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1 Summary

1.1 Introduction

This thesis investigates the kinetics of charge carriers at the interface between a low

temperature plasma and a dielectric wall. The plasma-wall interface is the spatial

region where a plasma is in contact to a solid material.

Plasma-wall interfaces are found in all plasma applications where the plasma is con-

tained by a solid material. In any case the interaction of the plasma with the wall is

important to understand, since the wall constitutes a major loss channel for the charge

carriers. However, in applications like dielectric barrier discharges [1–3] and microplas-

mas [4–6], the wall material is an integral part of the physical system and therefore

must be understood in greater detail in order to advance our understanding of these

systems. Especially for microcavity plasmas, which are used in various applications,

such as photosensors [7], displays [8] or lamps [9], a better theoretical understanding of

the interaction is desirable, since the scales on both sides of the interface become com-

parable here. Hybrid electronics between plasma and semiconductors [10] and again

especially those using microplasmas [11–13] would benefit greatly from more detailed

knowledge of the flux of electrons and ions in the plasma towards the solid and the

subsequent flux of electrons and holes inside the semiconductor. In industrial applica-

tions, such as catalysis at plasma surfaces [14, 15], the material choice and composition

could be guided by a better modeling of the interface. Therefore, it is clear that the

plasma wall interface must be studied in detail. Since the host of physical processes at

the plasma wall is extremely varied, different simulation methods have been applied,

depending on what type of interaction between the plasma and the solid is considered,

e.g. molecular dynamics simulations for sputtering [16] and density functional theory

for catalysis [15].

In this thesis, we focus on the electronic interaction, specifically the dynamics of the

charge carriers on both sides of the interface, that is, the free electrons and ions in the

plasma, and the conduction band electrons and valence band holes in the dielectric. The

electronic reaction of two contacted materials is one of the most fundamental ones, and

has been studied for all kinds of material combinations, most extensively, of course,

for solid-solid interfaces [17], which build the foundation of modern semiconductor

electronics. Also the interface between two plasmas has been studied in theory [18, 19]

and experiment [20–22].

What, in a way, sets the plasma-solid interface apart are the vastly different energy

scales involved. While energies on the solid are typically prescribed by temperatures and

phonon energies (some tens of meV), these are much smaller than the temperatures and

potentials in the plasma (some eV). Additionally, surface effects, such as deionization,

can release even higher energies into the solid. Kinetic modeling has been done in

semiconductor-semiconductor [23] or semiconductor-metal [24, 25] interfaces, as well as

in the plasma sheath (the region in the plasma close to the surface) [26]. Even though
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1 Summary

it is known that, for example, secondary electrons, i.e. those emitted from the surface

into the plasma, affect the plasma sheath [27, 28] and even the bulk plasma [29], until

recently, no attempts have been made to develop a unified model that covers both

the gaseous electron-ion plasma and the electron-hole plasma in the solid equally and

simultaneously. In Ref. [30] Bronold and Fehske introduced the framework in which

the kinetic modeling of this thesis is developed. However, they solved it only for the

simplest case, the collisionless, perfectly absorbing interface. The model envisaged

therein deploys a Boltzmann equation for each species of charge carrier, in conjunction

with the Poisson equation self-consistently governing the electric potential across the

interface.

Based on the foundation laid out in Ref. [30], we refined the model of the plasma-

wall interface by introducing collisions in the solid and reflection at the interface. It is

especially the former that makes the solution of the Boltzmann equation in the solid

highly challenging. For this thesis we developed different numerical implementations of

the equations including collisions, each tailored to address the plasma-wall in a different

context. They are presented in Section 1.2.

The basic electronic interaction between the plasma and the wall, made from a

dielectric material, is the formation of the so called plasma sheath, and sketched in

Fig. 1. A charge neutral plasma in which free electrons and positively charged ions are

created at equal rates by impact ionization, if not magnetically confined, will expand

until it reaches the wall of the physical container it occupies. The electrons and ions then

interact with the wall material. Focusing only on the electronic interaction, electrons

impinging on the wall may be absorbed into the wall material if the band structure

allows it, while ions can neutralize on impact by extracting an available electron. Due

to their lower mass and typically higher temperature, much more electrons than ions

will hit the wall, therefore over time a negative charge builds up in the wall. Since the

bulk plasma is charge neutral and field free due to the high mobility of the free charge

carriers, the negative charge in the wall is compensated by a positive space charge near

the interface. An electric potential arises, which reduces the flux of electrons reaching

the interface until an equilibrium is reached. This potential is called the plasma sheath,

typically a few µm to mm thick. The positive space charge is therefore reached by

reducing the electron population near the interface through Coulomb repulsion. While

this is the usual viewpoint from the plasma perspective, as was qualitatively indeed

already given by Langmuir and Mott-Smith in 1924 [31], the physics within the wall

material is not taken into account.

After entering the solid, the charge carriers will lose energy through a host of possible

processes. The most important ones considered in this thesis are phonon emissions,

where energy is transformed into lattice vibrations, and recombination processes, in

which electrons and holes neutralize each other releasing their energy either as photons

or phonons. The electric potential within the solid confines a net negative space charge

to the interface, forming the counterpart to the net positive plasma sheath. After a

quasi stationary state is reached the electric potential then takes a form as shown in

green in Fig. 1. It displays the situation for a semi-infinite wall material that fills the

z < 0 half space. Since the surplus charges are by Coulomb attraction confined to a

region close to the interface, it can be assumed that sufficiently far from the interface,

the wall material exhibits bulk properties. We shall call this point z1. This description
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Figure 1: Illustration of basic physical processes at the plasma-wall interface inves-
tigated in this thesis. Electrons and ions from a plasma source (light blue) reach the
interface. There, electrons are absorbed into the conduction band or reflected, accord-
ing to the reflection coefficient R (purple). Ions impinging on the interface are deionized
by extracting an electron from the valence band with unit probability, therefore creat-
ing a hole and returning to the plasma as neutrals (gray). Within the solid, electrons
and holes undergo collisions with phonons (yellow) and ultimately recombine (red).
Electrons reaching the interface from within the solid after being backscattered by the
phonons may leave the interface or be reflected back into the solid (orange). Due to
the charge imbalance (dark blue) the electric potential (green) reduces the electron flux
until an equilibrium is reached.

applies for floating interfaces, that is, interfaces where the potential difference between

the wall and the plasma is solely determined by the formation of the plasma sheath

described above, thus “floating” to an equilibrium. In this case, in order to reach a

steady state, the flux of electrons and ions impinging on the wall needs to be equal, and

all surplus electrons and holes injected into the wall need to recombine in the region

z1 < z < 0, if the assumption of bulk properties at z1 should hold.

Alternatively, a voltage can be applied externally between the wall material and the

bulk plasma. This is, for example, the case for probes inserted into the plasma or in

hybrid electronics applications. Fundamentally the same mechanisms occur as at the

floating wall, so qualitatively the picture is the same in Fig. 1, but if a bias voltage is

applied, the fluxes of electrons and ions are generally not equal any more, i.e. a net flux

can flow into (or out of) the probe. At such a biased interface the far end of the wall does

not merge into the bulk properties at z1, since a finite flux must still be flowing there,

instead it is reasonable to assume a finite thickness for the wall material and an Ohmic

contact at z = z1, into which the current can be absorbed. This is how we approach

the modeling of the biased interface in this thesis. A metallic probe inserted into the

plasma is called Langmuir probe [32–34] and the current-voltage characteristic, that is,
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the net current as a function of the applied voltage, can be used to determine plasma

parameters like the electron temperature [35]. The current-voltage characteristic of a

semiconducting probe can be calculated using the microscopic model we develop in this

thesis.

In addition to the microscopic kinetic modeling of the electronic dynamics at the

plasma wall, in order to verify the results of our calculation we also constructed means

to measure the charges accumulated in the wall. For this we developed optical setups

with which the magnitude of the charge distribution within the wall can be obtained

from a change in the reflective or transmissive properties of the suggested optical con-

figuration. Measuring the charges in the wall is essential to the general understanding

of the interaction, and an important tool necessary to confirm (or falsify) our micro-

scopic model calculation. Other methods to measure the charge deposited into the wall

already exist. By using an electrical probe, the surface charges can be found from an

influenced potential in the probe [36, 37]. A microelectromechanical lever, which is

bent by Coulomb attraction depending on the charge of the wall, thus causing a change

in the reflection angle of a laser beam, has also been used to determine the deposited

charge [38]. Using the Pockels effect, i.e. the change in the refractive index of a mate-

rial in response to an electric field, the charges can be measured by optical means [39].

These methods are, however, either invasive (the electric probe and optomechanical

lever may disturb the plasma sheath) or require specific materials (those that exhibit

the Pockels effect). The methods we propose work for a wide range of materials and

do not disturb the plasma since they operate from the back, i.e. the reflected beam

does not traverse the plasma but is totally reflected at the plasma-facing interface from

within the wall material. Therefore the electric double layer is able to form without

being disturbed by the measurement setup.

1.2 Kinetic modeling

In this section we discuss the kinetic modeling of the charge carriers that is used in

Articles II, III and IV. Our approach is semiclassical, the kinetics is governed by the

Boltzmann equation. Quantum mechanical considerations only enter into the boundary

conditions and the calculation of the collision integrals, as well as implicitly through the

effective masses for valence band holes and conduction band electrons. Likewise, the

potential in which charge carriers move is calculated as the classical electric potential,

imposed by the charge density through the Poisson equation, and any lattice effects

within the solid are reduced to the effective mass approximation in the kinetic energy

as well as the energy offsets in the potential. From this framework results a set of

semiclassical equations describing the distribution function of electrons, ions, and holes

across the interface, moving in an electric potential that is determined by their own

densities. This self-consistent modeling, through the Boltzmann and Poisson equation

is the cornerstone of this thesis.

In this section we will derive the fundamental set of equations based on Ref. [30] used

in the thesis articles and give details on the specifics of the collision integrals and the

numerical scheme to solve them. If not given otherwise, throughout the thesis we will

use atomic units, measuring energies in Rydberg energies, lengths in Bohr radii, masses

in the naked electron mass me, and actions in ~. Vectors are depicted in bold font,
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1.2 Kinetic modeling

tensors by a double underline. To allude to the energy character of these expressions,

we will retain ~ and the Boltzmann constant kB when they appear with the phonon

frequency as ~ω0 and temperatures as kBT , respectively.

In solving the set of equations, different levels of self-consistency can be achieved,

depending on which feedback loops are taken into account. For example, one may

neglect the electrons emitted from the surface when solving the kinetic equations within

the plasma. In this thesis the three articles that feature a solution of the kinetic

equations each apply different approximations, depending on the context in which the

solution is used. After the derivation of the set of equations, and a general introduction

to the numerical scheme used in solving them, this section briefly summarizes and

contrasts the results obtained in the three cases.

System of kinetic equations The foundation of the kinetic modeling are the Boltz-

mann equation

∂

∂t
Fs(r,k, t) + vs · ∇rFs(r,k, t) +

dk

dt
· ∇kFs(r,k, t) = Is(r,k, t) , (1)

describing the dynamics of the distributions function Fs, and the Poisson equation

∆U(z) = 8πn(r) , (2)

linking the electric potential U(z) to the charge density n. The species index s dis-

tinguishes the different kinds of charge carriers. In this most general formulation, the

seven dimensional distribution function depends on the time t, spatial coordinate r and

momentum k. These equations determining the dynamics both in the wall material,

where valence band holes (s = h) and conduction band electrons (s = ∗) are consid-

ered, and in the plasma, describing ions (s = i) and free electrons (s = e). Other

species in the plasma, such as neutral gas molecules or radicals, could be included in

the formalism, but since we are interested primarily in the electronic processes, we limit

the model to one species of ions, noting, however, that the extension to include more

species would be trivial. Collisions are taken into account by the collision integral Is.

If one is only interested in quasi stationary states, the distribution functions can be

considered independent of t, so that the first term of Eq. (1) vanishes, while also reduc-

ing the dimensionality by one. At the planar plasma wall, it is reasonable to assume

that in the lateral direction, that is, the x and y directions if we set the interface at

z = 0, as we will throughout the thesis, spatial variation can be neglected, disregarding

any boundary or curvature effects of the surface. The length scales on which these

occur are taken to be much larger than the one of the simulation domains. Effectively

we thus assume an interface at z = 0 that stretches infinitely in the lateral directions.

Therefore, the distribution can not explicitly depend on x and y, reducing the dimen-

sionality again by two. The second term of the Boltzmann equation, describing drifting

of the particles, is then reduced to vzs∂zFs, where vzs is the z-component of the velocity.

If no magnetic fields or lateral electric fields are considered, of the change of the

momentum dk/dt only the z-component remains, given through the classical equation

of motion by the z-component of the electric field E . Of the lateral component of the

momentum only the magnitude, not the orientation in the plane can be relevant, due

to the rotational symmetry of the system. The dimensionality can then be reduced
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wall plasma

plasma sheath presheath

Figure 2: The equilibrium electric potential of the plasma-wall interface. The poten-
tials for the different species are given in red (ions and holes) and blue (electrons).
For reference the valence band edge is also shown (Uvb). We use the same notation
as in Articles II and IV, where plasma sheath stretches from z = 0 to z = zp and the
presheath from zp to zw. As throughout the thesis, the interface is located at z = 0.
In the solid the merging with the bulk is at z = z1.

once more by the angle of the lateral momentum, which can be trivially integrated in

most cases; see the discussion of the collision integrals below for an exception.

For the three remaining dimensions of the distribution function we are using energies

instead of momentum components. The third term of the Boltzmann equation (1),

which describes the change in momentum through forces acting on the charge carrier,

vanishes then, because the (total) energy remains constant under the influence of the

electric field. Instead of the z- and lateral component of the momentum vector k we

therefore employ the total energy E and the kinetic energy in lateral direction T as

variables for the distribution function, a well as the spatial coordinate z. Using an

effective mass approximation and a parabolic dispersion for electrons and holes within

the wall, for all species the energy variables are

E =
k2

ms
+ Us and (3)

T =
k2
x + k2

y

ms
. (4)

Since the sign of kz is lost in this coordinate transformation, different distribution

functions for motion with positive and negative velocity in the z direction need to

be distinguished. For this we use the superscripts >, for motion in positive z direc-

tion (right moving), and <, for motion in negative z direction (left moving), wherever

necessary. In the energy variables the absolute velocity in z direction is given as

vs(z, E, T ) =
2√
ms

√
E − Us(z)− T , (5)

where we omit the z superscript, because it is the only velocity the is explicitly used in
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1.2 Kinetic modeling

the following, and the Boltzmann equation becomes

±vs∂zF≷
s (z, E, T ) = I≷s (z, E, T ) . (6)

The species potential Us appearing in the velocity and total energy is related to the

electric potential by the sign of the species charge and the energy offset by the band

structure of the solid within the wall material, as given in Fig. 2. The electric potential

U(z) is determined through the Poisson equation (2), which in our model reduces to

∂2
zU(z) = 8πn(z) , (7)

by the net negative charge density

n(z) =

{
ne(z)− ni(z) for z > 0

n∗(z)− nh(z)− nD + nA for z < 0 .
(8)

This takes doping of the solid with acceptors of density nA or donors of density nD
into account. Note that n(z) is positive for negative space charges, and negative for

positive space charges, thus opposite of the charge profile shown in Fig. 1. We use

this definition to avoid a sign in the Poisson equation and to be consistent with the

notation used in the Articles II and IV. The species densities ns are calculated from

the distribution functions by integrating over the momentum vector, or in the energy

variables as

ns(z) =
∑

≷

ms

8π2

∫ ∞

Us(z)
dE

∫ E−Us(z)

0
dT

F≷
s (z, E, T )

vs(z, E, T )
. (9)

Thus, the distribution functions, calculated by the Boltzmann equation, enter the Pois-

son equation calculating the electric potential, which, through the velocity and, depend-

ing on the implementation of the equations, the electric field

E(z) =
∂U(z)

∂z
(10)

enter the Boltzmann equations. Therefore a simultaneous, self-consistent solution of

the Boltzmann and Poisson equations is necessary.

The macroscopic particle flux js of each species is calculated from the distribution

function as

js(z) =
ms

8π2

∫ ∞

Us(z)
dE

∫ E−Us(z)

0
dT
[
F>s (z, E, T )− F<s (z, E, T )

]
. (11)

An important relation between the macroscopic flux and the collision integrals is found

when we divide the Boltzmann equation (6) by vs and integrate to get

∂zjs(z) =
∑

≷

ms

8π2

∫ ∞

Us(z)
dE

∫ E−Us(z)

0
dT

I≷s (z, E, T )

vs(z, E, T )
. (12)

The derivative of the flux is therefore related to the integral over the collision terms.
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This shows immediately that, for example, if no collisions are considered on the plasma

side, the flux of electrons and ions is spatially constant. The other consequences of this

collisionless approach to the plasma are discussed next.

Model of the collisionless plasma If within the plasma no collisions are considered,

the solution of the coupled Boltzmann-Poisson system is significantly simplified. The

most significant collisions in the plasma are between two ions or an ion and a neutral

particle. These occur on length scales larger than the plasma sheath [40], so the limit

of the collisionless plasma sheath is a standard approach. The distribution function is

then constant in z, as follows immediately from Eq. (6), and is thus only determined

by the boundary conditions. Our solution follows the construction by Schwager and

Birdsall [41], in which half Maxwellian distributions are assumed at zw for the left

moving distribution. The boundary condition at the interface is for ions perfectly

absorbing, expressing that every ion reaching the wall in neutralized, subsequently

creating a hole in the wall material. Electrons are either also perfectly absorbed or

quantum mechanically reflected. In case of the reflective interface, it is also possible for

conduction band electrons to traverse the interface, thereby contributing to the electron

distribution in the plasma. The boundary conditions are then

F>i (0, E, T ) = 0 , (13a)

F>e (0, E, T ) = R(E, T )F<e (0, E, T ) + (1−R(E, T ))F>∗ (0, E, T ′) , (13b)

F<i (zw, E, T ) = FLM
i (zw, E) , (13c)

F<e (zw, E, T ) = FLM
e (zw, E) , (13d)

with the Maxwellian distributions

FLM
s (z, E) = nLM

s

(
4π

kBTsms

)3/2

exp

(
−E − Us(z)

kBTs

)
(14)

and the reflection coefficient R(E, T ) for the reflecting interface. The local Maxwell

densities nLM
s need to be determined such that at zp the densities of electrons and ions

are equal, i.e. the plasma is charge neutral in the bulk. If the interface is absorbing

for electrons as well, the boundary condition is F>e (0, E, T ) = 0 instead of Eq. (13b).

The perfect absorber boundary condition is the standard approximation for plasma

interfaces, especially for metallic wall materials, where the reflection coefficients would

be as low as a few percent at most [42].

The reflection coefficient is in our model calculated for quantum mechanical reflection

of a particle at a potential step of height χ, the change in potential as the electron enters

or leaves the wall material, taking image charge effects for an induced charge within

the solid into account through a correcting factor y (and its complex conjugate y∗). It

can be expressed through the velocities (5) as

R(E, T ) =

∣∣∣∣
ve(0, E, T )− yv∗(0, E, T ′)
ve(0, E, T ) + y∗v∗(0, E, T ′)

∣∣∣∣
2

. (15)

In the effective mass model, an electron entering the solid gains lateral kinetic energy,

since the lateral momentum is conserved and the mass is smaller than the naked electron
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1.2 Kinetic modeling

mass, so the coordinate T ′ = T/m∗ is different for the conduction band electron than

for the electron in the plasma. This leads also to total reflection for some electrons

impinging on the wall from the plasma, in which case R(E, T ) = 1, which is the case

for T > E − Ue(0) + χ. The image potential is respected through the factor y [42],

which is calculated as

y = −2
W ′
λ, 1

2

(ξ0)

Wλ, 1
2
(ξ0)

(16)

through the Whittaker function Wλ, 1
2
(x), and its first derivative with respect to x

W ′
λ, 1

2

(x). This expression and the parameters

λ = −i
ε− 1

ε+ 1

1√
8
√
E − T

(17a)

and

ξ0 =
i
√

2

χ

ε− 1

ε+ 1

√
E − T (17b)

follow from a straightforward calculation of the quantum mechanical reflection coeffi-

cient at a potential

V (z) =

{
−χ for z ≤ z0

− 1
2z
ε−1
ε+1 for z ≥ z0 .

(18)

The image potential for z ≥ z0 respects the finite dielectric constant ε and the cutoff

is chosen such that at z0 the potential is steady, i.e.

z0 =
1

2χ

ε− 1

ε+ 1
. (19)

Following the solution of the wave equation one reaches the Whittaker equation, and

through the standard matching condition at z0 the factor y can be identified.

Disregarding for a moment the reflected and emitted electrons, the densities can be

calculated analytically for both species as functions of the electric potential instead

of the spatial coordinate z. The resulting expressions are given in Appendix B of

Article II. By using the potential as the variable, the densities can be calculated before

solving the Poisson equation in order to obtain U(z). The free parameters on the

plasma side of the interface are the presheath potential Uw = U(zw) and the sheath

potential Up = U(zp), as well as the densities nLM
s of the local Maxwellians at the

boundary condition. The equations used to determine these vary, depending on how

the interface is modeled, but are generally derived from the charge neutrality, and

vanishing of the electric field at the points zp or a variation of the Bohm criterion [40].

At the floating wall, another equation is derived from the equality of the species fluxes

impinging on the wall, whereas at the biased interface, the applied bias voltage is an

external parameter, implicitly determining the sheath potential. Details on the exact

formulation of the equations that are numerically solved for the plasma parameters are

9



1 Summary

Figure 3: Illustration of the plasma properties in the collisionless model. Top left:
density profiles for ions (red), electrons (blue) and the resulting net density (black).
Bottom left: the electric field as a function of the potential. Right: Potential profiles
for ions (red) and electrons (blue). Also indicated are the distribution functions at
the interface, the bulk plasma (zp) and the beginning of the presheath (zw). There,
the distributions are assumed (half) Maxwellian. As ions approach the interface, they
gain kinetic energy, while electrons are gradually reflected at the potential Ue (dashed
arrows), so that only the high energy tail of the Maxwellian reaches the interface.

given in each of the articles. If reflected and emitted electrons are taken into account

the resulting equations are generally amended by numerical expressions calculated from

the distribution function of the right moving electrons F>e .

Figure 3 shows some of the properties this model results in. Special note should be

taken of the electric field as a function of the potential, see also Fig. 2 of Article II for

a quantitative curve. Since the electric field reaches zero linearly, when calculating

the potential U as function of z through Eq. (10) one finds that zp tends to infinity

as the potential converges exponentially towards Up. On the right of the figure, the

electric potential is sketched, along with the Maxwellian distributions injected at zw.

When approaching the interface, ions are accelerated, while the majority of electrons

are reflected at the potential. Since in the low temperature plasmas we consider, the

temperature of the electrons is significantly higher than that of the ions (some eV,

compared to room temperature, i.e. 25 meV), there are still a significant amount of

electrons at those electrons, compared to the ions, which are close to monoenergetic.

This potential qualitatively represents the floating as well as the negatively biased

interface, which are the cases studied in this thesis. For a positively biased interface,

the situation would be reversed, with ions being reflected and electrons accelerated.

The presheath potential Uw would not be present for a positive bias.

The collisionless model for the plasma side of the interface provides significant ad-

vantages compared to the collisional solid. There, collision integrals on the right side of

Eq. (6) make the solution of Boltzmann equation significantly more elaborate. In the

following we discuss some properties of the collision terms that need to be included on

the solid side of the interface.

10



1.2 Kinetic modeling

Collision Integrals Depending on the physical processes one chooses to take into

account, one or more collision integrals need to be included on the right of Eq. (6),

which in most cases depend on the distribution functions themselves or at least some

quantities that are derived from them. Therefore the collision terms usually cause the

Boltzmann equation to be analytically unsolvable.

The most general formulation of the collision integral for a local process changing

the momentum of a particle of species s is

Is(k) =

∫
d3k′

(2π)3

{
Ws(k

′,k)Fs(k
′) [1− Fs(k)]−Ws(k,k

′)Fs(k)
[
1− Fs(k′)

]}
. (20)

The transition rate Ws(k
′,k) thus describes a process where the particle changes its

wave vector from k′ to k. It could, depending on the process it describes, also depend

on another species distribution function. The terms in the square brackets of the form

1 − Fs are a formulation of the Pauli exclusion principle, assuring that the final state

is “sufficiently empty” so that the distribution function Fs does not exceed the value

1 after the collision process. Often, and certainly for the semiconductor and plasma

calculations in this thesis, the Pauli exclusion principle can be neglected, using classical

instead of quantum statistics, which is also expressed in the use of Maxwellian instead

of Fermi-Dirac distributions whenever equilibrium conditions are needed. Therefore

the dilute limit can be applied to Eq. (20), giving it the form

Is(k) =

∫
d3k′

(2π)3

{
Ws(k

′,k)Fs(k
′)−Ws(k,k

′)Fs(k)
}
. (21)

For most processes the transition rates Ws(k,k
′) can be found in the literature, e.g. in

Refs. [43, 44].

For the iterative solution of the Boltzmann equation we bring Eq. (21) into the form

Is = Φs − γsFs (22)

by identifying

γs(k) =

∫
d3k′

(2π)3
Ws(k,k

′) (23)

and

Φs(k) =

∫
d3k′

(2π)3
Ws(k

′,k)Fs(k
′) . (24)

The out-scattering term γs is the inverse of what is usually called relaxation time

and also commonly found in the literature. If the collision integral is applied in the

relaxation time approximation (e.g. [45–47]), only Eq. (23) needs to be calculated and

the collision integral takes the form

Is(k) = −Fs(k)− F s0 (k)

τ
, (25)
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1 Summary

where τ is the relaxation time 1/γs, and F s0 is an equilibrium distribution, usually

a Maxwellian distribution. Since we want to calculate the microscopic distribution

function including details resolved in the three remaining dimensions, we can not apply

this approximation, which assumes that the in-scattering occurs isotropically into the

equilibrium distribution, so that Φs = F s0 /τ . Because the distribution function Fs
appears in Eq. (24), using this form for the collision integral involves calculating Φs

whenever the distribution function changes. The equations for Φs as functionals of the

distribution functions in the coordinates E and T in the left and right moving formalism

must be derived from Ws(k,k
′).

To illustrate how this is done, we briefly sketch how to find the in-scattering term

for polar optical phonon scattering, given as Eq. (A7) in Article II and Eq. (A1) in

Appendix A.1. Without including screening effects, the collision rate for this scattering

process is

Ws(k,k
′) =

W0

q2

{
δ(Ek − Ek′ − ~ω0) [1 + nb(ω0)]

+ δ(Ek − Ek′ + ~ω0)nb(ω0)

}
(26)

with q = |k − k′| and the constant W0 = 4~ω0(1/ε∞ − 1/ε0) [43]. The first delta

function describes the emission of a phonon of energy ~ω0, thus Ek′ = Ek − ~ω0, i.e.

the energy of the final state is decreased by the phonon energy compared to the initial

state. Similarly, the inverse process of absorbing a phonon is encoded in the second

delta term. The absorption probability is determined by the phonon occupation number

nb, given by Bose-Einstein statistics, while emission can be spontaneous or stimulated,

indicated by the factor (1 + nb) at the emission term.

When calculating the in-scattering collision integral Φs in the coordinates E, T,≷
used for the numerical implementation instead of k, it is instructive to first switch

to E,K,≷, where K is the lateral component of the momentum vector and K is its

magnitude. Then, separate collision rates for collision processes that preserve or reverse

the direction have to be considered, i.e. Φs must be distinguished for left and right

moving particles, and different Ws have to be used depending on the relative direction

of Fs on the right of Eq. (24). We can write

Φ≷
s (E,K) =

∫
dE′d2K ′

(2π)3vs(z, E′,K
′)

[
W+
s (E′,K′, E,K)F≷

s (E,K′)

+ W−s (E′,K′, E,K)F≶
s (E,K′)

]
(27)

with

W±s (E,K, E′,K′) =
W0

q2
±

{
δ(E − E′ − ~ω0) [1 + nb(ω0)]

+ δ(E − E′ + ~ω0)nb(ω0)

}
. (28)

12



1.2 Kinetic modeling

The momentum transfer q must be expressed in the new coordinates as

q± =

√
(K−K′)

2
+ (kz(E,K)∓ kz(E′,K′))2

(29)

where kz(E,K) =
√
ms(E − Us)−K2 is the z-component of the momentum vector

without its sign. While the lateral direction can usually be integrated trivially under

the assumption of isotropy in the x and y directions, it is important to recognize

that (K − K′)2 depends on the angle θ between the two vectors. Thus in the d2K ′

integral, the angular integration is nontrivial. With the distributions independent of

the angles, i.e. just functions of K, the angular integration can still be performed

analytically. For that, one writes (K −K′)2 = K2 + K ′2 − 2KK ′ cos θ and then the

angular integration can be preformed. Also, using the delta functions in the transition

rates, the energy integral can be removed, afterwards evaluating the distributions at

energies shifted by ~ω0 (either up or down, depending on whether the absorption or

emission term is calculated). Then, after changing from K to T , only the lateral energy

must be integrated in order to calculate the in-scattering collision integral Φs using the

equation given in Article II and in Appendix A.1.

Figure 4 illustrates for an arbitrary distribution function, shown on the top left, the

collision integrals of the polar optical phonons. The polar optical phonon collision term

is nonisotropic, as can be immediately seen in the transition rate Ws(k,k
′) and the in-

scattering integral Φs shown on the top right of Fig. 4. Since it is inverse proportional

to the vector q, smaller momentum transfers have a higher transition rate, therefore

forward scattering is favored. Besides the strong peak caused by the emission of a

phonon, one phonon frequency below the distribution, in the in-scattering term a small

peak representing the absorption of a phonon, located at energies one phonon frequency

above the injection peak, as well as very weak backscattering from the emission process

is visible. These features are, however, both about one order of magnitude smaller than

the phonon emitting forward scattering peak. The out-scattering term γs naturally

does not depend on the direction if the material is assumed to be isotropic, since the

probability of emitting or absorbing a phonon can then not depend on the direction an

electron or hole moves in. Below E − Us = ~ω0, phonons can not be emitted, leading

to a sudden decrease in γs, below which only absorption of a phonon is possible. For

this plot, ~ω0 = 2kBTs, so that nb ≈ 0.16. Finally, the collision integral Φs − γsFs,
given on the bottom right of Fig. 4, summarize how the distribution is changed through

this collision process. The out-scattering causes the distribution to be reduced, while

the in-scattering, favoring forward scattering, increases the distribution at energies one

phonon frequency below the peak of the distribution, while leaving the lateral energy

almost constant. For a steady transition between motion to the left and the right

in the plots we use |Tz| = E − Us − T instead of T , and choose the sign such that

for positive Tz the right-moving and for negative Tz the left moving distributions and

scattering terms are shown. This way, at Tz = 0 in both cases, motion parallel to the

interface is represented. The characteristic triangular shape is caused by the restriction

T ≤ E − Us.
Nonpolar optical phonons, for example, result in a isotropic in-scattering term. Their

transition rate Ws has a similar form to Eq. (26), but instead of W0/q
2, the prefactor is

only a constant. Therefore the collision integral only depends on the energies Ek. The

13



1 Summary

Figure 4: Collision integrals of polar optical phonon collisions, resolved in the energy
and the kinetic energy in z direction |Tz| = E−Us−T . The sign of Tz encodes the left-
and right-moving distinction, with the positive (negative) sign representing the motion
to the right (left). Top left: the distribution function F≷

s for which the collision terms
are calculated. Top right: the in-scattering term Φ≷

s . Bottom left: the out-scattering
term γs. Bottom right: the collision integral I≷s = Φ≷

s −γsF≷
s as it appears on the right

side of the Boltzmann equation. The color encodes the absolute values only, which is
especially important for Is, which contains both positive and negative values, whereas
the other three quantities are always positive.

reason for the different behavior of optical phonons in polar and nonpolar materials

is that in polar materials oppositely charged atoms are present in the unit cell. Their

oscillations, i.e. the phonons, cause long range electric effects [43], which, ultimately,

lead to the scattering rate given above.

Further details on the collision integrals used in this thesis are given in Appendix A.1,

where aspects of their numerical calculation are also discussed. The general scheme

employed to numerically solve the Boltzmann and Poisson equations across the plasma-

dielectric interface is presented next.

Numerical strategy The biggest achievement of this thesis was the development

of a reliable numerical code to solve the coupled Boltzmann and Poisson equations.

In the following we will give a brief summary of the numerical implementation and

some of the points of attention that need to be addressed in the numerical solution of

these equations. First, the general strategy is summarized, and then we give details on
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Figure 5: Illustration of the numerical scheme applied to solve the coupled Boltzmann
and Poisson equations. The Boltzmann loop (red) considers the dependence of the
collision integrals on the distribution functions. The Boundary loop (blue) illustrates
the boundary conditions of the species’ distribution functions at the interface, which,
with the exception of ions, depend on the distributions of another species. The Pois-
son loop (green) symbolizes the relation between the charge density and the electric
potential (and electric field). While, through the iteration, many properties are found
self-consistently, such as the sheath potential, illustrated by the box on the right, some
parameters are externally given, such as the (effective) masses of the species, which is
alluded to by the box on the left.

the specific challenges one faces when implementing (i) the floating wall, as we did in

Articles II and III, and (ii) the biased wall with high energy injection, as in Article IV,

as well as a brief summary of the numerical results for each case. To keep this section

concise, we only present the general ideas of the numerical implementation here and

relegate mathematical derivations and numerical details to Appendix A.2.

While the solution of the Boltzmann and Poisson equations on both the plasma

and the solid side needs to be found simultaneously and with all necessary condition

fulfilled, to illustrate the system of equations that need to be considered, three separate

feedback loops can be identified. To find the solution, the Boltzmann equation is

solved iteratively, by adjusting the collision integrals, boundary conditions, and species

potential in each iteration. Each loop describes a different channel of feedback that

the solution of one iteration has on these three quantities for the next iteration. The

three iteration loops are illustrated in Fig. 5, where the relevant equations are given

that show how the influences, indicated by the arrows, manifest in the physical system.

First, since the distribution functions Fs appear in the in-scattering collision term Φs,

the Boltzmann equation needs to be solved iteratively. We will call this the Boltzmann

loop. To implement this loop, starting from some initial distribution we calculate Φs

at all coordinates, then we solve the Boltzmann equation with this Φs. The foundation
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1 Summary

of the numerical scheme we used for the solution of the collisional Boltzmann equation

in the wall material is based on the work of Grinberg and Luryi [47]. In the coordinate

system z, E and T it is necessary to distinguish the distribution functions for motion

in positive and negative z direction, as pointed out above. This is also necessary in

the Grinberg-Luryi algorithm since the boundary condition for the two directions of

motion are different. They are given by

F<∗ (0, E, T ′) = R(E, T )F>∗ (0, E, T ′) + S<∗ (E, T ) , (30a)

F<h (0, E, T ) = F>h (0, E, T ) + S<h (E, T ) , (30b)

F<∗ (z1, E, T ) = FLM
∗ (z1, E) , (30c)

F<h (z1, E, T ) = FLM
h (z1, E) , (30d)

similar to Eqs. (13). The source terms S<s model the injection of holes and electrons

into the solid, e.g. S<∗ (E, T ) = [1 − R(E, T )]F<e (0, E, T ), but this may be chosen

differently, depending on the model considered. At the point z1, which is the outer

limit of the simulation domain, for the floating interface a Maxwellian distribution

is used as the boundary condition of the right moving distribution function. Since

there the influence of the electric double layer is negligible, the distribution function

assumes bulk properties. Also at the biased interface, where z1 constitutes an Ohmic

contact, serving as a sink for the injected fluxes, Maxwellian distributions are the

standard boundary condition [48]. Since in these coordinates, the Boltzmann equation

is an ordinary differential equation (in the sense that only the derivative of z appears

explicitly, while E and T merely appear as parameters), it can easily be rewritten in

integral form as

F>s (z) = ξs(z, z −∆)F>s (z −∆) +

z∫

z−∆

dz′
Φ>
s (z′)

vs(z′)
ξs(z, z

′) (31a)

for the right moving distribution and

F<s (z) = ξs(z + ∆, z)F<s (z + ∆) +

z+∆∫

z

dz′
Φ<
s (z′)

vs(z′)
ξs(z

′, z) (31b)

for the left moving distribution with the integrating factor

ξs(z, z
′) = exp


−

z∫

z′

dz̄
γ≷s (z̄)

vs(z̄)


 . (31c)

Dependencies on E and T are omitted for brevity. The first terms in (31a) and (31b)

describe the drifting motion of the distribution at z±∆ towards z, where the integrating

factor accounts for losses though scattering out of the energy state E, T . The z direction

velocity in the denominator accounts for the different paths the species particle can take

when moving from z±∆ to z, i.e. a particle with a lower velocity takes longer and has

thus a higher probability of scattering. The second terms account for scattering into

the energies E, T from any other energy, which is described by Φs. After reaching these
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1.2 Kinetic modeling

energies at any z′ between z±∆ and z, out-scattering is still possible, so the integrating

factor also appears in the integrand. The resulting distribution is, of course, generally

not the same as the one that was used to calculate Φs. Therefore, in the Boltzmann

loop, the calculation of Φs and the solution of the Boltzmann equation need to be

iterated until the distribution has converged.

From the boundary conditions (30), the second loop becomes apparent, which we will

call the Boundary loop. Since for both the solid and the plasma the boundary conditions

at the interface (30) and (13) contain the distribution function of the respective other

side of the interface, the solution on one side of the interface influences the solution on

the other side. From the perspective of the electrons in the wall, the distribution F>∗
at the interface determines the electrons emitted into the plasma, which influence the

plasma parameters, which in turn determine the source function. Therefore, a second

feedback loop must be brought to conversion.

Finally, in the Poisson loop, from the charge density that the distributions produce,

the Poisson equation determines the electric potential that enters the Boltzmann equa-

tion through the velocity vs. For the corresponding electric field the matching condition

εE(0−) = E(0+) (32)

needs to be fulfilled, per the usual matching condition derived from Maxwell’s equations.

For the floating interface, where the electric field vanishes far away on both sides of

the interface, this condition is equivalent to the overall charge neutrality of the electric

double layer, i.e. the negative charge in the wall is the same as the positive charge in

the plasma sheath. At the biased interface, since the electric field at the Ohmic contact

may be finite, charge neutrality of the double layer is not required.

Besides the diverging integrals at vs = 0, the biggest challenge in solving the Boltz-

mann equation is the vast difference range of energies that need to be considered. There

are three energy scales within the wall material imposed by the underlying system: (i)

The electric potential, usually of the order of some tens of meV or less, (ii) the energy

loss by the collision terms; for optical phonon collisions the energy loss is the phonon

energy, also some tens of meV (e.g. for germanium 37 meV, for silicon 63 meV), and

(iii) the energies at which electrons and holes are injected at the interface. These can

be as high as several eV, since holes in a simple injection model can be assumed to gain

the deionization energy that is freed if the impinging ion extracts an electron from the

wall material. For example, for a hydrogen plasma this would mean 13.6 eV, for argon

15.76 eV. The electron energies are determined by the reflection coefficient. Since the

distribution of electrons impinging on the wall from the plasma is Maxwellian, most

electrons will be injected at relatively low energies, but gain upon entry into the solid

the electron affinity in energy. This is an energy gain of some eV depending on the

material, e.g. about 4 eV for both silicon and germanium. Since electrons in the plasma

also have much higher temperatures than ions, the Maxwellian distribution is spread

over a much wider energy range than the distributions of the ions or within the solid.

It is therefore apparent, that energies over at least three orders of magnitude need to

be resolved when solving Boltzmann equation, the largest discrepancy rooting from the

high injection energies.
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Numerical results In the following we summarize the results of the kinetic modeling

presented in Articles II, III and IV. In order to make the different approximations and

boundary conditions more comparable, Figs. 6, 7 and 8 show the same properties for

representative system parameters of each case.

Since the phonon energy and electric potential are already of the same order of

magnitude, to obtain first results we reduced the injection energies to similar levels.

This allowed us for the first time to solve the coupled Boltzmann and Poisson equations

for the floating interface with polar optical phonon interaction and Shockley-Read-Hall

recombination, see Article II. By assuming some highly efficient energy loss processes

at the interface, which are not further specified (but one may imagine the excitation

of electrons across the band gap by electron-electron or electron-hole collisions, which

would reduce the injected species’ energy at least by the band gap energy), an effective

injection model at the interface can be used, where the injection energies are of the

order of 100 meV. Since the electrons in this case have energies far below the electron

affinity, emission from the wall is not possible. Furthermore, we assume perfect absorber

conditions at the interface, i.e. every electron reaching the interface is absorbed, and

every ion is neutralized, creating a hole in the valence band. At the floating interface,

the fluxes of electrons and ions impinging on the wall are equal, as can be seen in

the third panel from the top on the left of Fig. 6, which displays the fluxes of each

species across the interface. As the wall material, for this case no specific material was

specified, but rather typical dielectric material parameters were chosen. Recombination

through trap states reduces the flux of electrons and holes to zero far away from the

interface. In this process, the trap states, lying energetically in the band gap between

the conduction and valence band, can either be occupied by an electron or not. If

the former is the case, valence band holes can be filled by these electrons, thereby

removing the hole. If the state is unoccupied, a free electron may become trapped in

it, thereby removing it from the conduction band. This way, electrons and holes in

the solid can effectively recombine through the trap states. Of course, in each case the

reverse processes are also possible (e.g. the removal of a valence band electron into the

trap state, i.e. the creation of a hole), which would create new electrons and holes in

the distribution functions, but these generation processes are far less likely than the

recombination. The occupation of the trap levels is not calculated self-consistently in

our simulation, because, unfortunately, the Boltzmann loop for this collision integral

does not converge to a stable solution. Details on this can be found in Appendix A.1.

Therefore the fluxes for holes and electrons decay at different rates, as can be seen in

the figure, which is a consequence of Eq. (12).

The density shows a curious behavior, where two regions are distinct, one very close to

the interface, where the net density falls rather quickly, and one further away from it, at

about z < −1µm, where the decay is much slower. Comparing the density with the flux,

the reason becomes apparent. The first, steep decay is rooted in the decay of the injected

charge carriers, which recombine at a rather high rate. After these surplus charges are

gone, only the equilibrated Maxwellian distributions remain, which produce densities

that decay with the species potential. Figure 6 of Article II illustrates this effect rather

well. The resulting electric field and potential, displayed in the top two panels of

Fig. 6, where the electric field is multiplied by the dielectric constant to illustrate the

fulfillment of the matching condition (32), were the first self-consistently calculated
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1.2 Kinetic modeling

Figure 6: Summary of the kinetic modeling presented in Article II. The system param-
eters are given therein as Set A. Shown are on the left: the electric potential, electric
field, fluxes of each species and the net density. On the right: Electron distribution
function at z0 = −0.28µm, also indicated on the left, resolved in the energy E and the
kinetic energy in z direction, where ±Tz = E − Us − T , with the positive (negative)
sign for the right (left) moving distribution function.

results for the plasma-wall interface. For these results the dielectric constant is rather

high, ε = 11.8 (the other material parameters are given in Article II), so that, even

though the spatial dimensions of the positive and negative parts of the dielectric double

layer roughly the same, the potential drop within the solid is significantly smaller.

Finally, on the right of Fig. 6 an exemplary part of the electron distribution function

F∗(z, E, T ) is shown, normalized to its maximum, which is reached near E − U∗ = 0.

Since both electrons and holes are injected at rather low energies, the simulated energy

domain is rather small, reaching only about 0.54 eV. As seen in the logarithmic plot,

the distribution covers several orders of magnitude. In this plot, we only show the

distribution of the injected charge carriers, the Maxwellian background, stemming from

the boundary conditions at z1 is excluded. Still, due to the phonon collisions the

distribution takes a nearly Maxwellian shape. Since the phonon energy ~ω0 = 75 meV

is of the same order of magnitude as the entire energy range, discrete phonon replicas of

the injection term S∗ are visible. The source function is peaked at E − U∗(0) = 0.2 eV

and T = 0, which can still be distinguished in the distribution function. At energies

below and above this peak, shown on the top and bottom right of Fig. 6, replicas can

be identified, which are caused by the emission and absorption of phonons, respectively,
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the same effect shown in Fig. 4. We also refer to Fig. 3 of Article II, where this effect

can be seen for both electrons and holes, at different distances from the interface.

After having accomplished the first self-consistent solution of the kinetic modeling, it

was clear that the effective injection model at low energies was a major drawback. We

therefore attempted to extend the system to higher injection energies. Since we found

that the potential drop in the wall material was rather small compared to the injection

energies, for the next step we used the flat band approximation, in which the electric

potential in the solid is neglected. This causes a flat band, instead of a bent one. While

the emphasis of Article III was on optics (see Section 1.3 below), it still presented a

milestone in our kinetic modeling, since the flat band approximation allows injection of

electrons and holes at realistic energies. Details on how this particular approximation

simplifies the numerical solution of the equations are given in Appendix A.2.

Although the potential is neglected in the Boltzmann equation, see top left panel of

Fig. 7, the electric field matching condition (32) is still used to ensure charge neutrality

across the dielectric interface. Since, again, the trap occupation is not calculated self-

consistently, the fluxes decay at different rates. While this is a drawback of the method,

in this case it allows an interesting observation when comparing the fluxes and the

density profile. The total density decays at about the same rate as the electron flux,

while the hole flux decays significantly slower. This suggests that the net density is

almost exclusively determined by the electron density. This is indeed confirmed by

displaying the electron and hole densities separately, see Fig. 3 of Article III.

The distribution function with the realistic injection energies show a significantly dif-

ferent behavior from the first system. In Fig. 7, again, we show the electron distribution

function for a fixed distance from the interface, here at z0 = −3µm. The simulated

energy ranges are now significantly higher, so that electrons can realistically be injected

at some eV, and the remainder of the injection term can still be seen in the bottom

panel on the right for negative Tz. Note that for the higher energies, in this figure the

scale is linear instead of logarithmic, to illustrate the injection term better. In the top

panel the numerical resolution, which is equal to the phonon energy, is clearly visible.

While only few discretization points carry almost the entire weight of the distribution

function, these form an almost perfect Maxwellian distribution, see also Fig. 2 of Arti-

cle III. At energies above about 0.3 eV the distribution function is almost constant at

about four orders of magnitude below the peak, before, at the energies shown in the

bottom panel, being dominated by the remnants of the injection terms. The conclusion

we drew from these results was that for further calculations, it is sufficient to approxi-

mate the distribution function as Maxwellian, since all other features are at least four

orders of magnitude smaller. Based on this we calculated the optical response of the

electric double layer, which we will further elaborate in Section 1.3.

Having so far investigated the floating interface, in Article IV we turned to the

biased interface. In this case, an external voltage is applied to the system, which

causes an electric current to flow across the interface. The relation between the applied

voltage and the electric current, the current-voltage characteristic, is of major interest,

since in probes, for example, it is used to measure plasma parameters, such as the

temperature [35]. Since the voltage drops within the system are therefore integral to

the model, the flat band approximation is no more viable. Instead, for the biased

interface, changing to nonpolar materials allowed an efficient iteration scheme. Again,
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Figure 7: Summary of the kinetic modeling presented in Article III. The system pa-
rameters are given therein. Shown are on the left: the electric potential, electric field,
fluxes of each species and the net density. On the right: Electron distribution function
at z0 = −3µm, also indicated on the left, resolved in the energy E and the kinetic
energy in z direction. Note the scaling factor of 10−6 for the distribution at the high
energies.

the numerical reason behind this is given in some detail in Appendix A.1. In our model

of the biased interface, the wall material no longer fills the negative half-space, but

is instead limited to a thin layer before an Ohmic contact that acts as a sink for the

fluxes. This way, the electric field is finite in the whole simulated domain.

Figure 8 shows the results for a bias such that the ion an hole fluxes are equal. In

this case, the applied voltage is assumed equal to the voltage drop that is naturally

established at the floating interface, thus called the floating point. While therefore

comparable to the floating interfaces above, an important difference is that now the

flux flows through the wall material, instead of fully recombining within it. Since the

layer is also thinner than the space charge regions were before, we do not include any

recombination process at all in this calculation. These would, for realistic parameters,

have only negligible effects, and their explicit absence makes the flux of each species

be conserved throughout the system, see also Fig. 8. Since the integration routine

does not explicitly conserve the flux, we found this to be a good indicator of numerical

accuracy. Because the dielectric layer is finite, it does not host the entire negative

part of the electric double layer anymore, thus the electric field is finite throughout the

layer, and the electric potential does not saturate. In the current-voltage characteristic
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Figure 8: Summary of the kinetic modeling presented in Article IV. The system pa-
rameters are given therein. Shown are on the left: the electric potential, electric field,
fluxes of each species and the net density. Note the different scales for the positive and
negative axes. On the right: Electron distribution function at z0 = −0.5µm, resolved
in the energy E and the kinetic energy in z direction. Note the scaling factor of 10−4

for the distribution at the high energies.

this manifests in a dependence on the thickness of the dielectric layer even for perfectly

absorbing interfaces.

The distribution function, shown on the right of Fig. 8 for electrons in the center of

the layer, shows at high energies again the remainders of the injection terms at around

4 eV, which is the electron affinity of the germanium used as the wall material in this

calculation. At lower energies, where the advanced integration routine we developed

for this work allows for a higher resolution than in Article III, microscopic details are

visible, caused by the phonon collisions. While the underlying trend is still Maxwellian,

just like in Fig. 6 regular features at the distance of the phonon energy are visible,

most notably the peak in the right moving distribution at about 45 meV, caused by the

absorption of a phonon by the electrons near the bottom of the band. Such features

could not be found in Article III, since there the discretization step was equal to the

phonon energy. However, it should be noted that the distribution displayed in Fig. 8,

just like in Fig. 6, only shows the distribution of the injected electrons and holes. The

Maxwellian distribution of the intrinsic charge carriers not included in the plot would

dominate the distribution. Therefore, if the full distribution was shown, just like in

Fig. 7, at low energies an almost perfect Maxwellian distribution would be found.
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1.2 Kinetic modeling

Figure 9: Current-voltage characteristics for different boundary conditions. Besides
the reflecting and absorbing, as well as the perfect absorber interface, as presented in
Article III, the result for a reflecting interface without emission is shown. Data for
masses m∗ = 0.22 and m∗ = 1 is presented. For the perfect absorber the current-
voltage characteristics are identical. The boundary conditions are illustrated by the
arrows, where, as usual, the solid is on the left and the plasma is on the right of the
interface, indicated by the black vertical line.

Figure 9 shows the current-voltage characteristic resulting from our kinetic modeling.

The bias voltage UB is applied between the bulk plasma at zp and the Ohmic contact

at z1, cf. also Fig. 1 of Article III where z1 is named z0. The effect of the wall

layer’s thickness is discussed in some detail in Article III, so here we want to elaborate

some more on another aspect, which is the boundary conditions at the interface. In

the article, the perfectly absorbing interface is compared to the reflecting interface,

at which electrons can be reflected and emitted by the wall material. The conclusion

we drew was that if the perfect absorber condition does not hold, the current-voltage

characteristic is significantly altered. In the context of “dirty” metallic probes, where

a few atomic layers of adsorbents reflect electrons, the same observation has been

made experimentally [49]. However, the quantitative predictions of Article III are

limited, due to the lack of impact ionization scattering processes in the solid, which

may cause significantly faster energy relaxation, as well as the rather crude effective

mass approximation. Figure 9 shows the current-voltage characteristic for a variety

of boundary condition to estimate the influence of these approximations. Beside the

perfect absorber, and reflecting (and emitting) modeling with a rather low effective mass

presented in Article III, we added the curves where electrons can only be reflected at

the interface, but not emitted by it. Both the emitting and nonemitting interfaces are

presented for the effective masses used in Article III, as well as the bare electron mass.

While neither of these effective masses can be expected to be a good approximation

for the realistic band structure in the solid, it nevertheless emphasizes what influence

the reflection coefficient has on the current-voltage characteristic. The influence of the

effective mass in the reflectivity of the surface in our modeling lies in the conservation of
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lateral momentum when the electron crosses the interface. If the masses are different,

this can lead to total reflection, whereby the net flux of electrons can be significantly

reduced, as seen in Fig. 9. The nonemitting interface may serve as an upper limit

for the current-voltage characteristic if all collision processes in the solid are taken

into account. While only taking the isotropic nonpolar phonon collisions into account

overestimates the emitted current, since more electrons reach the interface from the

solid side than is realistically to be expected, this represents the other limit, in which

none of the electrons in the solid are emitted. The true current-voltage characteristic

can be expected somewhere between these two limiting cases.

Among these conditions we find electron fluxes ranging from about 12 % that of the

absorbing case for the reflecting and emitting interface with m∗ = 0.22 to about 90 %

for the nonemitting, reflecting case with m∗ = 1. Again, the conclusion that must

be drawn from the current-voltage characteristics is that, for quantitative predictions,

both a realistic band structure and all the relevant collision processes in the wall must

be included, since the reflectivity and emitted electrons have a significant influence on

the current-voltage characteristic. The deviations from the perfect absorber interface

are, however, in any case large enough to make the microscopic modeling of the biased

interface necessary.

1.3 Spectroscopy

The second part of this thesis describes optical measurement methods to determine the

charges deposited into the wall through contact with the plasma.

In this section we discuss the two methods that were developed in Article I—the

stacked setup—and Article III—the Multi-Internal-Reflection-Element (MIRE) setup—,

both of which are based on the modification of the reflectivity of an optical element

which constitutes the plasma wall. Using the optical prism as the wall itself allows a

from-the-back setup, where the optical beam does not enter or traverse the plasma.

Stacked setup The first experimental setup we suggest for measuring the negative

part of the electric double layer at the plasma-wall interface utilizes a stacked setup of

different layers of materials at the plasma interface.

Figure 10 shows the structure of the layered setup on the left. The method uti-

lizes attenuated total reflection (ATR) [50, 51] at the prism-metal interface, where

the evanescent wave traverses through the following dielectric layers into the plasma.

The key to the ATR spectroscopy is that instead of the usual exponentially decaying

evanescent wave, within the metal under certain conditions the electric field rises ex-

ponentially towards the dielectric layers. Within the plasma, of course, the evanescent

wave is decaying, since it is considered a semi infinite half-space. This electric field

configuration is especially sensitive to surface effects, since it produces a maximum for

the field at the plasma-wall interface. The condition for the exponentially rising field in

the metal is the excitation of a surface plasmon polariton (SPP) at the metal-dielectric

interface, therefore the method is also called surface plasmon resonance (SPR). An SPP

describes a mode of radiation at a plane interface, where the lateral component of the

wave vector is real and the normal component is imaginary, i.e. propagation of a wave

parallel to the interface and exponential decay in the perpendicular direction.
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Figure 10: Concept and results of the stacked measurement approach. Left top: setup
of the different material layers to evoke the surface polariton. Adapted from Article I.
Left bottom: illustration of the naming convention for the continued fraction calculation
of the reflectivity. Each layer is characterized by its thickness di and dielectric function
εi. Right: Reflectivity of the stacked system as a function of the angle of incidence and
inverse wavelength of the incident infrared light. Adapted from Article I, parameters
are given therein. The reflectivity on the left and bottom are taken at the wavelength
and angle indicated by the dashed lines. The solid black line illustrates the critical
angle of total reflection, varying by wavelength due to the energy dependence of the
prism’s dielectric function.

For a single interface between two media, characterized by dielectric functions ε1 and

ε2, the dispersion of the SPP can easily be calculated, see for example Ref. [52]. Since a

wave vector component perpendicular to the interface is desired, only p-polarized light

needs to be considered. If the interface is in the x-y plane, and the plane of incidence

is the y-z plane, i.e. the same geometry as shown on the left of Fig. 10, the relation

between the wave vector components and the frequency ω of the light is

ky =
ω

c

√
ε1ε2

ε1 + ε2
and kz,i =

ω

c

√
ε2
i

ε1 + ε2
. (33)

The y-component of the wave vector ky is conserved across the interface, while the

z-component kz changes across the interface. Surface plasmon resonance occurs when

ky is real and both kz are imaginary. If one of the media is a metal with a negative

dielectric function, that is at energies below the plasma frequency, these conditions are

met if ε1 + ε2 < 0. Of course, with only one interface, the SPP can not be excited by

regular impinging light, since the dispersion relation can not be fulfilled by it.

For the z-component of the wave vector to be imaginary at the interface where we

want to excite the SPP, another interface is needed at which total reflection of the
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incident light creates an evanescent wave (i.e. an imaginary wave vector) within the

second medium. In the so called Kretschmann configuration [53], this interface is

between the metal and a prism, which is the configuration we adopt in our suggested

setup. Alternatively the same can be achieved in the Otto configuration [54], where

total reflection occurs between a prism and the nonmetallic medium, or using Bragg

reflexes of a periodically grated metal interface [55].

When the dispersion relation of the SPP is met by the incident light (as functions of

ω and the angle of incidence α), the reflectivity of the stack dips, because energy is lost

to the SPP, hence the name attenuated total reflection. Of course this only happens if

realistic dielectric functions, i.e. those with imaginary parts, are considered.

ATR can be performed in a wide range of energies, as long as the dielectric function

of the metal is negative. For the measurement of the buried charges in the dielectric

plasma facing layer, we found the infrared to be most suitable, because there another

mechanism is present in the dielectric layer that attenuates the reflectivity, called the

Berreman resonance [56]. This mode occurs in thin dielectric layers at wavelengths

that are large compared to the thickness and where the imaginary part of the dielectric

function is larger than the real part. In order to measure the deposited charges, we

added another dielectric layer to the setup. An insulating layer with negative electron

affinity between the metal and the plasma facing dielectric prevents the charges in that

layer to traverse into the metal. This is necessary, because the thicknesses of material

layers (typically a few tens of nm), in order to support both the Berreman resonance

and the SPP, are smaller than the natural width of the negative part of the electric

double within the solid (typically some µm).

If both the SPP and Berreman mode are excited, avoided resonance crossing occurs.

We found the dispersion (meaning here the reflectivity dip as functions of ω and α) of

this avoided crossing to be most sensitive to the surplus charges.

Following the scheme of Lambin et al. [51, 57, 58], the reflectivity of the layered

structure can be found via an effective dielectric function, calculated iteratively as

ξi = ai+1 −
b2i+1

ai+1 + ξi+1
(34a)

with the coefficients

ai =
εi√

1−
(
ω
kc

)2
εi tanh

(√
1−

(
ω
kc

)2
εi kdi

) (34b)

and

bi =
εi√

1−
(
ω
kc

)2
εi sinh

(√
1−

(
ω
kc

)2
εi kdi

) . (34c)

The naming conventions for these equations are illustrated on the bottom left of Fig. 10,

and k = ω/c
√
εP sinα is the y-component of the wave vector of the impinging wave,

with the dielectric constant of the prism εP. With ε4 = 1 and d4 = ∞ for the plasma

layer, the corresponding coefficients become a4 = 1/
√

1− (ω/(kc))2 and b4 = 0. The

26



1.3 Spectroscopy

reflection coefficient of the whole structure is then

|R|2 =

∣∣∣∣
ξ0 − iεP tanα

ξ0 + iεP tanα

∣∣∣∣
2

. (35)

The reflectivity in the infrared range is shown for an exemplary system on the right of

Fig. 10, using the inverse wavelength λ−1 as a variable instead of ω. In the infrared, the

dispersion of the SPP lies at angles slightly above the critical angle of total reflection.

In the depicted parameter range, two avoided resonance crossings are present, which are

caused by the Berreman modes of the two dielectric materials. At λ−1 = 900 cm−1 the

resonance of the plasma facing dielectric is found (here Al2O3), and for λ−1 = 700 cm−1

the Berreman resonance of the insulating layer (here MgO) disrupts the plasmon dis-

persion. It is the former that is especially sensitive to the buried charges of the electric

double layer. Due to the avoided resonance crossing a reflectivity dip can be identified

both in the angle of incidence and the wavelength. The effect of the buried charges

is incorporated in a polarizability, which is added to the dielectric function. For de-

tails, we refer to Article I. The resulting polarizability is proportional to density of the

added charges, which, confined to the thin layer, are assumed to be homogeneously

distributed. We therefore do not need the kinetic modeling of the charges, as we used

in the other optical measurement method in Article III.

The effect of the surface charges on the Berreman resonance is shown in Fig. 11. Since

the Berreman resonance occurs where the real part of the dielectric function crosses

zero while the imaginary part stays finite (see for example Fig. 2 of Article I), shifting

the dielectric function upwards by adding the polarizability moves the zero-crossing
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Figure 11: Shift of the SPP dispersion caused by the surplus charges in the plasma
facing dielectric. The blue and orange lines shows the reflectivity as a function of the
angle of incidence on the left and the inverse wavelength on the right, for zero and
1015m−2 surface charges, respectively. The insets display the position of the minimum
as a function of the surface charge for each case. the wavelength on left and angle of
incidence on the right are the same as indicated by the dashed lines on the right of
Fig. 10. Adapted from Article I.
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to slightly lower energies (or, equivalently, inverse wavelengths). Due to the avoided

resonance crossing with the SPP, the broad dip of the reflectivity as a function of the

angle of incidence that is observed if the laser’s wavelengths is tuned to the avoided

crossing (see the right of Figure 10), is also shifted rather strongly. We found that the

magnitude of the deposited charges shows an almost perfectly linear correlation to the

position of the reflectivity minimum both in as a function of the inverse wavelengths

and the angle of incidence (if the other parameter is kept constant). Therefore we

concluded that this setup is well suited for measuring the surplus charges.

MIRE setup Our second work on the optical measurement of the electric double

layer arose from the wish to use the solution of the kinetic equations to develop a more

sophisticated, nonlocal theory for the optical reflection coefficient. Since the electric

double layer should form naturally, the confinement through a stack of materials from

the previous setup is not desired anymore. Instead, this proposal only uses the plasma

and the wall, the latter of which is utilized as the prism hosting the infrared light.

Guided by previous infrared measurement setups for surface effects [59], we calculated

the reflectivity of a Multi-Internal-Reflection-Element (MIRE) in contact with a plasma.

The basic structure of the MIRE, shown on the top left of Fig. 12, is a trapezoidal

prism in which the incident beam is totally reflected multiple times at the inside of the

plasma-facing interface. Since high numbers of reflections at the same interface can be

realized, we expected that small changes in the reflection coefficient of this interface

could be amplified in this way. This setup therefore aims to measure the surplus charges

from the change in the magnitude of the reflectivity, as opposed to the position of the

reflectivity minimum that was used in the stacked setup.

The transmitivity

T =
RNs (1−R0)2

1−R2N
s R2

0

(36)

of the MIRE is calculated by considering the reflection coefficients R0 at the points of

entry and exit, and Rs at the plasma facing surface, at which the beam is reflected N

times over the length of the prism, see also the top left of Fig. 12. At the opposite side

of the prism, for simplicity perfect reflection is assumed, although adjusting Eq. (36)

to finite reflectivity there would be trivial.

To calculate the optical response of the MIRE, utilizing the solution of the kinetic

equations, we developed a nonlocal linear response theory for the reflectivity of the

interface Rs. It is based on the work of Feibelman [60], incorporating all effects caused

by the surplus charges into two scalar parameters d‖ and d⊥, called surface response

functions. Flores, Garcia-Moliner, and Navascues developed a similar theory to add

nonlocal effects to the standard Fresnel formalism [61, 62]. The surface response func-

tions enter the reflection coefficient r via a correction factor as

r =
ε1p2 − ε2p1

ε1p2 + ε2p1

(
1 + 2ip1

p2
2ε1d‖ − k2ε2d⊥

p2
2ε1 − k2ε2

)
. (37)

Therein p1 and p2 are, respectively, the parallel components of the wave vector in the

medium 1 (the prism) and medium 2 (the plasma), and εi is the corresponding dielectric
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Figure 12: Concept and results of the MIRE measurement approach. Left top: Scheme
of the Multi-Internal-Reflection-Element. Shown are N = 3 reflections with reflection
coefficient Rs at the plasma-facing interface. Adapted from Article III. Left bottom:
Illustration of the geometry for the calculation of the reflectivity. In case of total
reflection, p2 is imaginary. Adapted from Article III. Right: Transmitivity of the
MIRE as a function of the angle of incidence and inverse wavelength of the incident
infrared light, for the same interface studied in Article III, i.e. a Al2O3-hydrogen
plasma interface and N = 13. The reflectivity on the left and bottom are taken at the
wavelength and angle indicated by the dashed lines. The solid white line illustrates the
critical angle of total reflection.

function of medium i. This geometry is illustrated on the bottom left of Fig. 12. The

reflectivity of the surface, i.e. the ratio of the reflected to the impinging light’s intensity

is then

Rs = |r|2 . (38)

The calculation of the surface response functions involves the integration over the

zz-component εzz(z, z
′) of the nonlocal dielectric tensor or of its inverse. By assuming

a linear, nonlocal relation between the electric current j and the external electric field

E, the conductivity tensor is defined through the relation

j(z) =

∫ 0

z
dz′σ(z, z′)E(z′) , (39)

and enters the dielectric tensor as

ε(z, z′) = ε1δ(z − z′)1 + i
4π

ω
σ(z, z′) , (40)
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where ω is the impinging light’s frequency. To calculate the relation between the exter-

nal field and the electric current, we took the field of the radiation to be a perturbation

to the distribution function Fs, expanding it thus in linear order, so that

Fs(z) = F0(z) +

∫
dz′F1(z, z′) ·E(z′) +O(E2) . (41)

Using these three equations and Eq. (11), we could calculate the dielectric tensor from

the solution of a nonlocal, vector-valued Boltzmann equation for F1, see Eq. (17) in

Article III.

Analyzing this Boltzmann equation using the method of dominant balance, we found

that a local solution for the first order term is a good approximation of the solution.

By only including the dominant terms in the Boltzmann equation, an analytical, local

solution was found, which leads to the rather simple Drude conductivity

σ(z) = i
q2n(z)

mω
, (42)

a result similar to the model (somewhat naively) used in Article I, where, due to the

lack of the solution of the kinetic equations, the local Drude conductivity had to be

used.

We verified the local approximation by finding a solution to the first order Boltzmann

equation in an approximation that is nonlocal, but still analytically solvable. Confirm-

ing the validity of the local approximation, the resulting nonlocal conductivity shows a

strong peak around the diagonal z′ = z and oscillations perpendicular to it, see Fig. 4

in Article III. For the calculation of the reflectivity we therefore found that the local

approximation is sufficient.

The resulting transmitivity T is shown on the right of Fig. 12. Since no resonance

modes occur in the spectrum, compared to the reflectivity of the stacked setup, the

transmitivity features no dispersion or avoided crossings, but is rather simple in its

structure. For angles smaller than the critical angle of total reflection essentially all

of the impinging light enters the plasma. Beyond the angle of total reflection, the

reflectivity rises rather sharply, better seen in the plots for fixed angle or wavelength.

Beyond this angle, the reduction of the transmitivity stems from the imaginary part

of the dielectric functions entering the reflection coefficient (37) and, if the electric

double layer is taken into account, the correction through the surface response functions.

For grazing incidence, i.e. θ close to 90◦, the transmitivity is finite even for energies

where no total reflection occurs. In the limit of grazing incidence, the reflectivity

Rs—disregarding the surface response functions—approaches unity, cf. Eq. (37) when

p1 = 0 and p2 =
√
ε2ω/c. This effect is therefore also present in the transitivity, but

of no further relevance for the measurement of the surplus charges, because it does not

show any special sensitivity to them.

A detailed analysis of the change in the transmitivity due to the surface response

functions is given in Article III. We therefore limit the discussion of these results here

to pointing out that by changing the reflectivity Rs, the incline of T beyond the critical

angle changes, therefore this region is best suited for measuring the surplus charges.

When using the Drude term (42) in the surface response functions, in leading order only

the total surface charge, enters the reflectivity, therefore it appears that with this setup
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the spatial distribution of the charges would be very difficult to obtain. While this

may seem disappointing from the theoretical point of view, our calculations suggest

that the integrated surface charge can be obtained rather easily by a high precision

measurement of the transmitivity of the MIRE once with the plasma in place and once

without it. The difference between these values is then directly proportional to the

accumulated surface charge.

The calculation we presented in Article III showed the feasibility of the setup to

probe the electric double layer, and in this setting the model breaks down to a local

Drude model for the surplus charges. It should be noted, however, that the nonlocal

calculation through the surface response functions may easily be used to incorporate

other effects to make the model more sophisticated. For example, we showed at the

end of the article that adlayers at the interface as they may arise from adsorption of

molecules can also be investigated with this technique if the angle of incidence and

energy are chosen accordingly. Furthermore, by adjusting the calculation of the surface

response functions, effects of surface roughness can be included [63–65].

The calculation of the reflectivity at the interface Rs is, of course, not limited to

applications in a MIRE. The Cavity-Ring-Down setup [66–68], a surface sensitive tech-

nique often used to measure surface defects [69–71], is a good candidate in our view.

In this case, a laser pulse is sent into a cavity, limited by two highly reflective mirrors,

and in each passing of the cavity the pulse is reflected at the plasma-prism interface.

The decay time constant of the light exiting the cavity through one of the mirrors then

provides information about the reflection coefficient of the interface. A small change

of the reflectivity may then cause a large change in the time constant. Unfortunately

we found this only applies if the reflection coefficient of the interface is close to one, so

that the change in reflectivity to be measured is about the same order of magnitude as

the deviation from unity of the ‘naked’ interface. For the materials we are interested

in, i.e. common dielectrics to form the prism in the measurement setup, this condition

is not met, unfortunately. Yet, for a suitable choice of materials, a Cavity-Ring-Down

setup may very well be suitable to measure surface charges.

1.4 Conclusion

This thesis investigated the charge carriers at a plasma-wall interface. The two aspects

that were considered are the microscopic kinetics, governed by the Boltzmann equation,

and measurement of the accumulated charges of the double layer through infrared

spectroscopy.

For the kinetics, we developed a novel algorithm, based on the framework introduced

in Ref. [30], to calculate the microscopic distribution function for the four species

(electrons in the wall and plasma, ions, and holes), directly solving the Boltzmann

equation on each side of the interface with boundary conditions at z = 0 determined

by the matching conditions of the distribution functions at the interface. Entering

the Boltzmann equation is also the electric potential that is self-consistently calculated

from the Poisson equation into which the densities, themselves calculated from the

distributions functions, enter. The Collisions terms entering the Boltzmann equation

are the main factor determining the effort that needs to be put into solving the coupled

system of equation. If no collisions are considered, which is the case in the plasma, the
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solution of the Boltzmann equation is trivial, because in suitable energy coordinates

the distribution function is constant. Adding collision terms from processes in the solid

introduces a third energy scale in addition to the electric potential and the energies

of charge carriers injected into the solid from the plasma. Developing algorithms able

to solve the Boltzmann equation while operating accurately on all three energy scales

was the main objective of this thesis. The resulting distribution functions allow insight

into the microscopic behavior of the electron and hole flux that is absorbed by the wall

and therefore opens up new possibilities of research related to plasma interactions and

applications.

One example is the current-voltage characteristic of the biased interface, which we

found to heavily depend on the conditions at the interface. Compared to the perfect

absorber condition, which is usually assumed at metallic probes, we have shown that

a semiconducting coating can return a substantial amount of electrons back into the

plasma, either by quantum mechanical reflection at the interface or by emission from

the surface. While our model lacks some important collision terms and uses a crude

band structure, and is thus not quantitatively reliable yet, we have shown that the

current-voltage characteristic needs to be calculated taking the physics in the wall and

at the interface into account. Therefore, including these aspects into the numerical

model should be the next step towards producing reliable, quantitative predictions.

In the second part of the thesis we aimed to use the results we got from the self-

consistent kinetic calculation to propose novel measurement methods to determine the

total charge deposited in the wall material as the negative part of the electric double

layer. Our first proposal, utilizing the Berreman resonance to find the integrated sur-

face density from the shift of an absorption minimum, used only a single reflection and

restricted the surplus charges to a thin layer of Al2O3 facing the plasma. In this model,

the self-consistent solution of the charges was not necessary and the deposited charges

can be determined straightforward from the shift of the reflectivity minimum. The

second optical measurement proposal, this time using the full self-consistent distribu-

tion functions in a multi-reflection setup, provides better experimental condition, since

the necessary optical instrument (the multi-internal-reflection-element) is already an

established setup for surface effect measurements, only that it has not been yet used in

the context of the electronic interaction at the plasma-wall. Our numerical predictions

show that its application for this cause is very promising. The nonlocal calculation of

the optical response shows that only the integrated surface charge enters the reflection

coefficients. Therefore a local approximation, just as the one used in the first proposal,

has been confirmed by the microscopic modeling. This allows for a straightforward

calculation of the surface charge from the measured change in transmitivity.
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Abstract – We show that the charge accumulated by a dielectric plasma-facing solid can be
measured by infrared spectroscopy. The approach utilizes a stack of materials supporting a surface
plasmon resonance in the infrared. For frequencies near the Berreman resonance of the layer
facing the plasma the reflectivity dip–measured from the back of the stack, not in contact with
the plasma–depends strongly on the angle of incidence making it an ideal sensor for the changes
of the layer’s dielectric function due to the polarizability of the trapped surplus charges. The
charge-induced shifts of the dip, both as a function of the angle and the frequency of the incident
infrared light, are large enough to be measurable by attenuated total reflection setups.

Introduction. – Fundamental to any interface is
charge separation. This universal mantra holds also for
solids facing an ionized gas where an electron-depleted
region in front of the solid is balanced by an electron-
rich region inside or on top of the solid depending on the
solid’s electronic structure. The electron-depleted, posi-
tive part of the double layer–the plasma sheath–has been
studied rather extensively in the past, in particular, its
merging with the bulk plasma [1–3]. But the negative
part–the wall charge–and its merging with the bulk of the
solid received little attention [4], although it is an inte-
gral part of the electric response of the plasma-solid inter-
face and thus unavoidably linked to the overall charge bal-
ance of the discharge. Especially the behavior of microdis-
charges integrated on semiconducting substrates [5,6] may
be strongly affected by the charge dynamics inside the
substrate. However, to develop an understanding of it re-
quires experimental techniques probing inside the solid.
So far only a few attempts have been made to mea-
sure the charge accumulated by a solid in contact with a
plasma. Besides traditional electric probes [7] and micron-
size opto-mechanical charge sensors [8], which both utilize
the principle of electric influence, the opto-electric Pock-
els effect [9] has been used for that purpose. The latter
was developed into a rather sophisticated tool for lateral
imaging of the wall charge in barrier discharges [10]. It
works however only for dielectric coatings featuring the
Pockels effect. For the dielectrics typically used in low-
temperature plasma physics–SiO2 and Al2O3–it is not ap-

plicable. The semiconductors hosting the arrays of mi-
crodischarges referred to above are also not Pockels-active.

In this work we propose an infrared diagnostics for the
charge collected by plasma-facing dielectrics which also
works for the standard materials used in plasma physics.
It utilizes the charge-sensitivity of the infrared reflectivity
of a layered structure in contact with a plasma, where the
plasma-facing, charge-collecting layer is made out of the
dielectric of interest. Its width is chosen such that it sup-
ports a Berreman mode [11], thereby making the device
sensitive to the low charge densities expected at plasma-
solid interfaces compared to the rather high densities at
solid-electrolyte interfaces [12,13] and semiconductor sur-
faces [14,15], to which such an arrangement could be also
applied. Using an attenuated total reflection (ATR) spec-
troscopy setup enables us to utilize as a charge diagnostics
not only the charge-sensitive frequency shift of the Berre-
man mode but also the shift of the angle of incidence where
the mode occurs.

The stack of materials comprising the measuring device,
which we envisage to be inserted into the plasma wall or
the electrode, is shown in fig. 1. Due to the metal layer and
the optical prism on top of it surface plasmon polaritons
(SPPs) are excited which–by avoided resonance crossing
with the Berreman mode of the layer facing the plasma
and consisting of the material of interest–cause a strong
dependence of the reflectivity of the stack on the angle
of incidence. If one is interested only in measuring the
total charge collected by the dielectric the charge can be

p-1

Article I

35



K. Rasek et al.

prism

dielectric

metal

dielectric

plasma

z

y

α α

dM

d1

d2

εP(ω)

ε1(ω)

ε2(ω)

εM(ω)

ε=1

Fig. 1: Structural composition of the system under considera-
tion. The prism and metal layer allow plasmon resonance. The
dielectric materials are chosen so that the surplus charges are
confined to the plasma-facing layer, which is the material of
interest.

confined to a narrow region using a rather thin plasma-
facing layer separated from the metal by a dielectric with
negative electron affinity producing thereby a potential
well. In case the density profile normal to the interface
should also be mapped out, the plasma-facing layer has to
be thick enough to host the profile yet thin enough to still
support the Berreman resonance.

To demonstrate the feasibility of the proposal we cal-
culate the reflectivity of the structure shown in fig. 1 as
a function of the angle of incidence and the wavenum-
ber (which we use in the final plots instead of the fre-
quency) of the incident electromagnetic wave assuming–
for simplicity–the surplus charges distributed homoge-
neously in the plasma-facing layer. The surplus charges’
polarizability, which we obtain from a memory func-
tion approach taking electron-phonon scattering into ac-
count [16], modifies the dielectric function of the layer and
is the ultimate reason for the charge-induced shifts of the
Berreman mode. In the infrared the shifts we obtain are
large enough to be detectable with common reflectivity se-
tups. For the proof of principle presented in this work we
focus on measuring the total charge and not the whole den-
sity profile. It would require a more sophisticated theoret-
ical treatment, taking nonlocal surface effects of the elec-
tromagnetic response of the charged stack into account,
and is left for future work. The widths of the layers can
thus be used almost freely as parameters to optimize the
sensitivity of the setup.

Theoretical description. – The physical process en-
abling the structure shown in fig. 1 to be used as a charge
sensing device is the interaction of the surface plasmon res-
onance (SPR) of the metallic layer below the prism and the
Berreman mode of the plasma-facing, charge-carrying di-
electric layer. To identify suitable materials to be stacked
together we start the description of our proposal with a
discussion of the role of each layer. The prism and the
metallic layer are essential for the SPR. They constitute a

Kretschmann configuration [17], where total reflection of
the incident wave at the prism-metal interface creates the
evanescent wave necessary for exciting a SPP at the metal-
dielectric interface [18]. For SPR the wave extending into
the plasma needs to be evanescent as well. Hence, the
total reflection condition sin2 α > 1/εP imposes a lower
limit to the angle of incidence which depends on the di-
electric function εP of the prism material. Because of this
relation, it should be nearly independent of frequency ω
in the range of interest. In addition it should be real and
positive. In the exploratory calculation presented below
we use KBr, a material commonly used in infrared optics
because of its transparency in that frequency range [19].
Its dielectric function varies little in the relevant frequency
range, but the critical angle already depends significantly
on frequency. The only condition for the metal layer is
a large negative real and a nonvanishing imaginary part
of the dielectric function for infrared frequencies. A com-
mon material choice for SPR is gold. We found a thickness
of the gold film around 10 nm to be optimal for our pur-
pose. It is smaller than the 50 nm typically used in optical
SPR [18].

The actual plasma wall of interest is the plasma-facing
layer. Separated from the metal by another dielectric
layer, it is made out of the material whose charge accumu-
lation properties one wants to study. Since the dielectrics
commonly used in plasma physics are electro-positive, and
these are the ones we are aiming at, adding a separation
layer with negative electron affinity confines the surplus
electrons collected from the plasma to the plasma-facing
layer. The separating (insulating) layer also prevents the
surplus electrons from spilling into the metal layer. Since
in this work we focus on determining the total amount
of charge collected by the material in contact with the
plasma, it is advantageous to make the plasma-facing layer
rather thin. The insulating layer, preventing the surplus
electrons from leaving the film, leads then to a high lo-
cal space charge density and thus to a high polarizabil-
ity modifying the dielectric function of the film. It is
this modification that makes the reflectivity of the stack
charge-sensitive. We found a thickness of d2 = 20 nm to
give satisfactory results. In our simulations Al2O3 is used
as the plasma-facing material, but other electro-positive
dielectrics, such as SiO2, could be used as well.The thick-
ness of the insulating layer is not critical. We choose
d1 = 40 nm, but even much thicker layers would not
change the results significantly (see discussion below). For
the material there are little restrictions except of being
electro-negative. However, it is convenient if the infrared
resonances of this layer are well separated from the reso-
nances of the plasma-facing layer. We thus use MgO which
is electro-negative and also satisfies the latter criterion.
Since the densities of ions and electrons in the plasma are
extremely low, the plasma is treated like a vacuum, that
is, its dielectric function ε = 1.

We investigate the reflectivity, that is, the ratio of the
incident and reflected beam intensities as a function of the
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angle of incidence and the frequency of the impinging in-
frared light. As usual, only p-polarized light is able to
excite SPPs [18]. Using the method of Lambin et al. for
multilayered materials [20,21], the solution of the Maxwell
equations yields an effective dielectric function ξ0(k, ω)
that can be written as a continued fraction,

ξ0(k, ω) = a1 −
b21

a1 + a2 − b22
a2+a3−...

(1)

with

ai =
εi√

1−
(
ω
kc

)2
εi tanh

(√
1−

(
ω
kc

)2
εi kdi

) (2)

and bi the same as ai when replacing tanh by sinh. Here
k = ω/c

√
εP sinα is the y-component of the wave vec-

tor which is conserved throughout the system, εi is the
(ω dependent) dielectric function in layer i, di is the
layer’s thickness and c is the vacuum speed of light. For
the semi-infinite plasma layer the coefficients are a4 =
1/
√

1− (ω/(kc))2 and b4 = 0. The value ξ0 is the so-
lution of a Ricatti equation at the prism-metal-interface,
that is at z = 0 (see fig. 1), and determines the reflectivity
of the system via

|R|2 =

∣∣∣∣
ξ0 − iεP tanα

ξ0 + iεP tanα

∣∣∣∣
2

. (3)

For the full derivation see ref. [21], where the calculation is
given without the prism, but the adjustments to account
for it are fairly simple.

In the infrared, the dielectric functions are highly fre-
quency dependent. Most dielectric materials can be mod-
eled as a system of damped oscillators, so that the real
and imaginary part of the dielectric function, labeled ε′

and ε′′ respectively, can be calculated as

ε′(ω) = ε∞ +
∑

i

fiω
2
i (ω2

i − ω2)

(ω2
i − ω2)2 + γ2i ω

2
(4)

and

ε′′(ω) =
∑

i

fiω
2
i γiω

(ω2
i − ω2)2 + γ2i ω

2
. (5)

The values for the resonance frequencies ωi, the weighting
factors fi, the damping coefficients γi, and the limit values
ε∞ are given in table 1 for MgO and Al2O3. For the gold
layer, values from ref. [24] were used and when necessary
interpolated. In the infrared the absolute value of both
real and imaginary part are large (> 1000), the real part
being negative, and show roughly a ω−2 proportionality.
The dielectric function of KBr is given as a Sellmeier equa-
tion and converted to the form of eq. (4) for convenience,
but no imaginary part is considered.

Analyzing eqs. (1) - (3), it becomes clear that the reflec-
tivity |R|2 will be unity if the dielectric functions have no

Table 1: Material parameters for the dielectric functions of
MgO [22], Al2O3 [23] and KBr [19].

MgO Al2O3 KBr

ε∞ 3.01 3.2 1.39408
ω1( cm−1) 401 385 114.00
f1 6.6 0.3 2.06217
γ1( cm−1) 7.619 5.58 0
ω2( cm−1) 640 442 164.99
f2 0.045 2.7 0.17673
γ2( cm−1) 102.4 4.42 0
ω3( cm−1) 569 53476
f3 3.0 0.15587
γ3( cm−1) 11.38 0
ω4( cm−1) 635 57803
f4 0.3 0.01981
γ4( cm−1) 12.7 0
ω5( cm−1) 68493
f5 0.79221
γ5( cm−1) 0
m∗/m 0.4

imaginary parts, because then ξ0 is real as well. Although
the dielectric function of gold has a significant imaginary
part in the whole infrared range, it only partakes in the
absorption process through the surface plasmon. If the
plasmon dispersion relation is not met, there is no absorp-
tion by the gold layer. Taking the bulk dielectric function
of Al2O3–the material of interest we use as an illustration–
plotted in fig. 2 into consideration, absorption frequencies
can be identified. They are independent of the angle of
incidence and occur where the imaginary part of the di-
electric function is considerable compared to the real part,
that is, at the resonance frequencies ωi, or where the real
part crosses or approaches zero while the imaginary part
stays finite, as it is the case near λ−1 = 900 cm−1. At
this particular wavenumber, an enhanced absorption oc-
curs for a film whose thickness is much smaller than the
corresponding wavelength. In the infrared the film can be
as thick as a few hundred nanometers for the resonance–
which is called Berreman resonance [11]–to occur. It turns
out to be very charge-sensitive and thus most suitable for
our purpose because the additional polarizability in the
film due to the surplus charges leads to a strong shift of
the Berreman resonance.

The polarizability αP = 4πiσb/ω, which is added to the
dielectric function of the plasma-facing layer, is caused by
the charges deposited into the plasma-facing layer. Us-
ing the memory function approach of ref. [16], the bulk
conductivity σb determining αP can be calculated as

σb(ω) =
e2nb
m∗

i

ω +M(ω)
, (6)

where e and m∗ are the electron charge and conduction
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Fig. 2: Bulk dielectric function of Al2O3 obtained from eqs. (4)
and (5) using the parameters given in table 1. Absorption
resonances occur when the imaginary part of the dielectric
function is large. The zero crossing of the real part at about
λ−1 = 900 cm−1 (see inset) will give rise to a Berreman reso-
nance in a film of thickness much smaller than the correspond-
ing wavelength [11]. It is the mode we use for charge detection.
Other resonances occur at lower wavenumbers, but are signifi-
cantly weaker and thus unsuitable for our purpose.

band effective mass, and nb is the bulk density of the sur-
plus electrons. The memory function M(ω) takes electron-
phonon scattering into account via the interaction Hamil-
tonian Hint =

∑
k,qMc†k+qck(aq + a†−q)/(

√
V q), with

M =
√

2πe2h̄ωLO

(
ε−1∞ − ε−10

)
, where a

(†)
q and c

(†)
k are

the annihilation (creation) operators of phonons and elec-
trons, respectively, and V is the volume of the layer. To
second order in M the memory function is given by

M(ω) = M0

∞∫

−∞

dν̄
j(−ν̄)− j(ν̄)

ν̄(ν̄ − ν − i0+)
(7)

with

j(ν) =
eδ

eδ − 1
|ν + 1| e−δ(ν+1)/2K1(δ |ν + 1| /2)

+
1

eδ − 1
|ν − 1| e−δ(ν−1)/2K1(δ |ν − 1| /2) ,

(8)

where ν = ω/ωLO is the frequency in units of the longi-
tudinal optical phonon frequency, δ = h̄ωLO/(kBT ) is the
LO phonon energy in units of the thermal energy (we use
T = 300 K), K1 is a modified Bessel function, the prefactor
in eq. (7) is M0 = 4e2

√
m∗ωLOδ(ε

−1
∞ − ε−10 )/(3

√
(2πh̄)3),

ε0 is the static dielectric function, and ωLO = 807 cm−1 is
a longitudinal optical phonon frequency [16].

Results. – The reflectivity of the stack of materials
without surplus charges is shown in fig. 3 as a function of
the wavenumber λ−1 and the angle of incidence α. Since
the dispersion of SPPs is below the one of regular light,
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Fig. 3: Reflectivity of the uncharged stack as a function of the
angle of incidence α and the wavenumber λ−1. The parameters
are dM = 10 nm, d1 = 40 nm and d2 = 20 nm. On the left the
reflectivity is shown as a function of λ−1 for a fixed angle of
incidence α = 42◦, indicated by the vertical dashed line, and on
the bottom the reflectivity is plotted as a function of the angle
of incidence for λ−1 = 895 cm−1, indicated by the horizontal
dashed line. The solid black line gives the critical angle for each
wavenumber. The top horizontal branch at about 900 cm−1 is
caused by the Berreman resonance of the Al2O3 layer, the lower
one near 700 cm−1 is the Berreman mode of the MgO layer, and
the strong feature slightly above 500 cm−1 is an ordinary SPR.

SPR occurs in our setup only for angles larger than the
critical angle αc = arcsin

(
1/
√
εP
)

which is wavenumber
dependent because of the wavenumber dependence of the
prism’s dielectric function (solid black line). The SPP dis-
persion is the relation between the wavenumber and the
angle of incidence where absorption is observed. Because
of the wavenumber dependence of αc the dispersion is bent
over to larger angles. When another absorption mecha-
nism occurs at the same wavenumber, like the Berreman
resonance, avoided resonance crossing deforms the disper-
sion further, as can be seen for λ−1 around 900 cm−1 and
700 cm−1. Far away form the critical angle, that is, far
away from the black solid line, only the bulk absorption
of the dielectric layers at these wavenumbers is observable
and there is no angle dependence. However, approaching
the critical angle, the horizontal absorption lines merge
into the plasmon mode. Because the dispersion can be
rather flat, when measuring the reflectivity as a function
of the angle of incidence around these wavenumbers, a
very broad minimum is observed compared to the narrow
minimum resulting from the undisturbed plasmon disper-
sion. This broad minimum in the angle of incidence shown
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in the bottom panel of fig. 3 for λ−1 around 900 cm−1 is
very sensitive to the wavenumbers. It will thus be mod-
ified when surplus charges change the dielectric function
of the plasma-facing layer and hence the zero-crossing of
its real part.

Two practical ways are thus possible to measure a re-
flectivity curve in this type of setup. Either the wavenum-
ber λ−1 of the incident laser is fixed and the reflectiv-
ity is measured as a function of the angle of incidence
α, or the latter is fixed and the laser’s wavenumber is
varied. When surplus charges are added to the plasma-
facing layer, the dispersion slightly changes because of
the modification of the layer’s dielectric function by the
polarizability of the charges, and the dips in both mea-
surement methods shift. As can be seen in fig. 4 typical
values for these shifts are 0.1◦ in the angle and 0.6 cm−1 in
the wavenumber–or 8 nm in the wavelength–for a surface
charge density of n = 1015 m−2 which is a rough estimate
of the charge density maximally expected based on the
upper limit of the charge of micron-size dust particles in a
low-temperature neon discharge [25]. These shifts should
be measurable in common ATR setups which in the visible
range achieve resolutions of about 10−3 degree or 0.1 nm.
Refined setups provide even resolutions up to 10−5 degree
or 5 × 10−4 nm [26, 27]. From the measured shift we can
then determine the surface charge n which for homoge-
neously distributed space charges obeys n = nbd2 with nb
the bulk density and d2 the thickness of the plasma-facing
layer. In the inset of fig. 4 we show how the minimum of
the dips shifts as a function of the charge density. Mea-
suring the position of the dip minimum opens thus a way
to determine the surface charge n.

The shifts can be explained as follows: Considering that
the additional charges shift the dielectric function linearly,
and that the absorption mode occurs where the dielec-
tric function crosses zero, it is quite clear that the surface
charges will shift the dispersion upward in the vicinity of
the Berreman mode. At a fixed wavenumber, the absorp-
tion dip as a function of the incident angle will thus shift to
a lower angle, while for a fixed angle the dip will move to a
higher wavenumber by about as much as the zero crossing
of the dielectric function is shifted. To maximize the shift
of the minimum angle, the dispersion should be as flat as
possible at the chosen wavenumber. On the other hand,
since the absorption becomes weaker as λ−1 approaches
the Berreman resonance, due to the avoided resonance
crossing, the depth of the absorption dip is significantly re-
duced. Thus, one needs to balance between sensitivity and
absorption strength when choosing the parameters. The
data for the reflectivity dips and the charge-induced shifts
of the reflection minimum shown in fig. 4 were obtained
for a particular choice of parameters. However, especially
the angular sensitivity can be significantly enhanced by
other choices of parameters, as we will now discuss, but
at the cost of flatter and broader absorption curves, that
is, a decreased detectability.

In the rest of this section we describe the influence of the

system parameters on the dispersion and the reflectivity
curves shown in figs. 3 and 4. As mentioned above, the
metallic layer is necessary for SPR, that is, for exciting
SPPs. In the visible frequency range the optimal thickness
dM of the gold layer is about 50 nm. It is imposed by two
effects. Too thick layers reduce SPP excitation by too
much absorption in the metal, while too thin layers lead
to too high radiation damping in the prism attenuating
thereby also the SPR. In our case, the SPR creates a weak
angle dependence of the reflectivity near the Berreman
resonance, which is in the infrared. To be of any use as
a charge diagnostics it has to be detectable. We have
thus to ensure that the metal layer is not too thick for
most of the infrared radiation to be reflected at the prism-
metal interface. Absorption by the SPPs or the modes of
the dielectric bulk would then be too weak to produce a
sizeable reflectivity dip. For a thickness of dM = 10 nm
we find about a 5 to 10 % drop at the minimum (see figs.
3 and 4). If the layer is twice that thick the drop is only
around 1 to 2 %.

The insulating dielectric layer underneath the metal is
not involved in the absorption process at the relevant
wavenumbers, because the Berreman resonance affiliated
with this material is at a lower wavenumber, see fig. 3.
Moreover, at the considered wavenumbers and angles the
electromagnetic wave propagates through the insulating
layer. Thus, its thickness d1 is more or less arbitrary.
Even for d1 > 1µm the shifts of the Berreman mode of
the plasma-facing layer are still present. Only the avoided
resonance crossing of the Berreman mode of the insulat-
ing layer is somewhat suppressed. The particular numer-
ical values of the shifts of the reflectivity dips, both in
the angle of incidence and the wavenumber, vary with the
thickness. For instance, for d1 = 1µm with the rest of the
parameters as in fig. 3, the shifts for n = 1015 m−2 are
0.142◦ and 0.386 cm−1, while for d1 = 4µm the shifts are
0.076◦ and 0.712 cm−1.

The thickness d2 of the plasma-facing layer has–in the
present case, where we want to measure only the total
amount of surplus charge, and hence use the layer also for
charge confinement–a significant influence on the charge
sensitivity of the method. It affects both the reflectivity
dip in angle and in wavenumber. The reason is quite obvi-
ous since we assume the total surface charge n provided by
the plasma homogeneously distributed within that layer.
Hence, the bulk charge density, entering the polarizability
through the conductivity (6), is given by nb = n/d2. The
thicker the plasma-facing layer the smaller is therefore nb
and hence the polarizability driving the shifts of the reflec-
tivity minima. The larger d2 the less pronounced is thus
the reflectivity dip as a function of λ−1 for a fixed angle
making it thus less suitable for charge diagnostics. How-
ever, in the setup we use a thicker layer implies also that
the avoided resonance crossing becomes stronger, that is,
the flat branch of the dispersion at around 900 cm−1 (viz:
fig. 3) degrades already at larger angles. As a result, the
reflectivity dip as a function of the angle becomes wider
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Fig. 4: Reflectivity for different surface charges. On the left it is shown as a function of the angle of incidence and λ−1 = 895 cm−1

while on the right it is plotted as a function of λ−1 and α = 42◦. The insets show the minimum value of the dip as a function
of the surface charge n, which is homogeneously distributed in the plasma-facing layer giving rise to a space charge density
nb = n/d2. The parameters are the same as in fig. 3. The shifts at the maximum density n = 1015 m−2 are 0.1014 ◦ and
0.6377 cm−1.

and less deep. But surprisingly it shifts stronger with the
surface charge density n than the narrower dip of a less
thick layer. Thus, by choosing the thickness d2 accord-
ingly, the charge sensitivity of the reflectivity dip as a
function of angle for fixed λ−1 can be enhanced. Pushing
the laser frequency closer to the Berreman resonance has
the same effect. It makes the reflectivity dip flatter and
wider but at the same time also more charge-sensitive.

Conclusion. – We showed that in an infrared ATR
setup the presence of surplus charges deposited into a
plasma-facing dielectric layer manifests itself in a shift of
a reflectivity dip both in the wavenumber and the angle of
incidence. The results we obtained suggest moreover that
the shifts are detectable by standard infrared equipment.
In this exploratory work we focused on detecting the to-
tal charge accumulated in the plasma-facing film which we
moreover assumed to be homogeneously distributed. The
thicknesses of the layers of the stack used as a charge mea-
suring device could thus be chosen freely to optimize the
dip’s detectability and charge sensitivity. In principle the
device can also be used to map out the density profile nor-
mal to the interface. The plasma-facing layer then has to
be thick enough to host the whole space charge profile.
More refined theoretical treatments are then necessary.
The principle of the method however remains the same:
Using the Berreman mode of the plasma-facing layer as
a charge sensor. Compared to other approaches measur-
ing the wall charge, the method we suggest does not ex-
ploit material-specific properties. Being a spectroscopic
technique it may have the potential to track the charge
accumulation in time. It does not require complex experi-
mental setups. In fact we expect it to be compatible with

commonly used discharge geometries. The stack of mate-
rials measuring the wall charge can be integrated into the
plasma wall or the electrode. Mechanical stability is then
provided by a sufficiently thick prism.
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Kinetic modeling of the electric double layer at a dielectric plasma-solid interface

K. Rasek, F. X. Bronold ,* and H. Fehske
Institut für Physik, Universität Greifswald, 17489 Greifswald, Germany

(Received 15 April 2020; accepted 15 July 2020; published 14 August 2020)

For a collisionless plasma in contact with a dielectric surface, where with unit probability electrons and ions
are, respectively, absorbed and neutralized, thereby injecting electrons and holes into the conduction and valence
bands, we study the kinetics of plasma loss by nonradiative electron-hole recombination inside the dielectric.
We obtain a self-consistently embedded electric double layer, merging with the quasineutral, field-free regions
inside the plasma and the solid. After a description of the numerical scheme for solving the two sets of Boltzmann
equations, one for the electrons and ions of the plasma and one for the electrons and holes of the solid, to which
this transport problem gives rise to, we present numerical results for a p-doped dielectric. Besides potential,
density, and flux profiles, plasma-induced changes in the electron and hole distribution functions are discussed,
from which a microscopic view on plasma loss inside the dielectric emerges.

DOI: 10.1103/PhysRevE.102.023206

I. INTRODUCTION

At the interface between a low-temperature plasma and a
macroscopic solid an electric double layer forms consisting of
a plasma-bound electron-depleted and a solid-bound electron-
rich region. In the simplest scenario, the charge separation
arises because electrons, outrunning ions on the plasma side,
are more efficiently deposited into the surface than they
are extracted from it by the neutralization of ions which
effectively leads to the injection of missing electrons, that
is, in the language of solid-state physics, to the injection of
holes. At the end a potential profile builds up equalizing the
electron and ion fluxes issued by the plasma source with the
electron-hole recombination flux inside the solid. The double
layer is hence caused by the plasma but controlled by the
solid.

Little is quantitatively known about the scenario although
the positive part of the double layer—the plasma sheath—has
been studied in great detail ever since the work by Langmuir
and Mott-Smith [1]. Most of the studies focus on the merging
of the sheath with the quasineutral bulk plasma [2–6]. The
effect of the solid is studied only insofar as its emissive
properties, electron and ion reflection and secondary electron
emission, affect the stability of the sheath [7–12]. The reason-
ing behind it is the assumption that processes inside the solid
occur on spatiotemporal scales too small or too fast to affect
the physics of the plasma [13]. For the plasma species the solid
is thus only a sink or source characterized by probabilities
for absorption, reflection, and emission which, in principle,
can be measured [14–16] or calculated [17–19]. There are
only a few theoretical approaches [20–23] treating the solid
and the plasma as two sides of an interface to be analyzed
together, as it is done for the interface between two gaseous
plasmas [24–28], where, however, neither side is constrained

*Correspondence author: bronold@physik.uni-greifswald.de

by a crystal structure leading to forbidden energy ranges for
the charge carriers on one side of the interface.

Mapping the charge dynamics of the solid in contact with
the plasma to a set of parameters is no longer justified in
situations where the scales of the plasma and the solid become
comparable or where the solid is an integral part of the plasma
device of interest, as it is, for instance, the case in attempts
to combine gaseous with solid-state electronics [29–33]. In
particular, if the miniaturization of the devices continues [34],
the transit times through the plasma and the transport and
relaxation times inside the solid may become comparable.
Between two encounters of an electron or ion with the solid,
the electrons inside it stay then in excited states, making the
surface parameters depend on the actual charge dynamics
inside the solid. Hence, it has to be resolved on the same
kinetic level as the charge dynamics of the plasma.

Recently, we set up a theoretical framework showing how
such a calculation can be organized for a plasma-facing di-
electric solid [21]. It is based on two sets of spatially separated
Boltzmann equations, one for the electrons and ions inside the
plasma and one for the conduction band electrons and valence
band holes inside the dielectric. The two sets are coupled by
the electric field, entering the force terms of the Boltzmann
equations, and matching conditions at the interface, which
describe electron transmission and reflection in either way
as well as hole injection due to the neutralization of ions.
To demonstrate the feasibility of the approach, we applied
it to a collisionless, perfectly absorbing interface with an ad
hoc recombination condition to prevent—in a collisionless
situation—the unlimited growth of the charge carriers inside
the solid. Although conceptually incomplete at this point, it
seemed useful because a numerical solution of the Boltzmann
equation could be avoided.

The purpose of the present work is to remedy this short-
coming by applying the theoretical framework to an interface
which is left collisionless only on the plasma side, where it
can be justified, because electrons are strongly depleted, scat-
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tering hence only weakly, while ions collide predominantly
with neutrals, which is important only in particular situations
[35–37]. But by including collisions on the solid side, we
can now couple the creation of charge carriers by the plasma
source to the physical process destroying them inside the
solid. It is the balancing of the two at quasistationarity which
determines quantitatively the charge and potential profiles on
both sides of the interface.

The paper is structured as follows. In Sec. II, divided into
two sections, we present in Sec. II A a simplified kinetic
model for the double layer at a dielectric plasma-solid inter-
face and in Sec. II B the numerical strategy for its solution.
Energy and momentum relaxation due to scattering on optical
phonons [38] and nonradiative electron-hole recombinations
due to traps in the energy gap along the lines of a kinetic
version [39] of the Shockley-Read-Hall model [40,41] are
taken into account by the kinetic equations while charge
injection is treated phenomenologically by source functions
entering the boundary conditions. The numerical approach
utilizes an idea of Grinberg and Luryi [42] for solving itera-
tively Boltzmann equations with distribution functions known
at the two end points of the integration domain, successfully
applied to solid-solid interfaces [43–45]. Its utility in the
present context is based on the observation that at the inter-
face the distribution functions can be assumed to be known
from the previous iteration loop and successively updated
until convergence is reached. Combined with the boundary
conditions fixing the distribution functions deep inside the
solid and the plasma, a transport problem arises to which the
Grinberg-Luryi approach can be applied in each half space.
Care is, however, required for treating singular points arising
either from turning points or the vanishing of the electric
field due to the embedding between field-free bulk regions.
Numerical results are given in Sec. III for a p-doped dielectric.
Potential, charge density, and flux profiles are shown together
with the distribution functions for the dielectric’s surplus
carriers originating from the plasma. Section IV concludes the
presentation and mathematical details are provided in three
Appendixes.

II. THEORY

The notation used for the description of the electric double
layer at a floating dielectric plasma-solid interface is summa-
rized in Fig. 1. Also shown is the simplification required due
to numerical constraints, forcing us to restrict the modeling
on the solid side to the region close to the band edges. The
injection of charge carriers into the solid has thus to be taken
into account by phenomenological source functions.

A. Formulation of the transport problem

Within the coordinate system of Fig. 1, the plasma-solid
interface is located at z = 0 with the solid and plasma filling
up the half spaces z < 0 and z > 0. The interface is abrupt
with material parameters constant and isotropic within each
half space. The spatial dependencies arise from the electric
potential energy Uc(z) for which we set Uc(0) = 0. Introduc-
ing a species index s ∈ {i, e, h, ∗} for ions, electrons, valence
band holes, and conduction band electrons, the potential en-

FIG. 1. Illustration of the potential energy profiles for an electric
double layer at a floating dielectric plasma-wall interface (not to
scale). Shown are the edges of the conduction (U∗) and valence
(Uvb) bands, the edge for the motion of valence band holes (Uh), the
position of the trap levels (Et ), and the potential energy for electrons
(Ue) and ions (Ui) on the plasma side. The origin of the energy axis
is the potential just outside the solid, χ is the electron affinity, and
Eg the energy gap. The positions z1 and zp are the end points of the
double layer and zw is the location of the plasma source. Also shown
are the potential energies at these positions, playing an important role
in the modeling. As explained in the main text, we cannot resolve the
energy space up to the energies where carriers are actually injected
from the plasma into the solid. In the simplified model for the solid
side, shown in the shaded area, we inject carriers at artificially low
energies by source functions included in the matching conditions at
z = 0.

ergy Us can be defined for each species. Its relation to Uc is
given by the following expressions, taking into account the
energy offsets shown in Fig. 1: Ui = Uc, Ue = −Uc, Uh =
Uc + Eg + χ , and U∗ = −Uc − χ , where χ is the electron
affinity and Eg is the band gap of the dielectric. We use Us as
a variable synonymous to Us(Uc). The merging of the double
layer with the quasineutral, field-free regions occurs at z1 on
the solid side and at zp on the plasma side. Since the solid
and the plasma accumulate net negative and positive charge,
respectively, Uc(z) is monotonously increasing with z.

Instead of z we can thus use Uc to track the spatial depen-
dency of all physical quantities, with the mapping between the
two given by the once-integrated Poisson equation,

dUc

dz
=

(
16π

ε(z)

∫ Uc (z)

U0(z)
dUn(U )

)1/2

= E (Uc), (1)

where ε(z) = �(z) + ε �(−z), with �(z) the usual step func-
tion, is the dielectric function of the interface. The func-
tion U0(z) = Up�(z) + U1�(−z) denotes the potential energy
where the net charge vanishes, that is, where quasineutrality
holds. On the solid side, this is at z = z1 leading to Uc = U1,
where U1 < 0 is the band bending, while on the plasma side it
occurs at z = zp and hence at Uc = Up > 0. The function E (z)
is the (negative) electric field for which

εE (0−) = E (0+) (2)
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holds at the interface and the (negative) total charge to be
integrated over reads for a p-doped interface

n(Uc) = [ne(Uc) − ni(Uc)]�(Uc)

+ [n∗(Uc) − nh(Uc) + nA]�(−Uc), (3)

where nA is the concentration of the acceptors.
It is advantageous to introduce in the coordinate system of

Fig. 1 separate distribution functions, F<
s and F>

s , for the left-
and right-moving particles with the sign of the perpendicular
momentum kz encoded in the superscript. Since the interface
is homogeneous in the lateral directions it is also rotationally
invariant in the plane perpendicular to the z axis. The distri-
bution functions depend thus only on the magnitude of the
lateral momentum K. Instead of it, we use the lateral kinetic
energy T = h̄2K2/2ms as a variable, where ms is the mass of
a particle of species s. In atomic units, measuring length in
Bohr radii, energy in rydbergs, and mass in electron masses,
the Boltzmann equation can be cast into

±vs(Uc, E , T )E (Uc)
∂

∂Uc
F≷

s (Uc, E , T ) = I≷
coll, (4)

where kz is replaced by the total energy E , I≷
coll is the collision

integral, and

vs(Uc, E , T ) = 2
√

m−1
s (E − Us − T ) (5)

is the velocity perpendicular to the interface. Due to the
variable transformation (1) from z to Uc the force term in
Eq. (4) accounts automatically for the Poisson equation, and
due to the use of E as a variable, no velocity drift term occurs.

The collision integral I≷
coll, describing scattering and recom-

bination processes, depends on either side of the interface on
the distribution functions of both species. It can be separated
into in- and out-scattering parts, �

≷
s and γ

≷
s F≷

s , respectively,
turning the Boltzmann equation (4) into its final form,

±vs(Uc)E (Uc)
∂

∂Uc
F≷

s (Uc) = �≷
s (Uc) − γ ≷

s (Uc)F≷
s (Uc),

(6)
where we have omitted the dependencies on E , T , and F≷

s .
In Appendix A we give �

≷
s and γ

≷
s for scattering on optical

phonons [38] and recombination via traps in the energy gap
[39], which is a kinetic formulation of the Shockley-Read-
Hall model [40,41].

Once the solutions of Eq. (6) are known, the densities

ns(Uc) = ms

8π2

∫
dEdT

F>
s (Uc, E , T ) + F<

s (Uc, E , T )

vs(Uc, E , T )
(7)

can be obtained, from which the electric field E (Uc) follows
by integrating Eq. (1), closing thereby the set of equations.

Essential parts of the transport problem are the boundary
conditions at Uc = U1 and Uc = Uw and the matching condi-
tion at Uc = 0. The boundary conditions are given by

F>
s (U1) = F LM

s (U1) for s = h, ∗, (8)

F<
s (Uw ) = F LM

s (Uw ) for s = i, e, (9)

with

F LM
s (Uc) = nLM

s

(
4π

kBTsms

)3/2

exp

(
−E − Us

kBTs

)
(10)

a half Maxwellian with temperature Ts and density nLM
s .

The general matching conditions for the distribution func-
tions at Uc = 0 are given in Ref. [21]. We specify them now to
the special case of an interface, where electrons can pass the
interface only from the plasma side and ions are neutralized
at the interface with unit probability. Carriers approaching the
interface from the solid side are specularly reflected. From
the plasma side, this describes a perfectly absorbing interface,
where every impinging particle is absorbed and nothing is
emitted.

Anticipating the potential energy profile of a double layer
with negative and positive net charge inside the solid and the
plasma, respectively, the matching conditions for the electron
distribution functions read

F>
e (0, E , T ) = 0 for E > 0, (11)

F<
∗ (0, E , T ) = F>

∗ (0, E , T ) + S<
∗ (0, E , T ), (12)

while for the ion and hole distribution functions they become

F>
i (0, E , T ) = 0, (13)

F<
h (0, E , T ) = F>

h (0, E , T ) + S<
h (0, E , T ), (14)

where we introduced source functions encoding electron and
hole injection,

S<
s (Uc, E , T )

= nin
s

(
4π

kBTsms

) 3
2

exp

(
−

(
E − Us − I in

s

)2 − T 2

	2
in

)
, (15)

with injection densities nin
s chosen such that jin

h = ji and jin
∗ =

je. The electron and ion fluxes from the plasma, je and ji, are
given by

js(Uc) = ms

∫
dEdT

8π2
[F>

s (Uc, E , T ) − F<
s (Uc, E , T )],

(16)
and jin

s is obtained from Eq. (16) by setting F>
s = 0 and F<

s =
S<

s . For simplicity we take phenomenological Gaussians (in
energy space) with width 	in centered around E − Us = I in

s
and T = 0 as source functions.

Ideally, the injection energies Is would be the real ones,
set by the ion’s ionization energy, in case of resonant ion-
ization, and the dielectric’s electron affinity. Both are usually
a couple of eV away from the band edges. The relaxation
and recombination kinetics, on the other hand, making at the
end the space charge inside the solid quasistationary with
the plasma sheath, requires a resolution on the order of the
phonon energy, which is typically 0.1 eV. Resolving on that
scale the whole energy range up to the actual injection points
is computationally very expensive. To keep the numerical
costs at an acceptable level, we move the injection energies Is

below an energy cutoff dictated by numerical constraints. The
principal mechanism of the model, relaxation and subsequent
recombination of plasma-injected surplus charges inside the
plasma-facing solid, remains intact.
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B. Numerical strategy

We now sketch the numerical approach employed to solve
the transport problem, focusing on the overall strategy to
determine the various parameters required to self-consistently
embed the double layer between field-free, quasineutral bulk
regions. Technical details concerning the plasma side and the
integration routines are relegated to Appendixes B and C.

The plasma source issues at Uc = Uw ions and electrons
belonging to half Maxwellians characterized by Te,i and nLM

e,i .
Input parameters are only the temperatures. The densities are
determined from the model in a two-step procedure. First, en-
forcing the absence of an electric field and the quasineutrality
at Uc = Up < Uw, giving rise to the two conditions,

E (Up) = 0, (17)

n(Up) = 0, (18)

and combining them with the flux equality,

je(Uc) = ji(Uc), (19)

the density ratio α = nLM
i /nLM

e , to be interpreted as the
strength of the plasma source, and the two potential param-
eters Up and Uw can be determined. In a second step, the
matching (2) of the electric field across the interface, feeding
in information from the solid side, is used to self-consistently
determine the absolute values of nLM

e and nLM
i . The double

layer is thus caused by the plasma source, which issues the
fluxes, but controlled by the electric field just inside the solid,
which fixes the strength of the source. Processes inside the
solid affect thus the plasma sheath even in the absence of
secondary electron emission.

On the solid side, we use half Maxwellians at Uc = U1. The
temperatures characterizing them are again input parameters,
while the densities are determined by the absence of an elec-
tric field and the quasineutrality, yielding the three conditions

E (U1) = 0, (20)

n(U1) = 0, (21)

nLM
h nLM

∗ = n2
int, (22)

with the intrinsic density

nint = 1

4

(
kBT∗
π

)3/2

(m∗mh)3/4 exp

(
− Eg

2kBT∗

)
, (23)

where we set T∗ = Th. From the three equations the two
densities nLM

∗ and nLM
h as well as the band bending U1 can

be determined. The parameters of the source functions S<
∗,h

are either input parameters (I in
∗,h, 	in) or fixed by flux conti-

nuity (nin
∗,h). All free parameters are thus determined and the

double layer is self-consistently embedded between the two
quasineutral, field-free regions.

Due to the collisionality, the modeling on the solid side
requires only one potential energy parameter, the band bend-
ing U1. The distribution functions F≷

∗,h(Uc, E , T ) can be taken
as half Maxwellians at Uc = U1 because the vanishing of the
field makes them in Eq. (6) to annihilate the collision integrals.
With half Maxwellians, satisfying detailed balance, this can be

enforced. However, with the plasma side being collisionless,
the distribution functions cannot be half Maxwellians at Uc =
Up while also maintaining equal densities and fluxes there.
They have to be put in at Uc = Uw > Up by the Schwager-
Birdsall construction [2] leading to two potential energy pa-
rameters, Up and Uw.

In order to get the density and potential profiles to be em-
ployed in the embedding conditions just listed, the Boltzmann
equation (6) has to be solved. On the plasma side this can be
done analytically. Following the approach of Schwager and
Birdsall [2], it leads to the expressions listed in Appendix B.
Had we also included collisions there, a numerical solution
along the lines we now present for the solid side would be in
order.

The numerical approach for solving the Boltzmann equa-
tions for electrons and holes inside the dielectric is an iterative
scheme, originally proposed by Grinberg and Luryi [42] for
transport problems where distribution functions are known at
the two end points of the integration domain. It has proven
its feasibility for solid-solid interfaces [43–45] and can be
based on a rewriting of the Boltzmann equation (6) for right-
and left-moving distributions in the form (in the following
s = ∗, h)

F>
s (Uc) = ξs(Uc,Uc − �)F>

s (Uc − �)

+
∫ Uc

Uc−�

dU

E (U )

�>
s (U )

vs(U )
ξs(Uc,U ) (24)

and

F<
s (Uc) = ξs(Uc + �,Uc)F<

s (Uc + �)

+
∫ Uc+�

Uc

dU

E (U )

�<
s (U )

vs(U )
ξs(U,Uc) (25)

with the integrating factor

ξs(Uc,U ′
c ) = exp

(
−

∫ Uc

U ′
c

dU

E (Ūc)

γ
≷
s (U )

vs(U )

)
, (26)

where � is an arbitrary energy shift, but at the end it will
be the basic discretization step in the Uc direction. The two
equations are an exact rewriting of the original Boltzmann
equations utilizing (i) the fact that in the variable Uc they
are ordinary first order differential equations and (ii) that the
integrating factor ξs(Uc,U ′

c ) satisfies group properties. For
brevity, the E and T dependencies of the various functions
are again suppressed.

The iteration scheme we employed for solving Eqs. (24)
and (25) is illustrated in Fig. 7 in Appendix C. To obtain
the distribution function F>

s (Uc) in the interval U1 < Uc < 0,
Eq. (24) is iterated from Uc = U1 to Uc = 0, while F<

s (Uc) is
obtained from Eq. (25) by iterating it from Uc = 0 to Uc =
U1, using at the starting points the boundary and matching
conditions specified above, and in the collision integrals the
distribution functions of the previous iteration loop. Special
care has to be exercised by the discretization of the integrals
near singular points, where the left hand side of Eq. (6)
vanishes, leading to singularities in the integrals. Due to
the collisions encoded in the functions γ

≷
s (Uc) and �

≷
s (Uc)

the variables E and T are not spectators of the integration
procedure, as the simplified notation of Eqs. (24) and (25)
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TABLE I. The two sets of material parameters A and B we used
in our numerical calculations. For the Debye lengths the acceptor
density nA is used instead of the intrinsic density nint . For set B only
values different from set A are displayed.

Set A Set B

Eg (eV) 1 2
h̄ω0 (meV) 75
Et (eV) 0.4 0.3
ε 11.8
ε∞ 12
nA (cm−3) 1013 1014

nint (1010 cm−3) 4.922 10−8

Nt (cm−3) 1020

σs (cm2) 10−15

kBT∗,h (eV) 0.025
m∗,h (me) 1
λw

D (μm) 1.821 0.576

may suggest. In total, we have to iterate in a three-dimensional
domain spanned by the variables Uc, E , and T . Further details
and delicacies of the integration routines are discussed in
Appendix C.

III. RESULTS

We now apply our model to a p-doped dielectric plasma-
solid interface characterized by the parameters of Table I.
Although we do not attempt to describe specific materials in
contact with specific plasmas, the parameters are chosen to
represent a typical semiconductor facing a hydrogen plasma.
The parameters of the source functions (15), determined by
the continuity of fluxes at Uc = 0, are summarized in Table II
while the specifics of the plasma are given in Table III. The
values of the potential energy Uc at z = z1, zp, zw, denoting
respectively the band bending, the sheath potential, and the
drop of the sheath of the plasma source, listed in Table IV,
are not input parameters. They arise from the self-consistent
matching of the solid and the plasma.

The trap density Nt in Table I is artificially high because
the coordinate transformation (1), mapping an infinite z half
space to a finite Uc interval, restricts de facto the modeling to
the region where the band bending is significant. In general,
this is favorable. But for the recombination process it is a
problem since the recombination length λR, given in a rough
approximation by

λR ≈ vs

γ
trap
s

≈ 1

σsNt
, (27)

is for the realistic cross section σs ≈ 10−15 cm2 and the real-
istic trap density Nt ≈ 1016 cm−3 too large. It is on the order

TABLE II. Parameters of the source functions S<
∗ and S<

h describ-
ing the injection of electrons and holes from the plasma into the solid.

	in (eV) I in
∗ (eV) I in

h (eV)

0.06 0.2 0.15

TABLE III. Parameters of the collisionless hydrogen plasma in
contact with the dielectrics A and B specified in Table I. For set B
only values different from set A are listed.

System kBTe (eV) kBTi (eV) me (me) mi(me) λ
p
D (μm)

Set A 2 0.025 1 1836 9.107
Set B 5.562

of millimeters while the Debye length λw
D , setting the scale of

the space charge layer, and hence of our simulation domain,
is only a few micrometers. To ensure complete recombination
in the numerically resolved domain, necessary to prevent a
pile-up of charges inside the solid, we have to increase thus
Nt by four orders of magnitude. While the deviation from
realistic parameters may alter the numerical magnitude of the
results, such as the width of the double layer, the important
physical processes are appropriately represented.

Let us start the discussion of the numerical data with the
self-consistent electric fields shown in Fig. 2 for parameter
sets A and B. The matching condition (2) is satisfied for both
sets. Due to the higher acceptor concentration of set B, the
Debye length is shorter, yielding a narrower space charge and
a smaller band bending. The large fields on the solid side are
in both cases mainly caused by the charge carriers due to the
doping and not due to the surplus carriers coming from the
plasma. On the plasma side, the field is due to the sheath in
front of the solid. The Schwager-Birdsall boundary condition
[2] leads to the nonmonotonous behavior around Uc ≈ 6.8 eV.
It is an artifact arising from the inflection point in the potential
profile required to model in a collisionless plasma a field-free,
quasineutral region representing the bulk plasma. Due to the
coordinate transformation (1), the range of Uc values shown
in the plot corresponds essentially to two infinite half spaces
in the variable z. Mapping an infinite system to a finite one is
an advantage of the change of coordinates.

Having found self-consistent embeddings of the double
layer, we now turn to the distribution functions for electrons
and holes inside the solid. Without plasma the electron and
hole distribution functions are to a very good approximation
half Maxwellians, determined by the intrinsic carriers and
the doping. Once the solid is in contact with the plasma, the
distribution functions deviate from it due to the injection of
carriers from the plasma and the band bending in response to
the sheath potential. Since the two parameter sets yield rather
similar results, we discuss below only data for one set.

Figure 3 shows for parameter set A the deviations of the
distribution functions from the half-Maxwellian background
directly at the interface at Uc = 0 and inside the solid at

TABLE IV. Numerical values of the self-consistently determined
potential energies at z = z1, z = zp, and z = zw for the parameter sets
A and B of Tables I and III. Again, for set B only values different
from set A are given.

System U1 (eV) Up (eV) Uw (eV)

Set A 0.1125 4.906 7.103
Set B 0.05
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FIG. 2. Electric field multiplied by the dielectric function across
the interface for parameter sets A and B, plotted respectively in black
and orange (grey), showing the matching (2) to be satisfied. The
maximum at Uc ≈ 6.8 eV comes from the Schwager-Birdsall bound-
ary condition. Since Up ≈ 5 eV effectively corresponds already to
z ≈ ∞ the maximum has no physical meaning. It is an artifact of
implementing in a collisionless plasma a field-free, quasineutral bulk
region.

Uc = 21.5 meV. To visualize physical effects more clearly,
we plot F≷

∗,h for the two fixed values of Uc as functions of
Tz = E − U∗,h − T and E − U∗,h, with U∗ = −χ − Uc, Uh =
Uc + Eg + χ , and E running from U∗,h to Emax = 0.4 eV.
Besides the peak at E − Us = I in

s due to the source functions,
clearly seen in the data for Uc = 0, three further features
can be identified: First, there is a series of peaks due to the
scattering of the injected carriers on phonons. This is the

energy and momentum relaxation of the carriers following
injection from the plasma. Second, there is a step at Tz =
0, separating the distributions for left- (Tz < 0) and right-
moving (Tz > 0) carriers (encoded in the artificial sign of
Tz). Because right-moving distributions have to be populated
by backscattering events, which for interaction with optical
phonons are rather unlikely, they are always smaller than
the left-moving distributions populated by forward scattering.
Third, the functions are maximal for E − Us ≈ 0 since the
carriers accumulate at the band edges.

That there are less right- than left-moving injected carriers
can be also seen in Fig. 4, where we plot for parameter set
A the directional electron and hole densities scaled to the
reference densities given in the caption. The densities have
been calculated from the distribution functions F≷

∗,h using
Eq. (7) and subtracting from them the background densities
due to the doping. All the surplus densities are maximal at
Uc = 0, that is, directly at the interface, and monotonously
decrease to zero by approaching the bulk of the solid. In the
inset the difference of the densities of left- and right-moving
carriers is shown. It is positive and of the same order for
both polarities, showing that both types of surplus carriers
move preferentially to the left. From the plot we also see
that injected electrons dominate injected holes as it should
be for a double layer, where the positive, electron-depleted
branch residing in front of the solid at Uc > 0 has to be
balanced by a net negative space charge inside the solid at
Uc < 0. The profiles demonstrate also that at quasistationarity
the permanent influx of electrons and holes from the plasma

FIG. 3. Distribution functions for the injected electrons (upper panels) and holes (lower panels) for parameter set A at Uc = 0, that is,
at the interface and at Uc = 21.4 meV. Instead of E and T the variables E − Us and Tz = E − Us − T are used, where we attached to the
latter a sign to denote the distributions of left- (Tz < 0) and right-moving (Tz > 0) particles. The injection peaks at E − U∗ = I in

∗ = 0.2 eV
and at E − Uh = I in

h = 0.15 eV are clearly visible in the data for Uc = 0. Away from the interface, the peak gradually vanishes. Replicas due
to phonon emission and absorption can be also seen, as well as the drop at Tz = 0, signaling right-moving states to be less populated than
left-moving ones. Colors (shading) are used only for visibility reasons and the triangular shape is due to energy conservation.

023206-6

2 Thesis articles

48



KINETIC MODELING OF THE ELECTRIC DOUBLE LAYER … PHYSICAL REVIEW E 102, 023206 (2020)

 0

 1

 2

 3

 4

 5

-100 -80 -60 -40 -20  0

n s
 [n

sre
f ]

Uc [meV]

right moving left moving

 0

 1

 2

 3

-80 -40  0

n s
 [n

hre
f ]

Uc[meV]

FIG. 4. Total (solid lines) and directional (long and short dashed
lines) densities of the injected carriers for the parameter set A.
For plotting purposes we introduced reference densities nref

∗ = 6 ×
1012 cm3 and nref

h = 1012 cm3. The positive difference of left- and
right-moving densities �ns, shown in the inset, is on the same order
of magnitude for electrons [blue (dark grey)] and holes [red (grey)],
indicating that for both polarities surplus carriers move more likely
to the left than to the right.

does not lead to a pile-up of carriers inside the solid. Carrier
recombination prevents this.

The net density and potential profiles of the double layer as
a whole, embracing the solid and the plasma side, are shown
in Fig. 5 as a function of z scaled to the corresponding Debye
lengths. Since the results are similar for the two parameter sets
we show again only data for set A. Due to the difference in
the screening lengths, λw

D ≈ 1.8 μm and λ
p
D = 9.107 μm (see

Tables I and III), the charge neutrality of the double layer is
not directly obvious but indeed satisfied due to the matching
condition (2) which also gives rise to the different slopes of
the potential energy profile for z = 0− and z = 0+. The spatial
scale of the double layer is set by the screening lengths. From

U1
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U
c

0
1
2
3
4

-2λD
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n 0w
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λD
p

FIG. 5. Potential energy (upper panel) and net charge density
(lower panel) for parameter set A as a function of z in units of the
Debye lengths, λw

D = 1.821 μm and λ
p
D = 9.107 μm. The kink in

Uc at z = 0 signals the matching condition (2). To fit the density
profiles into a single plot, we scaled them on the solid side by
nw

0 = 1013 cm−3 and on the plasma side by np
0 = −1012 cm−3.

 20

 25

 30

 35

ln
(n

s c
m

3 )

 0
 1
 2
 3
 4

U1 U1/2 0

j s 
[1

019
cm

-2
s-1

]

Up Uw

 0

 1

U1 0

F t

FIG. 6. Mobile charge carriers (upper panel) and the fluxes
(lower panel) as a function of Uc for parameter set A. Data for
electrons (holes, ions) are plotted in blue (red) [dark grey (grey)].
Inside the solid, electrons prevail for U1/2 < Uc < 0, while for Uc <

U1/2 holes dominate, indicating the p-doped bulk. The quasineutral
bulk plasma emerges on the other side of the interface for Uc ≈
Up. Also seen is the negative sheath in front of the plasma source
at Uc = Uw . The electron and ion fluxes of the plasma merge at
Uc = 0 with the electron and hole fluxes of the solid, which then
decay nonconcurrently due to the variation of the occupancy of the
traps shown in the inset, placing empty (occupied) traps, required
for electron (hole) recombination, further away from (closer to) the
interface.

the numerical values given in Tables I and III we see that for
both parameter sets the width is on the order of 1–10 μm with
the plasma side five (set A) to ten times (set B) thicker than the
solid side. Notice the fast and slow decay of the density profile
on the solid side in contrast to the more or less homogeneous
decay on the plasma side. It indicates that electrons and holes
do not recombine spatially concurrently in our model. This is
due to an approximation, leaving the trap occupancy constant
during the iteration (see Appendix A for details, as well as the
discussion below).

The merging of the double layer with the bulk regions on
either side of the interface and the working of the recombi-
nation process are shown in Fig. 6, where we plot, for both
sides of the interface, as a function of Uc the profiles of
the carrier densities and fluxes. Recall, due to the coordinate
transformation, that the effectively infinite half spaces in the
spatial coordinate z are mapped onto finite intervals on the Uc

axis. The embedding can be clearly seen in the upper panel.
On the solid side, only for U1/2 < Uc < 0 is the electron
density n∗ [blue (dark grey)] larger than the hole density nh

[red (grey)], while for Uc < U1/2 the ordering is reversed.
Taking the acceptor density nA into account, which balances
the hole density due to doping but is not included in the plot to
make the scales comparable, the quasineutral p-doped region
emerges for Uc approaching U1. On the plasma side, on the
other hand, ions [red (grey)] dominate electrons [blue (dark
grey)] for 0 < Uc < Up, while for Uc ≈ Up a quasineutral
region appears merging, for Uc approaching Uw, the negative
sheath in front of the plasma source installed at Uc = Uw by
the Schwager-Birdsall construction.
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The workings of the recombination process can be inferred
from the flux profiles plotted in the lower panel of Fig. 6.
Electron and ion fluxes are equal on the plasma side and con-
tinuously merge at Uc = 0 with the electron and hole fluxes.
From the flux continuity je(0) = ji(0) = j∗(0) = jh(0), the
parameter α = nLM

i /nLM
e , characterizing the strength of the

plasma source, can be obtained. For the data shown in Fig. 6
we find α = 11. Due to electron-hole recombination inside
the solid the fluxes decay. The hole flux decays faster than
the electron flux, indicating that holes are destroyed closer to
the interface than electrons. That the recombination of holes
and electrons is spatially separated we have already noticed in
the density profiles of Fig. 4. It can be explained by looking
at the trap occupancy shown in the inset of Fig. 6. Holes
have to recombine with an electron from the trap, that is, they
require an occupied trap site, while electrons need empty trap
sites. From the inset we see traps highly occupied close to the
interface. Thus, in our model, holes preferentially recombine
there, while electrons, requiring empty traps, have to move
further into the solid, where the probability of finding them is
higher.

In reality, the two fluxes should decay equally fast. That
in our model this is not the case is due to the approximation
we used to determine the trap occupancy. Instead of the
full electron and hole distribution functions, we employed
in Eq. (A14) only the half Maxwellians arising from the
doping background. By neglecting the contributions of the
injected carriers, which are small but nevertheless present,
the trap occupancy is not determined self-consistently. In the
present formulation of our model, it can thus not react to
the injected carriers. Inserting the full distributions, however,
would have led to nonlinear collision integrals, artificially
dominating the kinetics due to the high trap densities Nt we
have to use to ensure complete recombination in the part of the
simulation domain which is numerically resolved. Since the
kinetic scenario we wanted to develop—destruction of plasma
flux impinging on a dielectric by electron-hole recombination
inside it—is not affected by the inconsistency, we did not
include this additional complexity into the model.

IV. CONCLUSION

We have presented a self-consistent kinetic model for the
electric double layer at a dielectric plasma-solid interface that
embraces plasma generation on one and plasma loss on the
other side of the interface. Conduction band electrons and
valence band holes are injected into the solid with unit prob-
ability for each impinging electron and ion, while from the
solid side, charge carriers cannot cross the interface. Inside the
solid, electrons and holes scatter on optical phonons, leading
to energy and momentum relaxation, before they recombine
nonradiatively via traps in the energy gap of the dielectric.
The microscopic picture encoded in our model is thus the one
of a plasma source whose fluxes are equalized and balanced
by the recombination of electron and hole fluxes in the space
charge region of the solid.

Computational constraints in the numerical solution of
the Boltzmann equation on the solid side forced us to treat
charge injection by phenomenological source functions. The
basic kinetics—injection of surplus charge carriers into the

solid, followed by relaxation and recombination establishing
a quasistationary double layer—is, however, still present in
the simplified model. Based on an iterative scheme, geared
towards solving Boltzmann equations with distribution func-
tions specified at the end points of the integration domain,
we presented the numerical solution of the kinetic equations,
focusing in particular on the handling of singular points. A
similar strategy could be applied on the plasma side in case it
is made collisional.

Although quantitatively we cannot yet make hard predic-
tions, because of the limitations of the phenomenological
source functions, the high trap density, the perfect absorber
assumption, and the idealistic treatment of the electronic
structure of the interface, which neglects, for instance, ad-
sorbate layers likely to be present in a plasma environment,
the numerical results show the feasibility of the scheme.
From the distribution functions of the holes and the electrons
we calculated the solid-bound density and potential profiles
merging the plasma sheath from the solid side. Combined with
approaches describing the merging of the sheath with the bulk
plasma in more detail than we have done, taking, for instance,
ion-neutral collisions into account, a complete picture of the
double layer can thus be developed. While we demonstrated
the feasibility of the model on a floating dielectric wall, with
proper modifications it can also describe biased interfaces.
Current-voltage or charge-voltage characteristics could then
be calculated and compared with experiments.

The results demonstrate moreover that the charge kinet-
ics inside the solid and the plasma can be treated on an
equal footing, opening thus the door for a kinetic analysis of
miniaturized semiconductor-based plasma devices combining
gaseous and solid-state electronics.

ACKNOWLEDGMENTS

Support by Deutsche Froschungsgemeinschaft through
Project No. BR-1994/3-1 is greatly acknowledged.

APPENDIX A: COLLISION INTEGRALS

For the numerics it is convenient to split the collision
integrals into in- and out-scattering parts,

I≷
coll = �≷

s (Uc, E , T ) − γ ≷
s (Uc, E , T )F≷

s (Uc, E , T ), (A1)

defining implicitly the functions �
≷
s and γ

≷
s entering the

Boltzmann equation (6). Starting with the standard forms
of the collision integrals it is straightforward to work out
expressions for �

≷
s and γ

≷
s . Below we give them for the

scattering processes included in this work: electron (s = ∗)
and hole (s = h) scattering by polar optical phonons [38]
and nonradiative electron-hole recombination via traps in the
energy gap of the dielectric according to the Shockley-Read-
Hall mechanism [39–41].

In the dilute limit, applicable to the situation we study, the
collision integral for scattering by optical phonons becomes
[38]

Iscat
s (z, k) =

∫
d3k′

(2π )3
[W (k′, k)Fs(z, k′) − W (k, k′)Fs(z, k)],

(A2)
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where the rate for scattering from k to k′ is given by

W (k, k′) = V
2π

h̄

∣∣M(|k − k′|)∣∣2

×[(1 + nb)δ(Ek − Ek′ − h̄ω0)

+nbδ(Ek − Ek′ + h̄ω0)] (A3)

with

|M(q)|2 = h̄ω0

V

8πq2α̃h̄c(
q2 + q2

s

)2

(
ε0

ε∞
− ε0

ε

)
(A4)

the square of the matrix element for electron (hole)-phonon
coupling. The standard notation is used throughout in the
formulas, Ek is the kinetic energy of the electron (hole),
h̄ω0 is the energy of the (dispersionless, optical) phonon, and
nb = 1/(exp(h̄ω0/kBT∗) − 1) is the occupation number of the
phonon. In the expression for the matrix element, c is the
vacuum speed of light, α̃ is the fine structure constant, qs

is a screening momentum, and ε and ε∞ are the dielectric
constants at low and high frequencies, respectively. In the
atomic units used in the main text,

W (k, k′) = 16W0
q2(

q2 + q2
s

)2 [(1 + nb)δ(Ek − Ek′ − h̄ω0)

+ nbδ(Ek − Ek′ + h̄ω0)] (A5)

with W0 = 4h̄ω0(1/ε∞ − 1/ε). Since the carrier concentra-
tions are rather low, we neglect in the following the screening
wave number qs. Parts of the calculations can then be per-
formed analytically.

The functions γ
≷
s (Uc, E , T ) and �

≷
s (Uc, E , T ) appearing

in the Boltzmann equation (6) are the integrals of either
W (k, k′) or W (k′, k)Fs(z, k′) over k′. In the limit qs = 0, after
rewriting the momenta k and k′ in the coordinates Uc, E ,
T , E ′, and T ′, and distinguishing distributions for left- and
right-moving particles, we find

γ ≷
s (Uc, E , T ) = 4W0

vs(Uc, E , 0)

[
nbarsinh

(√
E − Us

h̄ω0

)
+ (nb + 1)arsinh

(√
E − Us

h̄ω0
− 1

)]
, (A6)

showing that this function is the same for both directions of motion, and

�≷
s (Uc, E , T ) = W0

∑
±

(
nb + 1

2
± 1

2

) ∫ E−Us±h̄ω0

0

dT ′

vs(Uc, E ± h̄ω0, T ′)

[
F≷

s (Uc, E ± h̄ω0, T ′)
d−(Uc, E , T, T ′,±h̄ω0)

+ F≶
s (Uc, E ± h̄ω0, T ′)

d+(Uc, E , T, T ′,±h̄ω0)

]
(A7)

with

d±(Uc, E , T, T ′, h̄ω0) = [(T + T ′ + (
√

E − Us − T ′ + h̄ω0 ± √
E − Us − T )2)2 − 4T T ′]1/2 . (A8)

The second term of γ
≷
s and the in-scattering-by-absorption

term in �
≷
s , that is, the term with the minus sign, only

occurs for E − Us > h̄ω0. Note, the upper labels ≷ and ≶
of the distributions on the right-hand side of Eq. (A7) are
independent of the ± sign. They correspond to the ≷ of �

≷
s

on the left-hand side of the equation.
We now turn to the kinetic formulation [39] of the

Shockley-Read-Hall electron-hole recombination [40,41].
The collision integral coupling the trap occupancy Ft with the
electron distribution function F≷

∗ reads

I tr≷
∗ = (1 − F≷

∗ )	∗
GNt Ft − F≷

∗ 	∗
RNt (1 − Ft ) (A9)

while the one coupling Ft to the hole distribution function F≷
h

is

I tr≷
h = (1 − F≷

h )	h
GNt (1 − Ft ) − F≷

h 	h
RNt Ft . (A10)

Therein Nt is the trap density,

	s
R = σsv

tot
s (A11)

is the recombination rate for species s, and

	∗
G = σ∗vtot

∗ exp((Et − (E − Us + Eg))/kBT∗), (A12)

	h
G = σhv

tot
h exp ((−(E − Us) − Et )/kBTh), (A13)

are the corresponding generation rates, where σs is the capture
cross section, vtot

s is the total velocity [not to be confused with
vs(Uc, E , T ) which is the velocity in the z direction, that is,
vtot

s = vs(Uc, E , 0)], and Et is the energy level of the traps.
At quasistationarity, the trap occupancy is given by the

detailed balance condition. Integrating Eqs. (A9) and (A10)
over E and T and equating the results yields

Ft (Uc) =
(

m∗
∫

dEdT

v∗
	∗

RF>+<
∗

+ mh

∫
dEdT

vh
	h

G(2 − F>+<
h )

)

×
(

m∗
∫

dEdT

v∗
(	∗

RF>+<
∗ + 	∗

G(2 − F>+<
∗ ))

+ mh

∫
dEdT

vh

(
	h

RF>+<
h + 	h

G(2 − F>+<
h )

))−1

(A14)

with F>+<
s denoting F>

s (Uc, E , T ) + F<
s (Uc, E , T ). In the

detailed balance condition (A14), we account only for
the charge carriers due to the doping, described by half-
Maxwellian distribution functions. The surplus electrons and
holes coming from the plasma affect the balance only weakly
because of their low density. In leading approximation, they
can thus be neglected.
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Splitting Eqs. (A9) and (A10) into out- and in-scattering
contributions and distinguishing distributions for left- and
right-moving electrons and holes yield

γ
tr≷
∗ = 	∗

GNt Ft + 	∗
RNt (1 − Ft ), (A15)

γ
tr≷
h = 	h

GNt (1 − Ft ) + 	h
RNt Ft , (A16)

�
tr≷
∗ = 	∗

GNt Ft , (A17)

�
tr≷
h = 	h

GNt (1 − Ft ), (A18)

which after eliminating Ft by using Eq. (A14) gives the form
of the functions used in Eq. (6).

APPENDIX B: PLASMA SHEATH

To make the present work self-contained, we summarize
in this Appendix the formulas for the collisionless sheath
forming on the plasma side of the interface. The merging
of the plasma sheath—in the absence of collisions—with the
bulk plasma is established by a construction due to Schwager
and Birdsall [2]. It mimics the quasineutral, field-free bulk
plasma by an inflection point at Uc = Up arising between the
sheath at the interface at Uc = 0 and the sheath in front of a
plasma source imagined to sit at Uc = Uw.

The plasma source at Uc = Uw ejects electrons and ions
with the half-Maxwellian distributions (10). With the bound-
ary condition ns(Uw ) = nLM

s a trajectory analysis of the colli-
sionless Boltzmann equations on the plasma side [21] leads to
the density profiles

ni(Uc)

nLM
i

= f (a) −
√

a

π
, (B1)

where a = Uw−Uc
kBTi

, and

ne(Uc)

nLM
e

= e−(a′+b)

[
eb − f (b) +

√
b

π

]
(B2)

with a′ = Uw−Uc
kBTe

and b = Uc
kBTe

. The function

f (x) = 1

2
exerfc(

√
x) +

√
x/π (B3)

is connected to the complementary error function erfc(x) =
1 − erf (x). For the coordinate transformation (1) we need the
integrals over the profiles given by∫ Uw

Uc

dU
ni(U )

nLM
i kBTi

= f (a) − 1

2
(B4)

and∫ Uw

Uc

dU
ne(U )

nLM
e kBTe

= 1 − e−a′ + ea′+b[ f (b) − f (a + b)].

(B5)

To determine the inflection point at Uc = Up, the con-
ditions E (Up) = 0 and n(Up) = 0 have to be worked out.
Introducing xy = Ux/kBTy with x ∈ {p,w} and y ∈ {i, e} the

condition of the vanishing electric field yields

nLM
i

nLM
e

= kBTe

kBTi

1 − epe−we + e−we [ f (pe) − f (we)]

f (wi − pi ) − 1
2

, (B6)

whereas the vanishing of the net charge density becomes

nLM
i

nLM
e

= exp (pe − we + pi − we)
1 + �(

√
pe)

1 − �(
√

wi − pi )
.

(B7)

Augmenting Eqs. (B6) and (B7) with the flux balance (19),
using

je(Uc) = −nLM
e

√
kBTe

π
e−we (B8)

and

ji(Uc) = −nLM
i

√
kBTi

miπ
(B9)

to be obtained upon inserting Eqs. (B1) and (B2) into Eq. (16),
leads finally to three equations for the four unknowns Uw, Up,
nLM

e , and nLM
i . In the model of Schwager and Birdsall [2],

which does not include the solid, only three of the parameters
can thus be fixed. Considering the ratio α = nLM

i /nLM
e as the

strength of the plasma source, Uw, Up, and α are usually
the parameters calculated. In our model, extending into the
solid, the matching of the electric field (2) at Uc = 0, that is,
the charge neutrality of the double layer, yields, however, an
additional equation. At the end, we can thus determine all four
parameters.

APPENDIX C: INTEGRATION ROUTINES

In this Appendix we describe the integration routines used
in the numerical treatment of Eqs. (24) and (25), focusing on
the discretization and the handling of singular points.

The three-dimensional integration domain, spanned by the
variables Uc, E , and T , is shown in Fig. 7. For all three the
discretization step � is used, to be taken as a fraction of
h̄ω0. The potential energy Uc ranges from U1 to zero, the total
energy E is at least Us and in principal unbound, and the lateral
kinetic energy T takes values from zero to E − Us. To keep
the integration domain also in the variable E finite, we use an
energy cutoff of 0.4 eV for the total kinetic energy T + Tz of
the charge carriers measured from the bottom of the bands.

When discretizing the integrals, singular points have to
be carefully treated. The square-root singularity due to the
vanishing of vs(Uc, E , T ) at T = E − Us can be removed by
the substitution

Z = √
U0 ± U , (C1)

where the + sign and U0 = E − T + χ are used for electrons,
and the − sign and U0 = E − T − Eg − χ are used for holes.
The Uc integrals in Eqs. (24) and (25) are then solved in
one step, without further interpolation points, by linearization.
Some integrals are, however, still singular because ξs is an
exponential function of a possibly diverging integral. They
have to be done by hand. Two types of integrals have to be
distinguished: integrals where E (U ) �= 0 and integrals where
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FIG. 7. Schematic illustration of the three-dimensional integra-
tion domain for conduction band electrons spanned by the variables
Uc, E , and T . The domain is cut by the surface v∗(Uc, E , T ) =
0 leading to turning points at T = E − U∗(Uc ) separating the re-
gion where electrons are allowed to move shown in dark [T <

E − U∗(Uc )] from the forbidden region [T > E − U∗(Uc )]. For the
valence band holes the domain is divided by the function T = E −
Uh(Uc ) giving rise to a different shape. The elementary discretization
step, to be the same in all three dimensions, � = h̄ω0/n with h̄ω0

the phonon energy. The energy cutoff E cutoff
k = Nh̄ω0 is used for the

total kinetic energy T + Tz of the carriers measured from the bottom
of the bands, limiting thereby the variable E . For the results presented
in this work we typically used n = 8, N = 14 yielding around 1003

discretization points.

E (U ) = 0 which occur, however, only at the end point U =
U1.

First, we consider the case E (U ) �= 0. The integrand in ξs

as well as the product of the functions in front of ξs can be
linearized. Then, integrals of the form

∫ Z1

Z0

dZ ( f0 + Z f1) exp (−(g0 + Zg1)(Z1 − Z )) (C2)

appear for Eq. (24), while integrals of the type

∫ Z1

Z0

dZ ( f0 + Z f1) exp (−(g0 + Zg1)(Z − Z0)) (C3)

are found for Eq. (25). The abbreviations, subsuming numeri-
cal coefficients arising from the linearization, should be clear
from the context. For instance, f0 = �

≷
s (Uc)/(E (Uc)vs(Uc)).

Using the identities

∫
dx exp(ax + bx2) = 1

2

√
π

b
exp

(
− a2

4b

)
erfi

(
a + bx

2
√

b

)
(C4)

and∫
dxx exp(ax + bx2) = 1

2b
exp(ax + bx2) − 1

4

a

b

√
π

b

× exp

(
− a2

4b

)
erfi

(
a + bx

2
√

b

)
,

(C5)

the integrals can be related to the imaginary error function
erfi(x) to be calculated as follows: For positive b we use
the Dawson function F (x) = √

π exp(−x2)erfi(x)/2 while for
negative b we employ the identity erfi(ix) = i erf (x). The error
function erf (x) in turn is evaluated by routines of standard
libraries. For large arguments, where the routines have prob-
lems, we expand erf (x) together with the factor exp (−a2/4b)
into a power series.

To deal with the integrals where E = 0, we assumed
and verified a posteriori that E starts linearly with Uc. The
divergence of 1/E in the integral of the exponent of ξs is
then canceled by the same divergence in the Uc integrals of
Eqs. (24) and (25). A linear approximation for E (Uc � U1)
together with Eq. (C1) implies E (Z ) ∼ Z2 − Z2

0 . Linearizing
the remaining parts of the integrands relates the integrals to
the incomplete β function,

Bx(α + 1, 1 − β ) =
∫ x

0
dy

yα

(1 − y)β
, (C6)

or—in the case Z0 = 0 (that is, for T = E − Us)—to the
incomplete 	 function

	(a, x) =
∫ 1/x

0
dyy−a−1 exp

(
−1

y

)
. (C7)

The parameters a, α, β, and Z0, again numerical coefficients
arising from the linearization, can be straightforwardly albeit
tediously determined. Depending on the arguments, the β

function is evaluated either in terms of a continued fraction
representation or in terms of the hypergeometric function,
using

Bx(a, b) = xa

a
2F1(a, 1 − b, a + 1, x). (C8)

Likewise, the incomplete 	 function is obtained from a con-
tinued fraction expansion in cases where the evaluation with
routines from standard libraries fails.

After the integrals have been evaluated in the form just
described we have an algebraic set of equations which can
be iterated in the three-dimensional domain shown in Fig. 7.
The particular shape of the domain depends on the species
through the function Us. We found convergence to be reached
faster if the iteration process does not destroy detailed balance
in the phonon collision integrals. We thus put—for phonon
collisions only—in Eqs. (24) and (25) the term −γ

≷
s F≷

s into
the function �

≷
s .
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Infrared spectroscopy of surface charges in plasma-facing dielectrics
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We propose to measure the surface charge accumulating at the interface between a plasma and a dielectric by
infrared spectroscopy using the dielectric as a multi-internal reflection element. The surplus charge leads to an
attenuation of the transmitted signal from which the magnitude of the charge can be inferred. Calculating the
optical response perturbatively in first order from the Boltzmann equation for the electron-hole plasma inside
the solid, we can show that in the parameter range of interest a classical Drude term results. Only the integrated
surface charge enters, opening up thereby a very efficient analysis of measured data.

DOI: 10.1103/PhysRevE.104.015204

I. INTRODUCTION

Whenever two materials with different electronic structures
are in contact, an electric double layer forms. Electrons flow
from the material with the higher Fermi level to the other ma-
terial, causing a charge imbalance. The electric field, resulting
from this inhomogeneous charge distribution, slows the flux of
electrons until a balance is reached. This fundamental mech-
anism occurs also between two plasmas, where double layer
formation is well documented [1,2], and between a plasma and
a solid, where, however, only the positive part of the double
layer, the plasma sheath, has been investigated in depth [3].

While many physical and chemical processes occur at the
plasma-solid interface [4], most of them of great technological
importance, such as sputtering, etching, and deposition, the
most fundamental process—because occurring at any type of
solid facing any type of plasma—is the formation of the dou-
ble layer. Understanding it microscopically on both sides of
the interface is a challenge [5], but highly desirable, because
it may offer ways to control it. In particular, the modeling
of surface-bound chemical reactions in plasma catalysis [6,7]
and the interplay of surface and volume charges in dielectric
barrier discharges [8,9] would benefit from a microscopic
analysis of the double layer. An integral part of such an ap-
proach should be experimental tools to measure the charge
accumulated inside the plasma-facing solid. Some methods
for this purpose already exist, using electric probes [10],
optomechanical sensors [11], or the optopelectric Pockels
effect [9,12]. We propose that measurement of the surface
charges is also possible by infrared spectroscopy.

Our previous proposal for this utilizes a stack of thin layers
on top of a prism in order to utilize the Berreman resonance
in the plasma-facing material, for which this layer may not
be too thick [13]. The drawback of such a configuration is
the need of at least two additional layers of materials, a metal
and a dielectric, between the plasma and the prism used for
the optics. The current method overcomes this complexity by

*bronold@physik.uni-greifswald.de

employing the plasma-facing dielectric itself as a prism in
which multiple reflections at the same interface occur.

The setup, where incident infrared light is reflected in-
ternally multiple times at the plasma-solid interface [14], is
shown in Fig. 1. By measuring the transmitivity of such a
multi-internal reflection element (MIRE) with and without the
plasma, the accumulated wall charge within the prism material
can be determined.

We have developed a microscopic kinetic theory for the
plasma-solid interface [15] based on the Boltzmann equation
for the kinetic modeling of the charge carriers and the Poisson
equation for the calculation of the potential and electric field.
It presents a self-consistent model of electrons and ions im-
pinging on the dielectric wall, where electrons are absorbed
into the conduction band and ions create holes in the valence
band. The kinetics of the charge carriers in the solid is gov-
erned by collision processes and the electric field, which in
turn is determined by the density of the charge carriers. We
have also presented a method to self-consistently solve this
set of equations in Ref. [15] and in the current work use that
solution to calculate the optical response of the interface to
infrared radiation.

From the (change in) conductivity caused by the sur-
plus charge deposited into the wall material by the plasma,
we obtain a correction to the Fresnel reflectivity, using an
approach developed by Feibelman [16] and previously ap-
plied to metal surfaces [17]. It is based on two surface
response functions d⊥ and d‖ in which all surface ef-
fects are incorporated and which, in the long-wavelength
limit, are calculated by integrating over the change in the
dielectric function. A similar theory was also developed
by Flores, Garcia-Moliner, and Navascues to treat inho-
mogeneous interfaces and to incorporate surface boundary
conditions into the standard Fresnel formalism [18,19]. Al-
though in general a nonlocal dielectric response defines the
surface response functions, for the parameters of the plasma
wall a local approximation is justified and leads to the
Drude equation for the conductivity modifying the dielectric
function.

We suggested this setup as part of a general perspective
on the electronic properties of the plasma-solid interface [5],
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FIG. 1. (a) Scheme of the multi-internal reflection element, here
shown for N = 3 internal reflections. The light (dashed line) is
internally reflected N times by the prism (yellow) at the plasma
interface, and N − 1 times at the opposite side, which is assumed to
be perfectly reflecting. (b) Geometry of the interface. The interface
is located at z = 0 as an abrupt change from material 1 (z < 0,
dielectric function ε1) to material 2 (z > 0, dielectric function ε2).
The incident wave vector has an angle θ from the z axis and lateral
(normal) component k (p1). The lateral component k is preserved
across the interface, and the normal component of the refracted wave
is p2. In the case of total reflection p2 is imaginary.

demonstrating its viability, however, only by an exploratory
calculation. In this work we examine the proposal in more
detail. Solving the Boltzmann equation in the flat-band ap-
proximation, we moreover demonstrate that the distribution
functions are effectively Maxwellian. By using the method of
dominant balance for calculating the optical response, the con-
ductivity becomes a Drude-like expression, allowing hence a
straightforward analysis of experimental data. The greatest
sensitivity to the surface charges is found for wavelengths
where the real part of the dielectric function becomes larger
than one, e.g., around 1100 cm−1 for Al2O3. We show that sur-
face contaminations, such as adlayers of adsorbed molecules,
do not negatively influence the resulting signal, making the
proposed method a robust experimental tool that does not pose
great demands on the quality of the plasma-facing solid.

The paper is structured as follows. In Sec. II we describe
the theoretical framework of the dielectric response of the
plasma-solid interface in calculating the transmitivity of the
MIRE. Numerical results are presented in Sec. III, and Sec. IV
concludes the paper.

II. THEORETICAL FRAMEWORK

In a MIRE as shown in Fig. 1(a), the incident light is
reflected several times at the plasma-solid interface of interest.
The angle of incidence is chosen such that total internal reflec-
tion occurs at the interface, so that the reflection coefficient Rs

at this surface is close to one and high numbers of reflections
N are possible. With a finite reflectivity R0 at the points of

perpendicular entry and exit of the light, at the top and bottom
of Fig. 1(a), and with no coherence of the different reflexes,
the transmitivity of the MIRE is [20]

T = RN
s (1 − R0)2

1 − R2N
s R2

0

. (1)

In the model we propose, the change in the optical response
of the solid (z < 0; index 1), caused by its interaction with the
plasma (z > 0; index 2), can be encapsulated in two surface
response functions. They are determined by the deviation of
the dielectric function near the interface from the bulk values
ε1,2 [16]. For p-polarized light, the two surface response func-
tions, defined by

d‖ = 1

ε1 − ε2

∫ ∞

−∞
dz{εxx(z) − [ε1�(−z) + ε2�(z)]} (2)

and

d⊥ = 1

ε−1
1 − ε−1

2

∫ ∞

−∞
dz

{
ε−1

zz (z) −
[
�(−z)

ε1
+ �(z)

ε2

]}
,

(3)
modify the Fresnel reflectivity of the interface

r0 = ε1 p2 − ε2 p1

ε1 p2 + ε2 p1
(4)

through the correction factor

C = 2ip1
p2

2ε1d‖ − k2ε2d⊥
p2

2ε1 − k2ε2
, (5)

according to

r = r0(1 + C), (6)

where �(z) is the Heaviside step function, εxx(z) and ε−1
zz (z)

are the local xx and zz components of the dielectric tensor and
the inverse dielectric tensor, respectively, k = sin θ

√
ε1 ω/c,

p1 = cos θ
√

ε1 ω/c, and p2 =
√

ε2 − cos2 θ ε1 ω/c; see also
Fig. 1(b). Consequently, the reflection coefficient of the
interface Rs = |r|2. In the long-wavelength limit the local
dielectric functions in Eqs. (2) and (3) can be obtained from
the nonlocal dielectric tensor components by integration [21]
as

εxx(z) =
∫ ∞

−∞
dz′εxx(z, z′), (7)

ε−1
zz (z) =

∫ ∞

−∞
dz′ε−1

zz (z, z′) . (8)

Since in the long-wavelength limit the nondiagonal elements
of the dielectric tensor are negligible, the inverse is given by∫ ∞

−∞
dz′′ε−1

zz (z, z′′)εzz(z′′, z′) = δ(z − z′) . (9)

The nonlocal dielectric tensor is

ε(z, z′) = εδ(z − z′)1 + i
4π

ω
σ (z, z′), (10)

with the conductivity tensor defined by

j(z, kF ) =
∫ 0

z
dz′σ (z, z′, kF )E(z′, kF ), (11)
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where E is the external electric field of the incident infrared
light with wave vector kF , and j is the electric current. Here
and in the following ε = ε1 is the bulk dielectric function of
the wall material, ε2 = 1, and the influence of the plasma on
the optical response is neglected, besides providing the sur-
plus charges. We imply homogeneity in the directions parallel
to the interface, hence only z appears in the equations as a
spatial variable. We thus treat the surface as perfectly planar.
Surface roughness can be incorporated in reflectivity mod-
els [22,23], but we limit the current work to surfaces where
the unperturbed reflectivity can be sufficiently well described
by the standard Fresnel equation (4).

The Boltzmann equation, describing the distribution func-
tion Fs for electrons in the conduction band (s = ∗) and holes
in the valence band (s = h), is

(∂t + vs · ∇r + k̇ · ∇k + γs)Fs = �s, (12)

with

k̇ = qs(E ẑ + E), (13)

where ẑ is the unit vector in z direction, vs is the velocity, qs

is the charge of the species (qh = 1 for holes, q∗ = −1 for
electrons), and E is the intrinsic electric field caused by the
surplus charges and determined by the once integrated Poisson
equation

E (z) = 16π

ε

∫ z

−∞
dz[ne(z) − nh(z)]. (14)

Collision integrals are described in Eq. (12) by the terms �s,
representing scattering into state Fs(r, k, t ), and γs, describing
scattering out of Fs.

By finding the linear relation between the external electric
field E and the flux j that it causes, the conductivity tensor
σ can be identified through Eq. (11). For that purpose we
utilize the solution of the Boltzmann equation and Poisson
equation for the plasma-solid interface that we previously
reported [15]. The external electric field due to the infrared
light is viewed as a perturbation to that solution. To find the
linear response, we expand the distribution function to first
order in the perturbing field E,

Fs(z) = F0(z) +
∫

dz′F1(z, z′) · E(z′) + O(E2) . (15)

Similarly, E and �s are expanded. Then the unperturbed, static
solution is determined by

(vz∂z + qE0∂kz + γ0)F0 = �0, (16)

and for the linear response the Boltzmann equation yields

(∂t + v · ∇r + qE0∂kz + γ0)F1

= �1 − q[E1 · ẑ + δ(z − z′)]∇kF0 + O(E2). (17)

For brevity we omit the functional dependencies on the wave
vector k, time t , and z, as well as the species index s wherever
appropriate.

Before addressing the solution of Eq. (17), we comment
on the unperturbed Boltzmann equation (16) and its solution
obtained by the method described in Ref. [15], focusing on
the modifications necessary for a more realistic injection of
the charge carriers at the interface.

TABLE I. Material parameters of Al2O3 used for the static
solution of the Boltzmann equation. The indices i, e, h, ∗ denote,
respectively, ions and electrons in the plasma and valence band holes
and conduction band electrons in the wall.

Eg (eV) 6.24 m∗,h (me) 1
Et (eV) 3.12 mi (me) 1836
Nt (cm−3) 1018 kBTi,∗,h (eV) 0.025
σ∗,h (cm2) 10−15 kBTe (eV) 2
ε 3.27 h̄ω0 (meV) 48
ε∞ 3.2 χ (eV) 1

In the solution of the unperturbed Boltzmann equation we
include energy relaxation through polar optical phonons [24]
as well as Shockley-Read-Hall recombination of electrons and
holes [25,26]. The expressions for � and γ to which they
lead are given in [15]. For the calculations in this work we
use Al2O3 as the prism material. The values for the band gap
Eg, the static and high energy dielectric constants ε and ε∞,
the electron affinity χ , and the optical phonon energy h̄ω0 are
taken from the literature [27–29]. As in Ref. [15], no particular
impurity species was chosen for the Shockley-Read-Hall re-
combination process. The parameters for it are now, however,
more realistic. In particular the trap density Nt and capture
cross sections σ∗,h are now close to what one may expect in
real Al2O3, while the trap state energy level Et is in the center
of the band gap. All material parameters are given in Table I.

The unperturbed Boltzmann equation (16) is solved in
a flat-band approximation, i.e., the band bending is ne-
glected. This significantly simplifies the numerical treatment
of Eq. (16), because it becomes an ordinary differential equa-
tion. In Ref. [15] we included a self-consistent calculation
of the potential profile, which we found, however, to be
rather small. We neglect it thus for the purpose of this work.
However, the injection processes are now modeled more re-
alistically. For holes, a phenomenological, forward-directed
Gaussian injection is chosen, holes with kinetic energy E =
k2/(2m) and lateral kinetic energy Tlat = (k2

x + k2
y )/(2m) are

injected with the source function

Sh = n0 exp

[
− (E − I )2 + T 2

lat

2

]
, (18)

where the ionization energy I = 13.6 eV (assuming a hydro-
gen plasma), and the energy width  = 0.5 eV, mimicking the
spread in energy for the holes generated by the neutralization
of ions at the plasma-solid interface. The value of  does not
significantly influence the solution of the equations, and n0 is
chosen so that the flux is conserved. Electrons are injected ac-
cording to the quantum mechanical transmitivity of a potential
step,

Tqm = 1 − Rqm = 1 −
(

ve
z − v∗

z

ve
z + v∗

z

)2

, (19)

where vs
z is the z-component of the velocity of the elec-

trons outside (s = e) or inside (s = ∗) the wall, assuming a
Maxwellian distribution for the electrons of the plasma. As in
Ref. [15], the trap occupancy is not changed by the surplus
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FIG. 2. Representative solution of the static Boltzmann equation
at the interface for low energies. Shown here is the distribution of
holes at the interface (z = 0), for kz < 0. As a reference in black
is shown a Maxwellian distribution with equal density. Since the
distribution is equivalent for small energies and quickly decreases,
it should be sufficient to use a Maxwellian approximation when
calculating the optical response.

charges. These approximations also apply for the first-order
solution discussed below.

Shown in Fig. 2 is a representative cut of the three-
dimensional unperturbed distribution function for holes at the
interface. At other locations and for electrons the distributions
have a similar shape. The most notable difference in the distri-
bution function compared to the results presented in Ref. [15]
is that the distribution function at low energies is now almost
a perfect sum of two Maxwellians, with kBT∗ = 0.025 eV, the
wall temperature, and kBTe = 2 eV, the plasma-electron tem-
perature. For higher energies features of the injection terms
can be found, which are, however, some orders of magnitude
smaller than the Maxwellian peak near E = 0. Thus practi-
cally all weight of the function lies in the low-temperature
Maxwellian. The deviation from the Maxwellian shape, mea-
sured as

δs =
∫

d3kdz(F0 − FLM )2∫
d3kdz(F0)2 , (20)

where FLM is a local Maxwellian distribution with tempera-
ture kBT∗, is small for both electrons (δ∗ = 5.8 × 10−4) and
holes (δh = 2.1 × 10−5). Realistic injection energies are nec-
essary for this effect to manifest, so that, for example, enough
phonon collisions can occur during the relaxation process. In
Ref. [15], where the electrons and holes were injected at much
lower energies, only about three phonons could be emitted
before the bottom of the energy band was reached; now a hole,
injected at 13.6 eV, can emit several hundred phonons.

While the band bending is not explicitly respected in the
solution of the Boltzmann equation, the Poisson equation (14)
is still used to calculate the electric field and fix the strength
of the plasma source through the matching condition of the
field at the interface. This matching is equivalent to overall
net charge neutrality across the electric double layer. Thus
using the electric field without explicitly including the bend-
ing of the bands does not destroy this important property. The
plasma side is treated as collisionless; for more detail we refer
to [15] and [30]. By making the injection terms more realistic,
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FIG. 3. Static solution of the interface for Al2O3. On the solid
side (z < 0), the electric field is multiplied by the static dielectric
function. As we discuss in this paper, the width of the plasma sheath
is unrealistically small, but for the optical response this does not
matter.

some electrons on the plasma side are now reflected according
to Eq. (19), which slightly modifies the equations for the
plasma side compared to the calculations in the references
above. In the simple quantum mechanical step model of the
interface, the reflection coefficient Rqm depends on the energy
and direction of the impinging electron, as well as the height
of the potential step, i.e., the electron affinity χ of the wall
material.

Figure 3 shows the density profiles and the electric field of
the static solution for the Al2O3 interface. Using the flat-band
approximation and a collisionless plasma leads to the plasma
side of the electric double layer having roughly the same width
as the solid side, which is not what one would expect.

On the plasma side, the collisionless model we employed
leads to rather high plasma densities. Thus the plasma sheath
is narrow, because the length scale is given by the Debye
length. But since in our model the plasma acts only as a source
for injecting electrons and holes into the solid, we found the
simple model sufficient for our purposes.

Without band bending confining the charges to a nar-
row region at the interface, on the solid side the surplus
charges spread rather deep into the solid, causing a wide space
charge region. Including the band bending would remedy this
shortcoming. However, the numerical resources required for
solving Eqs. (16) and (14) then increase dramatically, espe-
cially if the band bending is small compared to the injection
energies. Since the width of space charge regions is less
important to the optical response than the overall charge neu-
trality, which is obeyed, we decided not to take this additional
numerical burden into account.

Using the results for the flat-band approximation we can,
however, anticipate the effect band bending would have on the
solution. Since the intrinsic electric potential is not very large,
the collision integrals would still dominate the Boltzmann
equation (16), thus favoring a Maxwellian shape of the distri-
bution functions, like in the flat-band approximation. Hence,
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the densities would still be determined by the equilibrated
Maxwellian background, rather than by the distributions of
the injected charge carriers. For such a background, band
bending would deplete holes and accumulate electrons close
to the interface. Since the total net charge remains the same,
due to the charge neutrality across the interface, the solid
side of the electric double layer would then be significantly
narrower. Even in the flat-band approximation, the density of
holes is smaller than that of the electrons by about a factor 17.
Including band bending, this difference would be amplified.
Thus, on the solid side essentially only electrons contribute to
the space charge.

Although the macroscopic solution obtained in the flat-
band approximation with a collisionless plasma is thus not
reliable, the properties of the microscopic distribution func-
tions, mainly determined by the collision processes and the
injection, should not be influenced by these approximations.

We now turn to the solution of Eq. (17) for the first-order
response of the distribution functions to the incident field. As-
suming harmonic dependencies on time and lateral directions,
the ansatz

F1 = f1ei(KF ·R−ωt ), (21)

where KF = (kx
F , ky

F )T , R = (x, y)T , and ω is the frequency
of the incident wave, yields for Eq. (17)

(−iω + vz∂z + V · KF + qE0∂kz + γ0)f1

= ϕ1 − q[ε1 · ẑ + δ(z − z′)]∇kF0. (22)

Therein ϕ1 and ε1 are �1 and E1, respectively, with the ex-
ponential factor of the type shown in Eq. (21) split off, and
V = (vx, vy)T .

The flux is calculated from the distributions Fs as

j(z) =
∫

d3k

(2π )3
[Fh(z, k)vh(k) − F∗(z, k)v∗(k)] . (23)

Only the first-order carriers are responsible for the response
to the incident field, thus the flux of the unperturbed solution
does not appear in Eq. (23). Equations (11), (15), and (23)
enable one to identify

σ (z, z′) = q
∫

d3k

(2π )3
v(k) ⊗ f1(z, z′, k), (24)

where ⊗ denotes the outer product. Not to overload the ex-
pressions, we give in the following the equations only for one
species and note that the contributions of holes and electrons
are added for the final result.

Analyzing Eq. (22) for parameters present in plasma-solid
interfaces, the dominant terms are ω on the left and δ(z − z′)
on the right side. Since |KF | ∝ ω/c, and v in a.u. is, for the
relevant energies, typically smaller than one, the term V · KF

can be neglected for a first approximate solution. From the
results for the unperturbed Boltzmann equation, the length
scale on the solid side is about the same order of magnitude
as the wavelength of the infrared light, making the drift term
vz∂z in Eq. (17) the same order of magnitude as the V · KF

term and hence negligible. The electric field is neglected in
the flat-band approximation, and the collision terms, γ0f1 and
φ1, for the collision processes considered here are also small
compared to ωf1, by about two and four orders of magnitude

for phonon collisions and trap recombination, respectively.
Using the method of dominant balance,

f1 = −i
q

ω
∇kF0δ(z − z′), (25)

is thus a reasonable approximation for the solution of Eq. (22).
Hence the response is in leading order local in z. Moreover, if
F0 is assumed to be Maxwellian, as in fact it nearly is (see
Fig. 2), the resulting conductivity becomes

σ (z) = i
q2n(z)

mω
(26)

for both σxx and σzz. The density n(z) = n∗(z) + nh(z), since
both electrons and holes add to the conductivity. Having found
that the distributions are effectively Maxwellian, and that
the density of holes can be neglected, it is sufficient to use
only the electron density in Eq. (26). We have thus shown
that it is justified to use the local Drude model to calculate
the transmitivity of the MIRE, as we did in our exploratory
calculation [5].

To verify the validity of the local approximation, we calcu-
lated the first correction to the local solution by including the
drift term vz∂z, the term V · KF , and the term γ rec

0 from the
recombination processes, making the solution nonlocal, while
keeping the resulting equation( − iω + vz∂z + V · KF + γ rec

0

)
f1 = −qδ(z − z′)∇kF0 (27)

analytically solvable.
Due to the different boundary conditions, it is convenient

to solve Eq. (22) separately for motion towards and away from
the interface, which is indicated by an upper index > and <,
respectively. Using f>

1 (z1, z′) = 0, where z1 is a point far away
from the interface, where the behavior is effectively that of the
bulk, one finds

f>
1 (z, z′) = − q

vz
∇kF>

0 (z′)I (z, z′), (28)

while the specular reflection boundary condition at the inter-
face, f<

1 (0, z′) = f>
1 (0, z′), yields

f<
1 (z, z′) = q

vz
∇kF<

0 (z′)I (z′, z) − q

vz
∇kF>

0 (z′)I (0, z)I (0, z′)

(29)
with

I (z, z′) = exp

(
−

∫ z

z′
dz′′ γ̃

vz

)
�(z − z′) (30)

and

γ̃ = −iω + V · KF + γ rec
0 . (31)

Here vz is the unsigned velocity in z direction.
Figure 4 shows part of the nonlocal conductivity σ calcu-

lated with Eq. (24) using this solution. It is strongly peaked
around z = z′, with oscillations of small amplitude on a very
short length scale away from it. The phonon collisions that
were omitted in Eq. (27), which manipulate only the mo-
mentum variables, would not introduce any more nonlocality.
Since in the integrations over the nonlocal conductivity in
Eqs. (7) and (8) the oscillations are effectively negligible com-
pared to the peak on the diagonal, this confirms that for the
parameters at the plasma-solid interface a local approximation
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FIG. 4. Real part of the nonlocal conductivity σzz(z, z′) for
Al2O3. Oscillatory behavior is clearly recognizable perpendicular to
the diagonal. There are also oscillations in the z + z′ direction, which
are caused by the term that comes from the reflection at the interface,
i.e., the second term on the right of Eq. (29). The behavior of the
imaginary part and σxx (z, z′) is similar. Note the different scales from
Fig. 3.

for the conductivity is sufficient for the calculation of the
surface response functions.

III. RESULTS

Having demonstrated that the local Drude term is sufficient
for calculating the optical response, we present in this section
results for the transmitivity of the MIRE using this approxi-
mation. Inserting it into Eq. (2) immediately shows that the
surface response function d‖ only depends on the integrated
net surface charge

nS =
∫ 0

−∞
[n∗(z) − nh(z)]dz ≈

∫ 0

−∞
n∗(z) dz (32)

according to

d‖ = 1

1 − ε

4πq2nS

mω2
. (33)

In calculating d⊥, which includes the inverse of the nonlocal
dielectric function, the local approximation also leads to a
significant simplification. To find the inverse one no longer
needs matrix inversion in Eq. (9). Instead, the local inverse
applies. For 4πq2n(z)

mω2 � ε, which is easily fulfilled, Eq. (3)
becomes

d⊥ = 1
1
ε

− 1

4πq2nS

mω2ε2
+ O

{[
4πq2n(z)

mω2ε

]2

/ε

}
. (34)

The specific spatial charge distribution plays only a minor role
in the calculation of the surface response functions and can
be neglected in leading order. Thus, the infrared response of
the electric double layer can effectively be described by the
integrated surface charge as a parameter. While this is perhaps
the first approximation one would make, as we indeed did
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FIG. 5. The change in the reflectivity �Rs at the Al2O3 interface.
The black line indicates the critical angle for total reflection. Also
shown is the dielectric function in the infrared spectral range.

in [5], the preceding calculations show the validity of such
a model.

So far we have not included the plasma side in the calcu-
lation of the surface response functions. In the plasma sheath
the positive space charge is caused by a surplus of ions close
to the interface, and since Eqs. (33) and (34) show that the
surface response functions are inversely proportional to the
mass of the charge carriers, the contributions of the ions are
negligible compared to the electrons in the wall forming the
negative part of the double layer.

Figure 5 shows the change of the reflection coefficient
�Rs = |r|2 − |r0|2 as a function of the angle of incidence
and the inverse wavelength for a surface charge density nS =
1010 cm−2. Notably, the largest changes occur in a narrow
region close to the critical angle of total reflection, indicated
by the black line. The inset of Fig. 5 shows the bulk dielectric
function of the prism material Al2O3. Only for energies where
the dielectric function is larger than one, indicated by the
dashed line, can total internal reflection occur, so the limit
for total reflection is at about 1050 cm−1. The bulk dielec-
tric function is modified through the Drude term (26), so
expectedly the largest change in the reflectivity occurs near
the critical angle, which, by the Drude term, gets shifted.

Figure 6 shows the resulting change in the transmitivity of
the MIRE. While the magnitude of the change is not consid-
erably larger, as one may have expected, the feature is spread
over a much wider spectral range and is thus easier to measure.

Figure 7 illustrates the effect of the MIRE on the measured
signal. Figure 7(a) shows the reflectivity of the plasma-solid
interface as well as the change caused by a surface charge
nS = 1010 cm2. In Fig. 7(b) the transmitivity of the MIRE
is shown for different numbers of internal reflections. For
N = 1 the transmitivity closely resembles the reflectivity of
the plasma-solid interface, since R0 ≈ 1. With raising num-
bers of reflections N the deviations of Rs from 1 at high
wavelengths are amplified, hence the transmitivity at higher
energies becomes smaller and the transition from T ≈ 0 to
T ≈ 1 is broadened. The change of the transmitivity that is
induced by the surplus charges, displayed in Fig. 7(c), while
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not significantly gaining or losing amplitude, is consequently
also spread over a wider spectral range. This change, as can
be seen from Fig. 7(d), depends approximately linearly on the
integrated surface charge, allowing thus the measurement of
the charge in a straightforward way.

Since the optical response can be calculated using only the
integrated surface charge, the influence of additional surface
effects, such as an adlayer of adsorbed molecules, can be
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FIG. 8. Same as Fig. 6, but including an adlayer as described in
the paper.

integrated into the model. Without the previous conclusions,
such effects would need to be included into the boundary con-
ditions of the Boltzmann equations, as well as, if electrically
charged, into the Poisson equation. For a dilute adsorbate
the dielectric function can in the simplest form be modeled
by a single vibrational resonance ωT with damping γ and a
strength ωP, giving rise to the dielectric function [31]

εad(ω) = 1 + ω2
P

ω2
T − ω2 − iγω

. (35)

For an adsorbate layer of thickness dad at the wall facing the
plasma, the contributions to the surface response functions are

dad
‖ = εad(ω) − 1

ε(ω) − 1
dad (36)

and

dad
⊥ = ε−1

ad (ω) − 1

ε−1(ω) − 1
dad, (37)

which are added to Eqs. (33) and (34), respectively. When
the resonance frequencies of the adsorbed molecules are far
outside the relevant spectral range for the charge measure-
ment, these contributions do not influence the resulting signal
significantly.

To illustrate the effect of the adlayer and as a proof of
principle, Fig. 8 shows the transmitivity of the MIRE with an
adlayer for dad = 0.3 nm, ωT = 1250 cm−1, ωP = 10 cm−1,
and γ = 50 cm−1. The effect of the adlayer is confined to the
region around ωT , where the dielectric function deviates from
1. The spectral range used for the charge measurement, around
ω = 1050 cm−1, is thus not affected by the presence of the
adlayer. The parameters do not represent a specific adlayer but
are chosen so that the effect can clearly be identified in Fig. 8.
The resonance frequency of an adsorbed CO molecule, for
example, is ωT = 2149 cm−1, with γ = 10 cm−1 [32]. Such
an adlayer would not cause any noticeable change for the
energies shown.
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IV. CONCLUSION

In this paper we have shown that the dielectric response of
the electric double layer at a plasma-facing wall is Drude-like.
Our analysis of the distribution function shows a Maxwellian
behavior for the unperturbed charge carriers, which allows
a local approximation for the conductivity. When using a
local Drude conductivity in the surface response functions, the
spatial charge distribution plays only a minor role, d‖ does not
depend on the spatial distribution of the charges at all, and d⊥
depends on it only in higher orders. Thus, the optical response
of the plasma-facing solid is in leading order a function of
only the integrated surface charge, and knowledge of the spa-
tial distribution is not necessary to determine the absorption,
nor can the proposed measurement provide information about
it. Nonetheless the present work confirms that the surface
charge, which itself is of much interest, can be measured in
the proposed configuration.

Compared to our previous proposal for infrared spec-
troscopy of the wall charge [13], where avoided crossing of
the Berreman mode and the resonance of a surface plasmon
polariton was utilized to measure the surface charge through
the shift of the reflectivity minimum, the configuration in this
work is much simpler. In the stack approach of Ref. [13]
a metallic layer on the prism is necessary for the surface
plasmon resonance, and the plasma-facing dielectric layer
needs to be thin, in order to host the Berreman mode. In
order to prevent spill over of electrons from the dielectric to
the metal layer, we suggested an additional, electro-negative
layer between the metal and the plasma-facing dielectric. This
also justified a model where the surplus charges are homo-
geneously distributed within the dielectric layer, because the

calculation could at the time not account for inhomogeneous
charge distributions.

While the change in the transmitivity is relatively small,
with about 10−5 for nS = 2 × 1010 cm−2, it should be mea-
surable. MIREs have already been used for changes of about
10−3 for decades [14,33], so we expect modern instruments
to provide the necessary sensitivity. Another experimental
configuration that is very sensitive to small changes in surface
reflectivities is the Cavity-Ring-Down method [34–36], where
a pulsed signal is reflected numerous times at the interface
within a cavity and information about the reflectance is found
from decay time measurements of the signal exiting the cavity.
In principle it could therefore also be employed to measure the
accumulated charges at the plasma-solid interface. However,
the unperturbed reflectivity |r0|2 must then be very close to
one, so that the deviations are of the same order of magnitude
as the change induced by the surplus charges. This may not be
the case for all materials of interest. For instance, Al2O3 could
not be used in a cavity ring down experiment for this purpose.
The MIRE approach does not impose such a strong restriction
on the choice of the wall material.

We have also shown that surface impurities, such as an
adlayer of adsorbed molecules, do not negatively affect the
charge measurement, provided the resonances are in a differ-
ent spectral range. It should be noted that the MIRE method
could, if applied at the corresponding energies, also be used
for in operando diagnostics of such adlayers.
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Charge kinetics across a negatively biased semiconducting plasma-solid interface

K. Rasek, F. X. Bronold and H. Fehske
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An investigation of the selfconsistent ambipolar charge kinetics across a negatively biased semi-
conducting plasma-solid interface is presented. For the specific case of a thin germanium layer
with nonpolar electron-phonon scattering, sandwiched between an Ohmic contact and a collision-
less argon plasma, we calculate the current-voltage characteristic and show that it is affected by
the electron microphysics of the semiconductor. We also obtain the spatially and energetically re-
solved fluxes and charge distributions inside the layer, visualizing thereby the behavior of the charge
carriers responsible for the charge transport. Albeit not quantitative, because of the crude model
for the germanium band structure and the neglect of particle-nonconserving scattering processes,
such as impact ionization and electron-hole recombination, which at the energies involved cannot
be neglected, our results clearly indicate (i) the current through the interface is carried by rather
hot carriers and (ii) the perfect absorber model, often used for the description of charge transport
across plasma-solid interfaces, cannot be maintained for semiconducting interfaces.

I. INTRODUCTION

Low-temperature gas discharges are bound by solid ob-
jects, acting either as confining walls or as electrodes. To
maintain the discharge, an electric current has to flow
across the plasma-electrode interface. Since the plasma
of the discharge contains electrons, ions, and radicals,
the charge transfer across the interface is ambipolar, con-
sisting of electrons deposited into the electrode and ex-
tracted electrons (holes) arising from the neutralization
of ions and the de-excitation of radicals. Hence, inside
the electrode, a flux of electrons and holes builds up
whose fate depends on the electron microphysics of the
electrode material.

The transport scenario just described is in some sense
obvious, hardly addressed in textbooks on plasma dis-
charges [1, 2], and of course qualitatively known since
the beginning of gaseous electronics [3]. On a fundamen-
tal level, however, it implies a subtle interplay of gaseous
and solid state transport processes in any man-made gas
discharge. Its investigation may thus perhaps bear novel
possibilities for controlling discharges by manipulating
processes inside the electrodes. The electric breakdown
in dielectric barrier discharges, for instance, depends on
the charge distribution inside the dielectric [4–7], and
hence on the transport processes to which they give rise
to. Revealing how gaseous and solid-based charge trans-
port merge at the plasma-solid interface may thus allow
to control the breakdown by a judicious choice of the di-
electric. It may also suggest optimization strategies for
large scale industrial barrier discharges [8]. However, a
quantitative description of charge transport across the
interface will be most beneficial for the further devel-
opment of microdischarges embedded in semiconducting
substrates [9–12], where the time and length scales of
electron transport and energy relaxation are no longer
well separated (see the Introduction of Ref. [13] for a
discussion of this point). It is thus the purpose of this
work to provide first steps towards a selfconsistent kinetic
description of the ambipolar charge transport across a bi-

ased semiconducting plasma-solid interface.

In an attempt to model the whole electric double layer
forming at a plasma-solid interface, and not only the pos-
itive space charge on the plasma side (that is, the plasma
sheath [14–18]), we recently developed a model for float-
ing dielectric interfaces that treats the electrons and holes
in the solid on the same kinetic footing as the electrons
and ions in the plasma [13, 19]. The model links the
electron-ion plasma to the electron-hole plasma inside the
dielectric by allowing electrons to cross the interface in
both directions. Electrons from the plasma may thus not
only enter the conduction band of the solid by travers-
ing the surface potential but also leave it due to internal
backscattering and subsequent traversal of the surface
potential in the reverse direction. In addition, electrons
can be extracted from the valence band by the neutraliza-
tion of ions. Tracking the charge distributions by a set of
Boltzmann equations, the resulting charge imbalance can
be determined and used as a source in the Poisson equa-
tion, determining the selfconsistent electric field, which
in turn influences the kinetics of the charge carriers on
both sides of the interface. The selfconsistent solution of
the Boltzmann-Poisson system for the distribution func-
tions and the electric potential is thus at the core of our
approach. For the floating interface, where no net flux is
flowing through the interface, we have solved this set of
equations under simplifying assumptions [19]. We now
extend the model to an interface which carries a net cur-
rent and remedy also some of the limiting simplifications
used before.

As a first step towards a realistic treatment of the
current-carrying interface, we consider a planar semicon-
ductor of finite thickness, in which electrons and holes
loose or gain energy by scattering on optical phonons,
sandwiched between an Ohmic contact and a collision-
less plasma. At the interface between the plasma and
the semiconductor, electrons may be reflected when im-
pinging on the interface from either side, while ions are
neutralized with unit probability. At the other end of
the semiconductor, the Ohmic metal serves as a sink for
electrons and holes. The resulting setup resembles thus
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a Langmuir probe [20–22] coated with a semiconducting
layer. A negatively biased probe attracts fluxes of elec-
trons and ions, the magnitude of which depends on the
bias voltage. At large enough negative bias, electrons
cannot reach the probe anymore, resulting in a negative
net flux due solely to ions. Otherwise the flux is domi-
nated by the electrons, due to their lower mass and higher
temperature. By calculating the functional dependence
of the net flux on the bias voltage, that is, the current-
voltage characteristic, and comparing it with the charac-
teristic of a perfectly absorbing interface, which assumes
that any charge carriers hitting the interface get instan-
taneously absorbed and never enter the plasma again,
we can determine the influence the electron microphysics
of the semiconducting layer has on the electric current
flowing through the device. Our simulations show that
the assumptions of the perfect absorber model cannot be
maintained. The charge kinetics inside the semiconduc-
tor is an essential part of the kinetics of the gas discharge
and should thus be included in its modeling.

The outline of the paper is as follows. In the two parts
of Sec. II we present the equations of the kinetic model
and discuss its numerical implementation and solution,
focusing on aspects which differ from our treatment of
the floating interface. Using for illustration germanium
in contact with an argon plasma, numerical results are
given in Sec. III. It is divided into three parts, corre-
sponding to the three perspectives from which one may
consider the interface. First, in subsection III A, it is re-
garded as an electric device, discussing thus the current-
voltage characteristic that results from the kinetic the-
ory. Spatially resolved macroscopic properties, such as
density distributions and potential profiles, are discussed
in subsection III B, while a microscopic view, based on
spatially and energetically resolved distribution functions
is presented in subsection III C. The paper concludes in
Sec. IV with an outlook to what could be the next steps.

II. THEORETICAL FRAMEWORK

A. Model equations

The basis for the kinetic modeling of the current-
carrying interface is a set of Boltzmann equations, de-
scribing the dynamics of the distribution functions of the
charge carriers on both sides of the interface, augmented
by the Poisson equation for the electric potential and
matching as well as boundary conditions for the distribu-
tion functions and the potential [13]. Due to the particle
flux through the interface, the boundary conditions dif-
fer from the ones used for a floating interface. To make
the modeling more realistic, we improve in this work also
the matching conditions at the plasma-semiconductor in-
terface, considering now realistic injection energies for
holes and the possibility for electrons to be quantum-
mechanically reflected. If not noted otherwise, all equa-
tions are written in atomic units, measuring energy in
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FIG. 1. Illustration of the electric potential across a nega-
tively biased semiconducting plasma-solid interface (not to
scale). The bias voltage UB is applied between the bulk
plasma and the Ohmic contact to the left of the semicon-
ducting layer, as sketched in the bottom right. Measuring
the potential with respect to its value in the plasma bulk,
UB = UI − USC , with UI the sheath (interface) potential at
z = 0 and USC the potential drop across the semiconducting
layer. In the Schwager-Birdsall approach [14] to the collision-
less plasma, the presheath potential UW stretches over the
entire region z > zp, where zp is the location of the bulk
plasma, which is effectively infinitely far away from the inter-
face.

Rydbergs, length in Bohr radii, and masses in electron
masses.

Figure 1 shows the electric potential energy U(z) across
the interface in the manner it is implemented in the
model of this paper. Within the plasma (z > 0), we em-
ploy the Schwager-Birdsall approach [14] for a collision-
less plasma to model the merging of the plasma sheath
with the bulk plasma. The sheath potential UI = U(0)
is thus the potential difference between the interface at
z = 0 and a point zp, where the bulk plasma is estab-
lished and which also serves as the reference point from
which electric potentials are measured. The presheath
potential UW = U(zw) accelerates the ions to make the
Bohm criterion satisfiable at zp. Since zp tends to infinity,
the presheath does not belong to the physically relevant
part of the plasma-solid interface. In the following, we
adopt the sign convention that UB = U(z0) and UI are
negative, whereas UW and USC are positive. Hence,

UB = UI − USC . (1)

When no collisions are considered within the plasma,
the particle densities can readily be expressed as func-
tions of U(z). It is thus practical to use the once inte-
grated Poisson equation to calculate the electric field in
the form

dU

dz
= E(z) =

(
16π

∫ U(z)

U(zp)

dU ′n(U ′)

)1/2

, (2)
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with U(zp) = 0 and also E(zp) = 0 since the bulk plasma
is field-free.

The semiconducting material, having a dielectric con-
stant ε, stretches from z = z0 < 0 to z = 0. It has thus
a fixed width and it is more reasonable to keep z as the
spatial variable. Hence,

E(0−)− E(z) =
8π

ε

∫ 0

z

dz′n(z′) . (3)

Using the matching condition for the electric potential at
the interface,

εE(0−) = E(0+) , (4)

the magnitude of the electric field, and thus the electric
potential, across the entire interface can be determined
for a given charge density

n(z) = [ne(z)− ni(z)] Θ(z)

+ [n∗(z)− nh(z) + nA − nD] Θ(−z) , (5)

where ns(z) denotes the density of electrons (s = e), ions
(s = i), conduction band electrons (s = ∗), and valence
band holes (s = h). For an intrinsic semiconductor, the
acceptor (nA) and donor densities (nD) are absent. In-
side the metal, the electric potential is constant and the
electric field vanishes.

The Boltzmann equations governing the distribution

functions F
≷
s (z, E, T ) for the charge carriers on either

side of the interface are given by [19]

±vs
∂

∂z
F≷
s = Φ≷

s − γ≷s F≷
s , (6)

with Φ
≷
s the in-scattering part of the collision integral,

γ
≷
s the scattering rate, both will be specified below, and

vs(z, E, T ) = 2

√
m−1
s (E − Us(z)− T ) (7)

the modulus of the velocity in z−direction.
For brevity, the independent variables, which are the

total energy E, the lateral kinetic energy T , and the spa-
tial variable z are suppressed in Eq. (6) and the distri-
bution functions for left- and right-moving particles are
distinguished by the superscripts < and >. In the lat-
eral directions the interface is isotropic. Equation (7)
holds only for parabolic dispersions, which are of course
valid for the free charge carriers on the plasma side of
the interface, but for the free carriers inside the solid it
is an approximation specified by effective masses. An-
ticipating to use for illustration germanium, we take for
the effective electron mass the density-of-state effective

mass, m∗ =
(
9mlm

2
t

) 1
3 , and for the hole mass the aver-

age of the masses of light and heavy holes. With the nu-
merical values from Ref. [23], we then obtain the masses
given in Table I. However, since the injection energies for
electrons and holes are rather high, the parabolic disper-
sion is only a crude approximation to the band structure.

TABLE I. Material parameters for the germanium layer [23]
and the argon plasma facing it.

kBTSC(eV) 0.025 m∗(me) 0.2

kBTi(eV) 0.025 mh(me) 0.34

kBTe(eV) 2 mi(me) 73551

DtK(108eV/cm) 9.5 ni(1013cm−3) 2

np(cm−3) 1013 ρ(g/cm3) 5.32

ε 16.2 ~ω0(eV) 0.037

Eg(eV) 0.67 χ(eV) 4

Iinj(eV) 15.76 Γinj(eV) 3

More than one valley as well as nonparabolicities should
be actually considered. But it is beyond the scope of this
exploratory work. The species potential Us(z), finally,
takes each species’ charge and energy offset into account,
relating thus to the electric potential U(z) via Ui = U ,
Ue = −U , U∗ = −U −χ, and Uh = U +Eg +χ, with the
electron affinity χ and band gap Eg.

While no collisions are considered on the plasma side,
implying Φe,i = γe,i = 0, within the semiconductor, we
include collisions with optical phonons. For nonpolar ma-
terials, such as silicon or germanium, the phonon colli-
sion integral is isotropic. Hence, no distinction between
left- and right-moving particles must be taken into ac-
count, implying Φ>s = Φ<s = Φs and γ>s = γ<s = γs.
The collision rates entering the Boltzmann equations for
conduction band electrons and valence band holes are
then [24, 25]

γs(z, E) =
(DtK)2ms

4πρω0

√
ms

[
nb
√
E + ~ω0 − Us

+(nb + 1)
√
E − ~ω0 − Us

]
, (8)

where the second term in the square brackets only ap-
plies if the argument of the root is positive, while the
in-scattering parts of the collision integrals read

Φs(z, E) =
(DtK)2

8πρω0
[nbNs(z, E − ~ω0)

+(nb + 1)Ns(z, E + ~ω0)] , (9)

with the optical deformation potential DtK, the mass
density ρ, the optical phonon frequency ω0, the phonon
occupation number nb = 1/ (exp(~ω0/kBTSC)− 1), and

Ns(z, E) = ms

∑

≷

∫ E−Us(z)

0

dT
F

≷
s (z, E, T )

vs(z, E, T )
, (10)

the spatially and energetically resolved density of the
species s, from which the densities entering the Poisson
equation (3) follow by one more integration,

ns(z) =

∫ ∞

Us(z)

dE

8π2
Ns(z, E) . (11)
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For germanium, the material parameters required for γ∗,h
and Φ∗,h are given in Table I.

As in our previous work [19], we solve the equations
on the plasma side analytically and use the iterative ap-
proach by Grinberg and Luryi [26] inside the semicon-
ductor. The boundary conditions at the outer limits of
the kinetically modeled interval are essential to deter-
mine the solution. On the right boundary, at z = zw, the
Schwager-Birdsall model [14] prescribes half Maxwellian
distributions

FLM
s (zw) = nLM

s

(
4π

kBTsms

)3/2

exp

(
−E − Us(zw)

kBTs

)
,

(12)
with densities nLM

i,e such that at z = zp the densities
for both electrons and ions are equal to the plasma den-
sity np. On the left boundary, at z = z0, that is, at
the metal-semiconductor interface, the boundary condi-
tion is not strictly known. Following standard semicon-
ductor device modeling [27], we assume an Ohmic con-
tact, implying at z = z0 Maxwellian distributions with
densities and temperatures applying to the bulk of the
semiconductor. For an undoped, intrinsic semiconduc-
tor, for instance, the boundary condition at z = z0 is
thus given by (12) with zw replaced by z0, Ts = TSC ,
and nLM

s = nint, where nint is the intrinsic density of the
semiconductor. Put together, we thus have to enforce at
the system boundaries,

F>s (z0) = FLM
s (z0) for s = h, ∗ , (13a)

F<s (zw) = FLM
s (zw) for s = i, e . (13b)

We also need to match distribution functions at the in-
terface between the plasma and the semiconductor. For
ions, we assume perfect neutralization, that is, an im-
pinging ion extracts (injects) with unit probability an
electron (hole) from the valence band. For electrons, the
interface is quantum-mechanically reflecting with a re-
flection coefficient R(E, T ). Thus, the matching condi-
tions at z = 0 read

F>i (0, E, T ) = 0 (14a)

F<h (0, E, T ) = F>h (0, E, T ) + S<h (E, T ) (14b)

F<∗ (0, E, T ′) = R(E, T )F>∗ (0, E, T ′) + S<∗ (E, T ′) (14c)

F>e (0, E, T ) = R(E, T )F<e (0, E, T )

+ (1−R(E, T ))F>∗ (0, E, T ′) (14d)

with source terms S<s , describing injection of holes and
electrons into the semiconductor, given by

S<h (E, T ) = ninj
h

(
4π

kBThmh

) 3
2

× exp

(
− (E − Uh(0)− Iinj)

2

Γ2
inj

)
, (15a)

which is in fact independent of T , and

S<∗ (E, T ′) = (1−R(E, T ))F<e (0, E, T ) . (15b)

FIG. 2. (color online) Energy-resolved source functions S<
∗

(left) and S<
h (right) in arbitrary units for the floating inter-

face, that is, the situation where electron and ion fluxes are
equal. The material parameters are taken from Table I, the
thickness of the germanium layer is 1 µm, UW = 0.97 eV, and
UB = −5.125 eV. Note, T ′ > E − U∗(0) and T > E − Uh(0)
are energetically not allowed. Since the injection of holes
spreads over a larger energy range, the absolute values of S<

h

are smaller than the values of S<
∗ . Integrated over energy,

however, the source functions ensure flux equality, as required
for the floating interface.

In the matching conditions for the electron distribution
function, T ′ = T/m∗. The change in lateral energy from
T to T ′ arises from the conservation of lateral momen-
tum. Since, the effective mass m∗ < me, the electron
gains (looses) lateral energy while passing through the
interface from the plasma (solid) side. The mass mis-
match leads also to total reflection for electrons coming
from the plasma when E − U∗(0) < T ′.

Both source terms are illustrated in Fig. 2 for the pa-
rameters given in Table I, which are used for the numer-
ical calculations described in the next section. The nor-
malization density ninj

h in the source term for the holes
is chosen such that the flux is conserved across the in-
terface. With this source term, holes are injected at the
ionization energy Iinj of an argon atom, homogeneously
distributed in lateral direction. The width Γinj accounts
for an energy spread in the neutralization process. The
source for electrons depends on the reflection coefficient
R(E, T ). For a surface potential with the depth of the
electron affinity χ and a 1/z tail on the plasma side due
to the image charge (Schottky effect), the coefficient be-
comes, adapting results from Ref. [28],

R(E, T ) =

∣∣∣∣
ve(0, E, T )− y v∗(0, E, T ′)
ve(0, E, T ) + y∗ v∗(0, E, T ′)

∣∣∣∣
2

(16)

with

y = −2
W ′
λ, 12

(ξ0)

Wλ, 12
(ξ0)

, (17)
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where Wλ, 12
(x) denotes the Whittaker function, W ′

λ, 12
(x)

its first derivative with respect to x,

λ = −i
ε− 1

ε+ 1

1√
8
√
E − T − UI

, (18)

ξ0 =
i
√

2

χ

ε− 1

ε+ 1

√
E − T − UI , (19)

and y∗ is the complex conjugate of y. As can be seen in
Fig. 2, due to the high temperature, electrons are in-
jected into the conduction band of the semiconductor
over a wide range of energies, with most weight at the
low energy cutoff given by E − U∗(0) = χ.

Since the plasma is treated collisionless, the solutions
of the Boltzmann equations on the plasma side are com-
pletely determined by the profile of the electric potential
and the boundary conditions at z = 0 and z = zw. The
latter are given by (13b), where the ions are restricted to
energies above the presheath potential UW , which needs
to be determined selfconsistently. It is responsible for the
acceleration of ions before reaching the sheath and can
be determined from the generalized Bohm criterion [15],

∂U (ne − ni)|zp ≥ 0 . (20)

In our formalism, it follows from Eq. (2), where the rad-
icand needs to be positive for z . zp. As usual, we
enforce marginal fulfillment. Thus, UW is determined by
Eq. (20) with the equal sign. In this work, we will pre-
scribe the plasma density np. Enforcing Eq. (20) instead
of E(zw) = 0, as in [19], is then numerically advanta-
geous.

For the current-voltage characteristic we need the par-
ticle fluxes. As for the densities given in Eq. (10), we
initially define energy-resolved fluxes,

J≷
s (z, E) = ms

∫ E−Us(z)

0

dTF≷
s (z, E, T ) , (21)

in terms of which the macroscopic fluxes required for the
characteristic become

js(z) =

∫ ∞

Us(z)

dE

8π2

[
J>s (z, E)− J<s (z, E)

]
. (22)

B. Numerical strategy

In the following, we give a sketch of the numerical
strategy used for solving the kinetic problem stated in the
previous subsection. Due to the changes in the bound-
ary and matching conditions, the strategy differs some-
what from the one used previously [19]. In particular,
the procedure for establishing selfconsistency between
the plasma and the solid side of the interface is differ-
ent due to the reflectivity of the interface. The isotropy
of the collision integrals enables us moreover to discretize
a much larger energy domain.

Besides the distribution functions F
≷
s (z, E, T ) and the

electric potential profile U(z), three energy parameters
UW , UI , and USC and two density parameters nLM

e and
nLM
i have to be selfconsistently determined for prescribed

plasma density np and external voltage UB . The five
equations required for it are, the charge neutrality con-
dition at z = zp, providing two equations, np = ne(zp) =
ni(zp), the electric matching condition (4), the general-
ized Bohm criterion (20), and the condition (1) following
from the definitions of the potential drops at the inter-
face. The net flux through the interface,

j ≡ j∗(0)− jh(0) = je(0)− ji(0) , (23)

due to flux conservation identical to the flux anywhere
in the device, is then obtained as a function of UB . It
will be however numerically advantageous to specify USC
instead of UB and to initially determine j(USC) from
which j(UB) follows straight by applying Eq. (1).

For the numerical implementation of the selfconsis-
tent calculation of the current-voltage characteristic we
rewrite the Boltzmann equations (6) for the charge carri-
ers inside the semiconductor in integral form (suppressing
the parametrical dependencies on E and T ) [19],

F>s (z) = ξs(z, z −∆)F>s (z −∆)

+

∫ z

z−∆

dz′
Φs(z

′)
vs(z′)

ξs(z, z
′) (24a)

and

F<s (z) = ξs(z + ∆, z)F<s (z + ∆)

+

∫ z+∆

z

dz′
Φs(z

′)
vs(z′)

ξs(z
′, z) (24b)

with the integrating factor

ξs(z, z
′) = exp

(
−
∫ z

z′
dz̄
γs(z̄)

vs(z̄)

)
(25)

and s = ∗, h.
To avoid the integrable divergences of 1/vs(z, E, T ) at

T = E−Us(z), that is, at the turning points for the per-
pendicular motion, where the charge carriers move par-
allel to the interface, it is convenient to perform a coor-
dinate transformation from z to Xs =

√
E − Us(z)− T .

Using ∂Uh/∂z = E , ∂U∗/∂z = −E , and vs = 2Xs/
√
ms,

we find

dz

vh
= −√mh

dXh

E , (26a)

dz

v∗
=
√
m∗

dX∗
E , (26b)

which enables us to rewrite the z−integrals as
Xs−integrals. If the semiconducting layer is not too
thick, the electric field E is finite in the whole integration
domain. Thus, using this substitution we can avoid di-
verging integrands in the numerical solution of the Boltz-
mann equations.
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After the transformation, the coordinates E, T , andXs

are discretized, with the discretization kept fixed during
the iteration. Through the domain of X∗,h, we thus pre-
scribe the value USC , although it is actually a parameter
to be determined selfconsistently for given UB . Instead
of USC , we use UB as a derived parameter, which allows
a better handling of the turning points, where v∗,h = 0
and F>∗,h = F<∗,h. Due to Eq. (1) this is permissible.

The remaining four parameters, UI , UW , nLM
e , and

nLM
i are determined from the charge neutrality at z = zp,

bringing in two equations and yielding nLM
e,i in terms of

UW and UI , the matching condition (4), and the general-
ized Bohm criterion (20). The latter two provide at the
end two coupled equations for UI and UW which have to
be solved selfconsistently with the Boltzmann equations
and the Poisson equation on both sides of the interface.

To get the two equations, we relate the potential drop

USC to E(z) by the integral

USC =

∫ 0

z0

dzE(z) . (27)

Inserting E(z) from Eq. (3), setting nA = nD = 0, since
we consider in the next section an undoped germanium
layer, and solving for E(0−) yields

E(0−) =

[
USC +

8π

ε

∫ 0

z0

dz

∫ 0

z

dz′(n∗(z
′)− nh(z′))

]
/z0 ,

(28)
that is, the electric field at z = 0 necessary to produce,
with the net charge distribution n∗(z) − nh(z), the po-
tential drop USC over the width of the semiconductor.

The electric field E(0+), on the other side of the in-
terface, in turn can be obtained from Eq. (2). Inserting
the electron and ion densities arising from the electron

and ion distribution functions F
≷
e,i, which can be largely

worked out analytically [19], we get

E(0+) =
√

16π (Ge +G>e +Gi) (29)

with

Ge =
np − n>e

1 + erf

(√
−β̃eŨI

)


exp

(
β̃eŨI

)

1 + 2

√

− β̃eŨI
π


− 1− erf

(√
−β̃eŨI

)
 , (30)

G>e =
m

3/2
e

32π2

∫ ∞

0

dE

∫ E

0

dTF>e (zp, E, T )
(√

E + UI − T −
√
E − T

)
, (31)

Gi =
np

erfc
(√

ŨW

)
{

erfc

(√
ŨW

)
− exp

(
−ŨI

)
erfc

(√
ŨI − ŨW

)
+ 2 exp

(
−ŨW

)


√
ŨW
π
−

√
ŨW − ŨI

π



}
,

(32)

where we used Ue(zp) = 0, because of the choice of the

reference point for the potentials, set ŨI,W = UI,W /kBTi,

and β̃e = kBTi/kBTe. The symbols erf(x) and erfc(x) =
1−erf(x) denote the error and complementary error func-
tion.

Multiplying Eq. (28) by the dielectric constant ε and
equating it with Eq. (29), an equation is obtained relating
USC to UW , np, and UI . Since np and USC are external
parameters, we thus have a relation between UW and UI ,
as required. For a perfectly absorbing interface G>e = 0.

A second relation between UW and UI follows from the
generalized Bohm criterion. Expressing again ne and ni
in terms of the distribution functions F

≷
e,i, and using the

definitions introduced above, we obtain

f+

(
−β̃eŨI

)

kBTe

(
1− n>e

np

)
+

∆>
e

np
−
f−
(
ŨW

)

kBTi
= 0 (33)

with

f±(x) =
e−x√

πx(1± erf(
√
x))
± 1 (34)

and

∆>
e = −m

3/2
e

32π2

∫ ∞

0

dE

∫ E

0

dT
F>e (zp, E, T )

(E − T )3/2
, (35)

n>e =
me

8π2

∫ ∞

0

dE

∫ E

0

dT
F>e (zp, E, T )√

E − T , (36)
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where U(zp) = 0 has been used once again. We thus have
a second equation connecting UW and UI . Note, through
Eq. (14d), the electron distribution function F>e on the
plasma side depends on the electron distribution function
F>∗ inside the solid, providing an additional feedback of
the solid to the plasma, in addition to the electric match-
ing (4). For a perfectly absorbing interface this kind of
feedback is absent.

With the parameters UW and UI , the particle fluxes
and hence the source functions S>∗,h are fixed. Inserted in

the boundary conditions (14b) and (14c), the distribution
functions for valence band holes and conduction band
electrons are obtained from Eqs. (24), with the substi-
tutions (26), from which follow also the densities n∗,h(z)
according to Eq. (11), which in turn can be fed into the
Poisson equation (3) to yield a new potential U(z) to be
used in the next iteration step. For semiconductors with
high intrinsic densities, such as germanium, it turns out
that the change in densities caused by the injected charge
carriers is negligible compared to the Maxwellian back-
ground of intrinsic carriers. It is thus possible to neglect
it in the source term of the Poisson equation, reducing
thereby the calculational costs substantially. The den-
sities plotted in Fig. 5 verify a posteriori the validity of
this simplification.

The iteration starts with constant Maxwellian distri-
butions in accordance to the boundary conditions (14),
but for conduction band electrons continued to energies
which are not accessible at z = z0 due to the higher
value of U∗. Successively, the distribution functions are
updated by Eq. (24), as are the parameters UW and UI
by Eq. (4), expressed in terms of Eqs. (28) and (29), and
Eq. (33). In contrast to the perfectly absorbing inter-
face [19], the plasma parameters now change slightly in
each iteration step, which in turn changes also the match-
ing conditions at the interface. The updating is repeated
until convergence is reached. It should be noted that
the conduction band electron and valence band hole dis-
tribution functions also enter the in-scattering collision
integrals Φs in Eqs. (24). Hence, even without the cou-
pling to the plasma and changing boundary conditions,
an iteration is required to solve the Boltzmann equations
inside the germanium layer. This is also the case when
the Grinberg-Luryi approach [26] is applied to semicon-
ductor device modeling [29, 30].

III. RESULTS

This section discusses the numerical results obtained
for an argon plasma in contact with a germanium layer.
The material parameters are given in Table I. We split
the discussion into three parts, depending on the per-
spective from which the device shown in Fig. 1 is an-
alyzed. First, regarding it as part of an electric cir-
cuit, we present the current-voltage characteristic in sub-
section III A. Then, we proceed to discuss in subsec-
tion III B the spatial profiles of the electric potential and
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FIG. 3. (color online) Current-voltage characteristic across a
device consisting of a germanium layer sandwiched between
an argon plasma and an Ohmic contact. The orange lines
belong to the reflecting plasma-germanium interface whereas
the blue lines show data for an interface which perfectly ab-
sorbs electrons from the plasma and lets them never return to
it. Different layer thicknesses are considered. For comparison,
we also plot the characteristic of a perfect absorber without
a germanium layer, that is, for USC = 0 (solid black line,
hardly seen in the main panel). The inset shows for the per-
fectly absorbing interfaces the zero-crossings of the net flux.
The germanium layer shifts the crossings to lower voltages
because of the potential drops USC .

the species’ densities as well as fluxes. Finally, in sub-
section III C, we turn to the energetically and spatially
resolved distribution functions of the charge carriers in-
side the semiconducting layer.

A. Electric picture

A biased plasma-solid interface can be considered as
part of an electric circuit and thus as an electric device
characterized by a current-voltage characteristic, that is,
the net flux (current density) flowing through the system
as a function of the bias voltage UB . For germanium
layers of different thicknesses in contact with an argon
plasma, the characteristics are shown in Fig. 3.

The germanium layers are terminated by an Ohmic
contact, which is not further characterized in the model.
It merely acts as a sink for any flux carrying parti-
cles reaching the semiconductor-metal interface. For
USC = 0, that is, without the semiconducting layer,
the system is thus a perfectly electron absorbing Lang-
muir probe [20–22]. Current-voltage characteristics are
given for different thicknesses of the germanium layer,
for both the electron reflecting and the perfectly absorb-
ing semiconductor-plasma interface. In the latter, the
matching conditions (14c) and (14d) are replaced by the
assumption that every electron impinging on the inter-
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FIG. 4. (color online) As a function of UB and for the re-
flecting plasma-solid interface, the electric field at the inter-
face (top panel), the potential drop USC across the germa-
nium layer (center panel), and the electron and ion/hole fluxes
flowing from the plasma towards the Ohmic contact (bottom
panel). Reflected and emitted electrons refer, respectively,
to electrons quantum-mechanically reflected at the potential
step connected with the plasma-solid interface and electrons
emitted back to the plasma due to collisions inside the semi-
conductor. While the electric field is identical for the layer
thicknesses considered, USC changes with the thickness. Elec-
tric field and USC are effectively identical to what one obtains
for absorbing matching conditions. Fluxes are given only for
the case of a 1µm thick germanium layer.

face from the plasma is absorbed by the germanium layer
and every electron reaching the interface from the inside
of the layer is specularly reflected. The boundary condi-
tions then take a form similar to Eqs. (14a) and (14b),
with the injection term (15b) normalized such that the
electron flux is conserved across the interface.

Within the perfect absorber model, there are hardly
any differences in the current-voltage characteristics of
the Ohmic and the semiconducting plasma-solid inter-
face (black and blue lines in Fig. 3). The characteristics
of the latter are only shifted to lower voltages because
of the voltage drops USC inside the semiconductor, as
can be seen in the inset of the figure for different film
thicknesses. The shifts are a few tens of mV, with a
thicker layer giving rise to a larger shift. If the layers were
thick enough to host the whole negative space charge, the
shifts would saturate, because of the vanishing electric
field deep inside the semiconductor. For the thicknesses
shown in Figs. 3 this is however not yet the case. Since,
as discussed in the next paragraph, the voltage drops

USC across reflecting and absorbing germanium layers of
the same thickness turn out to be essentially identical,
because n>e and ∆>

e are rather small, and hence effec-
tively negligible in Eq. (33), the large shift between the
blue and orange lines visible in the main panel is a conse-
quence of the reflected and emitted electron fluxes, which
can be rather significant. From a broader perspective, the
results shown in Fig. 3 imply that modifications of the
surface of a Langmuir probe, for instance, by an oxide
film, affects the current-voltage characteristic only by a
small amount if the perfect absorber assumption holds.
However, if this is not the case, the characteristic de-
pends on the film. In particular, the zero-crossing, that
is, the floating potential, would depend strongly on the
emissive properties of the film.

To gain more insights, we plot in Fig. 4, as a func-
tion of the bias voltage UB , the electric field at the in-
terface, the potential drop USC across the semiconduct-
ing layer, and the electron and hole fluxes. The electric
field at the interface is independent of the thickness of
the layers, only the potential drop depends on it. The
fluxes are shown representatively only for a 1µm thick
semiconducting layer, with electron fluxes split into the
contributions arising from electrons reflected at the po-
tential step and electrons emitted from the semiconduc-
tor, that is, electrons which made it into the layer but
are backscattered by electron-phonon collisions inside it.
The two contributions arise, respectively, from the first
and second term of Eq. (14d).

While the reflected flux is independent of the thick-
ness of the layer, since it only depends on the reflection
coefficient R(E, T ), the emitted flux increases with the
thickness of the layer, leading to smaller total net fluxes
towards the Ohmic contact, as can be also seen in Fig. 3.
This may be an artifact of the simple model we employ
for the germanium layer. Flux-carrying electrons, having
typically large energy, as we will see in subsection III C,
undergo in this model only a few collisions while passing
through the layer. The thicker the layer, the higher is
thus the chance of an electron belonging to this group for
being backscattered. Hence, the emitted flux increases
with layer thickness.

The electron fluxes decay exponentially the more neg-
ative the bias voltage is, since the fraction of the
Maxwellian distribution of plasma electrons contribut-
ing to the flux by overcoming the sheath potential UI
decreases. Only few electrons in its high energy tail
contribute to the flux across the interface and have
thus a chance to get reflected or emitted. The emitted
and reflected electrons, encoded in ∆>

e and n>e , modify
thus (33) only weakly and are hence negligible, as it is
also the case in the source term of the Poisson equation,
where emitted and reflected electrons are dominated by
the plasma electrons belonging to the low energy part of
the Maxwellian.

2 Thesis articles

72



9

 0

 1

 2

 3

 4

 5

 6

-1 -0.8 -0.6 -0.4 -0.2  0

n
s
 [

1
0

1
1
 c

m
-3

]

z [µm]

  n*

n*
>

n*
<

nh

nh
>

nh
<

 0

 1

 2

 3

j s
 [

1
0

1
9
 c

m
-2

s-1
] j*

j*
>

j*
<

  jh

jh
>

jh
<

 0

 10

 20

U
 [

m
V

]

 200

 300

 400

E
 [

V
/c

m
]

 0
 20
 40

-1 0n
 [

1
0

1
2
 c

m
-3

]

z [µm]

-4
-2
 0

0 10 20

FIG. 5. (color online) Macroscopic properties for the re-
flecting 1µm thick interface at the floating point, for which
UI = 5.1 eV, USC = 0.025 eV, and UW = 0.97 eV. Top
to bottom: Electric field, electric potential (shifted so that
U(z0) = 0), fluxes, and densities. The last two are only given
for the injected surplus electrons and holes, the Maxwellian
contributions due to the intrinsic carriers, giving rise to the
double layer shown in the inset of the top panel, are sub-
tracted. In addition to the net fluxes and densities per species,
we also plot the direction-resolved quantities.

B. Macroscopic picture

Besides regarding the interface as an electric device,
characterized by a current-voltage characteristic, it is also
instructive to consider it as a system of charged particles,
characterized by density, flux, and potential profiles. We
limit the discussion in this and the next subsection to the
reflecting interface at the floating point, where the elec-
tron and ion/hole fluxes are equal, noting, however, that
for different bias voltages the fundamental observations
are similar, differing only by the numerical values.

Figure 5 shows from top to bottom the spatial profiles
for the electric field, the electric potential, the fluxes, and
the densities of the injected carriers for an interface with
a 1µm thick germanium layer. As it was the case on the
plasma side, the injected carriers, for which we show the

fluxes and densities, are also negligible in the source term
of the Poisson equation on the solid side of the interface.
The solid-bound parts of the electric field and potential
shown in the top two panels are thus determined by the
intrinsic charge carriers. Hence, the solid-bound part of
the electric double layer plotted in the inset of the top
panel, is the result of the selfconsistent distribution of the
intrinsic charge carriers in the electric field arising due
to the interface. For germanium, the intrinsic density
at room temperature is 2 · 1013 cm−3, and thus much
larger than the net density of the injected carriers, which,
according to the bottom panel of Fig. 5, is even at z =
0 only only around 3 · 1011 cm−3, and hence about two
orders of magnitude smaller. The simplification we made
for the solution of the Poisson equation is thus valid.
It not only stabilizes the iteration process, but allows
also for an efficient implementation, which reduces the
computation time by about two orders of magnitude.

The electric potential, shown in the second panel from
the top of Fig. 5, is shifted such that U(z0) = 0. The po-
tential drop across the germanium layer USC = 25 meV
can thus be read off directly at z = 0. It can be also
immediately seen that the electric field is the derivative
of the electric potential. The fluxes, finally, are shown
in the third panel from the top. In addition to the net
fluxes, j∗ and jh, which are conserved and hence indepen-
dent of z, left- and right-moving fluxes are also plotted.
They decay exponentially with decreasing z. The net
flux is the difference of the right- and left-moving fluxes.
It is negative, showing that more electrons and holes are
moving towards the Ohmic contact than in the other di-
rection. The conservation of the net flux is a consequence
of the modeling of the germanium layer, which contains
only particle-conserving collisions with phonons. Had we
incorporated also particle non-conserving scattering pro-
cesses, such as radiative and non-radiative electron-hole
recombination or impact ionization, the net fluxes of each
species would not be conserved. However, to have flux
conservation as an important indicator of the numeri-
cal accuracy of the implementation of the selfconsistency
scheme (it is not explicitly kept constant in the iteration
scheme), we neglected in this exploratory work particle
non-conserving scattering processes.

C. Microscopic picture

We now turn to the microscopic picture as it arises
from the distribution functions satisfying the two coupled
sets of Boltzmann-Poisson equations. The electric and
macroscopic pictures contain this information only in an
integral manner. Now, we take an energy-resolved look
at the kinetics of the charge carriers across the interface.
The dependence of the distribution functions on the total
energy E and the lateral kinetic energy T enables us to
visualize energy relaxation due to collisions with phonons
as well as the motion of the charge carriers parallel to the
interface.
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Let us first look at the energy-resolved net fluxes per
species defined in Eq. (21). For an interface with a 1µm
thick germanium layer at the floating point, the fluxes
flowing from the plasma towards the Ohmic contact are
plotted in Fig. 6. On the left (right), fluxes inside the
germanium layer (plasma) are shown. While the species’
energy-integrated net fluxes are constant, the energy-
resolved net fluxes display a rich behavior along the ger-
manium layer.

The net electron flux approaching the interface from
the plasma side splits inside the solid into a high- and a
low-energy component. The former comprises electrons
remaining close to the energy where they have been ini-
tially injected. Because the germanium layer is rather
thin, a large number of electrons reaching the Ohmic con-
tact suffer only a few electron-phonon collisions. Hence,
they loose only a small amount of energy and remain
energetically high in the conduction band. Yet, some
electrons scatter often enough to end up at the band
minimum. There is thus also a net flux at low energy.
In absolute numbers, this is even larger than the one at
high energies (note the different scales for high and low
energies). However, its contribution to the macroscopic
net flux is rather small because the energy range over
which it is integrated is rather narrow. The main con-
tribution to the net total electron flux arises thus from
high-energy electrons. In numbers, we find 98% of the to-
tal electron flux to be carried by the hot electrons, with
energies above 0.1 eV, and only 2% by the low energy
electrons.

The net flux of valence band holes, arising from the
neutralization of ions, hitting the interface with thermal
kinetic energy, shows qualitatively the same behavior.
Holes, injected high up in the valence band at E = Iinj,
relax due to collisions with phonons to the bottom of the
band. Quantitatively, however, the situation is different.
Due to the larger effective mass, holes loose energy due
to collisions with phonons more efficiently than electrons.
The scattering rate γs, for instance, defined in Eq. (8),

is proportional to m
3/2
s . Hence, it increases with the ef-

fective mass. The same holds for the in-scattering parts
of the collision integral Φs. Thus, the larger the effective
mass of the charge carriers, the smaller is the inelastic
mean free path, and hence the spatial scale required to
loose a substantial amount of energy. The 1µm thick
germanium layer provides apparently enough space for a
significant number of holes to relax to the bottom of the
band and to give rise to a rather pronounced hole flux
at low-energies. Integrated over energy, the low-energy
flux provides about 20% to the total net flux. The high-
energy flux is hence still dominant but not as dominant
as in the case of electrons.

Energy relaxation of electrons and holes stops when
their energies, measured from the bottom of the con-
duction and valence band, respectively, are less then the
phonon energy. There is thus a threshold for energy re-
laxation, leading to a kind of energy backlog in the fluxes
up to a phonon energy above the band minima. By ab-

FIG. 6. (color online) In arbitrary units, the energy-resolved
fluxes across the interface with a 1µm thick germanium layer.
The interface is at the floating point with potential drops
given in the caption of Fig. 5. On the left (right), the net
electron and hole (electron and ion) fluxes inside the germa-
nium layer (plasma) are shown, with high and low energy con-
tributions plotted in separate panels. The ion flux, located
at UI + UW + USC − χ − Eg = 1.39 eV, is shown by the red
line (not belonging to the color scale). Its energetic spread is
negligible on the scale of the other fluxes. The energy scale
is chosen such that within the germanium layer E = 0 occurs
at the minimum of U∗ and Uh, respectively.

sorbing phonons, carriers caught in the backlog can reach
higher energies. For holes, this is clearly visible in Fig. 5.
It leads to the feature in the bottom right panel around
E = 0.08 eV, which is roughly twice the phonon energy.
After the injected holes emitted several hundred phonons,
each carrying away ~ω0 = 0.037 eV, their energies fall be-
low the threshold. Collisions are then less frequent, as the
emission (second) term in the scattering rate (8) disap-
pears. The relatively high population of the holes just
below the phonon energy makes however the absorption
process operative in the collision integrals leading to the
feature in the hole flux around twice the phonon energy.

Finally, we discuss for the 1µm thick germanium layer

the distribution functions F
≷
∗,h(z, E, T ). In addition to

the effects already present in the energy-resolved net
fluxes, there are now also features due to the lateral mo-
tion of the charge carriers. The distribution functions are
plotted in Fig. 7, with the two top (bottom) rows show-
ing the data for conduction band electrons (valence band
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FIG. 7. (color online) Distribution functions in arbitrary units for electrons (top two rows) and holes (bottom two rows)
at different spatial locations of a 1µm thick nearly floating germanium layer. Regions of high and low energy are shown in
separate panels. On the horizontal axis, positive values of |Tz| = E − Us − T show F>

s and negative values depict F<
s . The

triangular shape is due to the energy restriction 0 < T < E − Us. Note the logarithmic (linear) scale for low (high) energies.
At z = −0.9µm and z = −0.5µm, the high energy distributions are multiplied by the factors given in the panels to utilize the
same scale. The potential drops are as in Figs. 5 and 6.

holes). Three spatial locations are considered and data
for high and low energies are plotted in separate panels.
The lateral coordinate of the plots encodes by its sign
also the direction of motion, and is chosen such, that for
|Tz| = E − Us − T = 0 it describes the turning points.
Note the linear scale for high and the logarithmic scale
for low energies. As for the macroscopic densities plotted
in Fig. 5, the Maxwellian background of intrinsic carriers

is not included in the data. Only the distribution func-
tions for the surplus electrons and holes arising from the
plasma are shown.

In the high energy parts of the distribution functions
right at the interface, at z = 0 (right column), the source
functions S<∗ and S<h , describing the injection of electrons
and holes, can be clearly identified. Due to the collisions
with phonons there is also a noticeable portion of right-
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moving charge carriers, as can be seen from the rather
large numerical values for F>∗,h. For electrons, this group
of charge carriers eventually leads to the flux of emit-
ted electrons, if they also make it through the potential
barrier, and hence to secondary electron emission. As
a consequence of energy relaxation, Maxwellian distri-
butions are established for both species at low energies.
Indeed, the low-energy parts of the distribution functions
are rather homogeneous in the lateral direction and ex-
ponentially decaying with total energy, as it should be
for Maxwellians. As a consequence of the Maxwellian
distribution at low energies, there is no low-energy flux
present at z = 0, in accordance with the data shown in
Fig. 6.

In the center of the germanium layer, at z = −0.5µm
(center column), the sharp features of the source func-
tions are softened due to collisions with phonons. A sur-
plus motion to the left is also building up, most distinctly
for conduction band electrons, and weaker for valence
band holes. At low energies, the surplus of left-moving
charge carriers remains, but it is now somewhat more
dominant for holes. Due to the imbalances, the dis-
tribution functions at low energy start to deviate from
Maxwellian distributions. As a result, low-energy fluxes
are building up, as can be also seen in Fig. 6. The behav-
ior of the energy-resolved net fluxes can thus be explained
by the changes in the distribution functions caused by the
scattering processes.

The distribution functions at z = −0.9µm (left col-
umn), finally, are already dominated by the boundary
condition F>∗,h = 0, set for the injected carriers at the
interface to the Ohmic contact. For both species, the
motion is heavily biased to the left, irrespective of the en-
ergy. While right-moving electrons and holes are strongly
suppressed, there is a faint feature in F>∗ and F>h slightly
above the phonon energy which arises from collisions with
phonons. The features of the source functions are still
visible in the high-energy parts of F<∗ and F<h , albeit
severely washed out, and at low energies F<∗ and F<h
remain Maxwellian. It should be noted that at high en-
ergies the absolute values of the distribution functions
decay with z approaching z0. The ratio, however, of
left to right moving distributions grows. Hence, the net
flux at high energies stays high, even though the individ-

ual distribution functions F
≷
∗,h for left- and right-moving

carriers decay with decreasing z, just like the direction-

resolved fluxes j
≷
∗,h shown in Fig. 5.

IV. CONCLUSION

We presented a kinetic description of ambipolar charge
transport across a biased plasma-solid interface consist-
ing of a semiconducting germanium layer sandwiched be-
tween an argon plasma and an Ohmic contact. The
electron-hole plasma within the semiconductor is cou-
pled to the electron-ion plasma in front of it through
matching conditions for the distribution functions and

the electric field at the interface. Argon ions imping-
ing on the germanium layer create holes in the valence
band, whereas electrons may be quantum-mechanically
reflected or transmitted. Electrons entering the semicon-
ductor from the plasma may be emitted back to it due to
collisions with phonons inside the solid, which also cause
energy relaxation in its valence and conduction band. To
drive a current through the setup, a bias voltage is ap-
plied between the bulk of the argon plasma, which we
provide with a prescribed plasma density, and the Ohmic
contact used to collect the current.

From the distribution functions for the charge carriers
on both sides of the interface, we calculated the current-
voltage characteristic. Due to the quantum-mechanical
reflection at the plasma-solid interface and the collisions
inside the solid, the characteristic differs significantly
from the one obtained for an interface which absorbs
electrons from the plasma perfectly and keeps them in
the solid forever. Hence, the electron microphysics of the
semiconductor affects the electric properties of the in-
terface and should thus be considered by its theoretical
description as well as its experimental analysis.

We focused in this work on the implementation of a
numerical scheme for the selfconsistent calculation of the
distribution functions and potential profiles building up
at the flux-carrying plasma-solid interface. For that pur-
pose, we kept the argon plasma collisionless and allowed
electrons and holes inside the germanium layer to scatter
only on phonons. Particle nonconserving collisions are
not included. Within the simplified model, we find flux-
carrying conduction band electrons to remain at the high
energies set by the injection process. Due to the bound-
ary and matching conditions, the surplus electrons inside
the semiconductor are thus rather hot and not in thermal
equilibrium with the intrinsic electrons. The same holds
for injected holes. With increasing layer thickness, we
find secondary electron emission, encoded in the emitted
electron flux, to increase because a surplus electron is
then more likely to suffer collisions with phonons, which
may bring it back to the plasma, if it also successfully
traverses the potential step at the plasma-solid inter-
face. The selfconsistent distribution functions enable us,
moreover, to visualize how the ambipolar gaseous charge
transport in the argon plasma merges with the solid-
bound ambipolar charge transport inside the germanium
layer.

Albeit the description of the argon plasma is also some-
what crude, containing an unspecified source and a colli-
sionless sheath made consistent with the germanium layer
due to an equally unspecified presheath, the idealized
electronic structure of the germanium layer is more lim-
iting. A quantitative modeling of the biased plasma-solid
interface has to be based on a realistic band structure
of the plasma-facing semiconductor. It should contain,
over the energy range set by the injection processes, the
electronic structure of the surface, entering the calcula-
tion of the electron reflectivity and the modeling of the
hole source function, as well as the electronic structure of
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the bulk, which enters the collision integrals of the Boltz-
mann equations and determines the velocity of the charge
carriers. Of particular importance are Bragg gaps pre-
venting the transmission of electrons across the interface
and surface states trapping electrons and/or holes close
to it. Since the injection of electrons and holes occurs at
rather high energies, impact ionization, creating electron-
hole pairs across the band gap, and its inverse, the re-
combination of electron-hole pairs have to be moreover
also included in a modeling which attempts to provide

more information than the insight that current-carrying
conduction band electrons and valence band holes are
rather hot.
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A.1 Details on the collision integrals

In this Appendix, we give some detailed information on how the different collision in-

tegrals on the right side of the Boltzmann equation (6) are calculated. The three types

of collisions that were used in this thesis are (i) polar optical phonons, (ii) nonpolar

optical phonons and (iii) Schockley-Read-Hall recombination through trap states. In

the following we will comment on each process and elaborate on its numerical imple-

mentation.

Polar optical phonons We already sketched the derivation of the in-scattering col-

lision integral Φ≷
s in the main text. The resulting expression, giving Φ≷

s as a functional

of the distributions F>s and F<s (note that Φ>
s and Φ<

s both depend on both F>s and

F<s ), is

Φ≷
s (z, E,X) =

√
ms4~ω0(1/ε∞ − 1/ε0)×

∑

±
(nb +

1

2
± 1

2
)

√
E−Us±~ω0∫

0

dX ′

[
F≷
s (z, E ± ~ω0, X

′)

d−(X,X ′)
+
F≶
s (z, E ± ~ω0, X

′)

d+(X,X ′)

]

(A1)

with

d±(X,X ′) =

[(
T + T ′ +

(
X ′ ±X

)2)2
− 4TT ′

]1/2

, (A2)

which is a rewriting of Eq. (A7) of Article II using the substitutions

X ′ =
√
E ± ~ω0 − Us(z)− T ′ (A3)

and

X =
√
E − Us(z)− T . (A4)

In Eq. (A2), one needs to replace T = E − Us − X2 and T ′ accordingly, but this

notation allows for an at least somewhat compact form of the collision integral. It

should be noted that the ± sums over emission (+) and absorption (−) of a phonon

(cf. the first and second delta function in Eqs. (26) and (28) respectively), whereas

the distinction of left and right moving distributions corresponds to the ≷ of the Φs

on the left side of the equation, indicating forward or backward scattering (relative

to the z direction). The emission term only contributes for E − Us > ~ω0, implying
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that the kinetic energy before the emission of the phonon must be at least as large

as its energy. The two terms correspond to W±s of Eq. (27). The expressions d± are

the result of the angular integration of q± given in Eq. (29) as described in the main

text. We already used the substitution X ′ to remove the integrable divergence from

the collision integral. The terms d± can not diverge, since they are derived from the

change in momentum due to the phonon collision, which is always at least ~ω0. Set,

for example, E − Us = T = T ′ = 0, to get d± = ~ω0.

To gain sufficient numerical accuracy when calculating the integrals in Eq. (A1), it

is necessary to include the terms d± in the integration routine, instead of, for example,

merely linearizing it with F≷
s . For this, we can rewrite it as

d± =
√
αX ′2 ± βX ′ + γ , (A5)

with

α = 4 (E − Us) , (A6a)

β = 4
√
E − Us − T [2 (E − Us)± ~ω0] , (A6b)

γ = [2 (E − Us)± ω0]2 − 4T (E − Us ± ~ω0) . (A6c)

The ± in β and γ are derived from the emission and absorption terms, i.e. the sum in

equation (A1), while the ± in Eq. (A5) refers to the forward or backward scattering as

distinguished by the index of d±. The resulting integral can be calculated analytically in

each discretization interval, under the assumption of a linearized distribution function

F≷
s .

By calculating the integrals

I±i =

∫ Xi+1

Xi

dX ′
1√

α± βX ′ + γX ′2
(A7a)

and

J±i =

∫ Xi+1

Xi

dX ′
X ′√

α± βX ′ + γX ′2
(A7b)

once at the start of the iteration, the integrals in Eq. (A1) can be reduced to

√
E−Us±~ω0∫

0

dX ′
F≷
s (z, E ± ~ω0, X

′)

d−(X,X ′)
≈
∑

i

(
F0I

−
i + F1J

−
i

)
. (A8)

Therein F0 and F1 are derived from the linearization

F≷
s (z, E ± ~ω0, X

′) ≈ F0 +X ′F1 . (A9)

The integral including d+ can be approximated in the same way. Since E, Us and T

appear in the parameters α, β and γ, generally one would have to store the values for

I±i and J±i in four discretization dimensions, i.e. E, Us(z), T , and i which corresponds

to X ′. Storing it like this is, especially if high energy cutoffs are necessary, infeasible,
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due to exploding memory demand. If, however, the discretization is chosen in such

a way that E − Us always takes the same set of values, the memory demand can be

reduced by one dimension. This is especially the case in the flat band approximation,

where the potential Us is constant. Then, Eqs. (A6) result in the same parameters

for any (E − Us, T ) pair. Details on the choice of the discretization lattice is given in

Appendix A.2, but unfortunately if one wishes to reach high energies and calculate the

self-consistent electric potential, this condition can not be fulfilled.

This collision integral also demands that if Ei is part of the discretization lattice

Ei ± ~ω0 is also part of it, in order to calculate the integrals in the in-scattering

term. We have attempted to use interpolation methods here, interpolating the val-

ues of F≷
s (z, E ± ~ω0, X

′) by neighboring values on the discretization lattice, but due

to the complexity of the integral this did not lead to satisfying result in the framework

of the Boltzmann loop, since the iteration tends to amplify small inaccuracies.

Nonpolar optical phonons The collision integral of nonpolar optical phonons is

isotropic. In our formalism this means the coordinate T does not appear in the term

Φs for this collision term, and Φ>
s = Φ<

s = Φs. Adapting the notation from Article IV,

the in-scattering term is

Φs(z, E) =
(DtK)2ms

8πρω0
[nbNs(z, E − ~ω0) + (nb + 1)Ns(E + ~ω0, z)] , (A10)

with

Ns(z, E) =
∑

≷

∫ E−Us(z)

0
dT

F≷
s (z, E, T )

vs(z, E, T )
. (A11)

The collision integral therefore uses the values of Ns at energies shifted by the phonon

energy. Incidentally, this integral also appears in Eq. (9), when calculating the densities.

Unlike for the polar optical phonons, in this case it is possible to calculate Φs at energies

where E ± ~ω0 is not part of the discretization lattice by interpolating Ns at those

energies. This allows an energy discretization lattice independent of the phonon energy.

How this allows high injection and the electric potential to be taken into account in

the Boltzmann equation at the same time is elaborated on in Appendix A.2.

Shockley-Read-Hall recombination The recombination through trap states lo-

cated within the band gap at energy Et is best understood by considering the scheme

illustrated in Fig. 13. The transition rates are given by the cross sections σs and the

(total) velocity vtot
s [72–74], which, in the notation of Eq. (5), is vtot

s = vs(E,Uc, 0), as

ΓsR = σsv
tot
s (A12a)

and

Γ∗G = σ∗v
tot
∗ exp ((Et − (E − Us + Eg))/kBT∗) , (A12b)

ΓhG = σhv
tot
h exp ((−(E − Us)− Et)/kBTh) . (A12c)
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Figure 13: Illustration of Shockley-
Read-Hall recombination. The circles rep-
resent the electron states in the conduc-
tion and valence band as well as the trap
state within the band gap. The transition
rates ΓsR/G depict the recombination and
generation of conduction band electrons
and valence band holes by the transition
of an electron between the corresponding
band and the trap state. The arrows indi-
cate the transition of an electrons, so that,
for example, a hole is generated when an
electron transitions from the valence band
into the trap state.

conduction band

valence band

trap state

With a trap state density of Nt and their occupancy Ft, the collision integrals are then

Itr≷
∗ =

(
1− F≷

∗
)

Γ∗GNtFt − F≷
∗ Γ∗RNt (1− Ft) (A13a)

and

Itr≷
h =

(
1− F≷

h

)
ΓhGNt (1− Ft)− F≷

h ΓhRNtFt . (A13b)

Consider, for example, the recombination term in Itr≷
∗ : if the conduction band state

is occupied (factor F≷
∗ ) and the trap state is unoccupied (factor 1 − Ft), the electron

distribution is reduced (negative sign) at a rate of Γ∗R per trap (factor Nt). The other

terms can be understood in the same way.

To calculate the trap occupancy Ft in a quasistationary state, electrons must enter

and leave the trap states at the same rate. This detailed balance condition is thus

found as

∑

≷

∫
dEdT

v∗
Itr≷
∗ =

∑

≷

∫
dEdT

v∗
Itr≷
h . (A14)

Solving for Ft leads to

Ft(z) =

[
m∗
∑

≷

∫
dEdT

v∗
Γ∗RF

≷
∗ +mh

∑

≷

∫
dEdT

vh
ΓhG

(
1− F≷

h

)]

×
[ ∑

s=∗,h
ms

∑

≷

∫
dEdT

vs

(
ΓsRF

≷
s + ΓsG

(
1− F≷

s

)) ]−1

. (A15)

The integral limits, omitted here for brevity, are the whole energy domains, see, for

example, Eq. (9). In the form of Eq. (22), we can identify the in- and out-scattering
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parts of the collision integral as

Φtr
∗ = Γ∗GNtFt , (A16a)

Φtr
h = ΓhGNt (1− Ft) , (A16b)

γtr
∗ = Γ∗GNtFt + Γ∗RNt (1− Ft) , (A16c)

γtr
h = ΓhGNt (1− Ft) + ΓhRNtFt . (A16d)

Since the electron and hole distribution functions determine the trap occupancy

via Eq. (A15), it must be calculated self-consistently in the Boltzmann loop. As a

consequence of Eqs. (A14) and (12), the fluxes of electrons and holes decay at the

same rate within the solid, if they recombine through the trap states. Unfortunately, it

turned out that the iteration of the trap occupancy by the Boltzmann loop is not stable.

When Eq. (A15) is used to self-consistently calculate the trap occupancy, during the

Boltzmann loop it converges to either 0 or 1, meaning the traps are empty or occupied.

The instability of the trap occupancy can, somewhat oversimplified, be understood

like this; for simplicity we take the floating potential, where equal fluxes of electrons

and holes are injected into the solid, and only consider the recombination terms in the

collision integrals. Assume now that the trap occupancy is too low. Then, more elec-

trons than holes will recombine, because they can fill the empty trap states better than

the holes are filled by the occupied ones. There will thus be more holes in the distribu-

tion functions than electrons, compared to the previous iteration. When updating the

trap occupancy, Eq. (A15) will determine the trap occupancy such that the integrated

collision integrals are equal, i.e. the same amount of electrons and holes recombine.

But since there are more holes than electrons, the trap occupancy will be lowered, so

that fewer holes recombine and more electrons. Therefore, an Ft that is too small will

cause a decrease of Ft in the next iteration. In the same way, an Ft that is too large

will rise even further. The correct trap occupancy is thus, in simple terms, a repulsive

fixed point of the iteration.

In Articles II and III we therefore used only the distribution of the intrinsic charge

carriers in the calculation of Ft, keeping it constant during the iteration. As a con-

sequence, the fluxes of electrons and holes decay at different rates, as seen in Figs. 6

and 7. Since the fluxes were not the main concern in the contexts of these works, this

approximation is justified.

When the flux is of integral importance, such as in Article IV, this aspect of the

Boltzmann loop must be addressed, since the constancy of the net flux is central to the

biased interface. While in Article IV the system parameters were chosen such that the

recombination could be neglected altogether, future works, in which this is no longer the

case, must calculate the trap occupancy self-consistently. One possible approach would

be to dynamically adjust the trap occupancy during the integration of Eqs. (31) based

on the decay of the fluxes, rather than using Eq. (A15), but this may be numerically

rather involved.

A.2 Details on the numerical integration

In this Appendix we give details on the discretization grid of the integration domains

of the energy and space variables, as well as the methods employed to iterate Eqs. (31).
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Figure 14: Scheme of the three dimensional discretization grid in E, T and the po-
tential variable, plotted here as Us. The latter is replacing the spatial variable z in the
numerical scheme. At each potential point, energies range from Us to a cutoff energy
EMax, which is chosen high enough so that it does not influence the result of the cal-
culation. The discretization intervals in U , E and T are chosen equal. The E and T
grid are shown for every other Us discretization point. In red and green are shown two
exemplary integration paths for the Boltzmann equation, along which the coordinates
E and T remain constant. While on the red trajectory the particle can traverse the
displayed potential range, a particle following the green trajectory is reflected in the
center, since there the condition T = E − Us is met.

Discretization lattice For each of the cases covered in this thesis, the floating in-

terface, the flat band approximation, and the biased interface, the discretization lattice

needs to be chosen differently. Also, the choice of collision terms needs to be considered,

because, as explained in Appendix A.1, the polar optical phonons require the discretiza-

tion grid to host the energies in steps of ~ω0 from each energy discretization point.

The basic discretization lattice is illustrated in Fig. 14. In this illustration we choose

the potential Us instead of the spatial variable for the third dimension besides the

energies E and T . When we use the electric potential U as the variable, instead of z,

it is reasonable to fix the range of the potential within the wall material during the

iteration and find the other parameters depending on this, instead of trying to find the

magnitude of the potential drop self-consistently during the iteration. This approach is

useful both for the floating wall and the biased wall, but obviously not applicable in the

flat band approximation, where no electric potential in the solid is taken into account.

The number of discretization points in the U direction is arbitrary. Each of the gray

lines in Fig. 14 represent a discretization energy in E or T , and each crossing of those

lines within the gray marked areas is a discretization point, on which the distribution

function is calculated via Eqs. (31). Within the discretization grid, ∆ then becomes

the discretization step in the Us dimension. The gray areas represent the energy ranges

which are physically allowed, i.e. E ≥ Us and T ≤ E − Us.
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To ensure the turning points, where vs = 0, are on the discretization grid, the

discrete energies (at least for low energies) are chosen accordingly, so that E = Us is a

discretization point for each discrete Us, as well as T = E − Us.
If the flat band-approximation is used, the potential is neglected, so in this case Us

can not be used instead of z, and no turning points occur on the trajectories. In Fig. 14,

the horizontal axis would then display z and all gray triangles would start on that axis.

Iteration of the Boltzmann equation Next, we give some details on how Eqs. (31)

are solved on the discretization grid. While these equations are using z integrations,

they could easily be formulated in Us, the variable we use for the discretization lattice

(except in the flat-band approximation), by using the relation (10) between z and

U . However, special attention must be placed on the turning points, where vs = 0,

which causes diverging integrands, both in the exponent of the integrating factor and

the integrals in equations (31a) and (31b). To avoid these divergences, a coordinate

transformation from z to X =
√
E − Us(z)− T is used. This utilizes the expression of

vs as a function of the potential, as well as equation (10), to replace the velocity in the

denominator with the electric field.

For finite electric fields, as are present if the wall layer is prescribed a finite thickness

with an Ohmic contact at the back, see Article IV, this lets us avoid diverging integrals.

At the floating interface, where the wall layer is assumed semi-infinite, and the electric

field vanishes far away from the interface, one divergence has been replaced by another.

The coordinate transformation still has two major advantages: The integral for the

semi-infinite wall material is not improper, as would be if the integration is carried out

in z, and the form of E(X), and thus the divergence, is known through the Poisson

equation. In case of a finite electric field, Φs/E and γs/E are linearized within the

integration interval and the integrals take the form

F≷
s (z) = ξsF

>
s (z ∓∆) +

X1∫

X0

dX(f0 + f1X) exp
(
g0X + g1X

2
)

(A17)

for which the analytical expressions

∫
dX exp

(
g0X + g1X

2
)

=
1

2

√
π

g1
exp

(
− g2

0

4g1

)
erfi

(
g0 + 2g1X

2
√
g1

)
, (A18)

and

∫
dXX exp

(
g0X + g1X

2
)

=
exp

(
g0X + g1X

2
)

2g1

− 1

4

g0

g1

√
π

g1
exp

(
− g2

0

4g1

)
erfi

(
g0 + 2g1X

2
√
g1

)
, (A19)

can be used. The linearization terms f0, f1, g0, and g1 are derived from the linearization

of Φ≷
s /E and γs/E . The imaginary error function erfi is related to the error function

via erfi(ix) = i erf(x).
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If the electric field vanishes at the potential U1, at the next discretization point the

distribution function is calculated as

F>s (U1 + ∆) =

X1∫

X0

dX
f0 +Xf1

X2 −X2
0

exp


−

X1∫

X

dX̃
g0 + X̃g1

X̃2 −X2
0


 . (A20)

with X0 =
√
E − Us(U1)− T , X1 =

√
E − Us(U1 + ∆)− T . This equation assumes

that the electric field, as a function of U , rises linearly from zero at U1, i.e. E ∝ U−U1,

which transformed to X becomes E ∝ X2−X2
0 , found in the denominator of Eq. (A20).

In this expression the linearization terms f0, f1, g0 and g1 are derived by linearizing only

Φ>
s and γs in Eq. (31a) in X, since the electric field is explicitly taken into account this

time. Note that due to the diverging integral in the exponent the drift term of Eq. (31a)

vanishes here. After integrating the exponent and using the coordinate transformation

y = X−X0
X+X0

, Eq. (A20) can be expressed for X0 6= 0 as

F>s (U1 + ∆) = y−B1

(2X0)2A+1

(X2
1 −X2

0 )A+1

[
f0By1(A+B + 1,−2A− 1)

+ z0f1By1(A+B + 1,−2A− 2) + z0f1By1(A+B + 2,−2A− 2)
]

(A21)

with A = g1
2 − 1, B = g0

2X0
, y1 = X1−X0

X1+X0
, and the incomplete beta function

Bx(α+ 1, 1− β) =

x∫

0

dy
yα

(1− y)β
. (A22)

For X0 = 0,

F>s (U1 + ∆) = eCCg1
[
f0

g0
Γ (−g1 + 1, C) + f1Γ (−g1, C)

]
, (A23)

with C = g0
X1

and the incomplete gamma function

Γ(a, x) =

∞∫

x

dtta−1e−t . (A24)

This case only occurs for electrons, for which the potential Us is falling towards the

interface.

Floating interface with polar optical phonons If the floating interface is con-

sidered, where the electric field and potential are calculated self-consistently from the

densities resulting from the distribution functions, the discretization grid takes essen-

tially the form shown in Fig. 14. If polar optical phonon collisions are included, it is

necessary that for each E the energies E±~ω0 are also part of the discretization lattice,

therefore the phonon energy must be a multiple of the energy discretization step, i.e.

∆ = ~ω0/n with a natural number n. Attempts to use interpolation schemes on a
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courser lattice, as were successful for the nonpolar optical phonons, failed here, since

the calculation of the collision integral is more involved, e.g. depending on the lateral

kinetic energy T of the final state and integrating over T ′ of the initial state. This is

a manifestation of the nonisotropy of the collision process. In the framework of the

Boltzmann loop, the inaccuracy introduced by the interpolation causes the algorithm

to fail to converge to a physically accurate solution.

Therefore, the energy discretization step can not be too large. This severely limits

the energy truncation EMax, since at high resolutions, the demand in memory and

processing power quickly rises beyond what is available today. While memory demand

grows roughly with the third power of the number of discretization points along one

dimension, the computational demand rises roughly with the fourth power, since for

every discretization point an integral needs to be numerically calculated for the collision

term Φs. Therefore, in Article II, investigating this specific case, we had to limit the

simulation to rather low energies.

Flat band approximation with polar optical phonons We therefore developed

the flat band approximation for which higher energy cutoffs are achievable. While the

energy discretization step is still limited by the phonon frequency, the substitution to

X is no longer needed. The integrals can still be written in the form (A17), but now

the integration variable is z. Also, the linearization factors contain the inverse velocity,

but it does not diverge anymore. Instead, with the applied approximations, g0 and g1

are in fact constant throughout the iteration, so that the integrals (A18) and (A19)

need to be calculated only once (for each E, T combination), allowing a rather efficient

implementation of the iteration.

For the same reason, in this approximation the integrals necessary for the calculation

of the collision integrals can be calculated before the iteration. For the calculation in

Article III this was a satisfying solution, however if the electric potential needs to

be included in the system, the flat band approximation is not feasible. Since it is

desirable to be able to use a coarser energy resolution at high energies, we next moved

to nonpolar materials, thus avoiding the polar optical phonons, which restricted the

energy discretization steps.

Biased interface with nonpolar optical phonons If the phonons are nonpolar,

this restriction no longer applies. Therefore, for high energies, i.e. above the highest

energy given by E = Us, the discretization can be chosen arbitrarily, specifically, the

discretization steps can be larger than the phonon energy. The demand of computa-

tional resources can thus be significantly reduced, while still being able to reach high

energies and simultaneously resolving the electric potential at low energies.

A second significant improvement in numerical efficiency is achieved by neglecting the

influence of the injected charge carriers’ densities in the Poisson equation. The electric

potential U(z) is then determined solely by the feedback of the intrinsic Maxwellians

to the matching of the electric field at the interface, according to Eq. (32). Since then

the electric field remains constant during the Boltzmann loop and if only those collision

terms are included whose out-scattering terms γs are independent of the distribution

functions, such as the optical phonon scattering, just like for the flat band approxima-

tion, the integrals (A18) and (A19) can be precalculated and reused in every iteration.
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