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Introduction

Density estimation is one of the most fundamental problems in statistics
and means the construction of an estimate of an unknown and unobserv-
able probability density function that is assumed to be the density according
to which a considered population is distributed. The estimation is based on
observed data that are regarded as a random sample from the population.
Naturally, density estimates are used to present a data set at hand, as well
as to make some kind of informal investigations about properties of the data.
In the course of time many different methods for estimating the distribution
of given data have been developed. In this context two kinds of estimat-
ing procedures are distinguished, parametric and nonparametric ones. In the
first case one presumes a special class of distributions according to which the
data shall be distributed. Then it is the task to estimate the finite set of pa-
rameters characterizing the presumed distribution. However, nonparametric
methods allow us to analyze and represent data without any prior knowledge
about them. These methods do not need any assumptions on the data. That
is beneficial since mostly we do not have any information about them. To
infer unknown quantities while making as few assumptions as possible means
using statistical models that are infinite-dimensional and distribution free.
The book of Silverman [37] gives an introduction to the topic of density esti-
mation and explaines in detail the two kinds of estimation procedures. The
book of Scott [36] serves as a general reference as well and is an introductory
textbook on theoretical aspects of nonparametric estimation and application
of the methods especially to multivariate data.
My work is concerned with nonparametric density estimation in one dimen-
sion. There is a sequence of methods on this field available. The work of
Parzen [30] (1962) for instance deals already with density estimation. There,
it is suggested to use the empirical cumulative distibution function to esti-
mate the true distribution function and it is described how the kernel density
estimator has been developed. The kernel density estimator is the most fa-
mous one in this vein. However, this method needs the specification of the
bandwidth that strongly influences the estimator. Nevertheless, the theorem
of Nadaraja says that with a good choice of the bandwidth and a sufficiently
large data sample it is possible to estimate the unknown density arbitrarily
exact. Thus, it is still used today. Of course, there are works that try to
improve the kernel density estimator. For instance Sain and Scott [35] de-
scribe a local smoothing of the estimated density by varying the bandwidth
which is defined as a function of data points. Another widely used nonpara-
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2 INTRODUCTION

metric density estimator is the wavelet density estimator. It is the work of
Kerkyacharian et al. [25] where it is suggested to replace the fourier basis by
a wavelet basis in the estimation procedure. With wavelets often the name
Donoho is associated. In Donoho et al. [16] for example the wavelet based
estimators are improved by thresholding the wavelet coefficients. However,
there is a series of other nonparametric methods available. Yang [43] intro-
duces different strategies that formulate adaptive estimates since there is an
increasing interest in adaptive function estimation. Moreover, it is preferred
to have a single estimator that is automatically asymptotically optimal in
terms of a minimax risk. Donoho is also minimizing minimax risks. Brunk [6]
and Wahba [39] use orthogonal series to present the density. Another work of
Wahba [40] describes the idea of histosplines. That are histograms smoothed
by a spline function.
The histogram is one of the oldest and most popular 1-dimensional data an-
alyzing tool. Available in all statistical computing packages and teached in
almost every statistic lesson it is used as a graphical display of a univariate
set of data in form of a bar chart. The area of a bar (which we will also call
bin) is proportional to the (relative) frequency of the data lying in there.
Simultaneously the histogram is the most elementary nonparametric density
estimator at all. It became so favoured since it is easy to interpret and com-
prehensible also for non-statisticians. But the construction of a histogram is
not trivial at all. It requires the specification of location, number and width
of the bins. This turns out to be a big problem since it is not clear how to
choose them. However, making a good choice of these parameters is very im-
portant because they strongly influence the shape of the estimator. Variations
of only one of these parameters can lead to completely different estimates.
Besides they control the tradeoff between presenting the data in too much
detail or too little detail with respect to the true distribution. The former is
called ”undersmoothing” the latter ”oversmoothing”. Undersmoothing leads
to an estimate containing more information of the data than needed. Mostly
it results in fluctuations and additional peaks caused by noise and not by
the actual signal. On the contrary, oversmoothing leads to an estimate that
is smoothed too much such that important informations are deleted and not
visible anymore. Hence, it is crucial to find the right balance.
To overcome the problem of fixing the location of the bins the kernel density
estimator has been developed. As already said, the moving average method
is the most popular nonparametric density estimator today and has its origin
in histograms. The problem of histogram density estimation means to find a
piecewise constant density that describes some given data best in respect of
some predetermined criterion. Although histograms are conceptually simple
densities, they are very flexible and can model complex properties with a
relatively small number of parameters. Given enough bins, a histogram es-
timator adapts to any kind of density. Thereby, histograms can be divided
into two groups, regular and irregular histograms. A regular histogram con-
sists of bins that all have the same width whereas an irregular one exhibits
varying widths. The number of methods for constructing a regular histogram
is large. Estimation procedures that base on different optimality criteria and
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yield regular histograms are suggested in [20, 24, 44] for example. In contrast,
the number of available adaptive methods is small. The demand of a fully au-
tomatic procedure that specifies location, number and width of the bins in a
satisfactory manner is still existing. The advantage of an adaptive histogram
procedure is, that it produces fewer bins such that there is less redundancy.
Especially equal high bins directly next to each other are avoided. Finally,
there is more freedom in constructing an irregular histogram since more pos-
sible histograms are available. For approaches of this kind see [23, 26, 33].
Most of the histogram construction procedures are based on the so-called
parsimony principle. Therefore, the goal is to construct a special functional
Φ with minimizers that have desired properties. Then, the remaining task is
to find a minimizer in a numerically feasible way. In general, the optimization
is restricted to a proper sub-domain, that is a tube T of functions in our case.
Thus, we are looking for

F̂ ∈ arg min {Φ(F ) : F ∈ T} ,

where Φ acts on the set of all convenient functions and measures smoothness
or other complexity criteria.
A comparison of some already existing histogram construction methods is
done by Davies et al. [13]. Of course, there is no overall optimal histogram
procedure. Every method has its strengths and weaknesses. Altogether the
so-called taut string method developed by Davies and Kovac [10] is generally
the best performer. The term taut string in conjunction with greatest convex
minorant was established in the early 70th. It was Barlow et al. [1] who first
used the phrase taut string and Hartigan and Hartigan [21] were the first
who associated the taut string with modality. Recently, it became more im-
portant in regression and density estimation due to its convenient properties.
The use of the taut string in tubes of functions was initiated by Hartigan
and Hartigan [21] as well. For a detailed discussion on the properties of the
taut string and its use in nonparametric regression and density estimation
see [11, 9, 10, 27]. Especially the results of Davies et al. [11] are very inter-
esting. There, a simulation study was done in which several nonparametric
regression techniques including wavelet and kernel methods as well as the
taut string method were compared with respect to their behaviour on dif-
ferent test beds. The measures of performance used there are the L2- and
L∞- norms and the ability to identify peaks. The taut string method again
performed best.
The principle of parsimony is used in this method as well. In tubes of func-
tions the taut string is that function with the smallest arc-length of the graph
and it is a function with minimal number of modes. The taut string can be vi-
sualized as follows: Put a string into a given tube, fix the endpoints and then
pull until the string is taut. This defines a function depending on the tube
T . In the context of histogram construction a tube with increasing piecewise
constant boundaries from zero to one is used. Representative for that is the
Kolmogorov tube given through

Tǫ = {F : R 7→ [0, 1] : F ր, ‖F̂n − F‖∞ ≤ ǫ}
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whereas F̂n is the empirical cumulative distribution function. Using this kind
of tubes, the taut string is a piecewise linear increasing function and there-
with, the derivative is a piecewise constant function that is used as an ir-
regular histogram estimator. How the method works in detail is described in
chapter one. The taut string turns out to be a useful tool and will therefore
encounter more often within this thesis.
Now, consider a tube with piecewise constant boundaries once more. Per-
secuting the principle of parsimony we could ask for a piecewise linear in-
creasing function within the tube that has minimal number of knots. Hence,
in this minimization problem Φ counts the number of knots and therewith
the derivative depicts a histogram with minimal number of bins. Given this
optimality criteria, a new histogram construction method is developed. The
algorithm and properties of the estimator are pointed out in chapter two.
Nevertheless, the solution provided by this method yields indeed a piecewise
constant derivative but it is not a proper histogram since the area of a re-
sulting bin is not proportional to the number of data lying in there. We will
call this a quasi histogram. By the way, the taut string methods provides a
quasi histogram as well. This leads to the formulation of a second optimality
criteria. Namely, find a piecewise linear increasing function within the tube
that has minimal number of knots such that the derivative depicts a proper
histogram. This problem is solved in this thesis as well. Elaborations on this
subject can be found in chapter three.
This thesis is organized as follows. In chapter one, I review some basics of
probability theory and introduce the concepts of histograms and empirical
cumulative distribution functions. Moreover, as one of the main tools of this
thesis I introduce the taut string method. Chapter two and three contain
the main results of this thesis, namely, the formulation of the optimization
problems in the context of density estimation, its minimization, and the anal-
ysis of the properties of the resulting estimators. In chapter four, I provide
an extensive numerical simulation in which the new developed methods are
compared to already existing histogram construction procedures in respect
to some predefined performance criteria such as the ability of peak identifi-
cation, the number of bins and norm-distances. Finally, in the last chapter, I
demonstrate the applicability of the proposed technique beyond the field of
density estimation. The focus is on signal and image compression problems.



Chapter 1

Density estimators

1.1 Fundamentals

Density estimation is an important branch of statistics and means the con-
struction of an estimate of an unknown and unobservable probability density
function. The estimation is based on observed data that are regarded as a
random sample from a large population with continuous codomain. The un-
observable density function to be estimated is assumed to be the density
according to which the population is distributed. Since we do not want to
make assumptions on the distribution of the data we have to use nonpara-
metric methods. Before we take a closer look to procedures in this vein we
have to define some fundamentals from probability theory.

Definition 1. Let X be a random variable. The function F defined by

F (x) = P (X < x) (1.1)

is called the cumulative distribution function of X. [19]

The cumulative distribution function (cdf) F is an increasing, right con-
tinuous function with limits F (−∞) = 0 and F (∞) = 1.

Definition 2. A random variable X is said to be continuous, if there is a
nonnegative measurable function f(x) with

F (x) =

x
∫

−∞

f(t)dt , ∀x ∈ R , (1.2)

whereas F(x) is the cumulative distribution function of X. The function f(x)
is called probability density function (or short density) of the random variable
X. [19]

The density function f(x) satisfies the equation

F (∞) =

∞
∫

−∞

f(x)dx = 1. (1.3)

5



6 CHAPTER 1. DENSITY ESTIMATORS

Furthermore for arbitrary a and b with a < b it is

P (a ≤ X ≤ b) = F (b) − F (a) =

b
∫

a

f(x)dx. (1.4)

If f(x) is continuous in x then F is differentiable and it is

F ′(x) = f(x).

If f is a piecewise continuous function, we restrict ourselves to differentiabil-
ity from the left or right and denote the derivative by Ḟ .

Suppose X is a random variable with corresponding probability density
function f . Further let Xi, i = 1, ..., n, be an independent and identically
distributed (i.i.d.) sample of X. Then density estimation means the con-
struction of an estimate f̂ that describes the distribution of the data Xi and
approximates f . There are a multitude of procedures for it available. Two of
them are the histogram estimator and the taut string method which I want
to explain in detail next. For the introduction of the taut string method we
need a definition of the empirical cumulative distribution function and have
to engage ourselves in Kolmogorov statistics.

1.2 Histograms

In statistics, a histogram is a graphical display of the frequency distribution
of some measured data. Therefore, ordered data are used and the range of
the sample is devided into classes which are non-overlapping intervals. Then,
put a rectangle over every class such that the area of the emerging bin is
proportional to the frequency of the data lying in the corresponding class.
Typically, the area is equal to the absolute frequency or to the relative fre-
quency. This way, a histogram with relative frequencies represents a basic
estimator f̂n to a density f . We want to define a histogram estimator in
some more mathematical detail.
Suppose f has its support on some interval I = [a, b]. Let m be an integer
and a = a1 < a2 < · · · < am < am+1 = b a sequence of real numbers. We
define

I1 = [a1, a2] , I2 = (a2, a3] , · · · , Im = (am, am+1] (1.5)

a partition of I into subsets Ij (the bins), j = 1, · · · ,m with Ii∩Ij = ∅ ∀ i 6= j
and

∑

j|Ij| = |I|. Further we set the bin width hj = |Ij| = aj+1 − aj and

p̂j = 1
n
|{i ∈ {1, · · · , n} : Xi ∈ Ij}|. The histogram estimator is given by

f̂n(x) =
m

∑

j=1

p̂j

hj

1(Ij)(x) (1.6)

whereas

1(Ij)(x) =

{

1 if x ∈ Ij

0 otherwise .
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It is easy to see that the histogram satisfies the properties

f̂n ≥ 0 and

∫ ∞

−∞
f̂n(x)dx = 1

which are the characteristics of a density function.
We want to generalize the definition of a histogram and say

Definition 3. A quasi histogram is a function f̂n(x) with

(i) f̂n(x) ≥ 0 ∀x,

(ii) f̂n(x) is piecewise constant,

(iii)
∫

f̂n(x) dx = 1 .

Definition 4. For given data Xi, i = 1, ..., n, and intervals Ij, j = 1, ...,m

according to (1.5), a proper histogram is a quasi histogram f̂n for which
∫

Ij

f̂n(x) dx = p̂j =
1

n
|{i ∈ {1, · · · , n} : Xi ∈ Ij}| ∀j .

Further we define a regular histogram as a quasi histogram with equal bin
width. Otherwise we call it irregular.

With these definitions a quasi histogram is just a piecewise constant den-
sity whereas a proper histogram has the property that the area of a bin is
proportional to the relative frequency of the data that belong to that bin. An
irregular histogram will also be called adaptive. Figure 1.1 shows an example
of a regular and an irregular proper histogram.

Indeed a histogram is created very fast and it is easy to interpret but a
big drawback is that the shape of the histogram is strongly influenced by the
choice of location, number and width of the bins. Small changes can lead to
completely different estimates. Although using the same data it is possible to
get estimates with unequal number of modes for example. Additionally, the
ordinary histogram varies under a shift of the data, i.e. the shape of the esti-
mator changes by adding some constant s to the data. Compare with Figure
1.2 where different values si = i/6 for i = 0, 1, 2, 3 were added to normally
distributed data. Invariance under shifting and scaling are properties that
shall be satisfied by an estimator. Otherwise it results in different estimates
just by using kilogram than gram or Kelvin instead of degree Celsius, which
is not meaningful.

The problem of histogram construction is well known and means to find
an automatic procedure that determines the parameters location, number
and width of the bins, in a satisfactory manner for a wide range of data sets.
As discussed in [13], there is a huge variety of procedures leading to regular
histograms. Most of the procedures have low computational complexity. In
contrast, the number of available methods to construct irregular histograms
is rather small and they typically suffer from high computational complex-
ity. One exception is the taut string method of Davies and Kovac [10] which
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Figure 1.1: The histogram as a density estimator. The upper picture shows
a regular histrogram where every bin has the same width. The lower picture
displays an irregular histogram with adaptive bin widths. In both cases the
same standard normal distributed data were used. The data are illustrated
by small dashes on the x-axis.

produces an automatic generally irregular histogram at a computational cost
of O(n log n). Adaptive methods imply a lot of pros. Namely, constructing
an irregular histogram means to have more degrees of freedom because there
are more possible histograms available. In general, an irregular histogram
has fewer bins and typically no equal high bins directly next to each other.
Hence, there is much less redundancy leading to quite efficient approxima-
tions of the true density.
In this thesis I develop two further adaptive methods for solving the prob-
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Figure 1.2: The shape of the ordinary histogram estimator changes by adding
some constant s (here s = 0, 1

6
, 2

6
and 3

6
) to the data. In this example the

standard normal distribution was used to simulate the data.

lem of automatic histogram construction under different parsimony aspects.
But before we have to recall some knowledge on the theory of cumulative
distibution functions.

1.3 The Empirical Cumulative Distribution

Function

We consider i.i.d random variables X1, . . . , Xn with continuous cdf and Xi ∈
[â, b̂] for all i = 1, ..., n. The empirical cumulative distribution function (ecdf)
F̂n(x), x ∈ R, is defined as

F̂n(x) =
1

n

n
∑

i=1

1(−∞,x)(Xi) (1.7)

where

1(−∞,x)(s) =

{

1 if s ≤ x

0 otherwise .
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F̂n is the cdf of the empirical measure

p̂n =
1

n

n
∑

i=1

δXi
(1.8)

and specifies for every given x the relative frequency of the Xi’s which do
not exceed the value x. F̂n is a right-continuous step-function with jumps of
height 1/n (a.s.) [31]. Figure 1.3 shows the ecdf of five uniformly on [0, 1]
distributed data (x1, . . . , x5) = (0.9, 0.84, 0.29, 0.21, 0.45). Properties of the
ecdf are given in the next lemmata.
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Figure 1.3: The ecdf of our example (x1, . . . , x5) = (0.9, 0.84, 0.29, 0.21, 0.45).

Lemma 1. Let X1, . . . , Xn be i.i.d. random variables with common cdf F
and let F̂n be the ecdf. Then for any fixed x it is

E(F̂n(x)) = F (x) and V(F̂n(x)) =
F (x)(1 − F (x))

n
. (1.9)

Proof. See [31]. It is nF̂n(x) ∼ B(n, F (x)), i.e. a binomial distribution with
parameters n and F (x). From this the claim follows.

Remark. Lemma 1 implies that for every x ∈ R, F̂n(x) is an unbiased esti-
mator. Additional, the mean squared error (MSE)

E(F̂n(x) − F (x))2 =
F (x)(1 − F (x))

n
−→
n→∞

0 (1.10)

and hence
F̂n(x)

P−→ F (x) (n→ ∞), (1.11)
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whereas
P−→ means convergence in probability that is defined by

∀ǫ > 0 : lim
n→∞

P (|F̂n(x) − F (x)| > ǫ) = 0. (1.12)

By means of the Kolmogorov statistic (next subsection) the convergence can
be strengthened. The theorem of Glivenko-Cantelli says that we do not only
have convergence in probability but also uniform convergence in x (a.s.).
Thus, since F̂n is an unbiased and consistent estimator for F it is an ade-
quate tool for testing hypotheses on cdfs. The most famous test in this vein
is the Kolmogorov test. However, there are further ones like Cramer-von-
Mises-Statistic for example. The work of Durbin [17] is concerned with the
distribution theory for tests based on the sample distribution function. Also
the work of Parzen [30] suggests the ecdf as an estimator of the true distri-
bution function. Before we take a closer look at the Kolmogorov statistic we
define the following.

Definition 5. (Inverse cdf)[31]
Let F (x), x ∈ R be a cdf. Its inverse F−1 : (0, 1) → R is given by

F−1(y) = inf {x ∈ R : F (x) ≥ y} , y ∈ (0, 1). (1.13)

This definition works for discontinuous cdfs as well and the function F−1

is called quantile-function.

Lemma 2. [31] Let F−1 be the inverse of a cdf F . Then the following state-
ments hold true

a) If U is uniformly distributed on [0, 1], then the random variable F−1(U)
has the cdf F .

b) If the cdf F of a random variable X is continuous, then the random
variable F (X) is uniformly distributed on [0, 1].

Definition 6. (α-quantile)[31]
Let F (x), x ∈ R be a continuous cdf of a random variable X. For α ∈ (0, 1)
the value qα is called α-quantile of F (or X), if

F (qα) = P (X < qα) = α. (1.14)

Remark. If F is strictly monotonic, then qα is unique. In general the solutions
of (1.14) form a closed interval [qmin

α , qmax
α ], but in case of defining qα =

F−1(α) with F−1 given as in Definition 5, then qα is unique in any case.

1.4 Kolmogorov statistics

Let Xi, i = 1, . . . , n, i.i.d. with unknown cdf F be given. By means of a
significance test it shall be analyzed wether the cdf F is equal to a completely
specified continuous cdf F0. That means we consider the hypothesis H0 with

H0 : F (x) = F0(x) ∀x ∈ R.
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With the aid of the ecdf F̂n (defined according to (1.7)) we introduce the
Kolmogorov statistic as

Dn = sup
x∈R

|F̂n(x) − F0(x)| , (1.15)

whereas Dn = max(D+
n , D

−
n ) with

D+
n = sup

x∈R

(F̂n(x) − F0(x)) (1.16)

and
D−

n = sup
x∈R

(F0(x) − F̂n(x)) . (1.17)

To determine Dn it is sufficient to consider only the points of discontinuity
of F̂n. Figure 1.4 shows the ecdf of our example from above once more.
Furthermore the (hypothetic) true cdf F0 is displayed in red, D+

n and D−
n are

illustrated by a blue dashed and a blue dotted line, respectively. ExceedsDn a
certain treshold ǫ the hypothesis H0 is refused and we act on the assumption
that our data were not generated by F0. The value ǫ depends amongst others
on the level of significance. We will specify it later. First we want to point
out why expression (1.15) is a convenient quantity. Namely it holds

Lemma 3. (Glivenko-Cantelli Theorem)
Let X1, . . . , Xn be i.i.d. random variables with common cdf F and let F̂n be
the ecdf. Then

sup
x∈R

|F̂n(x) − F (x)| n→∞−→ 0 a.s. (1.18)

Proof. See [42].

Immediately it follows

Proposition 1. For the Kolmogorov statistic Dn it holds

Dn
n→∞−→ 0 a.s. (1.19)

The next lemma makes statements to the distribution of Dn.

Lemma 4. For the Kolmogorov statistic Dn it holds

a) With validity of H0 the distribution of Dn is the same for all continuous
F0.

b) It is
lim

n→∞
P (

√
nDn ≤ x) = K(x)

with

K(x) =

{

1 − 2
∑∞

i=1(−1)i−1 exp(−2i2x2) , x > 0

0 , x ≤ 0

Proof. See [31].
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Figure 1.4: The ecdf of our example with (hypothetic) true cdf (red), D+
n

(blue dashed) and D−
n (blue dotted).

The distribution of Dn is continuous and independent of the choice of F0

as long as F0 is continuous. Hence, we say it is distribution free. From this
we derive

Lemma 5. (Dvoretzky-Kiefer-Wolfowitz-Inequality)
Let X1, . . . , Xn be i.i.d. real valued random variables with common cdf F and
ecdf F̂n. Then for all x ∈ R and for all ǫ > 0 it holds

P (sup
x
|F̂n(x) − F (x)| ≥ ǫ) ≤ 2 exp(−2nǫ2) . (1.20)

Proof. See [42, p. 553, Theorem 7.90] or [18].

Lemma 5 strengthens the Glivenko-Cantelli-Theorem by quantifying the
rate of convergence as n tends to infinity. It also estimates the tail probability
of the Kolmogorov statistic. Further, it follows from Lemma 5 that

Dn = sup
x∈R

|F̂n(x) − F0(x)| = OP

(

1√
n

)

(1.21)

which means that for all α > 0 there exists C > 0 such that for all n it holds

P (sup
x∈R

|F̂n(x) − F0(x)| < C/
√
n ) ≥ 1 − α (1.22)

for any distribution F0 [8].
Consequently, for i.i.d. data Xi, i = 1, ..., n with common distribution func-
tion F0 we get a C > 0 independent of F0 such that

ǫ := C/
√
n = qKo

n,0.95 , (1.23)

where qKo
n,0.95 is the 95%-quantile of the distribution of the Kolmogorov statis-

tic. Now every distribution function F with

F̂n(x) − ǫ ≤ F (x) ≤ F̂n(x) + ǫ (1.24)
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can be regarded as a candidate for the unknown true cdf F0. Inequality (1.24)
is nothing else than saying that F is inside the tube Tǫ, where

Tǫ = {F : [â, b̂] 7→ [0, 1] : F ր, F (â) = 0, F (b̂) = 1, ‖F̂n − F‖∞ ≤ ǫ} (1.25)

is a confidence band around the ecdf F̂n of constant width 2ǫ (F ր means
that F is increasing). The upper bound U(x) and the lower bound L(x) of
the tube are increasing step functions given through

U(x) = min{F̂n(x) + ǫn, 1}
L(x) = max{F̂n(x) − ǫn, 0}.

(1.26)

We decide on L being right-continuous while U is said to be left-continuous.
Notice that the tube Tǫ is invariant under linear transformations.

1.5 Tubes and the idea of parsimony

Given some data Xi, i = 1, . . . , n and a suitably large class of models it is
almost possible to find a model which almost reproduces the data. For se-
lecting a model the principle of parsimony is often used. Thereby, a special
functional Φ is considered that measures smoothness or other complexity cri-
teria on the class of models. It is now the task to find a model that minimizes
Φ. In nonparametric regression for example parsimony may be measured by
the number of non-zero coefficients if some expansions of some form are used.
It is not the correct number of non-zero coefficients which is of interest, but
what is the smallest one required to give an adequate model. In density esti-
mation for instance, the smoothness of the density or the number of modes
can be taken as a measure of parsimony [8].
We want to consider tube-based parsimony which means that the class of
models is built by a set of distribution functions forming some kind of confi-
dence band. One tube of this type is given in (1.25). Since it is not essential
to consider solely the Kolmogorov tube we define a more general one. How-
ever, the boundaries shall remain piecewise constant and for the purpose of
density estimation they shall be located around the ecdf of given data.
Let a tube

T â,b̂
L,U = {F : [â, b̂] 7→ [0, 1] : F ր, F (â) = 0, F (b̂) = 1, L ≤ F ≤ U} (1.27)

be given, whereas L and U are increasing step functions, L is right-continuous
while U is left-continuous. We say that every element of this tube may be
regarded as an appropriate representation of the data. As an estimate of the
true but unknown distribution function F0 one usually considers a minimal
point

F̂ ∈ argmin{Φ(F ) : F ∈ T} (1.28)

where Φ is a functional on the set of all distribution functions measuring
smoothness or other complexity criteria. T is a tube of functions, for instance

the Kolmogorov tube Tǫ or T â,b̂
L,U from (1.27).

Some typical smoothness measuring functionals are



1.5. TUBES AND THE IDEA OF PARSIMONY 15

• Φ1(F ) =
∫

√

1 + Ḟ (x)2dx

• Φ2(F ) =
∫

ϕ(Ḟ (x))dx

• Φ3(F ) =
∫

(F̈ (x))2dx

• Φ4(F ) =
∫

(F (p)(x))2dx

• Φ5(F ) = Number of modes of Ḟ

The first functional Φ1 measures the length of the graph (arc-length) of F
and is a special case of the second one. We assume that ϕ in Φ2 admits the
existence of a minimizing element. If, in addition, ϕ is strictly convex, the
minimizer is unique. Further information on this can be found in [27]. Φ3 and
Φ4 are smoothness functionals using higher derivatives. For instance in [12],
Φ3 is used to measure the roughness of a function F . Anyway, we concentrate
our attention to Φ5. The task here is to determine the smallest number k for
which we can find an adequate model with k modes. More formal: Find a
function F̂ with

F̂ ∈ argmin
{

Φ5(F ) : F ∈ T â,b̂
L,U

}

(1.29)

where
Φ5(F ) = min

{

k : Ḟ has at most k modes
}

. (1.30)

We want to define a mode of a density function f = Ḟ on the basis of its
distribution function F . Let F be differentiable (at least from the left or
right) then every convex-concave or concave-convex change of F results in a
mode that implies local extremes in its derivative.

Definition 7. (Mode) [27]

Let F ∈ T â,b̂
L,U be differentiable (at least from the left or right). We say that Ḟ

has at most k modes, if there are k+1 closed intervals ordered as I1, . . . , Ik+1

with Iℓ = [tℓ, tℓ+1] for all ℓ = 1, ..., k + 1 and
⋃k+1

ℓ=1 Iℓ = [â, b̂] such that Ḟ is
increasing in Iℓ and decreasing in Iℓ+1 or vice versa for all ℓ = 1, ..., k + 1.
Equivalently, F is either convex in Iℓ and concave in Iℓ+1 or vice versa.
As a special case, we say that Ḟ has (at most) 0 modes, if some version of
it is constant.

Lemma 6. The functional Φ5 given in (1.30) is lower semi-continuous.

Proof. Let (Fn)n∈N, Fn ∈ T â,b̂
L,U be a sequence of distribution functions con-

verging uniformly towards F . We have to show that lim infFn→F Φ5(Fn) ≥
Φ5(F ). To make a proof by contradiction, we assume lim infFn→F Φ5(Fn) =
k < Φ5(F ). Accordingly we can extract a subsequence (F̃n)n∈N also converg-
ing uniformly towards F with limn→∞ Φ5(F̃n) = k. Since Φ5(·) ∈ N integer
valued and limn→∞ Φ5(F̃n) = k there exists n0 ∈ N such that for all n ≥ n0

Φ5(F̃n) = k meaning that each F̃n has exactly k modes. Hence, there are
interval bounds tn1 , ..., t

n
k+2 from which we may assume that they converge to
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points t1, ..., tk+2 (Bolzano-Weierstraß). Between ti and ti+1, i = 1, ..., k + 1,
F must have the same behavior (convex/concave) as the elements of the sub-
sequence. Thus, Φ5(F ) cannot be larger than k. Consequently, F has at most
k modes.

Lower semi-continuity of Φ5 will be used later. Now we want to take a
closer look to the taut string method already mentioned several times.

1.6 The taut string method

1.6.1 Definition of the taut string

Definition 8. (taut string) [9, 10]

Let a tube T â,b̂
L,U according to (1.27) be given. Suppose there is a string attached

with the one end at the point (â, 0) and the other at the point (b̂, 1) and
constrained to lie between the bounds L and U . Imagine the string is now
pulled until it is taut. This defines a function τ on [â, b̂] which we call the
taut string.

Figure 1.5 shows a Kolmogorov tube with taut string determined by sim-
ulated data of the normal distribution with mean 0 and variance 1.
The derivative τ̇ is defined as the left side derivative of τ except at the small-
est point â where we use the right side derivative.
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Figure 1.5: Kolmogorov tube (black) and the taut string τ (blue). The knots
of τ are emphasized by blue dots. 100 datapoints from the standard normal
distribution were used for the simulation.
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1.6.2 Properties of the taut string

The main characteristics of the taut string can already be seen in Figure 1.5.
We want to summarize them in Lemma 7, but before we have to define so
called knots.

Definition 9. Let G be a continuous increasing function. A U-knot of G is a
point t in which Ġ(t−0) < Ġ(t+0) and it is an L-knot if Ġ(t−0) > Ġ(t+0).

With this definition we can point out the following properties of τ .

Lemma 7. Let a tube T â,b̂
L,U according to (1.27) be given. For the taut string

τ we have

1. τ is monotone increasing and piecewise linear

2. τ is a spline with U-knots and L-knots

3. the endpoints of τ are fixed, τ(â) = 0 and τ(b̂) = 1

4. τ̇ is nonnegative and piecewise constant between knots.

These characteristics follow immediately by Defintion 8.

Remark. It becomes quickly clear that L-knots are points at which τ touches
the lower bound L of the tube and a U -knot where it touches the upper
bound U justifying the notation. Between knots where the string touches the
upper bound U and between which it does not touch the lower bound L the
string is the greatest convex minorant (gcm) of U . Analogously, if the knots
are ones where τ touches L and does not change to U it is the lowest concave
majorant (lcm) of L. The functions gcm and lcm are definded in Chapter 2
Definition 10.

We use the derivative τ̇ of τ as an approximation to the density of the
data. Figure 1.6 shows the derivative of our example. This function is taken
as approximation to the density of the normally distributed data.

By definition of the taut string it is clear that τ is the minimizer of

Φ1(F ) =

∫ b̂

â

√

1 + Ḟ (s)2ds (1.31)

i.e. it is that function among all F from the tube with the smallest length
of the graph. Furthermore, τ is a function with minimal number of local
extremes in its derivative because of

Lemma 8. Let a tube T â,b̂
L,U with taut string τ be given. Then τ solves the

optimization problem (1.29).

Proof. See [27].
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Figure 1.6: The derivative of τ (from Figure 1.5) as approximation (blue)
to the density of the normal distributed data with mean 0 and variance 1
(black).

The derivative of the taut string τ is a piecewise constant density to the
data. However, it is not a proper histogram since whenever τ switches from
the upper bound to the lower or vice versa the area of the resulting bin
does not correspond to the frequency of the data lying in. Let tj and tj+1 be
consecutive knots of τ at opposite bounds then it is

τ̇(x) =
|i : tj < Xi ≤ tj+1| + 2ǫ

n(tj+1 − tj)
for all x ∈ (tj, tj+1] (1.32)

if τ switches from L to U and

τ̇(x) =
|i : tj < Xi ≤ tj+1| − 2ǫ

n(tj+1 − tj)
for all x ∈ (tj, tj+1] (1.33)

otherwise. This means that the derivative τ̇ overestimates local minima and
underestimates local maxima. In [10] it is described how the taut string
method can be modified to overcome this problem. However, this modifica-
tion has no effect on the modality and in general it improves the visibility of
the peaks.

Nevertheless, the classical taut string method including Kolmogorov tube
is very good in finding peaks. This ability will be considered later in the
simulation study once more. In particular the number of modes is not over-
estimated.

Lemma 9. [10] Let X1, . . . , Xn be an i.i.d. sample with common k-modal
density function f . Further let F̂n be the ecdf of the data and τ the taut
string of the Kolmogorov tube Tǫ (ǫ = qKo

n,α) around F̂n. Then it is

P (τ̇ has at most k modes) ≥ α. (1.34)
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Proof. F lies in Tǫ with probability α. In this case τ̇ has at most as many
modes as f .

With high probability the number of modes of τ̇ is less than or equal to the
number of modes of the true density f . If f is unimodal then τ̇ is unimodal as
well with probability α. If n is sufficiently large then τ̇ estimates the correct
number of modes (see Theorem 5).

1.6.3 Improvement by using Kuiper metric

With ǫ = C/
√
n we have

√
n-consistency in Kolmogorov metric. However,

it seems plausible that we do not need such tall tubes. One way of gaining
an improved performance is to use a generalized Kuiper metric rather than
Kolmogorov metric. Kuiper metrics consider the differences in probability
over a fixed number of disjoint intervals and seem to be better suited for
detecting multi-modality [10]. This is verified by the results of the simulation
study in Chapter 4. Let F and G be distribution functions. The first order
Kuiper metric is defined by

dKuip(F,G) = sup
a≤b

{|(F (b) − F (a)) − (G(b) −G(a))|} . (1.35)

It is easy to see that the supremum is reached for points a, b where the dif-
ference between F and G is maximal, whereas F ≤ G in a and F ≥ G in b or
vice versa. If the taut string τ of a given tube Tǫ changes at least once from
the upper bound to the lower bound or vice versa, then dKuip(F̂n, τ) = 2ǫ.
In contrary, the Kolmogorov distance Dn in this case is Dn = ǫ. From this
it follows that the α-quantile of the Kuiper metric is less than twice the α-
quantile qKo

n,α of the Kolmogorov metric. The distribution of dKuip(F̂n, F ) is
independent of F for continuous F . See [13] for details.

The κ order Kuiper metric, κ ∈ N, is defined by

d κ
Kuip(F,G) = sup

aj≤bj≤aj+1

{

κ
∑

j=1

|(F (bj) − F (aj)) − (G(bj) −G(aj))|
}

.

(1.36)
Again the distribution of d κ

Kuip(F̂n, F ) is independent of F for continuous
F . If the density τ̇ has k maxima, then τ changes the boundaries (2k − 1)-
times and κ = 2k−1 would be the optimal choice. In this case, the α-quantile
of d 2k−1

Kuip (F̂n, F ) is less than (2k − 1)qKo
n,α. Unfortunately, the true number of

local extremes is not known in advance, but κ has to be fixed a-priori. In [13]
it is suggested to choose κ as a function of the sample size n. In particular
they put

κ = κ(n) =











5 n ≤ 50

9 51 ≤ n ≤ 100

19 n ≥ 100 .

(1.37)

Now the radius ǫ of the Kolmogorov tube Tǫ is gradually reduced until

d κ
Kuip(F̂n, τ) ≤ qKuip

n,α . (1.38)
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Proceeding this way the radius ǫ is multiplied by a damping factor s = 0.99p,
where p = 1 at first. Then p is gradually increased by 1 until (1.38) is fulfilled.
This is exemplarly shown in Figure 1.7. Regions where the classical taut string
touches the upper bound are pushed down a little bit whereas regions where
it touches the lower bound are pushed up. Hence, local extremum points of
the derivative are more pronounced. This way, the corresponding histogram
gets a finer resolution because it has more bins.
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Figure 1.7: Shows the Kolmogorov tube (bold black) with corresponding taut
string (blue) and a squeezed version of the tube (thin black) with taut string
(red) that represents the Kuiper taut string.

Asymptotically the chosen value of κ is irrelevant as the correct number of
local extremes will be found [10]. Mr Davies has kindly given me the software
using Kuiper metric in the taut string procedure. I use this software later in
the simulation study to compare the Kuiper taut string method with other
histogram construction procedures.

Remark. Tube squeezing is an important topic and will be analyzed later. At
this point I just want to introduce the term epsscale for the tube squeezing
factor s. The name is motivated by the fact that multiplying the tube width ǫ
by a factor s means some kind of scaling. Notice, that in case of the classical
Kolmogorov tube, ǫ = qKo

n,0.95 is chosen such that the true distribution is in
Tǫ with probability 0.95. Squeezing Tǫ implies a lower significance level.
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1.6.4 The new approach

In the context of one dimensional density estimation the taut string method
yields a quasi histogram with minimal number of local extremes. A related
optimization problem is to obtain a histogram with minimal number of bins
with possibly unequal width. In this case the taut string τ and its derivative
do not yield an optimal solution which can be seen in Figure 1.8, showing
the Kolmogorov tube for 100 data points that are exponentially distributed
with parameter 1. In this case the classical taut string (blue) has 11 knots.
It is no problem to find a piecewise linear increasing function with less knots
than τ resulting in a histogram with fewer bins. The red function in Figure
1.8 shows an example with only four knots (including start and end point).
Figure 1.9 shows the corresponding histograms.
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Figure 1.8: Kolmogorov tube of 100 exponentially distributed data points
with taut string (blue) and a piecewise linear increasing function with fewer
knots (red).

The aim of this work is not only to develop further adaptive automatic
histogram construction procedures but also to find a function f̂ which is
a histogram with minimal number of bins over all functions whose integral

over [â, b̂] lies in Tǫ, or more general in T â,b̂
L,U , and satisfies the end point

conditions. This problem is equivalent to the following optimization problem:

Find a continuous and piecewise linear increasing function F̂ within T â,b̂
L,U with

minimal number of knots. We define the endpoints â and b̂ to be knots as
well. This is meaningfull since every solution F̂ (x) is said to be 0 for all x < â
and 1 for all x > b̂. This way we always have a U -knot in â and an L-knot
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Figure 1.9: The corresponding densities to Figure 1.8. The histogram of τ is
shown left. The example with fewer bins can be seen on the right.

in b̂. Hence, if k is the minimal number of knots then k − 1 is the minimal
number of bins.
As already pointed out the taut string is in general not the solution of this
optimization problem, but sometimes it is. When this is the case and how
we can actually find a solution of the optimization problem is described in
the next chapter.



Chapter 2

A histogram with minimal

number of bins

In the context of one dimensional density estimation we want to construct
for given data a histogram that has minimal number of bins and is a good
approximation to the data at the same time. A solution is obtained by solving
the following optimization problem: Let a tube

T â,b̂
L,U = {F : [â, b̂] 7→ [0, 1] : F ր, F (â) = 0, F (b̂) = 1, L ≤ F ≤ U} (2.1)

on a certain interval [â, b̂] be given. L = L(x) and U = U(x) are increasing
step functions and present the boundaries of the tube. L is right-continuous
whereas U is left-continuous. Unless otherwise expressly agreed, we set T :=

T â,b̂
L,U . Find a function F̂1 with

F̂1 ∈ argmin{Φ6(F ) : F ∈ T, F continuous and piecewise linear} (2.2)

where

Φ6(F ) = min{k : F has at most k knots} (2.3)

with min ∅ = ∞. Recall that there were two kinds of knots, U -knots and
L-knots, see Definition 9.

Lemma 10. The functional Φ6 given in (2.3) is lower semi-continuous.

Proof. Let (Fn)n∈N, Fn ∈ T , be a sequence of distribution functions converg-
ing uniformly towards F . We have to show that lim infFn→F Φ6(Fn) ≥ Φ6(F ).
To make a proof by contradiction, we assume lim infFn→F Φ6(Fn) = k <
Φ6(F ). Accordingly we can extract a subsequence (F̃n)n∈N also converging
uniformly towards F with limn→∞ Φ6(F̃n) = k. Since Φ6(·) ∈ N integer val-
ued and limn→∞ Φ6(F̃n) = k there exists n0 ∈ N such that for all n ≥ n0

Φ6(F̃n) = k meaning that each F̃n (n ≥ n0) has exactly k knots at points
tn1 , ..., t

n
k from which we may assume that they converge to points t1, ..., tk

(Bolzano-Weierstraß). Since F̃n → F the number of knots of F cannot be
larger than k (argument similar to the proof of Lemma 18 point 2.). Hence,
F has at most k knots.

23
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Now, let τ be the classical taut string of a given tube as described in
section 1.6. Under certain conditions, the taut string τ is a solution of our
optimization problem (2.2).

Proposition 2. Let a tube T with taut string τ be given. If U- and L-knots
of τ follow alternately, then it is a solution of optimization problem (2.2).

Proof. In general the number of modes of F ∈ T is less than or equal to
the number of knots of F . Equality holds if the type of subsequent knots is
alternating. It is shown in [27] that the taut string τ has minimal number of
modes in T , thus the taut string also has minimal number of knots.

2.1 Separation Theorem and some helpful lem-

mata

Expressions like gcm
[a,b]
U or lcm

[a,b]
L will occur occasionally. They mean the

greatest convex minorant of the upper bound U on the interval [a, b] and
accordingly the lowest concave majorant relative to the lower bound L. They
are defined as follows

Definition 10. The greatest convex minorant gcm
[a,b]
U is the supremum of all

convex functions lying below U on the interval [a, b], more formally

gcm
[a,b]
U (s) = sup{G(s) : G is convex, G(s) ≤ U(s) ∀s ∈ [a, b]}. (2.4)

Analog the lowest concave majorant lcm
[a,b]
L is the infimum of all concave func-

tions lying above L on the interval [a, b], more formally

lcm
[a,b]
L (s) = inf{G(s) : G is concave, G(s) ≥ U(s) ∀s ∈ [a, b]}. (2.5)

The following sequence of lemmata prepares a solution of the optimization
problem given above.

Lemma 11. Let the greatest convex minorant gcm
[a,b]
U be defined as above.

Then it holds

1. gcm
[a,b]
U (s) = sup{G(s) : G is linear, G(s) ≤ U(s) ∀s ∈ [a, b]}.

2. If U is increasing on [a, b], then gcm
[a,b]
U is increasing as well.

Proof. 1. Set

M1 = {G(s) : G is convex, G(s) ≤ U(s) ∀s ∈ [a, b]}
M2 = {G(s) : G is linear, G(s) ≤ U(s) ∀s ∈ [a, b]}

For all s ∈ [a, b] it exists a linear function G with G(s) = U(s). By convexity

of gcm
[a,b]
U , this implies that gcm

[a,b]
U (s) ≤ sup(M2). On the other hand M2 ⊆

M1. Since gcm
[a,b]
U (s) = sup(M1) it follows that gcm

[a,b]
U ≥ sup(M2). Hence,

gcm
[a,b]
U = sup(M2).
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2. Let U be increasing on [a, b]. Set G(t) = U(a) for all t ∈ [a, b], then it is

G(t) ≤ U(t) for all t ∈ [a, b] and G is convex. Since gcm
[a,b]
U is the supremum

of all convex functions lying below U it follows that gcm
[a,b]
U (t) ≥ G(t) which

implies that gcm
[a,b]
U (t) ≥ U(a) = gcm

[a,b]
U (a).

For any set Y ⊆ Rd denote Y̊ = Y \ ∂Y the interior of Y .

Lemma 12. (Separation Theorem)
Let V and W be some non-empty convex subsets of Rn with V̊ ∩ W̊ = ∅.
Then there exists a c ∈ Rn, c 6= 0 and a γ ∈ R such that cTv ≥ γ ≥ cTw for
all v ∈ V and all w ∈ W .

Proof. See [34, p. 95] for example.

Remark. Lemma 12 means that the sets V and W can be separated by a
hyperplane. If we consider R2, there exists a straight line which separates
the two sets.

Lemma 13. Let a tube T and points t1 and t2 with â ≤ t1 ≤ t2 ≤ b̂ be
given. Then there exists an F ∈ T such that F |[t1,t2] is linear if and only if

lcm
[t1,t2]
L (t) ≤ gcm

[t1,t2]
U (t) for all t ∈ [t1, t2].

Proof. ”⇐” : This direction can be shown via the separation theorem (Lemma

12) for the sets V = {(t, y) : y ≤ lcm
[t1,t2]
L (t)} and W = {(t, y) : y ≥

gcm
[t1,t2]
U (t)}. In particular, it is lcm

[t1,t2]
L (t) ≤ gcm

[t1,t2]
U (t) for all t ∈ [t1, t2]

and both lcm
[t1,t2]
L (t) and gcm

[t1,t2]
U (t) are increasing since U and L are. Hence,

there exists an increasing function F with F |[t1,t2] is linear.
”⇒” : Suppose g = F |[t1,t2] is linear. Then g is convex and therefore it holds

gcm
[t1,t2]
U (t) ≥ g(t) for all t ∈ [t1, t2]. Simultaneously, g is concave and it is

lcm
[t1,t2]
L (t) ≤ g(t) for all t ∈ [t1, t2]. Hence, it is lcm

[t1,t2]
L (t) ≤ gcm

[t1,t2]
U (t) for

all t ∈ [t1, t2].

Remark. This provides a basis for the computation of the taut string τ .

Lemma 14. Let a tube T with taut string τ be given. Further let the endpoints
of [t1, t2] be the only points of this interval where τ has L-knots. If τ has a
U-knot in (t1, t2), so every other piecewise linear increasing function F in T
also possesses at least one U-knot in that interval.

Proof. By assumption τ is convex in [t1, t2], then lcm
[t1,t2]
L (which is a piece

of a linear function) lies above the upper bound U in at least one point,

i.e. there exists a t ∈ [t1, t2] with lcm
[t1,t2]
L > gcm

[t1,t2]
U (compare with Figure

2.1). By Lemma 13, there is no concave function lying completely in the tube
T t1,t2

L,U . From this the claim follows.

Remark. Of course, the reverse case (changing the roles of L- and U -knots)
also holds and the proof works in the same manner.
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t1 t2

τ(t)
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lcm

[t1,t2]
L

Figure 2.1: The situation described in the proof of Lemma 14.

Suppose there exists a sequence L–U–L–U of consecutive knots at points
t1 < t2 < t3 < t4 of the taut string. Thanks to Lemma 14 we can conclude
that every other piecewise linear increasing function F features a U -knot in
[t1, t3] and a L-knot in [t2, t4]. Since these two intervals overlap we have to
discuss what can happen in that overlap range. This question is answered at
the end of this chapter.

It is easy to see that a solution F̂1 of optimization problem (2.2) won’t
be unique. If you have one solution, then in general you can diversify every
knot in a small neighborhood and get infinitely many other solutions. Hence,
it is not clear how to tackle this problem, not even to get one solution at
all. I propose to add additionally the length of the graph of the functions by
searching for the minimizer of Φ1 under the minimizers of (2.2), i.e.

F̂ ∗
1 ∈ argmin{Φ1(F ) : F solves optimization problem (2.2)}. (2.6)

The existence of F̂ ∗
1 is proved in section 2.3. By taking the length into

account it is possible to formulate some further lemmata and a theorem
specifying the shape and location of a special solution. With this information
an algorithm that yields a solution of optimization problem (2.2) is developed.

2.2 Assistance of the length

We define ΦL(F ) that counts the number of L-knots and ΦU(F ) that yields
the number of U -knots of a given function F .

Very helpful in finding a minimizer of Φ6 is the next theorem.

Theorem 1. Let a tube T with taut string τ be given. Then for every function
F solving (2.2) there exists a function F̃ solving (2.2) with:

1. Φ1(F̃ ) ≤ Φ1(F ).

2. F̃ contains all linear pieces τ
LU

of τ which lie between an L- and a
U-knot of τ .
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3. a) If τ is concave in [a, b] with â < a and b < b̂, then F̃ is also
concave and F̃ ≥ τ in [a, b].

b) If τ is convex in [a, b] with â < a and b < b̂, then F̃ is also convex
and F̃ ≤ τ in [a, b].

The proof of Theorem 1 follows subsequently to the next two lemmata
which yield some required statements.

Lemma 15. Let a tube T with taut string τ be given. Suppose τ is concave
in an interval [a, b] with â ≤ a and b ≤ b̂. Let F ∈ T be an arbitrary piecewise
linear increasing function. Then there is a F̃ ∈ T with

1. F̃ ≥ τ in [a, b],

2. ΦL(F̃ ) ≤ ΦL(F ), and

3. Φ1(F̃ ) ≤ Φ1(F ).

Proof. For F ≥ τ in [a, b] there is nothing to prove.
So let us assume that there is a t ∈ [a, b] with F (t) < τ(t).
Let F0 be a function with minimal number of intervals where F0(t) < τ(t)
among all F̃ fulfilling 2. and 3. Suppose this number of intervals is greater
than zero.
We consider such an interval I = (a′, b′) where F0(t) < τ(t) for all t ∈ I
and F0(a

′) = τ(a′) and F0(b
′) = τ(b′). Then I does not contain an L-knot of

τ and F0 has at least one U -knot in I. Now we have to distinguish several
cases.
Case 1: I is in between two L-knots of τ
Choose

F̃ (t) =

{

F0(t) for all t /∈ I

τ(t) for all t ∈ I.
(2.7)

This way, F̃ gets an extra U -knot in a′ if F0 has no knot in a′, an L-knot of
F0 in a′ turns into a U -knot or an L-knot of F̃ in a′ or vanishes completely. It
depends on the strength of the bend. A U -knot of F0 in a′ remains a U -knot
in F̃ . Analog considerations can be done for b′. All in all, F̃ gets at most one
U -knot in a′ and in b′ but no extra L-knot. Consequently, ΦL(F̃ ) ≤ ΦL(F0).
Furthermore, F̃ is linear between a′ and b′ and yields therfore the shortest
length of a graph between a′ and b′. Thus Φ1(F̃ ) ≤ Φ1(F0) ≤ Φ1(F ). For a
better understanding compare with Figure 2.2. There the situation is shown
where F0 does not have any knots in a′ and b′.
Moreover, F̃ (t) ≥ τ(t) for all t ∈ I so that F̃ exhibits one interval (where
F̃ < τ) less than F0 in disagreement to the assumption that F0 has minimal
number of such intervals. Thus, Case 1 can not happen.
Case 2: I = (a′, b′) with a′ in between an L-knot and a U -knot of τ
b′ < b is not possible for the same reason as in Case 1.
So let us assume that b′ > b. Consider the linear function τ

LU
(t) passing

through the points (a′, τ(a′)) and (b, τ(b)) of τ . There is a t0 > b with
τ

LU
(t0) < L(t0) (otherwise τ would not have had a U -knot in b). Since F0 ≥ L
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Figure 2.2: The situation described in the proof of Lemma 15 Case 1.

in t0 and F0 ≤ τ
LU

in I it follows that there is at least one t̃ with b < t̃ < b′

and F0(t̃) = τ
LU

(t̃).
Choose

F̃ (t) =

{

F0(t) for all t /∈ (a′, t̃)

τ
LU

(t) for all t ∈ (a′, t̃)

whereas t̃ = max{t < t0 : F0(t) = τ
LU

(t)}.
This way, F̃ gets at most one U -knot in a′ and in t̃, but no extra L-knot.
Consequently, ΦL(F̃ ) ≤ ΦL(F0). Furthermore, F̃ is linear between a′ and t̃,
thus Φ1(F̃ ) ≤ Φ1(F0) ≤ Φ1(F ) (compare with Figure 2.3).
Moreover, F̃ (t) ≥ τ(t) for all t ∈ [a′, b] so that F̃ exhibits one interval (where
F̃ < τ) less than F0 in contradiction to the assumption that F0 has minimal
number of such intervals. Thus, Case 2 is not possible either.
Case 3: I = (a′, b′) with b′ in between a U -knot and an L-knot of τ .
The proof works in a similar manner as in Case 2.

Analog statements can be done for the situation in which τ is convex in
[a, b]. Then L- and U -knot have to change the role.

Lemma 16. Let a tube T with taut string τ be given. Suppose τ is concave in
an interval [a, b] with a ≤ a′and b′ ≤ b. Let F ∈ T be an arbitrary piecewise
linear increasing function with F (t) ≥ τ(t) for all t ∈ [a, b]. Then there is a
F̃ ∈ T with

1. F̃ ≥ τ for all t ∈ [a, b],

2. ΦL(F̃ ) ≤ ΦL(F ),

3. ΦU(F̃ ) = 0 in (a, b), and

4. Φ1(F̃ ) ≤ Φ1(F ).
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F0

a a′ b b′ t0t̃
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Figure 2.3: The situation described in the proof of Lemma 15 case 2.

Proof. For ΦU(F ) = 0 there is nothing to prove.
So let us assume that F features at least one U -knot in (a, b).
Let F0 be a function with minimal number of intervals, where F0 is convex
among all F̃ fulfilling 1., 2. and 4. Suppose that this number is greater than
zero.
We consider such a maximal interval I = [a′, b′] ⊂ [a, b] where F0 is convex
for all t ∈ I. Then F0 possesses an L-knot both in a′ and in b′. τ is concave in
[a, b]. The separation theorem (Lemma 12) provides a linear function g with
g ≥ τ and g ≤ F0 in I.
Determine ε = min{g(t) − τ(t) : t ∈ [a, b]} and set g∗(t) = g(t) − ε. Then,
g∗(t) ≥ τ(t) for all t ∈ [a, b] (since τ is concave) and g∗ touches τ in at least
one point t0. Further, it is g∗(a) ≥ U(a) (since U(a) = τ(a)) but F0(a) ≤ U(a)
(otherwise F0 would be outside T ). Thus, there exists a t′ ∈ [a, t0] with
F0(t

′) = g∗(t′). Analogously, g∗(b) ≥ U(b) but F0(b) ≤ U(b). Hence there is
a t′′ ∈ [t0, b] with F0(t

′′) = g∗(t′′).
Choose

F̃ (t) =

{

F0(t) for all t /∈ (t′, t′′)

g∗(t) for all t ∈ (t′, t′′).

This way, F̃ gets an L-knot in t′ and an L-knot in t′′, but no one in a′ or b′.
All in all ΦL(F̃ ) ≤ ΦL(F0). Furthermore F̃ is linear between t′ and t′′. The
direct connection is always shorter than any other one. Thus Φ1(F̃ ) ≤ Φ1(F0)
(compare with Figure 2.4). F̃ contains no U -knot in I so that it is a function
with one interval (where the function is convex) less than F0 in disagreement
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with the assumption that F0 has minimal number of such intervals. This
contradiction shows the assertion that ΦU(F0) = 0.

τ

ba′a b′t′ t′′

F0

F̃

t

g∗

Figure 2.4: The situation described in the proof of Lemma 16

Proof. of Theorem 1.
1., 3a) and 3b) follow immediately from Lemma 15 and Lemma 16.
2. : Suppose we have a sequence t1 < t2 < t3 < t4 of four knots of τ , where
t2 is an L-knot and t3 is a U -knot. Then, F̃ ≥ τ in [t1, t3] since τ is concave
there and F̃ ≤ τ in [t2, t4] since τ is convex. That means F̃ = τ in [t2, t3].

Remark. If F does not satisfy 2., 3a) and 3b) in Theorem 1, then Φ1(F̃ ) <
Φ1(F ).

Theorem 1 together with Lemma 15 and 16 yields an alternative proof for
Proposition 2.

Corollary 1. Let a tube T with taut string τ be given. If a minimizer F̂ ∗
1 of

optimization problem (2.6) exists then it holds:

1. Φ1(F̂
∗
1 ) is minimal.

2. In ranges where the types of the knots of τ follow alternately it is im-
perative that F̂ ∗

1 = τ .

3. If τ is concave (resp. convex) in [a, b] with â ≤ a and b ≤ b̂, then F̂ ∗
1 is

concave (resp. convex) in [a, b].

4. If τ is concave (resp. convex) in [a, b] with â ≤ a and b ≤ b̂, then
F̂ ∗

1 ≥ τ (resp. ≤) in [a, b].

Conclusion 1. The number of knots can be reduced only in regions where τ
has consecutive knots of the same type.
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Corollary 2. Let a tube T with taut string τ be given. Suppose I ⊆ [â, b̂] is
a maximal interval where τ is convex and has at least two consecutive knots
of the same type. Then every solution F̂ ∗

1 ∈ T of optimization problem (2.6)
has minimal number of knots in I.

Proof. Assume that there are two solutions F1 and F2 both having k knots
in T which is assumed to be the minimal number. Let F1 have minimal
number of knots in I but not F2. Then it is possible to construct a function
F3 = F2 1[â,b̂]\I + F1 1I that has less than k knots in T in contradiction to

the assumption that k is the minimal number of knots.

Remark. Of course, Corollary 2 also holds true if τ is concave on I. Main
statement of Corollary 2 is that global minimality implies local minimality.

It remains to show that F̂ ∗
1 exists. From this it follows that there is at least

one function F̂1 solving (2.2) and fulfilling the items 2., 3. and 4. of Corollary
1. This alleviates the search for a solution of our minimizing problem since
we only have to consider regions where τ has consecutive knots of the same
type. The proof of existence of F̂ ∗

1 is done in the next subsection.

2.3 Existence of the estimator

Before I start with the intrinsic proof of the existence of F̂ ∗
1 we need some

knowledge from convex analysis.

Definition 11. (Uniform convergence)[22]
A sequence (fn)n∈N of functions converges uniformly on Y to a function f ,
if for each ε > 0 exists an n0 such that for all n ≥ n0 and for all y ∈ Y ever
holds |fn(y) − f(y)| < ε.

Lemma 17. Let Y ⊆ Rd be a relatively open convex set, and let (fn)n∈N

be a sequence of finite convex functions on Y . Suppose that the real number
sequence f1(y), f2(y), . . . is bounded for each y ∈ Y . It is then possible to
select a subsequence of f1, f2, . . . which converges uniformly on closed bounded
subsets of Y to some finite convex function f .

Proof. See [34, p. 91, Theorem 10.9].

Thereby, a relatively open set is a subset Y of an arbitrary set V ⊂ R for
which there exists an open set W with Y = V ∩W .

Lemma 18. Let a tube T with taut string τ be given. Suppose τ is convex
in a maximal interval I = (a′ − ε, b′ + ε) with â ≤ a′and b′ ≤ b̂ and has a
U-knot in a′ and in b′, maybe further ones in (a′, b′). Let k be the minimal
number of knots in I. Consider the set of functions

T I
k = {G : I → R | Gր, G is piecewise linear, convex and has k knots,

G(t) = τ(t) ∀t ∈ (a′ − ε, a′] ∪ [b′, b′ + ε), L ≤ G ≤ U }.

There exists a function F ∈ T I
k with minimal length.
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Proof. By Theorem 1 and Corollary 2 we know that T I
k 6= ∅. Take an arbitrary

sequence (Fn)n∈N of functions Fn ∈ T I
k with

inf
G∈T I

k

Φ1(G) ≤ Φ1(Fn) ≤ inf
G∈T I

k

Φ1(G) +
1

n
. (2.8)

By Lemma 17 there is a subsequence (F̃n)n∈N that converges uniformly on
[a′, b′] to a finite convex function F . On I \ [a′, b′] convergence of (F̃n) is
trivial, since F̃n|I\[a′,b′]= τ for all n. Therewith we have convergence on whole
I and the limit function F is convex and continuous.
The following three points remain and have to be shown:

1. F is located in the tube, i.e. F ∈ T I
L,U .

2. F also has k knots in I.

3. F has minimal length, i.e. inf
G∈T I

k

Φ1(G) = Φ1(F ).

1. For all x ∈ I it is

F (x) = lim
n→∞

F̃n(x) ≥ lim
n→∞

L(x) = L(x)

and
F (x) = lim

n→∞
F̃n(x) ≤ lim

n→∞
U(x) = U(x) .

Thus, F ∈ T I
L,U .

2. Assume that F has k′ > k knots in I at points t1 < · · · < tk′ . Then around
each of these k′ knots there exists an ǫ-neighborhood (ti − ǫ, ti + ǫ) with

Ψ(F ) = min
1≤i≤k′

max
λ∈[0,1]

|λF (ti − ǫ) + (1 − λ)F (ti + ǫ) − F (ti + (1 − 2λ)ǫ)| > 0 .

Since Ψ is continuous it holds

lim
n→∞

F̃n = F =⇒ lim
n→∞

Ψ(F̃n) = Ψ(F ) .

That means Ψ(F̃n) > 0 for n sufficiently large. Thus, in k′ points F̃n differs
from a linear function. Therefore, F̃n has at least k′ knots (at least for large
n). This is a contradiction. So, by definition of k, F has exactly k knots in I.

3. It remains to show that inf
G∈T I

k

Φ1(G) = Φ1(F ).

By condition (2.8) it is

inf
G∈T I

k

Φ1(G) ≤ Φ1(F̃n) ≤ inf
G∈T I

k

Φ1(G) +
1

n
. (2.9)

Assume F̃n has knots in (tni , F̃n(tni )), i = 1, . . . , k and tn1 < · · · < tnk . Then we
obtain

Φ1(F̃n) =
k−1
∑

i=1

√

(tni+1 − tni )2 + (F̃n(tni+1) − F̃n(tni ))2.
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Since F̃n → F uniformly and Φ1 continuous, it must hold Φ1(F̃n) → Φ1(F )
for n→ ∞. Finally, by applying the limits to (2.9) we get

inf
G∈T I

k

Φ1(G) ≤ Φ1(F ) ≤ inf
G∈T I

k

Φ1(G)

Hence, Φ1(F ) = inf
G∈T I

k

Φ1(G). This completes the proof.

Theorem 2. Let a tube T = T â,b̂
L,U be given. A minimizer F̂ ∗

1 ∈ T of optimiza-
tion problem (2.6) with minimal number of knots and minimal length always
exists.

Proof. Let a tube T with corresponding taut string τ be given. Let Ij =

[aj, bj] ⊆ [â, b̂], j = 1, . . . ,m be all closed intervals for which holds:

1. τ is convex on Ij, j = 1, . . . ,m.

2. τ has a U -knot in aj and bj for all j = 1, . . . ,m.

3. For each j = 1, . . . ,m there exists no interval I with Ij $ I and
properties 1 and 2.

Further let Ij = [aj, bj] ⊆ [â, b̂], j = m + 1, . . . , r (r ≥ m + 1) be all closed
intervals for which holds:

1. τ is concave on Ij, j = m+ 1, . . . , r.

2. τ has an L-knot in aj and bj for all j = m+ 1, . . . , r.

3. For each j = m + 1, . . . , r there exists no interval I with Ij $ I and
properties 1 and 2.

For arbitrary intervals Ii and Ij, i, j = 1, . . . , r, i 6= j it is Ii ∩ Ij = ∅. Let
M =

⋃r
j=1 Ij be the union of all intervals.

In addition, let ℓ be the minimal number of knots in T and

Tℓ = {G : [â, b̂] → R | Gր, G is piecewise linear and has exactly ℓ knots,

G = τ on [â, b̂]\M, G(aj) = τ(aj) and G(bj) = τ(bj), j = 1, . . . , r

G is convex on Ij, j = 1, . . . ,m and concave on Ij, j = m+ 1, . . . , r}

is a subset of T . From Theorem 1 and Conclusion 1 we infer, that it is enough
to restrict the search of F̂ ∗

1 to that set of functions.
Each function G ∈ Tℓ has kj knots in Ij, j = 1, . . . , r (including that ones
on the boundary of the interval), whereas kj is the minimal number of knots
in Ij. Because if there were two functions G1, G2 ∈ Tℓ with G1 has w.l.o.g.
k1 knots in I1 and k2 knots in I2 whereas G2 has k′1 > k1 knots in I1 and
k′2 < k2 knots in I2, then it is possible to construct a function G̃ according
to G̃ = G11[â,a2) +G21[a2,b̂], that has less than ℓ knots in contradiction to the
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minimality of ℓ.
The arc-length of a function G ∈ Tℓ is

Φ1(G) = Φ1(τ |[â,b̂]\M) +
r

∑

j=1

Φ1(G|Ij
).

Minimizing Φ1(G) means minimizing the several summands as they are in-
dependent of each other. Unless these minima exist, we get

Φ1(F̂
∗
1 ) = Φ1(τ |[â,b̂]\M) +

r
∑

j=1

inf Φ1(G|Ij
).

Let us focus on these intervals Ij, j = 1, . . . , r and extend them to Ĩj =
(aj − ε, bj + ε), ε > 0, j = 1, . . . , r, such that no more knots are added.
Furthermore, for any two intervals Ĩi and Ĩj, i, j = 1, . . . , r, i 6= j it is
Ĩi ∩ Ĩj = ∅.
The taut string τ is also convex on Ĩj, j = 1, . . . ,m and concave on Ĩj,
j = m + 1, . . . , r. To each of these intervals we can apply Lemma 18 and
therewith the proof is complete.

2.4 The Algorithm

In this section I explain in detail how the algorithm to find a solution F̂1

of optimization problem (2.2) works and I will demonstrate it with a simple
example. Moreover, we have to prove that the number of knots determined
by this algorithm is minimal.

2.4.1 One Solution

Let a tube T with taut string τ be given. By Conclusion 1 we know that
knots can be reduced only in regions where τ has consecutive knots of the
same type. Consequently, we just need to consider such regions and every-
where else we can take τ as our solution. Suppose there is a region of the taut
string τ with ℓ ≥ 2 consecutive L-knots. These L-knots are always followed
by U -knots or the endpoints of the tube. This means, we consider a sequence
t1 < t2 < . . . < tℓ+2, where t1 and tℓ+2 are U -knots (or endpoints of the tube)
and t2, . . . , tℓ+1 are L-knots.
In the following I want to introduce a method how to construct a piecewise
linear increasing function F with minimal number of knots in that region.
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Algorithm 1

Input: U |[t1,tℓ+2], L|[t1,tℓ+2]

Output: (t′1, g1(t
′
1)) , . . . , (t

′
k, gk(t

′
k)) the knots of F̂1|[t1,tℓ+2]

Initialization: set i = 1, t̃0 = t1

1. t̃i = sup{ t : t̃i−1 ≤ t ≤ tℓ+2, gcm
[t̃i−1,t]
U ≥ lcm

[t̃i−1,t]
L } ;

2. If t̃i = tℓ+2 go to step 6.
else go to 3.

3. tUi = sup{ t : t̃i−1 ≤ t ≤ t̃i, gcm
[t̃i−1,t̃i]
U (t) = U(t)};

4. gi(t) = U(t̃i)−U(tUi)

t̃i−tUi
· (t− tUi) + U(tUi)

5. i := i+ 1 and go to 1.

6. gi(t) = U(tℓ+2)−L(tℓ+1)

tℓ+2−tℓ+1
· (t− tℓ+1) + L(tℓ+1);

7. for j = 1 to i− 1 do

t′j = min{ t : gj(t) = gj+1(t)};
end

8. k = i− 1
return (t′1, g1(t

′
1)) , . . . , (t

′
k, gk(t

′
k))

Remark. Step 1 of algorithm 1 is realized by computing τ̃ = taut string

in T
t̃i−1,tℓ+2

L̃,Ũ
with L̃ = max{L|[t̃i−1,tℓ+2], U(t̃i−1)} and Ũ = U |[t̃i−1,tn+2]. Then,

tU and tL are determined such that tU < tL are two consecutive knots of
τ̃ , tU is a U -knot and tL is an L-knot (or the endpoint tℓ+2). Finally, t̃i is
the x-coordinate of the intersection of the upper bound U and the linear
function g defined by the two points (tU , U(tU)) and (tL, L(tL)). In case of
i = 1, t̃1 can be directly computed by the intersection of U with the linear
function g1 passing through the points (t1, U(t1)) and (t2, L(t2)) which is of
less computational cost than determining gcm or taut string.

Lemma 19. Let a (sub-)tube T with taut string τ be given. Suppose τ is
concave in T . Then, Algorithm 1

1. is well defined and

2. provides an optimal solution, i.e a piecewise linear increasing function
with minimal number of knots in T .



36 CHAPTER 2. MINIMAL NUMBER OF BINS

Proof. 1. In this context well defined means that t′1 ≤ t′2 ≤ ... ≤ t′k, whereas
t′i is the intersection of the linear functions gi and gi+1, i = 1, ..., k. The
algorithm is constructed such that gi|T ≥ τ for all i = 1, ..., k and the slope
of gi decreases with growing i. From this it follows already that t′1 ≤ t′2 ≤
... ≤ t′k.
2. The minimal number of knots determined by Algorithm 1 is k = i−1. The
interval [t1, t̃1] is maximal in the sense that we can put a linear function in

T
[t1,t̃1]
L,U without causing a knot. The first knot is in any case smaller than or

equal to t̃1. Moreover, the second knot will not be greater than t̃2 and so on.
Consequently, the k-th knot will not be larger than t̃k. From this the claim
follows already. There is no function in T

[t1,tn+2]
L,U with less than k knots.

Algorithm 2

Input: data X1, . . . , Xn

Output: coordinates of knots of F̂1

Initialization: determine Kolmogorov tube T

1. τ = tautstring (X1, ..., Xn, T )

2. For all U∗ − L− ...− L− U∗-regions of τ : Algorithm 1
here U∗ = U -knot or endpoint of the tube, L = L-knot

3. For all L∗ − U − ...− U − L∗-regions of τ : reflected version of
Algorithm 1
here L∗ = L-knot or endpoint of the tube, U = U -knot

4. F̂1 is composed of all knots determined in 2. and 3. and the knots of τ
that do not lie in an U∗−L− ...−L−U∗- or L∗−U− ...−U−L∗-region

Theorem 3. Let a tube T be given. Algorithm 2 provides a minimizer of
optimization problem (2.2).

Proof. This follows immediately by Theorem 1 and Lemma 19.

Remark. Algorithm 2 does not necessarily provide an optimal function F̂ ∗
1

with minimal number of knots and minimal length. In section 2.3 we have
proved that such a function exists. However, the computation of F̂ ∗

1 is not
that simple. Except for easy cases there is no straight forward way of deriving
a global solution.
Similarly to Algorithm 2 in conjunction with Algorithm 1, just dealing with
monotone functions, it is possible to construct an algorithm for regression.
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2.4.2 An Example

Let 100 i.i.d. normally distributed data X1, ..., X100 be given. The upper
image of Figure 2.5 shows the Kolmogorov tube of our data and the corre-
sponding taut string τ in blue. Algorithm 2 searches for regions where τ has
consecutive knots of the same type. In this example there are two of them.
One big region with consecutive U -knots down left and a region of consecu-
tive L-knots that is labeled gray (see upper image if Figure 2.5). The gray
box marks that region to which we want to apply Algorithm 1. The second
image shows this region once more and displays our initial situation. After a
U -knot of τ there are nine consecutive L-knots before we reach the end of the
tube. Denote the subtube by T̃ . Algorithm 1 starts with the determination
of t̃i, whereas t̃1 can be determined by the intersection of g1 with the upper
bound U . Thereby, g1 is the linear function defined by the coordinates of the
U -knot and the first L-knot. In the third image of Figure 2.5, g1 is shown as
a dashed line and the intersection with the upper boundary is the red dot.
Since t̃1 is not the endpoint of our region, the taut string τ̃ of the subtube
starting in t̃1 up to the end of the considered region is constructed. τ̃ of our
example can be seen in the first panel of Figure 2.6. The last U -knot and
the first L-knot of τ̃ define the second linear function g2 (dashed line in the
middle picture) and its intersection with the upper boundary (red dot) yields
t̃2. At this point the steps 1 to 5 are processed and we start again with step
1. Since t̃2 of our example is not the endpoint of the region, we have to repeat
the steps once more. The taut string τ̃ of the subtube starting in t̃2 is just a
constant piece that reaches the end of the tube (compare with the lower im-
age). This way we get t̃3 as the endpoint of the tube and g3 is defined by the
last two knots of τ (the blue one) as described in step 6 of Algorithm 1. See
Figure 2.7 top. The last step is to compute the intersections of g1 and g2 as
well as of g2 and g3 that represent together with the endpoints of the region
the knots of the solution F̂1|T̃ . Between knots F̂1 is linear. The middle image
of Figure 2.7 shows the solution of our example in red. The nine L-knots of
τ could be reduced to two L-knots of F̂1.

Every region of τ with consecutive knots of the same type is treated this
way. The entire solution is composed of the knots determined by Algorithm
2 for these special regions, everywhere else we take the knots of τ . Figure 2.7
bottom shows the solution of Algorithm 2 for our 100 normally distributed
data points. While τ has 18 knots, F̂1 features only six ones. The derivative of
τ yields a histogram with 17 bins, differentiation of F̂1 results in a histogram
with five bins. Figure 2.8 shows the derivative of τ (left) and of F̂1 (right).

2.4.3 Run time and complexity

The statistic software R offers the function to check the run time of the algo-
rithms. The command system.time(expression) delivers the CPU time that
is required to process the expression. I analyzed the run time of Algorithm
2 in dependence of the sample size and different distributions. That are the
standard normal distribution (norm), the skewed bimodal distribution (bi-
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Figure 2.5: Using the example of 100 normally distributed data points it is
shown step by step how Algorithm 1 works. It determines a piecewise linear
increasing function with minimal number of knots in a part of T where τ
(blue) is concave (gray region in the upper picture).
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Figure 2.6: It is shown step by step how the linear functions gi (dashed lines)
are built with the help of taut string (sold lines) in subtubes. The red dots
are the t̃i’s (see Algorithm 1.)
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Figure 2.7: The graphic in the middle shows the solution F̂1 (red) for the
gray region. It is built of the linear functions gi, i = 1, ..., k, that are the
dashed lines in the upper panel. The nine knots of τ in that region could be
reduced to two ones in F̂1. The lower picture shows the final solution of the
whole tube T . While τ has 18 knots, F̂1 features only six ones.
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Figure 2.8: The derivatives τ̇ (left) and f̂1 (right) as density estimators for
our 100 normally distributed data. Both histogram estimators show a similar
shape of the density but f̂1 has considerably fewer bins.

mod), the claw distribution (claw), the exponential distribution (exp) and
the uniform distribution on [0, 1] (unif). The corresponding densities are in-
troduced in section 4.3. I increased the number of data points from 100 up
to 106. The upper image of Figure 2.9 shows the result. For comparison I
have done the same study with the taut string method (see lower picture
of Figure 2.9). The run time analysis comprehends the creation of the tube
(squeezed Kolmogorov tube with epsscale=0.1) as well as the determination
of a solution after input of the data.

It seems that the run time of the taut string method is independent of the
distribution. This is due to the fact that the computation of the taut string
is a forward calculation where only the number of the jumps of the tube
is of importance and not the shape. Furthermore, the speed of this method
becomes apparent. Even one million data points need not much more than
three seconds. As already mentioned the taut string method is one of the
few procedures without computational problems. In principle, the method
consists of computing gcms and lcms in parts of the tube that is done in
linear time. The cost of O(n log n) arises from the fact that the data have to
be sorted first.
In contrary to the taut string method, the run time of Algorithm 2 seems to be
dependent on the distribution of the data. After computation of the classical
taut string, this method looks for regions where knots can be reduced. Then,
the algorithm generates in dependence of the underlying distribution different
decompositions of the considered interval. For uniformly or exponentially
distributed data there are none or less such regions. So there is nothing to do
subsequently. Hence, for these data the algorithm is relatively fast. For claw,
bimodal or normally distributed data it looks a bit different. Mostly there are
regions where knots can be reduced. It seems that the computational load
is significantly influenced by the number of generated subintervals and the
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Figure 2.9: The upper picture shows the system run time in R of Algorithm
2 in dependence of the sample size for different distributed data. The lower
picture shows the same facts for the taut string method.

corresponding number of data points belonging to it. In particular, for a large
number of subintervals (and therefore a small number of data points), the
processing time is reasonably small. This declares why normally distributed
data have the longest run time.
Of course, the computational cost of Algorithm 2 is somewhat higher than the
one of the taut string procedure, but it is still linear. After computation of the
taut string, which is done in linear time, certain regions are treated by another
forward calculation including nothing else than gcm and lcm determinaton.
Altogether, inclusive the sorting process, we have a computational cost of
O(n log n) as well.

Remark. Of course, the system run time depends on the capacity of the
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computer. I have done it with a Pentium 4 that had 3.2 GHz and 2 GB
RAM. Today most of the computer are somewhat faster. Hence, the absolute
values are not so interesting but a comparison of the run time is indeed
meaningful.

2.5 Properties of the estimator

Naturally, the main characteristic of the estimator f̂1 is the minimality in
the number of bins. This follows from the fact that F̂1 has minimal number
of knots in a given tube T . Below, further beneficial properties of the density
estimator are assembled.

2.5.1 Convergence

Consistency of the estimator is an important aspect but without an analytic
expression it is not possible to prove directly convergence to the true density
function. It is also not possible to compute any rate of convergence. However,
the Glivenko-Cantelli-Theorem tells us that F̂n → F0 for n → ∞. With
n→ ∞ the tube width ǫ→ 0 which means that the tube goes narrower and
narrower around F̂n. Since F̂1 lies in the tube, it is clear that it converges
for n → ∞ to the true distribution function F0 as well. If the distribution
is continuous the same holds for the corresponding density function. Figure
2.10 shows the standard normal distribution and how it is estimated by taut
string method and Algorithm 2 for different numbers of data points. In the
upper left image 1000 data points were used for the estimation, in the upper
right 10000, then 100000 and finally 1000000. Both τ̇ and f̂1 converge to the
true density function. For n large enough any kind of density can be adapted.

2.5.2 Number of modes and bins

First we take a look to the number of modes. Remember that a mode was a
local extremum of the density and that the number of modes corresponded
to a convex-concave or concave-convex change of the distribution function.

Theorem 4. The estimator F̂1 has minimal number of modes in Tǫ.

Proof. F̂1 has the same number of modes as the taut string τ which is the
smallest one [27].

Theorem 5. Let Xi, i = 1, ...,∞ be i.i.d. with common distribution function
F0. Choose the tube widths ǫ = ǫ(n), n = 1, ...,∞, such that

ǫ
n→∞−→ 0 and lim

n→∞
inf ǫ

√

n

lnn
>

1

2

√
2. (2.10)

Further let F̂1,n be any minimizer of Φ5 in Tǫ(F̂n). Then, with probability 1,

Φ5(F̂1,n) = Φ5(F0) for n large enough.
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Figure 2.10: Shows the convergence of the taut string estimator (blue) and
f̂1 (red) for n → ∞. The true density function is displayed in black. If
n is sufficiently large then the true density function can be approximated
arbitrarily exact.

Proof. Lemma 5 in conjunction with ǫ ≥
(

1
2

√
2 + δ

)

√

ln n
n

yields

∑

n

P (sup
x
|F̂n(x) − F0(x)| ≥ ǫ) ≤

∑

n

2e−2nǫ2

= 2
∑

n

e−2n(
√

2/2+δ)2 ln n/n

= 2
∑

n

(

1

n

)2(
√

2/2+δ)2

<∞ .

(2.11)

The Theorem of Borel-Cantelli tells us, with probability 1 it is sup|F̂n(x) −
F0(x)| < ǫ eventually, that means F0 ∈ Tǫ. Since F̂1,n is a minimizer of Φ5

in Tǫ it follows that Φ5(F̂1,n) ≤ Φ5(F0). On the other hand ǫ
n→∞−→ 0 forces

together with F̂n → F0 (Glivenko-Cantelli) that F̂1,n → F0. Lemma 6 shows

now limn→∞ inf Φ5(F̂1,n) ≥ Φ5(F0).

Altogether we can say that the correct number of modes is estimated if n
is sufficiently large. This property is fulfilled by all estimators whose integral
is in the tube and minimizes Φ5, especially F̂1 and taut string τ have this
property.
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Switching over to the number of bins, we can formulate a theorem that is
just like Theorem 5, namely

Theorem 6. Let Xi, i = 1, ...,∞ be i.i.d. with common distribution function
F0 that is continuous and piecewise linear. Choose the tube widths ǫ = ǫ(n),
n = 1, ...,∞, such that

ǫ
n→∞−→ 0 and lim

n→∞
inf ǫ

√

n

lnn
>

1

2

√
2. (2.12)

Further let F̂1,n be any minimizer of optimization problem (2.2) in Tǫ(F̂n).

Then, with probability 1, Φ6(F̂1,n) = Φ6(F0) for n large enough.

Proof. The proof works exactly in the same manner as in Theorem 5. We
just have to replace Φ5 by Φ6. Lower semi-continuity of Φ6 is given in Lemma
10.

Theorem 6 says that if the true density is piecewise constant, then the
right number of plateaus is estimated at least asymptotically. Analogously
statements hold true for other piecewise constant tubes as long as they can be
embedded in a Kolmogorov tube Tǫ and contain another Kolmogorov tube Tǫ̃.

2.5.3 Invariance under shifting and scaling

As still mentioned, one of the most favoured properties of an density estima-
tor is the shift and scale invariance.

Theorem 7. The density estimator f̂1 is invariant under a data shift and
invariant under scale of the data.

Proof. These properties follow immediately from the fact that F̂1 =
∫

f̂1 ∈
Tǫ. Since the Kolmogorov tube Tǫ as well as gcm and lcm are invariant under
linear transformations, the claim follows already.

Figure 2.11 shows the shift invariance of f̂1 for the same normally dis-
tributed data and the same values for s I have used in section 1.2 to show
that the ordinary histogram is variant. The shape of f̂1 does not change, it
just moves along the x-axes. Analogously, Figure 2.12 illustrates the scale
invariance. Only the scale of the y-axes changes.

2.5.4 Not a proper histogram

The constructed density estimator f̂1 as well as the taut string estimator τ̇
have a number of very useful properties. However, they have one significant
drawback: they are just quasi histograms (not allowing a straightforward
interpretation). To overcome this deficiency I have analyzed the following
approaches. The first idea was just to take the solution f̂1 and to shift the
height of each bin until the resulting histogram is proper. However, the inte-
gral of such an estimator will not be in the tube in most cases and often it
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Figure 2.11: The shape of estimator f̂1 does not change under shifting the
data by a constant s.

results in a different number of modes with respect to f̂1. Another possibility
that ensures a proper histogram is to search for a piecewise linear increasing
function in T with knots only on the ecdf. Very easy to implement is a greedy
method that starts down left in a given tube and determines a knot on the
ecdf with largest possible distance to the starting point and previous knot,
respectively. This method indeed provides a histogram with only few bins,
but the number of bins is not minimal in any sense. These approaches led
to a new idea, namely to search for a function in T with minimal number of
knots that all belong to the graph of the ecdf. The exact formulation of the
minimization problem and how I realized it, is described in the next chapter.
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Figure 2.12: Invariance under scaling, f̂1 does not change by multiplying a
constant s (here s = 1, 1.6, 2.2 and 2.8) to the data.
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Chapter 3

A proper histogram

In this chapter I introduce a method that yields a proper histogram with
minimal number of bins. The idea is to find a piecewise linear increasing
function in T with minimal number of knots that has knots only on the
graph of the empirical distribution function. Why this approach delivers the
desideratum and how I realize that will be clarified in a moment. First I want
to formulate our new optimization problem: Let a tube

T â,b̂
L,U = {F : [â, b̂] 7→ [0, 1] : F ր, F (â) = 0, F (b̂) = 1, L ≤ F ≤ U} (3.1)

on a certain interval [â, b̂] be given. L = L(x) and U = U(x) are increasing
step functions and present the boundaries of the tube. L is right-continuous

whereas U is left-continuous. Again, for a shorter notation we set T = T â,b̂
L,U

and define a subtube T̃ according to

T̃ = {F ∈ T : Ḟ (t− 0) ≷ Ḟ (t+ 0) ⇒ F (t) = F̂n(t)} . (3.2)

Now, find a function F̂2 with

F̂2 ∈ argmin{Φ6(F ) : F ∈ T̃ , F continuous, piecewise linear} (3.3)

where Φ6 consideres the number of knots as given in (2.3).

3.1 Knots on the ecdf

The following lemma shows that we get a proper histogram if and only if the
knots are on the ecdf.

Lemma 20. Let F̂n be the ecdf of some given data Xi, i = 1, ..., n with
â < Xi < b̂ ∀i. Further, let F : [â, b̂] → [0, 1] be a continuous, piecewise
linear increasing function with F (â) = 0, F (b̂) = 1 and knots only on the
ecdf. Then Ḟ yields a proper histogram of the data. The converse is true, too.

Proof. ”⇒” F is continuous and piecewise linear with knots solely on the
ecdf. Let F have two consecutive knots at points a1 and a2. In (a1, a2] (or
[a1, a2] if a1 = â) there are k data points with 0 ≤ k ≤ n. Then it is

49
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F (a2) − F (a1) = k/n. The slope of the line through the points (a1, F (a1))
and (a2, F (a2)) is given by

F (a2) − F (a1)

a2 − a1

=
k

(a2 − a1)n

which is in accordance to the first derivative of F on (a1, a2] (or [a1, a2] if
a1 = â). The associated bin has an area of

(a2 − a1)
k

(a2 − a1)n
=
k

n
(3.4)

equal to the relative frequency of the data points in that interval.
”⇐” Suppose F is continuous and its derivative Ḟ represents a proper his-
togram. Then, there are intervals Ij according to (1.5) and it is

∫

Ij

Ḟ (x)dx = F (aj+1) − F (aj) = kj/n, (3.5)

where kj is the number of data points in interval j. Without loss of generality

we assume that F (aj) = F̂n(aj) for an arbitrary j. This implies due to (3.5)

that F (aj+1) = F̂n(aj+1) as well. Since F (a1) = F̂n(a1) and F continuous, we

get F (aj) = F̂n(aj) for all j.

Remark. The second part of the proof (backward implication) is based on
the fact that integration is unique up to a constant. However, in our case
the constant is determined by the first bin. Additionally, we claim F to be
continuous.

A minimizer of optimization problem (3.3) provides a proper histogram
with minimal number of bins whose integral is in T .

3.2 The principle of dynamic programming

With the term dynamic programming both a mathematical optimization
method and a computer programming method is meant. The idea of this
method is to simplify a complicated optimization problem by splitting it into
smaller subproblems in a recursive manner. A successful application is en-
sured if the optimiztion problem consists of many homogeneous subproblems
and the optimal solution can be composed of the solution of the subproblems.
This principle of optimality is also called Bellman-principle, named after its
inventor Richard Bellman. The procedure works as follows: the optimal so-
lutions of the easiest subproblems are computed directly and they are used
to construct the solution of the next larger system. Subsolutions are saved
in a table and can be used at every time. The relation between the values
of larger problems and the values of subproblems are given in the so called
Bellman equation.
In general, the Bellman equation looks like

B(t) = min
s∈[0,t]

{B(s) + V (s, t)} (3.6)
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where B(s) is the optimal value for argument s and V (s, t) is a problem
oriented function providing the contribution from s to t.

Remark. Depending on the optimization problem, instead of min in equation
(3.6) we can search for a maximum as well. For more information on the
principle of dynamic programming see [2, 3].

Now we want to adapt this approach to our optimization problem. Let
some ordered data X(i), i = 1, ..., n, i.i.d. with corresponding ecdf and tube

T̃ be given. In our case B(k) is the minimal number of knots needed to reach
level k/n from level zero of the ecdf with a piecewise linear function g such
that g ∈ T̃ . To specify V we have to introduce a condition C1 on V .

Definition 12. We say V (ℓ, k) satisfies condition C1 if there exists a func-
tion g ∈ T̃ , and points xs ∈ [X(ℓ), X(ℓ+1)] and xf ∈ [X(k), X(k+1)] such that
g(xs) = ℓ/n, g(xf ) = k/n and g(x) is linear for all xs ≤ x ≤ xf .

The naive approach is given by

B(k) = min
1≤ℓ≤k−1

{B(ℓ) + V (ℓ, k)} (3.7)

with

V (ℓ, k) =

{

1 if C1 is fulfilled,

∞ otherwise.
(3.8)

Unfortunately, this way we do not reach the goal. The following example
shows why it is not as simple as decribed above. Figure 3.1 shows the ecdf
(red) of five uniformly distributed data points and a tube T̃ (black). The
several levels of the ecdf are plateaus of height i/n, i = 0, ..., n. Additionally,
intervals Iℓ

j are marked whereas the lower index refers to the level and the
upper one to the interval number in that level. We need these intervals since
parts of the ecdf within [Xℓ, Xℓ+1] could be reached with a linear function
of some lower level and other parts could not. This is explained now by the
example.
B(1) has to be determined directly. It is easy to see, that interval I1

1 can be
reached by a linear function from level zero without causing a knot while to
reach I2

1 at least one knot is necessary. Hence, B(1) = min{0, 1} = 0. To fix
B(2) it is meaningful to consider all intervals of the lower levels, since from
each interval different regions of the new level can be reached. This way, we
obtain interval I1

2 to which we can get at directly from level zero without a
knot. However, to reach I2

2 a knot is needed, whereas this knot can be in I1
1

or in I1
2 . All in all B(2) = min{0, 1} = 0. In the end anyway, every level j

of the ecdf has its own number of intervals which we want to denote by rj.
Indeed, it is easy to compute those intervals Iℓ

j from the intervals of lower
levels. In the following, we assume those intervals to be known.
Accordingly, the formulation of the optimization problem has to be improved.
Therefore, we introduce a condition very similar to that one before, namely

Definition 13. We say V (i, j, k, ℓ) satisfies condition C2 if there exists a
function g ∈ T̃ , xs ∈ Iℓ

j and xf ∈ I i
k such that g(xs) = ℓ/n, g(xf ) = k/n and

g(x) is linear for all xs ≤ x ≤ xf .
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The modified Bellman equation reads as

B(k) = min{B̃(k, 1), ..., B̃(k, rk)}, (3.9)

whereas B̃(k, i) is the minimal number of knots needed to reach interval I i
k

from level zero and is determined by

B̃(k, i) = min
1≤j≤k−1
1≤ℓ≤rj

{B̃(j, ℓ) + V (i, j, k, ℓ)} , (3.10)

with

V (i, j, k, ℓ) =

{

1 if C2 is fulfilled,

∞ otherwise.
(3.11)
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Figure 3.1: This picture shows the ecdf (red) of five uniformly distributed
data with tube T̃ (black). To reach the several intervals of the ecdf with a
piecewise linear function starting somewhere in I1

0 , different numbers of knots
are necessary.

3.3 The Algorithm

In the following I want to describe how to get a minimizer of optimization
problem (3.3). The steps of the algorithm will be demonstrated using the
example of five uniformly distributed data points from above.
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As a preliminary step define a datastructure ds as a frame of the form

ds =

interval startlevel startinterval knots

1 I1 slevel1 sint1 knots1
...

...
...

...
...

n In sleveln sintn knotsn

where every entry Ik, slevelk, sintk and knotsk, k = 1, . . . , n, itself is a list
that is empty at first. During the algorithm the lists are completed. The num-
bers k = 1, . . . n stand for the levels of the ecdf (the steps of height k/n) and
Ik is a list of intervals on the ecdf of level k. That means there exists a second
index r pointing to a special interval of list Ik, thus Ir

k . Further, slevelk and
sintk are lists as well and they contain at corresponding position r informa-
tion about initial level and interval from which you can reach the considered
interval with a piece of linear function without a knot whereas the straight
line has to be in the tube. In knotsr

k the absolute but minimal number of
knots needed to connect level 0 and the considered interval in level k is saved.

There are three loops, where the control variable j indicates the start level,
r stands for an interval of level j such that we get a initial interval Ir

j . From
this interval we analyze all other levels k > j and determine regions of the
ecdf that can be reached by a linear function lying within the tube. Finally,
a last variable l counts the number of intervals of the considered level. At
the beginning l = 1.

Algorithm 3

Input: data X1, . . . , Xn

Output: (t1, F̂n(t1)), ..., (tk′ , F̂n(tk′)), the coordinates of knots of F̂2

Initialization: determine Kolmogorov tube T , prepare a datastructure
ds as described above, set l = 1 and I1

0 = [â, X(1))

for (j = 0 : n− 1)
for (r = 1 : l)

Choose start interval Ir
j

for (k = j + 1 : n)
Determine the maximal interval I of the ecdf in level k that
can be reached from Ir

j with a linear function without causing
a knot.
If I exists then save the interval I , the start level j, the start
interval r and the number of knots needed from level 0 up to
level k in ds[k] by inserting the information at the right place
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of the corresponding lists (see also remark below)
end

end

l =# intervals in level j + 1
end

k′ = min(ds[n]$knots)
M = backtrack(ds)
(t1, F̂n(t1)), ..., (tk′ , F̂n(tk′)) = puttogether(M)

Remark. Here are some hints concerning Algorithm 3.

1. The number of knots needed to reach interval I (see inner loop of
Algorithm 3) is equal to the number of knots that is required to reach
the initial interval Ir

j plus one knot.

2. We do not have to save intervals, levels and knots in every step. If
we reach only a region where we have already been and there is no
improvement in the number of knots then we can leave the information.

3. Unmatched regions of the ecdf have to be considered with horizontal
linear pieces.

4. What the functions backtrack and puttogether are doing, is explained
in the example (subsection 3.3.1). In principle: the minimal number of
knots can be taken from ds[n]$knots. Then retrace the corresponding
start intervals until I1

0 . This way one obtains a set M containing levels
and intervals from which a solution can be constructed.

Theorem 8. Let the ecdf of some i.i.d. data and a tube T be given. Then,
Algorithm 3 yields a solution of optimization problem (3.3).

Proof. This is an immediate consequence of the construction of Algorithm
3.

Remark. The minimizer of optimization problem (3.3) is not unique in gen-
eral. On the one hand, for nearly all intervals there are several options with
the same number of knots to get there. On the other hand, a knot can be
varied in a small neighborhood (to the left or the right) so that mostly there
are infinitly many possible solutions. Algorithm 3 just finds one of them.

3.3.1 An Example

Consider our example of five uniformly distributed data points from above
once more (Figure 3.1). Let the data structure ds be prepared, i.e. it is a
frame of empty lists. We start in interval I1

0 and determine I1
1 of level 1/5

that we can reach with a linear function without causing a knot. We save
the following information in ds[1]: I1

1 , startlevel=0, startinterval=1, knots=0,
such that ds[1] = (I1

1 , 0, 1, 0). Automatically, we know that I2
1 can be reached
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with one knot, namely by taking a horizontal linear piece from I1
1 . Thus,

ds[1] can be completed to ds[1] = ((I1
1 , I

2
1 ), (0, 1), (1, 1), (0, 1)). I1

0 remains for
now the start interval and we consider level 2/5. We get the entries in ds[2]
in exactly the same manner. Compare with tableau (3.12) second row and
Figure 3.1. Further, it is easy to see, that the levels 3/5, 4/5 and 1 cannot
be reached directly from level zero. Consequently, the next start interval is
I1
1 and we determine the range of level 2/5 which we can reach with a linear

function. Whatever the range would be, we can leave the information since
there is no improvement in the number of knots. Hence, we go one level
higher and get I1

3 . The corresponding information are saved in ds[3]. Level
4/5 and 1 cannot be reached from I1

1 . Now, I2
1 is the next start level but it

does not yield any contributions so that we can switch over to I1
2 as start

interval. From here we can reach I1
3 as well but there is no improvement in

the number of knots. Again we can leave the information. Level 4/5 and 1
cannot be reached either. Now consider I2

2 , there are no news concerning level
3/5 but it is possible to reach level 4/5. Again, the information are saved in
ds. The procedure is continued until each interval and each level has been
considered. Tableau (3.12) summarizes the results.

ds =

interval startlevel startinterval knots

1 (I1
1 , I

2
1 ) (0, 1) (1, 1) (0, 1)

2 (I1
2 , I

2
2 ) (0, 2) (1, 1) (0, 1)

3 (I1
3 ) (1) (1) (1)

4 (I1
4 , I

2
4 ) (2, 4) (2, 1) (2, 3)

5 (I1
5 , I

2
5 ) (4, 5) (1, 1) (3, 4)

(3.12)

The minimal number of knots is k′ = min(ds[5]$knots) = 3. Hence, F̂2

will have three knots and approaches its maximal value in I1
5 . To get the final

solution retrace the path of initial intervals. Therefore, look into ds. Start
level of I1

5 is I1
4 , that of I1

4 is I2
2 and so on

I1
5 → I1

4 → I2
2 → I1

2 → I1
0 .

Finally, M is a set of these intervals from which the solution is constructed.
The algorithm is programmed such that the most left possible point of each
interval is taken as coordinate for the knot. But notice, the most left possible
point is not necessarily the left interval bound as you can see in case of
I2
2 . Figure 3.2 shows the solution F̂2 (blue). This example even contains a

horizontal linear piece that results in an empty bin. Additionally, notice that
for F̂2 a start and an end interval is available. The endpoints are not fixed in
â and b̂ in contrary to τ and F̂1.

Consider Figure 3.3 for another example with some more data points.
The upper image shows the ecdf (red) and the corresponding Kolmogorov
tube (black) of 40 normally distributed data points. The piecewise linear
increasing function painted blue is the solution F̂2 of Algorithm 3. The lower
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Figure 3.2: This picture shows the ecdf (red) of our five uniformly distributed
data with tube T̃ (black) and estimator F̂2 (blue) that has knots on the ecdf
exclusively.

image of Figure 3.3 displays the corresponding histogram estimator f̂2 which
is the derivative of F̂2. The black curve is the density of the standard normal
distribution which we wanted to approximate.

3.3.2 Run time and complexity

I analyzed the run time of Algorithm 3 in dependence of the sample size and
different distributions similar as I have done for Algorithm 2 and for the taut
string method, compare with section 2.4.3. Since Algorithm 3 needs consid-
erably more time I increased the sample size only up to 1300. The analysis
is done with an Intel Core 3GHz and 2GB RAM. The results are shown in
Figure 3.4.
The first observation is, that the kind of distribution does not play an impor-
tant role. This is meaningful, since the procedure just depends on the sample
size (and therewith on the number of jumps of the ecdf) regardless of the
shape of the tube.
The complexity of dynamic programming algorithms is known to be quadratic.
Therefore, the complexity of Algorithm 3 is O(n2) as well. Reason for that
is, that the procedure looks from every step level of the ecdf in every higher
level. Ideally, the run time of Algorithm 3 should behave alike the theo-
retical computational complexity. On the basis of Figure 3.4 alone it is
not clear whether the run time is also quadratic or not even exponential.
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Figure 3.3: The upper picture shows the ecdf (red) of 40 normal distributed
data and corresponding Kolmogorov tube Tǫ (black). The solution F̂2 of Al-
gorithm 3 is shown in blue. It is a piecewise linear increasing function that
has minimal number of knots in Tǫ all lying on the graph of the ecdf. The
lower picture shows the derivative f̂2 (blue) of F̂2 that illustrates the his-
togram estimator. The true density function of the normal distribution is
shown in black.

Thus, I additionally plotted the sample size against log(time) (upper picture
of Figure 3.5) such that exponential run time can be excluded. The lower
image shows log(samplesize) against log(time). Linear regression provides
log(time) = 2.737 log(samplesize) − 10.216, saying that the run time of
Algorithm 3 is somewhat between quadratic and cubic. Unfortunately, the
theoretical aspects could not be approved by our numerical experiments. The
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Figure 3.4: System run time of Algorithm 3 in dependence of the sample size
for different distributions. The run time grows quadratically with the number
of data points.

nearly cubic run time arises from the fact, that Algorithm 3 is not optimized
in terms of perfect programming. An accordant revision would improve the
run time.

3.4 Properties of the estimator

The first important quality is the consistency of the estimator. F̂2 converges
to the true distribution function for n→ ∞ since F̂2 ∈ Tǫ.

3.4.1 Number of modes and bins

However, in this case the estimator F̂2 obtained by Algorithm 3 is not a
minimizer of Φ5. But what we can note is

Theorem 9. Let Xi, i = 1, ...,∞ be i.i.d. with common distribution function
F0. Choose the tube width ǫ = ǫ(n), n = 1, ...,∞, such that ǫ

n→∞−→ 0. Further
let F̂2,n be any function in Tǫ(F̂n). Then Φ5(F̂2,n) ≥ Φ5(F0) eventually.

Proof. The theorem of Glivenko-Cantelli tells us that F̂n → F0 uniformly
which forces together with ǫ

n→∞−→ 0 and F̂2,n ∈ Tǫ that F̂2,n → F0. Lemma 6

shows now limn→∞ inf Φ5(F̂2,n) ≥ Φ5(F0).
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Figure 3.5: Shows the sample size against log(time) (top) to exclude expo-
nential run time. A more detailed inspection shows that the actual run time
is between quadratic and cubic (bottom).

This theorem tells us that the number of modes is not underestimated by
F̂2. But there is no proof for the other direction. However, there is no indicator
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that the number of modes is really overestimated. This is confirmed by the
simulation study in Chapter 4 as well. Again, we can make similar statements
to the number of bins.

Theorem 10. Let Xi, i = 1, ...,∞ be i.i.d. with common distribution func-
tion F0 that is continuous and piecewise linear. Choose the tube width ǫ =
ǫ(n), n = 1, ...,∞, such that ǫ

n→∞−→ 0. Further let F̂2,n be any minimizer of

optimization problem (3.3) in Tǫ(F̂n). Then Φ6(F̂2,n) ≥ Φ6(F0) eventually.

Proof. The theorem of Glivenko-Cantelli tells us that F̂n → F0 uniformly
which forces together with ǫ

n→∞−→ 0 and F̂2,n ∈ Tǫ that F̂2,n → F0. Lemma 10

shows now limn→∞ inf Φ6(F̂2,n) ≥ Φ6(F0).

If the true distribution function F0 is the integral of a proper histogram,
then the correct number of bins is estimated by F̂2 (provided that ǫ

n→∞−→ 0
but not too fast).
Above statements also hold true for our more general tube T as long as T
can be embedded in a Kolmogorov tube Tǫ and contains another Kolmogorov
tube Tǫ̃.

3.4.2 Invariance under shifting and scaling

Finally, we make note of

Theorem 11. The density estimator f̂2 is invariant under a data shift and
invariant under scale of the data.

Proof. This property follows immediately from the fact that F̂2 =
∫

f̂2 ∈ Tǫ,
whereas the Kolmogorov tube Tǫ is invariant under linear transformations.



Chapter 4

Simulations

4.1 Loss functions and risk

Typically, a data based histogram procedure yielding an estimator f̂ is eval-
uated through its risk defined by

Rn(f, f̂ , ℓ) = E[ℓ(f, f̂)] , (4.1)

where ℓ is a given nonnegative loss function and f is the true density. There
are many possibilities to choose a loss function ℓ (see [4] or [13] for example).
Everyone of them has its pros and cons. Popular loss functions include Lp-
norms defined by

ℓLp
(g, h) =

(
∫

R

|g(x) − h(x)|p dx
)1/p

, 1 ≤ p <∞ (4.2)

and

ℓL∞
= sup

x
|g(x) − h(x)|, p = ∞ . (4.3)

The most popular loss function among the Lp-norms is probably the squared
L2-loss because it is more tractable since it is possible to split it up into a
bias and a variance term and analyze them seperately. However, narrow high
peaks are emphasized too much. I decided in favour of the L1-norm given
through

ℓL1
(f, f̂) =

∫

R

|f(x) − f̂(x)| dx (4.4)

and the squared Hellinger distance defined by

ℓH(f, f̂) =
1

2

∫

R

(

√

f(x) −
√

f̂(x)

)2

dx. (4.5)

I favor the use of L1-loss for its nice invariance properties concerning all mono-
tone transformations, see e.g. [15]. Furthermore, the L1-distance is a distance
between probabilities, not only between densities. The squared Hellinger dis-
tance is of L2-type and therefore more comfortable in connection with opti-
mization than L1 and it is invariant as well. For a more detailed discussion

61
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on the different types of loss functions see [4] or [13].

As a next performance criterion I take the so called peak identification
loss introduced by Davies et al. in [13] which measures how well the peaks
of the estimate f̂ match those of the true density f . Two kinds of errors are
taken into account there. The first one is that f̂ has a peak at a point where
f has none. The second one is the reverse case, i.e f̂ fails to have a peak
where f features one. The peak identification loss can be defined as follows

ℓPID(f, f̂) = # unidentified peaks of f + # incorrect peaks of f̂ . (4.6)

Since this type of loss is not of common usage I want to present it in some
more detail. First I give a definition of peaks.

Definition 14. Let f be an arbitrary (density) function and F the corre-
sponding cdf. A peak of f is the midpoint of an interval [x1, x2] with the
following properties

i) ∃ a, b : F (x) = ax+ b ∀ x ∈ [x1, x2]

ii) ∃ x′1 < x1, x
′
2 > x2 : F (x) > ax+ b ∀ x ∈ (x′1, x1) and

F (x) < ax+ b ∀ x ∈ (x2, x
′
2).

Remark. In many cases the interval [x1, x2] reduces to a single point. For an
alternative definiton of a peak see [13].

Now we assume that f is a density with p ∈ N peaks at points t1, . . . , tp
and that a histogram estimator f̂ has p̂ peaks at points t̂1, . . . , t̂p̂. To every
peak i of f a positive real value δi is assigned that defines a tolerance region
with respect to peak identification. Namely peak i of f is correctly identified
by peak j of f̂ if |ti− t̂j| < δi. The tolerances δi can be chosen individually as
long as the condition (ti − δi, ti + δi)∩ (tj − δj, tj + δj) = ∅, i 6= j is satisfied.
The number of correctly identified peaks can be determined by

CID =

p
∑

i=1

1{min1≤j≤p̂|ti−t̂j |<δi}. (4.7)

Collecting the tolerances in a vector δ = (δ1, . . . , δp), the peak identification
loss of (4.6) can be expressed as

ℓPID(f, f̂ , δ) = (p− CID) + (p̂− CID). (4.8)

The last criterion in this context shall be the number of bins. It is not
really a performance criterion for defining a loss function but it is definitely
a point of interest in our case.

4.2 Regular histogram procedures

The classical taut string and the Kuiper taut string method as well as both
new proposed methods are irregular histogram construction procedures. In
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the simulation we want to compare them to regular histogram procedures.
In particular, we consider methods yielding a histogram f̂ = f̂ reg

m̂ based on a
bin number m̂ that maximizes a penalized log-likelihood. In detail,

m̂ = max
m

{

m
∑

j=1

Nj log(m ∗Nj) − pen(m)

}

, (4.9)

whereas Nj, j = 1, . . . ,m, is the absolute bin frequency given through

Nj = |{i ∈ {1, . . . , n} : Xi ∈ Ij}|. (4.10)

Ij, j = 1, . . . ,m describes a partition of the data range in intervals of the
same width. Nj counts the number of data points lying in interval Ij.

The penalty pen(m) heavily influences the histogram f̂ and a lot of types of
such penalties have been suggested (see [4, 13] for instance). I want to use
three of them. The first one is the Akaike Information Criterion (AIC) with

penAIC(m) = m (4.11)

that is based on minimizing the Kullback-Leibler discrepancy which is an-
other type of loss function defined by

ℓKL(g, h) =

∫

R

log

(

g(x)

h(x)

)

g(x) dx. (4.12)

However, this kind of loss function causes problems whenever a histogram
estimator has an empty bin. This, especially, happens for small sample sizes.
Nevertheless, there are histogram methods like AIC derived from risk mini-
mization with Kullback-Leibler discrepancy. By the way, the work of Kana-
zawa [24] shows that the optimal histogram cell width, which asymptotically
minimizes the mean Helliger distance between the histogram and the den-
sity, is equivalent to the one that maximizes AIC for compactly supported
densities. The next one is a modified AIC penalty by Birgé and Rozenholc
(BR),

penBR(m) = m+ log(m)5/2. (4.13)

They proposed this type of penalty to overcome the mentioned problem and
improved the handling of small sample sizes. The penalty of both methods,
AIC and BR, is independent of the sample size. In contrast, the Bayes In-
formation Criterion (BIC), which is our third method, exhibits a penalty
dependent on the sample size n. It is given by

penBIC(m) = m log(n)/2. (4.14)

The factor in the penalty term grows logarithmically by the number of ob-
servations. This, in general, leads to a histogram with fewer bins compared
to AIC or BR. See [13] and [4] for further information on these types of his-
togram estimators.
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I decide on these three procedures because they are included in the simu-
lation study of Davies et al. [13] and perform differentially well with respect
to the specific perfomance criteria. For example, beside the taut string, BIC
is quite good in peak identification whereas BR is characterized by a small
Hellinger risk. At last they are easy to implement. The main concern in
the simulation is to find out the overall performance of the new developed
methods in comparison with five well established procedures.

4.3 Simulation study design

As test beds for the simulation study I chose five reference densities with
different degrees of smoothness, tail behavior, support and modality. That
are the following

1 Standard-Normal-Distribution: N(0, 1)

2 Uniform-Distribution on [0, 1]: U(0, 1)

3 Exponential-Distribution with rate 1: Exp(1)

4 Skewed Bimodal-Distribution: 3
4
N(0, 1) + 1

4
N(3

2
, (1

3
)2)

5 Claw-Distribution: 1
2
N(0, 1) +

∑4
j=0

1
10
N( j

2
− 1, ( 1

10
)2)

The density fND of the normal distribution N(µ, σ2) with mean µ and
variance σ2 > 0 is given through

fND(x, µ, σ2) =
1√
2πσ

exp

(

−(x− µ)2

2σ2

)

.

It is a continuous, symmetric function with support on the real line and one
peak in µ. Distribution 1, 4 and 5 are based on this distribution. The stan-
dard normal distribution is the special case with mean zero and variance one
so that its density reads fSND(x) = fND(x, 0, 1) that is defined on the real
line and has a peak in zero. The skewed bimodal distribution is a sum of
two normal distributions of different mean and variance such that the corre-
sponding density has two peaks of different width and hence is not symmetric
anymore. There is one relatively wide peak in zero and a narrow one in 3/2.
The claw distribution is a sum of six different normal distributions. Five of
them with the same variance but shifted means that results in five equal
formed peaks defining the ”fingers” of the claw. These five distributions are
superimposed by the standard normal distribution which has the effect that
the heights of the peaks decrease outwards. The skewed bimodal distribution
and the claw distribution are taken from [29].
Another well known distribution is the uniform distribution whose density is
defined by

f(x) =

{

1 for 0 ≤ x ≤ 1,

0 otherwise.
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Although the density is a constant function on its support [0, 1] we say,
according to Definition 14, that it has a peak in 1/2.
The density of the exponential distribution with rate 1 is given through

f(x) =

{

e−x for x ≥ 0

0 otherwise

and has its support on the positive real line. In addition, it has a peak in
zero.
The densities of all five distributions are shown in Figure 4.1.
The reference densities are used to evaluate the capability of seven histogram
construction procedures. That are the two new developed methods, where
the first one minimizes the number of knots in a given tube (MK) and the
second one bases on dynamic programming (DP). Further, we include the
classical taut string method (TS) and the Kuiper taut string (TSK). All four
methods are adaptive procedures providing irregular histograms. They are
compared to regular histogram procedures introduced before, namely AIC,
BIC and BR. To measure the quality of the resulting histograms we consider
the L1-norm, the squared Hellinger distance, the peak identification loss and
the number of bins. To this end, we simulate 1000 independent samples for
each sample sizes 100, 200, ..., 1000 and each distribution. The risk of each
histogram procedure is estimated as empirical risk

R̂n(f, f̂ , ℓ) =
1

1000

1000
∑

j=1

ℓ(f, f̂j,n) . (4.15)

The peak identification loss requires the specification of tolerance vectors. In
the simulation I use the following:

• δnorm = (0.5) for normally distributed data

• δexp = (0.5) for exponentially distributed data

• δunif = (0.5) for uniformly distributed data

• δbimod = (0.5, 0.25) for bimodal distributed data

• δclaw = (0.25, 0.25, 0.25, 0.25, 0.25, ) for claw distributed data

As already said, the tolerances can be chosen individually as long as adja-
cent tolerance ranges do not overlap. The selected values are relatively large
meaning that we are rather liberal in terms of correct peak identification.

For samples of size 100 up to 500 I used a Quadcore with 4x2GHz and
16GB RAM, the samples of size 600 up to 1000 were treated by 15 computers
Intel Core with 3GHz and 4GB RAM. Additionally, I used the R-parallel
framework for parallel computing to speed up the computation.



66 CHAPTER 4. SIMULATIONS

−4 −2 0 2 4

0.
0

0.
1

0.
2

0.
3

0.
4

Standardnormal

x

D
en

si
ty

−0.5 0.0 0.5 1.0 1.5

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Uniform

x

D
en

si
ty

−1 0 1 2 3 4 5

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Exponential

x

D
en

si
ty

−4 −2 0 2 4

0.
0

0.
1

0.
2

0.
3

0.
4

Skewed bimodal

x

D
en

si
ty

−3 −2 −1 0 1 2 3

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

Claw

x

D
en

si
ty

Figure 4.1: Reference densities with different degrees of smoothness, tail be-
havior, support and modality.

4.4 Results of the simulation

In what follows, a series of figures shows the results of the simulation study.
In the first part I want to analyze the effect of the tube width on the tube
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based estimators MK and DP. After that I compare the different histogram
estimators with respect to their behavior under the performance criteria sug-
gested in section 4.1.

4.4.1 Dependency on the tube width

The tube width ǫ strongly influences the shape of the tube based estimators.
As already mentioned, the Kolmogorov tube Tǫ is a relatively wide one and
yields a rather rough estimate. We do not need such tall tubes. For instance
we could multiply ǫ by a constant between 0 and 1 to obtain a scaled version
of Tǫ. It is clear that a smaller tube leads to an estimate with more bins. But
to which extend do they provide a better histogram? This type of problem is
similar to that one of fixing the band width in a kernel density estimator. We
do not want to start a big study in this direction, although it would be an
interesting task, we just want to inspect the effect of three different scales of ǫ
on our estimators MK and DP. Therefore, we choose samples of size 100, 200,
..., 500 of standard normally distributed data and determine f̂1 and f̂2 for the
scaling factors 1, 0.5 and 0.1, respectively. As introduced before, we denote
these factors by epsscale, too. Figure 4.2 shows how the peak identification
loss, the L1-norm and the number of bins changes. The results of f̂1 can be
found in the three images on the left side and that of f̂2 are on the right
hand side. Comparing the pictures on the left with that one on the right,
we observe that the results of both methods are very similar. The classical
Kolmogorov tube (epsscale=1) leads to small peak identification loss as well
as the scaled tube with epsscale=0.5. Sometimes it provides even a better one.
On the contrary, multiplying ǫ by 0.1 causes a considerably higher PID. The
small tube produces estimates with additional peaks where the true density
has none. The L1 distance between estimate and true density function indeed
decreases using a smaller epsscale. But in this case as well epsscale=0.1 is not
meaningful at all cost. It does not lead to a strong improvement. Considering
the number of bins, we observe similar effects as with PID. With an epsscale
of 0.5 the number of bins of the estimator increases only a little whereas in
case of epsscale=0.1 there is a significant grow of this quantity. Summarizing,
we can say that a smaller tube can lead to a better performance unless it
is not too small. Without having done a detailed exploration in this vein I
decided to do the simulation study with an epsscale of 0.5. The Kuiper taut
string method seems to select automatically an appropriate epsscale factor.

4.4.2 Comparison of histogram estimators

Figures 4.3 to 4.6 show the performance criteria in dependence of the sample
size for each of the seven methods and sorted by the distributions. Let’s start
with Figure 4.3 where the ability of peak identification is inspected. Consid-
ering the five pictures in detail we can note that for the adaptive methods the
PID decreases for growing sample size n except for TSK whose PID increases
for exponentially and normally distributed data. The two regular methods
AIC and BR exhibit in general an increasing PID. Among the regular proce-
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Figure 4.2: Shows the performance criteria PID, L1 distance and number of
bins in dependence of the sample size for different values of epsscale. The
irregular histogram constructing methods MK (left) and DP (right) were
applied to normally distributed data.

dures BIC performs best. The new methods MK (red) and DP (green) show
similar results as TS which is known to be good in peak identification. In
case of uniformly and claw distibuted data the PID curves lay directly upon
each other. TSK is unbeatable in identifying peaks for multimodal distribu-
tions like claw distribution. Inherently, MK and TS have the same number
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of modes. Even so they can have an unequal PID because the peaks of MK
and TS can be at different points.
Figure 4.4 and 4.5 can be considered together since they show similar results.
The L1-norm (Figure 4.4) and the Hellinger-norm (Figure 4.5) describe dis-
tances between estimate and true density function. As to be expected we note
that the distances decrease with increasing sample size. Altogether, TSK per-
forms best. For both distances and nearly all distributions it has the smallest
distance to the true density functions. TSK is closely followed by the three
regular procedures. They also show good results. TS, MK and DP lie back
in all cases. Thereby, TS is somewhat better than DP and MK exhibits the
largest distances. The comparison clearly demonstrates that parsimony in
the number of bins leads to a more rough estimate. Switching over to the
number of bins in Figure 4.6, we observe that TS and TSK in general pro-
duce many bins. Although they are adaptive methods mostly they produce
more bins than the regular procedures AIC, BR and BIC. In this case MK
is the winner closely followed by DP. Of course, MK and DP are desinged to
yield much less bins than the other tube based estimators. This observation
carries also over to the comparison of the regular methods.
A specialty can be observed in the second picture of Figure 4.6 where uni-

formly distributed data were used. It is not only surprising that DP produces
less bins than MK, although MK yields the absolute minimizer, but also the
fact that for larger sample sizes the number of bins seems to converge to
three and not to one. Actually, Theorem 6 says that the right number of bins
is estimated. Is there something wrong? The reason for the first observation
(DP has less knots than MK) is that F̂1 is defined such that it fulfills the
endpoints condition. In contrary, for the construction of F̂2 a start and an
end interval is available. Under certain conditions this fact indeed leads to
fewer bins. Compare with the upper picture of Figure 4.7. There, F̂1 (red) has
two knots caused by the endpoint condition, whereas F̂2 (blue) does without
knots. Figure 4.7 can also be used to explain the second inconsistency. In our
case the Kolmogorov tube is defined to have a distance ǫ = ǫ(n) not only
upwards and downwards to the ecdf but also to the left and to the right. That
means, the distance between bottom left tube bound and first data point as
well as the distance between upper right tube bound and last data point is ǫ,
too. In comparison to the distances of the data points among each other, the
distance to the endpoints is quite large. Although ǫ tends to zero for n→ ∞,
the choice is inappropriate in case of the uniform distribution. The lower
picture of Figure 4.7 shows the effect of unnecessary knots for n = 104 data
points. It can be clearly seen how the tube bends in the endings. Though, we
know the compact support of uniformly distributed data. Here, it would be
much more better if we would have chosen 0 and 1 as boundary points of the
tube. A further reason is the scaling of the tube. Using an epsscale of 0.5 in
the simulation study changes the number of bins as well. That is why I have
done another small test simulation for the MK procedure with the classical
Kolmogorov tube and zero and one as tube end points. Therefore, I simulated
1000 uniformly distributed samples of each sample size 100, 500, 1000, 5000,
and 104 and determined the number of bins. The results are shown in Figure
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4.8. The correct number of bins is estimated by the MK procedure.
Typically, while using the Kolmogorov tube, the classical taut string yields

less bins than the Kuiper taut string. But since I applied TS, MK and DP to
a squeezed tube with epsscale 0.5 in our simulation study whereas the TSK
method used the ordinary Kolmogorov tube we observe in Figure 4.6 that TS
provides more bins than TSK. This means that the TSK method squeezes
Tǫ with a factor greater than 0.5. One exception is observed in case of claw
distributed data. There, TSK yields more bins than TS. This means, that
an epscale smaller than 0.5 was necessary to fulfill (1.38). If we take a look
at the distances in Figure 4.4 and 4.5, we observe that TSK always made a
better choice of the squeezing factor than our globally chosen value 0.5.

4.4.3 MK versus DP

Now we want to compare MK and DP once more. Similar as before we con-
sider peak identification loss, L1-norm and number of bins in dependence
of the sample size. However, in this case we distinguish the different dis-
tributions. Figure 4.9 shows the results, left for Algorithm 2 and right for
Algorithm 3. Generally, we can say that the outcomes of both methods are
nearly indistinguishable. For all distributions and all performance criteria
they show almost the same characteristics. Remarkable is the fact that DP
produces estimates that have less L1 distance to the true distribution, espe-
cially in the case of uniformly distributed data. This is due to the fact that in
the DP procedure it is more likely to obtain only one bin since the endpoints
of the estimator are not fixed. Hence, there are more degrees of freedom. But
overall, there is no essential difference in choosing the MK or DP method.
Therefore, Algorithm 2 (MK) is preferable because of its numerical efficiency.

The results itself are not surprising at all. It was clear that the PID of
claw distributed data would be greatest. The density just has many peaks so
that there can be more mistakes. For the same reason the PID of bimodal
distributed data follows next. The other three distributions solely have one
peak that is also recognized in most cases. Quite naturally, the L1 distance
with respect to uniformly distributed data is so small in comparison to the
others because the true density itself is a histogram with just one bin. If the
estimates have one or two bins, the difference to the true density function
cannot be formidable large.

4.4.4 Sometimes less is more

MK and DP are histogram construction procedures that typically yield only
few bins at the expence of higher approximation errors. Few bins just means
a rough approximation of the true density function. Nevertheless, they can
also be excellent estimates as shown in Figure 4.10. Here, TS and MK are
applied to 1000 claw distributed data. The solutions τ̇ (blue) and f̂1 (red)
are displayed together with the true density function (black). As a remark-
able observation, we note that f̂1 approximates the true distribution quite
well without a huge number of small bins as it is the case for the taut string
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method. However, each bin causes discontinuities in the corresponding esti-
mator. But in comparison with (continuous) kernel density estimators with
optimal band width (green), the histogram estimators have for the particu-
larly chosen examples much better approximation properties.



72 CHAPTER 4. SIMULATIONS

200 400 600 800 1000

0
1

2
3

4

Exponential−Distribution

samplesize

P
ID

TS
MK
DP
BR
AIC
BIC
TSK

200 400 600 800 1000

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

Uniform−Distribution

samplesize

P
ID

TS
MK
DP
BR
AIC
BIC
TSK

200 400 600 800 1000

0
2

4
6

Claw−Distribution

samplesize

P
ID

TS
MK
DP
BR
AIC
BIC
TSK

200 400 600 800 1000

0
1

2
3

4

Skewed Bimodal Distribution

samplesize

P
ID

TS
MK
DP
BR
AIC
BIC
TSK

200 400 600 800 1000

0.
0

0.
5

1.
0

1.
5

2.
0

Normal−Distribution

samplesize

P
ID

TS
MK
DP
BR
AIC
BIC
TSK

Figure 4.3: The peak identification loss (PID) in dependence of the sample
size for each of the seven methods and sorted by the distributions.
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Figure 4.4: The L1 distance in dependence of the sample size for each of the
seven methods and sorted by the distributions.
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Figure 4.5: The squared Hellinger distance in dependence of the sample size
for each of the seven methods and sorted by the distributions.
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Figure 4.6: The number of bins in dependence of the sample size for each of
the seven methods and sorted by the distributions.
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Figure 4.8: A test simulation of the MK procedure with the classical Kol-
mogorov tube and zero and one as end points of the tube shows, that the
correct number of bins is estimated for uniformly distributed data.
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Figure 4.9: PID, L1-norm and number of bins in dependence of the sample
size for the MK procedure (left) and the DP procedure (right) distinguished
by different distributions.
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Figure 4.10: Excellent peak detection by the taut string estimator (blue)
and f̂1 (red). The true density function of the claw distribution is displayed
in black. The green function is the kernel density estimator. 1000 claw dis-
tributed data points were used.
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Chapter 5

Applications

In this chapter I want to introduce some possible applications of Algorithm 2
that goes beyond the pure density estimation of some given data. Particularly
that are applications using the minimality with respect to the bin number.

5.1 Image Compression

The first possible application is in the field of image compression. A common
characteristic of most images is that the neighboring pixels are correlated and
therefore contain redundant information. It is the foremost task to develop a
compression technique that can be applied to an image to reduce redundancy
in the image data in order to be able to store data in an efficient form. Image
compression is a widespread research field and many works on this subject
are already available. I merely refer to [7, 14] just to name some of them. In
the following I want to describe how parsimonious histograms can be used
in image compression as well.
Suppose a portable graymap image 256 × 256 is given, i.e. a matrix A =
(aij)i,j=1,...,256 with aij ∈ {0, 1, . . . , 255} each coding a special gray tone. The
gray values of such a picture can be considered as a vector X of data. Ap-
plying Algorithm 2 (with a special tube width ǫ) to the data sample X we
get a histogram f̂ with minimal number of bins whose support is the in-
terval [0, 255]. Let m be the number of bins of f̂ . If tk and tk+1 are the
bounds of bin k then every x ∈ X with x ∈ [tk, tk+1) is overwritten by
x̂ = ⌊1/2 · (tk + tk+1)⌋, k = 1, . . . ,m − 1 except for the last bin (k = m)
where x 7→ x̂ = ⌊1/2 · (tm + tm+1)⌋ if x ∈ [tm, tm+1]. This way we obtain
a modified set of data X̂ǫ which we convert back into a matrix Âǫ. Finally,
we get a portable graymap colored with minimal number of colors such that
the emerging picture is still a good approximation to the original one. Fig-
ure 5.1 shows an example. The upper left image shows the classical baboon
picture with 220 different gray values. The five other pictures are reconstruc-
tions obtained by using Algorithm 2 with different tube widths ǫ. Even tube
widths larger than the classical Kolmogorov tube are used. The results are
quite good and it is amazing how less different colors are needed. Table 5.1
summarizes these values. In addition, in Table 5.1 we provide for individual
epsscale factors the signal to noise ratios (SNR) that are defined by
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ǫ scale 0.1 0.5 1 1.5 2
number of colors 28 16 13 11 9

SNR 32.42 26.82 21.12 20.82 20.17

Table 5.1: The number of colors used for the particular reconstructions of
the baboon picture and the signal to noise ratio as a quality measure .

SNR = 10 log10

∥

∥

∥
X̂ǫ

∥

∥

∥

2

∥

∥

∥
X − X̂ǫ

∥

∥

∥

2 . (5.1)

In our context, the SNR values represent the reconstruction quality of
X̂ǫ measured in dB (which is the logarithmic scale of the relative error). The
higher the SNR the smaller the distance between original and reconstruction.
The advantage of this application is that less than a tenth of the 256 colors
have to be encoded. This again means less space in memory.

5.2 Signal Compression

A next possible application of Algorithm 2 is in the field of signal processing.
More precisely, we want to apply Algorithm 2 to the coefficients of a wavelet
decomposition of a signal. Since we don’t want to go too much into detail I
refer to [5, 28] for the theory of wavelets and an extensive description of the
concept of multiresolution analysis.
Let us briefly repeat some facts on wavelets that we need. The multiresolu-
tion analysis provides succesive approximations at increasingly finer scales.
Therefore, a sequence of closed and nested spaces Vm ⊂ L2(R) is needed
whose union is dense in L2(R) while their intersection is zero. In addi-
tion, we require f(·) ∈ Vj ⇔ f(2j·) ∈ V0. The space Vj is spanned by
{

φjk(x) := 2j/2φ(2jx− k), k ∈ Z
}

, where φ is a special scaling function. Now
we consider the orthogonal complement Wj of Vj in Vi+1, leading to Vj+1 =
Vj ⊕Wj. A basis of Wj is given by the family

{

ψjk(x) := 2j/2ψ(2jx− k), k ∈ Z
}

.

The functions ψjk are the wavelets resulting from dilated and translated
versions of a mother wavelet ψ(x) that fulfills ψ ∈ L1 ∩ L2 and

∫

ψ(t)dt =
0 plus further convenient properties like compact support if required. The
family {ψjk(x), j ∈ Z, k ∈ Z} is a basis for L2(R). For a given function f ∈
L2(R) you can find N such that fN ∈ VN approximates f up to preassigned
precision. Further with fi ∈ Vi you can decompose fN up to a favored level
M (1 ≤M ≤ N) by

fN = fN−M +
N

∑

j=N−M

2j−1
∑

k=0

djkψjk , (5.2)
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Figure 5.1: The original baboon picture (upper left image) and several re-
constructions after application of Algorithm 2 with different tube widths.
The gray values are replaced by the mean of the bin they belong to. The eps
values on top of the pictures are the scaling factors of the Kolmogorov tube.

where djk are the wavelet coefficients.

The wavelet decomposition (5.2) can also be applied to discrete signals
which are mostly given in practice. Suppose a discrete signal s of length 2n

is given then s ∈ Vn and it can be decomposed by (5.2). Manipulating the
coefficients of each level j of such a wavelet decomposition has a special effect
on the reconstruction. For example, there excist several tresholding methods
for smoothing a noisy signal. From a stochastic point of view, the coefficients
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ǫ scale # coeff level1 # coeff level2 SNR
0.1 13 12 24.1883
0.5 4 3 12.7231
1 1 1 2.3725

Table 5.2: The number of different coefficients in each decomposition level
after application of Algorithm 2 with different scales of the tube width ǫ as
well as the corresponding signal to noise ratios.

can also be considered as a data sample whose distribution we want to de-
termine. The work of Buccigrossi [7] is concerned with the distribution of
wavelet coefficients and in [38] histograms of such decompositions are con-
sidered.
Applying Algorithm 2 to the coefficients we obtain a histogram with minimal
number of bins. In the same manner as described above, the coefficients are
replaced by the mean of the interval they belong to. However, in this case
we do not have to round off to the next integer. The new coefficients are
used for the reconstruction of the signal s. This way we get a description ŝ of
the signal s with minimal number of different coefficients. Similar to the first
case of portable gray maps it is possible to save memory space since only a
few coefficients have to be encoded.
Figure 5.2 shows how it works in practice. The upper image shows 1000 sam-
ples of the original signal s which is a sum of three differently scaled sine
functions. I decomposed s up to level two. In the first level there are 500
wavelet coefficients and in the second one there are 250. Nearly all are differ-
ent. The three lower diagrams also show signal s in red, the green curves are
reconstructions ŝǫ after application of Algorithm 2 to the coefficients with
different scales of the tube width ǫ. The used scaling factors are 1, 0.5 and
0.1. For a better recognition only a cutout of 300 values is displayed. Table
5.2 summarizes the values and shows how the number of different coefficients
has reduced in each level.

In order to evaluate the reconstruction quality we again determine the
SNR but now with respect to ŝǫ and s. The individual values are given in
Table 5.2. The higher the ratio the smaller the distance between original
and reconstruction. We observe that the choice of the tube width ǫ has an
important influence on the reconstruction. The smaller ǫ the better the ap-
proximation to the original signal or function. Choosing a bigger ǫ leads to a
smoothing of the signal, compare with Figure 5.2. Depending on the inten-
tion, two things can be done. A disturbed signal can be reassigned from noise
by choosing a bigger ǫ scale and a (noise free) function can be approximated
by taking a smaller ǫ scale for the Kolmogorov tube in Algorithm 2. In both
cases much less different wavelet coefficients are required.



5.2. SIGNAL COMPRESSION 85

0 200 400 600 800 1000
−3

−2

−1

0

1

2

3
original signal s

0 50 100 150 200 250 300
−3

−2

−1

0

1

2

3
eps=1

0 50 100 150 200 250 300
−3

−2

−1

0

1

2

3
eps=0.5

0 50 100 150 200 250 300
−3

−2

−1

0

1

2

3
eps=0.1

Figure 5.2: Original signal s (red) and reconstructed signal ŝǫ for different
scales of ǫ (green). To zoom in only a cutout of 300 values is displayed in the
lower three graphics.
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5.2.1 Concluding remarks

No matter, whether Algorithm 2 is applied directly to the color values of an
image or to the coefficients of a basis representation of a signal, it is possible
to achieve any level of compression by a proper choice of the tube width ǫ.
Figure 5.3 shows this fact using the example of the baboon picture. Many
different epsscale values were taken to elaborate how the SNR (left) and the
number of colors (right) changes in dependence of this squeezing factor. Let
at this point the linear run time of Algorithm 2 be emphasized once more.
Therewith compressions for many different values of ǫ are determined very
fast. An epsscale factor of 1 means that the classical Kolmogorov tube is
used. Looking into Figure 5.3 we note that if the tube is somewhat smaller
the SNR gets considerably higher. Finally, SNR → ∞ for ǫ → 0. Similar
effects we observe with the number of colors. In this case first the number
of colors increases slowly with decreasing tube width. But from a squeezing
factor smaller than 0.2 the number of colors rapidly tends to the original
number of colors. Therefore, for ǫ small enough the reconstruction coincides
with the original image. With increasing tube width the number of colors
descreases until in the end just one color is used in the reconstruction.
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Figure 5.3: Signal to noise ratio (left) and number of colors (right) in depen-
dence of the epsscale factor. These values were achieved by applying Algo-
rithm 2 with different squeezing factors to the baboon image.



Chapter 6

Summary and Outlook

This thesis is on the field of nonparametric density estimation. In particular,
it provides two adaptive histogram construction procedures that are based
on the principle of parsimony. In our context, parsimony is understood as
the minimal number of bins of the histogram estimator. In order to derive
such estimators we mainly rely on variational formulations for which we de-
velop adequate tube-based minimization algorithms. We consider tubes of
functions with monotone increasing piecewise constant boundaries located
around the empirical cumulative distribution function of given data. One
prominent example is the so-called Kolmogorov tube. Every function within
the tube is regarded as an candidate for the true distribution function.
The first approach is concerned with the formulation of an optimization prob-
lem where the constraint is chosen to promote sparsity with respect to the
number of knots. It is the aim to find a piecewise linear increasing function
that has minimal number of knots within the underlying tube. As one major
result a proof of existence of a minimizing element is provided. As there is
no obvious minimization strategy to derive such a function, an algorithm of
linear numerical complexity is designed from which we can show that it de-
liveres functions that minimizes the given optimization problem. One basic
ingredient for the construction of a function with minimal number of knots
is a theorem that provides shape and location properties of a solution. In
general, the resulting histogram is just a quasi histogram.
The second approach is essentially dedicated to construct a proper histogram
with minimal number of bins. The fact that a histogram is proper if and only
if the knots of the corresponding distribution function are located on the
empirical cumulative distribution function, leads to an additional constraint
in the optimization problem. To design such a minimizer, we apply the con-
cept of dynamic programming leading to an algorithm that has quadratic
complexity.
For both approaches we provide theorems ensuring consistency and invari-
nace under linear transformations. The first method stands out since it yields
histograms with a asymptotically correct number of modes. The same holds
true for the number of bins, if the true density is piecewise constant. For the
second estimator valuation in just one direction is possible. The number of
modes and bins is not underestimated.
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A simulation study compares both density estimators with each other and
also with the densities of other histogram construction procedures. Thereby
methods providing regular histograms and methods providing irregular his-
tograms are included. The perfomance criteria are the peak identification
loss, the L1 distance, the Hellinger distance, and the number of bins. More-
over, samples of different sizes and distributions are generated. All methods
are evaluated through its risk for every sample size, distribution and loss
function. The results are discussed in detail. Recapitulatory, we can say that
the new developed methods are adequate histogram estimators and provide
good approximations to the true density functions. They have an excellent
ability of peak detection. Compared to the other methods, they yield consid-
erably fewer bins leading to somewhat larger norm distances with respect to
the true density function. Nevertheless, many narrow bins (that mostly are
of little importance) are avoided. Comparing both new methods with each
other the results are very similar. In general, the first method yields fewer
bins whereas the second one is somewhat better in norm distances. However,
the differences are really small such that the first one will be prefered because
of its faster run time.

Major task of this thesis is optimization under constraints in the context of
one dimensional density estimation. The implementation of the developed al-
gorithms solving the given minimization problems only serves for the purpose
to test. They work correct but are not optimized in terms of perfect program-
ming. Currently, the methods are implemented in the statistical software R
version 2.8.0 [32]. But they would be all-purpose with an Fortran code.
Presently, both algorithms use solely the Kolmogorov tube. However, other
kinds of tubes are conceivable as well. Theoretical statements also hold true
for more general ones. This gives reason to more discussion in this direction.
Moreover, the tube width ǫ has an enormous influence on the shape of the es-
timator. To a certain extend, a smaller tube leads to a better approximation
of the true density function. Similar to the band width discussion in case of
the kernel density estimator, an analysis with respect to the optimal choice
of the tube scaling factor would be possible. Of course, the formulation of
further pasimony aspects yields more room for discussion as well.

Parsimony is the preference of using the simpliest way or least complex
explanation for an observation. This principle has applications from science
to philosophy and not only statisticians value parsimony quite highly. It will
always be an important aspect in statistical analysis, so I have done a small
step in the right direction.
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