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Abstract: We present the results from kinetic theory for a system of self-propelled particles with
alignment interactions of higher-order symmetry, particularly nematic ones. To this end, we use the
Landau equation approach, a systematic approximation to the BBGKY hierarchy for small effective
couplings. Our calculations are presented in a pedagogical way with the explicit goal of serving as a
tutorial from a physicists’ perspective into applying kinetic theory ideas beyond mean-field to active
matter systems with essentially no prerequisites and yield predictions without free parameters that
are in quantitative agreement with direct agent-based simulations
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1. Introduction

The seminal work on the Vicsek model [1,2] showing a phase transition to a state
with long-ranged order in a two-dimensional model of inter-aligning self-propelled par-
ticles, a transition which would be in opposition to the Mermin-Wagner theorem [3] for
equilibrium systems, can reasonably be used to mark the beginning of an ongoing foray
from a theoretical perspective into understanding the "new” physics in models of active
matter. In general, active matter is a subfield of nonequilibrium systems that are driven
out of equilibrium on the smallest scale considered. The prototypical realization of this are
self-propelled particles,as in the case of the Vicsek model. In a real-world version of such a
system, there will be some microscopic mechanism (the usage of fuel, the metabolism of a
living creature, external driving forces, etc.) that falls into the broader class of nonequilib-
rium physics, but if taken as fundamental units, these self-propelled particles are active.

In the decades since the first publication of the Vicsek model, considerable progress
has been made in active matter physics, both on an analytical-computational level [4-8] and
in the controlled experimental realization [9,10] of active matter systems. A somewhat com-
prehensive list of related review articles can be found in ref. [11]. The status of Vicsek-like
models (an alternative nomenclature is that of dry active aligning matter [8]) as a workhorse
in the research, particularly for more fundamental insights, has prevailed. This is not only
limited to the original aim of studying flocking [12], the onset of collective motion or a
global polar order in the directions of motion, but also extends to exploring systems with
anti-aligning behavior [13-19], as well as systems with higher-order symmetry.

The most direct extension from polar order is the case of nematic order. Active ne-
matics [20-29] are of high practical relevance, as many abundant instances of active-matter
systems, such as bacteria and polymers, are based on particles with one distinct axis (rod-
shaped). Typically, the alignment interaction in these systems is the result of actual collisions
(in the sense that forces are acting on the spatial degrees of freedom) and the resulting
symmetry is less clear, as inelastic collisions can generally induce a polar order [17,30,31].
Here, we consider the case of microscopically nematic pure alignment interactions. In line
with the active matter concept, this can be seen as an abstraction to more microscopic
interactions, such as steric interactions or by other means, say hydrodynamically [32].

On the technical side, interest in kinetic approaches to statistical physics has been
renewed in the context of active matter [15,18,33-50]. The extension of maximum entropy
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concepts (a discussion with some historical notes regarding the different conceptual schools
can, for example, be found in ref. [51]) to these systems is not straightforward, whereas
kinetic theory is systematically built up starting from the equations of motion and can
therefore be adapted to a great variety of problems with few underlying assumptions.
Specific Langevin dynamics being given, a systematic marginalization of the corresponding
Fokker-Planck equation establishes the Born-Bogoliubov-Green—Kirkwood-Yvon (BBGKY)
hierarchy of n-particle functions. Most physical quantities of interest can be written in
terms of the one-particle function, making this a natural starting point. Closure of the
hierarchy has been discussed in the literature [42,45] on polar models in detail. Often
employed is the assumption of molecular chaos, which leads to mean-field dynamics
(which can also be derived as the formal N — oo limit of the equations of motion [35,52-56])
which have been referred to as the Vlasov (or McKean—-Vlasov [52]) equation [57,58] (see
also the earlier work by Jeans [59] and ref. [60] for an argument to call it the collisionless
Boltzmann equation).The emergence of mean-field dynamics in certain continuum limits
is the subject of active mathematical research, often being referenced as the propagation
of chaos [43,52,61-64]. A full treatment of dynamics beyond mean-field is intricate and
usually limited to perturbative approaches in either the density or the coupling strength.
The density route, neglecting contributions from non-pair collisions, leads to the proper
Boltzmann equation, which is valid for arbitrary interaction strengths [65]. As there are
several technical intricacies related to this method (see the discussion of polar models in
ref. [15]), we follow the route of weak interactions here. This leads [66] to the Landau equation,
which arguably could also be named after Bogoliubov and/or Balescu, who provided more
careful systematic derivations [67-69]. In particular, it becomes apparent under diligent
derivation that the Landau equation is valid at arbitrary densities for sufficiently small
coupling (the limit of higher densities, but weak interaction does only exist in models with
soft interactions; relevant steric interactions, for example, are not suitable for a perturbative
treatment in interaction strength). The Landau equation has also seen usage in the case
of polar models [46,70]. There exist rigorous statements that the spatially homogeneous
Landau equation that we will derive is indeed the proper limit of the Boltzmann equation
with weak interactions [63,71,72].

The bottom-up nature of this kind of kinetic theory is complementary to more top-
down mesoscopic hydrodynamic approaches that try to formulate the effective equations
of motion for slow, collective variables from general principles [12,36,43,73-75].

In this work, we present some (in parts rather old) ideas on kinetic theory, particularly
the Landau equation approach, in a concise and self-contained way that is tailored to
the (rather new in the grand scheme of things) application in Vicsek-like models and,
along the way, we derive novel results for Vicsek-like systems with nematic (and generally
higher-order symmetry) coupling.

2. Model

We consider a class of generalized Vicsek-like models [34,35] wherein particles are
described by two-dimensional positions x; (i = 1,..., N) and orientational angles 6; whose
dynamics are given by

X; = vofi; (1a)
0 =T )_ sin(n(6;(t) — 0:(t))) + 1 (1b)
JEQ

with #; = (cos;,sin6;)?, (7;) = 0 and (mi(t)n;(t')) = 2D,;j6(t —t'). Tt is possible to
formulate analogous dynamics in higher spatial dimensions [35,76]. Many aspects of our
discussion are model-independent, but we limit the discussion to the two-dimensional
case as the simplest non-trivial realization of orientational interactions whenever necessary.
A schematic of our model is depicted in Figure 1. Crucially, this specific model does not
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include a prefactor that scales the interaction according to the number of interaction agents.
This is essential in the limit of many interacting partners, as will be discussed below.

Figure 1. Schematic explanation of the model used and the relevant control parameters. We consider
ensembles of N self-propelled agents moving in two dimensions within a quadratic box of size L
with periodic boundary conditions applied in each direction. Together, N and L fix the (number)
density p = N/L2. Adjacency for interaction is determined via an interaction radius R, and the
interaction takes place with other agents within this radius (marked green in the middle panel as
opposed to those marked blue that are outside). The interaction will change the orientational angle
6 that encodes the direction of flight of the particle. It is measured with respect to a fixed reference
axis, in our case the x-axis. The size of the radius R fixes the dimensionless density M = anz,
the expected number of particles within one interaction zone. Particles propagate with constant
velocity vg. Without any interactions, the direction of flight changes only subject to noise (orange
trajectories in the right panel, depicted in the resting frame of an interaction partner) whose strength
is given by D,. Upon interaction, the rate of change is controlled by the interaction strength I
Throughout the manuscript, we use non-dimensional equations giving rise to a non-dimensional
interaction strength Sc = 'R /vy and an inverse diffusion constant (Peclet number) Pe = vy/(RDy).

Thus, we consider ensembles of self-propelled particles that move with a fixed propul-
sion speed v in the plane along the direction given by their orientational angle (relative to
some fixed axis). These angles change via purely orientational or alignment interactions,
whose strength is given by I', and via explicit noise, whose strength is given by the resulting
rotational diffusion constant D,. Crucially, the interaction topology changes over time as
the set of particles (); considered adjacent to particle i change. Specifically, throughout this
work, we use

QO; = {k # il|x; — x| < R}, (1c)

i.e., every particle has an identical fixed interaction radius R and interacts with every particle
within a circle of radius R around it. For specific applications, other models of adjacency,
such as metric-free models [39,77-79], can be more appropriate.

The interaction radius introduces a relevant length scale into the system, which
gives rise to a suitable control parameter of the system, the non-dimensional density
M = R?*p = mR?N /2. The intuitive meaning of this is that there are on average about
M particles within the interaction radius of one particle. Similarly, we define the non-
dimensional interaction strength Sc = I'R /vy and the non-dimensional inverse diffusion
strength or Peclet number Pe = v/ (RD;). This work focuses on the case of weakly inter-
acting particles (to be specified later on) without any requirement regarding diluteness (i.e.,
arbitrary M).

Finally, the kind of interaction between any pair of angles is crucially affected by the
chelation number n € N in the argument of the interaction kernel. This allows us to control
the symmetry of the alignment interaction, cf. Figure 2, with n = 1 corresponding to the
case of polar interactions and n = 2 to nematic interactions. Also shown is the case of
triatic interactions for n = 3 as a representative for higher n-atic interaction (as observed,
for example, in dihedral liquid crystals [80]) types with n-fold symmetry. A suitable order
parameter is given by the bond order parameter n; = Y, el/% [81]. Generally, there are
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n stable and n unstable equilibria. While we are focused on # = 2 and the case of n = 1
has been treated [46,70] in the literature, we provide a general treatment for the sake
of self-containedness. The symmetry of the interaction kernel directly affects the positional
statistics observed in agent-based simulations (to be introduced in Section 4), see Figure 3.

1
‘ 0 ‘ .
I

Figure 2. Visualization of the action of the chelation number n within the model of the interaction.
The color map shows the relative interaction with a second particle exerted by a pivot particle moving
upwards (shown in the middle) as a function of the orientation of the second particle (the polar angle).
A positive value indicates that a counter-clockwise turn is induced. Equilibrium orientations are
marked in black. For a positive I', the angles that lie in a transition from red to blue in a counter-
clockwise orientation are stable, while for a negative I', the other zeroes are stable. The case of polar
interaction corresponds to 1 = 1, whereas n = 2 represents nematic interactions. The symmetry of
the interaction is also apparent in simulation snapshots in the ordered phase (see Figure 3).
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Figure 3. Snapshots of agent-based simulations in the respective ordered phase (positive coupling
I') for (from left to right) chelation numbers n = 1,2,3. Agents are represented by a circle whose
size is given by the interaction radius R. Their orientation angles 6; are indicated via a color code
(see inserted wheel). The correspondence to the symmetry of the interaction itself, cp. Figure 2, is
apparent as the states show polar order for n = 1 with a collective motion of particles in one direction,
nematic ordering for n = 2 where all particles move along one axis in both directions, and a collective
state with three-fold symmetry (green/turquoise, orange, and violet/blue) for n = 3.

3. Landau Kinetic Theory

By means of standard stochastic calculus [82,83], we find the Fokker-Planck equation
for the full N-particle distribution function Py to the Langevin Equation (1) after rescaling
to units such that R = vy =1,

N N
atPN({x,», 91}) = — Z ((fl, . Vl')PN + Scagi (Z 111’,]‘ Sil‘l(i’l(@j - Gi))PN> - Pe‘lagiPN> (2)
i=1 j=1

wherein the omitted arguments of Py are the same on the right as on the left, which we
will use throughout to increase legibility, and we introduce an indicator function

a;j = O(1 — [x; — xj]). ®)

The distribution Py contains the full information for all 3N microscopic degrees of freedom,
which makes it unwieldy to use. As we consider all the particles to be identical, most
relevant quantities, in particular the order parameter, should be reducible to integrals over
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a one-particle distribution. Therefore, we follow the textbook [69,84-88] Born-Bogoliubov—
Green—Kirkwood-Yvon (BBGKY) hierarchy [67,89-91] approach and introduce reduced
k-particle distribution functions by integrating out all the degrees of freedom except for
those of the first k particles,

N! 1\*
D = (Nk)'<M> /.../PNdka A0y ... dxy dby. )

The combinatorial pre-factor accounts for possible other selections of the k pivot particles.
The non-standard pre-factor (L2/(7R?*N))* = (1/M)F is chosen such that all py are of
the order O(1) for a uniform distribution Py. Using the shorthand notation i = (x;, 0,7,
the evolution of the one-particle distribution, i.e., the first member of the BBGKY hierarchy,
is given by

op1(1,t) = (ﬁl + Peflagl)pl(l,t) — Y 0g, // apsin(n(6 —61))p2(1,2,¢)d2.  (5a)

Here, we introduce the notation v = ScM for the effective interaction strength, the param-
eter that controls applicability of the theory, and make use of the one-particle Liouville
operator £; = —11;V; determining the evolution in the free deterministic (Sc = Pe! =0)
problem. As for any system with additive pair interactions, the evolution of the k-particle
function relies on the k + 1-particle function establishing the BBGKY hierarchy. In particular,
the two-particle function is found to evolve as

Apa(1,2,1) = (£1 + Lo+ Pe! (851 + agz) ) P2

—7 [M-l (90, (41,2 5in (11(62—61)) p2) + g, (22,1 sin (n(61-62))) p2) (5b)
" 891//,11,3 sin (n(63—01))p3(1,2,3,£)d3 + agz//llz,3 sin (1(63—02))p3(1,2,3,1) d3|.

The (abridged) hierarchy of Equation (5) is the starting point for any meaningful
kinetic theory. Before moving on conceptually, it is very advantageous to separate off
some contributions to the higher-order functions. In the free problem, all the particles are
uncorrelated and one therefore has factorizing k-particle functions py free = IT;_1x p1(i, t).
In light of this, we perform an Ursell (or Mayer or cluster) expansion [92,93] introducing
reduced correlation functions g;. The correlation function g contains the novel contributions
on the k-particle level such that it contains the information about f; that is not contained in
the lower-order f; and g; with j < k. In particular, the first three correlation functions are
(omitting time dependencies for clarity here and in the following) given by

p1(1) = g1(1)
p2(1,2) = p1(1)p1(2) + 82(1,2) (6)
p3(1,2,3) = p1(1)p1(2)p1(3)+p1(1)82(2,3)+p1(2)82(1, 3) +p1(3)82(1,2)+83(1,2,3).

We follow the diagrammatic approach of Balescu [69] to reduce the resulting equations
for 0;¢> to terms that actually contribute, utilizing a kinetic equivalent of the linked cluster
theorem. We represent reduced one-particle distribution functions by unconnected hori-
zontal lines that are tagged by their respective particle index; a k-tuple of horizontal lines
connected by a vertical line represents a reduced k-particle correlation function. Each dia-
gram contains one vertex that corresponds to the interaction kernel, ~ ydg sin(n (6’ — 0))
(with a convention that the derivative is to be taken with respect to the (upper, where
ambiguous) incoming line) and, finally, the lines corresponding to the given degrees of
freedom start on the left and all other degrees of freedom (red lines in the figure) are to be
integrated over. The important part to understand is that only fully connected (in the sense
that every point on any line can be reached on lines from any other point) diagrams can
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contribute to the correlation function. In Figure 4, we show all the diagrams corresponding
to the result of naively inserting Equation (6) into Equation (5b). The diagrams contained
within the blue box are not fully connected and, therefore, do not contribute to g>. Unaf-
fected by these considerations is the free (Sc = 0) part of the time evolution. Reconstituting
these considerations into equations, we find that

(0t — F12)82(1,2) = —’Y{M_l{ael(%zsm( n(02—01)))(p1(1)p1(2) + 82)

+ 9p, (a2,1 sin (n(61—62))) (p1(1)p1(2) + &2) }
)

20, [[ 135 (n(05-00) (11 (D2(23) + 1 B)ga + (1,2,3)) 3 7

05, [ [ azasin (n(65-62)) (11 (2)g2(1,3) + p1 (3)g2 + 83(1,2,3)) 43

wherein Fi, = (El + Lo +Pe! (831 + 85)) is the free two-particle Fokker-Planck

operator. As stated earlier, we are interested in the weakly interacting limit, which in light
of the resulting equations, we can specify to be ¥ = Sc M < 1. To this end, there is a
fruitful insight to be drawn from the fact that only fully connected diagrams contribute
to the g: any fully connected k-particle diagram will have to have one vertex and at least
k — 2 lines linked vertically by correlation functions, meaning that we can conclude that
gk = O(Sc*~1). Thus, all of the hierarchical terms in any g evolution, i.e., those originally
belonging to py.1-terms and containing integrals, are of a higher order in 7. To order
O(Sc?), we therefore obtain the following Landau kinetic theory

atpl(l) = (ﬁl -+ Pe_la(%l) p1— 'yagl//am sin (11(92—91))(771;71 (2)+g2(1,2)) d2 (8a)
= (‘Cl + Peilagl)pl —Jeoll
%82(1,2) = F1282(1,2) + Q(1,2) (8b)

with the source term (using a;, = a5 1)

Q(1,2) = —Scay5(dg, — p,) sin (n(02—01))p1(1)p2(2). (8¢)

2

D G Gi'D G D ¢
d2CgC

AL

Figure 4. Diagrammatic representation, as explained in the main text, of the terms on the two-particle

\S]

level, Equation (5b), after performing the expansion of Equation (6). Only fully connected diagrams
contribute to the evolution of g. We indicate the not fully connected diagrams conveying trivial
information that is already separated off in the Ursell form by a blue box. These do not contribute
to g». To enhance clarity and differing from ref. [69], we mark virtual indices (corresponding to the
degrees of freedom that are to be integrated over) by red lines and employ a convention that the
derivatives occurring at vertices (junctions of three or more lines) are to be taken with respect to the
uppermost index coming from the left. The free propagators are not explicitly represented graphically.
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It is a great strength of this approach that it is directly apparent that the collision integral

Jeoll = Jeon(1) consists of two contributions, a mean-field one, ]Egﬁ, which is obtained by

neglecting correlations and is of the order O(), and a genuinely Landau contribution,

JL 1, of the order O(MSc?) for which we have to know g during interactions by solving

Equation (8b). That is, we split

Jeoll = T +T50 (9a)
IR =730, [[ av2sin (n(62-60)) prpn (2) 42 (9b)
]goll = ’)/agl // a1,2 sin (ﬂ(@z—@l))gz(l, 2) d2. (9C)

Enslaving g, to py, i.e., pretending we know p1(1) and p;(2) as functions of time, we
can directly give this solution formally as a variation of constants

t
§2(1,2,4) = Uy o(to, t, Pe )g2(1,2, t9) + Un 2 (to, £, Pe ) / Uy, (to, ', Pe 1)Q(#) dt' (10)
to ’
with the free two-particle propagator
Z/[l,z(l'o, t, Peﬁl) = e}-l/Z(titO) . (11)

Operating in the weak noise limit, we set 4 »(to, t, Pe™1) & Uy »(to, t,0), neglecting noise
contributions during the (typically short) timescale of interactions but keeping the diffusive
terms arising from the (typically large) timescale of free flight. Additionally, the one-particle
operators trivially commute and the system is symmetric under translation in time, so that
we find that

ul/z(fo, i’,Peﬁl) ~ ul/z(fo, t, 0) = €(£1+£2)(t*t0) = ul (to, t)llz(to, t). (12)

Recalling the definition of the one-particle Liouville operator, £; = —;V;, which
is simply the generator of infinitesimal translations, we see that the time propagation
mediated by U ; is indeed a displacement by Ax = n;At. This is the physical expectation:
in Landau kinetic theory, we compute the contributions from interactions assuming that
particles move freely during the interaction, which is free ballistic transport in this problem.
With this in mind, the back propagation mediated by U1 (to,t) = U (t,t) is just a
translation to the location where the agents had been at an earlier time.

To progress, two physically informed approximations are necessary. Firstly, we have to
specify the meaning of the time ty and the value of the correlation function at this time.
As stated previously, we only have good control over the propagator on short timescales
and, by construction, the correlation function g»(1, 2, t) only contains information if particles
1 and 2 have interacted. More importantly, as these particles subsequently interact with
other (screened out) particles, any built-up correlation will decrease over time. This leads to
the natural choice of assuming one-sided molecular chaos: we treat particles as uncorrelated
at the beginning of a pair interaction [84]. The distinction of one-sidedness is important
here, as the molecular chaos assumption (originally coined as the Boltzmann property by
Kac [61]) usually refers to a mean-field description, i.e., go = 0 throughout. Mathematically,
these considerations provide tp with the meaning of the onset of an interaction (i.e., the
point in time when the two particles enter each other’s interaction radii) and we can impose
92(1,2,t9) = 0 as the particles being assumed to be uncorrelated at this point in time. We
will address t later on.

As an aside, we use physics terminology here, wherein mean-field is used to describe
the effective dynamics derived from a neglection of correlations. It is an ongoing effort
within the mathematics literature to show that the correlations are vanishing and that the
long-term N-particle probability distribution functions factorize when considering the
direct continuum (N — co) limit of Equation (1). This, again following Kac [61], is referred
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to as the propagation of chaos [55,62,64,94]. For Vicsek-type models, this is discussed in
ref. [55]. While we do omit contributions O(1/N) (from the combinatorial pre-factors), our
perspective is that N is finite throughout (most ensembles of active matter particles such as
flocks of birds or schools of fish are tiny, perhaps 10>~4, compared to the typical particle
numbers considered in, say, gases, which are of the order of moles, so 102%), and if at all,
the formal limit N — oo should be performed at the end for actual observables such that
the control parameters M, Pe, Sc remain finite.

Secondly, we know that in the relevant limits, Pe !, v < 1, the one-particle distribu-
tions are spatially homogeneous on the scales of interactions reducing the action of the
propagator solely to that which it has on the indicator function a; 5, which evaluates to one
during the interaction. In summation, we can write Equation (10) as

t
J*9) (1, 2, f) = —5Sc ulrz(t,, t)ﬂLz (agl — 892) sin (1’1(92—91))}?1 (1, t)pl (2, t) ar

to
t
— —Sc (3p, — dg,) sin (n(6—61))p1 (1, H)p1 (2, 1) /t Uns(F, t)ar o di
0
= —Sc (891 - 892) sin (n(92—91))p1 (1/ f)p1 (2/ t)tpassed (13)

Herein, tpassed = fpassed (1(f0),2(f0)) = t — to is the time passed during the encounter (up
to time #), which depends on the initial coordinates. While the presentation here is focused
on the specific case of pure alignment in two dimensions, the machinery is easily adapted
to the case of higher dimensions or more complex interactions. However, the specific
expressions as well as the evaluation of the passed time later on are highly dimensionally
dependent.

As we consider purely orientational interactions, the dependency on the relative
orientation A = 6, — 61 will be more critical than that on the relative positions Ax = xp — x;.
Delaying the specifics for a moment, it is helpful to keep track of the proceedings. The result
of Equation (13), which was found by means of one-sided molecular chaos considerations
to be the solution to Equation (8b), is the missing link to phrase Equation (8a) as a closed
evolution equation for the one-particle function p;. Specifically, it will be used to evaluate
the Landau contribution to the collision integral.

3.1. Mode Equations

Thus, the relevant equation is the now closed first BBGKY-equation, which we write as

aip1(1) = (L1 + P93 ) pr (1) = MR 1] (1) = T 1) (1). (14)

While we continue to postpone it, evaluation of the collision integrals is possible for a
known p;. Still, Equation (14) remains an integro-differential equation that is difficult to
handle. The strategy that we pursue here is to make use of a Fourier transform. As we
are particularly interested in the emergence or relaxation of angular order and generally
working in a parameter regime close to the free problem, we only perform this transform
with respect to the angular degrees of freedom and assume spatial homogeneity of p; for
the rest of this work. This is to keep the presentation concise, and taking the full spatial
dependencies into account poses no fundamental problem [15,48,95]. The convention of
Fourier transformation we use is that the mode p;,; of p; to the wavenumber m is given by

. L 27 e
pnlt) = 5 /0 e~ 170 b1 (0, 1) do. (15a)

Consequently, the inverse transformation is given by

[e9)

p1(0,t) =Y pu(t)e™. (15b)

m=—0o0
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As the one-particle function is real-valued, we have to have p,, = p* .

We can generally establish an expectation for the mode equations, i.e., the time evo-
lution of the Fourier modes, which is helpful for guiding one through the proceedings.
The kinetic theory we derived is up to the order O(¢?) ~ O(M?), or more physically up to
pair terms. Thus, the time evolution of a mode will be a quadratic form in all modes

Otpm = —m*Pe  py + K, " Popao, (16)

where we directly write the free part of the evolution due to rotational diffusion and
use Einstein’s summation convention. We also know that our models are rotationally
symmetric: any transformation 6; — 6/ 4+ « amounts only to a different choice of reference
axis. Therefore, both sides of the mode equations have to display identical behavior under
this symmetry operation, making the gauge choice « immaterial. This leads to a sum rule,
w + v = m, for the indices in the general approach, which also means that we can reduce
the general tensor K to a mode coupling matrix K. In summation, we find

atﬁm = *mzpe_lﬁm + K%ﬁwﬁmfw- (17)

The matrix elements K, = V¥ + L each will have contributions V5 from the mean-field
or Vlasov description and Landau corrections L, to it.

3.1.1. The Mean-Field Collision Integral

We recall that the mean-field collision integral was found to be, cp. Equation (9b),

Jon() = ’7391/al,zSin(”(92—91))P1(91)P1(92)d92 (18)

where we used spatial homogeneity. Inserting Fourier transforms yields

27
Vrﬁ]}awﬁm—w:_')’ 0 C;Gl _”"918 / d92sm( (92 91 Zpkplelkel 91192 (19)
k,l=—00
= —2mmiy Z / dAsin (nA) Py 1pr et (20)

I=—o00

by integration by parts and changing integration variables. Inspecting the interaction kernel

sin(nA) = 5 (el"® — e~ 1"4) performing the integral is trivial, and we can directly infer that

VY = mm (5 6%,) @1

Two conclusions are immediate from this result. One, the modes selected by the global
chelation number # couple to the conserved mode pg. Thus, they will be dominant hydro-
dynamically, which was to be expected. Secondly, there is an implied timescale 7, ' = nmy
for the relaxation dynamics of this dominant mode. This is also to be expected, as it reflects
the perturbative behavior sin(n(Ag + €)) ~ ne around the equilibrium positions.

The mean-field description should intuitively be the correct description for M >> 1, as
there will be no relevant correlations in the fully-connected model. This propagation of chaos
property is indeed correct [35,55]. However, this limit should be approached carefully in
this model. Inspection of the interaction in Equation (1) shows that M — oo (i.e., R = oo
and effectively crossing over into a moving, fully-connected XY-model) is only sensible
if werescaleI’ — I'/M, i.e., Sc — Sc/ M. We find corrections to the mean-field of order
MSc?, which are therefore negligible in this limit, validating earlier propagation of chaos
results within our Landau approach.
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L% |n:1 =mMSc

2
Lo =2 :mMSc:ZE

3.1.2. The Landau Collision Integral

Collecting results, we can write the Landau collision integral as

JEan(L,1) = MSc2 3y, [ [sin (1) tpassea (90, ~0,) sin (n)prp (2,) dxz db. (22)

In this case, we cannot directly proceed by evaluating the spatial integration, as the passed
time f,,55e4 depends on it. We recall that this is meant to be the time an encounter lasted up
to time ¢ that started at t with particles coordinates at time ¢y given by 1 and 2, respectively.
Encounters have to end at a relative distance given by the interaction radius, |x, — x1| = R
Choosing a frame of reference such that x,(to) = x1(fo) + (— cos ¢, sin ¢)T, with ¢ being the
angle relative to the relative velocity v, = v — v1 = (1 — i) whose modulus computes
to Uy = 2|sin % |, we find from geometry that the distance traversed at time ¢ is

s(t, to) = x(t) + cos ¢p(tp). (23)

wherein cos¢ > x(t) > —cos¢$ > 0. We have to consider any possibility for t;, which
simply means that x; is uniformly distributed within the interaction radius around x; at
time t. Thus, we can compute the spatially averaged passed time

77/ /1yx+\/17 8

4 /1 ’
dy (1 — = 24
Orel TT0re] JO y( v ) 37TVl @)

Plugging the averaged passed time into the Landau collision integral yields

JL 1 (61, 1) = MSc2dy, /sin (nA)tte, (3g, —g,) sin (nA)py (61) p1 (62) db
sin (nA)

Thus, we receive after Fourier transformation

4 .
= §MSC239] (96, —0g, ) sin (nA)p1(61)p1(62) d6. (25)

(—2ncos(nA)+i(m—20)sin(nA)) e''® (26)

o 4m1MSc2°° 21 sm
LPwPm—w=——3——)_ Pm—op ZJ/

o |sm 51

2 o 2
4mMSc — P Up/ S|1:11n (2n cos(nA) sin(vA)—(m—2v) sin(nA) cos(vA)) (27)
v=—00 2

We outline the calculation of this ultimately trivial integral for the case of general n
and, specifically, perform the calculation for n = 1,2 in the Appendix A. After collecting
terms, we end up at

,64 ((4w? — 3)m — 4w) 28)
3 2w—-1)2w+1)2w — 3)(2w + 3)
((64w® — 848w* + 2524w? — 1155)m — 320w + 2848w> — 4148w) 29)

3 Qw—1)Q2w+1)2w —3)(2w +3) (2w — 5) 2w+ 5) 2w — 7) 2w +7)

We show a graphical representation of these Landau contributions to the mode cou-
pling matrix in Figure 5. The manifestation of the symmetry imposed onto the system via
the chelation number 7 is less intuitive than for the mean-field contributions that connect
the chelation mode to the density. In the second order, the structure of the corrections,
K% p—wpw, means that there are two elements that contribute to the coupling of the mth
mode to the density, K9, and K”*. The second order part of the former is strongly negative,
while that of the latter is weakly positive. Their sum, however, is negative, meaning that
taking into account second-order contributions has (for n = 2 and n = 1) an effect that
counteracts spontaneous alignment.
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The coupling matrix elements K7, or rather the full mode equations of eg- (17), contain
the full dynamical information within the made assumptions (spatial homogeneity, cutoff
at order 92). As such, they can be used to infer predictions on many relevant quantities.
For example, we can consider the hydrodynamic expansion around an unordered state that
we alluded to earlier, i.e., we assume that all p;;, for m > 0 are small quantities. The zeroth
mode py = § corresponds to the density and is a conserved quantity. This yields

1A

1
0ipm ~ —m*Pe Ly + =

2 (K3 K) po (30)

For the mode that is selected by the symmetry encoded into the chelation number n,
this means

0tpn ~ —n*Pe 1 py + yan — 9% Bu (31)

Here, we separate off the y-dependencies from the Vlasov (¢« > 0) and Landau (8 > 0)
contributions. Thus, it is directly evident that the onset of instability of this unordered state
shifts towards lower values of Pe !, i.e., lower noise.

10 10 1
n=1 n=2

8 8
6 6

3 -4 0
4 4
| | _I
ol NN -1
0 2 4 6 8 0 0 2 4 6 8 10

m m

Figure 5. Graphical representation of the Landau contributions, L%, to the collisional mode coupling
matrix. We omit constant pre-factors and some values are outside the value range depicted here
to increase clarity. We find that these second-order corrections display a clear self-mixing (L{
is negative).

4. Comparison with Agent-Based Simulation

The big advantage of kinetic theory based on the microscopic equations of motion
versus more global hydrodynamic approaches is that we can validate our findings directly
by comparison to agent-based simulation without any free parameters. Using an Euler
scheme to numerically integrate Equation (1) [96-98], we measure the Fourier modes.
This is done for the deterministic system (Pe ! = 0), starting from a polarized, spatially
uniform state—see Figure 3 for some exemplary snapshots. Relaxation from an ordered
state for ¢ < 0is a direct way of assessing the correctness of the angular mode couplings,
as there will be no spatial patterns emerging (as would be the case for v > 0 or with
strong noise). In particular, we initialize the directions uniformly 6 € [—a/2,a/2] with
a = 57/6. A secondary benefit of this choice is that the system is polarized along the
x-axis, which in our convention means that ensemble-averaged Fourier modes will always
be real-valued functions.

In Figure 6, we show that there is quantitative agreement between the measured mode
dynamics in agent-based simulation and the results obtained from numerical integration
of the mode equations, cp. Equation (17). The mode equations are numerically integrated
by setting p,, = 0 for all |m| > 10. Here, we use rather small system sizes of N = 493,
but we do not expect qualitative differences with respect to the mode dynamics. For larger
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systems, spatial instabilities can become relevant, making the assumption of spatial ho-
mogeneity false [18,99,100]. However, omitting the spatial derivatives was done to keep
the presentation concise, and fully accounting for them is not a principle difficulty. Thus,
there are relevant contributions from terms beyond the mean-field at any N [42,50,101]. As
discussed before, this is the result of fixing M and Sc to finite values as control parameters
for any N. If the limit N, M — oo, Sc — 0 with MSc fixed were to be considered instead,
then we would expect the corrections to the mean-field to vanish for large N, establishing
the propagation of chaos [35,55].

—— Landau m=1
—— Landau m=2
— Landau m=3 081 N
—=-=- agent based m=1 f

agent based m=2 064 |
agent based m=3

0.6 1

041 — Landau m=1

—— Landau m=2
—— Landau m=3

044 |
’-

0.2 ’i\ —-== agent based m=1
]
]
|

0249

agent based m=2

Scaled angular modes
Scaled angular modes

00] | ood W N agent based m=3
'- P \
-024 A - -027 |
\ _ ‘ o
\/ -0.4 \vd e
6 5‘0 160 1_%0 260 25‘0 360 6 5‘0 160 15‘0 260 230 360
Scaled time Scaled time
(a) polar symmetry, n =1 (b) nematic symmetry, n = 2

Figure 6. Fourier modes for systems at Pe”! = 0 with n = 1 and for n = 2. The modes extracted from
the agent-based simulation (dashed lines, averaged over Ngample = 80 realizations) are compared
to the theoretically predicted modes (labeled Landau, solid lines) derived by the Landau equation
kinetic theory approach. The scaled time is ' = Sct. It is qualitatively intuitive that lower values
of the coupling constant I" are necessary to see similarly small deviations in the n = 2 case as in
the n = 1 case, because linearization of the interaction kernel, cp. Equation (1), around equilibria
yields a response 66 ~ —nT'60 to a deviation 60. The parameters used include the following: M = 0.1,
N =493, R = 1,99 = 4, At = 0.0025 and (a) T = —0.2, MSc? =25-107%, n =1, (b) T = —0.02,
MSc? =25-1076,n=2.

An important transport quantity that is suited to determination within this approach
is the self-diffusion constant D at negative coupling when the system is self-mixing.
Labeling a pivot particle with index 1, we define it as

.1 2

Deetf = lim —((x1(t +7) —21(t))%) (32)
By means of a Green—-Kubo relation, this is directly linked to the velocity correlation time
7., which determines the decay of the velocity autocorrelation function (v(t + 7) - v(t)) ~
e /% as 7. = 2Dqy;. As has been pointed out before in ref. [15], this quantity does not exist
in mean-field calculations. The calculation via a Boltzmann-Lorentz-type theory is easily
adapted, and we do not reproduce it in full here, but a rough argument would be as follows:
if we label a very small fraction as tracer particles with modes 4§, then their interaction
partners will essentially always be with regular particles whose modes we denote by py,.
Going through the derivation of Equation (17), it is apparent that the analogue for modes
of the tracer particles, which explicitly takes into account spatial derivatives as is necessary
for diffusive phenomena, would be

. 1, . 1, . "
Otdm + E(V Gm-1+ V7 ami1) = —m*Pe G + KGm—who (33)

with the shorthand V* = 0, +i9,. Again taking the limit of an unordered background,
Pm & 0y 0, we see that the mean velocity of the tracer particles, §;, only couples with the
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background density via K?, an element that does not exist in the mean-field irrespective of
n. In particular, we find a decay of the velocity autocorrelation function consistent with

1

— 34
KY —pe! 9

Dself = -

We present numerical results for Dggs as inferred from the velocity auto-correlation
function in Figure 7. The data are found in quantitative agreement for sufficiently small
values of MSc?, which is the order first correction beyond mean-field theory. Similar
to the discussion of the polar case [15,48], the scaling itself (and thus the validity of only
considering Landau equation contributions) and, at least qualitatively, corrections to scaling
can be understood by a random telegraph model (labeled semi-analytical in Figure 7), which
we reproduce in the Appendix B. Interestingly and not explicitly captured in the telegraph
process description, the diffusion coefficients” dependency on the chelation number 7 is
non-trivial. At Pe™! = 0, we find ngfz / DgeTfl = % ~ 0.8. This is indicative of self-diffusion
being a result of the full-interaction kernel, whereas other properties could be understood
from the perspective of linearization around equilibria leading to power-law scaling in 7.

Landau

A Q Semi-analytical

10° 4 AN ®  Numerical M =0.1
A Numerical M =1
~!, X Numerical M = 10

= = =
= = =)
T © S
L L L

X
L ]

coefficient of diffusion Dy

._
=
L

10° 4

d T T T T
10°° 10" 10°° 10-? 107! 10° 10!
MSc?

Figure 7. Self-diffusion coefficient D as a function of the scale of corrections beyond mean-field
theory. We present numerical results (parameters as in Figure 6, squares for M = 0.1, circles for
M = 1, saltires for M = 10) from agent-based simulations, which are to be compared with the
prediction (no free parameters) of Equation (34) (solid blue line). Improving the effective random-
telegraph description (dashed orange line), especially finding better approximations than assuming
the independence of spatial and angular variables, is the subject of future research—see the Discussion
in the main text and Appendix B.

5. Discussion

In summation, we gave a concise introduction into Landau equation-based methods
of kinetic theory, as they can be applied to active matter with few prerequisites. This
was performed for a specific Vicsek-like model with interactions of n-fold symmetry. By
means of careful inspection of the relevant scalings, it becomes apparent that the Landau
equation is not the mere weak coupling limit of the Boltzmann equation, but rather a
separate approach to finding a solution to the BBGKY hierarchy. The Boltzmann equation
is fundamentally an expansion in the density, whereas the Landau equation is an expansion
in the coupling strength, valid at any density (as long as the effective interactions MSc are
sufficiently small).

We derived the full mode equations, establishing the connection between the mean-
field (or Vlasov or McKean) and the Landau contributions to the assumptions of molec-
ular chaos and the more physical assumption of one-sided molecular chaos, respectively.
The former neglects all inter-particle correlations, whereas the latter takes correlations
during interactions into account. The main technical results are the elements beyond the
mean-field of the mode coupling matrix (see Figure 5).
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As a result of this, we are able to analytically determine an asymptotic expression for
the self-diffusion coefficient of the self-propelled particles, a measure for the self-mixing
they display at anti-aligning couplings even in a deterministic system. This result is then
independently corroborated by a random-telegraph process that gives identical asymptotics
and offers some insight into corrections to scaling at larger couplings. As such, we give
an example demonstrating that first-principle kinetic theories for active matter, when
properly derived from the exact Liouville- or Fokker-Planck equation using the weaker,
generic assumption of one-sided molecular chaos, lead to quantitative agreement, even in
transient/dynamic situations far from stationary states. This is easily underappreciated in
favor of more qualitative descriptions based on strong, problem-specific assumptions [8].

We hope that this work serves as one element refamiliarizing a broader community
with the ideas and merits of approaching statistical physics kinetically starting from micro-
scopic equations of motion. Going forward, these equations will provide a valuable set of
tools in the understanding of active matter.
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Appendix A. Evaluation of Collision Integrals

In this section, we give some purely algebraic details on the actual evaluation of the
collision integrals. As we will show, such an evaluation is possible for an arbitrary integer
n. However, we did not succeed in finding a succinct closed expression that holds for any
n, so we will limit the specifics to the most relevant cases of n = 1 and n = 2.

The evaluation of the Landau collision integral reduces to computing two families
Anv, By of integrals

Anp _/ dA———~ sin (n4) cos (nA) sin (vA) (Ala)
|s1n %)|

/ dA———~ sin nA) sin (nA) cos (vA). (Alb)
- |sm |

We adapt textbook trigonometric formulae [102] to find

125
i A k(2= k =T k1 on-2k-1 B
sin (nA) = sin 5 ;;6 (1) ( P )2 cos 7 (A2a)
n p—
5 =4 2 (2” fk )cos((zn—zk—1—zl)§) (A2b)
1=0
: ¥ 1\ n—k-1 ok
sin(nd) _ "y~ (1)k<2” kk 1)2 y (2” ?k 1) cos((2n—2k—1—21)%) (A20)
Sin k=0 1=0

sin (nA) cos (vA) = %(sin((n —0)A) +sin((n+ 0)A)) (A2d)
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Thus, it is evident that the computation of Ay, Byi» can be reduced to integrals of the
form [dA f(aA)g(BA), with £, g being sine or cosine and a +1/2, 8 € Z.

We do not attempt to evaluate this in general, but give specific results for the commonly
studied polar case, n =1,

_> / da ) o Asin(oa) = 2 / AA cos 2 (sin((v—1)A) + sin((v+1)A)) (A3)
sin 2 0 2

A . 1 T . . . . c7 ]_
dA A) = dA iA/2 iA/2 iwA iwAy W
/0 cos 5 sin(wA) = —41,/0 (e +e )(e!? —e ) = 173

L ! Bi-1 (A4)

n=1 __ —
Ao _2((7)—1)2—1/4+(v+1)2—1/4)_ Lo

and the nematic case, n = 2

—2 / et ZA cos(2A) sin(vA) (A5)
sin 5

= 4/0 dA cos % cos A(sin((v — 2)A) + sin((v + 2)A)) (A6)

= 2/(;TclA cos %(sin((va)A) +sin((v—1)A) + sin((v+1)A) + sin((v+3)A)) (A7)

2( . + . + ; + : ) =By
(v—=3)2-1/4 (v—-1)2-1/4 (v+1)2-1/4 (v+3)2—-1/4 '

(A8)

Appendix B. Self-Diffusion by Means of a Random Telegraph Model

In this section, we present a different approach [15,48] to computing the self-diffusion
constant based on the notion that changes in angle and changes in adjacency effectively
decouple forI' < 0, M > 1.

We recall that the angular dynamics are given by, cp. Equation (1b),

0; =T} sin(n(6;(t) — 0:(t))) +7;
jE€Q;

and notice that particularly in the case of many neighbors, |Q);| ~ M > 1, both contribu-
tions are of a similar noisy character (as we consider I' < 0 and thus expect limited angular
correlations). This leads us to tentatively write

6; =& +mi (A9)

with an intrinsic noise {; whose properties are to be determined. From this, we directly
conclude that the angular diffusion, which we can use to measure the velocity decorrelation
since v(0 + Af) - v(0) = cos(Af) ~ 1 — (AB)?/2, is given by

t+T t+T h - - .
6% = [ [ (@ DE W) + i) + (& m(D) + @ (Om())dide’. (AL0)

The second term is known, and the last two, at first approximation, do not contribute,
since the two noise terms can be taken as independent. To compute the first term, we
again introduce indicator functions g; j, such that Yieq, = Ljdij- These are again well
approximated as being independent of the angular degrees of freedom, and we introduce a
time-correlator

(aij(Baix(t')) = 0jxg(E—t') fori # j, k. (A11)

That is, we model the indicator functions as the results of a random telegraph pro-
cess [82], a signal that is either zero or one, happening independent of the angular dynamics.
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This is a choice and somewhat obviously incorrect in a strict sense, as the indicator functions
act on the spatial coordinates, which are given by integrated velocities and therefore depend
on the entire history of all angles. In actuality, the beginning and endings of interactions in
a dense state of essentially randomly oriented agents will be almost independent of the
respective angles. Changes in adjacency will happen on some typical timescale that we
characterize by an off-rate w,¢f, and choosing pre-factors to be convenient later on, we write

lim (N —1)g(F— ) = Me ol ' (A12)

N—oo

Computing the angular expressions as well [15], we find a self-consistent equation for
Ab?

T
(A% = FZM/O dt(t — £) e wort =1 (8%) 4 p 7 (A13)

which can be solved by rephrasing it as a differential equation (taking derivatives with
respect to T twice), resulting in

r2n2m
2|t|a 5 2

1 1+e

(A6?) = = [ 2In — — wotlt] |- (A14)
" 2eltlV =Y o
withe = a++vVa>—1and a = % +1. Inspecting these results for large

timescales, t > w;f}, we find an effective angular noise

s wog [ | W 2MI?n?
D, = 2 ( o + RS -1 (A15)
off off

with W = (n2D, + wog)?. For an easier comparison, we perform the same non-
dimensionalization as in the main text and, using A as the non-dimensional off-rate, find

2pp-1 2 2,2
-1 A \/(271 Pe=1 4 A) +2MSCH 1 (A16)

self tele — ﬁ A2 A2
Inspecting this in the relevant limit, Pe ! =0, MSc? < 1, we find that the telegraph
process predicts the same asymptotics as the Landau equation approach, cp. Equation (34),

Dielf tele & A~ TMSc?. (A17)

One way of determining A would be via a measurement of first-passage times. How-
ever, we can also demand the two approaches to coincide in the limit MSc?> < 1. This
therefore gives the semi-analytical curve shown in Figure 7.

We also take note of the fact that the final result for Pe ! = 0 has no explicit depen-
dence on the chelation number n. This can be understood by going back to the angular
equation of motion Equation (1b). Multiplying this equation by n rescaling nI' = I'*, we
can eliminate any n-dependence in the deterministic parts by considering 6* = nf. Thus,
the angular diffusion in the small Pe!-limit, A(8*)2 o (I'*)2, will also show no explicit
n-dependence. This rescaling does not work for the spatial dynamics, as the propulsion is
not n-dependent. Therefore, the (here neglected) coupling of spatial and angular degrees of
freedom has to induce a (weak) dependence on 7. This is covered by the Landau approach.



Entropy 2024, 26, 1054 17 of 20

References

1. Vicsek, T.; Czirok, A.; Ben-Jacob, E.; Cohen, I.; Shochet, O. Novel Type of Phase Transition in a System of Self-Driven Particles.
Phys. Rev. Lett. 1995, 75,1226. [CrossRef] [PubMed]

2. Ginelli, E. The Physics of the Vicsek Model. Eur. Phys. J. Spec. Top. 2016, 225, 2099-2117. [CrossRef]

3. Chaikin, PM.; Lubensky, T.C. Principles of Condensed Matter Physics; Cambridge University Press: Cambridge, UK, 1995; Volume 10.

4. Ramaswamy, S. The Mechanics and Statistics of Active Matter. Annu. Rev. Condens. Matter Phys. 2010, 1, 323-345. [CrossRef]

5. Marchetti, M.; Joanny, J.; Ramaswamy, S.; Liverpool, T.; Prost, J.; Rao, M.; Simha, R. Hydrodynamics of Soft Active Matter. Rev.
Mod. Phys. 2013, 85, 1143-1189. [CrossRef]

6.  Menzel, AM. Tuned, Driven, and Active Soft Matter. Phys. Rep. 2015, 554, 1-45. [CrossRef]

7.  Shaebani, M.R.; Wysocki, A.; Winkler, R.G.; Gompper, G.; Rieger, H. Computational Models for Active Matter. Nat. Rev. Phys.
2020, 2, 181-199. [CrossRef]

8.  Chaté, H. Dry Aligning Dilute Active Matter. Annu. Rev. Condens. Matter Phys. 2020, 11, 189-212. [CrossRef]

9.  Bechinger, C.; Leonardo, R.D.; Lowen, H.; Reichhardt, C.; Volpe, G.; Volpe, G. Active Particles in Complex and Crowded
Environments. Rev. Mod. Phys. 2016, 88, 045006. [CrossRef]

10.  Essafri, I.; Ghosh, B.; Desgranges, C.; Delhommelle, J. Designing, Synthesizing and Modeling Active Fluids. Phys. Fluids 2022, 34,
071301. [CrossRef]

11.  te Vrugt, M.; Wittkowski, R. A review of active matter reviews. arXiv 2024, arXiv:2405.15751. [CrossRef]

12.  Toner, J. The Physics of Flocking; Cambridge University Press: Cambridge, UK, 2024.

13.  Menzel, A.M. Collective Motion of Binary Self-propelled Particle Mixtures. Phys. Rev. E 2012, 85, 021912. [CrossRef] [PubMed]

14. Nourhani, A.; Saintillan, D. Spontaneous Directional Flow of Active Magnetic Particles. Phys. Rev. E 2021, 103, L040601.
[CrossRef] [PubMed]

15. Ihle, T.; Kursten, R.; Lindner, B. Asymptotically Exact Scattering Theory of Active Particles with Anti-Alignment Interactions.
arXiv 2023, arXiv:2303.03357 . [CrossRef]

16. Kiirsten, R.; Mihatsch, J.; Ihle, T. Flocking in Binary Mixtures of Anti-aligning Self-propelled Particles. arXiv 2023, arXiv:2304.05476.
[CrossRef]

17. Das, S.; Ciarchi, M.; Zhou, Z.; Yan, J.; Zhang, J.; Alert, R. Flocking by Turning Away. Phys. Rev. X 2024, 14, 031008. [CrossRef]

18. Escaff, D. Anti-aligning Interaction Between Active Particles Induces a Finite Wavelength Instability: The Dancing Hexagons.
Phys. Rev. E 2024, 109, 024602. [CrossRef]

19. Boltz, H.; Ihle, T. Reduced density fluctuations via anti-aligning in active matter. 2024, submitted for publication.

20. Chaté, H.; Ginelli, F.; Montagne, R. Simple Model for Active Nematics: Quasi-Long-Range Order and Giant Fluctuations. Phys.
Rev. Lett. 2006, 96, 180602. [CrossRef]

21. Peruani, F; Deutsch, A.; Bar, M. Nonequilibrium Clustering of Self-Propelled Rods. Phys. Rev. E 2006, 74, 030904. [CrossRef]

22. Baskaran, A.; Marchetti, M.C. Hydrodynamics of Self-Propelled Hard Rods. Phys. Rev. E 2008, 77, 011920. [CrossRef]

23. Baskaran, A.; Marchetti, M.C. Enhanced Diffusion and Ordering of Self-Propelled Rods. Phys. Rev. Lett. 2008, 101, 268101.
[CrossRef]

24. Ginelli, F; Peruani, F; Bar, M.; Chaté, H. Large-Scale Collective Properties of Self-Propelled Rods. Phys. Rev. Lett. 2010, 104,
184502. [CrossRef] [PubMed]

25.  Schaller, V.; Weber, C.; Semmrich, C.; Frey, E.; Bausch, A.R. Polar Patterns of Driven Filaments. Nature 2010, 467, 73-77. [CrossRef]
[PubMed]

26. Giomi, L.; Bowick, M.; Mishra, P.; Sknepnek, R.; Marchetti, M.C. Defect Dynamics in Active Nematics. Philos. Trans. R. Soc. Math.
Phys. Eng. Sci. 2014, 372, 20130365. [CrossRef] [PubMed]

27. Doostmohammadi, A.; Ignés-Mullol, J.; Yeomans, ].M.; Sagués, F. Active Nematics. Nat. Commun. 2018, 9, 3246. [CrossRef]

28.  Winkler, R.; Gompper, G. The Physics of Active Polymers and Filaments. J. Chem. Phys. 2020, 153, 040901. [CrossRef]

29. Salbreux, G; Jilicher, E; Prost, J.; Callan-Jones, A. Theory of nematic and polar active fluid surfaces. Phys. Rev. Res. 2022,
4,033158. [CrossRef]

30. Grossman, D.; Aranson, L.; Jacob, E.B. Emergence of agent swarm migration and vortex formation through inelastic collisions.
New |. Phys. 2008, 10, 023036. [CrossRef]

31. Grofimann, R.; Aranson, I.S.; Peruani, F. A particle-field approach bridges phase separation and collective motion in active matter.
Nat. Commun. 2020, 11, 5365. [CrossRef]

32. Elgeti, J.; Winkler, R.G.; Gompper, G. Physics of microswimmers—Single particle motion and collective behavior: A review. Rep.
Prog. Phys. 2015, 78, 056601. [CrossRef]

33. Bertin, E.; Droz, M.; Grégoire, G. Boltzmann and hydrodynamic description for self-propelled particles. Phys. Rev. E 2006,
74,022101. [CrossRef]

34. Peruani, E; Deutsch, A.; Bar, M. A mean-field theory for self-propelled particles interacting by velocity alignment mechanisms.
Eur. Phys. ]. Spec. Top. 2008, 157, 111-122. [CrossRef]

35. Degond, P.; Motsch, S. Continuum limit of self-driven particles with orientation interaction. Math. Model. Methods Appl. Sci. 2008,
18,1193-1215. [CrossRef]

36. Bertin, E.; Droz, M.; Grégoire, G. Hydrodynamic Equations for Self-Propelled Particles: Microscopic Derivation and Stability

Analysis. J. Phys. A 2009, 42, 445001. [CrossRef]


http://doi.org/10.1103/PhysRevLett.75.1226
http://www.ncbi.nlm.nih.gov/pubmed/10060237
http://dx.doi.org/10.1140/epjst/e2016-60066-8
http://dx.doi.org/10.1146/annurev-conmatphys-070909-104101
http://dx.doi.org/10.1103/RevModPhys.85.1143
http://dx.doi.org/10.1016/j.physrep.2014.10.001
http://dx.doi.org/10.1038/s42254-020-0152-1
http://dx.doi.org/10.1146/annurev-conmatphys-031119-050752
http://dx.doi.org/10.1103/RevModPhys.88.045006
http://dx.doi.org/10.1063/5.0096955
http://dx.doi.org/10.48550/arXiv.2405.15751
http://dx.doi.org/10.1103/PhysRevE.85.021912
http://www.ncbi.nlm.nih.gov/pubmed/22463249
http://dx.doi.org/10.1103/PhysRevE.103.L040601
http://www.ncbi.nlm.nih.gov/pubmed/34006000
http://dx.doi.org/10.48550/arXiv.2303.03357
http://dx.doi.org/10.48550/arXiv.2304.05476
http://dx.doi.org/10.1103/PhysRevX.14.031008
http://dx.doi.org/10.1103/PhysRevE.109.024602
http://dx.doi.org/10.1103/PhysRevLett.96.180602
http://dx.doi.org/10.1103/PhysRevE.74.030904
http://dx.doi.org/10.1103/PhysRevE.77.011920
http://dx.doi.org/10.1103/PhysRevLett.101.268101
http://dx.doi.org/10.1103/PhysRevLett.104.184502
http://www.ncbi.nlm.nih.gov/pubmed/20482178
http://dx.doi.org/10.1038/nature09312
http://www.ncbi.nlm.nih.gov/pubmed/20811454
http://dx.doi.org/10.1098/rsta.2013.0365
http://www.ncbi.nlm.nih.gov/pubmed/25332389
http://dx.doi.org/10.1038/s41467-018-05666-8
http://dx.doi.org/10.1063/5.0011466
http://dx.doi.org/10.1103/PhysRevResearch.4.033158
http://dx.doi.org/10.1088/1367-2630/10/2/023036
http://dx.doi.org/10.1038/s41467-020-18978-5
http://dx.doi.org/10.1088/0034-4885/78/5/056601
http://dx.doi.org/10.1103/PhysRevE.74.022101
http://dx.doi.org/10.1140/epjst/e2008-00634-x
http://dx.doi.org/10.1142/S0218202508003005
http://dx.doi.org/10.1088/1751-8113/42/44/445001

Entropy 2024, 26, 1054 18 of 20

37.

38.
39.

40.

41.

42.

43.

44.

45.

46.
47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

Baskaran, A.; Marchetti, M.C. Nonequilibrium statistical mechanics of self-propelled hard rods. J. Stat. Mech. Theory Exp. 2010,
2010, P04019. [CrossRef]

Ihle, T. Kinetic theory of flocking: Derivation of hydrodynamic equations. Phys. Rev. E 2011, 83, 030901. [CrossRef]

Chou, Y.L.; Wolfe, R.; Thle, T. Kinetic Theory for Systems of Self-Propelled Particles with Metric-Free Interactions. Phys. Rev. E
2012, 86, 021120. [CrossRef]

Thiiroff, F.; Weber, C.A.; Frey, E. Critical Assessment of the Boltzmann Approach to Active Systems. Phys. Rev. Lett. 2013,
111,190601. [CrossRef]

Peshkov, A.; Bertin, E.; Ginelli, F; Chaté, H. Boltzmann-Ginzburg-Landau approach for continuous descriptions of generic
Vicsek-like models. Eur. Phys. J. Spec. Top. 2014, 223, 1315-1344. [CrossRef]

Chou, Y.L.; Ihle, T. Active Matter Beyond Mean-Field: Ring-Kinetic Theory for Self-Propelled Particles. Phys. Rev. Stat. Nonlinear
Soft Matter Phys. 2015, 91, 022103. [CrossRef]

Carlen, E.; Carvalho, M.C.; Degond, P.; Wennberg, B. A Boltzmann model for rod alignment and schooling fish. Nonlinearity 2015,
28, 1783. [CrossRef]

Gerasimenko, V. Kinetic Equations of Active Soft Matter. In Kinetic Theory; Kyzas, G.Z., Mitropoulos, A.C., Eds.; IntechOpen:
Rijeka, Croatia, 2018; Chapter 5. [CrossRef]

Kiirsten, R.; Ihle, T. Quantitative Kinetic Theory of Flocking with Three-Particle Closure. Phys. Rev. E 2021, 104, 034604.
[CrossRef] [PubMed]

Patelli, A. Landau Kinetic Equation for Dry Aligning Active Models. |. Stat. Mech. Theory Exp. 2021, 2021, 033210. [CrossRef]
Feliachi, O.; Besse, M.; Nardini, C.; Barré, ]. Fluctuating kinetic theory and fluctuating hydrodynamics of aligning active particles:
The dilute limit. J. Stat. Mech. Theory Exp. 2022, 2022, 113207. [CrossRef]

Ihle, T.; Kursten, R.; Lindner, B. Scattering Theory of Non-Brownian Active Particles with Social Distancing. arXiv 2023,
arXiv:2303.03354. [CrossRef]

Soto, R.; Pinto, M.; Brito, R. Kinetic Theory of Motility Induced Phase Separation for Active Brownian Particles. Phys. Rev. Lett.
2024, 132,208301. [CrossRef]

Murphy, P; Perepelitsa, M.; Timofeyev, I.; Lieber-Kotz, M.; Islas, B.; Igoshin, O.A. Breakdown of Boltzmann-type models for the
alignment of self-propelled rods. Math. Biosci. 2024, 376, 109266. [CrossRef]

Dougherty, ].P. Foundations of non-equilibrium statistical mechanics. Philos. Trans. R. Soc. London. Ser. A Phys. Eng. Sci. 1994,
346, 259-305.

McKean, H.P,, Jr. An exponential formula for solving Boltzmann’s equation for a Maxwellian gas. J. Comb. Theory 1967, 2, 358-382.
[CrossRef]

Bolley, F.; Caiiizo, J.A.; Carrillo, J.A. Mean-field limit for the stochastic Vicsek model. Appl. Math. Lett. 2012, 25, 339-343.
[CrossRef]

Frouvelle, A.; Liu, ].G. Dynamics in a Kinetic Model of Oriented Particles with Phase Transition. SIAM J. Math. Anal. 2012,
44,791-826. [CrossRef]

Carlen, E.; Degond, P.; Wennberg, B. Kinetic limits for pair-interaction driven master equations and biological swarm models.
Math. Model. Methods Appl. Sci. 2013, 23, 1339-1376. [CrossRef]

Degond, P; Frouvelle, A.; Liu, ].G. Macroscopic limits and phase transition in a system of self-propelled particles. ]. Nonlinear Sci.
2013, 23, 427-456. [CrossRef]

Vlasov, A.A. O vibracionnyx svojstvax elektronnogo gaz (On the vibrational properties of the electron gas). Zh. Eksp. Teor. Fiz.
1938, 8, 291. (In Russian). For English translation, see Vlasov, A.A. The vibrational properties of an electron gas. Soviet Physics
Uspekhi 1968, 10, 721.

Jabin, PE. A review of the mean field limits for Vlasov equations. Kinet. Relat. Model. 2014, 7, 661-711. [CrossRef]

Jeans, J.H. On the theory of star-streaming and the structure of the universe. Mon. Not. R. Astron. Soc. 1915, 76, 70-84. [CrossRef]
Hénon, M. Vlasov equation. Astron. Astrophys. 1982, 114, 211.

Kac, M. Foundations of kinetic theory. In Proceedings of the Third Berkeley Symposium on Mathematical Statistics and
Probability, Volume III; University of California Press: Oakland, CA, USA, 1956; pp. 171-197.

Sznitman, A.S. Topics in propagation of chaos. Ecole d’Eté de Probabilités de Saint-Flour XIX—1989; Springer: Berlin/Heidelberg,
Germany, 1991; Volume 1464, pp. 165-251.

Degond, P,; Pareschi, L.; Russo, G. Modeling and Computational Methods for Kinetic Equations; Springer Science & Business Media:
Berlin/Heidelberg, Germany, 2004.

Chaintron, L.P.;; Diez, A. Propagation of chaos: A review of models, methods and applications. I. Models and methods. Kinet.
Relat. Model. 2022, 15, 895-1015. [CrossRef]

Lanford, O.E. Time evolution of large classical systems. In Dynamical Systems, Theory and Applications: Battelle Seattle 1974
Rencontres; Moser, J., Ed.; Springer: Berlin/Heidelberg, Germany, 1975; pp. 1-111. [CrossRef]

Landau, L.D. Die kinetische Gleichung fiir den Fall Coulombscher Wechselwirkung (The Kinetic Equation in the Case of Coulomb
Interactions). Phys. Z. Sowjetunion 1936, 10, 163. (In German). For English translation, see ter Haar, D. (Ed.) Collected Papers of L.
D. Landau; Gordon and Breech, Science Publishers: New York, NY, USA, 1965.


http://dx.doi.org/10.1088/1742-5468/2010/04/P04019
http://dx.doi.org/10.1103/PhysRevE.83.030901
http://dx.doi.org/10.1103/PhysRevE.86.021120
http://dx.doi.org/10.1103/PhysRevLett.111.190601
http://dx.doi.org/10.1140/epjst/e2014-02193-y
http://dx.doi.org/10.1103/PhysRevE.91.022103
http://dx.doi.org/10.1088/0951-7715/28/6/1783
http://dx.doi.org/10.5772/intechopen.70667
http://dx.doi.org/10.1103/PhysRevE.104.034604
http://www.ncbi.nlm.nih.gov/pubmed/34654183
http://dx.doi.org/10.1088/1742-5468/abe410
http://dx.doi.org/10.1088/1742-5468/ac9fc6
http://dx.doi.org/10.48550/arXiv.2303.03354
http://dx.doi.org/10.1103/PhysRevLett.132.208301
http://dx.doi.org/10.1016/j.mbs.2024.109266
http://dx.doi.org/10.1016/S0021-9800(67)80035-8
http://dx.doi.org/10.1016/j.aml.2011.09.011
http://dx.doi.org/10.1137/110823912
http://dx.doi.org/10.1142/S0218202513500115
http://dx.doi.org/10.1007/s00332-012-9157-y
http://dx.doi.org/10.3934/krm.2014.7.661
http://dx.doi.org/10.1093/mnras/76.2.70
http://dx.doi.org/10.3934/krm.2022017
http://dx.doi.org/10.1007/3-540-07171-7_1

Entropy 2024, 26, 1054 19 of 20

67.

68.
69.
70.
71.
72.

73.
74.

75.
76.
77.
78.
79.
80.
81.
82.
83.
84.
85.

86.
87.

88.

89.

90.

91.

92.

93.

94.

95.

96.
97.

98.
99.

Bogoliubov, N.N. Problemy Dinamicheskoi Teorii v Statisticheskoi Fiziki (Problems of a Dynamical Theory in Statistical Physics); Federal
Publishing House for Technical-Theoretical Literature; 1946. (In Russian). For English translation, see de Boer, J.; Uhlenbeck, G.E.
(Eds.) Studies in Statistical Physics; North Holland: Amsterdam, The Netherlands, 1962; Volume 1,

Balescu, R. Statistical Mechanics of Charged Particles; Interscience Publishers: New York, NY, USA, 1963.

Balescu, R. Statistical Dynamics: Matter out of Equilibrium; World Scientific Publishing: Hackensack, NJ, USA, 1997.

Mihatsch, J.; Ihle, T. Untitled article. 2024, in preparation.

Arsen’ev, A.A,; Buryak, O.E. On the connection between the solutions of the Boltzman and the Landau-Fokker-Planck equations.
Math. USSR-Sb. 1991, 69, 465. [CrossRef]

Velazquez, J.J.; Winter, R. From a non-Markovian system to the Landau equation. Commun. Math. Phys. 2018, 361, 239-287.
[CrossRef]

Toner, J.; Tu, Y. Flocks, Herds, and Schools: A Quantitative Theory of Flocking. Phys. Rev. E 1998, 58, 4828. [CrossRef]

Bertin, E.; Chaté, H.; Ginelli, F; Mishra, S.; Peshkov, A.; Ramaswamy, S. Mesoscopic Theory for Fluctuating Active Nematics.
New J. Phys. 2013, 15, 085032. [CrossRef]

Yang, X.; Li, J.; Forest, M.G.; Wang, Q. Hydrodynamic theories for flows of active liquid crystals and the generalized Onsager
principle. Entropy 2016, 18, 202. [CrossRef]

ten Hagen, B.; van Teeffelen, S.; Léwen, H. Brownian motion of a self-propelled particle. J. Phys. Condens. Matter 2011, 23, 194119.
[CrossRef] [PubMed]

Ballerini, M.; Cabibbo, N.; Candelier, R.; Cavagna, A.; Cisbani, E.; Giardina, I.; Lecomte, V.; Orlandi, A.; Parisi, G.; Procaccini, A.;
et al. Interaction ruling animal collective behavior depends on topological rather than metric distance: Evidence from a field
study. Proc. Natl. Acad. Sci. USA 2008, 105, 1232-1237. [CrossRef]

Ginelli, F.; Chaté, H. Relevance of metric-free interactions in flocking phenomena. Phys. Rev. Lett. 2010, 105, 168103. [CrossRef]
Degond, P,; Pulvirenti, M. Propagation of chaos for topological interactions. Ann. Appl. Probab. 2019, 29, 2594-2612. [CrossRef]
Mietke, A.; Dunkel, J. Anyonic Defect Braiding and Spontaneous Chiral Symmetry Breaking in Dihedral Liquid Crystals. Phys.
Rev. X 2022, 12,011027. [CrossRef]

Halperin, B.; Nelson, D.R. Theory of two-dimensional melting. Phys. Rev. Lett. 1978, 41, 121. [CrossRef]

Gardiner, C. Stochastic Methods; Springer: Berlin/Heidelberg, Germany, 2009; Volume 4.

Risken, H. The Fokker-Planck Equation; Springer: Berlin/Heidelberg, Germany, 1989.

Kreuzer, H.J. Non Equilibrium Thermodynamics and Its Statistical Foundations; Claredon: Oxford, UK, 1981.

Cercignani, C.; Illner, R.; Pulvirenti, M. The Mathematical Theory of Dilute Gases; Springer Science & Business Media:
Berlin/Heidelberg, Germany, 1993.

Villani, C. A review of mathematical topics in collisional kinetic theory. Handb. Math. Fluid Dyn. 2002, 1, 3-8.

Cercignani, C.; Gerasimenko, U.; Petrina, D.Y. Many-Particle Dynamics and Kinetic Equations; Springer Science & Business Media:
Berlin/Heidelberg, Germany, 2012; Volume 420.

Dorfman, J.R.; van Beijeren, H.; Kirkpatrick, T.R. Contemporary Kinetic Theory of Matter; Cambridge University Press: Cambridge,
UK, 2021.

Yvon, J. La théorie statistique des fluides et ’équation d’état (The statistical theory of fluids and the equation of state). In Actualités
Scientifiques et Industrielles , 203, Théories Mécaniques; Rocard, Y., Ed.; Hermann & Cie: Paris, France, 1935. (In French)

Born, M.; Green, H.S. A general kinetic theory of liquids I. The molecular distribution functions. Proc. R. Soc. London. Ser. A Math.
Phys. Sci. 1946, 188, 10-18.

Kirkwood, J.G. The statistical mechanical theory of transport processes I. General theory. ]. Chem. Phys. 1946, 14, 180-201.
[CrossRef]

Ursell, H.D. The evaluation of Gibbs’ phase-integral for imperfect gases. Math. Proc. Camb. Philos. Soc. 1927, 23, 685-697.
[CrossRef]

Mayer, J.E.; Goeppert Mayer, M. Statistical Mechanics; John Wiley & Sons: Hoboken, NJ, USA, 1940.

Mischler, S.; Mouhot, C. Kac’s program in kinetic theory. Invent. Math. 2013, 193, 1-147. [CrossRef]

Kirsten, R. Universal Scaling of Clustering Instability for Interacting Active Brownian Particles. arXiv 2024, arXiv:2402.18711.
[CrossRef]

Press, W.H. Numerical Recipes 3rd Edition: The Art of Scientific Computing; Cambridge University Press: Cambridge, UK, 2007.
Volpe, G.; Gigan, S.; Volpe, G. Simulation of the active Brownian motion of a microswimmer. Am. J. Phys. 2014, 82, 659-664.
[CrossRef]

Kiirsten, R. Aligning active particles py package. Comput. Phys. Commun. 2023, 290, 108774. [CrossRef]

Denk, J.; Frey, E. Pattern-induced local symmetry breaking in active-matter systems. Proc. Natl. Acad. Sci. USA 2020,
117, 31623-31630. [CrossRef]

100. Kiirsten, R.; Thle, T. Dry Active Matter Exhibits a Self-Organized Cross Sea Phase. Phys. Rev. Lett. 2020, 125, 188003. [CrossRef]


http://dx.doi.org/10.1070/SM1991v069n02ABEH001244
http://dx.doi.org/10.1007/s00220-018-3092-1
http://dx.doi.org/10.1103/PhysRevE.58.4828
http://dx.doi.org/10.1088/1367-2630/15/8/085032
http://dx.doi.org/10.3390/e18060202
http://dx.doi.org/10.1088/0953-8984/23/19/194119
http://www.ncbi.nlm.nih.gov/pubmed/21525563
http://dx.doi.org/10.1073/pnas.0711437105
http://dx.doi.org/10.1103/PhysRevLett.105.168103
http://dx.doi.org/10.1214/19-AAP1469
http://dx.doi.org/10.1103/PhysRevX.12.011027
http://dx.doi.org/10.1103/PhysRevLett.41.121
http://dx.doi.org/10.1063/1.1724117
http://dx.doi.org/10.1017/S0305004100011191
http://dx.doi.org/10.1007/s00222-012-0422-3
http://dx.doi.org/10.48550/arXiv.2402.18711
http://dx.doi.org/10.1119/1.4870398
http://dx.doi.org/10.1016/j.cpc.2023.108774
http://dx.doi.org/10.1073/pnas.2010302117
http://dx.doi.org/10.1103/PhysRevLett.125.188003

Entropy 2024, 26, 1054 20 of 20

101. Alder, B.; Wainwright, T. Velocity autocorrelations for hard spheres. Phys. Rev. Lett. 1967, 18, 988. [CrossRef]
102. Gradshteyn, L.S.; Ryzhik, .M. Table of Integrals, Series, and Products; Academic Press: Cambridge, MA, USA, 2014.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1103/PhysRevLett.18.988

	Introduction
	Model
	Landau Kinetic Theory
	Mode Equations
	The Mean-Field Collision Integral
	The Landau Collision Integral


	Comparison with Agent-Based Simulation
	Discussion
	Appendix A
	Appendix B
	References

