbes as an alternative way
of talking about principal bundles. Although it would be technically correct
to call them U(1)-bundle 0-gerbes, these are the only bundle 0-gerbes we are
interested in and we will therefore omit the U(1)-prefix. All definitions and
propositions in this section originate from [Joh03].

For a given surjective submersion π : Y → M we will be using the nota-
tion Y [k] := Y ×M · · · ×M Y for the k-th iterated fibre product. Moreover,
for {i1, . . . , ik} ⊂ {1, . . . , n} we will use the notation πi1...ik for the canon-
ical projection Y [n] → Y [k] corresponding to these indices. In addition, if
f : Y [k] → N is a map for some smooth manifold N we use the shorthand
notation fi1...ik := f ◦ πi1...ik for the induced map from Y [n] to N .

Definition 2.2.1 (Bundle 0-gerbes). A bundle 0-gerbe over M is a pair (π, g)
consisting of

• a surjective submersion π : Y →M , and

• a map g : Y [2] → U(1),

such that g satisfies the cocycle identity, i.e.

g12 + g23 = g13

as maps from Y [3] to U(1).

Example 2.2.2. The trivial bundle 0-gerbe over M is defined as the pair
(pr : M × U(1)→M, gT ), where gT is given by

gT : (M × U(1))[2] → U(1), (x, z1, z2) 7→ z2 − z1,

using the identification (M × U(1))[2] = M × U(1)× U(1).
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Definition 2.2.3 (Morphisms of bundle 0-gerbes). Let (π, g) and (π′, g′) be
bundle 0-gerbes over M . A morphism from (π, g) to (π′, g′) is a smooth map
ϕ : Y → Y ′ such that

π = π′ ◦ ϕ and g = g′ ◦ ϕ[2].

Here ϕ[2] : Y [2] → Y ′[2] is induced by the fibre product.

Example 2.2.4. Let (p, g) be a bundle 0-gerbe over M and let (pr, gT ) be
the trivial bundle 0-gerbe over the same manifold M from Example 2.2.2.
A morphism from (π, g) to (pr, gT ) is called a trivialization of (π, g). It is
easy to check that a trivialization of (π, g) can be identified with a map
h : Y → U(1) such that h2 − h1 = g as maps from Y [2] to U(1).

Of course these definitions form a category of bundle 0-gerbes over M ,
namely 0-BGrb(M), with the identity morphisms given by the identity map
on Y and the obvious composition. Though, unlike in the category of princi-
pal U(1)-bundles, the bundle 0-gerbe morphisms are not invertible in general.

Furthermore, we want to equip 0-BGrb(M) with a symmetric monoidal
structure: Given two bundle 0-gerbes (π, g) and (π′, g′) over M we can define
the tensor product of (π, g) and (π′, g′) to be

(π, g)⊗ (π′, g′) := (Y ×M Y ′ →M, pr∗Y [2] g + pr∗Y ′[2] g
′).

This construction is clearly associative and symmetric up to isomorphisms.
Moreover, we can easily extend it to morphisms. Of course the unit ob-
ject should be the trivial bundle gerbe over M but although there exists a
canonical morphism from (π, g) to (π, g)⊗ (pr, gT ) given by

ϕ : Y → Y ×M (M × U(1)), y 7→ (y, π(y), 0)

this map ϕ is not necessarily invertible. On top of that, if the trivial bundle
0-gerbe over M would be the unit object, then there would be a canonical
choice for the dual of (π, g) given by (π, g)∨ := (π,−g). But again there only
exists a canonical counit morphism ϵ(π,g) : (π, g)⊗ (π, g)∨ → (pr, gT ) given by

ϵ(π,g) : Y ×M Y →M × U(1), (y1, y2) 7→ (π(y1),−g(y1, y2)) (2.1)

but no unit morphism η(π,g) : (pr, gT )→ (π, g)∨ ⊗ (π, g).
Therefore, we are going to introduce another set of morphisms for bundle

0-gerbes.
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Definition 2.2.5 (Stable isomorphisms of bundle 0-gerbes). Let (π, g) and
(π′, g′) be bundle 0-gerbes. A stable isomorphism from (π, g) to (π′, g′) is a
trivialization of (π, g)⊗ (π′, g′)∨, i.e. a map h : Y ×M Y ′ → U(1) such that

h2 − h1 = pr∗Y [2] g − pr∗Y ′[2] g
′ (2.2)

as maps from (Y ×M Y ′)[2] to U(1). Two bundle 0-gerbes are called stably
isomorphic if there exists a stable isomorphism between them.

We can now construct the category 0-BGrbs(M) whose objects are again
the bundle 0-gerbes over M and whose morphisms are stable isomorphisms.
The composition is now defined as follows: Let h : Y ×M Y ′ → U(1) be a
stable isomorphism from (π, g) to (π′, g′) and h′ : Y ′ ×M Y ′′ → U(1) from
(π′, g′) to (π′′, g′′). Then we define the stable isomorphism

h̃ : Y ×M Y ′′ → U(1), (y, y′′) 7→ h(y, y′) + h′(y′, y′′)

where y′ is an arbitrary element of Y ′ with π′(y′) = π(y). This is well-defined
since for every other ȳ′ ∈ Y ′ in the same fibre as y′ we obtain

(h(y, y′) + h′(y′, y′′))− (h(y, ȳ′) + h′(ȳ′, y′′))

= (h(y, y′)− h(y, ȳ′)) + (h′(y′, y′′)− h′(ȳ′, y′′))

= g(y, y)− g′(y′, ȳ′) + g′(y′, ȳ′)− g′′(y′′, y′′)

= 0.

The identity morphism of the bundle 0-gerbe (π, g) is given by

id(π,g) : Y ×M Y → U(1), (y1, y2) 7→ −g(y1, y2).

Note that this is essentially the counit morphism ϵ(π,g) from equation (2.1).
Similarly to the category of principal U(1)-bundles over M every morphism
in this category is an isomorphism.

The following proposition shows that every bundle 0-gerbe morphism
canonically induces a stable isomorphism. Moreover, 0-BGrbs(M) is an ex-
tension of 0-BGrb(M) in the sense that there exists an embedding of cate-
gories from 0-BGrb(M) to 0-BGrbs(M).

Proposition 2.2.6. Let (π, g) and (π′, g′) be bundle 0-gerbes over M and
let ϕ : (π, g) → (π′, g′) be a morphism of bundle 0-gerbes. Then (π, g) and
(π′, g′) are stably isomorphic.

Proof. Let (π, g), (π′, g′) and ϕ be as described above. We have to construct
a trivialization of (π, g)⊗ (π′, g′)∨. So we define the map

h : Y ×M Y ′ → U(1), (y, y′) 7→ g′(y′, ϕ(y))

14



which will act as the trivialization in the sense of Example 2.2.4. For an
arbitrary element (y1, y

′
1, y2, y

′
2) ∈ (Y ×M Y ′)[2] we calculate

(pr∗Y [2] g − pr∗Y ′[2] g
′)(y1, y

′
1, y2, y

′
2)

= g(y1, y2)− g′(y′1, y
′
2)

= g′(ϕ(y1), ϕ(y2))− g′(y′1, y
′
2)

= g′(ϕ(y1), y
′) + g′(y′, ϕ(y2))− g′(y′1, y

′)− g′(y′, y′2)

= g′(y′2, ϕ(y2))− g′(y′1, ϕ(y1))

= h(y2, y
′
2)− h(y1, y

′
1)

= (h2 − h1)(y1, y
′
1, y2, y

′
2),

where y′ is some element in the same fibre as the y′i and ϕ(yi). We conclude
that the map h defines a trivialization of (π, g) ⊗ (π′, g′)∨ and so (π, g) and
(π′, g′) are stably isomorphic.

Combining this result with the observations from above we conclude that
the tensor product of bundle 0-gerbes defines a symmetric monoidal structure
on 0-BGrbs(M). The following statement relates the monoidal categories
that we introduced in the last two sections.

Proposition 2.2.7. The monoidal categories PBunU(1)(M) and 0-BGrbs(M)
are equivalent.

Proof. We will limit ourselves here to only state the definitions for the func-
tors F : PBunU(1)(M)→ 0-BGrbs(M) and G : 0-BGrbs(M)→ PBunU(1)(M)
realizing the equivalence of categories. The construction of the natural iso-
morphisms FG→ id0-BGrbs(M) and idPBunU(1)(M) → GF is a straight-forward
calculation.

The functor F : PBunU(1)(M)→ 0-BGrbs(M) is defined as follows: Given
a U(1)-bundle π : P → M there exists a unique map g : P [2] → U(1) such
that p1.g(p1, p2) = p2 for all (p1, p2) ∈ P [2]. The pair (π, g) then forms the
corresponding bundle 0-gerbe. A bundle morphism ϕ : P → P ′ canonically
induces a morphism of bundle 0-gerbes in the sense of definition 2.2.3. As
described in the proof of Proposition 2.2.6 this induces a stable isomorphism
between the two bundle 0-gerbes F (π) and F (π′).

Vice versa, the functor G : 0-BGrbs(M)→ PBunU(1)(M) takes a bundle
0-gerbe (π, g) to the following principal U(1)-bundle G(π, g): We construct
the total space to be the quotient space (Y ×U(1))/∼ under the equivalence
relation

(y1, g(y1, y2)) ∼ (y2, 0).

15



The surjective submersion is then defined as the canonical projection induced
by π and the U(1)-action is given by

[y, z].z′ = [y, z + z′].

Given a stable isomorphism from (π, g) to (π′, g′), in other words a map
h : Y ×M Y ′ → U(1) such that equation (2.2) is fulfilled, we define the fol-
lowing morphism of principal U(1)-bundles

ϕ : (Y × U(1))/∼ → (Y ′ × U(1))/∼, [y, z] 7→ [y′, z + h(y, y′)],

where y′ ∈ Y ′ is an arbitrary element such that π′(y′) = π(y). Note that the
well-definedness of ϕ follows directly from equation (2.2).

We will end this section by giving a short summary how principal U(1)-
bundles resp. bundle 0-gerbes are classified using cohomology theories. For
the rest of this section let M be a fixed smooth manifold. Let A be an abelian
Lie group. We use the notation A for the sheaf of smooth A-valued functions
on M . It is a well-known result that the group of isomorphism classes of
principal U(1)-bundles over a manifold M , denoted by π0(PBunU(1)(M))
(with the group structure given by the monoidal structure introduced in
section 2.1), is isomorphic to the first Čech cohomology group Ȟ1(M,U(1)).
This can be seen easily using the description via bundle 0-gerbes from above.
Given a bundle 0-gerbe (π, g) and a good open cover U = {Uα}α∈I of M
together with local sections sα : Uα → Y we can construct a Čech cycle
{gαβ}α,β ∈ Č1(U , U(1)) via

gαβ(x) := g(sα(x), sβ(x)).

The cocycle condition for g guarantees that the definition of gαβ is indepen-
dent of the choice of the local sections and that it actually defines a Čech
cocycle. It is easy to see that every trivializable bundle 0-gerbe induces a
coboundary with the 0-cochain given by the trivialization h. Therefore this
defines a homomorphism from the group of stable isomorphism classes of
bundle 0-gerbes (which we will denote with π0(0-BGrbs(M)) from now on)
to Ȟ1(M,U(1)). (The independence of the choice of the open cover U is
guaranteed by a standard argument using common refinements of two possi-
bly different open covers.) For the bijectivity of this homomorphism we refer
the reader to [Bry93, Theorem 2.1.3 (2)].

Another way to describe π0(PBunU(1)(M)) resp. π0(0-BGrbs(M)) is via
the singular cohomology group H2(M,Z). This can be seen as follows: The
short exact sequence of abelian groups

0→ Z→ R→ U(1)→ 0
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lifts to a short exact sequence of sheaves over M

0→ Z→ R→ U(1)→ 0,

which in turn induces the following long exact sequence

. . .→ Ȟ1(M,R)→ Ȟ1(M,U(1))→ Ȟ2(M,Z)→ Ȟ2(M,R)→ . . .

of Čech cohomology groups [Bry93, Theorem 1.3.10]. Since R is soft and
M is by definition paracompact, R is acyclic. Hence, Ȟk(M,R) = 0 for all
k > 0 and so the connecting homomorphisms are isomorphisms. Since the
Čech cohomology of the (locally constant) sheaf Z can be identified with
singular cohomology with values in Z we obtain a canonical isomorphism

Ȟk(M,U(1)) ∼= Hk+1(M,Z) (2.3)

for all k > 0. In total, we obtain

π0(PBunU(1)(M)) ∼= π0(0-BGrbs(M)) ∼= Ȟ1(M,U(1)) ∼= H2(M,Z).

The image of an isomorphism class of a principal U(1)-bundle P over M
under this homomorphism to H2(M,Z) is known as the first Chern class of
P and denoted by c1(P ).

To conclude this section, we want to mention that there exists a notion
of connections on bundle 0-gerbes and of connection-preserving stable iso-
morphisms [Joh03, Definition 2.3 and Definition 2.4]. These not only define
a symmetric-monoidal category 0-BGrb∇

s (M), but also naturally extend the
equivalence of categories from Proposition 2.2.7 to an equivalence between
PBun∇

U(1)(M) and 0-BGrb∇
s (M). If we denote the group of isomorphism

classes of these categories with π0 again, [Kos70] provides us the following
isomorphism

π0(PBun
∇
U(1)(M)) ∼= π0(0-BGrb∇

s (M)) ∼= H1(M,D(1)),

where H1(M,D(1)) denotes the Deligne cohomology of degree 1. For more
information about Deligne cohomology the reader is referred to [Bry93] or
[Bun13]. One important fact about Deligne cohomology is the existence of
the cup product which can be used to construct new elements from higher
Deligne cohomology groups using elements from lower degree groups (see
for example [Bry93, section 1.3]). We will come back to this cup product
in section 2.5 where we will describe a cup product construction for bundle
gerbes that is induced by the cup product of Deligne cohomology.
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2.3 Bundle gerbes

In the last section we have seen that there exists an isomorphism between
isomorphism classes of principal U(1)-bundles over a manifold M and the
cohomology group Ȟ1(M,U(1)). Notably, there also exists a geometric rep-
resentation for the cohomology group of one degree lower: By definition
Ȟ0(M,U(1)) is equal to the set of U(1)-valued smooth function on M , which
are sometimes referred to as bundle (−1)-gerbes. In the following sections we
will go in the other direction and explain the geometric objects correspond-
ing to Ȟ2(M,U(1)) - the bundle gerbes. We will do so by introducing a full
2-category of bundle gerbes over a fixed manifold M denoted by BGrb(M).

In this section we start by defining the objects of the 2-category BGrb(M),
i.e. the actual bundle gerbes over M . All upcoming definitions in this sec-
tion originate from [Wal07b] but are adjusted to use U(1)-principal bundles
instead of hermitian line bundles.

Definition 2.3.1 (Bundle gerbe). A bundle gerbe G over M is a triple
(π, P, µ) consisting of

• a surjective submersion π : Y →M ,

• a principal U(1)-bundle P over Y [2], and

• an isomorphism µ : π∗
12P ⊗π∗

23P → π∗
13P of principal U(1)-bundles over

Y [3], that is called the product of the bundle gerbe G,

such that the product µ is associative, i.e. the diagram

π∗
12P ⊗ π∗

23P ⊗ π∗
34P

π∗
123µ⊗id

//

id⊗π∗
234µ

��

π∗
13P ⊗ π∗

34P

π∗
134µ

��
π∗
12P ⊗ π∗

24P
π∗
124µ // π∗

14P

(2.4)

of isomorphisms of principal bundles over Y [4] is commuting.

Example 2.3.2 (The trivial bundle gerbe). The trivial bundle gerbe I over M
is defined as the triple (idM ,M × U(1), ι), where ι is the isomorphism from
Remark 2.1.2 with A = U(1) and P = M × U(1).

Remark 2.3.3. Let π : P →M be a principal G-bundle. Let ω ∈ Ω1(P, g) be a
connection form on P . Then the curvature form Fω = dω+ 1

2
[ω∧ω] ∈ Ω2(P, g)

is G-equivariant and horizontal and can therefore be considered to be a 2-form
on M with values in the adjoint bundle Ad(P ) = P ×G g of P . Furthermore,
if G is abelian then Ad(P ) ∼= g canonically, so Fω ∈ Ω2(M, g).
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Definition 2.3.4 (Connection on a bundle gerbe). Let G = (π, P, µ) be a
bundle gerbe over M . A connection on G is a pair (ω,B) consisting of

• a connection 1-form ω ∈ Ω1(P ) on the principal U(1)-bundle P , and

• a 2-form B ∈ Ω2(Y ), sometimes called the curving of G,

such that:

(i) The bundle gerbe product µ is connection-preserving with respect to ω.

(ii) The curvature form Fω ∈ Ω2(Y [2]) of ω is fixed by

Fω = π∗
2B − π∗

1B (2.5)

as an equation of 2-forms on Y [2].

Remark 2.3.5. Condition (ii) implies that

dω = π∗
2B − π∗

1B

as 2-forms on P . Note that here we omitted the pullback of π∗
iB along the

submersion P → Y [2].

Example 2.3.6 (Trivial bundle gerbes with connection). Given an arbitrary
2-form B ∈ Ω2(M) we can extend Example 2.3.2 to a bundle gerbe with con-
nection by defining ω to be the canonical connection form pr∗ ϑ on M×U(1),
where ϑ is the Maurer-Cartan form on U(1). The bundle gerbe product is
clearly connection-preserving and condition (ii) is fulfilled because of the
flatness of ϑ and since π1 = π2. We will denote this bundle gerbe with IB.

Since Fω is a closed form, applying the exterior derivative to equation
(2.5) implies that π∗

1dB = π∗
2dB. That means that dB is the pullback of a

3-form H on M such that
π∗H = dB.

This 3-form is uniquely defined and is called the curvature of the connection
(ω,B) on G.

There are various constructions to obtain new bundle gerbes out of ex-
isting ones. We want to give two examples that will play an important role
later on.

Example 2.3.7 (The pullback bundle gerbe). Let G = (π, P, µ) be a bundle
gerbe over M . Let f : N → M be a smooth map. We take the pullback of
the surjective submersion π : Y → M with respect to f in order to obtain
the fibre product f ∗Y = Y ×M N . The map prN : Y ×M N → N is again
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a surjective submersion and prY : Y ×M N → Y induces maps on all fibre
products via pr

[k]
Y : (Y ×M N)[k] → Y [k]. We can now define the pullback

bundle gerbe of G with respect to f as the triple

f ∗G :=
(
prN ,

(
pr

[2]
Y

)∗
P,
(
pr

[3]
Y

)∗
µ
)
.

If (ω,B) is a bundle gerbe connection on G then((
pr

[2]
Y

)∗
ω, (prY )

∗B
)

defines a bundle gerbe connection on f ∗G. Note that the trivial bundle gerbe
behaves as expected with respect to pullbacks as f ∗IB = If∗B.
Example 2.3.8 (The tensor product bundle gerbe). Let G1 = (π1, P1, µ1) and
G2 = (π2, P2, µ2) be two bundle gerbes over M . We construct the fibre
product Y1×M Y2. As before, the two projections pri : Y1×M Y2 → Yi induce
maps on all higher fibre products. We now define the tensor product bundle
gerbe of G1 and G2 to be the triple

G1 ⊗ G2 :=
(
π1 ◦ pr1,

(
pr

[2]
1

)∗
P1 ⊗

(
pr

[2]
2

)∗
P2,
(
pr

[3]
1

)∗
µ1 ⊗

(
pr

[3]
2

)∗
µ2

)
.

If (ω1, B1) and (ω2, B2) are bundle gerbe connections on G1 resp. G2 then((
pr

[2]
1

)∗
ω1 ⊗

(
pr

[2]
2

)∗
ω2, (pr1)

∗B1 + (pr2)
∗B2

)
defines a bundle gerbe connection on G1 ⊗ G2. Note that the trivial bun-
dle gerbe (with trivial curving) is a unit object with respect to this tensor
product.

2.4 Morphisms of bundle gerbes

In this subsection we will define two different kinds of morphisms of bundle
gerbes: stable isomorphisms and global sections. We start off with the defini-
tion of stable isomorphisms which will be the 1-morphisms of the 2-category
BGrb(M). We want to emphasize at this point that these correspond only
to the invertible 1-morphisms of the original definition of 1-morphisms in
[Wal07b].

Definition 2.4.1 (Stable isomorphisms of bundle gerbes). Let
G1 = (π1, P1, µ1) and G2 = (π2, P2, µ2) be bundle gerbes over M . A sta-
ble isomorphism A : G1 → G2 is a triple (ζ, A, α) consisting of

• a surjective submersion ζ : Z → Y1 ×M Y2,
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• a principal U(1)-bundle A over Z, and

• an isomorphism

α : P1 ⊗ ζ∗2A→ ζ∗1A⊗ P2 (2.6)

of principal U(1)-bundles over Z×MZ (here the ζi denote the maps from
Z [2] to M that are induced by the submersions Z

ζ−→ Y1 ×M Y2 →M),

such that the isomorphism α is compatible with the two bundle gerbe prod-
ucts µ1 and µ2, i.e the diagram

ζ∗12P1 ⊗ ζ∗23P1 ⊗ ζ∗3A
µ1⊗id //

id⊗ζ∗23α

��

ζ∗13P1 ⊗ ζ∗3A

ζ∗13α

��

ζ∗12P1 ⊗ ζ∗2A⊗ ζ∗23P2

ζ∗12α⊗id

��
ζ∗1A⊗ ζ∗12P2 ⊗ ζ∗23P2 id⊗µ2

// ζ∗1A⊗ ζ∗13P2

of isomorphisms of principal U(1)-bundles over Z×MZ×MZ is commutative.
Two bundle gerbes G1 and G2 are called stably isomorphic if there exists a
stable isomorphism from G1 to G2.

If G1 and G2 are bundle gerbes with connections (ωi, Bi) for i = 1, 2 then
a connection-preserving stable isomorphism A from G1 to G2 is a pair (A, ϱ)
consisting of

• a stable isomorphism A = (ζ, A, α) : G1 → G2, and

• a connection 1-form ϱ on A,

such that the isomorphism α is connection-preserving and the curvature form
Fϱ ∈ Ω2(Z) of ϱ fulfills

Fϱ = B2 −B1 (2.7)

as an equation of 2-forms over Z.

In the definition above we used the following simplifying naming conven-
tion: We did not name the canonical projections Z → Yi for i = 1, 2, so
we also do not write out the pullbacks belonging to these maps as well. For
example in equation (2.6) the principal bundles Pi are pulled back along the
induced maps Z ×M Z → Y

[2]
i . Equation (2.7) holds as another example

for this convention as the 2-forms Bi ∈ Ω2(Yi) are pulled back along the
projections such that (2.7) forms an equation of 2-forms over Z.
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Example 2.4.2 (The identity morphism). Let G = (π, P, µ) be a bundle
gerbe. We define the identity 1-morphism of G as the stable isomorphism
idG := (idY [2] , Y [2] × U(1), α) where α is given via the bundle gerbe product
as the principal bundle morphism

α : π∗
13P ⊗ π∗

34P
π∗
134µ−−−→ π∗

14P
(π∗

124µ)
−1

−−−−−→ π∗
12P ⊗ π∗

24P

of bundles over Y [4]. The compatibility of α with the products follows directly
from the associativity of µ.

If G has the connection (ω,B) then (idG, ω) is connection-preserving. The
two conditions follow directly from the axioms (i) and (ii) of Definition 2.3.4.

Example 2.4.3 (Endomorphisms of the trivial gerbe). If we only consider sta-
ble isomorphisms with the identity on Y1×M Y2 as their surjective submersion
then the 1-morphisms from the trivial bundle gerbe I over M into itself con-
sist of a principal U(1)-bundle A over M ×M M = M and an isomorphism
α : A → A of U(1)-bundles over M . Though, the compatibility with the
bundle gerbe product of I implies that α2 = α and therefore α has to be the
identity.

If we equip the trivial gerbes with connections, i.e. 2-forms B1 resp. B2

over M , then every connection-preserving stable isomorphism (again with
trivial surjective submersions only) from IB1 to IB2 gives rise to a canonical
U(1)-bundle P over M with connection η such that the curvature Fη fulfills
Fη = B2 −B1.

In the following we are especially interested in trivializations of bundle
gerbes, i.e. stable isomorphisms from a bundle gerbe G over M to the trivial
gerbe I over M . As usual if such a trivialization exists we call G trivializable.
An important subset of the trivializations are the global sections of bundle
gerbes.

Definition 2.4.4 (Global sections of bundle gerbes). Let G = (π, P, µ) be a
bundle gerbe. A global section of G is a section s of the U(1)-bundle P over
Y [2] that is compatible with the bundle gerbe product of G, i.e. the diagram

Y [3] s13 //

s12⊗s23

��

π∗
13P

π∗
12P ⊗ π∗

23P

µ

55

over Y [3] commutes.
Let G = (π, P, µ) be a bundle gerbe with connection (ω,B). Then a

connection-preserving global section of G is a pair (s, η) consisting of
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• a global section s of G, and

• a 1-form η ∈ Ω1(Y ),

such that
s∗ω = π∗

1η − π∗
2η

holds as 1-forms over Y [2].

The following proposition is a generalization of the fact that every global
section of a principal bundle induces a trivialization.

Proposition 2.4.5. Let G = (π, P, µ) be a bundle gerbe over M . Then every
global section s of G gives rise to a bundle gerbe trivialization Ts : G → I. If G
is a bundle gerbe with connection (ω,B) and (s, η) is a connection-preserving
global section of G, then there exists a connection 1-form ϱ such that (Ts, ϱ)
is a connection-preserving stable isomorphism.

Proof. Let s : Y [2] → P be the global section. By identifying Y ×M M = Y
we can define the trivialization Ts of G as the triple (idY , Y ×U(1), α) where
the principal bundle isomorphism α : P ⊗ pr∗2(Y × U(1)) → pr∗1(Y × U(1))
over Y [2] is defined such that

α−1
y1,y2

(y1, z) = s(y1, y2)⊗ (y2, z)

for (y1, y2) ∈ Y [2] and z ∈ U(1). The compatibility of α with µ follows
directly from the compatibility of µ with s.

Let now G be a bundle gerbe with connection (ω,B) and let s be connec-
tion-preserving with respect to the 1-form η ∈ Ω1(Y ), i.e. s∗ω = π∗

1η − π∗
2η.

Then η induces a connection 1-form η+ ϑ on the trivial U(1)-bundle over Y
and since

(α−1)∗(ω + π∗
2(η + ϑ)) = s∗ω + π∗

2(η + ϑ) = π∗
1(η + ϑ)

the isomorphism α is connection-preserving. Furthermore, equation (2.5)
implies that

π∗
2(dη +B)− π∗

1(dη +B) = d(π∗
2η − π∗

1η) + π∗
2B − π∗

1B

= −ds∗ω + π∗
2B − π∗

1B

= 0.

We conclude that dη +B is the pullback of a 2-form C on M , i.e.

dη = π∗C −B.

Then (Ts, η+ϑ) is a connection-preserving stable isomorphism from G to IC .

23



As we have seen in example 2.4.3 every endomorphism of the trivial bun-
dle gerbe with trivial surjective submersion canonically induces a principal
U(1)-bundle. Similarly, as the next definition and the corresponding lemma
show, we canonically obtain a bundle 0-gerbe for every pair of global sections
of a bundle gerbe. We will see later in section 2.7 how these constructions
are related (Proposition 2.7.3).

Definition 2.4.6 (Induced bundle 0-gerbe of a pair of global sections). Let
G = (π, P, µ) be a bundle gerbe over M . Let (s, t) : Y [2] → P be a pair of
global sections of G. Then the bundle 0-gerbe induced by the pair (s, t) is the
pair (π, g) where g : Y [2] → U(1) is the unique map such that s = t.g.

Lemma 2.4.7. The induced bundle 0-gerbe of a pair of global sections (s, t)
is in fact a bundle 0-gerbe.

Proof. It remains to show that the map g : Y [2] → U(1) with s = t.g fulfills
the cocycle identity. This follows directly from the following calculation

s13 = µ ◦ (s12 ⊗ s23)

= µ ◦ (t12.g12 ⊗ t23.g23)

= (µ ◦ (t12 ⊗ t23)).(g12 + g23)

= t13.(g12 + g23)

and the uniqueness of the map g.

Note that the bundle 0-gerbe induced by the pair (s, t) is the dual bundle
0-gerbe to the one induced by the pair (t, s).

2.5 The cup product bundle gerbe construction and the
Hopf bundle gerbe

In this chapter we will give a short overview of the classification of bun-
dle gerbes using different cohomology theories. In addition, we are going to
review a way to construct examples for bundle gerbes by using the cup prod-
uct from Deligne cohomology as established by Johnson in [Joh03]. Finally,
we will introduce the Hopf bundle gerbe as an example of this cup product
construction, that is of high importance for the theory of T-duality.

Similar to the first Chern class in H2(M,Z) for principal U(1)-bundles
every bundle gerbe has a characteristic class dd(G) in H3(M,Z) called its
Dixmier-Douady class . The construction can be summarized as follows: Let
G = (π, P, µ) be a bundle gerbe over M . Let U = {Uα}α∈I be a good
cover of M together with sections sα : Uα → Y . Each pair of sections then
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induces a section (sα, sβ) : Uαβ → Y [2] of the 2-fold fibre product of Y . Let
Pαβ = (sα, sβ)

∗P be the pullback bundle over Uαβ. Again we can choose
sections σαβ of this principal bundle. Induced by the bundle gerbe product
µ we obtain a canonical isomorphism Pαβ⊗Pβγ → Pαγ, which we will denote
by µ again. This guarantees us the existence of a map gαβγ : Uαβγ → U(1)
for every triple overlap such that

µ(σαβ(x)⊗ σβγ(x)) = σαγ(x) + gαβγ(x).

By this construction we obtain a Čech cochain gαβγ ∈ Č2(M,U(1)). The fact
that gαβγ actually defines a Čech cocycle follows from the associativity con-
dition on the bundle gerbe product µ. Using the isomorphism from equation
(2.3) the Dixmier-Douady class of G is now defined as the image of the class
of gαβγ.

If we consider bundle gerbes with connections we again obtain a classifi-
cation using Deligne cohomology: The group of connection-preserving stable
isomorphism classes of bundle gerbes with connection is isomorphic to the
Deligne cohomology group H2(M,D(2)) [MS00, Theorem 4.1]. Deligne co-
homology itself fits into some nice differential cohomology diagram [Bun13,
Proposition 3.24], which in turn induces some interesting results for bundle
gerbes. For example, given the Deligne cohomology class α ∈ H2(M,D(2)) of
a bundle gerbe G we can extract the Dixmier-Douady class dd(G) ∈ H3(M,Z),
as well as the curvature form curv(G) ∈ Ω3(M) of G from α. Moreover, the
de Rham cohomology class of the curvature form [curv(G)] ∈ H3

dR(M) corre-
sponds to the image of the Dixmier-Douady class dd(G) under the homomor-
phism H3(M,Z)→ H3(M,R) ∼= H3

dR(M) [Wal07a]. For further information
about Deligne cohomology in general the reader is referred to [Bry93] or
[Bun13], for a more detailed summary of the results concerning the classifi-
cation of bundle gerbes via Deligne cohomology reference should be made to
[Wal07a].

In [Joh03] the cup product of Deligne cohomology is being used to con-
struct examples for bundle gerbes using geometric objects of lower Deligne
degree, i.e. U(1)-valued functions and bundle 0-gerbes. Here, we will limit
ourselves to only give the construction for the cup product bundle gerbe f∪P
for f : M → U(1) and P a principal U(1)-bundle over M . More details on
the construction and further similar constructed bundle gerbes can be found
in [Joh03].

Example 2.5.1 (The cup product bundle gerbe). Let f : M → S1 be a map
and π : P → M be a principal U(1)-bundle. The canonical projection
p : M × R → M × S1 is a surjective submersion. We construct a U(1)-
bundle P⊗ over (M × R)[2] = M × R ×S1 R fibrewise using multiple copies
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of P : For each point (x, a, b) ∈ M × R×S1 R we define its fibre as the fibre
of P⊗(b−a) over x, i.e.

P⊗|M×{(a,b)} = P⊗(b−a).

Note that since (a, b) ∈ R×S1 R the difference b−a takes only integer values.
The bundle gerbe product µ is given via the tensor product structure

µx,a,b,c : P
⊗(b−a)
x ⊗ P⊗(c−b)

x → P⊗(c−a)
x

for (x, a, b, c) ∈ (M × R)[3]. This multiplication is clearly associative in the
sense of equation (2.4). Therefore, the triple (p, P⊗, µ) forms a bundle gerbe
GP over M × S1. The cup product bundle gerbe f ∪ P is now defined as the
pullback bundle gerbe of GP under the map (id, f) : M →M × S1, i.e.

f ∪ P = (id, f)∗GP .
If the principal bundle P is equipped with a connection 1-form ω it induces
a connection on f ∪ P in the following way. According to Proposition 2.1.4
ω induces the connection form ω⊗n ∈ Ω1(P⊗n). This naturally induces a
connection ω⊗ on P⊗ such that

ω⊗|M×{(a,b)} = ω⊗(b−a).

Clearly, the bundle gerbe multiplication µ from above is connection-preser-
ving with respect to ω⊗. The 2-form B ∈ Ω2(M × R) is defined as

B = r · pr∗M Fω

where r : M ×R→ R denotes the usual projection and Fω ∈ Ω2(M) denotes
the curvature of ω. We observe that

p∗2B|M×{(a,b)} − p∗1B|M×{(a,b)} = (b− a) · pr∗M Fω = Fω⊗(b−a)|M×{(a,b)}.

It follows that (ω⊗, B) defines a connection on GP . As f ∪P is defined as the
pullback of GP under (id, f) it is automatically equipped with a connection
as well.

Before we begin to apply this construction to obtain the Hopf bundle
gerbe we want to introduce some simplifying notation for iterated fibre prod-
ucts of R over S1.
Remark 2.5.2. Let p : R → S1 ∼= R/Z be the usual projection. Then we
identify the k-th iterated fibre product R[k] with R×Zk−1 via the diffeomor-
phisms

Φk : R[k] → R× Zk−1, (a1, . . . , ak) 7→ (a1, a2 − a1, . . . , ak − a1),

Φ−1
k : R× Zk−1 → R[k], (a,m1, . . . ,mk−1) 7→ (a, a+m1, . . . , a+mk−1).
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Accordingly, for a subset {i1, . . . , ik} ⊂ {1, . . . , n} we obtain projections
π̃i1...ik : R× Zn−1 → R× Zk−1 by the composition π̃i1...ik = Φk ◦ πi1...ik ◦ Φ−1

n .
Explicitly, we get that

π̃i1...ik(a,m1, . . . ,mn−1) = (a+mi1−1,mi2−1 −mi1−1, . . . ,mik−1 −mik−1−1)

where m0 := 0. By abuse of notation we will denote these projections with
πi1...ik again. The projections R×Z→ R and R×Z×Z→ R×Z which are
used throughout this thesis are therefore defined as

π1 : R× Z→ R, (a,m) 7→ a,

π2 : R× Z→ R, (a,m) 7→ a+m

and

π12 : R× Z× Z→ R× Z, (a,m, n) 7→ (a,m),

π23 : R× Z× Z→ R× Z, (a,m, n) 7→ (a+m,n−m),

π13 : R× Z× Z→ R× Z, (a,m, n) 7→ (a, n).

Similarly, one can easily generalize these diffeomorphisms in order to identify
Rn × (Zn)k−1 with the k-th iterated fibre product of Rn over Tn.

Using Remark 2.5.2 we can now simplify the construction from Example
2.5.1 in the following sense: The principal bundle P⊗ over M × R ×S1 R of
the bundle gerbe GP can now be regarded as a U(1)-bundle over M ×R×Z
defined fibrewise as

P⊗|M×{(r,m)} = P⊗m.

Accordingly, the bundle gerbe product µ is again given via the tensor product
structure as the map

µx,r,m,n : P
⊗m
x ⊗ P⊗n−m

x → P⊗n
x

for (x, r,m, n) ∈ M × R × Z × Z and the connection ω⊗ on P⊗ is defined
fibrewise as

ω⊗|M×{(r,m)} = ω⊗m.

We are now going to define the Hopf bundle gerbe as a specific bundle
gerbe using the cup product construction from Example 2.5.1. Later this
bundle gerbe will be part of the Hopf correspondence which will be our
main example for geometric T-duality. We start by reviewing the eponymous
principal U(1)-bundle for the reader.
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Definition 2.5.3 (The Hopf bundle). The Hopf bundle H is a principal U(1)-
bundle over S2. Its surjective submersion π : S3 → S2 is the restriction of

π̃ : R4 → R3, (w, x, y, z) 7→

 2(wy + xz)
2(xy − wz)

w2 + x2 − y2 − z2

T

to S3. The U(1)-action is given by

(w, x, y, z).λ :=


cos(2πλ)w − sin(2πλ)x
cos(2πλ)x+ sin(2πλ)w
cos(2πλ)y − sin(2πλ)z
cos(2πλ)z + sin(2πλ)y


T

for (w, x, y, z) ∈ S3 ⊂ R4 and λ ∈ U(1).

Remark 2.5.4. Although we will continue to use these definitions in real
coordinates these maps can be written in complex coordinates to have a
picture in mind what they are supposed to represent. We obtain

π̃ : C2 → C× R, (z0, z1) 7→ (2z0z̄1, |z0|2 − |z1|2)

and
(z0, z1).λ := (e2πiλz0, e

2πiλz1)

for (z0, z1) ∈ S3 ⊂ C2 and λ ∈ U(1).

As stated before, the Hopf bundle gerbe is defined by applying the cup
product construction from Example 2.5.1. Explicitly, we obtain it by ap-
plying the construction to the projection map pr : S2 × S1 → S1 and the
U(1)-bundle pr∗ H over S2×S1. The idea is that we are interested in finding
a bundle gerbe H over S2 × S1, whose Dixmier-Douady class dd(H) is the
generator of H3(S2 × S1,Z), as this resembles one of the H-fluxes from the
Hopf example described in [BEM04a]. Both idS1 and H are the generators in
their corresponding cohomology groups H1(S1,Z) resp. H2(S2,Z). That is
why we take their pullbacks to S2 × S1 to construct the Hopf bundle gerbe
H.

Definition 2.5.5 (The Hopf bundle gerbe). The Hopf bundle gerbe H is the
bundle gerbe (p, H⊗, µ) over S2 × S1 where:

• p : S2×R→ S2×S1 is the canonical surjective submersion induced by
the projection R→ R/Z.
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• The U(1)-bundle H⊗ over S2×R×Z is defined fibrewise as the m-fold
tensor product of the Hopf bundle over S2, i.e.

H⊗|S2×{(r,m)} = H⊗m

for (r,m) ∈ R× Z.

• The bundle gerbe product µ is given via the tensor product structure

µx,r,m,n : H
⊗m
x ⊗ H⊗n−m

x → H⊗n
x

for (x, r,m, n) ∈ S2 × R× Z× Z.

2.6 2-morphisms of bundle gerbes

We now continue the construction of the 2-category BGrb(M) with the def-
inition for its 2-morphisms.

Definition 2.6.1 (2-morphisms of bundle gerbes). Let G1 = (π1, P1, µ1)
and G2 = (π2, P2, µ2) be bundle gerbes over M . Let A = (ζ, A, α) and
A′ = (ζ ′, A′, α′) be stable isomorphisms from G1 to G2. A 2-morphism pair
(w, βW ) consists of

• a surjective submersion w : W → Z ×Y1×MY2 Z
′, and

• an isomorphism βW : A→ A′ of principal U(1)-bundles over W

such that βW is compatible with α and α′, i.e. the diagram

P1 ⊗ ζ∗2A
α //

id⊗ζ∗2βW

��

ζ∗1A⊗ P2

ζ∗1βW⊗id

��
P1 ⊗ ζ∗2A

′ α′
// ζ∗1A

′ ⊗ P2

of principal U(1)-bundle morphisms over W [2] is commutative. Two such 2-
morphism pairs (w, βW ) and (ŵ, βŴ ) are equivalent if there exists a smooth
manifold X with surjective submersions to W resp. Ŵ such that the diagram

X

xx &&
W

w
&&

Ŵ

ŵxx
Z ×Y1×MY2 Z

′
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is commutative and the morphisms βW and βŴ coincide after being pulled
back to X. The 2-morphisms from A to A′ are now the equivalence classes
of the 2-morphism pairs (w, βW ) and will be denoted by β := [(w, βW )].

If A and A′ are connection-preserving a 2-morphism pair (w, βW ) is called
connection-preserving if βW is connection-preserving with respect to the con-
nection forms on A and A′. Connection-preserving 2-morphisms are the
equivalence classes of connection-preserving 2-morphism pairs.

Note that we again used the convention to not write out the pullbacks
along the canonical projections W → Z and W → Z ′ in the definition for
the bundle morphism βW .

The vertical composition β • β′ of two 2-morphisms β and β′ as depicted
in the diagram

β

��G1 A2 //

A3

EE

A1

��

β′

��

G2

is defined by taking a representative for each of the 2-morphisms, (w, βW )
and (w′, βW ′), and then taking the equivalence class of the 2-morphism pair

(W ×Z2 W
′ → Z1 ×Y1×MY2 Z3, βW ′ ◦ βW ).

By definition this construction is independent of the choice of the representa-
tive of the equivalence class. In addition, it is strictly associative and there-
fore the 2-morphisms equip the set of 1-morphisms from G1 to G2 with the
structure of a category, namely Hom(G1,G2). In [Wal07b, Theorem 1] Wal-
dorf shows that this category of stable isomorphisms Hom(G1,G2) is equiv-
alent (via the inclusion functor) to the subcategory HomFP (G1,G2), which
is defined in the following way: The objects are stable isomorphisms with
identities as the surjective submersions and the morphisms are 2-morphisms
of bundle gerbes with identities as the surjective submersions.
Remark 2.6.2. Using the observations from Example 2.4.3 we conclude that
there is a canonical equivalence of categories

Hom(IB1 , IB2)→ PBunB2−B1

U(1) (M)

of the category of stable isomorphisms between trivial bundle gerbes IB1 and
IB2 on the one hand and the category of principal U(1)-bundles P over M
with connections η whose curvature Fη fulfills Fη = B2 − B1 on the other
hand.
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2.7 Composition of 1-morphisms

In this section we will complete the definition for the 2-category BGrb(M)
by giving the definitions for the composition of the 1-morphisms and the
horizontal composition of 2-morphisms. Furthermore, we will finally be able
to compare the bundle 0-gerbe induced by a pair of global sections with
the principal U(1)-bundle induced by the composition of the corresponding
bundle gerbe trivializations.

Definition 2.7.1 (Composition of stable isomorphisms). Let G1, G2 and G3
be bundle gerbes over M . Let A = (ζ, A, α) be a stable isomorphism from
G1 to G2 and A′ = (ζ ′, A′, α′) from G2 to G3. The composition of A′ with A
is defined as the stable isomorphism A′ ◦ A = (ζ̃ , Ã, α̃) from G1 to G3 where:

• ζ̃ : Z×Y2 Z
′ → Y1×M Y3 is the canonical surjective submersion induced

by ζ and ζ ′.

• Ã = ζ̃∗1A⊗ ζ̃∗2A
′ is the U(1)-bundle over Z ×Y2 Z

′.

• α̃ : P1 ⊗ ζ̃∗2 Ã→ ζ̃∗1 Ã⊗ P2 is the U(1)-bundle morphism defined by

α̃ := (idζ∗1A
⊗α′) ◦ (α⊗ idζ′2

∗A′)

over (Z ×Y2 Z
′)×M (Z ×Y2 Z

′).

If all three bundle gerbes carry a connection and (A, ϱ) and (A′, ϱ′) are
connection-preserving stable isomorphisms, then their composition is con-
nection-preserving as well and defined as (A′ ◦ A, ϱ⊗ ϱ′).

This composition is strictly associative since both the fibre product of
manifolds and the tensor product of principal bundles are associative. Fur-
thermore, as shown in [Wal07b] it can be extended to define the horizontal
composition of 2-morphisms making

◦ : Hom(G2,G3)× Hom(G1,G2)→ Hom(G1,G3)
a functor.

Definition 2.7.2 (Inverse stable isomorphism). Let A = (ζ, A, α) : G1 → G2
be a stable isomorphism. The inverse of A is defined as the stable isomor-
phism A−1 = (ζ ◦ τ, A∨, ᾱ) : G2 → G1 where τ : Y1 ×M Y2 → Y2 ×M Y1 is the
map that exchanges the factors, A∨ is the dual U(1)-bundle to A and ᾱ is
the U(1)-bundle morphism

ᾱ : P2 ⊗ ζ∗2A
∨ ∼

ζ∗1A
∨ ⊗ ζ∗1A⊗ P2 ⊗ ζ∗2A

∨

id⊗α−1⊗id
��

ζ∗1A
∨ ⊗ P1 ⊗ ζ∗2A⊗ ζ∗2A

∨ ∼
ζ∗1A

∨ ⊗ P1
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over Z ×M Z. If G1 and G2 are bundle gerbes with connection and (A, ϱ) is
a connection-preserving stable isomorphism between them, then (A−1,−ϱ)
forms its inverse.

We can now summarize the results from sections 2.3, 2.4 and 2.6 to finally
construct the 2-category BGrb(M) of bundle gerbes over M . It consists of
the following data:

• Its class of objects are the bundle gerbes over M (Definition 2.3.1).

• For each pair G1 and G2 of bundle gerbes there is a Hom-category
Hom(G1,G2), whose objects are the stable isomorphisms (Definition
2.4.1) and whose morphisms are the 2-morphisms of bundle gerbes
(Definition 2.6.1).

• There is a composition functor

◦ : Hom(G2,G3)× Hom(G1,G2)→ Hom(G1,G3)

for each triple G1, G2 and G3 of bundle gerbes (induced by Definition
2.7.1).

• For every bundle gerbe G an identity 1-morphism idG : G → G exists
(Example 2.4.2) together with natural 2-isomorphisms

ρA : idG2 ◦A =⇒ A and λA : A ◦ idG1 =⇒ A

for every stable isomorphism A : G1 → G2. (The 2-isomorphisms are
not defined in this thesis but are explained in detail in [Wal07b, Section
1.2].)

Furthermore, BGrb(M) fulfills the following two conditions needed for a
2-category:

(i) The composition of stable isomorphisms is associative (see the para-
graph above).

(ii) The 2-isomorphisms ρA and λA fulfill the equality

idA′ ◦ρA = λA′ ◦ idA

as 2-morphisms from A′ ◦ id ◦A to A′ ◦ A for every pair of composable
stable isomorphisms A and A′ (again not part of this thesis but can be
found in [Wal07b, Section 1.2]).
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Both the tensor product (Example 2.3.8) and pullback construction (Ex-
ample 2.3.7) have natural extensions to the 2-category BGrb(M) as strict
2-functors [Wal07b]. Similarly to BGrb(M) we can construct the 2-category
BGrb∇(M) of bundle gerbes with connection over M , whose 1-morphisms
are connection-preserving stable isomorphisms and whose 2-morphisms are
connection-preserving 2-morphisms of bundle gerbes. Note that for both
of the 2-categories we are considering here, all 1- and 2-morphisms are in-
vertible, i.e. BGrb(M) and BGrb∇(M) are actually both 2-groupoids. For
further information about the 2-category of bundle gerbes and some of its
recent applications in geometry, field theory and quantization the reader is
referred to [Bun21].

Since we now have a well-defined composition of stable isomorphisms we
can finally compare the U(1)-bundle, induced by a pair of two global sections
of a bundle gerbe, with the U(1)-bundle given by the endomorphism of the
trivial gerbe, that is defined as the composition of the two corresponding
trivializations.

Proposition 2.7.3. Let G = (π, P, µ) be a bundle gerbe over M . Let (s, t)
be a pair of global sections of G. Then the principal bundle corresponding
to the bundle 0-gerbe induced by (s, t) according to Definition 2.4.6 is iso-
morphic to the principal bundle induced by the composition of trivializations
T −1
s ◦ Tt : I → I according to Remark 2.6.2.

Proof. Let s, t : Y [2] → P be the two global sections. According to Definition
2.4.6 they define the bundle 0-gerbe (π, g) where g : Y [2] → U(1) is defined by
s(y1, y2) = t(y1, y2).g(y1, y2). The corresponding U(1)-bundle is then defined
as π̃ : (Y ×U(1))/∼ →M with (y1, g(y1, y2)) ∼ (y2, 0). This now corresponds
to the stable isomorphism A′ := (idM , π̃ : (Y × U(1))/∼ → M, id(Y×U(1))/∼)
from the trivial bundle gerbe over M into itself.

We are now going to compare this stable isomorphism A′ with the stable
isomorphism given by the composition T −1

s ◦Tt. Let Ts = (idY , Y ×U(1), αs)
and Tt = (idY , Y ×U(1), αt) be defined according to the proof to Proposition
2.4.5. Then according to Definition 2.7.1 the composition T −1

s ◦Tt is defined as
the triple A := (π : Y →M,Y ×U(1), α̃) where α̃ : Y [2]×U(1)→ Y [2]×U(1)
is given by

(y1, y2, z)
α−1
s7−−→ s(y1, y2)⊗ (y1, y2, z)

= (t(y1, y2).g(y1, y2))⊗ (y1, y2, z)

= t(y1, y2)⊗ (y1, y2, z + g(y1, y2))
αt7−→ (y1, y2, z + g(y1, y2))
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for all (y1, y2, z) ∈ Y [2] × U(1).
Let βY : Y ×U(1)→ (Y ×U(1))/∼ be the canonical projection map. Then

the pair (π : Y → M,βY ) is a 2-morphism pair for the stable isomorphisms
A and A′ since

((π∗
1βY ⊗ id) ◦ α̃)(y1, y2, z)
= (π∗

1βY ⊗ id)(y1, y2, z + g(y1, y2))

= [y1, g(y1, y2)]⊗ (y1, y2, z)

= [y2, 0]⊗ (y1, y2, z)

= (y1, y2, z)⊗ id(Y×U(1))/∼ [y2, 0]

= (id(Y×U(1))/∼ ◦ (id⊗π∗
2βY ))(y1, y2, z)

for all (y1, y2, z) ∈ Y [2] × U(1). Therefore the two different stable isomor-
phisms A and A′ are 2-isomorphic. Furthermore, the induced principal U(1)-
bundles are isomorphic.
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3 Topological T-Duality
In this chapter we are concentrating on the definition for topological T-
duality introduced by Bunke, Rumpf and Schick in [BRS06]. We describe
the Poincaré bundle and adopt the bicategorical definitions for topological T-
backgrounds and topological T-duality correspondences using bundle gerbes
instead of twists by following the paths of Nikolaus and Waldorf in [NW20].
In the last section we introduce the Hopf correspondence, which will be the
main example for all the different kinds of T-duality in this thesis.

3.1 The Poincaré bundle

In this section we will give a short review of the Poincaré bundle as described
in [NW20, Appendix B]. We will construct a corresponding bundle 0-gerbe
and briefly describe the generalized n-fold version of the Poincaré bundle.
Later this principal torus bundle will be an essential part of the definitions
for topological and geometric T-duality correspondences.

For the sake of readibility, we refrain from writing out the canonical
inclusion map Z→ R and the canonical projection R→ R/Z = U(1) in the
following definition. We will use the symbol Tn to describe the n-torus, i.e.
the n-fold product of the 1-sphere S1 with itself.

Definition 3.1.1 (The Poincarè bundle). The Poincarè bundle is a U(1)-
bundle over T2. Its total space is

P := (R× R× U(1))/ ∼

with (a, b, t) ∼ (a+ n, b+m,nb+ t) for all a, b ∈ R, n,m ∈ Z and t ∈ U(1).
The projection map πP : P → T2 is defined by [a, b, t] 7→ (a, b). The U(1)-
action is given by [a, b, t].s := [a, b, t+ s].

Moreover, P carries a canonical connection ωP descending from the 1-
form a db − dt ∈ Ω1(R × R × U(1)). The curvature of ωP is given by
pr∗1 ϑ ∧ pr∗2 ϑ ∈ Ω2(T2), where ϑ ∈ Ω1(U(1)) is the Maurer-Cartan form.

Before we continue using the Poincaré bundle P to define topological T-
duality correspondences we will present a nice bundle 0-gerbe corresponding
to P. Let p : R × S1 → S1 × S1 be the canonical projection map and define
the U(1)-valued map

g : (R× S1)[2] = R×S1 R× S1 → U(1), (r1, r2, t) 7→ (r1 − r2)t.

Because of

g(r1, r2, t) + g(r2, r3, t) = (r1 − r2)t+ (r2 − r3)t = (r1 − r3)t = g(r1, r3, t)
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for all (r1, r2, r3, t) ∈ R×S1 R×S1 R×S1 = (R×S1)[3] this fulfills the cocycle
identity and therefore it is indeed a bundle 0-gerbe.

By applying Remark 2.5.2 to this bundle 0-gerbe (p, g) and using the
identification (R× S1)[2] = R× Z× S1 we obtain

g : R× Z× S1 → U(1), (r,m, t) 7→ −mt.

We will call this bundle 0-gerbe (p, g) the Poincaré bundle 0-gerbe. The
following proposition now justifies this naming.

Proposition 3.1.2. The Poincaré bundle 0-gerbe is stably isomorphic to the
bundle 0-gerbe corresponding to the Poincaré bundle.

Proof. According to the proof of Proposition 2.2.7 the bundle 0-gerbe corre-
sponding to P is defined as (πP, gP), where gP : P

[2] → U(1) is the unique map
such that

[a1, b1, t1].gP([a1, b1, t1], [a2, b2, t2]) = [a2, b2, t2]

for ([a1, b1, t1], [a2, b2, t2]) ∈ P[2]. Explicitly, we obtain

gP([a1, b1, t1], [a2, b2, t2]) = (a1 − a2)b2 + (t2 − t1).

We now construct a stable isomorphism ϕ from (p, g) to (πP, gP). Define

ϕ : R× S1 → P, (a, t) 7→ [a, t, 0].

This map is compatible with the surjective submersions since

(πP ◦ ϕ)(a, t) = πP([a, t, 0]) = [a, t] = p(a, t)

and it is compatible with the U(1)-valued maps g and gP since

(gP ◦ ϕ[2])(a,m, t) = gP([a, t, 0], [a+m, t, 0]) = −mt = g(a,m, t)

for all (a,m, t) ∈ R × Z × S1 = Y [2]. Using Proposition 2.2.6 we conclude
that the bundle 0-gerbes (p, g) and (πP, gP) are stably isomorphic.

We are going to end this section with the following generalization of the
Poincaré bundle, which will be an integral part of our later definitions for
T-duality (see Definition 3.2.3 and Definition 5.3.1).

Definition 3.1.3 (The n-fold Poincarè bundle). For every n ∈ N the n-fold
Poincarè bundle is defined as the U(1)-bundle

Pn :=
⊗
1≤i≤n

pr∗i+n,i P
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over T2n where prij : T2n → T2 denotes the projection to the two indexed
factors. Induced by the connection of the simple Poincaré bundle the n-fold
Poincaré bundle Pn also carries a canonical connection with curvature

FPn =
n∑

i=1

pr∗i+n ϑ ∧ pr∗i ϑ ∈ Ω2(T2n)

where again ϑ denotes the Maurer-Cartan form.

Remark 3.1.4. Note that for n = 1 the 1-fold Poincaré bundle is equal to
the dual of the usual Poincaré bundle P1 = pr∗21 P

∼= P∨ with the canonical
connection of curvature pr∗2 ϑ ∧ pr∗1 ϑ.

3.2 Topological T-duality correspondences

In this section we are going to review the definition for topological T-duality
originally introduced by Bunke, Rumpf and Schick in [BRS06]. In particular,
we will be using the bicategorical approach for topological T-backgrounds,
correspondences and topological T-duality correspondences as described by
Nikolaus and Waldorf in [NW20]. As shown in [NW20, section 3.3] the two
notions of topological T-duality coincide.

Let n > 0 be the fixed torus dimension. All definitions in this section are
relative to this integer.

Definition 3.2.1 (Topological T-background). A topological T-background
over M is a pair (E,G) consisting of

• a principal Tn-bundle π : E →M , and

• a bundle gerbe G over E.

A 1-morphism from (E,G) to (E ′,G ′) is a pair (f,B) consisting of

• an isomorphism f : E → E ′ of principal Tn-bundles, and

• a stable isomorphism B : G → f ∗G ′ over E.

Composition of 1-morphisms is given by (f2,B2)◦(f1,B1) := (f2◦f1, f ∗
1B2◦B1).

A 2-morphism

(E,G) ⇓

(f,B2)
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(f,B1)
**
(E ′,G ′)
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is a bundle gerbe 2-morphism β : B1 ⇒ B2 over E. Vertical composition is
given by the vertical composition of bundle gerbe 2-morphisms; the diagram

(E,G) ⇓β1

(f1,B′
1)

55

(f1,B1)
))
(E ′,G ′) ⇓β2

(f2,B′
2)

55

(f2,B2)
))
(E ′′,G ′′) = (E,G) ⇓ f∗

1 β2◦β1

(f2◦f1,f∗
1B′

2◦B′
1)

33

(f2◦f1,f∗
1B2◦B1)

++
(E ′′,G ′′).

depicts how the horizontal composition of 2-morphisms is defined.

In total, topological T-backgrounds over a fixed manifold M form a bi-
groupoid topT-BG(M). Furthermore, the assignment M 7→ topT-BG(M) is
a 2-stack over smooth manifolds.

Definition 3.2.2 (Correspondence). A correspondence C over M is a tuple
((E,G), (Ê, Ĝ),D) consisting of

• two topological T-backgrounds (E,G) and (Ê, Ĝ) over M , and

• a stable isomorphism D : pr∗1 G → pr∗2 Ĝ over E ×M Ê.

We refer to (E,G) as the left leg resp. (Ê, Ĝ) as the right leg of the corre-
spondence. The manifold E×M Ê will be called the correspondence space of
C . A correspondence over M is depicted diagrammatically as

pr∗1 G
%%

yy

D // pr∗2 Ĝ
yy

%%G
��

E ×M Ê
pr1

uu

pr2

))

Ĝ
��

E

π ))

Ê

π̂uu
M .

A 1-morphism from ((E,G), (Ê, Ĝ),D) to ((E ′,G ′), (Ê ′, Ĝ ′),D′) is a tuple
((f,B), (f̂ , B̂), ζ) consisting of

• two morphisms of topological T-backgrounds (f,B) : (E,G)→ (E ′,G ′)
and (f̂ , B̂) : (Ê, Ĝ)→ (Ê ′, Ĝ ′), and

• a bundle gerbe 2-morphism

pr∗1 G D //

pr∗1 B
��

pr∗2 Ĝ
pr∗2 B̂
��

ζ

s{
pr∗1 f

∗G ′
(f,f̂)∗D′

// pr∗2 f̂
∗Ĝ ′

over E ×M Ê.
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Composition of 1-morphisms is given by the composition of T-backgrounds
and by stacking together the suitable diagrams of 2-morphisms of bundle
gerbes.
A 2-morphism is a pair (β1, β2) consisting of 2-morphisms β1 : (f,B)⇒ (f,B′)

and β2 : (f̂ , B̂)⇒ (f̂ , B̂′) of topological T-backgrounds such that

pr∗1 G D //

pr∗1 B

��

pr∗1 B′ pr∗1 β1⇐====

$$

pr∗2 Ĝ

pr∗2 B̂

��

ζ

x�

pr∗1 G D //

pr∗1 B′

��

pr∗2 Ĝ

pr∗2 B̂′

��

ζ′

x�

pr∗2 B̂
pr∗2 β2⇐====
{{

=

pr∗1 f
∗G ′

(f,f̂)∗D′
// pr∗2 f̂

∗Ĝ ′ pr∗1 f
∗G ′

(f,f̂)∗D′
// pr∗2 f̂

∗Ĝ ′

over E ×M Ê. Horizontal and vertical composition are given by those of
2-morphisms of topological T-backgrounds.

Similar to topological T-backgrounds, correspondences over a fixed man-
ifold M form a bigruppoid Corr(M) and the assignment M 7→ Corr(M) is
again a 2-stack.

Definition 3.2.3 (Topological T-duality correspondence). A topological T-
duality correspondence T over M is now a correspondence ((E,G), (Ê, Ĝ),D)
over M that fulfills the following Poincaré condition:

(P) For every point x ∈M there exist Tn-equivariant maps

t : Tn → E|{x} and t̂ : Tn → Ê|{x}

together with trivializations

T : t∗G → I and T̂ : t̂∗Ĝ → I

such that the composition

I pr∗1 T −1

−−−−−−−−→ pr∗1 t
∗G (t,t̂)∗D−−−−−−−→ pr∗2 t̂

∗Ĝ pr∗2 T̂−−−−−−→ I (3.1)

between trivial gerbes over T2n corresponds (up to a 2-isomorphism over
T2n) to the n-fold Poincaré bundle Pn.

A topological T-background (E,G) is called (topologically) T-dualizable if
there exists a topological T-duality correspondence T such that the left
leg of T is isomorphic to (E,G). The two legs of a topological T-duality
correspondence are called (topologically) T-dual to each other.
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Example 3.2.4. The trivial example for a topological T-duality correspon-
dence over M is given by TM := ((M × Tn, I), (M × Tn, I),DP) where the
stable isomorphism DP : I → I over M × T2n corresponds to the n-fold Po-
incaré bundle Pn pulled back along the canonical projection M ×T2n → T2n.

Remark 3.2.5. Let C = ((E,G), (Ê, Ĝ),D) be a correspondence over M .
Then for it to fulfill the Poincaré condition is equivalent to C{x} being iso-
morphic to T{x} for all x ∈M .

3.3 The Hopf correspondence

In the next section we will introduce our main example for topological T-
duality, the Hopf correspondence. It was introduced by Álvarez, Álvarez-
Gaumé, Barbón and Lozano in [ÁÁBL94] as an example on how the topology
of a manifold changes under the duality transformations that are now known
as the Buscher rules. They took the Hopf bundle over S2 (with the round
metric on S3 and with trivial H-flux), segmented it into local patches where
they could perform the transformations by Buscher and then reconstructed
the dual manifold S2 × S1 from there by recombining the transformed local
patches again. In [BEM04b] it was added that the H-flux on S2 × S1 has to
be non-trivial and given by the generator 1 ∈ H3(S2 × S1).

In this thesis we now transfer this example to the context of topological
T-duality in the sense of [BRS06] and [NW20]. We already introduced the
Hopf bundle gerbe in Definition 2.5.5 as a cup product bundle gerbe and
will now use it as a replacement for the H-flux on S2 × S1 to construct one
of the legs of the Hopf correspondence. Accordingly, the trivial H-flux will
be replaced by the trivial bundle gerbe over S3 for the second leg. We will
close the section with the construction for the stable isomorphism D of the
Hopf correspondence and with the proof that it actually is an example for a
topological T-duality correspondence.

We start with the explicit construction for the legs of the Hopf correspon-
dence.

Definition 3.3.1 (The left and right leg of the Hopf correspondence). The
left leg of the Hopf correspondence is given by the topological T-background
(H, I) over S2 consisting of the Hopf bundle (Definition 2.5.3) and the trivial
bundle gerbe over S3. The right leg of the Hopf correspondence is given by
the topological T-background (S2×S1,H), i.e. the trivial circle bundle over
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S2 and the Hopf bundle gerbe (Definition 2.5.5). Together we obtain the
following diagram

S3 × U(1)

pr

��

H⊗

π
��

S3

id
��

id




S2 × R× Z
p1
��

p2




S3

id
��

S3 × S1

pr

xx

π×id

''

S2 × R
p
��

S3

π
&&

S2 × S1

pr
ww

S2 ,

where we added the correspondence space S3 × S1.

Of course, for this to really define a correspondence over S2 we still need
to construct a stable isomorphism D over the correspondence space S3×S1.
We will achieve this by constructing a global section of bundle gerbes. This
definition via a global section will turn out to be especially useful for the
proof that the Hopf correspondence is indeed a topological T-duality corre-
spondence.

First of all to define the stable isomorphism D we construct the pullback
of the right and left leg of the Hopf correspondence over the correspondence
space S3 × S1. We obtain the following diagram

S3 × S1 × U(1)

pr

��

pr

xx

π∗H⊗

pr

��

pr

%%
S3 × U(1)

pr

��

S3 × S1

id
��

id




pr

xx

S3 × R× Z
p1
��

p2




π

%%

H⊗

π
��

S3

id
��

id




S3 × S1

id

&&

pr

xx

S3 × R
p

zz

π

&&

S2 × R× Z
p1
��

p2




S3

id
��

S3 × S1

pr

ss

π

**

S2 × R
p
��

S3

π

++

S2 × S1

pr

ttS2 .
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Explicitly, the U(1)-bundle π∗H⊗ is given fibrewise again,

π∗H⊗|S3×{(r,m)} = (π∗H)⊗m.

Next we are defining a section s of π∗H⊗ as

s : S3 × R× Z→ π∗H⊗, (y, r,m) 7→ y⊗m.

Since

µy,r,m,m′(s(y, r,m)⊗ s(y, r +m,m′ −m))

= µy,r,m,m′(y⊗m ⊗ y⊗(m′−m))

= y⊗m′

= s(y, r,m′),

(3.2)

the section s is compatible with the bundle gerbe product µ of π∗H and
therefore defines a global section of π∗H. We can now define the stable
isomorphism D : IS3×S1 → π∗H to be the inverse of the bundle gerbe triv-
ialization induced by s according to Proposition 2.4.5. This finalizes the
construction of the Hopf correspondence H = ((H, I), (S2 × S1,H),D) as a
correspondence over S2.

Proposition 3.3.2. The Hopf correspondence H forms a topological T-dua-
lity correspondence.

Proof. We need to verify that H fulfills the Poincaré condition. Let x ∈ S2

arbitrary and fix an element y0 ∈ S3 in the fibre over it. We then define the
S1-equivariant maps

t : S1 → S3|{x}, z 7→ y0.z

and
t̂ : S1 → S2 × S1|{x}, z 7→ (x, z).

The trivialization T : t∗IS3 → IS1 is given as the identity stable isomorphism.
Similarly to the construction of the stable isomorphism D the trivialization
T̂ : t̂∗H → IS1 is defined via a global section. Let us take an explicit look at
the pullback bundle gerbe t̂∗H first. Its surjective submersion is the canonical
projection {x} × R→ {x} × S1 and its U(1)-bundle t̂∗H⊗ over {x} × R× Z
is given by

t̂∗H⊗|{x}×{(r,m)} = H⊗m
x .

The section

ux : {x} × R× Z→ t̂∗H⊗, (x, r,m) 7→ y⊗m
0
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is compatible with the bundle gerbe product of t̂∗H⊗ according to a compu-
tation analogous to (3.2). Therefore we can define the trivialization T̂ as the
induced stable isomorphism from the global section ux.

Analyzing the composition (3.1) in our specific case now simplifies to
the problem of finding the principal U(1)-bundle that corresponds to the
composition of the following two trivializations

IS1×S1

D−1|
S3
x×S1←−−−−−− pr∗2 t̂

∗H pr∗2 T̂−−−→ IS1×S1 . (3.3)

Here D−1|S3
x×S1 is given by the global section s|S3

x×R×Z and pr∗2 T̂ is given
by pr∗2 ux.

By applying Lemma 2.4.7 to the pair of global sections (s|S3
x×R×Z, pr

∗
2 ux),

we obtain the bundle 0-gerbe (S3
x×R→ S3

x×S1, g̃) with g̃ : S3
x×R×Z→ U(1)

being the unique map such that s|S3
x×R×Z = (pr∗2 ux).g̃. This implies

y⊗m = y⊗m
0 .g̃(y, r,m)

for all (y, r,m) ∈ S3
x × R × Z. Identifying y = y0.z ∈ S3

x and z ∈ S1 again
via t−1, we obtain the bundle 0-gerbe (S1×R→ S1×S1, g) with g given by

z⊗m = 0⊗m.g(z, r,m) =⇒ g(z, r,m) = mz.

This is exactly the dual bundle 0-gerbe (p, g) to the Poincaré bundle 0-gerbe
from Proposition 3.1.2. Hence, the composition (3.3) corresponds to the dual
of the Poincaré bundle P∨, i.e. the 1-fold Poincaré bundle P1.
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4 Kaluza-Klein and the Buscher Rules
In this chapter we are interested in the geometrical part of data of the toroidal
string backgrounds, in particular we concentrate on the works of Buscher
[Bus87, Bus88]. We start by reviewing some facts about metrics on principal
bundles that are known from Kaluza-Klein theory. In the second section we
state the Buscher rules and interweave them with the conclusions about the
metrics from before.

4.1 The Kaluza-Klein metric

Inspired by the results from Kaluza in [Kal21] and Klein in [Kle26], Bleecker
described the following construction: Given a principal G-bundle P over M
together with a metric on the base space M , a connection 1-form on the
total space P and a smooth family of scalar products on the Lie algebra of G
parameterized by elements of M one could define a metric on the total space
P , the so-called bundle metric, which happens to be G-invariant [Ble81].
We will review this classical construction in the following section and will
use it to define a connection 1-form on the Hopf bundle. Moreover, we will
take a closer look at the case where the principal bundle P is trivial since
this is the situation that was described by Buscher in his original duality
transformations [Bus87, Bus88].

Theorem 4.1.1. Let π : P → M be a principal G-bundle, let g be the Lie
algebra of G. Then there is a bijection of sets


G-invariant
Riemannian

metrics g on P

 ∼=


Triples (ω, g′, h) of a connection ω on P ,
a Riemannian metric g′ on M and

a smooth family hx of scalar products
on g parameterized by x ∈M

 .

Proof. Let (ω, g′, h) be a triple as given above. We construct the horizontal
tangent space Hp := Kern(ωp) ⊂ TpP associated to ω and can then decom-
pose the tangent space TpP = Hp⊕Vp, where Vp := Kern(Tpπ) is the vertical
tangent space. Furthermore, we have isomorphisms Tpπ|Hp : Hp → Tπ(p)M
and T1Rp : g = T1G → Vp ⊂ TpP , where Rp : G → P is the map that sends
g 7→ p.g. Using these isomorphisms together with the decomposition of the
tangent space of P we can define

gp :=

(
g′π(p) 0

0 hπ(p)

)
.
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The compatibility of the isomorphisms Tpπ|Hp and T1Rp with the isomor-
phism TpRg, i.e. the commutativity of the following two diagrams

Hp

TpRg |Hp //

Tpπ|Hp

��

Hp.g

Tpπ|Hp.g

~~

g

T1Rp

��

T1Rp.g

��

and

Tπ(p)M Vp
TpRg |Vp

// Vp.g

implies that the isomorphism TpP ∼= Tπ(p)M ⊕ g is G-invariant. Hence, g is
G-invariant as well.

Conversely, let g be a G-invariant metric on P . Using Vp = Kern(Tpπ)
we can again decompose TpP = Hp ⊕ Vp, where now Hp is defined as the
orthogonal complement of Vp with respect to g. The G-invariance of g im-
plies that TpRg gives an isomorphism Hp

∼= Hp.g. The metric g′ on M is
now induced by g via the G-invariant isomorphism Tgπ|Hp : Hp → Tπ(p)M .
The connection ω is given by the horizontal tangent spaces Hp by setting
ω|Vp

:= T1R
−1
p and ω|Hp

:= 0. The family hπ(e) of scalar products on g is
defined by the restriction of g to Vp.

We will refer to the bijection from Theorem 4.1.1 as the Kaluza-Klein
bijection. As our next step we are going to apply it to the round metric on
S3 as a bundle metric of the Hopf bundle. As a partial result we will obtain a
connection on the Hopf bundle that will be of relevance for our later defined
geometric version of the Hopf correspondence (Definition 5.1.5).

Example 4.1.2 (Hopf connection). Let us take a look at the Hopf bundle H

from Definition 2.5.3. The metric on S3 we are interested in is the round
metric gS3 . For an arbitrary point p = (w, x, y, z) ∈ S3 we identify the
tangent space TpS

3 with the orthogonal complement p⊥ to obtain a subspace
of R4. Then the Euclidean metric on R4 induces the round metric via

gS3(v, w) := vTw

for all v, w ∈ p⊥.
As one easily checks the round metric is indeed U(1)-invariant. Therefore

we can use Theorem 4.1.1 to obtain the corresponding triple (ω, g, h) for the
Hopf bundle. A short calculation shows that for the Hopf bundle we obtain

Tpπ = 2 ·

 y z w x
−z y x −w
w x −y −z

 ,
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at p = (w, x, y, z), under TpS
3 ⊂ R4 and Tπ(p)S

2 ⊂ R3. Furthermore, we
obtain

Vp := KernTpπ =

〈
−x
w
−z
y


〉

(4.1)

and for y2 + z2 ̸= 0

Hp := V ⊥
p =

〈
1
0

−wy+xz
y2+z2

xy−wz
y2+z2

 ,


0
1

−xy+wz
y2+z2

−wy+xz
y2+z2


〉
. (4.2)

We observe that Tpπ · Tpπ
T = 4En and therefore Tpπ has the right in-

verse 1
4
(Tpπ)

T . Since Tpπ induces the metric g on S2 we obtain for all
v, w ∈ π(p)⊥ = Tπ(p)S

2 ⊂ R3 that

g(v, w) = gS3

(
1

4
(Tpπ)

Tv,
1

4
(Tpπ)

Tw

)
=

1

16
vTTpπ · (Tpπ)

Tw

=
1

4
vTw

=
1

4
gS2(v, w),

where gS2 is the round metric on S2.
The restriction of gS3 to the vertical tangent spaces Vp defines the family

hπ(p) of scalar products on R. Let u, v ∈ Vp, i.e. u = r(−x,w,−z, y)T and
v = s(−x,w,−z, y)T for some r, s ∈ R. Since

gS3(u, v) = uTv = rs(w2 + x2 + y2 + z2) = rs,

we observe that hπ(p) is always the standard scalar product on R indepen-
dently of π(p) ∈ S2.

Last but not least we take a look at the connection ω ∈ Ω1(S3,R). It is
defined as

ωp|Hp
:= 0, ωp|Vp

:= (T0Rp)
−1
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where Rp : U(1)→ S3 is given by the U(1)-action of the Hopf bundle at the
fixed point p. A short computation shows that given an r ∈ R ∼= T0S

1 we
obtain

T0Rp(r) = r ·


−x
w
−z
y


and therefore

ωp(


−rx
rw
−rz
ry

) = r.

We will call this connection the Hopf connection and denote it with ωH.
In total, we conclude that the round metric on S3 corresponds to the triple

(ωH,
1
4
gS2 , ·std) consisting of the Hopf connection, 1

4
th of the round metric on

S2 and the standard scalar product on R.

Since Buscher’s duality transformations are given for the very specific case
of trivial circle bundles we want to take a closer look at the Kaluza-Klein
bijection in this case.

Remark 4.1.3 (Kaluza-Klein bijection for trivial bundles). Let G be an arbi-
trary Lie group and let P denote the trivial G-bundle over M . Let (ω, g′, h)
be a triple for P = M ×G as given by the Kaluza-Klein bijection from The-
orem 4.1.1. Since P is trivial we can identify the connection ω ∈ Ω1(P, g)
with a 1-form over the base space A ∈ Ω1(M, g) via ωx,g := Ad−1

g (Ax) + ϑg

resp. Ax := ωx,1. Let (v,X) be an element of Kern(ωx,g) ⊂ TxM ⊕ TgG.
Since Ad−1

g = TgL
−1
g ◦ T1Rg and ϑ = TgL

−1
g is an isomorphism we calculate

0 = ωx,g(v,X) = Ad−1
g (Ax(v)) + ϑg(X)⇔ X = −T1Rg(Ax(v))

and hence

Hx,g = {(v,−T1Rg(Ax(v))) | v ∈ TxM} ⊂ TxM ⊕ TgG.

Therefore the isomorphism TxM ∼= Hx,g sends every tangent vector v of M
to (v,−T1Rg(Ax(v))). Since P is trivial, the vertical tangent space Vx,g is
equal to TgG. As in the proof for Theorem 4.1.1 the isomorphism g ∼= Vx,g is
given by T1R(x,g), i.e. under the identification Vx,g = TgG it is given by T1Lg

since
Rx,g(h) = (x, g).h = (x, gh) = (x, Lg(h)).
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Since by definition g is of product form with respect to the decomposition
Tx,gP = Hx,g⊕Vx,g, for arbitrary elements (vi, Xi) ∈ TxM ⊕TgG = Tx,gP we
obtain that

g
(
(v1, X1), (v2, X2)

)
= g
(
(v1,−T1Rg(Ax(v1))), (v2,−T2Rg(Ax(v2)))

)
+ g
(
(0, X1 + T1Rg(Ax(v1))), (0, X2 + T1Rg(Ax(v2)))

)
= g′(v1, v2) + hx

(
TgL

−1
g (X1 + T1Rg(Ax(v1))), T1L

−1
g (X1 + T1Rg(Ax(v1)))

)
= g′(v1, v2) + hx

(
TgL

−1
g (X1) + Ad−1

g (Ax(v1)), TgL
−1
g (X2) + Ad−1

g (Ax(v2))
)

= g′(v1, v2) + hx

(
TgL

−1
g (X1), TgL

−1
g (X2)

)
+ hx

(
TgL

−1
g (X1),Ad

−1
g (Ax(v2))

)
+ hx

(
Ad−1

g (Ax(v1)), TgL
−1
g (X2)

)
+ hx

(
Ad−1

g (Ax(v1)),Ad
−1
g (Ax(v2))

)
.

Alternatively, when we rewrite the metric g in matrix form decomposition
with respect to Tx,gP = TxM ⊕ TgG we obtain

gx =

(
g′x + hx(Ad

−1
g Ax,Ad

−1
g Ax) hx(Ad

−1
g Ax, TgL

−1
g )

hx(TgL
−1
g ,Ad−1

g Ax) hx(TgL
−1
g , TgL

−1
g )

)
.

In particular, if the Lie group G is abelian (e.g. G = U(1)) and if we
canonically identify TgG ∼= g via TgL

−1
g we obtain

gx =

(
g′x + hx(Ax, Ax) hx(Ax, · )

hx( · , Ax) hx

)
with respect to Tx,gP = TxM ⊕ g.

4.2 The Buscher rules

In this section, in addition to giving a short review of the original Buscher
rules, we will apply the results from section 4.1 to draw further conclusions
about how the geometric data of two T-dual backgrounds should be interwo-
ven.

Let P := Rm × S1 be the trivial S1-bundle over Rm. We assume that
it is eqipped with a S1-invariant metric g on P and a S1-invariant 2-form
B ∈ Ω2(P ). In addition, we identify TtS

1 ∼= R using the isomorphism

R→ TtS
1, a 7→ d

ds
(t+ sa),

which now induces a canonical isomorphism Tx,tP ∼= Rm+1. Using this iso-
morphism and the usual convention that θ labels the (m + 1)th coordinate,
we can identify the metric g with a symmetric matrix

g =

(
gij giθ
gθi gθθ

)
∈ C∞(P,R)(m+1)×(m+1)
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and the 2-form B with a skew-symmetric matrix

B =

(
Bij Biθ

Bθi 0

)
∈ C∞(P,R)(m+1)×(m+1).

The S1-invariance of g resp. B implies that all of these functions from Rm×S1

to R are independent of S1 as well.
Now the Buscher rules as introduced in [Bus87] and [Bus88] define the

T-dual space of P as the trivial bundle again, equipped with a metric ĝ and
a 2-form B̂ defined by the relations

ĝθθ =
1

gθθ
, ĝiθ =

Biθ

gθθ
, ĝij = gij −

1

gθθ
(giθgjθ −BiθBjθ)

and
B̂iθ =

giθ
gθθ

, B̂ij = Bij −
1

gθθ
(Biθgjθ − giθBjθ).

In the following we will also refer to the Buscher rules in this order using the
abbreviations (B1) to (B5).

The following two lemmas show how the triples (g′, ω, h) and (ĝ′, ω̂, ĥ)
are connected if their corresponding metrics g and ĝ under the Kaluza-Klein
bijection of Theorem 4.1.1 belong to pairs (g,B) and (ĝ, B̂) fulfilling the
Buscher rules. The results of this section will be essential for the proof in
section 6.1 that our geometric T-duality correspondences locally fulfill the
Buscher rules.

Lemma 4.2.1. Let (g,B) and (ĝ, B̂) be pairs of S1-invariant metrics and
2-forms over Rm×S1 fulfilling the Buscher rules. Let (g′, ω, h) and (ĝ′, ω̂, ĥ)
be the triples corresponding to g resp. ĝ under Theorem 4.1.1. Then:

(i) The induced metrics g′ and ĝ′ on Rm coincide.

(ii) The families of scalar products hx and ĥx on R are inverse to each
other, i.e. when we identify them as smooth maps h, ĥ : Rm → R>0 we
then obtain that ĥ = 1

h
.

Proof. We are using Remark 4.1.3 to write g with respect to the decomposi-
tion Tx,tP ∼= Rm ⊕ R as

gx =

(
g′x + hx(Ax, Ax) hx(Ax, · )

hx( · , Ax) hx

)
where g′ ∈ C∞(Rm,R)m×m is the metric on Rm, A is the 1-form on Rm

inducing the connection on P and hx is the family of scalar products on R
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depending on x ∈ Rm. We can now use this matrix decomposition to rewrite
(g′, A, h) purely in terms of the metric g. We immediately conclude that

hx = gx(eθ, eθ) = gθθ(x). (4.3)

Hence
giθ(x) = gx(ei, eθ) = hx(Ax(ei), eθ) = gθθ(x)Ax(ei),

i.e. we can rewrite A as

Ax(ei) =
giθ(x)

gθθ(x)
. (4.4)

Lastly, using both of these equations we calculate

gij(x) = gx(ei, ej) = g′x(ei, ej) + hx(Ax(ei), Ax(ej)) = g′ij(x) +
giθ(x)gjθ(x)

gθθ(x)

such that

g′ij = gij −
giθgjθ
gθθ

. (4.5)

Of course the equations (4.3),(4.4) and (4.5) hold for the dual data ĝ and
(ĝ′, Â, ĥ) as well.

Using (B1) together with (4.3) we obtain that

ĥx = ĝθθ(x) =
1

gθθ(x)
=

1

hx

.

Therefore, condition (ii) is fulfilled.
Furthermore, the Buscher rules together with (4.5) imply that

ĝ′ij = ĝij −
ĝiθĝjθ
ĝθθ

=

(
gij −

1

gθθ
(giθgjθ −BiθBjθ)

)
− ĝiθĝjθ

ĝθθ

=

(
gij −

1

gθθ
(giθgjθ −

ĝiθĝjθ
ĝθθĝθθ

)

)
− ĝiθĝjθ

ĝθθ

= gij −
giθgjθ
gθθ

= g′ij.

So, condition (i) is fulfilled as well.
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Lemma 4.2.2. The wedge product Â∧A ∈ Ω2(Rm) is given by the difference
of the spatial components of the B-fields, i.e.

Â ∧ A = Bij − B̂ij.

Proof. Using the Buscher rules and the computations from the proof above
we calculate

(Â ∧ A)x(ei, ej) = Âx(ei)Ax(ej)− Âx(ej)Ax(ei)

=
ĝiθ(x)

ĝθθ(x)

gjθ(x)

gθθ(x)
− ĝjθ(x)

ĝθθ(x)

giθ(x)

gθθ(x)

=
1

gθθ(x)
(Biθ(x)gjθ(x)−Bjθ(x)giθ(x))

= Bij(x)− B̂ij(x).

Remark 4.2.3 (Buscher rules in higher torus dimension). We want to end
this section with a short overview how the Buscher rules can be generalized
to higher torus dimensions. Given a principal Tn-bundle P = Rm × Tn

one obtains a S1-bundle by fixing all but one of the spherical directions.
Now the usual Buscher rules can be applied. If we repeat this procedure
for every possible spherical direction we obtain a generalized version of the
Buscher rules for arbitrary torus bundles. These generalized Buscher rules
are described for example in [Bou10] and [Bug19] using the combined variable
E = g + B ∈ C∞(P,R)(m+n)×(m+n). Explicitly, the T-dual data Ê is given
by (

Êij Êiν

Êµj Êµν

)
=

(
Eµν − Eµi(E

−1)ijEjν Eµi(E
−1)ij

−(E−1)ijEjν (E−1)ij

)
,

where i, j ∈ {1, . . . ,m} denote the spatial components and the toroidal com-
ponents are denoted by µ, ν ∈ {m+1, . . . ,m+n}. The T-dual metric ĝ and
2-form B̂ can then be extracted as the symmetric and antisymmetric parts
of Ê, i.e.

ĝ =
1

2
(Ê + Êtr) and B̂ =

1

2
(Ê − Êtr).

Note that for n = 1 this results in the usual Buscher rules again. As the
explicit description of ĝ and B̂ in terms of the original g and B is a lot
more complicated, we will simply concentrate on the torus dimension 1 case
for geometric T-duality in this thesis. If one wants to understand geometric
T-duality in full generality, one possible way to achieve this should be by
studying the details of the generalized Buscher rules first.
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5 Geometric T-Duality
The main goal of this chapter is to finally achieve the main goal of the whole
thesis: The introduction of the definition for geometric T-duality. We will
start by generalizing the definitions from chapter 3 by adding metrics and
bundle gerbe connections: Geometric T-backgrounds (Definition 5.1.1) are a
generalization of topological T-backgrounds (Definition 3.2.1) and geometric
correspondences (Definition 5.2.2) derive from (topological) correspondences
(Definition 3.2.2). Moreover, we will equip the legs of the Hopf correspon-
dence with geometric data in such a way that they not only satisfy the new
definition for geometric T-backgrounds, but also locally fulfill the Buscher
rules from section 4.2 (Theorem 5.1.6). In conclusion, the resulting geomet-
ric Hopf correspondence (Definition 5.1.5) now satisfies both the definition
for topological T-duality, as well as the Buscher rules, which further validates
its choice as our main example for geometric T-duality. Finally, the defini-
tion for geometric T-duality correspondences will be introduced (Definition
5.3.1) and the relation to topological T-duality will be explained (Theorem
5.3.3).

5.1 Geometric T-backgrounds

We will now extend Definition 3.2.1 of topological T-backgrounds by the
geometric data of a metric and a bundle gerbe connection. As before all
definitions are relative to a fixed integer n > 0 that stands for the torus
dimension.

Definition 5.1.1 (Geometric T-background). A geometric T-background
over M is a triple (E,G, g) consisting of

• a principal Tn-bundle π : E →M ,

• a U(1)-bundle gerbe with connection G over E, and

• a metric g on E.

A 1-morphism from (E,G, g) to (E ′,G ′, g′) is a morphism (f,B) of the un-
derlying topological T-backgrounds such that

(i) the isomorphism f is an isometry, i.e. g = f ∗g′, and

(ii) the stable isomorphism B is connection-preserving.
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A 2-morphism

(E,G, g) ⇓

(f,B2)

33

(f,B1)
++
(E ′,G ′, g′)

is a connection-preserving bundle gerbe 2-morphism β : B1 ⇒ B2 over E.
All compositions are defined in the same way as the compositions of the
underlying topological T-backgrounds.

Again, geometric T-backgrounds over a fixed manifold M form a bi-
gruppoid geomT-BG(M). Obviously, there exists a canonical pseudofunctor
from geomT-BG(M) to topT-BG(M) induced by forgetting the geometric
data. Since both principal U(1)-bundles with connection as well as bundle
gerbes with connection form (2-)stacks over smooth manifolds, the assign-
ment M 7→ geomT-BG(M) defines a 2-stack over smooth manifolds as well.

Analogously to the topological case, we will be mostly interested in the
situation when there are two geometric T-backgrounds living over the same
manifold M . An interesting example for this special case is induced by the
Buscher rules.

Example 5.1.2 (Buscher legs). Let (g,B) and (ĝ, B̂) be pairs fulfilling the
Buscher rules. Then the Buscher legs with respect to the pairs (g,B) and
(ĝ, B̂) are the geometric T-backgrounds (Rm×S1, IB, g) and (Rm×S1, IB̂, ĝ)
over Rm. Schematically, this can be visualized as the following diagram

pr∗U(1) ϑ Rm × S1 × U(1)

pr

��

Rm × S1 × U(1)

pr

��

pr∗U(1) ϑ

Rm × S1

id
��

id




Rm × S1

id
��

id




B Rm × S1

id
��

Rm × S1 × S1

pr1

vv

pr2

((

Rm × S1

id
��

B̂

g Rm × S1

pr
((

Rm × S1

pr
vv

ĝ

Rm

where the left- and rightmost column indicate on which spaces the metrics g
and ĝ and the 2-forms B and B̂ are defined. The additional data at the top
indicates that the connection 1-forms of the trivial bundle gerbes are just the
Maurer-Cartan connection forms pr∗U(1) ϑ ∈ Ω1(Rm × S1 × U(1)).
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Using this example we are now able to formulate what it means for a pair
of geometric T-backgrounds to locally fulfill the Buscher rules.

Definition 5.1.3 (Locally fulfilling the Buscher Rules). Let (E,G, g) and
(Ê, Ĝ, ĝ) be geometric T-backgrounds over the same m-dimensional manifold
M . We then say that this pair locally fulfills the Buscher rules if for every
x ∈ M there exists an open neighborhood x ∈ U ⊂ M diffeomorphic to Rm

such that

(i) (E|U ,G|U , g|U) is isomorphic to the left Buscher leg and

(ii) (Ê|U , Ĝ|U , ĝ|U) is isomorphic to the right Buscher leg

for some (g′, B′) and (ĝ′, B̂′) fulfilling the Buscher rules.

We will now take one step back to consider the purely topological Hopf
correspondence H from section 3.3. As we have proven in Proposition 3.3.2
it is an example for a topological T-duality correspondence. Now we are going
to embed this example into the geometric framework by extending its legs to
be geometric T-backgrounds. The metrics and bundle gerbe connections we
will be using to equip the T-backgrounds are derived from the results from
[ÁÁBL94] and [BEM04b]. By the end of the section we will prove that these
geometrically-extended legs of the topological Hopf correspondence locally
fulfill the Buscher rules. Therefore this will be our archetypical example and
our starting point for the definition for geometric correspondences.

To define the new geometric T-backgrounds we will start by equipping the
Hopf bundle gerbe H from Definition 2.5.5 with a connection using the Hopf
connection from Example 4.1.2. This is once again due to the cup product
bundle gerbe construction described in Example 2.5.1.

Definition 5.1.4 (Hopf bundle gerbe connection). Let H = (p, H⊗, µ) be the
Hopf bundle gerbe from Definition 2.5.5. The Hopf bundle gerbe connection
is defined as the pair (ωH, BH), where:

• The connection 1-form ωH ∈ Ω1(H⊗) is defined fibrewise as the iterated
tensor product of the Hopf connections ωH, i.e.

(ωH)|S2×{(r,m)} := ω⊗m
H

for all (r,m) ∈ R× Z.

• The 2-form BH ∈ Ω2(S2 × R) is defined as

BH := r · pr∗S2 FωH

where r : S2 × R→ R is the canonical projection.
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The Hopf bundle gerbe connection can now be used to extend the legs of
the Hopf correspondence from Definition 3.3.1.

Definition 5.1.5 (The geometric Hopf legs). Topologically the geometric
Hopf legs are just the two legs of the usual Hopf correspondence. Addition-
ally, the left leg is equipped with the round metric on S3 and the trivial
bundle gerbe connection on I. The right leg is eqipped with the product
metric of 1

4
th the round metric of S2 and the round metric of S1 on S2 × S1

and the Hopf bundle gerbe connection on H. Schematically, we obtain

pr∗U(1) ϑ S3 × U(1)

pr

��

H⊗

π

��

ωH

S3

id
��

id




S2 × R× Z
p1
��

p2




0 S3

id
��

S3 × S1

pr

xx

π

&&

S2 × R
p

��

BH

gS3 S3

π
&&

S2 × S1

pr
ww

1
4
gS2 ⊕ gS1

S2

where similar to Example 6.1.3 the metrics and forms in the outermost
columns are written on the same level as the spaces that they are defined on.

The following theorem shows in which sense the geometric Hopf legs de-
fined above fulfill the Buscher rules. Of course, the result that they actually
do so, is not surprising at all: In [ÁÁBL94] the Hopf correspondence exam-
ple was actually derived from the Buscher rules themselves. But since we
replaced the H-fluxes with actual bundle gerbes with connection, our picture
is more detailed and our proof is the first that uses the complete data of the
Hopf example.

Theorem 5.1.6. The geometric Hopf legs locally fulfill the Buscher rules.

Proof. In the following we will denote the north pole of the n-sphere Sn with
N = (0, . . . , 0, 1) and the stereographical projections with

pN : Sn \N → Rn, (x1, . . . , xn+1) 7→
1

1− xn+1

(x1, . . . , xn),

p−1
N : Rn → Sn \N, (y1, . . . , yn) 7→

1

1 + ∥y∥2 (2y1, . . . , 2yn, ∥y∥
2 − 1).
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Let x ∈ S2 with x ̸= N . Let U = S2 \ N . (For x = N all following
calculations can be done completely analogous using U = S2 \ (0, . . . , 0,−1)
and the south pole stereographical projections.) The map

ϕ : R2 → S3, (y1, y2) 7→
1√

1 + ∥y∥2
(y1, y2, 1, 0)

forms a lift for p−1
N through S3 with respect to π since

(π ◦ ϕ)(y1, y2) = π

(
1√

1 + ∥y∥2
(y1, y2, 1, 0)

)

=

(
2y1

1 + ∥y∥2 ,
2y2

1 + ∥y∥2 ,
y21 + y22 − 1

1 + ∥y∥2
)

= p−1
N (y1, y2).

We will now use this lift to pull back the geometric Hopf legs along p−1
N .

Pullback of the left leg
The pullback of the Hopf bundle along p−1

N is the trivial U(1)-bundle
over R2 as indicated by the diagram

S3

π
��

R2 × S1ϕ̃oo

pr

��
S2 R2,

p−1
N

oo

(5.1)

where ϕ̃ : R2 × S1 → S3 is given by ϕ̃(y1, y2, t) := ϕ(y1, y2).t. Now the
pullback of the round metric on S3 via ϕ̃ can be calculated to be

(ϕ̃∗gS3)x,y,t(v, w)

= (gS3)ϕ̃(x,y,t)(Tx,y,tϕ̃ · v, Tx,y,tϕ̃ · w)
= vT · (Tx,y,tϕ̃)

T · Tx,y,tϕ̃ · w

= vT ·


y2+1

(1+x2+y2)2
−xy

(1+x2+y2)2
−y

1+x2+y2

−xy
(1+x2+y2)2

x2+1
(1+x2+y2)2

x
1+x2+y2

−y
1+x2+y2

x
1+x2+y2

1

 · w
for all v, w ∈ R3 ∼= Tx,yR2 ⊕ TtS

1. The pullback of the trivial bundle
gerbe over S3 remains to be trivial and so does the trivial connection
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on it. I.e. in total we obtain the following geometrical data on the left
leg

g =


y2+1

(1+x2+y2)2
−xy

(1+x2+y2)2
−y

1+x2+y2

−xy
(1+x2+y2)2

x2+1
(1+x2+y2)2

x
1+x2+y2

−y
1+x2+y2

x
1+x2+y2

1

 and B = 0.

Pullback of the right leg
The pullback of the trivial U(1)-bundle over S2 along p−1

N is the trivial
bundle over R2. Furthermore, the pullback of the round metric along
the stereographic projection is a well known calculation (see for example
[Lee18, Proposition 3.5.]) which states that

(p−1
N )∗gS2 =

4

(1 + x2 + y2)2
gR2

where gR2 is the standard metric on the R2. This implies that we obtain

ĝ := (p−1
N × id)∗(

1

4
gS2 ⊕ gS1)x,y,t =

 1
(1+x2+y2)2

0 0

0 1
(1+x2+y2)2

0

0 0 1

 .

The pullback of H is given by

H⊗

π
��

(p−1
N × id)∗H⊗oo

��
S2 × R× Z

�� 



R2 × R× Z

�� 



p−1
N ×id

oo

S2 × R
p
��

R2 × R
p−1
N ×id

oo

p
��

S2 × S1 R2 × S1.
p−1
N ×id

oo

As seen in diagram (5.1) the pullback of the Hopf bundle along p−1
N is

the trivial U(1)-bundle over R2. Since the n-fold tensor product of the
trivial bundle is the trivial bundle again we can deduce that

(p−1
N × id)∗H⊗ = R2 × R× Z× U(1)

with the horizontal arrow induced by ϕ̃. The bundle gerbe product of
(p−1

N × id)∗H is given by the group structure of U(1).
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Let us now calculate the pullback of the bundle gerbe connection.
Firstly, we will make use of the calculations from Example 4.1.2 to
determine the pullback of the Hopf connection ωH via ϕ. Using (4.1)
and (4.2) we obtain

Vϕ(x,y) =

〈
1√

1 + x2 + y2
·


−y
x
0
1


〉
,

Hϕ(x,y) =

〈
1
0
−x
y

 ,


0
1
−y
−x


〉

for all (x, y) ∈ R2 and under Tϕ(x,y)S
3 ⊂ R4. Let now v = (v1, v2) be

an element of Tx,yR2 ∼= R2. Then

(ϕ∗ωH)x,y(v)

= (ωH)ϕ(x,y)(Tx,yϕ · v)

= (ωH)ϕ(x,y)

 1

(1 + x2 + y2)
3
2


(y2 + 1)v1 − xyv2
−xyv1 + (x2 + 1)v2
−xv1 − yv2

0




= (ωH)ϕ(x,y)

−yv1 + xv2
1 + x2 + y2

· 1√
1 + x2 + y2


−y
x
0
1



+
v1

(1 + x2 + y2)
3
2


1
0
−x
y

+
v2

(1 + x2 + y2)
3
2


0
1
−y
−x




= (ωH)ϕ(x,y)

−yv1 + xv2
1 + x2 + y2

· 1√
1 + x2 + y2


−y
x
0
1




=
−yv1 + xv2
1 + x2 + y2

,

i.e. we obtain

ϕ∗ωH = −
y

1 + x2 + y2
dx+

x

1 + x2 + y2
dy
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with its curvature given by

Fϕ∗ωH
= d(ϕ∗ωH)

= − x2 − y2 + 1

(1 + x2 + y2)2
dy ∧ dx+

−x2 + y2 + 1

(1 + x2 + y2)2
dx ∧ dy

=
2

(1 + x2 + y2)2
dx ∧ dy.

From this we can conclude using Definition 5.1.4 that the connection
on (p−1

N × id)∗H is given by the pair (ϕ̃∗ωH, (p
−1
N × id)∗BH) with

ϕ̃∗ωH = − my

1 + x2 + y2
dx+

mx

1 + x2 + y2
dy ∈ Ω1(R2 × R× Z× U(1))

and

(p−1
N × id)∗BH =

2r

(1 + x2 + y2)2
dx ∧ dy ∈ Ω2(R2 × R).

Trivialization of (p−1
N × id)∗H

Define the 2-form

B̂ = − y

x2 + y2 + 1
dx ∧ dt+

x

x2 + y2 + 1
dy ∧ dt ∈ Ω2(R2 × S1).

We will now show that there exists a morphism (f,B) of geometric T-
backgrounds over R2 from (R2×S1, (p−1

N × id)∗H, ĝ) to (R2×S1, IB̂, ĝ).
The U(1)-bundle morphism f is given by the identity on R2 × S1 and
therefore an isometry. The stable isomorphism B will be constructed
as a global section. Define s : R2 ×R×Z→ R2 ×R×Z× U(1) as the
0-section of the trivial U(1)-bundle. Then s is connection-preserving
with respect to

η =
ry

1 + x2 + y2
dx− rx

1 + x2 + y2
dy ∈ Ω1(R2 × R)

since

π∗
1η − π∗

2η =
ry

1 + x2 + y2
dx− rx

1 + x2 + y2
dy

− (r +m)y

1 + x2 + y2
dx+

(r +m)x

1 + x2 + y2
dy

= − my

1 + x2 + y2
dx+

mx

1 + x2 + y2
dy

= s∗ϕ̃∗ωH.
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According to Proposition 2.4.5 the stable isomorphism induced by s is
connection-preserving with respect to the connection on I given by the
2-form B̂ ∈ Ω2(R2 × S1) since

(p−1
N × id)∗BH + dη

= (p−1
N × id)∗BH −

r(−x2 + y2 − 1)

(1 + x2 + y2)2
dy ∧ dx+

y

1 + x2 + y2
dr ∧ dx

− r(−x2 + y2 + 1)

(1 + x2 + y2)2
dx ∧ dy +

−x
1 + x2 + y2

dr ∧ dy

= − y

1 + x2 + y2
dx ∧ dr +

x

1 + x2 + y2
dy ∧ dr

= p∗B̂.

The resulting correspondence is a Buscher correspondence
It remains to show that the metrics

g =


y2+1

(1+x2+y2)2
−xy

(1+x2+y2)2
−y

1+x2+y2

−xy
(1+x2+y2)2

x2+1
(1+x2+y2)2

x
1+x2+y2

−y
1+x2+y2

x
1+x2+y2

1


and

ĝ =

 1
(1+x2+y2)2

0 0

0 1
(1+x2+y2)2

0

0 0 1


and the 2-forms B = 0 and

B̂ = − y

1 + x2 + y2
dx ∧ dt+

x

1 + x2 + y2
dy ∧ dt

=

 0 0 −y
1+x2+y2

0 0 +x
1+x2+y2

y
1+x2+y2

−x
1+x2+y2

0


satisfy the Buscher rules. We check

(B1)

ĝθθ = 1 =
1

1
=

1

gθθ

(B2)

ĝ1θ = 0 =
B1θ

gθθ

ĝ2θ = 0 =
B2θ

gθθ
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(B3)

ĝ11 =
1

(1 + x2 + y2)2
=

y2 + 1

(1 + x2 + y2)2
−
(( −y

1 + x2 + y2

)2

− 0

)
= g11 −

1

gθθ
(g1θg1θ −B1θB1θ)

ĝ12 = 0 =
−xy

(1 + x2 + y2)2
−
( −y
1 + x2 + y2

· x

1 + x2 + y2
− 0

)
= g12 −

1

gθθ
(g1θg2θ −B1θB2θ)

ĝ21 = 0 =
−xy

(1 + x2 + y2)2
−
(

x

1 + x2 + y2
· −y
1 + x2 + y2

− 0

)
= g21 −

1

gθθ
(g2θg1θ −B2θB1θ)

ĝ22 =
1

(1 + x2 + y2)2
=

x2 + 1

(1 + x2 + y2)2
−
((

x

1 + x2 + y2

)2

− 0

)
= g22 −

1

gθθ
(g2θg2θ −B2θB2θ)

(B4)

B̂1θ =
−y

1 + x2 + y2
=

g1θ
gθθ

B̂2θ =
x

1 + x2 + y2
=

g2θ
gθθ

(B5)

B̂ij = 0 = 0− (0− 0) = Bij −
1

gθθ
(Biθgjθ − giθBjθ).

This concludes the proof.

5.2 Geometric Correspondences

By now we have established that the Hopf correspondence H as defined in
3.3.1 is an example for a topological T-duality correspondence. Furthermore,
after equipping the legs of the Hopf correspondence with the geometric data
of metrics and bundle gerbe connections as in Definition 5.1.5, we were able to
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show that the Buscher rules were fulfilled locally (Theorem 5.1.6). Therefore
we want this geometrically-extended Hopf correspondence to be the prime
example of our approach to geometric T-duality.

Yet we still have to figure out how the stable isomorphism D between
the legs of H should be augmented. The canonical way to geometrically
equip D would be by demanding it to be connection-preserving. This idea
could then be used to give a general definition for geometric correspondences,
which would simply consist of two geometric T-backgrounds together with a
connection-preserving stable isomorphism between those legs. Unfortunately
this is a dead end as the next proposition shows.

Proposition 5.2.1. Let ((H, I), (S2 × S1,H)) be the geometric Hopf legs
as defined in 5.1.5. Let D : I → π∗H be any stable isomorphism over the
correspondence space S3×S1. Then D cannot be connection-preserving with
respect to the pulled back connections of both legs.

Proof. Assume D = (ζ, A, α) to be connection-preserving, i.e. there exists a
connection 1-form ρ ∈ Ω1(A) such that its curvature Fρ fulfills

Fρ = ζ∗2π
∗BH − ζ∗10.

Because of
dBH = dr ∧ pr∗S2 FωH ̸= 0

the 2-form BH ∈ Ω2(S2 × R) is not closed. But since we are only pulling
back along surjective submersions so is ζ∗2π

∗BH. This is a contradiction to
the fact that Fρ is a curvature form and as such has to be closed.

Therefore, instead of demanding the stable isomorphism D to be connec-
tion-preserving by itself, we will allow it to be connection-preserving up to an
error term in the form of a 2-form ϱ, which is defined on the correspondence
space and given by the metrics of the geometric T-backgrounds. We will
now state the definition for a geometric correspondence as an extension of
the definition for (topological) correspondences (Definition 3.2.2) using this
idea. Again this definition is relative to the fixed torus dimension n > 0.
Moreover, we will be using the following “dotted” wedge product ∧̇ for Rn-
valued differential forms over M : For two differential forms ω ∈ Ωk(M,Rn)
and η ∈ Ωl(M,Rn) we define the real-valued (k+ l)-form ω∧̇η ∈ Ωk+l(M) via

(ω∧̇η)x(v1, . . . , vk+l) :=
1

k! l!

∑
σ∈Sk+l

ω(vσ(1), . . . , vσ(k)) · η(vσ(k+1), . . . , vσ(k+l)),
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where v1, . . . , vk+l ∈ TxM and the product on the right hand side is the
standard scalar product of Rn. Of course, for n = 1 this is identical to the
standard wedge product of differential forms over M .

Definition 5.2.2 (Geometric correspondence). A geometric correspondence
C over M is a triple ((E,G, g), (Ê, Ĝ, ĝ),D) consisting of

• two geometric T-backgrounds (E,G, g) and (Ê, Ĝ, ĝ) over M as defined
in Definition 5.1.1, and

• a connection-preserving stable isomorphism D : pr∗1 G → pr∗2 Ĝ⊗Iϱ over
E ×M Ê,

where the 2-form ϱ ∈ Ω2(E ×M Ê) defining the connection on the trivial
bundle gerbe over E ×M Ê in the second bullet point is given by the metrics
g and ĝ on E resp. Ê in the following sense: Let (ω, g′, h) and (ω̂, ĝ′, ĥ) be the
data corresponding to the metrics g and ĝ under the Kaluza-Klein bijection
from Theorem 4.1.1. Then the 2-form ϱ is defined by

ϱ = pr∗2 ω̂∧̇ pr∗1 ω.

As before we refer to (E,G, g) as the left leg and to (Ê, Ĝ, ĝ) as the right leg
of the geometric correspondence. The manifold E ×M Ê is once again called
the correspondence space of C .
A 1-morphism from ((E,G, g), (Ê, Ĝ, ĝ),D) to ((E ′,G ′, g′), (Ê ′, Ĝ ′, ĝ′),D′) is
a triple ((f,B), (f̂ , B̂), ζ) consisting of

• 1-morphisms of geometric T-backgrounds (f,B) : (E,G, g)→ (E ′,G ′, g′)
and (f̂ , B̂) : (Ê, Ĝ, ĝ)→ (Ê ′, Ĝ ′, ĝ′), and

• a bundle gerbe 2-morphism

pr∗1 G D //

pr∗1 B
��

pr∗2 Ĝ ⊗ Iϱ
pr∗2 B̂⊗id
��

ζ

qy
pr∗1 f

∗G ′
(f,f̂)∗D′

// pr∗2 f̂
∗Ĝ ′ ⊗ (f, f̂)∗Iϱ′ .

over E ×M Ê.

Composition of 1-morphisms is given by the composition of geometric T-
backgrounds and by stacking together the suitable diagrams of 2-morphisms
of bundle gerbes.
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A 2-morphism is a pair (β1, β2) consisting of 2-morphisms β1 : (f,B)⇒ (f,B′)

and β2 : (f̂ , B̂)⇒ (f̂ , B̂′) of geometric T-backgrounds such that

pr∗1 G D //

pr∗1 B

��

pr∗1 B′ pr∗1 β1⇐====

$$

pr∗2 Ĝ ⊗ Iϱ

pr∗2 B̂⊗id

��

ζ

w�

pr∗1 G D //

pr∗1 B′

��

pr∗2 Ĝ ⊗ Iϱ

pr∗2 B̂′⊗id

��

ζ′

w�

pr∗2 B̂⊗id
pr∗2 β2⊗id⇐======
xx

=

pr∗1 f
∗G ′

(f,f̂)∗D′
// pr∗2 f̂

∗Ĝ ′ ⊗ (f, f̂)∗Iϱ′ pr∗1 f
∗G ′

(f,f̂)∗D′
// pr∗2 f̂

∗Ĝ ′ ⊗ (f, f̂)∗Iϱ′

over E ×M Ê. Horizontal and vertical composition are given by those of
2-morphisms of geometric T-backgrounds.

Geometric correspondences form a bigruppoid geomCorr(M) for every
manifold M . Again there is a canonical pseudofunctor from geomCorr(M)
to Corr(M). As in the topological case the assignment M 7→ geomCorr(M)
defines a 2-stack over smooth manifolds.

We are now finally able to present the complete definition for the geo-
metric Hopf correspondence as an extension of the (topological) Hopf corre-
spondence.

Definition 5.2.3 (The geometric Hopf correspondence). Let (H, I0, gS3) and
(S2×S1,H, 1

4
gS2⊕gS1) be the geometric Hopf legs from Definition 5.1.5. Let

D : I → π∗H be the stable isomorphism of the (topological) Hopf correspon-
dence H defined in section 3.3. By abuse of notation we will again use the
letter H to denote the following triple

H = ((H, I0, gS3), (S2 × S1,H, 1
4
gS2 ⊕ gS1),D : I0 → π∗H⊗ Iϱ),

where ϱ ∈ Ω2(S3 × S1) is defined by

ϱ = p∗ pr∗S1 ϑ ∧ pr∗S3 ωH.

We call this triple the geometric Hopf correspondence.

Since the geometric Hopf correspondence as an extension of the (topologi-
cal) Hopf correspondence is an example for topological T-duality (Proposition
3.3.2) and since its legs locally fulfill the Buscher rules (Theorem 5.1.6) it will
be our main example for T-duality. Therefore the following proposition fur-
ther justifies our newly introduced definition for geometric correspondences.

Proposition 5.2.4. The geometric Hopf correspondence H is a geometric
correspondence.
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Proof. By definition the two legs of H are geometric T-backgrounds and the
stable isomorphism D has the correct source and target. So it remains to
show that D is connection-preserving.

The stable isomorphism D is given via the global section s of π∗H which
is defined by

s : S3 × R× Z→ π∗H⊗, (y, r,m) 7→ y⊗m.

(see section 3.3). Therefore it suffices to find a 1-form η ∈ Ω1(S3 × R)
such that s is connection-preserving with respect to η and that the induced
trivialization D−1 has the fitting bundle gerbe connection at its codomain.
We define

η = −r · pr∗S3 ωH,

where r : S3 × R → R is the canonical projection. Then s is connection-
preserving with respect to η since

π∗
1η − π∗

2η = −r · pr∗S3 ωH − (−(r +m) · pr∗S3 ωH) = m · pr∗S3 ωH = s∗π∗ωH.

According to the proof of Proposition 2.4.5 the induced trivialization D−1 is
now connection-preserving as a stable isomorphism from π∗H = π∗H ⊗ Iϱ
to IC , where the 2-form C ∈ Ω2(S3 × S1) is defined as the pullback form
of dη + B for the 2-form B ∈ Ω2(S3 × R) that belongs to the bundle gerbe
connection of π∗H ⊗ Iϱ. It remains to show that C is equal to the trivial
2-form.

First, we apply Theorem 4.1.1 to the metrics involved. We obtain the
identifications gS3

∼= (ωH,
1
4
gS2 , ·std) (see Example 4.1.2) for the metric on the

Hopf bundle H and 1
4
gS2⊕gS1

∼= (pr∗S1 ϑ,
1
4
gS2 , ·std) for the metric on the trivial

bundle S2 × S1 → S2. Therefore the 2-form B on π∗H⊗ Iϱ is given by

B = π∗BH + ϱ = π∗BH + p∗ pr∗S1 ϑ ∧ pr∗S3 ωH,

where p : S3 × R→ S3 × S1 is the canonical projection. We calculate

dη = d(−r · pr∗S3 ωH)

= −r · pr∗S3 dωH − dr ∧ pr∗S3 ωH

= −π∗BH − p∗ pr∗S1 ϑ ∧ pr∗S3 ωH

= −B

and therefore p∗C = dη + B = 0. In total, we obtain that D is connection-
preserving as a stable isomorphism from I0 to π∗H⊗ Iϱ.
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5.3 Geometric T-duality correspondences

As done before with T-backgrounds and correspondences we will now extend
the definition for topological T-duality correspondences (Definition 3.2.3)
to the geometric setting. We will do so by interweaving the definition for
geometric correspondences (Definition 5.2.2) with the Buscher rules (in the
form of Lemma 4.2.1 and Lemma 4.2.2). Since the Buscher rules are given
explicitly for torus dimension 1, we will only state the definition for geometric
T-duality correspondences for n = 1 for now.

Definition 5.3.1 (Geometric T-duality correspondence). A geometric T-
duality correspondence T of torus dimension 1 over M is a geometric corre-
spondence ((E,G, g), (Ê, Ĝ, ĝ),D) of torus dimension 1 such that the follow-
ing conditions are fulfilled:

(i) The Riemannian metrics g′ and ĝ′ on M coincide,

g′ = ĝ′.

(ii) The smooth families hx and ĥx of scalar products on R parameterized
by x ∈M are inverse to each other.

(iii) For every point x ∈ M there exist an open neighborhood x ∈ U ⊂ M ,
S1-equivariant isometries

t : U × S1 → E|U and t̂ : U × S1 → Ê|U ,

2-forms B, B̂ ∈ Ω2(U × S1) and connection-preserving trivializations

T : t∗G → IB and T̂ : t̂∗Ĝ → IB̂
over U × S1 such that the composition

Ipr∗1 B

pr∗1 T −1

−−−−→ pr∗1 t
∗G (t,t̂)∗D−−−−→ pr∗2 t̂

∗Ĝ ⊗ I(t,t̂)∗ϱ
pr∗2 T̂ ⊗id−−−−−→ Ipr∗2 B̂ ⊗ I(t,t̂)∗ϱ

between trivial gerbes over U ×S1×S1 corresponds (up to a 2-isomor-
phism over U×S1×S1) to the 1-fold Poincaré bundle with its canonical
connection pulled back via the projection U × S1 × S1 → S1 × S1.

A geometric T-background (E,G, g) is called T-dualizable if there exists a
geometric T-duality correspondence T such that the left leg of T is isomor-
phic to (E,G, g). The two legs of a geometric T-duality correspondence are
called (geometrically) T-dual to each other.
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Remark 5.3.2 (Geometric T-duality in higher torus dimensions). For the
more general case of arbitrary torus dimension n ∈ N we expect that the
geometric Poincaré condition, i.e. condition (iii), will still be the correct one
after replacing T1 = S1 by Tn. Although condition (i) in its current form
could easily be adopted for higher torus dimensions, we do not know yet if
the condition holds in the more general case since the metric and the 2-form
of the T-backgrounds are even more entangled with their correspondants by
the Buscher rules in higher torus dimensions. As a generalization of condi-
tion (ii) we suspect that the matrices belonging to the scalar products hx

and ĥx on Rn have to be inverse for every x ∈M .

From now on we will drop the addendum “of torus dimension 1” when
talking about geometric T-duality correspondences. It follows directly from
condition (iii) of this definition that geometric T-duality is a generalization
of topological T-duality in the sense of the following theorem.

Theorem 5.3.3. Let ((E,G, g), (Ê, Ĝ, ĝ),D) be a geometric T-duality corre-
spondence over M . Then ((E,G), (Ê, Ĝ),D) is a topological T-duality corre-
spondence over M .

Proof. Let x ∈ M . Since ((E,G, g), (Ê, Ĝ, ĝ),D) is a geometric T-duality
correspondence there exists an open neighborhood x ∈ U ⊂M over which the
principal bundles E|U and Ê|U and the bundle gerbes t∗G and t̂∗Ĝ trivialize
such that D corresponds to pr∗ Pn over U ×T2n. In particular, this has to be
true if we restrict to {x} instead of U . Therefore ((E,G), (Ê, Ĝ),D) fulfills
the Poincaré condition.

In conclusion our definition for geometric T-duality fulfills Goal 3 from
the introduction.

6 Comparisons
In this chapter we are going to compare our definition for geometric T-
duality with the other approaches for T-duality that are known so far. In
the first section we will compare our new definition to the works of Buscher
[Bus87, Bus88]. Specifically, we are going to show that every instance of
a geometric T-duality correspondence locally fulfills the Buscher rules. On
the other hand if we start with two given pairs of geometric data fulfill-
ing the Buscher rules, we canonically obtain an example for a geometric
T-duality correspondence. In the second section we will compare geometric
T-duality with the approach to define T-duality with H-fluxes introduced by
Bouwknegt, Evslin, Mathai and Hannabuss [BEM04b, BEM04a, BHM04]. In

67



detail, we are going to review the definitions for T-duality correspondences
with H-flux from Cavalcanti and Gualtieri [CG11]. We then show that every
geometric T-duality correspondence canonically generates an example for a
T-duality correspondence with H-flux.

6.1 Geometric T-duality and the Buscher rules

As before we will identify the metrics g and ĝ on the principal bundles E
and Ê of the T-backgrounds with the corresponding triples (ω, g′, h) resp.
(ω̂, ĝ′, ĥ) under the Kaluza-Klein bijection from Theorem 4.1.1.

Theorem 6.1.1. Let C = ((E,G, g), (Ê, Ĝ, ĝ),D) be a geometric T-duality
correspondence over M . Then the legs of C locally fulfill the Buscher rules.

Proof. Let x ∈ M arbitrary. Let x ∈ U ⊂ M be a neighborhood of x that
fulfills condition (iii) of Definition 5.3.1 and that is diffeomorphic to the Rm.
The corresponding isometries t and t̂ and trivializations T and T̂ will then
form the geometric T-background isomorphisms to the legs of the Buscher
correspondence. It remains to show that (B, t∗gU) and (B̂, t̂∗ĝU) fulfill the
Buscher rules. In the following we will use the simplifying notation g = t∗gU
and ĝ = t̂∗ĝU .

Using Remark 4.1.3 we obtain

gx =

(
g′x + hx(Ax, Ax) hx(Ax, ·)

hx(·, Ax) hx

)
where g′ ∈ C∞(Rm,R)m×m is the metric on Rm, A is the 1-form on Rm

inducing the connection on Rm × S1 and hx is the family of scalar products
on R depending on x ∈ Rm. Analogously we get a similar decomposition
for ĝ. As done before in the proof for Lemma 4.2.1 we obtain the following
formulas for g′, A and h

g′ij = gij −
giθgjθ
gθθ

, (6.1)

Ax(ei) =
giθ(x)

gθθ(x)
, (6.2)

hx = gθθ(x). (6.3)

Together with condition (ii) from Definition 5.3.1 we immediately conclude
that

ĝθθ(x) = ĥx =
1

hx

=
1

gθθ(x)
,
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i.e. the first Buscher rule (B1) is fulfilled. Now we use condition (iii) from
Definition 5.3.1 to conclude that

pr∗ FP1 = (pr∗2 B̂ + (t, t̂)∗ϱ)− pr∗1B (6.4)

as 2-forms on Rm×S1×S1, where FP1 is the curvature form of the canonical
connection form ωP1 on the 1-fold Poincaré bundle P1. In the following we
will denote θ = m + 1 and θ̂ = m + 2. In addition, instead of writing
out the pullbacks that belong to the projections of S1 × S1 we will refer
to the two components by using the following -̂notation, e.g. we write ϑ̂
for the pulled back Maurer-Cartan form pr∗2 ϑ with respect to the projection
pr2 : S

1 × S1 → S1. Using FP1 = ϑ̂ ∧ ϑ and

ϱx,t,t̂ = (pr∗2 ω̂ ∧ pr∗1 ω)x,t,t̂

= (Âx + ϑ̂t̂) ∧ (Ax + ϑt)

= Âx ∧ Ax + Âx ∧ ϑt + ϑ̂t̂ ∧ Ax + ϑ̂t̂ ∧ ϑt

equation (6.4) generates the following system of equations by inserting the
canonical basis vectors:

(ei, ej) =⇒ 0 = B̂ij(x) + (Âx ∧ Ax)(ei, ej)−Bij(x) (6.5)

(ei, eθ) =⇒ 0 = 0 + Âx(ei)−Biθ(x) (6.6)

(ei, eθ̂) =⇒ 0 = B̂iθ̂(x)− Ax(ei)− 0 (6.7)

(eθ, eθ̂) =⇒ ϑ̂ ∧ ϑ = 0 + ϑ̂ ∧ ϑ− 0 (6.8)

Now the second Buscher rule (B2) follows from (6.2) and (6.6) since we have

ĝiθ̂(x) = Âx(ei)ĝθ̂θ̂(x) =
Biθ(x)

gθθ(x)
.

The third Buscher rule (B3) follows from (B2) using equation (6.1) and con-
dition (i) of Definition 5.3.1

ĝij(x) = ĝ′ij(x) +
ĝiθ̂(x)ĝjθ̂(x)

ĝθ̂θ̂(x)

= g′ij(x) +
Biθ(x)Bjθ(x)

gθθ(x)

= gij(x)−
giθ(x)gjθ(x)

gθθ(x)
+

Biθ(x)Bjθ(x)

gθθ(x)

= gij(x)−
1

gθθ(x)
(giθ(x)gjθ(x)−Biθ(x)Bjθ(x)).
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The fourth Buscher rule (B4) derives directly from (6.7) and (6.2)

B̂iθ̂(x) = Ax(ei) =
giθ(x)

gθθ(x)
.

Lastly, (B5) results from equation (6.5)

B̂ij(x) = Bij(x)− (Âx ∧ Ax)(ei, ej)

= Bij(x)− (Âx(ei)Ax(ej)− Âx(ej)Ax(ei))

= Bij(x)−
1

gθθ(x)
(gθj(x)Biθ(x)− gθi(x)Bjθ(x)).

We have just seen in Theorem 6.1.1 that the legs of every geometric T-
duality correspondence locally fulfill the Buscher rules. Therefore, we have
fulfilled Goal 1 about geometric T-duality correspondences as stated in the
introduction.

Furthermore, if we only consider the situation investigated by Buscher
in [Bus87] and [Bus88], i.e. the base manifold M is Rm and both the circle
bundles E and Ê as well as the bundle gerbes G and Ĝ are trivial, then
also the inverse statement is true: Every pair of data fulfilling the Buscher
rules comes from a geometric T-duality correspondence. Consequently, the
following theorem is especially useful for the construction of further examples
for geometric T-duality correspondences.

Theorem 6.1.2. Let E = Rm × S1 be the trivial S1-bundle over Rm. Let
((E, I), (E, I),D : I → I) be the trivial topological T-duality correspondence
of torus dimension 1 over Rm. Let (g,B) and (ĝ, B̂) be two pairs consisting
each of a Riemannian S1-invariant metric and a S1-invariant 2-form over
E. Then the following two statements are equivalent:

(i) The two pairs (g,B) and (ĝ, B̂) fulfill the Buscher rules.

(ii) The triple B = ((E, IB, g), (E, IB̂, ĝ),D : Ipr∗1 B → Ipr∗2 B̂ ⊗ Ipr∗2 ω̂∧̇ pr∗1 ω
)

forms a geometric T-duality correspondence.

Proof. (i) =⇒ (ii): Let the two pairs (g,B) and (ĝ, B̂) fulfill the Buscher
rules. From Lemma 4.2.1 we already know that the Buscher correspon-
dence fulfills conditions (i) and (ii) of a geometric T-duality correspon-
dence. Therefore it suffices to show that D is connection-preserving
with respect to the pullback of the canonical connection of the 1-fold
Poincaré bundle P1.
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The identity idpr∗ P1 is trivially connection-preserving with respect to
pr∗ ωP1 . We denote the curvature form of ωP1 with FP1 . Then it remains
to show that

pr∗ FP = (pr∗2 B̂ + pr∗2 ω̂∧̇ pr∗1 ω)− pr∗1B (6.9)

as 2-forms over E ×M Ê = M × S1 × S1. By using Remark 4.1.3 we
can again decompose g with respect to Tx,t(Rm × S1) ∼= Rm ⊕ R as

gx =

(
g′x + hx(Ax, Ax) hx(Ax, · )

hx( · , Ax) hx

)
,

where A is again the 1-form on Rm corresponding to the connection
form ω ∈ Ω1(Rm × S1). Likewise we can decompose ĝ. As before we
obtain Ax(ei) =

giθ(x)
gθθ(x)

and therefore by applying the Buscher rule (B4)

Ax(ei) = B̂iθ(x).

Moreover, in Lemma 4.2.2 we already calculated that the Buscher rules
imply that

(Âx ∧ Ax)(ei, ej) = Bij(x)− B̂ij(x).

We are now using these two facts to proof equation (6.9) by looking at
it pointwise and inserting the standard basis vectors e1, . . . , em, eθ, eθ̂
of Rm+2 ∼= Tx,t,t̂(Rm × S1 × S1). We calculate

(ei, ej):

(pr∗FP)x,t,t̂(ei, ej)

= (ϑ̂t ∧ ϑt̂)(ei, ej)

= 0

= (B̂ij(x) + (Bij(x)− B̂ij(x)))−Bij(x)

= ((pr∗2 B̂)x,t,t̂(ei, ej) + (Âx ∧ Ax)(ei, ej))− (pr∗1B)x,t,t̂(ei, ej)

=
(
(pr∗2 B̂ + (pr∗2 ω̂ ∧ pr∗1 ω))− pr∗1B

)
x,t,t̂

(ei, ej)
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(ei, eθ):

(pr∗FP)x,t,t̂(ei, eθ)

= (ϑ̂t ∧ ϑt̂)(ei, eθ)

= 0

= (0 +Biθ(x))−Biθ(x)

= ((pr∗2 B̂)x,t,t̂(ei, eθ) + (Âx ∧ ϑt)(ei, eθ))− (pr∗1B)x,t,t̂(ei, eθ)

=
(
(pr∗2 B̂ + (pr∗2 ω̂ ∧ pr∗1 ω))− pr∗1B

)
x,t,t̂

(ei, eθ)

(ei, eθ̂):

(pr∗FP)x,t,t̂(ei, eθ̂)

= (ϑ̂t ∧ ϑt̂)(ei, eθ̂)

= 0

= (Biθ̂(x)−Biθ̂(x))− 0

= ((pr∗2 B̂)x,t,t̂(ei, eθ̂) + (ϑ̂t̂ ∧ Ax)(ei, eθ̂))− (pr∗1B)x,t,t̂(ei, eθ̂)

=
(
(pr∗2 B̂ + (pr∗2 ω̂ ∧ pr∗1 ω))− pr∗1B

)
x,t,t̂

(ei, eθ̂)

(eθ, eθ̂):

(pr∗FP)x,t,t̂(eθ, eθ̂)

= (ϑ̂t ∧ ϑt̂)(eθ, eθ̂)

= (0 + (ϑ̂t̂ ∧ ϑt)(eθ, eθ̂))− 0

= ((pr∗2 B̂)x,t,t̂(eθ, eθ̂) + (ϑ̂t̂ ∧ ϑt)(eθ, eθ̂))− (pr∗1B)x,t,t̂(eθ, eθ̂)

=
(
(pr∗2 B̂ + (pr∗2 ω̂ ∧ pr∗1 ω))− pr∗1B

)
x,t,t̂

(eθ, eθ̂)

This shows that equation (6.9) holds for all possible pairs of standard
basis vectors. We conclude thatD is connection-preserving with respect
to pr∗ ωP1 .

(ii) =⇒ (i): Let (g,B) and (ĝ, B̂) be pairs of geometric data such that B
forms a geometric T-duality correspondence. Using Theorem 6.1.1
we conclude that for every point x ∈ M there exists a neighborhood
x ∈ U ⊂ M such that (g,B) and (ĝ, B̂) restricted to U fulfill the
Buscher rules. Since these pairs are globally defined, (g,B) and (ĝ, B̂)
globally fulfill the Buscher rules as well.
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Example 6.1.3 (The Buscher correspondence). Let (g,B) and (ĝ, B̂) be two
pairs consisting each of a Riemannian S1-invariant metric and a S1-invariant
2-form over E = M × S1 fulfilling the Buscher rules. Then we will call the
geometric T-duality correspondence B defined in Theorem 6.1.2 the Buscher
correspondence of these pairs. Note that its legs are exactly the Buscher legs
with respect to (g,B) and (ĝ, B̂) (Definition 5.1.2).

In analogy to Remark 3.2.5 for the topological case we immediately obtain
the following corollary from Theorem 6.1.1 and Theorem 6.1.2.

Corollary 6.1.4. Let C = ((E,G, g), (Ê, Ĝ, ĝ),D) be a geometric T-duality
correspondence over M . Then,

C{x} ∼= B{x}.

Furthermore, we can use Theorem 6.1.2 to verify that the previously de-
fined geometric Hopf correspondence H from Definition 5.2.3 is an example
for a geometric T-duality correspondence.

Corollary 6.1.5. The geometric Hopf correspondence H is a geometric T-
duality correspondence.

Proof. We have already seen in Proposition 5.2.4 that H is a geometric
correspondence. Therefore it remains to check that H meets the three con-
ditions (i) to (iii) of Definition 5.3.1.

Through the application of Theorem 4.1.1 to the metrics involved we
obtain gS3

∼= (ωH,
1
4
gS2 , ·std) and 1

4
gS2 ⊕ gS1

∼= (pr∗S1 ϑ,
1
4
gS2 , ·std). Therefore,

the conditions (i) and (ii) of Definition 5.3.1 are clearly fulfilled.
As we have seen in Theorem 5.1.6 the geometric Hopf correspondence

locally fulfills the Buscher rules. We conclude from Theorem 6.1.2 that lo-
cally H is isomorphic to the geometric T-duality correspondence B as a
geometric correspondence. Since B fulfills condition (iii) of Definition 5.3.1
the geometric Hopf correspondence H locally fulfills this condition as well.
But this is already sufficient since condition (iii) is just a local condition by
definition.

6.2 Geometric T-duality and T-duality with H-fluxes

In this subsection we will compare our definition for geometric T-duality with
the T-duality relation used by Cavalcanti and Gualtieri in [CG11] which itself
is a modification of the definition introduced by Bouwknegt, Evslin, Mathai
and Hannabuss [BEM04b, BEM04a, BHM04]. Here the background data is
reduced to only the topological data of the principal torus bundles together
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with closed 3-forms over these bundles, the H-fluxes. The following two
definitions are taken directly from [CG11].

Definition 6.2.1 (T-background with H-flux). A T-background with H-flux
over M is a pair (E,H) consisting of

• a principal Tn-bundle π : E →M , and

• a Tn-invariant closed form H ∈ Ω3(E).

Definition 6.2.2 (T-duality correspondence with H-fluxes). A T-duality cor-
respondence with H-fluxes over M is a triple ((E,H), (Ê, Ĥ), F ) consisting
of

• two T-backgrounds with H-flux (E,H) and (Ê, Ĥ) over M , and

• a T2n-invariant 2-form F ∈ Ω2(E ×M Ê)

such that

(i) pr∗1H − pr∗2 Ĥ = dF as 3-forms over E ×M Ê, and

(ii) F : tkE ⊗ tk
Ê
→ R is non-degenerate, where tkE is the tangent space

to the torus fibre of the principal Tn-bundle pr2 : E ×M Ê → Ê and
tk
Ê

is the tangent space to the torus fibre of the principal Tn-bundle
pr1 : E ×M Ê → E.

Remark 6.2.3. Definition 6.2.1 explicitly requires the H-flux H over E to
be Tn-invariant. However, this condition can be dropped if we are only
interested in T-duality correspondences as the following observation shows.
Let ((E,H), (Ê, Ĥ), F ) be a T-duality correspondence whose H-fluxes H and
Ĥ are not necessarily Tn-invariant. For an arbitrary G-bundle P and an
element g ∈ G let αg : P → P be the diffeomorphism induced by acting on
P with g ∈ G. Since F is T2n-invariant it follows that α∗

(a,0)F = F for every
a ∈ Tn. Using (i) we observe that

pr∗1 α
∗
aH = α∗

(a,0) pr
∗
1H = α∗

(a,0) pr
∗
2 Ĥ + α∗

(a,0)dF = pr∗2 Ĥ + dF = pr∗1H

and hence α∗
aH = H, making the H-flux H Tn-invariant. A similar argument

can be used to conclude that Ĥ is Tn-invariant.

The similarity between Definition 6.2.1 and our definition for geometric
T-backgrounds (Definition 5.1.1) is obvious: In both cases we have a principal
Tn-bundle π : E → M together with some structure (either a closed 3-form
or a bundle gerbe with connection) over the total space E. Apparently,
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there is an obvious connection between the two geometric structures since
every bundle gerbe with connection canonically gives rise to a closed 3-form
through its curvature (see section 2.3). This idea is now being used in the
following theorem to describe the connection between geometric T-duality
correspondences and T-duality correspondences with H-flux.

Theorem 6.2.4. Let C = ((E,G, g), (Ê, Ĝ, ĝ),D) be a geometric T-duality
correspondence over M . Then ((E, curv(G)), (Ê, curv(Ĝ)), ϱ) is a T-duality
correspondence with H-fluxes over M .

Proof. Let (g′, ω, h) and (ĝ′, ω̂, ĥ) be the triples corresponding to g resp. ĝ
under Theorem 4.1.1. Since Tn is abelian and ω and ω̂ are connection 1-
forms, they are Tn-invariant. This implies

α∗
(a,b)ϱ = α∗

(a,b)(pr
∗
2 ω̂ ∧ pr∗1 ω) = pr∗2 α

∗
aω̂ ∧ pr∗1 α

∗
bω = pr∗2 ω̂ ∧ pr∗1 ω = ϱ

and hence ϱ is T2n-invariant.
Condition (i) of Definition 6.2.2 follows directly from the fact that C is

a geometric correspondence: The stable isomorphism D = (ζ, A, α; η) from
pr∗1 G to pr∗2 Ĝ ⊗ Iϱ is connection-preserving and therefore

(pr∗2 B̂ + π̂∗ϱ)− pr∗1BU = Fη (6.10)

holds as an equation of 2-forms over Z (the domain of the submersion ζ),
where Fη is the curvature form of the connection 1-form η ∈ Ω1(A) belonging
to the data of D. Note that in equation (6.10) we once more used the con-
vention to not write out the pullbacks belonging to the projections induced
by ζ. Now applying the exterior derivative to (6.10) leads to

pr∗2 π̂
∗ curv(Ĝ) + π̂∗dϱ− pr∗1 π

∗G = 0

as 3-forms over Z. This directly implies (i).
The restriction of ϱ to tkE ⊗ tk

Ê
is given by ϑ̂ ∧ ϑ, which is clearly non-

degenerate. Therefore, condition (ii) of Definition 6.2.2 is fulfilled as well.

In conclusion, this theorem shows that Goal 2 for geometric T-duality
correspondences as stated in the introduction is now fulfilled. This means
that all three objectives have now been demonstrably met.
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vertical, 38

composition of stab. isom., 31
connection on a bundle gerbe, 19
connection-preserving

2-morphism of bun. ger., 30
2-morphism pair, 30
global section, 22
stable isomorphism, 21

correspondence, 38
correspondence space, 38
cup product bundle gerbe, 26
curvature of a bundle gerbe, 19
curving of a bundle gerbe, 19

Dixmier-Douady class, 24
dual

bundle 0-gerbe, 13
principal bundle, 10

first Chern class of prin. bun., 17

geometric correspondence, 63
geometric Hopf corr., 64
geometric Hopf legs, 55
geometric T-background, 52
geometric T-duality corr., 66
global section of a bun. ger., 22

H-flux, 4
Hopf bundle, 28
Hopf bundle gerbe, 28
Hopf bundle gerbe connection, 54
Hopf connection, 47
Hopf correspondence, 42

identity 1-morphism
of bun. ger. with conn., 22
of bundle gerbes, 22

inverse stable isomorphism, 31
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left leg
of correspondence, 38
of geom. Hopf corr., 55
of Hopf correspondence, 40

loc. fulfil. the Buscher rules, 54

morphism
of bundle 0-gerbes, 13

NS-Flux, see H-flux

Poincaré bundle, 35
n-fold, 36

Poincaré bundle 0-gerbe, 36
Poincaré condition, 39
pullback

of a bun. ger. with conn., 20
of a bundle gerbe, 20

right leg
of correspondence, 38
of geom. Hopf corr., 55
of Hopf correspondence, 40

stable isomorphism
between bundle 0-gerbes, 14
between bundle gerbes, 20

stably isomorphic

bundle 0-gerbes, 14
bundle gerbes, 21

T-background with H-flux, 74
T-dual

geometrically, 66
topologically, 39
via Buscher rules, 49

T-duality corr. with H-fluxes, 74
T-dualizable

geometrically, 66
topologically, 39

tensor product
of bun. ger. with conn., 20
of bundle 0-gerbes, 13
of bundle gerbes, 20
of principal bundles, 10

topological T-background, 37
topological T-duality corr., 39
trivial

bun. ger. with conn., 19
bundle 0-gerbe, 12
bundle gerbe, 18
T-duality correspondence, 40

trivializable
bundle gerbe, 22
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