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Chapter 1

Introduction

In this chapter the basic biological terms which are used in the �eld of protein-

protein interaction interface predictions are introduced. In particular, the protein

structures are described that are available as digital data in a computer-readable

form and which are analyzed by the algorithmic methods presented in this thesis.

1.1 Biological foundations
Proteins are organic compoundswhich are built from twenty di�erent amino acids.

Together with their most interesting physical and chemical properties, they are

shown in Figure 1.1. Amino acids share a common atomic structure which usually

comprises one nitrogen and two carbon atoms. �e common structure is bound

to other molecules like hydrogen or oxygen while the central carbon atom is de-

noted as the Cα−atom. �e amino acids are put on a linear chain – the backbone
of the protein – which in turn is folded into a three-dimensional object. As an

example, consider the protein denoted by 2you in Figure 1.2. Its designation is in
accordance with the nomenclature of the Protein Data Bank (Release July 07, 2011)
which is available at www.pdb.org. �is database is the exclusive source for the

present work and contains more than 100 000 protein structures in the standard-

ized pdb �le format (wwPDB 2012). Proteins interact with each other to accomplish
biological functions, and hence are involved in processes like

- oxygen binding in human blood,

- the intrusion of viruses into living cells or
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1.1. BIOLOGICAL FOUNDATIONS

Figure 1.1: Basic building blocks of proteins: amino acids. Columns list letter codes

together with chemical and physical properties for each amino acid.

- catalyzing electron exchange in the presence of light as an essential biochem-

ical activity during photosynthesis

andmany others. Essentially, they are part of any process in living cells. In order to

do so, they form complexes as depicted in Figure 1.3. In the picture, the two inter-

acting proteins are colored blue and green. �e red balls indicate the amino acids

(residues) of the blue protein partner, that constitute the so-called interaction inter-

face. �e interactions are caused by the conformation of protein complexes and can

be transient or temporarily stable. �e nature of the conformation heavily depends

on molecular statistical properties such as surface shape and residue packaging,

hydrophobicity, polarity as well as the amino acid sequence itself. �e interactions

can be realized by di�erent protein constituents like the ribosome or the chaper-

onins. Further, the interactions are accomplished by protein complexes which are

especially composed during enzyme catalysis and inhibition, and along the signal

pathways. Decisive knowledge of protein interaction areas can help determining

the functional scope. Furthermore, the understanding of protein-protein interac-
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CHAPTER 1. INTRODUCTION

Figure 1.2: Protein 2you is shown such that each atomof a residue is equally colored,
if the containing residue has the same amino acid type.

tions which almost constitute every biological process is the essential basis for new

therapeutic approaches to treat diseases, see e.g. (Sowa et al. 2001; Zhou 2004; Sug-

aya and Ikeda 2009; Sugaya et al. 2007).

Interaction interface residues play a particular role e.g. in proteinmimetic engi-

neering or molecular pathway exploration (Arkin andWells 2004; Yin and Hamil-

ton 2005). Additionally, it is assumed that detailed knowledge of the interface

residues allows to build more elaborated structural models of protein complexes.

�erefore determining the protein-protein interaction interfaces given the spatial

structure of only one of the interacting partners is an important practical question

in the life sciences.

1.2 Predicting the protein-protein interaction inter-
face

�e amount of information which can be generated from structure and sequence,

the ongoing growth in computational resources as well as the development of new

prediction methods have accompanied the expansion of computing methods for

5



1.2. PREDICTING THE PROTEIN-PROTEIN INTERACTION INTERFACE

Figure 1.3: Blue and green balls are residues of two separate proteins. Red balls are

residues of the blue protein partner, that interact with the green protein.

prediction of protein-protein interaction interfaces. Startingwith thework of Jones

et al. (Jones and �ornton 1996) and their e�ort to classify surface patches that
overlap with interaction interfaces, several contributions presenting di�erent ap-

proaches have been published.

�e introduced methods can be put into the following classes. At �rst, meth-

ods have been proposed which are only based on sequence information (Gallet et

al. 2000; Ofran and Rost 2003; Reš, Mihalek, and Lichtarge 2005). Further, ap-

proaches like (Yan, Dobbs, and Honavar 2004a; Li et al. 2006) exploit the protein

structure to prepare sequence sets which are then applied to derive a predictor.

�e methods of the last category only use the spatial structure or combine spatial

structure and the sequence (Aytuna, Gursoy, and Keskin 2005; Burgoyne and Jack-

son 2006; Neuvirth, Raz, and Schreiber 2004). �e usedmachine learningmethod

also di�ers among the prediction tools: scoring functions (Burgoyne and Jackson

2006), SVM (support vector machines) with radial kernel (Koike and Takagi 2004;

Bradford and Westhead 2005; Yan, Dobbs, and Honavar 2004b) and neural net-

works (Ofran and Rost 2007; Zhou and Qin 2007) have been adapted.

In the present thesis a conditional random �eld (CRF) approach and its imple-
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CHAPTER 1. INTRODUCTION

mentation is presented –which is called ∆F-CRF– to predict the interaction sites of
protein homo- and heterodimers using the spatial structure of one protein partner

from a complex. �emethod includes a substantially simple edge feature model. A

novel node feature class is introduced that is called “change in free energy” (∆F). �e
Online Large-Margin (OLM) algorithm of Crammer et al. (Crammer, Mcdonald,
and Pereira 2005) is adapted in order to train the model parameters given a classi-

�ed reference set of proteins. A signi�cantly higher prediction accuracy is achieved

by combining our new node feature class with the standard node feature class rel-
ative accessible surface area (RASA). �e quality of the predictions is measured by
computing the area under (AUC) the receiver operating characteristic (ROC).

�e comparison of the prediction accuracy from various approaches is still

complicated, since neither a standardized benchmark is available, which e.g. com-

prises an acknowledged reference set of proteins nor exist generally accepted per-

formance measures. However, the proposed CRF-framework generates signi�-

cantly higher AUC values than the PresCont method (Zellner et al. 2011). �ese
results are achieved on a set of 128 homodimers compiled by Zellner et al. (Zell-
ner et al. 2011). �ese proteins exhibit �at interaction interface areas. Hence, the

authors call this two-chain protein list PlaneDimers. Furthermore, the shown ap-
proach outperforms the method by Li et al. (Li et al. 2007) in terms of sensitivity
and speci�city. �e comparison to this latter method is accomplished with a data

set containing 1276 protein chains published by Keskin et al. (Keskin et al. 2004)
and used by Li et al. . �is diverse, structurally non-redundant data set includes
proteins with a broad functional scope like toxins or enzymes/inhibitors and im-

munoglobulins.

From the results presented, it can be deduced that the proposed CRF approach

and the combination of the node feature classes RASA and ∆F, yields a signi�cant
improvement in interface prediction accuracy over the two other methods.
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Chapter 2

Interface site prediction using
conditional random �elds

�e set of residues of one protein that is in contact with residues of another protein

is called the interaction interfacewhereas a residue alone, being part of the interface,
is called a binding site. It is still not clear by these notions if a residue contributes to
the interface because of its binding capabilities, i.e. forming or stabilizing a protein

complex, or its indispensability in a biological process, which is the result of the

compounding of several proteins into a protein complex. It is obvious that this

distinction is valid, but in most of the current research activities and in the present

work it is neglected and both aspects of interface interactions are considered the

same.

It is implied that both or all proteins involved in the interaction belong to the

same protein complex. �e residues in the interaction interface are assumed to be
geometrically close to each other on the protein surface. In this thesis, the problem

of predicting the interaction sites is transferred to the computational task of assign-

ing each residue a label from the setL = {I ,N} given some observational data. �e
labels I andN distinguish between residues contained in the interaction interface
(I) from these being not in the interface (N ). �e observational data comprises
the structure of a single protein, but not the structure of the whole complex.

Examples for protein characteristics integrated as hints in the implementation

are the relative accessible surface area (RASA) and the change in free energy (∆F)
associated with each residue. It is acknowledged in the model that such obser-

vations may possibly be highly correlated. �e random vector Y represents this
observational data.
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2.1. TERMS AND DEFINITIONS

2.1 Terms and de�nitions
In this section the formalism of conditional random �elds in accordance with Laf-

ferty et al. (La�erty, McCallum, and Pereira 2001) is introduced and is applied to
the protein-protein interaction interface prediction problem. In order to do so, def-

initions are given here that are used throughout the thesis and which are according

to Diestel (Diestel 1996).

Denote by N the positive integers, denote by R the real numbers. Let A be a
set. Let [A]k denote the set of all k-sized subsets of A with k ∈ N. �is notion is
distinct from the notion of the Cartesian product

Ak = A× A×⋯ × A´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
k times

,

since the latter denotes the set of all k-tuples of elements of A. Let us consider the
k-tuple (a1, a2, . . . , ak) such that ai ∈ A for each 1 ≤ i ≤ k. In contrast to a set of
k elements, in a k-tuple the order of the elements is relevant. We call the object
at the ith position – e.g. ai – the ith component of the tuple. �e shown k-tuple is
equivalently written as (ai)ni=1. Let Γ = (Y1,Y2, . . . ,Yk), Γ ∈ Ak denote a k-tuple of
variables where each Yi takes values from the set A. Γ is also written as (Yi)ki=1.

De�nition (Undirected graph). A graph is a pair

H = (χ,K)

of disjunctive sets with K ⊆ [χ]2. �is means the elements of K are subsets of χ, each
of which has size 2. �e elements of χ are called nodes, the elements of K are called
edges. A graph is called undirected, because there is no distinction between the two
nodes belonging to an edge.

Generally, χ ⊂ N. A graph can be drawn in such a way that nodes are points
and two points are connected by a line if and only if these two points are an edge.

Nevertheless, whatever the drawing of graph is alike, the formal de�nition of a

graph is independent from such drawings.

De�nition (Path). A path P is a graphH = (χ,K) which has the form

χ = {1, 2, . . . , n}, K = {{1, 2}, {2, 3}, . . . , {n − 1, n}}.

10
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RANDOM FIELDS

It is assumed, that the nodes of P are pairwise distinct. �e nodes 1 and n
are called the endpoints of P and these are connected by P. �e subset of nodes
{2, . . . , n − 1} are called inner nodes of P.

De�nition (a − b - path). Let a graph H = (χ,K) be de�ned. Let P ⊆ χ denote a
subset of nodes from χ. P is a path inH if it meets the nodes a and b ofH and these
two nodes are distinct.

Furthermore, if the inner nodes of P are pairwise distinct then P is called non-
trivial.

De�nition (Connected graph). A graph H = (χ,K) is connected if it contains for
each two distinct nodes i , j ∈ χ an non-trivial i − j - path.

Sometimes the notation G(V , E) for a graph G with nodes V and edges E is
used instead ofH = (χ,K).

De�nition (Neighborhood of a node). �e set of neighbors of a node i is denoted
by Γ(i) or equivalently Γi such that each node j, (i < j) with {i , j} an edge in K is
contained in Γ(i) ⊆ χ, i.e. j ∈ Γ(i).

De�nition (Completeness, clique). Two nodes i , j ∈ χ are called neighbors or adja-
cent inH if {i , j} ∈ K that is there is an edge between them. Two edges {i , j}, {k, l} ∈
K are called neighbors if and only if ∣{i , j} ∩ {k, l}∣ = 1. If this is the case for each
pair of edges in H then the graph H is called complete. If this is true for subsets of
edges inH then these edge subsets are called cliques in the graph.

Some presentations in the thesis require a further structures.

De�nition (Directed graph, multi-edge, parallel edges, loop). A directed graph is
a pair

H = (χ,K)
of disjunctive sets withK ⊆ χ2 together with twomappings init ∶ K ↦ χ and ter ∶ K ↦
χ which associate to each edge (i , j) ∈ K the starting node init(i , j) and the ending
node ter(i , j). �e edge (i , j) is called directed from node init(i , j) to node ter(i , j).
Multiple edges between i and j are allowed and calledmulti-edges. Multi-edges with
the same direction are called parallel. If init(i , j) = ter(i , j) then the edge is called a
loop.

11



2.1. TERMS AND DEFINITIONS

LetH = (χ,K) be an undirected graph with nodes χ = {1, 2, . . . , n} and edges
K. Each residue of the protein is identi�ed with a node i in the graph and hence,
n is the number of residues of the protein. Each edge {i , j} ∈ K, (i < j) represents
a relation between the nodes i and j. It depicts the neighborly arrangement of two
residues in the protein. For the problem of protein interaction side prediction, the

set K is de�ned as

K = {{i , j} ∣ d(i , j) ≤ δ, 1 ≤ i < j ≤ n}, (2.1)

where δ is called the edge inclusion radius. According to Keskin et al. (Keskin et al.
2004), the distance of two residues is de�ned as the distance of theirCα−atoms. δ is
taken large enough, so that the residue pairs of the protein backbone are contained

inK. All backbone residue pairs, which are neighbors on the amino acid sequence
level, are usually collected inK de�ned by a δ ≥ 3.5Å. Nevertheless more edges are
included when δ is increased. By a rule of thumb, the number of included edges
grows cubically when increasing the inclusion radius threshold. �e dependency

of the prediction performance on δ is outlined in Section 5.

A random variable Xi with values from L is associated to each node i. �is
association is given by a mapping

i ↦ Xi .

Let the labels

ξi ∈ L
be realizations of the random variables Xi . In the following, for each protein a

conditional distribution on the random vector

X = (X1, . . . , Xn)

is de�ned. �e vector

ξ = (ξ1, ξ2 . . . , ξn)
is a realization of X and is called a labeling of the residues χ.

For each node a set of B di�erent functions is de�ned. �ese functions are

called node feature functions or node features. For each edge a set of ∣L∣2 di�er-
ent functions is de�ned. �ese functions are called edge feature functions or edge

12



CHAPTER 2. INTERFACE SITE PREDICTION USING CONDITIONAL

RANDOM FIELDS

features. �ese feature functions are included in the following set

f ∶= { fi ,ν,ξ(Xi , y)} 1 ≤ ν ≤B
ξ ∈ L
i ∈ χ

∪ { f{i , j},(ξ,ξ′)(Xi , X j, y)} (ξ, ξ′) ∈ L2
{i , j} ∈ K
i < j.

�e node features

fi ,ν,ξ(Xi , y)
aremappings fromprotein properties to real values given �xed dataY = y and label
ξ for the node i, where y is an instance of a data vector, i.e y = (yi)ni=1. It should
be clear from contexts that only a component of the data vector is used for node

feature functions, hence the index is sometimes omitted which should not confuse

the presentation. �e edge features

f{i , j},(ξ,ξ′)(Xi , X j, y)

are mappings from protein properties to real values given �xed data Y = y and
labels (ξ, ξ′) for the edge {i , j}, (i < j).
Instead of working with raw values of the protein properties, indicator func-

tions as feature functions are applied. Furthermore, in this thesis the edge feature

functions are chosen to depend neither on the data nor on the particular edge they

are belonging to:

f{i , j},(ξ,ξ′)(Xi , X j) = 1{Xi = ξ, X j = ξ′}, (2.2)

where 1 is the indicator function. Another way to think of this is as parameter

tying for all these edge features.

Given this, potentials are de�ned for each edge {i , j} ∈ K, (i < j) and each node
i ∈ χ as

fi(Xi , y) = ∑
ξ∈L

B

∑
ν=1

wν,ξ ⋅ fi ,ν,ξ(Xi , y) (2.3a)

f{i , j}(Xi , X j) = ∑
(ξ,ξ′)∈L2

w(ξ,ξ′) ⋅ f{i , j},(ξ,ξ′)(Xi , X j). (2.3b)

�e real numbers w(ξ,ξ′),wν,ξ will be referred to as weights. We also introduce an
alternative form for these weights that is more convenient for training, i.e. the es-

timation of the weights which is described in Section 4. For this, �x an arbitrary

13



2.1. TERMS AND DEFINITIONS

ordering of the features. �e feature set f can then be interpreted as a column vec-
tor of functions. �is is denoted by f(ξ, y) which indicates the dependency from
a given labeling ξ and data y. Let w be the column vector of the corresponding
weights as used in (2.3b,2.3a). Note that, because of parameter tying, some weights

in the parameter set

wK = (wI ,I ,wI ,N ,wN ,I ,wN ,N )
wχ,I = (w1,I , . . . ,wB,I)
wχ,N = (w1,N , . . . ,wB,N )
wχ = (wχ,I ,wχ,N )
w = (wK,wχ) (2.4)

occur multiple times in w.
Further, let us introduce for later reference the functions

Ψi(Xi , y) = exp fi(Xi , y) and Φ{i , j}(Xi , X j) = exp f{i , j}(Xi , X j), (2.5)

that can be easier handled under some circumstances.

For node features according to the right hand side of Equation (2.3a) a binning

approach is used that is de�ned as follows. Consider as an example the node feature

class RASA as shown in Section 2.3. �e observed data at node i is denoted by
RASA(i , y). �e range of this protein property is divided into τ ≥ 2 intervals (bins)
with boundaries −∞ =∶ b0 < b1 < b2 < . . . < bτ−1 < bτ ∶= ∞. As bν the ν/τ-quantile
of the empirical distribution of RASA-values for non-interface residues such that
RASA(i , y) ∈ [b0, bτ] are chosen. For each node i ∈ χ, 2τ feature functions are
de�ned that are linked to the protein property RASA by the formula

fi ,ν,ξ(Xi , y) = 1{Xi = ξ, RASA(i , y) ∈ [bν , bν+1)} (ν = 0, 1, . . . , τ − 1). (2.6)

Based on this binning technique, further node features classes are easily integrated.

�e score of a labeling ξ is de�ned as the sum of all potentials:

Ey(ξ,w) = ∑
i∈χ

fi(Xi , y) + ∑
{i , j}∈K

f{i , j}(Xi , X j). (2.7)

Using Equation (2.4), the score of ξ can then also be written as

Ey(ξ,w) = wTf(ξ, y). (2.8)

14
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RANDOM FIELDS

Based on the scores for any labeling ξ ∈ Ln we de�ne the conditional log-linear

distribution

P(X = ξ ∣ y) = 1

Z(y) eEy(ξ,w), (2.9)

which we call the conditional random �eld with respect to the graphH(χ,K). Since
H only contains nodes and edge, the CRF is called pairwise. Pairwise CRFs keep
the computational burdenmanageable but the reader is referred to Section 3.1.5 for

a general treatment of models that have not this restriction.

In Equation (2.9), Z(y) is the data-dependent normalization constant – which
is called partition sum – de�ned by

Z(y) = ∑
ξ′∈Ln

eEy(ξ′ ,w), (2.10)

and that is required to assign a probability to each labeling ξ of nodes in χ.

�e proposed pairwise CRF-model accounts for the observation that the cor-

relation between labels along the protein chain is only slightly higher compared

to the correlation of residue labels in spatial proximity. �is is consistent with the

observation that amino acids, constituting the interface, are spatially close to each

other, or form clusters. So it is reasonable explicitly incorporating this informa-

tion into the algorithmic structure. In this chapter the node feature functions are

discussed that were computed using the atomic description of the proteins or the

sequences of the amino acids. �e node features capture e.g. the local geometry

of the protein or the spatial arrangement of the biochemical components and were

either extracted using available so�ware packages or, in some cases, were prepared

by other researches and only incorporated in the present work. In either case, the

features are calculated given raw values of protein properties which are reasonably

considered to carry useful information to locate the binding sites of the protein

that constitute the interface between the interacting protein partners. Neverthe-

less, the usage of each certain node feature remains a working hypothesis whose

value for the present work shall carefully evaluated within intensive experiments.

To make the applicability of each feature useful, these were computed in monomer

form which is the application targeted by the present work.

15



2.2. CHANGE IN FREE ENERGY (∆F)

2.2 Change in free energy (∆F)
�emolecular interactions of a protein are characterized by the free energy. �ese
interactions strongly depend on the spatial arrangement of the atoms and the re-

spective residue types within the protein complex.

LetP(c) ∝ eIc denote the probability of a certainmolecular con�guration c of a
given protein. Let the internal energy of c be Ic. According to Yedidia et al. (Yedidia,
Freeman, and Weiss 2005), the free energy F is de�ned as F = H + S, the sum of
the protein enthalpy H and its entropy S at �xed temperature. �e enthalpy of the
protein is the expected internal energy

H = ∑
c∈C

P(c) ⋅ Ic.

On the other hand, the entropy is de�ned as the negative expected ln-probability

summed over each complex con�guration

S = −∑
c∈C

P(c) ⋅ lnP(c)

at a �xed temperature. �e following algebraic manipulation yields the form F =
lnZ:

H + S = ∑
c∈C

P(c) ⋅ Ic −∑
c∈C

P(c) ⋅ lnP(c)

= ∑
c∈C

P(c) ⋅ Ic −∑
c∈C

P(c) ⋅ {Ic − lnZ}

= ∑
c∈C

P(c) ⋅ Ic −∑
c∈C

P(c) ⋅ Ic +∑
c∈C

P(c) ⋅ lnZ

= lnZ ⋅ ∑
c∈C

P(c)

H + S = lnZ

Here, Z is the normalization constant that is required to assign a probability to c
and is de�ned as

Z = ∑
c∈C

eIc .

Generally, the exact computation of Z is intractable. However, the so�ware package
Rosetta (and the many derivatives thereof) published by Rohl et al. (Rohl et al.
2004) deploys among others Belief Propagation yielding reasonable estimates of

16
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the free energy. According to (Kortemme and Baker 2002), the binding free energy
of two proteinsA and B can be written as

∆FAB = FAB − (FA + FB).

Our idea to use the change in free energy as a new class of node feature functions

originates from this equation. Since stable protein complexes are considered to

have low binding free energies, we argue that an arti�cial perturbation of the origi-

nal protein structure might cause an informative change in free energy. In order to

show this e�ect, we conduct the following procedure using the protein list PlaneD-
imers1 (Zellner et al. 2011). Let ForiginalA denote the free energy of the unbounded

structure A. Further, let FiA(t) be the free energy of A wherein the node i is in
silico assigned to a new amino acid t. �e change in free energy is then deduced
according to the equation

∆FiA =max
t

(FiA(t) − F
original

A )

inwhich themaximization varies over the remaining 19 amino acids for each amino

acid (or node) i of the considered protein. �e probabilities of ∆F-values at non-
interface residues are plotted against the respective probabilities at interface residues

in Figure 2.1.

1�is data set is publicly available at http://www-bioinf.uni-regensburg.de.
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2.2. CHANGE IN FREE ENERGY (∆F)

Change in free energy
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Figure 2.1: Probabilities of ∆F-values at non-interface residues plotted against the

probabilities at interface residues using the protein set PlaneDimers.

�epostulated e�ect can be seen in the interval ∆F ∈ [0.047, 0.094) and further
explained in Section 4.1.2. In this interval only 7% of non-interface residues cause

the respective change in free energy in comparison to 20% of interface residues.

�us, the change in free energy is higher for interface residues compared to non-

interfaces. In contrast to this, at least 54% of the non-interfaces and 32% of the

interfaces do not show any remarkable change in free energy.

�is in silicomanipulation of proteins is a known approach as benchmark test
for so�ware packages in order to evaluate the accuracy of the free energy estima-

tion for protein complexes (Lu et al. 2001). As opposed to these benchmarks we

compute the ∆F-values for the unbounded structures only. For this feature class
the number of bins is heuristically set to 20 for each label.
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2.3 Relative solvent-accessible surface area (RASA)
�e idea of using the solvent-accessible surface area as a node feature within a CRF

is based on the observation, that a residue with a high accessibility to surrounding

solvents – e.g. hydrogen molecules – can be a candidate for being a binding site

since it is localized at the protein surface. Equivalently, if it has a low accessible

surface given a �xed protein compound, it might be buried inside the structure,

and thus, does not come into question being part of the interface.

Nevertheless, this approach takes certain residue con�gurations that can fre-

quently be seen in protein-protein interaction scenarios not into account. To name

just a few of these exceptions, consider buried residues which are at the bottom

of surface caves. �e caves can exhibit openings being to small to be completely

packed with a hydrogen molecule, but allow e.g. the unhindered exchange of elec-

trons between communicating protein partners. So, these residues can be part of

the interface, though theywould not being called binding sites. Another prominent

example that cannot be captured by the present feature is the following. Consider

residues that �rstly become accessible to the surrounding in the presence of the

partner protein since this initially provokes a certain geometrical change of their

surfaces, and what then allows the shaping of an interacting complex. Further-

more and even harder to detect are so-called allosteric interactions where proteins
use di�erent interface residues depending on biological functionality.

�e node feature function RASA is de�ned as follows. Based on its spatial
neighborhood in the 3D protein structure, for each node i the solvent accessible
surface area SAS(i) was calculated using so�ware library BALL (Hildebrandt et al.
2010). �e deduced SAS-value is normalized with SAS-max(i), themaximumpos-
sible SAS of the observed type of amino acid at position i. �us, given �x data y
the RASA value at node i is de�ned as

RASA(i , y) = SAS(i)
SAS-max(i)

having the range

RASA(i , y) ∈ [0, 1] ⊆ R.

for each node i. To make the applicability of the RASA values 22at all useful,
these were computed in monomer form which is the application targeted by the

present work. �e value distribution estimated from the Keskin list2 is plotted in
2Keskin et al. 2004.
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2.3. RELATIVE SOLVENT-ACCESSIBLE SURFACE AREA (RASA)

Figure 2.2. In the proposed model the RASA feature class is modeled with τ = 32

relative accessible surface area
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Figure 2.2: Probabilities of RASA-values at non-interface residues plotted against
the probabilities at interface residues estimated from the Keskin list.

bins for each label as de�ned in Equations (2.3a) and(2.6). In early approaches, the

RASA values were calculated by rolling a 3D-sphere with diameter of a hydrogen
molecule over the protein’s surface (Figure 2.3) and labeling stepwise in that way

each residue as being in touch with this sphere or not. A�erward, each residue in

the protein gets its RASA value assigned by averaging over the number of tracked
contacts in which the maximal size of each residue type is taken into account. �e

maximal values in Table 2.1 published by Zellner et al. (Zellner et al. 2011) are used
in the implementation although other speci�cations are possible.
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Figure 2.3: Computing RASA values, Callenberg (2010). �e pictured van der
Waals surface is the abstract surface of the union of spherical atom surfaces de-
�ned by the so-called van der Waals radius of each atom in the molecule.

Amino acid SAS-max amino acid SAS-max
GLY 85.0 ALA 113

SER 122 CYS 140

PRO 143 THR 146

ASP 151 ASN 158

VAL 168 LEU 180

ILE 182 GLU 183

GLN 189 HIS 194

MET 204 LYS 211

PHE 218 TYR 229

ARG 241 TRP 259

Table 2.1: Absolute values of surface areas for each amino acid used throughout the

experiments (Zellner et al. 2011).

However, varying these values as e.g. according to Miller (Miller 1989) showed

no remarkable changes in the obtained results of our experiments. Nowadays,

among other methods the RASA values are computed based on a Voronoi diagram
of the 3D protein structure (Klenin et al. 2011).
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2.4. FEATURE “REGENSBURG” (RG)

2.4 Feature “Regensburg” (rg)
�e node feature class “Regensburg” was proposed by Zellner et al. (Zellner et al.
2011). �e feature range is

rg(i , y) ∈ [0, 1] ⊆ R

for each amino acid i given �xed protein data y. A plot of the value distribution is
given in Figure 2.4.
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Figure 2.4: Distributions of rg values. �e bin corresponding to rg ∈ [−0.1,−0.028)
for non-interfaces and the bin for the interval rg ∈ [0.764, 0.836) for interfaces con-
tain probability peaks. �is gave rise to the idea of Zellner et al. using a straight-
forward threshold strategy to put the residues into the classes {N , I}.

�is protein property is the basis for the support-vector-machine (SVN)method

of Zellner et al. called PresCont and represents the following posterior probability

rg(i , y) ∶= P(Xi = I ∣ y)

where the label I for interface residue is meant. �e values were “deduced from the
distance between the feature set of i and the hyperplane separating surface (residues
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labeled N ) and interface residues (residues labeled I) in feature space”3. �e fol-
lowing residue oriented protein properties were incorporated into the feature rg:

1. RASA values as de�ned in Section 2.3

2. QUITE scores4 that determine hydrophobic patches on the protein surface
and whose computation is based on RASA values but now accounting for
small groups of neighboring residues and their group like accessibility to wa-

ter rather than a residue alone

3. conservation scores from multiple sequence alignments

4. scores derived directly from frequencies of amino acid type combinations

within a local neighborhood where the size of the neighborhood is trained,

that is the distance between residues having the same label

Each feature function is normalized to the interval [0, 1] ⊆ R a�er averaging the
values over small geometrical neighborhoods. �e distance cut-o�, that is the dis-

tance between residues which then de�nes the neighborhood between residues,

was determined by stepwise varying, in order to increase the prediction result on

a given training set.

Similar experiments were conducted by the author but with less success. �e

usage of conservation values showed no improvement of the prediction perfor-

mance in experiments since values from the HSSP database are publicly available
and were tested5. Further, combinations of amino acid types in di�erent geomet-

rical con�gurations were tried to be exploited but showed no signi�cant improve-

ment (data not shown).

As a similar example, consider Figure 2.5 that shows results of the following

experiment. Within a distance of 15Å the pairwise distance distributions between

residues in the interface (red) and outside of the interface (green) were plotted. �e

data was estimated from the Keskin list. As it can be deduced from the plot, geo-
metrically there is almost no di�erence perceivable between these two structural

neighborhoods, i.e. from a statistical-geometry-point-of-view the protein “looks

almost the same” whatever the labeling is of a considered region within a given

distance.

3Zellner et al. page 12, preprint version; author comments in brackets
4Lijnzaad, Berendsen, and Argos 1996.
5http://swift.cmbi.ru.nl/gv/hssp/
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distance distributions
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Figure 2.5: Distance distributions between pairs of residues having the same label

in the reference labelings, estimated from proteins of the Keskin list within a �xed
distance of 15Å.

�e same picture shows up if at di�erent distances the amino acid type fre-

quencies are plotted (data not shown). Almost no signi�cant signal can be visually

extracted.
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Chapter 3

Inference

Inference is crucial for the prediction of protein-protein interaction interface sites,

which is true for other prediction problems modeled by conditional random �elds

(CRF). However, since we can not expect for every CRF-structure to be able to ef-

�ciently compute an exact solution (for general complexity considerations of the

labeling problem speci�ed as a CRF see Section 3.3), problem subsets allowing such

a solution are interesting on its own. �erefore, several fast prediction algorithms

for specially structured labeling problems given as a CRF together with their ap-

plication cases are described in the following.

3.1 Exact inference of labeling problems
If otherwise not stated, a mapping i ↦ Xi from nodes of a graphH(χ,K) to vari-
ables X = (Xi)ni=1 is meant where χ = {1, 2, . . . , n}. However, the reader is referred
to Section 2.1 for the complete set of terms and de�nitions that are utilized for the

description of a CRF.

3.1.1 Tractable partition sum for a restricted labeling class
In this section, a novel and unpublished idea is speci�ed for the computation of

the partition sum Z at the two-dimensional lattice that uses the so-called transfer-
matrix method introduced by Baxter (Baxter 1982). So far, the algorithm has no
direct application in the area of bioinformatics, but it may become helpful for pre-

dicting interface residues of protein-protein interactions if e.g. particular feature

functions as described in Section 2.2 are further developed or if mappings of inter-
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3.1. EXACT INFERENCE OF LABELING PROBLEMS

esting protein parts into the plane are considered.

Let the label set L = { , } be given, where the coloured notation is used to
facilitate understanding. Let a (b×b) grid graphH(χ,K) be given with n = b2 and
WLOG b even. For H a transfer-matrixM is constructed by using the following

steps:

1. Let us consider the kth partial structure ofH with width b de�ned by Figure
3.1. An entry of a matrixMk is de�ned as the product

ωk
s ⋅ sΥk+1

t

such that ωk
s ∶= Ey(ξks ,w) is a score de�ned according to Equation (2.7) but

only for a chain labeling ξks ∈ Lb. ξks is assigned to the (k) chain of nodes
χk ⊂ χ with ∣χk ∣ = b.
�e factor sΥk+1

t is de�ned as the sum of labeling scores at the (k + 1) chain
χk+1 ⊂ χ depending on �xed labeling ξks ∈ Lb at chain (k), and on �xed
labeling ξk+2t ∈ Lb at the (k + 2) chain χk+2 ⊂ χ. Again, ∣χk+1∣ = ∣χk+2∣ = b.

�e dependency on labelings ξks , ξ
k+2
t is indicated by subscripts s and t and

is further speci�ed here:

ωk
s

sΥk+1
t

ωk+2
t

k

k + 1

k + 2

Figure 3.1: De�nition of matrixMk for the kth partial structure with width b of
the b × b gridH(χ,K). �e symbols ωk

s ,ωk+2
t denote �xed scores of two labelings

of chains χk , χk+2. �e sum of labeling scores assigned to the (k + 1) chain χk+1 is
denoted by sΥk+1

t .

In Figure 3.1 the symbols

vertices for summation and

vertices with �xed labels
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are used. Using R = ∣L∣b, a matrixMk for the kth partial structure of Figure
3.1 is de�ned by

Mk ∶=
⎛
⎜⎜⎜⎜
⎝

ωk
1 ⋅ 1Υk+1

1 ωk
1 ⋅ 1Υk+1

2 . . . ωk
1 ⋅ 1Υk+1

R

ωk
2 ⋅ 2Υk+1

1 ωk
2 ⋅ 2Υk+1

2 . . . ωk
2 ⋅ 2Υk+1

R
. . . . . . . . .

ωk
R ⋅ RΥk+1

1 ωk
R ⋅ RΥk+1

2 . . . ωk
R ⋅ RΥk+1

R

⎞
⎟⎟⎟⎟
⎠
. (3.1)

Refraining from vertical edge potentials in the gridH, it is apparent that the
score ωk

s of labeling ξ
k
s at chain nodes χk is constant concerning the sum-

mation sΥk+1
t . �at is, the score ωk

s is independent of the sum of labeling

scores sΥk+1
t at the (k+ 1) chain, apart from vertical edge potentials connect-

ing chains (k) and (k + 1).

2. Vertical edge potentials between the chain labelings are rearranged accord-

ing to Figure 3.2. Here, a �xed label ξc at node c ∈ χk in the lower chain is

assumed.

f{b,c}(Xb , Xc)

c

b fb(Xb , y)

c

b fb(Xb , y) + f{b,c}(Xb , ξc)

Figure 3.2: Reassignment of vertical edge potentials because of the independence

of the edge potential f{b,c}(Xb , Xc) given a �xed label Xc = ξc

�is reassignment does not change the distribution P according to Equation
(2.9). However, it changes each node potential in the sum sΥk+1

t . In order to

explicitly indicate this dependency on �xed labelings at parallel grid chains,

the subscripts s and t are included in the notation.

3. It is generally known, that partition sums for labeling problems de�ned on

chains are computed in linear time in the chain size. It is clear, that a�er

applying the so far statedmanipulations the factors sΥk
t are particularly these

partition chain sums, for each k and size b.
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4. Assume a grid consisting of b/2 components according to Figure 3.1. �e
transfer-matrix approach computes the partition sum according to the equa-

tions

M ∶=M1 ⊙M3 ⋅ ⋅ ⋅ ⊙Mb−1
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b/2 times

Z = e tr(M)

where tr denotes matrix trace, ⊙ matrix multiplication, and b is even as as-
sumed.M is referred to as transfer-matrix of the problem whereM has size

(R×R). �us, the above formulas compute Z using basic matrix operations.

5. However, the size ofM still prevents the speci�cation of a polynomial algo-

rithm caused by the exponential number R of chain labelings inH. To reduce
R, the idea is to bound the dimension ofM by restricting the labelings on

each second chain to a prede�ned subset: at every second grid chain only

labelings constituting a “ -connected component” (convex chain labelings)

are permitted. �is restriction plays a meaningful role in protein-protein in-

terface predictions where connected surface patches are expected to contain

the interface residues.

. . . . . .

. . .

ξk1
ξk2

ξkb
ξkb+1
ξkb+2

ξkR′

Figure 3.3: Permitted chain labelings of step 5.

Figure 3.3 shows examples of permitted chain labelings for some chain (k).
�e number of these chain labelings is

R′ ∶= b ⋅ (b + 1)
2

,

bounding the size ofM, or equivalently the number of matrix entries based
on labeling scores toO(n2).
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It is now valid to establish the following theorem:

�eorem 1. WLOG let b be even, such that n = b2 where n is the number of nodes
in a (b × b) grid graph H(χ,K). �e partition sum Z of H with restricted chain
labelings in accordance with steps 1.-5. is computed in time complexityO(n6).

Proof. Con�rm steps 1. − 5. above.

�e involved matrix multiplication can e�ciently be implemented. �at is, the

naive factorO(n3), which accounts for the complexity of one requiredmatrixmul-
tiplication, is currently improved by a fast algorithm up to O(n2.37) (Ambainis,
Filmus, and Gall 2014).

�e shown approach can generally be utilized (Baxter 1982):

Corollary 1. �e transfer-matrix method can be applied if the underlying problem
can regularly be divided into subproblems permitting exact computations of their re-
spective partition sums provided these subproblems can be separated by �xing appro-
priate labelings as e.g. shown in step 5 above.

Instances for this corollary are problems with bounded tree-width or series-

parallel graphs (proof not shown).

3.1.2 Tractable partition sums for complete graphs
In this section, another approach taken from (Flach 2013) is presented to exactly

compute the partition sum at a complete graphH(χ,K) requiring equal functions
at edges. �e method assumes a distribution P according to (2.9) on binary label-
ings, i.e. the label set is L = {0, 1}. Edge functions are restricted to a common
mapping de�ned (for this section) by

Φ{i , j} = α ⋅ 1{Xi ≠ X j} + 1{Xi = X j} {i , j} ∈ K, (i < j), α > 0 (3.2)

where the notation fromEquation (2.5) is used. Using an appropriatemanipulation,

it is valid to initially write arbitrary node functions as

Φi(Xi , y) = βi ⋅ 1{Xi = 0} + 1{Xi = 1} i ∈ χ, βi > 0 (3.3)

without changing the probability distribution P and βi denotes a node dependent

positive real number.
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�e set of all labelings ξ = {0, 1}n of nodes in χ is divided into pairwise disjoint
subsets ξ(0), . . . , ξ(n) ⊂ ξ such that ξ(k) denotes the set

ξ(k) = {(ξ1, . . . , ξn) ∈ ξ ∣
n
∑
i=1

ξi = k}

using ξi ∈ {0, 1} and χ = {1, . . . , n}. �us, partial partition sums can be stated
accordingly

Zk(y) = ∑
(ξ1 ,...,ξn)∈ξ(k)

∏
i∈χ
Ψi(Xi , y) ⋅ ∏

{i , j}∈K
Φ{i , j}(Xi , X j). (3.4)

Using the assumption of equal edge functions according to Equation (3.2) and the

fact that each subgraph of a completely connected graph is again completely con-

nected, in (3.4) the product over pairwise edge functions is simpli�ed to a common

factor αk⋅(n−k) for every labeling in Zk(y). On the basis of Equation (3.3), for the
contribution of node functions to Equation (3.4) the following numbers are intro-

duced

H{1,...,n}(k) = ∑
(ξ1 ,...,ξn)∈ξ(k)

n
∏
i=1

β1−ξ i
i . (3.5)

Hence, the partition sum can be written as follows

Z(y) =
n
∑
k=0

Zk(y) =
n
∑
k=0

αk⋅(n−k) ⋅H{1,...,n}(k).

�e function in (3.5) can be calculated recursively using again the inheritance of

the completeness property of a graph to its subgraphs. To see this, the notation

HU(k), k ∈ {1, . . . , ∣U ∣} is used whereU ⊆ χ is a complete subgraph induced by the
node subset U . For some �xed node m ∈ χ the recurrence equation

HU(k) = βm ⋅HU∖{m}(k) +HU∖{m}(k − 1) (3.6)

is valid and provides an algorithm that computes Z(y) on complete graphs in time
complexityO(n2).

�e recurrence in (3.6) is further utilized to calculate posterior probabilities at

each node in the graph. �e numbers

HU∖m(k) =
1

βm
⋅ {HU(k) −HU∖m(k − 1)} (3.7)
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can be calculated in linear time from all numbers of the initially fully connected

graph. Using (3.7) the posterior probabilities for node m are given by

P(Xm = 1 ∣ y) = ∑n
k=1 H{1,...,n}∖{m}(k − 1) ⋅ αk⋅(n−k),

P(Xm = 0 ∣ y) = ∑n−1
k=0 H{1,...,n}∖{m}(k) ⋅ αk⋅(n−k)

which can be computed in quadratic time complexity depending on the size of the

underlying graph (proof not shown).

3.1.3 Decidability of the maximum marginal probability prob-
lem

In this section an algorithm for the decidability of the problem of the maximum
marginal probability for general graphs and binary labelings is presented. �e

method can easily be extended to larger sets of labels. �e author of the thesis origi-

nally conceived the algorithm, but the basic ideawas already known1 and published

as the dead-end elimination (DEE) algorithm (Desmet et al. 1992).

1Mario Stanke, personal communication, January 6, 2012

r s

2
3

4

5

6

Figure 3.4: Neighborhood of the node r in graph H(χ,K). �e partition sum is
over each random variable associated to green nodes but not r itself and keeping
the label at s �xed. Hence, potentials of r and {r, s} are not considered.
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De�nition (Decidability of the maximummarginal probability problem). Accord-
ing to Equation (2.9), let a CRF be de�ned with respect to a graph H(χ,K). �e
problem of the maximum marginal probability is to �nd label ξ∗i at each node i such
that the marginal probability of labels is maximum at ξ∗i :

ξ∗i = argmax
ξ∈L

P(Xi = ξ ∣ y) i ∈ χ. (3.8)

Let the label set L = {I ,N} be given. At each edge a potential is de�ned as

f{i , j}(Xi , X j) = α ⋅ 1{Xi = X j} + β ⋅ 1{Xi ≠ X j},

with α, β ∈ R. Let Z(χ,K) denote the partition sum of the graphH(χ,K).
Assume two distinct nodes r, s ∈ χ, {r, s} ∈ K, s ∈ Γ(r) (Section 2.1) and ∣Γ(r)∣ =

1 (Figure 3.4). With the symbol Z(X∖{Γr∪r}, ξs) we denote the partition sum over
all nodes in χ but not r itself and each labeling in the partition sum has label ξs ∈ L
at s in common. Using this, it is valid to write for the example in Figure 3.4

∑
ξs∈L

Z(X∖{Γr∪r}, ξs) = Z(χ ∖ {r},K ∖ {{r, s}}) {r, s} ∈ K

with Z(∅,K′) = 0 ∀K′

i.e. the partition sum of the subgraphH′(χ ∖ {r},K∖{{r, s}}) is computed using
the introduced concepts.

According to Equation (2.5), let the functionsΨi(Xi , y),Φ{i , j} be given. Let the
decidability concept as de�ned here be identi�ed with the prediction of protein-

protein interaction interface sites. �e following is proposed:

�eorem 2. A solution to the optimization problem in Equation (3.8) is computable
in linear time in size of the graphH(χ,K).
Proof. 1: Consider the case α > β. By induction on the number of edges of node r,
i.e. ∣Γ(r)∣, the inequality

P(Xr = I ∣ y) < P(Xr = N ∣ y) (3.9)

is examined. It is clear, that the decidability of Inequality (3.9) is equivalent to the

optimization in Equation (3.8). At �rst, consider the case ∣Γ(r)∣ = 1 as in Figure 3.4.
It is valid to write

Ψr(I , y) ⋅ eα ⋅ Z(X∖{Γr∪r}, I) +Ψr(I , y)⋅ eβ ⋅ Z(X∖{Γr∪r},N) <
Ψr(N , y) ⋅ eβ ⋅ Z(X∖{Γr∪r}, I)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
x1

+Ψr(N , y) ⋅ eα ⋅ Z(X∖{Γr∪r},N)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

x2

.
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Figure 3.5: General neighborhood of node r in graphH(χ,K).

As indicated by the variables x1, x2, the inequality above can be considered as the
comparison of two hyperplanes in two-dimensional space. �us, Inequality (3.9)

holds if the inequalities

x1 ∶ Ψr(I , y) ⋅ eα < Ψr(N , y) ⋅ eβ

x2 ∶ Ψr(I , y) ⋅ eβ < Ψr(N , y) ⋅ eα

are simultaneously ful�lled which happens if the node potentials satis�es the fol-

lowing

Ψr(I , y)
Ψr(N , y)

< min{eα−β , eβ−α}.

With the requirement α > β and using the de�nition of Ψ in (2.5), it is valid to
write

fr(I , y) − fr(N , y) < β − α.

Further, by induction on the number of edges, it can be concluded for ∣Γ(r) > 1∣
edges incident to node r (see Figure 3.5):

fr(I , y) − fr(N , y) < ∣Γ(r)∣ ⋅ (β − α).

2: �e case β > α is equivalently shown. 3: �e trivial case α = β makes the deci-
sion independent from edge potentials. Hence, a simple constant-time-checkable

condition for each node is derived and�eorem 2 follows.

33



3.1. EXACT INFERENCE OF LABELING PROBLEMS

3.1.4 �e relaxation labeling algorithm
One of the �rst papers treating labelings is Rosenfeld et al. (Rosenfeld, Hummel,
and Zucker 1976). �e authors considered another formulation of the labeling

problem where each variable Xi associated with nodes of the underlying graph

G(V , E) can be assigned a subset of a label set, Λ = {λ1, . . . , λm}. �e feature
functions are de�ned as boolean in terms of these variables. It is further supposed,

that for each node i ∈ V a subset of compatible (allowed) labels from Λ is given,
Λi ⊆ Λ. Further, at each edge {i , j} ∈ E , (i < j) a subset of compatible pairs of
labels is de�ned, Λ{i , j} ⊆ Λi × Λ j. �is relation is understood to be symmetric, i.e.

Λ{i , j} = Λ{ j,i}.
By a labeling L = (Li)ni=1 an assignment of subsets of labels to each variable is

meant. �at is for each node i ∈ V a subset of labels Li ⊆ Λ is assigned to the
associated variable Xi . De�ne L{i , j} ∶= Li × L j and X{i , j} ∶= Xi × X j for each edge

{i , j} ∈ E , (i < j). �e feature functions2 are formalized accordingly

fi(Xi) = 1{Xi = Li , Li ⊆ Λi} i ∈ V (3.10a)

f{i , j}(Xi , X j) = 1{X{i , j} = L{i , j}, L{i , j} ⊆ Λ{i , j}} {i , j} ∈ E , (i < j). (3.10b)

Furthermore, union, intersection and containment of two labelings L,L′ are de-
�ned with the help of the common set operations but applied componentwise, that

is the union L ∪L′ is de�ned as (Li ∪ L′i)ni=1, the intersection L ∩L′ as (Li ∩ L′i)ni=1
and containment L ⊆ L′ is understood as (Li ⊆ L′i)ni=1.

�e main concepts introduced by the authors is the notion of consistency of a
labeling L with respect to the graph structure G(V , E) and the feature functions.
�is notion is de�ned as the requirement to compute the value accordingly

⋁
(λ1 ,...,λn)∈Λn

[⋀
i∈V

fi(λi) ∧ ⋀
{i , j}∈E

f{i , j}(λi , λ j) ]. (3.11)

Furthermore, if Equation (3.11) yields 1, then such a labelingL∗ = (λ∗1 , . . . , λ∗n) shall
be computed which ful�lls the following condition

[⋀
i∈V

fi(λ∗i ) ∧ ⋀
{i , j}∈E

f{i , j}(λ∗i , λ∗j ) ] = 1. (3.12)

�is is called the Consistent labeling problem.
2See Section 3.1.5 for further explanations and a general study of the problemwhere even higher

arity feature functions are involved.
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To solve it, the authors propose the relaxation labeling algorithm. It works iter-
atively. Initially, there is the trivial labeling L0 = (Λi)ni=1 such that for each i ∈ V
the set of labels at i is compatible according to the node feature in Equation (3.10a).
Let Lt be the resulting labeling of the tth step of the algorithm. To get the labeling
Lt+1, any label λ ∈ Λ at node i is kept if and only if it is compatible to constraints
along each existing edge {i , j} according to Equation (3.10b). �is is summarized
by the equations

Lt+1
i ∶= Lt

i ∩ ⋂
{i , j}∈E

( ⋃
(λ ,µ)∈Lt{i , j}
Lt{i , j}⊆Λ{i , j}

{λ}) i ∈ V (3.13a)

Lt+1
{i , j} ∶= Lt+1

i × Lt+1
j ∩ Lt

{i , j} {i , j} ∈ E , (i < j). (3.13b)

�e following propositions concerning this algorithmic schema are proved in the

cited paper.

Proposition �ere is a most comprehensive consistent labeling L∞ such that for
any consistent labeling L it holds that L ⊆ L∞.

Proposition Lt+1 ⊆ Lt for t = 0, 1, 2, . . . i.e. the cardinality of each set Lt
i is never

increasing.

Proposition L∞ ⊆ . . .Lt+1 ⊆ Lt ⊆ ⋅ ⋅ ⋅ ⊆ L0.

With the help of these propositions, the authors conclude the following.

�eorem If the underlying graph structure is connected, then there exists some

t such that Lt+1 = Lt and the labeling Lt ful�lls Equation (3.12).

�is theorem and the above mentioned propositions should guarantee that the

algorithm described by Equations (3.13a,3.13b) converges and outputs a consistent

labeling L.
However, as Flach (Flach 2002) points out, it is not at clear if the relaxation

labeling algorithm is able to deliver such a labeling in any case since it can generally
be shown that the consistent labeling problem is NP-complete (con�rm Section
3.3.2).
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Nevertheless, Schlesinger et al. (Schlesinger and Flach 2000) show that the re-
laxation labeling algorithm �nds a consistent labeling if and only if the edge fea-

ture functions according to Equation (3.10b) ful�ll the following property. Let

the set of labels from Λ be partially ordered that is, let for any 4-tuple of labels

λi , λ j, λk , λl ∈ Λ be that λi ≥ λ j and λk ≥ λl . �e relaxation labeling algorithm

calculates an consistent labeling if and only if

f{i , j}(λ j, λk) ∧ f{i , j}(λi , λl) ≤ f{i , j}(λi , λk) ∧ f{i , j}(λ j, λl) {i , j} ∈ E .

3.1.5 Mapping n-ary feature functions
In this section, the question is answered whether the restriction to feature func-

tions with at most two arguments – and that lead in its generality to the usage of

pairwise CRFs as introduced in Section 2.1 – represents a limitation to the mod-

eling strength and the variety of labelings that can be described by the model of

Section 3.1.4. It is shown here, that this is not the case at least in the exempli�ed

case of boolean feature functions. �is is proved by giving a mapping from any n-
ary feature function of binary variables to a set of 2-ary and 1-ary feature functions

of binary variables. �is mapping is according to Flach (Flach 2002).

Let binary variables Γ = (Yt)mt=1 be given where each Yi takes values from L =
{0, 1}. Let feature functions fi on an arbitrary set of k-tuples (1 ≤ k ≤ m) of vari-
ables from Γ be de�ned. Let this set of k-tuples be U = {S1, S2, . . . , Sn} and de�ne
for every 1 ≤ i ≤ n

fi ∶ Si ↦ {0, 1}.

A labeling ρ = (ρ1, ρ2, . . . , ρn) of the tuples in U with variables from Γ is said to be
consistent if and only if

⋀
ρ i ∶1≤i≤n

fi(ρi) = 1. (3.14)

�is de�nition of consistency is taken from Rosenfeld et al. (Rosenfeld, Hummel,
and Zucker 1976).

Now, a graph H(χ,K) is constructed as basis structure for a labeling problem
that only contains 2-ary and 1-ary feature functions andwhich can then be regarded

as a pairwise model. So, for each tuple Si there is a corresponding node i ∈ χ and
an edge {i , j}, (i < j) is included in K if and only if Si ∩ S j ≠ ∅ which means that
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tuples Si and S j have variables from Γ in common. Further, binary variables (Xi)ni=1
are assumed corresponding to nodes of χ according to the mapping i ↦ Xi . �e

following new feature functions are de�ned:

fi(Xi) = 1{ fi(ρi) = 1} 1 ≤ i ≤ n
f{i , j}(Xi , X j) = 1{ fi(ρi ∣U{i , j}) = 1, f j(ρ j∣U{i , j}) = 1} {i , j} ∈ K,U{i , j} = Si ∩ S j,

such that ρ = (ρ1, ρ2, . . . , ρn) is a labeling of the original problem. �e notation
fi(ρi ∣U{i , j}) indicates the restriction of the original feature function fi to the subset
U{i , j} of variables in Si ∩ S j being labeled with ρi .

It can be observed, that the best labeling ξ∗ ∈ Ln of χ given according to the
following optimization problem

ξ∗ = argmax
ξ∈Ln

∑
i∈χ

fi(ξi) + ∑
{i , j}∈K

f{i , j}(ξi , ξ j)

corresponds to a consistent labeling of U that satis�es Equation (3.14). �e value of
ξ∗ is then n + ∣K∣.

�e shown mapping is computable in polynomial time in size of the original

problem if the cardinality of U and the arity of the original feature functions are
bounded.

3.1.6 �e application ofMinCut algorithms
�e motivation to describe a class of labeling problems speci�ed by CRFs which

can be solved by so-calledMinCut algorithms arose from the observation, that au-
tomatically trained3 edge weights wK according to Equation (2.4) always ful�lled a
condition which characterizes that certain class of labeling problems. Hence, the

trained edge weights structured the CRFs as amenable to certain fast algorithms

solving the associated labeling problem and thus, accomplishing e�cient inference.

�roughout this work, tied edge features are used according to Equation (2.2).

Furthermore, two edge weights are only speci�ed in the implementation to repre-

sent the edge potential according to Equation (2.3b) and which is de�ned by:

f{i , j}(Xi , X j) ∶= w1 ⋅ 1{Xi = X j} +w2 ⋅ 1{Xi ≠ X j}. (3.15)

�e di�erences of the edge weightsw1 −w2 as a result of di�erent training setups is
shown in Figure 3.6 and which was always non-negative.

3�e training approaches are explained in Section 4.
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Figure 3.6: Edge weight di�erences according to Equation (3.15). Each green bar

indicates a training result belonging to a di�erent training set up in terms of e.g.

used feature functions, parameter assignments, edge inclusion radii δ and others.

�is de�nes the edge feature functions as regular. �is property is used to show
that inference in CRFs having regular edge feature functions is e�cient in terms of

allowing algorithms with a polynomial computation time.

Regular edge feature functions In contrast to the presentation discussed in sec-

tion 2 Equations (2.8),(2.9) the search for the labeling with minimal cost is con-

sidered in this paragraph. We denote this problem as aMinCost labeling problem.
�e feature functions of nodes and edges are understood as costs. �e algorithm

described here is based on a condition of the edge feature functions. �is condi-

tion emerges as biconcavity in the literature (Schlesinger and Flach 2000). Other
names are regularity ormonotonicity property. Here, the term regular feature func-
tion is used and the presentation followsKolmogorov et al. (Kolmogorov andZabih
2004). �ese authors have proven, that for nodes i , j ∈ χ having binary random
variables Xi and X j associated to, the problem of energy minimization is polyno-
mial time solvable, if the edge feature functions ful�ll the condition

E{i , j}(0, 0)+E{i , j}(1, 1) < E{i , j}(1, 0)+E{i , j}(0, 1) {i , j} ∈ K, {0, 1} = L. (3.16)

with mappings E{i , j} ∶ L ×L↦ R. �e functions E{i , j} are then called regular.
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MinCost problem in canonical form Essentially, the e�cient solution of the

MinCost labeling problem stirs fromanunambiguousmapping to theMinCut prob-
lem. �e MinCut problem is the task of �nding a cut of minimum edge capacity
within a directed graph. �ismapping can be established in polynomial time if and

only if each edge capacity is non-negative. In this case the associated optimization

problem, which is basically a piecewise linear optimization problem, is convex. For

the convexMinCut problem the dual problem can be speci�ed which in turn can
be solved e�ciently with the “MaxFlow” algorithm. �is result is the consequence

of the famous “MinCut-MaxFlow” theorem by (Ford and Fulkerson 1962).
�ebelow shownapproach is based and generalized by Schlesinger et al. (Schlesinger

and Flach 2006) toMinCost labeling problems with an arbitrary number of labels.
In addition, the presentation is based on Mario Stanke, personal communication,
January 4, 2014.
Let a binaryMinCost labeling problem be given which contains the following

elements:

• the connected undirected graphH = (χ,K) with nodes and edges as in Sec-
tion 2

• the node feature functions

fi(Xi , yi) Xi ∈ χ (3.17)

• the edge feature functions

f{i , j}(Xi , X j) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Ai , j if Xi = X j = 0
Bi , j if Xi = 0, X j = 1
Ci , j if Xi = 1, X j = 0 {i , j} ∈ K, (i < j)
Di , j if Xi = X j = 1

(3.18)

such that Ai , j, Bi , j,Ci , j,Di , j ∈ R and the regularity condition from Equation
(3.16) applies

• and the de�nition of a cost function

C(χ) = ∑
i∈V

fi(Xi , yi) + ∑
{i , j}∈E ,(i< j)

f{i , j}(Xi , X j). (3.19)
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• �eMinCost problem is then de�ned as the problem to compute a labeling
of minimum cost, which is to say

ξ∗ = argmin
ξ∈Ln

C(ξ). (3.20)

Xi X j

fi(1, yi)

fi(0, yi)

f j(1, y j)

f j(0, y j)

Di , j

B i , j
C
i , j

Ai , j

Figure 3.7: Schema for aMinCost problem for nodes i and jwith {i , j} ∈ K, (i < j).
De�nitions according to Equations (3.17) and (3.18) are used.

We represent the given quantities by means of the schema in Figure 3.7, that was

introduced by Rosenfeld et al. (Rosenfeld, Hummel, and Zucker 1976). By applying
equivalent transformations4 to this schema, we obtain another representation of

the same MinCost problem as depicted in Figure 3.8. �ere αi , j is given by Ai , j +

Xi X j

fi(1, yi) + Ci , j − βi , j

fi(0, yi) + βi , j

f j(1, y j) + Bi , j − βi , j

f j(0, y j) + βi , j

αi , j

0 0

0

Figure 3.8: Schema a�er equivalent transformations.

Di , j − Bi , j − Ci , j, which is strictly negative if and only if the condition in Equation

(3.16) applies. Further, 2βi , j = Ai , j is assumed. �e obtained schema can further be

modi�ed as shown in Figure 3.9.

4An algebraic manipulation of the input problem is said to be equivalent if it does not change

the cost of each labeling.
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Xi X j

f̂i(1, yi)

f̂i(0, yi)

f̂ j(1, y j)

f̂ j(0, y j)

0

α′ i , j α ′′i , j

0

+ min{ fi(1, yi) + Ci , j − βi , j, fi(0, yi) + βi , j}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

K i

+ min{ f j(1, y j) + Bi , j − βi , j, f j(0, y j) + βi , j}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

K j

Figure 3.9: MinCost problem in appropriate form as input for a MinCut solver.
Ki ,K j are added to the overall minimization problem. Both are constant, and thus

omitted.

�e real numbers α′i , j, α′′i , j ful�ll the condition α′i , j+α′′i , j = −αi , j. Additionally, the

expressions for the respective node costs were aptly summarized by the notation f̂
such that

f̂i(1, yi) =max { fi(1, yi) − f j(0, y j) + Ci , j − Ai , j − α′′i , j, 0},
f̂i(0, yi) =max { fi(0, yi) − fi(1, yi) + Ai , j − Ci , j + α′′i , j, 0},
f̂ j(1, y j) =max { f j(1, y j) − f j(0, y j) + Bi , j − Ai , j − α′i , j, 0},
f̂ j(0, y j) =max { f j(0, y j) − f j(1, y j) + Ai , j − Bi , j + α′i , j, 0}.

�e real valued constants Ki ,K j on the right hand side of Figure 3.9 are indepen-

dent from theMinCost optimization and can be omitted. Nevertheless, each value
involved in the representation of the regularMinCost is now strictly non-negative.

Mapping regularMinCost toMinCut and the exact solution ofMinCut Firstly,

the task of �nding a cut of minimum capacity within a directed graph is reviewed.

Let a directed5 graphG(V{s,t}, E)with two distinct nodes (source s and sink t) con-
tained in V{s,t} be given. We call the structureN(V{s,t}, E , c(i , j)) the �ow network
with nodes V{s,t} and edges E. Any edge (i , j) ∈ E is assigned a real valued ca-
pacity which is equivalently called the cost of the edge c(i , j) (Figure 3.10) if and
only if each edge cost is non-negative, c(i , j) ≥ 0. Otherwise theMinCut problem
becomes intractable. If c(i , j) = 0 then (i , j) ∉ E and vice versa. An s ↝ t sep-
arating cut C in the �ow network N is an edge subset, such that in the network

5Con�rm Section 2.1 for de�nitions.
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N(V{s,t}, E∖C , c(i , j)) there exists no directed path from s to t. �is edge subset is
required to beminimal in the sense that no other cut C′ exists that is a strict subset
of C. To put it into other words, if an edge would be removed from C then a path
connecting s and t would again exist. �e cost of C is the sum of the capacities of
edges that pass the cut C in the direction from s to t. In Figure 3.10 an example of
a cut is shown.

s

1

2

16

13

10 4 t

3

4

20

12

14

9

4

7

← S T →

Figure 3.10: Flow network N(V{s,t}, E , c(i , j)) with non-negative edge capacities
(numbers above edges) and a cut C(S , T). �e cut is indicated by the vertical orange
dashed line. �e capacity sum of edges passing the cut in the direction from s to t
is 26.

Consider node 1 (blue circle) in Figure 3.10. �ere exists a path from the source

s to 1 and another path from 1 to the sink t. Let aminimal cut C be given. Within the
�ow networkN(V{s,t}, E∖C , c(i , j)) only one of the directed paths can exist, either
s ↝ 1 or 1 ↝ t. Otherwise, this would contradict the assumption of a valid cut C.
Additionally, if both paths are contained in the cut, C is not minimal contradicting
the minimality property. Based on these observations, we can de�ne a cut as a

decomposition of V{s,t} into two disjoint node subsets S and T such that s ∈ S and
t ∈ T . Furthermore, for each node i ∈ S there exists either a directed path s ↝ i or,
for each node j ∈ T there exists a directed path j ↝ t. �e problem of �nding the
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minimum capacity cut C+(S , T ) is then formalized with the equation

C+(S , T ) = argmin
C(S ,T )

∑
i∈S
∑
j∈T

c(i , j) (i , j) ∈ E . (3.21)

In order to show the bijection between instances of regularMinCost problems and
these ofMinCut, it is convenient to make the dependency of the cost more explicit
by rewriting Equation (3.21) as a sum of three terms

C+(S , T ) = argmin
C(S ,T )

{ ∑
i∈S∖{s}

c(i , t) + ∑
j∈T ∖{t}

c(s, j) + ∑
i∈S∖{s}

∑
j∈T ∖{t}

c(i , j)}. (3.22)

To establish the equivalence betweenMinCut andMinCost instances, each binary
labeling ξ ∈ {0, 1}∣V ∣ is identi�ed with the partition of the nodes of the underlying
graph G induced by a cut C(S , T ) of G. It is ξv = 1 if and only if v ∈ S ∖ {s} and
ξv = 0 if and only if v ∈ T ∖ {t} for each node v ∈ V{s,t}. �e optimal labeling of a
MinCost instance arises according to its representation in Figure 3.9 to

ξ∗ = argmin
ξ∈{0,1}∣V ∣

{ ∑
i∈V

ξ i=0

f̂i(0, yi) + ∑
i∈V
ξ i=1

f̂i(1, yi) + ∑
i∈V

ξ i∈ξ

∑
j∈V

ξ j∈ξ

α̃i , j } (3.23)

+ ∑
i∈V

Ki

such that

α̃i , j = α′′i , j ⋅ 1{(ξi ,ξ j) = (1, 0)}
+ α′i , j ⋅ 1{(ξi , ξ j) = (0, 1)} (i , j) ∈ E .

By comparing Equation (3.22) with Equation (3.23) it can be seen, that within the

three sums the same terms of nodes and edges are involved. Apart from nota-

tions and the optimization independent constant on the right hand side of Equation

(3.23), both equations are ultimately equal. �e schema to translate aMinCost in-
stance H(χ,K) to its corresponding MinCut instance N(V{s,t}, E , c(i , j)) can be
summarized as follows:

• �e set of nodes of theMinCut instance is the set of nodes of theMinCost in-
stance with two additional nodes, source s and sink t, V{s,t} ∶= χ ∪ {s, t}.

• �e set ofMinCut edges are formed from theMinCost edges according to:
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1. Each edge from the MinCost instance is included twice in the set of
MinCut edges to encode two directed edges. For an edge {i , j} ∈ K, (i <
j), that is (i , j) and ( j, i).

2. Each node i in theMinCut instance is connected to s by a directed edge
(s, i), and is connected to t by a directed edge (i , t).

�is is formalized with

E ∶= {(i , j) ∣ {i , j} ∈ K}∪{( j, i) ∣ {i , j} ∈ K}
∪ {(s, i) ∣ i ∈ χ} ∪ {(i , t) ∣ i ∈ χ}, (i < j).

• �eMinCut edge capacities are constructed as

c(s, i) = f̂i(1, yi), c(i , t) = f̂i(0, yi) i ∈ χ

and

c(i , j) = α′i , j, c( j, i) = α′′i , j {i , j} ∈ K, (i < j)

where the notation from Figure 3.9 has been used.

Computing the optimum cut A very simplifying idea computing the optimum

of the MinCut problem is based on two ingredients: �rstly, as already mentioned
in the beginning of this section, a MinCut problem is dual to a MaxFlow prob-
lem if and only if the edge capacities in MaxFlow are equal to these in MinCut.
�eMaxFlow problem can be solved in polynomial time by a variety of algorithms
(Ford and Fulkerson 1962). Secondly, these simple algorithms are based on the as-

sumption6, that the number of directed paths along the �ow can be improved (so-

called augmenting pathways) through a network is polynomial bounded in order to
increase stepwise the �ow along each of these paths, and hence, the �ow through

the overall network from the source to the sink can be traced. �eMaxFlow prob-
lem is de�ned as follows. A �ow through the networkN(V{s,t}, E , c(i , j)) is amap-
ping f ∶ E ↦ R such that the conditions

0 ≤ f (i , j) ≤ c(i , j) (i , j) ∈ E (3.24a)

∑
j∈I i

f ( j, i)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
σ+

= ∑
j∈O i

f (i , j)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
σ−

i ∈ V{s,t} ∖ {s, t} (3.24b)

6�is is generally not true but is neglected here.
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are ful�lled. �ere, Oi ⊂ V{s,t} is the node subset of ending nodes of edges starting
at node i, Oi ∶= {ter(i , j) ∣ (i , j) ∈ E}. Ii ⊂ V{s,t} is the node subset of starting
nodes of edges ending in node i, Ii ∶= {init(i , j) ∣ (i , j) ∈ E}. �e condition (3.24a)
ensures that a �ow through an edge is non-negative and is bounded by the edge

capacity.

i

.9
9
∣ 1.7
8

4.21
∣ 6.7

3.78 ∣ 4.58
.13 ∣ 2.1

3.23 ∣ 4.12
2.1 ∣ 2.89

1.6 ∣ 1.67

2.
18

∣ 7.2

σ+ = σ−

Figure 3.11: Flow conservation at node i with total �ow 9.11 which is the sum of the
incoming respective outgoing �ows along the incident edges. �e drawing uses a

convention to state current �ows and capacities that is described in the text.

Condition (3.24b) is also called �ow conservation property and ensures that the
sum of all �ows going into a node equals the sum of the outgoing �ows from that

node (apart from {s, t}). Both conditions are depicted in Figure 3.11. �e conven-
tion

�ow∣ capacity
is used in the picture. �e MaxFlow problem is de�ned as the

search for a maximum �ow F∗ from the source s to the sink t that can be brought
through the network such that at each node (3.24a) and (3.24b) are ful�lled. �is

is computed as

F∗ = argmax

F=( f (s,i1), f (s,i2),...)
∑
i∈Os

f (s, i)

= argmax

F=( f ( j1 ,t), f ( j2 ,t),...)
∑
j∈It

f ( j, t).

One of the earliest algorithms to compute F∗ is based on the notions of a �ow
improvement along an augmenting pathway P ∶ s ↝ t. An edge (i , j) is said to
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be unsaturated, if f (i , j) < c(i , j). Otherwise it is called saturated, that is the �ow
along the edge cannot be improved further. An augmenting pathway P consists of
a sequence of edges P = {(s, i1), (i2, i3) . . . (im , t)} such that each edge (i , j) ∈ P
is unsaturated. �at means c(i , j) − f (i , j) > 0 and this di�erence is de�ned as the
residual capacity of the edge and is usually denoted by r(i , j). �is number in turn
explains the �ow improvement which still can be realized along the edge. �en,

the maximum improvement of a �ow along an augmenting pathway P coincides
with the minimum residual capacity over each edge along P .

1 2 ⋯

⋯

⋯

n

⋯

⋯

c0
=
2
02
0

f1 = 10

c1 = 12

2

10

c2 = 13

3

10

cn−1 = 14

4

10

c n
=
10

10

f = 0

Figure 3.12: Residual network a�er augmenting the �ow f1 = 10 along the path⋯ ↝
1 ↝ 2 ↝ n ↝ ⋯. Red edges indicate the edge directions within the �ow network.
Green numbers show the residual capacities in the direction of the �ow network

edge, blue numbers are the residual capacities in the opposite direction. As an

example consider the edges (1, 2). It has capacities c(1, 2) = 12 and c(2, 1) = 0.
A�er �ow propagation, r(1, 2) = 2 and r(2, 1) = 10. �e red thick edge in the upper
right of the �gure is saturated because cn − f1 = 0.
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1 2 ⋯

⋯

⋯

n

⋯

⋯

c0
=
2
013

f1 = 10

c1 = 12

9

3

c2 = 13

10

3

cn−1 = 14

11

3

c n
=
10

10

f2 = 7

Figure 3.13: Residual network a�er augmenting the �ow f2 = 7 along the path⋯ ↝
n ↝ 2↝ 1↝ ⋯. �e colors are used as explained in Figure 3.12.

�e algorithm for solving theMaxFlow problemwith the help of �ow improve-
ment along augmenting paths is given in Algorithm 3.1. It uses the residual network
that is explained in Figure 3.12 as data structure. �e algorithm uses the function

FIND AUGMENTING PATH that determines an augmenting pathway P on the
basis of a mechanism that is not further detailed here. A�er termination the value

of theMinCut problem given in Equation (3.22) or equivalently, of the solution of
theMinCost problem given in Equation (3.23) is available. It remains to construct
the actual labeling. From the proof of the theorem by Ford and Fulkerson (Ford

and Fulkerson 1962) and the explanations given at the beginning of this section it

is known, that a minimum cut can only contain saturated edges. If the labeling is

considered as a corresponding partition of the nodes, it can be de�ned based on

paths that start at s or, at t and that contain only unsaturated edges. �at is, if there
exists a pathway P(s, ik) = {(s, i1), (i1, i2),⋯, (ik−1, ik)} such that each edge is un-
saturated, then ik ∈ S or, if P(ik , t) = {(ik , ik−1), (ik−1, ik−2),⋯, (i1, t)} such that
each edge is unsaturated, then ik ∈ T . None of these pathways can connect s and t
since then Algorithm 3.1 does not stop. From this point of view, the construction

of the best labeling for the MinCost problem is �nalized with the computation of
two connected components within the directed graphN(V{s,t}, E , f ∗(i , j)).

Convex functions are regular Ishikawa et al. (Ishikawa and Geiger 1998) spec-
ify a polynomial time algorithm for the labeling problem for convex edge feature

functions with a subset of integers as labels. �eir edge feature functions only de-

pend on the label di�erences, F(ξ1− ξ2). �en, edge functions are convex if for any
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Algorithm 3.1: ComputeMaxFlow( N(V{s,t}, E , c(i , j)) )

# construct a residual network
for each (i , j) ∈ E
do r(i , j) ← c(i , j)
for each (i , j) ∉ E
do r(i , j) ← 0

# compute an augmenting pathwayP
P ← FIND AUGMENTING PATH(N(V{s,t}, E , c(i , j), r(i , j)) )

while P ≠ ∅

do

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

# compute �ow improvement based onP
f̃ ←min(i , j)∈P r(i , j)

# increase �ow along P
for each (i , j) ∈ P

do
⎧⎪⎪⎪⎨⎪⎪⎪⎩

#update residual capacities (compare Figures 3.12 and 3.13)
r(i , j) ← r(i , j) − f̃
r( j, i) ← r( j, i) + f̃

P ← FIND AUGMENTING PATH(N(V{s,t}, E , c(i , j), r(i , j)) )

# each edge is saturated→ compute maximum �ow
f ∗ ← 0
for each (i , j) ∈ E

do { f
∗(i , j) ← c(i , j) − r(i , j)
f ∗ ← f ∗ + f ∗(i , j)

return ( f ∗, f ∗(i , j))

triplet of labels ξ1 < ξ2 < ξ3:

F(ξ2) ⋅ (ξ3 − ξ1) < F(ξ1) ⋅ (ξ3 − ξ2) + F(ξ3) ⋅ (ξ2 − ξ1).
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For such function F the Equation (3.16) holds, too. To see this, let L′{−1, 0, 1} and
de�ne F{i , j}(ξ̂ − ξ̂′) ∶= E{i , j}(ξ̂, ξ̂′) where E{i , j} are edge functions of the binary
MinCost-problem, i.e. ξ̂, ξ̂′ ∈ {0, 1}. Hence

2 ⋅ F{i , j}(0) is compared with F{i , j}(1) + F{i , j}(−1).

Since F{i , j} is convex, it follows that the le� hand side is smaller then the right
hand side. Or, convex edge feature functions are regular. �e reverse statement is

not always true, since regular functions can be de�ned which either not depend on

the label di�erence or are not convex.

3.1.7 Exact solution of theMinCost problem on partial m−trees
It is known that many NP-hard problems become polynomially time solvable
if the underlying graph structure is restricted to trees or more generally to par-

tial m−trees (Koller and Friedman 2009). �is is particularly true for the Min-
Cost problem shown here for the class of partial m−trees. �e latter are de�ned
with the help of a tree decomposition of a graph. A dynamic-programming-like al-
gorithm is presented here, since in the experiments of this thesis it was observed

that a few CRF-instances encoding a labeling problem in order to predict protein-

protein interaction sites allowed its application for inference. �is was valid for

edge inclusion radii δ < 6Å causing inclusions of smaller numbers of edges into
the model graph. Hence, in the implementation depending on the problem size an

appropriate inference algorithm is chosen. �e implementation of this algorithm

is available in the so�ware package libDAI published by Mooij (Mooij 2010) and
has been used in the present thesis.

De�nition 1 (tree decomposition). Let G(V , E) be an undirected graph. A tree
decomposition of G is a tree T (B,R)with nodes B = {1, . . . , t}where each I ∈ B is a
subset of nodes fromV 7. �e construction of T (B,R) ful�lls the following properties:

1. ⋃t
I=1 I = V

2. For each edge {i , j} ∈ E , (i < j) there exists a node K ∈ B such that i , j ∈ K.

3. If two nodes I, J ∈ B contain a node v ∈ V, then each node K ∈ B in the path
between I and J contains that node v, i.e. v ∈ I ∩ J ⊂ K. Equivalently, the tree
nodes containing v constitute a connected subtree of T . 8

7�e nodes of T are sometimes called bags.
8�is is the so-called running intersection property of T .
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�e width of a tree decomposition is the number m =maxI∈B ∣I∣ − 1, brie�y con-
sidering I as subsets of V in this notation, I ⊆ V . �e treewidth tw(G) of a graph
G is the minimum number m over all possible tree decompositions of G. In this
de�nition, the size of the largest set is decremented in order to have an uni�ed

1-treewidth for trees. When m is �xed, then the graphs with treewidth m can be
recognized, and a tree decomposition of width m can be computed in linear time
(Bodlaender 1996).

An m−tree T ′ ful�lls De�nition 1, but has nodes B such that all nodes v ∈ V
contained in any node I ∈ B form a clique of size m + 1 in V . �us, T is called a
partial m−tree, if it is a subgraph of T ′.

Now, the mapping from a binary MinCost problem on a general graph to an
equivalent tree decomposition is shown. Let anundirected connected graphG(V , E)
be given. Let the cost function of the binaryMinCost problem be de�ned accord-
ing to Equation (3.20) with label set L = {0, 1} and random variables X = (Xi)∣V ∣i=1.
Let further a tree decomposition T (B,R) of G be given with treewidthm. By def-
inition of a tree decomposition, each node I ∈ B contains at mostm+ 1 nodes from
V . �us, for each subset I there exists at most 2m+1 labelings. �e new label set L′

contains these labelings, L′ = Lm+1. For each node I ∈ B and each new label ξ′I ∈ L′

the node feature functions fI,ξ′I are de�ned as

fI,ξ′I(BI) = ∑
k∈I

fk,ξ′I ∣k(BI ∣k , yk) + ∑
{k , l}∈E ,(k<l)

k , l∈I

f{k,l},(ξ′I ∣k ,ξ′J ∣l )(BI ∣k , BI ∣l) I ∈ B.

where the notation BI ∣k is used to indicate the variable Xk associated with the

node k ∈ V being part of the new variable BI of the new node I ∈ B. �is notation
assumes a mapping I ↦ BI i.e. a mapping from tree nodes to variables. �e above

formula sums up the original node and edge features contained in I for a �xed
labeling.

�e new edge feature functions for the tree T are de�ned as follows. BI ∣I∩J is
the set of variables {Xv} associated with nodes v ∈ I ∩ J from V contained in the
tree node I ∈ B. �e edge feature functions are then given by

f{I,J},(ξ′I ,ξ′J)(BI , BJ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

−∑k∈I∩J fk,ξ′I ∣k(BI ∣k , y) −∑ {k , l}∈E ,(k<l)
k , l∈I∩J

f{k,l},(ξ′I ∣k ,ξ′J ∣l )(BI ∣k , BI ∣l),
if BI ∣I∩J= BJ ∣I∩J

∞, otherwise

(3.25)
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where {I, J} ∈ R. �us, the edge feature functions for T (B,R) exclude certain la-
belings if and only if two sublabelings at the common subset I ∩ J of nodes I, J ∈ B
do not coincide. Otherwise the sum of the labeling costs is corrected in such a way

that the labeling cost at G(V , E) agrees with the cost at T (B,R). Suppose, this
would not be the case. �en there is a labeling of T (B,R) with �nite cost which
contains two nodes I, J ∈ B that have a common subset I∩ J and the sublabelings of
the two sets of variables BI ∣I∩J , BJ ∣I∩J di�er. Suppose this happens at the common
node v ∈ V . If {I, J} ∈ R then this contradicts the assumption in Equation (3.25).
If the nodes I, J are not connected by an edge of T , then consider the unique path
that joins them. According to De�nition 1, for each node K ∈ B at this path, it is
required that v ∈ I ∩ J ⊂ K. �us, at some edge of T there is a contradiction to
Equation (3.25).

It remains to show how the actual solution of the MinCost problem given the
input graph G(V , E) and its tree decomposition T (B,R) is calculated. �is is
accomplished by a dynamic-programming-like approach. Starting at a leaf node

I ∈ B of the tree T , at the unique neighboring node J ∈ B the following update step
for the associated node feature is used

f̃J ,ξ′J(BJ) ∶= fJ ,ξ′J(BJ) + max
ξ′I∈L′

{ f{I,J},{ξ′I ,ξ
′
J}(BI , BJ) + fI,ξ′I(BI) }, {I, J} ∈ R, ξ′I , ξ′J ∈ L′.

�is optimization algorithm has time complexityO(∣B∣ × ∣L′∣2).

3.2 Approximate inference of labeling problems
�ough it cannot be expected to propose an algorithm for the general solution of

the labeling problem (con�rm Section 3.3.1 for the complexity consideration of the

problem), it has been tried to explore methods tackling the problem in its most

general form. �e applied techniques were usually adopted from other successful

computer science �elds.

In this section algorithms are presented that infer approximate solutions to the

labeling problem and its several variants. Particular attention is paid to thesemeth-

ods allowing statements concerning the quality of the approximation in terms of

the distance between the computed and the optimum labeling.
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3.2.1 Belief Propagation
Approximating the maximum probability labeling �e so-called Belief Propa-
gation (BP) method according to Yedidia et al. (Yedidia, Freeman, andWeiss 2003)
is discussed in this section. �is algorithm is extensively used in the implementa-

tion of this thesis as a general inference approach being part of the so�ware package

libDAI published by Mooij (Mooij 2010).
Let the label set be L = {I ,N}. �e symbols Ψi andΦ{i , j} are de�ned accord-

ing to Equation (2.5). Using them, the conditional probability in Equation (2.9) can

be written as

P(X = ξ ∣ y) = 1

Z(y) ∏i∈χ
Ψi(Xi , y) ⋅ ∏

{i , j}∈K
Φ{i , j}(Xi , X j) (i < j). (3.26)

In the BP algorithm,messages are sent fromone node to a neighboring node. �ese

messages are introduced as follows. �emessagemi→ j(ξ j) from node i to the node
j is a real number that can be interpreted as a statement from node i to node j
about the relative probability of j having label ξ j given the functions Ψi andΦ{i , j}
depending on i and j.
Approximating the labeling with maximum probability in Equation (3.26), the

following rule is used

mi→ j(ξ j) ← max
X i=ξ i

Ψi(ξi , y) ⋅ Φ{i , j}(ξi , ξ j) ⋅ ∏
r∈Γ(i)∖ j

mr→i(ξi) (3.27a)

bi(ξi) ← Ψi(ξi , y) ⋅ ∏
r∈Γ(i)

mr→i(ξi) (3.27b)

In (3.27a),(3.27b) Γ(i) is used for the set of neighbors at node i in the graph H.
�e symbol mi→ j(ξ j) denotes the message that node i transmits to node j with
�xed label ξ at node j. A�er convergence of the iteratively applied rules (3.27a) and
(3.27b), at each node i the label ξ̂i is chosen that ful�lls the condition

ξ̂i = argmax
ξ i

bi(ξi).

Approximating posterior probabilities and the partition sum If in Equation

(3.27a) the max−operator is substituted by summation, then the algorithm can
also be used to approximately compute the posterior probabilities at each node.

�e expression bi is then traditionally called belief, since it roughly represents the
marginal probability of label ξ at node i. Consider Figure 3.14 that shows a small
portion of a graphical structure.
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1

2

t s

Figure 3.14: Portion of a graphical structure with messages passed to node s. �e
direction of message exchange is indicated by an arrow.

According to Equation (3.27b), a single application of the BP-rule at node s for
label I is

beliefs(I) = Ψs(I , y) ⋅mt⇒s(I).

In the formula above, the message incoming at s for label I and sent by node t is
denoted bymt⇒s(I) and is indicated by a blue arrow in the �gure. For the graphical
structure from above and in accordance with Equation (3.27a) this message has the

form

mt⇒s(I) = Ψt(I , y) ⋅Φ{t,s}(I , I) ⋅mX1⇒t(I) ⋅mX2⇒t(I)
+Ψt(N , y) ⋅Φ{t,s}(N , I) ⋅mX1⇒t(N) ⋅mX2⇒t(N).

�us, a�er convergence the partition sumcanbe approximated byZ(y) ∝ beliefs(I)+
belief(N) which then allows an approximation of the posterior probabilities at s.

Equations (3.27a),(3.27b) yield exact posterior probabilities on tree-structured

graphs as shown in Section 3.1.7.

3.2.2 �e α−expansion move algorithm
In this section the work of Boykov et al. (Boykov, Veksler, and Zabih 1999) is pre-
sented. �e authors introduce a class of MinCost problems that are not polyno-
mially solvable but allow an e�cient approximation algorithm. In particular, an

explicit approximation bound – the ratio between the computed solution of the

MinCost problem Cy(X, f) and its optimum value Copty (X, f) - is deduced.

�e class ofMinCost problems considered is calledPotts labeling problems. �ese
are speci�ed as follows. A graph G(V , E) as the basis structure is given with ∣V ∣ =
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n. �e label set L is not restricted to the binary case and a δ−function for labels is
utilized as

δ(Xi , X j) =
⎧⎪⎪⎨⎪⎪⎩

1, if Xi ≠ X j i , j ∈ V
0, otherwise.

(3.28)

Based on this δ−function, the cost of each labeling is de�ned accordingly

CPotts
y (X, f) = ∑

{i , j}∈E ,(i< j)
u{i , j} ⋅ δ(Xi , X j) + ∑

i∈V
fi(Xi , yi). (3.29)

For further reference we set

f{i , j}(Xi , X j) = u{i , j} ⋅ δ(Xi , X j) {i , j} ∈ E , (i < j). (3.30)

�e Potts labeling problem is de�ned as the optimization problem

ξ∗ = argmin
ξ∈Ln

CPotts
y (X = ξ, f). (3.31)

�e factors u{i , j} ≥ 0 of (3.30) provide non-negative, real cost values for each edge
{i , j} in E. �e node feature functions are de�ned as arbitrary non-negative9 func-
tions fi(Xi , yi) ≥ 0. Node and edge feature functions are collected in the vector
f = (f1, f2, . . . ). �e mappings i ↦ Xi for the random vector X = (Xi)ni=1 and
y ∶ i ↦ yi for each i ∈ V are implicitly used in the notations.

�e key concept of an iterative algorithm introduced by the authors is the α−
expansion of a labeling ξ ∈ Ln de�ned as follows. Any labeling can be regarded as

a node partition

Pξ = {Pξ ∣ ξ ∈ L}

such that Pξ = {i ∈ V ∣ Xi = ξ} where Pξ is a subset of V and ⋃ξ∈L Pξ = Pξ for

pairwise disjoint subsets Pξ.

Now, let a labeling ξ of V in terms of an assignment to the variables in X de-
�ne its corresponding partition Pξ. Another partition P′

ξ′ of the nodes in V is
called an α−expansion ofPξ and correspondingly, labeling labeling ξ′ is called an
α−expansion of ξ if Pα ⊂ P ′α such that for each label ξ ≠ α in L, P ′ξ ⊂ Pξ. In other

9�is is not an additional restriction.
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words, any set of nodes can be relabeled to α within one expansion step.10 �e

algorithm Expansion mover explained in the following uses this idea.

Algorithm 3.1: Expansion mover(X,L, f ,G(V , E))

let t ← 0
let ξ0 ∈ Ln # random initial labeling

let Copt ← Cy(ξ0, f)

do

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξt+1 ← argmin
ξ∈L

min
ξ∈Ωα(ξt)

Cy(ξ, f) (1)

if Cy(ξt+1, f) < Copt

then {let C
opt ← Cy(ξt+1, f)

let t ← t + 1
else exit

while true
return (ξt)

Starting with a random labeling ξ0 ∈ Ln of X, at each step t the optimization
problem at line (1) in Algorithm 3.1 is solved. Ωα(ξt) denotes the α−expansion
move space at step t and contains any labeling that can be reached within a sin-
gle α−expansion of ξt as described above. �e following theorem concerning the
approximation quality of Algorithm 3.1 can be deduced

�eorem 3. For the Potts labeling problem according to Equation (3.31), Algorithm
3.1 outputs a labeling ξ̂ having cost satisfying the inequality

Cy(ξ̂, f)
Cy(ξ∗, f)

≤ 2 (3.32)

where ξ∗ denotes the global minimum labeling.

Proof. �e idea of the approximation bound proof is the construction of labeling
ξα
from a local optimum labeling ξ̂ and to compare their costs with these of the

optimal minimum cost of labeling ξ∗. �is certain construction yields the desired
comparison.

10In the well known simulated annealing setting, this node subset corresponds to a single node.

Hence, simulated annealing is a special case of the proposed regime.
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In order to show the bound speci�ed in Inequality (3.32) of�eorem 3 consider

a local minimum cost labeling ξ̂. Given this, a labeling ξα
is constructed so that

ξα ∈ Ωα(ξ̂), i.e. it is constructed by a single α−expansion move from ξ̂ accordingly

ξα =
⎧⎪⎪⎨⎪⎪⎩

α if i ∈ P∗α
ξ̂i if i ∉ P∗α ,

(3.33)

where it is assumed thatP∗α ∈Pξ∗ , i.e. P∗α denotes the node subset labeled α within
the optimum labeling ξ∗. In Equation (3.33) the node partitionPξ̂ induced by the

labeling ξ̂ is naturally assumed. Since labeling ξ̂ is a local minimum it is valid to
presuppose for the respective cost

Cy(ξ̂, f) ≤ Cy(ξα
, f). (3.34)

Let the following three portions of the overall cost of any labeling within the Potts

labeling problem be given

Cα
int(X, f) = ∑

{i , j}∈E ,(i< j)
i , j∈P∗α

u{i , j} ⋅ δ(Xi , X j)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
= 0

+ ∑
i∈P∗α

fi(Xi , yi)

Cα
∂(X, f) = ∑

{i , j}∈E ,(i< j)
i∈P∗α , j∉P

∗
α

u{i , j} ⋅ δ(Xi , X j)

Cα
ext(X, f) = ∑

{i , j}∈E ,(i< j)
i , j∉P∗α

u{i , j} ⋅ δ(Xi , X j) + ∑
i∉P∗α

fi(Xi , yi).

�en it is Cy(X, f) = Cα
int(X, f) + Cα

∂(X, f) + Cα
ext(X, f) and the three terms com-

pute the cost of nodes and edges in Pα (Cα
int), the cost at boundary edges of subset

Pα (Cα
∂) and the cost of nodes and edges outside of Pα (Cα

ext).
�e proof proceeds in comparing these three terms concerning the labelings

ξα
, ξ∗, ξ̂ and establishes the theorem above. �e construction in Equation (3.33)

implies Cα
ext(ξ

α
, f) = Cext(ξ̂, f). Plugging the two remaining terms into (3.34)

yields the following for each α from L

Cα
int(ξ̂, f) + Cα

∂(ξ̂, f) ≤ Cα
int(ξ

α
, f) + Cα

∂(ξ
α
, f) (3.35)

since at each node outside of P∗α the labelings ξ
α
, ξ̂ coincide by construction. Even

more can be observed. Since for each node i ∈ P∗α the labelings ξ
α
, ξ∗ are equal,
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Cα
int(ξ

α
, f) = Cα

int(ξ
∗
, f) is valid for their corresponding cost portions. By compar-

ing the remaining boundary cost terms it is apparent

Cα
∂(ξ̂, f) ≤ ∑

{i , j}∈E ,(i< j)
i∈P∗α , j∉P

∗
α

u{i , j} = Cα
∂(ξ

∗
, f)

is valid since δ(ξ∗i , ξ∗j ) = 1 for any edge in the boundary term of the optimum
labeling ξ∗. But certainly, there can exist edges {i , j}, (i < j) at the α−boundary of
the local optimum ξ̂ so that the relevant node ends are labeled alike, i.e. δ(ξ̂i , ξ̂ j) =
0. Putting the last statements into (3.35), yields

Cα
int(ξ̂, f) + Cα

∂(ξ̂, f) ≤ Cα
int(ξ

∗
, f) + Cα

∂(ξ
∗
, f). (3.36)

Since for labeling ξ̂ ∈ Ln

∑
α∈L

Cα
int(ξ̂, f) = ∑

i∈V
fi(ξ̂i , yi)

∑
α∈L

Cα
ext(ξ̂, f) = 2 ⋅ ∑

{i , j}∈E ,(i< j)
ξ∗i ≠ξ∗j

u{i , j} ⋅ δ(ξ̂i , ξ̂ j),

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
sum over boundary edges in ξ∗ but possibly with ξ̂ i=ξ̂ j in ξ̂

(3.37a)

it can be concluded that

Cy(ξ̂, f) + ∑
{i , j}∈E ,(i< j)

ξ∗i ≠ξ∗j

u{i , j} ⋅ δ(ξ̂i , ξ̂ j) ≤ Cy(ξ∗, f) + ∑
{i , j}∈E ,(i< j)

ξ∗i ≠ξ∗j

u{i , j} (3.38)

by summing (3.36) over each α in L. �e factor 2 appears in (3.37a) because any
edge in Cα

ext is counted twice in the summation
11. Hence, it is valid to suppose that

∑
{i , j}∈E ,(i< j)

ξ∗i ≠ξ∗j

u{i , j} ≤ Cy(ξ∗, f)

which together with Equality (3.38) completes the proof of �eorem 3.

11Consider e.g three pairwise disjoint node subsets Pξ1 ,Pξ2 and Pξ3 such that ⋃i Pξ i = V with
L = {ξ1 , ξ2 , ξ3} only joined by edges between them. �e proposition follows by induction over the
number of labels of the corresponding node subsets.
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It remains to answer the question how the minimization problem at line (1) in

Algorithm 3.1 can actually be solved. Flach (Flach 2002) gives a notable suggestion

for the required solution based on the observation, that one α− expansion step can
in itself be encoded into a binaryMinCost labeling problem. Indeed, it can be stated
as a regular one and thus is polynomially solvable according to section 3.1.6.

Using de�nitions from the beginning of this section let the original graphG(V , E)
be given. De�ne a new binary label set B = {0, 1} and construct a new graph Ĝ
with nodes V̂ for a original labeling ξ̂ = (ξ̂1, . . . , ξ̂n) ∈ Ln as

V̂ = {Pξ̂ ∣ ξ̂ ≠ α} Pξ̂ ⊂ V .

Let ∣V̂ ∣ = m simplifying notations. �e idea is to represent any labeling in the
α−expansion move space ξ ∈ Ωα(ξ̂) ⊂ Ln by a corresponding binary labeling

ν ∈ Bm. It is further based on the fact, that the cost variation from Cy(ξ̂, f) to
Cy(ξ, f) is independent from nodes and edges inside Pα = V ∖ V̂ because the sub-
labeling at Pα remains �xed under α−expansions.

�e encoding is as follow. A 0−label in any binary labeling ν ∈ Bm is encod-

ing, that the concerned node from V̂ keeps its original label from ξ̂ ∈ Ln in the

α−expanded labeling ξ ∈ Ln. Conversely, a 1−label corresponds to a label-swapping
to α at the concerned node in the target labeling ξ given ξ̂. In order to adapt the
node features for labelings ν ∈Bm appropriately, the following is used

f̃i(Wi , yi) = fi(Xi , yi) + ∑
{i , j}∈E ,(i< j)

1{Wi=0} ⋅ u{i , j} i ∈ V̂ , j ∈ Pα

where a mapping i ↦ Wi for new random variables Ŵ = (Wi)mi=1 associated to
nodes in V̂ is implied assuming original labelings ξ, ξ̂ ∈ Ln as described. �e edge

cost u{i , j} originates from the original Potts labeling problem above. Apparently,
only edges between nodes in V̂ construct the new edge set Ê of the graph Ĝ. �e
edge features from Equation (3.30) are suitably reassigned as

f̃{i , j}(Wi ,Wj) = 1{Wi≠Wj} ⋅ f{i , j}(Xi , X j) {i , j} ∈ Ê , (i < j), i , j ∈ V̂

but then we have

f̃{i , j}(0, 0) + f̃{i , j}(1, 1) ≤ f̃{i , j}(1, 0) + f̃{i , j}(0, 1) {0, 1} ∈B.
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�us, the regular condition in Equation (3.16) in Section 3.1.6 is ful�lled, i.e. a reg-

ularMinCost labeling problem solver can be applied ∣L∣ times in order to compute
a solution to the problem in line (1) of Algorithm 3.1.

�e results are generalized to the case of a truncated linearmetric as edge feature
functions f{i , j} =min{M , ∣ξi − ξ j∣} ⋅ u{i , j} for �nite label set L ⊂ N (Veksler 1999).
Certainly, the Potts labeling problem can completely be modeled with the help of

these edge feature functions.

Corollary 2. For the truncated linear metric labeling problem, Algorithm 3.1 outputs
a labeling ξ̂ having cost satisfying the inequality

Cy(ξ̂, f)
Cy(ξ∗, f)

≤ 2 ⋅M

where ξ∗ denotes the global minimum labeling and M denotes the truncation bound
within the linear metric.

3.3 Complexity considerations
In this section, some complexity considerations concerning the inference in condi-

tional random �elds (CRFs) as they were de�ned in Section 2 are given. Generally,

the computational complexity of inference algorithms of CRFs is deduced by map-

ping a problem instance of the labeling problem given by a CRF into an equiva-

lent problem instance of an usually graph-theoretic problem whose computational

complexity is known. �e discussed material is taken fromKoller et al. (Koller and
Friedman 2009) but represents common knowledge from within the �eld.

3.3.1 �e complexity of inference in CRFs
We show, that the complexity of computing the labeling of maximum probability

of the conditional probability according to Equation (2.9) isNP-hard. �is is done
by a polynomial transformation of instances of the problem of �nding the maxi-

mum clique of a graph G(V , E) into instances of the problem of computing the
labeling with maximum probability.

A clique is a complete subgraph of a graph, see Section 2. Amaximum clique is
a node subset of maximum cardinality – also called the clique number ω(G) of the
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graph. �e problem of �nding ω(G) and stating such a maximum clique is known
to beNP-hard and it is called MaxClique.

It is clear that �nding the labeling ξ∗ with maximum probability according to
Equation (2.9) is equivalent to maximizing the score according to

ξ∗ = argmax
ξ

Ey(ξ,w). (3.39)

Let an instance of MaxClique be given, that is a graph G(V , E) for which the
maximum clique has to be determined. V denotes the set of nodes, E the set of
edges of the input graph G. A new graph H(χ,K) is constructed as follows. Set
χ ∶= V and for the labeling problem use the label set L = {0, 1}. For the edge
set K ofH the set of edges of a completely connected graph on ∣V ∣ nodes is taken.
Further, amapping i ↦ Xi fromnodes to binary variables is understood. A labeling

ξ = (ξ1, ξ2, . . . , ξn) ∈ Ln of nodes in χ is paraphrased such that a node i is in the
maximum clique, if and only if its label ξi ∈ ξ is 1 and 0 otherwise. �e following
edge features are de�ned in order to model the cliques

f{i , j}(Xi , X j) ∶= 0 {i , j} ∈ E , {i , j} ∈ K
f{i , j}(Xi , X j) ∶= −∞ ⋅ 1{Xi = X j = 1} {i , j} ∉ E , i , j ∈ χ.

Furthermore, setw = 1 and de�ne node features in such a way, that the number of
nodes in a clique C ⊆ V can be counted, that is as follows:

fi(Xi) ∶= Xi i ∈ V .

It is reasonable to observe, that the value of the optimization problem of Equation

(3.39) is �nite, if and only if the labeling ξ∗ is a clique C of G(V , E). Furthermore,
this value is the number of nodes in C. �us, the computation of the labeling with
maximum probability given the features in the above construction is equivalent to

solving the corresponding MaxClique problem.

3.3.2 �e complexity of the consistent labeling problem
A boolean formula is in conjunctive normal form (CNF) if it is a conjunction of
clauses, where a clause is a disjunction of boolean variables. �e satis�ability prob-
lem asks for the computation of an assignment to the boolean variables that makes
the formula true, i.e. the value of the formula is 1. �e problem 3-SAT is a sub-
problem in that each clause contains up to three boolean variables. 3-SAT is long
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known to beNP-complete whereas the associated optimization problem of com-
puting an assignment that maximizes the number of satis�ed clauses (that is, their

value is true given the assignment) is long known to beNP-hard.
Any 3-SAT problem can be mapped into a consistent labeling problem with

ternary feature functions in polynomial time which proves the latter to be NP-
hard (Rosenfeld, Hummel, and Zucker 1976).

�e consistent labeling problem in its most general form is de�ned in Equation

(3.14). Consider any boolean formula F = ⋀Ci in conjunctive normal form where

each clause Ci depends on up to three boolean variables. �e boolean variables

are from the family Ω = (Zi)ni=1. We set Ω = Γ as de�ned in Section 3.1.5. As
feature functions the clauses from the original 3-SAT are chosen, that is Ci = fi .
Apparently, any consistent labeling of U according to Equation (3.14) is a satisfying
assignment of variables from Ω within the 3-SAT problem and vice versa.
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Chapter 4

Parameter training

�e CRF-models introduced in Section 2.1 contain a set of parameters which are

suitably adapted to a given selection of proteins. �is process of parameter adap-

tion is called training or learning. In this chapter it is shown, how this process is
implemented without – as far as possible – manual intervention. �e underlying

principles and approaches are discussed taken from Koller et al. (Koller and Fried-
man 2009) and Schlesinger et al. (Schlesinger and Hlavác 2002).

�e inference algorithms theoretically established in former sections are re-

quired now as important components of the training. Generally it can be said,

that a search for a conditional log-linear distribution according to Equation (2.9)

is made such that the found distribution captures the variability of the present data

and in parallel, the chosen inferencemethod given the trained distribution in terms

of a CRF-speci�cation is able to solve the prediction problem of protein-protein in-

teraction sites such that the output coincides with labeled reference data.

4.1 Supervised training using Maximum-Likelihood
principle

�e CRF-parameter weights corresponding to Equation (2.4) are generally deter-

mined by an appropriate training scheme. �roughout this thesis the supervised

case is considered, where a labeled set of training data is available. �e challenge

is then to learn these CRF-parameters, that optimize a given objective function

with respect to the labeled data. Traditionally, the objective is to maximize the log-

likelihood (ML) under the assumption of independent and identically distributed

training examples. Furthermore, this approach understands the observational data
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as having a high probability – an assumption that cannot always be satis�ed nor

even be su�ciently proved. For this reason, another principle is proposed later in

this section.

4.1.1 Training weights using gradient-descent search
Consider Equations (2.7) and (2.9) having unknown parameters w according to
(2.4) and assume an undirected graph H(χ,K). �e idea of gradient-based itera-
tive methods is a Taylor expansion of the objective in which terms of higher order

are usually neglected for practical purposes. Well studied methods are the gradi-

ent descent method or the quasi-Newtonmethod L-BFGS.�e basic idea of gradi-

ent descent is to update the current estimated data point with the signed gradient

which points into the direction of the next local optimum. If it can be shown that

a local optimum coincides with a global one the method of gradient descent solves

the problem. For the feature weights w the update rule is

w(t+1) = w(t) + ζ ⋅ ∂ ln Pw(t)(χ∣ y)
d w(t)

. (4.1)

It is required to compute the signed gradient that – in our case – is the same as

to compute the parameters of a probability distribution having the maximum of

its log-conditional likelihood at the given training data. �e real number ζ > 0
in Equation (4.1) is usually called the learning rate of the search. �us, assume

training data D = {(ξ(1), y(1)), . . . , (ξ(ρ), y(ρ))} is given containing ρ pairs of a
labeling ξi and observation y(i). �e ML-principle determines model parameters
w∗ that maximize the conditional probability in (2.9) with respect to the training
data D

L(w,D) = ln
ρ

∏
l=1

Pw(χ = ξ(l) ∣ y(l)) (4.2)

w∗ = argmax
w

L(w,D). (4.3)

Using the de�nition of labeling score of Equation (2.7) and the de�nitions of node

and edge feature functions of (2.3a) and (2.3b), for the application problem of in-
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teraction site prediction Equation, (4.2) can be reformulated as follows

w∗ = argmax
w

ρ

∑
l=1
ln Pw(χ = ξ(l) ∣ y(l))

= argmax
w

ρ

∑
l=1

[∑
i∈χ

fi(ξ(l)i , y(l)) + ∑
{i , j}∈K,(i< j)

f{i , j}(ξ(l)i , ξ
(l)
j ) − lnZ(y(l))]

(4.4)

In what follows, the notation wν(l) ,ξ(l)i
is used to indicate that in training example l

the feature bin ν is selected by having label ξi at node i, whereasw{ξ(l)i ,ξ
(l)
j }
denotes

that in training example l at edge {i , j} the label pair {ξi , ξ j} is given. �e maxi-
mization above is split into terms which are coupled by the partition sum. Taking

partial derivatives with respect to the weights and equating to zero, it follows:

0 =
∂∑ρ

l=1 ln Pw(ξ
(l)∣ y(l))

d w

= ∂
dw

ρ

∑
l=1
∑
i∈χ

wν(l) ,ξ(l)i
⋅ fi ,ν(l) ,ξ(l)i

(ξ(l)i , y(l)) (4.5a)

+ ∂
dw ∑

{i , j}∈K,(i< j)
w{ξ(l)i ,ξ

(l)
j }

⋅ f{i , j},(ξ(l)i ,ξ
(l)
j )

(ξ(l)i , ξ
(l)
j ) (4.5b)

− ∂
dw

ρ

∑
l=1
lnZ(y(l)). (4.5c)

Considering only the term in (4.5c) and using the de�nition of the partition sum

from Equation (2.10), the derivative yields

−
ρ

∑
l=1

1

Z(y(l)) ⋅ ∂Z(y(l))
dw

= −
ρ

∑
l=1

1

Z(y(l)) ⋅ ∑
ξ′∈Ln

∂Ey(l)(ξ
′
,w)

dw
⋅ eEy(l)(ξ

′
,w)

= −
ρ

∑
l=1

∑
ξ′∈Ln

∂Ey(l)(ξ
′
,w)

dw
⋅ P(χ = ξ′ ∣ y(l)). (4.6)

�e remaining terms in Equations (4.5a) and (4.5b) are similarly handled. On plug-

ging in the de�nitions of node and edge feature functions as given by Equations
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(2.2) and (2.6) into (4.5a), (4.5b) and using (4.6) yields:

0 =
ρ

∑
l=1
∑
i∈χ
1{ν(l)=ν,ξ(l)i =ξ} 1 ≤ ν ≤B, ξ ∈ L

−
ρ

∑
l=1

∑
ξ′∈Ln

∑
i∈χ
1{ν(l)=ν,ξ i=ξ} ⋅ P(χ = ξ′ ∣ y(l)) (4.7a)

0 =
ρ

∑
l=1

∑
{i , j}∈K,(i< j)

1{ξ(l)i =ξ,ξ(l)j =ξ′} (ξ, ξ′) ∈ L2

−
ρ

∑
l=1

∑
ξ′∈Ln

∑
{i , j}∈K,(i< j)

1{ξ i=ξ,ξ j=ξ′} ⋅ P(χ = ξ′ ∣ y(l)). (4.7b)

Changing the summation sequence in each second term of (4.7a) and (4.7b), it

becomes apparent that these terms represent marginals. Furthermore, let the fol-

lowing positive integers be de�ned: c(l)ν,ξ count the occurrences of feature bin ν at
nodes labeled ξ respectively c(l)ξ,ξ′ count the occurrences of edges being labeled with

(ξ, ξ′) in the training example l from data D1, whereas the numbers d(l)ν,ξ and d
(l)
ξ,ξ′

stand for the same occurrences but within the summation for each labeling ξ′ in
Ln given D. �e following is concluded

0 =
ρ

∑
l=1
∑
i∈χ
1{ν(l)=ν,ξ(l)i =ξ} 1 ≤ ν ≤B, ξ ∈ L

−
ρ

∑
l=1
∑
i∈χ

∑
ξ′∈Ln

1{ν(l)=ν,ξ i=ξ} ⋅ P(χ = ξ′ ∣ y(l))

=
ρ

∑
l=1

c(l)ν,ξ −
ρ

∑
l=1

d(l)ν,ξ ⋅ P((ν, ξ) ∣ y(l)) (4.8a)

0 =
ρ

∑
l=1

∑
{i , j}∈K,(i< j)

1{ξ(l)i =ξ,ξ(l)j =ξ′} (ξ, ξ′) ∈ L2

− ∑
{i , j}∈K,(i< j)

∑
ξ′∈Ln

1{ξ i=ξ,ξ j=ξ′} ⋅ P(χ = ξ′ ∣ y(l))

=
ρ

∑
l=1

c(l)ξ,ξ′ −
ρ

∑
l=1

d(l)ξ,ξ′ ⋅ P(ξ, ξ′) ∣ y(l)). (4.8b)

1�ese numbers can be regarded as empirical averages over the training data.
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An appropriate learning scheme embedding Equations (4.8a) and (4.8b) within an

iterative gradient-descent search is given in Algorithm 4.1 and that was actually

implemented in order to perform extensive experiments. �e desired marginals

were estimated using the Belief Propagation2 implementation of the open-source

so�ware library libDAI (Mooij 2010). Statements regarding the quality of the com-

Algorithm 4.1: Gradient descent(D,w(0))

#parameter training data D with ∣D∣ = ρ
#parameter vector w(0)

for each l ∈ {1, . . . , ρ}
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

for each ν ∈ {1, 2, . . . ,B}, ξ ∈ L
do {compute empirical statistics: c(l)(ν, ξ)
for each (ξ, ξ′) ∈ L2

do {compute label-pair statistics c(l)(ξ, ξ′)

t ← 0
repeat
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

for each (ξ(l), y(l)), l ∈ {1, 2, . . . , ρ}

do

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1: estimate Pw(t)((ν, ξ) ∣ y(l)),Pw(t)((ξ, ξ′) ∣ y(l)) using Belief Propagation
2: compute the gradient according to (4.8a) and (4.8b)
3: update weight vector according to (4.1)
4: t ← t + 1

until ∣w(t+1) −w(t)∣ ≤ ε
return (w∗ = w(t+1))

puted solution can be made corresponding to the following

�eorem4. Every local maximumof the log-likelihood function L(w,D) as speci�ed
in Equation (4.2) is a global maximum.

�e theorem is deduced with the help of Lemma 1. Both statements are proven

by Koller et al. (Koller and Friedman 2009).
2see Section 3.2.1
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Lemma 1. lnZ is convex.

If it were possible computing exactly the required marginals, it would be possi-

ble to specify a conditional log-linear distribution in terms of its CRF-parameters

to explain consistently the given training dataD regarding theML-principle. Since
this is not the case, it cannot be hoped to solve this computational challenge in its

general setting. Nevertheless, some approaches perhaps pointing into promising

directions to solve this problem are shown in Sections 3.1.2 and 3.1.1.

�e results of Algorithm4.1 were not satisfactory in the performed experiments

of the present work. From the authors point of view the experiments with the

ML-principle failed because the estimated marginals were insu�ciently precise.

�e convergent of the training algorithm was very slow, the classi�cation results

achieved with the trained values were unacceptable poor. �erefore, it was decided

not to pursue this approach further.

4.1.2 Initializing training algorithms
Although Algorithm 4.1 was �nally not used, it is shown here, how it was usefully

initialized, this means, how the vector w(0) was chosen. �e same approach was
used for another learning principle that were extensively applied in the work and

which is presented later in this section.

Let training data D = {(ξ(1), y(1)), . . . , (ξ(ρ), y(ρ))} be given. Consider the
class of distributions according to Equation (2.9) but now with a label of each node

completely independent from labels of other nodes, that is the class of distributions

that is only speci�ed by weights wχ as in (2.4). �us, the edge model is neglected

and the ML-principle simpli�es to

w∗χ = argmax
wχ

ln

ρ

∏
l=1

Pwχ(χ = ξ(l) ∣ y(l)) with

Pwχ(χ = ξ(l) ∣ y(l)) =∏
i∈χ
exp fi(Xi , y(l)). (4.9)

Further, denote by c(l)(ν, ξ) the relative frequencies of occurrences of bin ν given
label ξ in training example l . With these numbers and in order to explain the data
D by the simpli�ed distribution class the above equation can be rewritten as

w∗χ = argmax
wχ

∑
1≤ν≤B

ρ

∑
l=1

c(l)(ν, ξ) ⋅ ln Pwχ((ν, ξ) ∣ y) ξ ∈ L. (4.10)
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According to Lemma 2 historically attributed to Shannon the optimization prob-

lem in (4.10) has a global optimum.

Lemma 2. Let βi be non-negative numbers, i = 1, 2, . . . ,m. �e optimization prob-
lem

max
(p1 ,p2 ,...,pm)

m
∑
i=1

βi ⋅ ln pi

such that pi ≥ 0 and
m
∑
i=1

pi = 1

has a unique solution given by p∗i = β i
∑m

i=1 β i
, for each i.

�e lemma is proven by using Lagrange multipliers and yields the following

solution

wν,ξ = ln Pwχ((ν, ξ) ∣ y) = ln ∑ρ
l=1 c(l)(ν, ξ)

∑1≤ν≤B ∑
ρ
l=1 c(l)(ν, ξ)

ξ ∈ L, 1 ≤ ν ≤B (4.11)

for each individual value in wχ.

Applying this lemma to our setting of protein-protein interaction site predic-

tions, consider a variety of distributions of protein properties speci�ed in Chap-

ters 2 and 5 and used to compute initial weights w(0)χ in training algorithms of the

present work. In Figure 2.1 the estimated probabilities (4.11) for the node feature

class “change in free energy” (∆F) are shown estimated at the protein set called
PlaneDimers3.

Figure 2.2 illustrates two initial value distributions for the commonly used node

feature class “relative accessible surface area” that has been estimated at a reference

set of proteins published by Keskin et al. (Keskin et al. 2004) (Keskin list). It is in
accordance with the intuitive idea for this property that residues buried inside the

complex have with high probability very small RASA values. Hence, these residues
should be considered more likely to be non-interfaces. Unfortunately, and this is

remark is also based on intuition, residues having a high RASA-value are packed
with high probability on the surface of the protein complex but are not immedi-

ately an interface with a biological function or represent binding sites.

3Zellner et al. 2011.
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In Figure 4.1 two distributions are depicted estimated at a subset of the Keskin
list for a protein property kindly provided by Florian Heinke, FH Mittweida4. �e
property is a special energy pro�le based only on the protein sequence and called

EPROS. �is node feature class was developed to allow global conclusions about
protein families the considered protein complex belongs to, but the characteris-

tic provides a property value at each node. Hence, it is applicable to the interface

prediction problem and easily integrated in the presented CRF-framework.
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Figure 4.1: Estimated probabilities of EPROS values. Note the diagram scale. Al-
most no di�erences can be found between the probabilities of interface values and

values of non-interfaces for proteins of the Keskin list.

Another protein property that was used in the experiments and for which the

initial distributions corresponding to Equation (4.11) have been estimated are given

in Figure 2.4. Although the two value distributions display clearly separated peaks

4Personal communication German Conference on Bioinformatics, 2012 (Jena)
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– which could give a reasonable and intuitive value explanation for the data – in

real experiments it was not possible to gain enough advantages from this circum-

stance compared to the combination of other protein properties. �e feature was

developed by Zellner et al. for usage within their PresCont server and is denoted
by rg. �e probabilities have been estimated on the PlaneDimers training data.

4.2 Supervised training using Large-Margin princi-
ple

Revisiting the ML-principle Let’s consider again the ML-principle as stated in

Formula (4.2). �is equation assumes among others, that the distribution on ob-

servation y is constant and further, that the same is true for the parameter vector
w. To show this explicitly, these assumptions are now dropped. Further, assume
an appropriate discretization of the parameter space from which w can be taken in
order to allow suitable optimizations with modern computers.

Consider the joint distribution P(ξ, y,w) = P(ξ ∣ y,w) ⋅ P(y ∣ w) ⋅ P(w) with
ξ the labeling of the graph (or equivalently, the value of the random vector X) as
de�ned in Chapter 2, with y the observation and w the parameters, the latter now
considered as a random variable too. �e following is regarded as the “usual pre-

diction problem”. Specify a Bayes’ decision which maps each observation y to a
decision ξ ∈ Ln in order to minimize the cost of a misclassi�cation of the observa-

tion. �e costs are given by an appropriate function cwhichmaps observations into
classes or as in the present case into labelings. For the prediction problem under

consideration, the set of decisions is the set of pairs (w, ξ). �us, the computational
challenge is to solve the optimization

decision(y) ∶= (w∗, ξ∗) = argmin
(w,ξ)

∑
(w′ ,ξ′)

c(w, ξ,w′, ξ′) ⋅ P(X = ξ′, y,w′). (4.12)

In Shlezinger (Shlezinger 2005) the usage of the cost function

c(w, ξ,w′, ξ′) = 1{w ≠ w′} ⋅G + 1{w = w′} ⋅ C(ξ, ξ′) (4.13)

is suggested, where the real numberG ≥ 0 is constant andC(ξ, ξ′) denotes another,
yet unspeci�ed cost function. Plugging this into Equation (4.12) yields

min
w

{G ⋅ (1 − P(y,w)) + min
ξ
∑
ξ′

C(ξ, ξ′) ⋅ P(ξ′ ∣ y,w)}
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and it is concluded that the optimization can be split into two independent prob-

lems as

w∗ = argmax
w

P(y ∣ w) ⋅ P(w) (4.14a)

ξ∗ = argmin
ξ

∑
ξ′

C(ξ, ξ′) ⋅ P(ξ′ ∣ y,w∗). (4.14b)

If in Equation (4.14b) the concerned distribution is parametrized by the vector w∗
and a cost function as in (4.15) is included5

C(ξ, ξ′) = 1{ξ ≠ ξ′} (4.15)

then it follows:

w∗ = argmax
w

P(y ∣ w) (4.16a)

ξ∗ = argmax
ξ

Pw∗(ξ ∣ y), (4.16b)

whereP(w) is – corresponding to the introduction of this section – constant. Hence,
from the initial problem (4.12) andproviding the cost function (4.13) thewell known

prediction problem emerges in (4.16b). �is is already based on a parameter vector

w∗ estimated using the ML-principle accordingly (4.16a).

Minimizingmisclassi�cations concerning the trainingdata: large-margin train-
ing principle In this paragraph a novel cost function is proposed, whose solution

becomes amenable by an algorithm according to Crammer et al. (Crammer, Mc-
donald, and Pereira 2005) and called large-margin training principle. As shown
in the preceding paragraph, the implicitly used cost function leading to the ML-

principle can not be well justi�ed. Here, an alternative cost function is proposed

having the advantage that structural properties of a training set are directly taken

into account in the parameter optimization.

Suppose a set of training data D = {(ξ(1), y(1)), . . . , (ξ(ρ), y(ρ))} is given con-
taining ρ pairs of labelings ξ(i) and observations y(i). �is comes either from a
supervisor or was formerly labeled by another prediction method and is neverthe-

less considered as ground truth for the respective application. Let’s introduce the
cost function

cD(ξ, ξ′) = 1{ξ ∈ D, ξ ≠ ξ′}.
5�is cost function yields the search for the maximum probability labeling as solution to the

prediction problem.
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Furthermore, assume the existence of a parameter vector w∗ simultaneously ful-
�lling the ρ equations

ξ(i) = argmax
ξ

Pw∗(ξ ∣ y(i)), (ξ(i), y(i)) ∈ D

determined in the training phase. Assuming again an appropriate discretization of

the parameter space from which w can be taken, de�ne the following functional:

w∗ = argmin
w

ρ

∑
i=1
∑
ξ
cD(ξ(i), ξ) ⋅ Pw(ξ ∣ y(i)).

�is is simpli�ed into

w∗ = argmin
w

ρ

∑
i=1

∑
ξ≠ξ(i)

Pw(ξ ∣ y(i))

= argmax
w

ρ

∑
i=1

Pw(ξ(i) ∣ y(i)).

Equivalently and in accordance with the above assumption, it is valid to write using

the optimum vector w∗

ρ

∑
i=1

Pw∗(ξ(i) ∣ y(i)) >
ρ

∑
i=1

∑
ξ≠ξ(i)

Pw∗(ξ ∣ y(i)).

Further, using the de�nition of the log-linear distribution P in Equation (2.9) and
a similar hyperplane argument as given in Section 3.1.3, a linear optimization prob-

lem can be stated that contains ρ ⋅ (∣L∣n − 1) inequalities

compute: w (ξ(i), y(i)) ∈ D
such that: Ey(i)(ξ

(i)
,w) > η(D) ⋅ Ey(i)(ξ,w) ξ ≠ ξ(i), η(D) << 1.

(4.17)

with η(D) ∈ R. Crammer et al. (Crammer, Mcdonald, and Pereira 2005) and
Bernal et al. (Bernal et al. 2007) call the optimization in (4.17) the large-margin
training principle. Its solution is stepwise calculated by the online large-margin al-
gorithm (OLM) given the training data D. According to Freund et al. (Freund
and Schapire 1999)), it is a reinvention of the historically well known Perceptron
algorithm6 due to Rosenblatt.

6�e perceptron algorithm constructs a single hyperplane allowing the separation of an un-

structured point cloud into multiple classes in terms of a distance metric.
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�e OLM iteratively updates the weight vector w at iterations i = 1, 2, . . . , ρ
based on the (approximate) maximum probability labeling ξ∗ that the inference
algorithm outputs for training data y(i) and the – possibly di�erent – training la-
beling ξ(i). �is update is computed according to the solution of the following
optimization problem

1

2
⋅ ∥w′ −w∥

2
→min

w′

such that Ey(i)(ξ
(i)
,w′) − Ey(i)(ξ

∗
,w′) ≥ L(ξ∗, ξ(i)).

(4.18)

L ≥ 0 is a loss-function determining how strongly the prediction labeling ξ∗ de-
viates from training labeling ξ(i). If ξ∗ = ξ(i), then L(ξ∗, ξ(i)) = 0 and the weight
vector remains unchanged: w′ ∶= w. If ξ∗ ≠ ξ(i), then the new weight vector w′ is
chosen such that with these new parameters the score of the training labeling ξ(i)

is larger than the score of the labeling ξ∗ by a margin of L(ξ∗, ξ(i)) > 0. Among
all new weight vectors that margin w′ is chosen which minimizes the Euclidean
distance to the old weight vector w.

�e problem (4.18) is solved either bymeans of Lagrangianmultipliers or based

on geometrical considerations regarding the involved a�ne subspaces and has so-

lution

w′ = w + F(ξ(i), ξ∗,w) (4.19)

with

∆ = Ey(i)(ξ
(i)
,w) − Ey(i)(ξ

∗
,w),

F(ξ(i), ξ∗,w) = L(ξ
∗
, ξ(i)) − ∆
∥ ∂∆
d w∥2

⋅ ∂∆
d w
.

�is formula is applied in Algorithm 4.1 enriched with a real parameter τ ≥ 0 –
inspired by the perceptron – the so-called learning rate and so that w′ = w + τ ⋅
F(ξ(i), ξ∗,w). �e algorithm is initialized with the weight vector w(0) as speci�ed
in Section 4.1.2 based on reasonable feature functions used in the experiments.
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Algorithm 4.1: OLM(M,w(0))

#�e training dataM and the vector w(0) are parameters of the algorithm.
initialize: v← 0, w← w(0)
for each (ξ(i), y(i)) ∈ M, i = 1, 2, . . . , ∣M∣

do

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ∗ ← argmax
ξ

Pw(ξ ∣ y(i))

if ξ∗ ≠ ξ(i)

then
⎧⎪⎪⎪⎨⎪⎪⎪⎩

use Equation (4.19) to obtain w′ using L ∶=max{α ⋅ FP + FN, 0}
v← v +w′
w← w′

w← v/ρ
return (w)

�e notation Pw in Algorithm 4.1 explicitly shows the dependency of the con-
ditional probability Pw(ξ ∣ y(i)) on the model parameters w. Speci�cally, the im-
plemented loss function L has the speci�ed form where FP is the number of false
positives (residues incorrectly labeled as interfaces) and FN is number of false neg-
atives (residues incorrectly labeled as non-interfaces). �e scalar α �ne-tunes the
adaptation of the model parameters.

Several “weighted versions” of Algorithm 4.1 are conceivable, that is in advance

each training instance is assigned to a particular weight. �e weight embodies the

importance of each instance within the search for the optimum parameter vector.

�e implemented weighting according to Algorithm 4.2 gave the best results. It

assigns highest priority to training instances leading to misclassi�cations.
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4.2. SUPERVISED TRAINING USING LARGE-MARGIN PRINCIPLE

Algorithm 4.2: weighted OLM(M,w0)

initialize: v← 0, w← w0, k ← 0
for each (ξ(i), y(i)) ∈ M, i = 1, 2, . . . , ∣M∣

do

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ∗ ← argmax
ξ

Pw(ξ ∣ y(i))

if ξ∗ ≠ ξ(i)

then

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

use Equation (4.19) to obtain w′.
v← v +w′
w← w′
k ← k + 1

if k > 0
then w← v/k
return (w)

In accordance with Zellner et al. (Zellner et al. 2011) and Li et al. (Li et al. 2007),
for training a 2-fold cross-validation is applied, but in contrast to these authors a

third separate houldout set is used avoiding explicitly any dependency of the �nal

prediction results from the training data. �at is, the training data D is split into
three pairwise disjoint subsets D1,D2 and D3 and keep D3 as the unique holdout
set. �e model parameters w are then improved with D1 and D2 using Algorithm
(4.3). �at means, �rstly it is trained on D1 and evaluated on the subset D2.
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Algorithm 4.3: Training(M1,M2)

procedure Evaluate(M,w)
initialize: L′ ← 0
for each (ξi , yi) ∈ M, i = 1, 2, . . . , ∣M∣

do

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ξ∗ ← argmax
ξ i

Pw(ξi ∣ yi)

ni ← number of nodes in graph Hi
L′ ← L′ + L(ξ∗i , ξi)/ni

return (L′/∣M∣)

#�e data sets M1 andM2 are parameters of the following procedure.
initialize: (L∗,w∗) ← (∞, 1), (L, Lpre ,w) ← (0, 0, 1)
repeat
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

w← OLM(M1,w)
L ← Evaluate(M2,w)
if L < L∗

then {Lpre ← L∗
(L∗,w∗) ← (L,w)

until ∣Lpre − L∗∣ < ε
return (L∗,w∗)

�is process runs until no further improvement of the average relative loss L∗
of Algorithm 4.3 can be achieved. �at means, the algorithm runs until consecu-

tive training steps yield a di�erence of the respective relative losses which is smaller

than a prede�ned ε. D1 and D2 are then interchanged and the process is repeated.
�osemodel parameters are retained that achieve the smallest relative loss as spec-

i�ed in Algorithm (4.4).
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Algorithm 4.4: Select Parameters(D1,D2)

(L1,w1) ← Training(D1,D2)
(L2,w2) ← Training(D2,D1)
if L1 ≤ L2
then return (w1)
else return (w2)

At the end of the process, the selected model parameters are evaluated on the

holdout setD3. As an example, consider the data set PlaneDimers that contains 128
protein chains from homodimer complexes (Zellner et al. 2011). Randomly are 32

di�erent proteins assigned to each subsetD1 andD2 and the remaining 64 proteins
are included in the holdout D3.
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Results

In this chapter the accuracy of our implemented CRF-model – denoted by ∆F-
CRF– is evaluated. In order to do so, two published sets of proteins are used having

known protein-protein interaction interfaces or equivalently known binding sites.

�e achieved results of ∆F-CRF were compared to the output of other methods
with respect to the protein data cited in the corresponding publications. Addition-

ally, we generated reference labelings by adopting the publication-matching def-

inition of a protein-protein interaction site keeping comparability to the original

papers.

�e results are compared to these of Li et al. (Li et al. 2007) who also used aCRF,
but in contrast to our general graphical model, incorporates only a linear chain of

nodes. Either methods – ∆F-CRF and themethod of Li et al. – were evaluated on a
set of homo- and heterodimers by Keskin et al. (Keskin et al. 2004) termed Keskin
list. Further, ∆F-CRF was evaluated on the homodimer set PlaneDimers compiled
by Zellner et al. (Zellner et al. 2011). We compared our results with these of the
PresCont server (Zellner et al. 2011). In that process, we do not make a distinction
between cases where two proteins interact and constitute an interface, from cases

with more than two proteins involved. �ese aspects are expected to be incorpo-

rated into CRF-models, but are le� aside in the present work.

For theKeskin list only the feature class RASA is used. On the PlaneDimers data
set RASA and the newly proposed feature class ∆F are simultaneously used. On
both data sets also the edge feature class from Equation (2.2) is incorporated in the

model. In each experiment, the Belief Propagation implementation of the open-

source so�ware library libDAI (Mooij 2010) was used computing the maximum
probability labeling.
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5.1 Comparison to linear-chain CRF usingKeskin list
Here, the in�uence of the edge inclusion radius δ according to Equation (2.1) on
the prediction performance is examined. �e prediction results of the ∆F-CRF are
compared with these of Li et al. (Li et al. 2007) using the Keskin list data set. �is
redundancy-free set of homo- and heterodimers includes 1276 protein chains with

a broad variety of biological functionality. On this data set the following de�nition

of interface residues is used computing the reference labelings:

De�nition. An inter-facial contact of a residue on a chain exists, if the Cα atom of
this residue is at a distance of at most 5 Å from the Cα atom from a partner chain.

�e absolute numbers describing the reference labelings in the Keskin list are
given in Table 5.1.

Chains residues actual positives (AP)
1276 312 858 56 831

Table 5.1: Summary of data from Keskin list where 18.2% residues are labeled I and
that are considered as ground truth interaction interface residues

Based on a 2-fold cross-validation with separate holdout set in accordance with

Section 4, the performance measures speci�city and sensitivity as functions of δ
were computed and are shown in Table 5.2. �ese measures are de�ned as follows

speci�city ∶= TN/(TN + FP)
sensitivity ∶= TP/(TP + FN)

such that

TP is the number of true positives that are correctly I-labeled residues

TN is the number of true negatives that are correctlyN -labeled residues

FP is the number of false positives that are incorrectly I-labeled residues and
which actually areN -labelled in the ground truth1

FN is the number of false negatives that are incorrectly N -labeled residues and
which actually are I-labelled in the ground truth.

1Ground truth and reference data are interchangeably used.
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�e actual positives are de�ned as

AP ∶= TP + FN

and, using the notation AN for the actualN -labeled resides in the reference data

AN ∶= TN + FP.

Usually, sensitivity is synonymously denoted with Recall or true positive rate (TPR)
while the false positive rate (FPR) is de�ned by

FPR ∶= 1 − speci�city = FP/AN.

For δ = 0 no edges are included in the model graph H, not even the backbone
edges. �e model parameters are trained for each δ separately.
Li et al. use a linear-chain CRF considering only the edges along the backbone

and integrate the feature RASA. In contrast, we use a general graphical model not
constrained to edges along the backbone but we equivalently use the node feature

RASA. Additionally, Li et al. apply a simple edge feature in order to “smooth the
label assignment of neighboring nodes” coincidingwith our edge feature according

to Equation (2.2) although it remains unclear if parameter tying was used by Li et
al. . �e training methods are completely di�erent.

�e performance measures for the method of Li et al. were calculated by com-
paring the original output data downloaded from their website2 to our reference

labelings.

δ [Å] speci�city sensitivity

0.0 0.822 0.389

3.0 0.838 0.528

6.5 0.867 0.479

9.0 0.885 0.421

11.0 0.910 0.403

Li et al. 0.863 0.395

Table 5.2: Performance on the Keskin list. �e accuracy of ∆F-CRF as a function of
the edge inclusion radius accordingly Equation (2.1) is shown.

�e performance measures of individual proteins can considerably vary from

the average values. As an example consider Figure 5.1. �e performance measures

2http://www.insun.hit.edu.cn/~mhli/site_CRFs/index.html
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for each protein taken from the Keskin list and labeled by the Li et al. method are
plotted. As it can be seen, proteins with an almost exact prediction of their in-

teraction interface are included together with proteins where the method almost

completely fails.
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Figure 5.1: Receiver operator characteristic of Li et al. for the Keskin list indicated
for each protein. �e green dot indicates the average from Table 5.2 (bottom). �e

black dots are the performance measures of each individual protein of the Keskin
list. �e diagonal indicates the performance of a “random guess predictor” assign-
ing labels from {I ,N} uniformly at random to each residue.

Based on the plot, two further performance measures intentionally called vari-
ance in speci�city and variance in sensitivity can be more expressive and are sug-
gested here although the rather unintuitive – in terms of value interpretation –
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correlation coe�cient is de�ned by Li et al. (Li et al. 2007) as

CC ∶= TP × TN − FP × FN√
(TP + FN)(TP + FP)(TN + FP)(TN + FN)

.

As an example, consider Figure 5.2

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

False Positive Rate (2012−05−31−−3.0−roa)

Tr
ue

 P
os

iti
ve

 R
at

e 
(2

01
2−

05
−

31
−

−
3.

0−
ro

a)

●

●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

● ●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●
●

●

●●

●●

●

●

●

●

●

●

● ●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●●

●

●
●

●

●

●

●

●●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

( 0.178 , 0.389 / 2.183 )

Li et. ( 0.137 , 0.395 / 2.883 )

Figure 5.2: Performance values of ∆F-CRF for each protein from theKeskin listwith
δ = 0Å. �e results for each protein (black dot) are densely centered on the average
indicated by the green dot. Results of Li et al. are drawn as red triangle. �e values
in brackets indicate in order of appearance: (FPR,TPR / TPRFPR) for each method.

where the performances for each protein form a denser cloud around the cen-

ter. �us, from the author’s point of view, these represent better prediction results

although the averages given in the plot are almost equal.

83



5.1. COMPARISON TO LINEAR-CHAIN CRF USING KESKIN LIST

In Figure 5.3 the performancemeasures for each protein are plotted for the case

of an edge inclusion radius of δ = 3Å.
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Figure 5.3: Performances (black dots) for each protein of the ∆F-CRF method at
averages (0.838, 0.528) from Table 5.2 and δ = 3Å. Results of Li et al. are drawn as
red triangle. �e value in brackets are (FPR,TPR).

In Figure 5.4 the performance measure for each protein is plotted for the case

δ = 11Å. Increasing δ – and hence the number of edges in the graph – means
that fewer independence assumptions are made in the undirected graphical model

that a CRF constitutes. In the extreme case δ = 0, the labels of all residues are
independent random variables. In the special case used by Li et al. , the graph
contains an edge between two residues if and only if they are immediate neighbors

in the sequence. In actual interfaces, however, such independence is not given

because interfaces o�en form “patches” on the surface, where interface residues
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are close that are not neighbors in sequence.
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Figure 5.4: Performances for each protein of the ∆F-CRF method at averages
(0.910, 0.403) from Table 5.2 and δ = 11Å. Again, results of Li et al. are drawn
as red triangle. �e values in brackets are: (FPR,TPR / TPRFPR). It can be deduced,
performances for individual proteins can considerably vary from the method av-

erage.

For edge inclusion radii 6.5Å, 9Å and 11Å our general CRF has both higher

speci�city and higher sensitivity than the method of Li et al. , which also includes
the RASA features. A possible explanation for the increased performance of ∆F-
CRF is therefore the inclusion of additional edges in the conditional independence

graph.

5.2 Comparison to PresCont using PlaneDimers
�e results of the ∆F-CRF are further compared with the results of the PresCont
server using the PlaneDimers of Zellner et al. . Additionally to RASA, ∆F-CRF in-
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5.2. COMPARISON TO PRESCONT USING PLANEDIMERS

cludes the node features class ∆F modeled with τ = 20 bins per label, see Chapter
2 for de�nitions.

�e bin number τ was heuristically chosen as follows. Let a reference set of
proteins be given. Start with τ = 1. �en, the performance of a simple threshold
predictor assigning labels to nodes independent from other labels and based on the

distribution according to Equation (4.9) using

ξ∗i = argmax
ξ∈L

Pw(Xi = ξ ∣ y) i ∈ χ

is evaluated. In order to do so, the performance measures (FPR,TPR) considered
as a point in the plane as in Section 5.1 are computed. Further, the bin number is

incremented and the process repeated. Finally, the bin number τ corresponding
to performance measures with smallest distance to the point (FPR,TPR) = (0, 1)
is taken. �e reference labelings were computed using a de�nition for interface

residues that is in accordance with Keskin et al. .

De�nition. A residue constitutes an interface residue, if there exists at least one atom
of this residue which has a van-der-Waals-sphere at a distance of at most 0.5Å from
the van-der-Waals-sphere to any atom from a partner chain residue. �e van-der-
Waals-sphere is an imaginary sphere around the mass center of an atom having a
radius equal to the length of the associated van-der-Waals-force between concerned
atoms. “�e van-der-Waals-force is a weak attractive force between atoms caused
by an instantaneous dipole moment of one atom inducing a similar temporary dipole
moment in adjacent atoms .”3

�e edge inclusion radius δ has been manually �xed to 9Å throughout these
experiments. As target proteins, the set PlaneDimers is selected whose summary is

Chains residues AP
128 31001 3597

Table 5.3: Summary of PlaneDimers data.

shown in Table 5.3. �is benchmark of proteins was compiled by Zellner et al. sur-
veying particularly “canonical” interfaces. �e authors removed complexes from

the Keskin list

1. if one partner contains less than 100 residues,

3Science Dictionary, 2014
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Figure 5.5: �e ∆F-CRF (blue) dominates the PresCont method (green) up to a
false positive rate of about 50% for the PlaneDimers data. From the point (0.7, 1.0)
PresCont and ∆F-CRF have comparable performances.

2. if the interface covers an area smaller than 1000Å2,

3. if the protein has either an intertwining or a “rough”, i.e. a non-planar in-

terface according to Equation (5) of Zellner et al. and associated comment4
and

4. if a multiple sequence alignment with at least 100 sequences is not available

for the concerned protein.

�e results are presented in Figure 5.5 and Table 5.4. �e receiver operating char-
4If more than 60% of the residues belonging to the interface had a distance distpl ane of at most 6Å,

the interface was classi�ed as planar.
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acteristic (ROC) of PresCont5 was generated by comparing the results of PresCont
with our reference labelings where a certain speci�ed threshold of the PresCont
method varied in [0.0, 1.0].

Method area under curve (AUC)

∆F-CRF 0.885

PresCont 0.842

Table 5.4: AUC results for the two methods. ∆F-CRF includes the node feature
classes RASA and ∆F.

Speci�cally, the ∆F-CRF surpasses the PresCont up to a FPR of about 50%.
In contrast to the PresCont method the ∆F-CRF does not require a multiple

sequence alignment. Moreover, the ∆F-CRFmakes no planarity assumption about
protein surfaces. �e ROC of ∆F-CRF was plotted by varying the scalar α within
the interval [−2, 2] in Algorithm (4.1). As a post-processing step to the inference
algorithm, residues are �ltered as non-interfaces if the corresponding RASA values
are less or equal to 5% (Porollo and Meller 2007).

5.3 Assessing theperformanceof feature combinations
In this section, the procedure is discussed how the most promising feature com-

bination predicting interaction interfaces using the PlaneDimers data was deter-
mined.

Basically, a brute force approachwas taken, that is program con�gurationswere

generated containing invocations of the ∆F-CRF program such that each possible
feature class combination provided by the implementation6 were taken into ac-

count.

In particular, each of the following �gures were generated using the procedure

de�ned in Sections 5.2 and 4.2. So, each point at a ROC curve was isolated trained

given a feature combination, an edge inclusion radius δ and �xing the parameter α
in Algorithm 4.1. �e range of the parameter α was reduced to a third of its original
range in order to reduce the overall required experimentation time. A�er training,

5Experiments with thePresCont server were accomplished byKeyuWang and the results thereof
are provided on his permission.

6�e implementation of the ∆F-CRF is available at http://bioinf.uni-greifswald.de/
ppi.
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the performance was then assessed using the separate holdout set following the

procedure speci�ed at the end of Section 4.2.

By examining the results, the feature combination together with the chosen

edge inclusion radius δ outperforming the others was used generating a �nal ROC
curve as speci�ed in Section 5.2. To select the �nal parameter set, the criterion

discussed at the beginning of Section 5.2 – selecting the bin number τ – was used,
together with the heuristic of extending linearly partial ROC curves by using the

last curve slop where it were broken up. �e latter is justi�ed only by the simplicity

of this procedure.

In Figure 5.6 performance measures of di�erent combinations using always the

feature classes ∆F and rg as de�ned in Section 2 are shown. �e numbers in the
plot designate the chosen edge inclusion radii, 11Å and 14Å. �e used feature class

combinations are repeated in Table 5.5,

δ [Å] Feature class combination

11 rg, ∆F
14 rg, ∆F, RASA, EPROS, nobin
14 rg, ∆F, RASA, EPROS
14 rg, ∆F, RASA
14 rg, ∆F

Table 5.5: Feature class combination in order of their appearance in Figure 5.6.

nobin denotes a program invocation setting the number of bins – as de�ned in
Equations (2.3a),(2.6) – for each feature class and label to 1.

where nobin denotes a program invocation which sets the number of bins – as
de�ned in Equations (2.3a),(2.6) – for each feature class and label to 1. Surprisingly,

starting approximately with point (0.14, 0.65) this feature con�guration slightly
outperforms the others. �is might indicate that node features contribute di�er-

ently given distinct parameter settings or vanishing in�uence as parameters are

varied. �is observation was not further examined. A similar set of experiments is
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Figure 5.6: Assessing the performance improvement by combining feature classes

∆F and rg with others.

depicted in Figure 5.7, but the feature class rg is combined with others.

δ [Å] Feature class combination

14 rg, ∆F
14 rg, RASA
11 rg, ∆F
11 rg, RASA

Table 5.6: Feature class combination and edge inclusion radii in order of their ap-

pearance in Figure 5.7.

�e actual feature class combination together with the chosen edge inclusion

radii are given in Table 5.6. Clearly, the performance measures become better with
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growing δ value given a �xed feature combination. In Figure 5.8 the performance
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rg+DF 11.0

rg+RASA 14.0
rg+DF 14.0

Figure 5.7: Comparing performance values on combining feature class rg with oth-
ers.

values of di�erent combinations of feature classes as de�ned in Section 2 are shown

in comparison to the results of PresCont using PlaneDimers. �e numbers in the
plot designate the edge inclusion radius in this case �xed to 14Å. �e feature class
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combinations are repeated in Table 5.7.

Feature class combination

RASA, ∆F
rg, RASA
rg
rg, ∆F
rg, RASA, ∆F
RASA

Table 5.7: Feature class combination in order of their appearance in Figure 5.8.

As it can be deduced fromFigure 5.8, the experiments revealed the superior fea-

ture combination RASA and ∆F which were then used for a complete benchmark
test using the PlaneDimers data.
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14.0, RASA+DF

PresCont

Figure 5.8: Partial ROC curves of various feature combinations used in ∆F-
CRF compared to the results of PresCont.
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Chapter 6

Conclusion and Discussion

�e original purpose of this work is the prediction of residues in a protein that

most likely participate in spatial protein-protein interactions which are of major

interest to a large number of scienti�c disciplines. It is postulated that far-reaching

understanding of the mechanisms underlying protein-protein interactions might

grow from a sound and reliable knowledge of these residues forming the so-called

interface.

In the absence of direct measurements of interface residues which can be re-

garded acceptable in terms of time and cost, indirect measurements usingmethods

that are well-designed so�ware frameworks and which are able to incorporate sig-

nals deduced from a broad range of �elds such as geometry, sequence conservation

or spatial structure – to mention just a few – are methods of choice.

�e proposed CRF model and its implementation called ∆F-CRF represent
such a so�ware-based, modularized framework and is able to e�ciently combine

di�erent observations and signals that might come from highly correlated sources.

It is shown, that method and implementation achieve more accurate results than

the PresCont server of Zellner et al. Zellner et al. 2011 in terms of area under the
ROC which is considered as a state-of-the-art method. �e results are better, if a

low false positive rate is desired. PresCont assumes proteins with a plane surface
and requires a multiple sequence alignment. Hence, ∆F-CRF is easier to use since
it has fewer restrictions in terms of data prerequisites. ∆F-CRF only uses one free
parameter to model spatial dependence.

It is shown that considering more edges in the graph than just the edges along
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the backbone increases accuracy. �e optimum maximal distance between two

residues in order to be connected by an edge is around 9Å in which case there are

roughly �ve times as many edges in the graph compared to the edges in the linear-

chain induced by the backbone.

∆F-CRF performs better than the linear-chain CRF by Li et al. (Li et al. 2007)
on a broad set of proteins. �e results show, that the number of edges in a graphical

model has an essential in�uence on the prediction performance and that detailed

modeling of the dependency structure between residues lead to increased perfor-

mance even when simple existing features such as RASA alone are used. In the fu-

ture, models with additional prior knowledge e.g. on the shape of protein-protein

interfaces or the protein itself might increase accuracy, but then the demand for a

meaningful training method having theoretically sound justi�cation remains.

Training and re�ning the models Based on these considerations, it is suggested

to examine the training methods further. In this work, a Large-Margin princi-
ple is proposed estimating the parameters of the CRF model practically done by
the online large-margin algorithm and that indeed showed superior results com-
pared to the traditionally used maximum likelihood principle. Nevertheless, a lot
of manual parameter selections remain – e.g. the construction of the model graph

H(χ,K) – which might point into the direction of using models that are able to
incorporate probabilistic setting at one hand but that are in turn able to encode

non-probabilistic considerations. Furthermore, it is reasonable to restrict the set

of labelings used within the CRF models by excluding subsets of them. Elegantly,

this should be explicitly achieved in the training phase, not by manual decision as

proposed e.g. in the sections specifying exact methods computing the maximum
probability labeling or the partition sum.
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