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Chapter 1

Introduction

In this chapter the basic biological terms which are used in the field of protein-
protein interaction interface predictions are introduced. In particular, the protein
structures are described that are available as digital data in a computer-readable
form and which are analyzed by the algorithmic methods presented in this thesis.

1.1 Biological foundations

Proteins are organic compounds which are built from twenty different amino acids.
Together with their most interesting physical and chemical properties, they are
shown in Figure[1.1l Amino acids share a common atomic structure which usually
comprises one nitrogen and two carbon atoms. The common structure is bound
to other molecules like hydrogen or oxygen while the central carbon atom is de-
noted as the C*—atom. The amino acids are put on a linear chain - the backbone
of the protein — which in turn is folded into a three-dimensional object. As an
example, consider the protein denoted by 2you in Figure [1.2] Its designation is in
accordance with the nomenclature of the Protein Data Bank (Release July oy, 2011)
which is available at www.pdb.org. This database is the exclusive source for the
present work and contains more than 100 ooo protein structures in the standard-
ized pdb file format (wwPDB 2012)). Proteins interact with each other to accomplish
biological functions, and hence are involved in processes like

- oxygen binding in human blood,

- the intrusion of viruses into living cells or


www.pdb.org
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Amino Acids

amino acid |3 1 polarity | charge |hydro-| average |accessible
letter | letter pathy|res. mass| surface

index| [daltons]| area [A%]

Alanine Ala |A nonpolar| neutral 1.8 71.1 67
Arginine Arg |R polar |positive | -4.5 156.2 196
Asparagine |Asn |N polar | neutral | -3.5 114.1 113
Aspartic acid |Asp (D polar |negative| -3.5 115.1 106
Cysteine Cys |C nonpolar| neutral 2.5 103.1 104
Gilutamic acid [Glu |E polar [negative| -3.5 129.1 138
Glutamine Gin |Q polar | neutral -3.5 128.1 144
Glycine Gly |G [nonpolar| neutral -0.4 57.1 .
Histidine His [H polar | positive | -3.2 137.1 151
Isoleucine lle |l nonpolar| neutral 45 113.2 140
Leucine Leu |L nonpolar| neutral 3.8 113.2 137
Lysine Lys |K polar | positive | -3.9 128.2 167
Methionine  (Met |M  |nonpolar| neutral 1.9 131.2 160
Phenylalanine|Phe |F nonpolar| neutral 28 147.2 175
Proline Pro |P nonpolar| neutral -1.6 97.1 105
Serine Ser (S polar | neutral | -0.8 87.1 80
Threonine Thr |T polar | neutral | -0.7 101.1 102
Tryptophan |Trp |W  |nonpolar| neutral -0.9 186.2 217
Tyrosine Tyr |Y polar | neutral -1.3 163.2 187
Valine Val |V nonpolar| neutral 4.2 99.1 117

Figure 1.1: Basic building blocks of proteins: amino acids. Columns list letter codes
together with chemical and physical properties for each amino acid.

- catalyzing electron exchange in the presence of light as an essential biochem-
ical activity during photosynthesis

and many others. Essentially, they are part of any process in living cells. In order to
do so, they form complexes as depicted in Figure[1.3] In the picture, the two inter-
acting proteins are colored blue and green. The red balls indicate the amino acids
(residues) of the blue protein partner, that constitute the so-called interaction inter-
face. The interactions are caused by the conformation of protein complexes and can
be transient or temporarily stable. The nature of the conformation heavily depends
on molecular statistical properties such as surface shape and residue packaging,
hydrophobicity, polarity as well as the amino acid sequence itself. The interactions
can be realized by different protein constituents like the ribosome or the chaper-
onins. Further, the interactions are accomplished by protein complexes which are
especially composed during enzyme catalysis and inhibition, and along the signal
pathways. Decisive knowledge of protein interaction areas can help determining
the functional scope. Furthermore, the understanding of protein-protein interac-
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Figure 1.2: Protein 2you is shown such that each atom of a residue is equally colored,
if the containing residue has the same amino acid type.

tions which almost constitute every biological process is the essential basis for new
therapeutic approaches to treat diseases, see e.g. (Sowa et al. 2001; Zhou 2004; Sug-
aya and Ikeda2009; Sugaya et al. 2007).

Interaction interface residues play a particular role e.g. in protein mimetic engi-
neering or molecular pathway exploration (Arkin and Wells Yin and Hamil-
ton 2005). Additionally, it is assumed that detailed knowledge of the interface
residues allows to build more elaborated structural models of protein complexes.
Therefore determining the protein-protein interaction interfaces given the spatial
structure of only one of the interacting partners is an important practical question
in the life sciences.

1.2 Predicting the protein-protein interaction inter-
face
The amount of information which can be generated from structure and sequence,

the ongoing growth in computational resources as well as the development of new
prediction methods have accompanied the expansion of computing methods for
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Figure 1.3: Blue and green balls are residues of two separate proteins. Red balls are
residues of the blue protein partner, that interact with the green protein.

prediction of protein-protein interaction interfaces. Starting with the work of Jones
et al. (Jones and Thornton 1996) and their effort to classify surface patches that
overlap with interaction interfaces, several contributions presenting different ap-
proaches have been published.

The introduced methods can be put into the following classes. At first, meth-
ods have been proposed which are only based on sequence information (Gallet et
al. 2000; Ofran and Rost 2003; Res, Mihalek, and Lichtarge 2005). Further, ap-
proaches like (Yan, Dobbs, and Honavar 2004a; Li et al. |2006) exploit the protein
structure to prepare sequence sets which are then applied to derive a predictor.
The methods of the last category only use the spatial structure or combine spatial
structure and the sequence (Aytuna, Gursoy, and Keskin 2005; Burgoyne and Jack-
son 2006; Neuvirth, Raz, and Schreiber 2004)). The used machine learning method
also differs among the prediction tools: scoring functions (Burgoyne and Jackson
2006)), SVM (support vector machines) with radial kernel (Koike and Takagi|2004;
Bradford and Westhead 2005; Yan, Dobbs, and Honavar 2004b) and neural net-
works (Ofran and Rost 2007; Zhou and Qin 2007) have been adapted.

In the present thesis a conditional random field (CRF) approach and its imple-
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mentation is presented — which is called AF-CRF - to predict the interaction sites of
protein homo- and heterodimers using the spatial structure of one protein partner
from a complex. The method includes a substantially simple edge feature model. A
novel node feature class is introduced that is called “change in free energy” (AF). The
Online Large-Margin (OLM) algorithm of Crammer et al. (Crammer, Mcdonald,
and Pereira 2005) is adapted in order to train the model parameters given a classi-
fied reference set of proteins. A significantly higher prediction accuracy is achieved
by combining our new node feature class with the standard node feature class rel-
ative accessible surface area (RASA). The quality of the predictions is measured by
computing the area under (AUC) the receiver operating characteristic (ROC).

The comparison of the prediction accuracy from various approaches is still
complicated, since neither a standardized benchmark is available, which e.g. com-
prises an acknowledged reference set of proteins nor exist generally accepted per-
formance measures. However, the proposed CRF-framework generates signifi-
cantly higher AUC values than the PresCont method (Zellner et al. 2011). These
results are achieved on a set of 128 homodimers compiled by Zellner et al. (Zell-
ner et al. 2011). These proteins exhibit flat interaction interface areas. Hence, the
authors call this two-chain protein list PlaneDimers. Furthermore, the shown ap-
proach outperforms the method by Li et al. (Li et al. 2007) in terms of sensitivity
and specificity. The comparison to this latter method is accomplished with a data
set containing 1276 protein chains published by Keskin et al. (Keskin et al. 2004)
and used by Li et al. . This diverse, structurally non-redundant data set includes
proteins with a broad functional scope like toxins or enzymes/inhibitors and im-
munoglobulins.

From the results presented, it can be deduced that the proposed CRF approach
and the combination of the node feature classes RASA and AF, yields a significant
improvement in interface prediction accuracy over the two other methods.
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Chapter 2

Interface site prediction using
conditional random fields

The set of residues of one protein that is in contact with residues of another protein
is called the interaction interface whereas a residue alone, being part of the interface,
is called a binding site. It is still not clear by these notions if a residue contributes to
the interface because of its binding capabilities, i.e. forming or stabilizing a protein
complex, or its indispensability in a biological process, which is the result of the
compounding of several proteins into a protein complex. It is obvious that this
distinction is valid, but in most of the current research activities and in the present
work it is neglected and both aspects of interface interactions are considered the
same.

It is implied that both or all proteins involved in the interaction belong to the
same protein complex. The residues in the interaction interface are assumed to be
geometrically close to each other on the protein surface. In this thesis, the problem
of predicting the interaction sites is transferred to the computational task of assign-
ing each residue a label from the set £ = {Z, N'} given some observational data. The
labels Z and V distinguish between residues contained in the interaction interface
(Z) from these being not in the interface (/). The observational data comprises
the structure of a single protein, but not the structure of the whole complex.

Examples for protein characteristics integrated as hints in the implementation
are the relative accessible surface area (RASA) and the change in free energy (AF)
associated with each residue. It is acknowledged in the model that such obser-
vations may possibly be highly correlated. The random vector Y represents this
observational data.



2.1. TERMS AND DEFINITIONS

2.1 Terms and definitions

In this section the formalism of conditional random fields in accordance with Laf-
ferty et al. (Lafferty, McCallum, and Pereira 2001) is introduced and is applied to
the protein-protein interaction interface prediction problem. In order to do so, def-
initions are given here that are used throughout the thesis and which are according
to Diestel (Diestel 1996]).

Denote by N the positive integers, denote by R the real numbers. Let A be a
set. Let [A]* denote the set of all k-sized subsets of A with k € N. This notion is
distinct from the notion of the Cartesian product

AF=AxAx-xA,
N——
k times

since the latter denotes the set of all k-tuples of elements of A. Let us consider the
k-tuple (ay, as, ..., ax) such that a; € A for each 1 < i < k. In contrast to a set of
k elements, in a k-tuple the order of the elements is relevant. We call the object
at the ith position - e.g. a; — the ith component of the tuple. The shown k-tuple is
equivalently written as (a;)?,. Let I = (Y}, Y2,..., ¥4), [ € A* denote a k-tuple of
variables where each Y; takes values from the set A. T is also written as (Y;) .

Definition (Undirected graph). A graph is a pair
H=(xK)

of disjunctive sets with IC C [ x]%. This means the elements of IC are subsets of x, each
of which has size 2. The elements of y are called nodes, the elements of K are called
edges. A graph is called undirected, because there is no distinction between the two
nodes belonging to an edge.

Generally, y ¢ N. A graph can be drawn in such a way that nodes are points
and two points are connected by a line if and only if these two points are an edge.
Nevertheless, whatever the drawing of graph is alike, the formal definition of a
graph is independent from such drawings.

Definition (Path). A path P is a graph H = (x, K) which has the form

x={L2....n}, K={{12},{23}....{n-Ln}}.

10
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It is assumed, that the nodes of P are pairwise distinct. The nodes 1 and n
are called the endpoints of P and these are connected by P. The subset of nodes
{2,...,n—1} are called inner nodes of P.

Definition (a — b - path). Let a graph H = (x, K) be defined. Let P C x denote a
subset of nodes from x. P is a path in ‘H if it meets the nodes a and b of H and these
two nodes are distinct.

Furthermore, if the inner nodes of P are pairwise distinct then P is called non-
trivial.

Definition (Connected graph). A graph H = (, K) is connected if it contains for
each two distinct nodes i, j € x an non-trivial i — j - path.

Sometimes the notation G(V, E) for a graph G with nodes V and edges E is
used instead of H = (x, C).

Definition (Neighborhood of a node). The set of neighbors of a node i is denoted
by T'(i) or equivalently T; such that each node j, (i < j) with {i, j} an edge in K is
contained in T'(i) C y, i.e. j € ().

Definition (Completeness, clique). Two nodes i, j € x are called neighbors or adja-
centin M if{i, j} € K that is there is an edge between them. Two edges {i, j},{k,1} €
IKC are called neighbors if and only if |{i, j} n {k,1}| = L If this is the case for each
pair of edges in H then the graph H is called complete. If this is true for subsets of
edges in H then these edge subsets are called cliques in the graph.

Some presentations in the thesis require a further structures.

Definition (Directed graph, multi-edge, parallel edges, loop). A directed graph is
a pair

H=(xK)

of disjunctive sets with IC € x?* together with two mappings init : KC — x and ter : K
X which associate to each edge (i, j) € K the starting node init(i, j) and the ending
node ter(i, j). The edge (i, j) is called directed from nodeinit(i, j) to nodeter(i, j).
Multiple edges between i and j are allowed and called multi-edges. Multi-edges with
the same direction are called parallel. If init(i, j) = ter(i, j) then the edge is called a
loop.

11
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Let H = (x, K) be an undirected graph with nodes y = {1,2,...,n} and edges
KC. Each residue of the protein is identified with a node i in the graph and hence,
n is the number of residues of the protein. Each edge {i, j} € K, (i < j) represents
a relation between the nodes i and j. It depicts the neighborly arrangement of two
residues in the protein. For the problem of protein interaction side prediction, the
set K is defined as

K={{i,j}|d(i,j) <8,1<i<j<n}, (2.1)

where § is called the edge inclusion radius. According to Keskin et al. (Keskin et al.
2004), the distance of two residues is defined as the distance of their C*—atoms. J is
taken large enough, so that the residue pairs of the protein backbone are contained
in KC. All backbone residue pairs, which are neighbors on the amino acid sequence
level, are usually collected in K defined bya § > 3.5A. Nevertheless more edges are
included when § is increased. By a rule of thumb, the number of included edges
grows cubically when increasing the inclusion radius threshold. The dependency
of the prediction performance on § is outlined in Section

A random variable X; with values from £ is associated to each node i. This
association is given by a mapping

l'—>X1

Let the labels
§iel

be realizations of the random variables X;. In the following, for each protein a
conditional distribution on the random vector

X=(Xp..., X,)

is defined. The vector

Ez(fb{Z---)En)

is a realization of X and is called a labeling of the residues y.
For each node a set of B different functions is defined. These functions are

called node feature functions or node features. For each edge a set of |£|* differ-
ent functions is defined. These functions are called edge feature functions or edge

12
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features. These feature functions are included in the following set

fo={fineXo N} 1oy e Y fineonEeXo)} (g oy e o
Ee g {i,j} ek
i€y i<j.
The node features
five(Xisy)

are mappings from protein properties to real values given fixed data Y = y and label
& for the node i, where y is an instance of a data vector, i.e y = (y;)",. It should
be clear from contexts that only a component of the data vector is used for node
feature functions, hence the index is sometimes omitted which should not confuse
the presentation. The edge features

frijyeen (X X5, p)

are mappings from protein properties to real values given fixed data Y = y and
labels (&, &) for the edge {1, j}, (i < j).

Instead of working with raw values of the protein properties, indicator func-
tions as feature functions are applied. Furthermore, in this thesis the edge feature
functions are chosen to depend neither on the data nor on the particular edge they
are belonging to:

fineen (X X;) = 1{X; = £ X; = &'}, (2.2)

where 1 is the indicator function. Another way to think of this is as parameter
tying for all these edge features.

Given this, potentials are defined for each edge {1, j} € I, (i < j) and each node
i€yas

B
F(X6y) =2 we fine(Xiny) (2.32)
Eeg v=1
Faon(XnX)) = > wee funee) (X X)) (2.3b)
(& e

The real numbers w ¢ ¢y, w,, ¢ Will be referred to as weights. We also introduce an
alternative form for these weights that is more convenient for training, i.e. the es-
timation of the weights which is described in Section |4} For this, fix an arbitrary

13
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ordering of the features. The feature set f can then be interpreted as a column vec-
tor of functions. This is denoted by f(&, y) which indicates the dependency from
a given labeling & and data y. Let w be the column vector of the corresponding
weights as used in (2.3b2.3a)). Note that, because of parameter tying, some weights
in the parameter set

Wi = (W12, WI N WA WA )
Wiz = (Wizs. .., Wn 1)
Win = (Wins .. W )

Wy = (WX,Ia WX,/\/)

w = (Wi, wy) (2.4)

occur multiple times in w.
Further, let us introduce for later reference the functions

\Pi(X,', y) = exp fi(Xi’ y) and (I){i,j}(Xi’ X]) = eXp f{i,j}(Xi’ X]), (25)

that can be easier handled under some circumstances.

For node features according to the right hand side of Equation a binning
approach is used that is defined as follows. Consider as an example the node feature
class RASA as shown in Section The observed data at node i is denoted by
RASA(i, y). The range of this protein property is divided into 7 > 2 intervals (bins)
with boundaries —oo =: by < by < by < ... < b,_; < b, := 00. As b, the v/7-quantile
of the empirical distribution of RASA-values for non-interface residues such that
RASA(i, y) € [by,b,] are chosen. For each node i € y, 27 feature functions are
defined that are linked to the protein property RASA by the formula

fime(Xiry) =1{X; = & RASA(i,y) € [by, b)) (v=0,1,...,7-1). (2.6)

Based on this binning technique, further node features classes are easily integrated.

The score of a labeling & is defined as the sum of all potentials:

E,(&w) =) fi(Xiup)+ Y (X X)) (2.7)

iy {i,j}eK
Using Equation (2.4), the score of & can then also be written as

E,(&w) =wlf(&,y). (2.8)

14
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Based on the scores for any labeling & € £” we define the conditional log-linear
distribution

CEy) = b eBEw
P(X=&|y) = Z0) e s, (2.9)
which we call the conditional random field with respect to the graph H(x, K). Since
H only contains nodes and edge, the CRF is called pairwise. Pairwise CRFs keep
the computational burden manageable but the reader is referred to Section[3.1.5/for
a general treatment of models that have not this restriction.

In Equation (2.9, Z(y) is the data-dependent normalization constant — which
is called partition sum — defined by

Z(y)= ), eBr W), (2.10)
EeLr

and that is required to assign a probability to each labeling & of nodes in .

The proposed pairwise CRF-model accounts for the observation that the cor-
relation between labels along the protein chain is only slightly higher compared
to the correlation of residue labels in spatial proximity. This is consistent with the
observation that amino acids, constituting the interface, are spatially close to each
other, or form clusters. So it is reasonable explicitly incorporating this informa-
tion into the algorithmic structure. In this chapter the node feature functions are
discussed that were computed using the atomic description of the proteins or the
sequences of the amino acids. The node features capture e.g. the local geometry
of the protein or the spatial arrangement of the biochemical components and were
either extracted using available software packages or, in some cases, were prepared
by other researches and only incorporated in the present work. In either case, the
features are calculated given raw values of protein properties which are reasonably
considered to carry useful information to locate the binding sites of the protein
that constitute the interface between the interacting protein partners. Neverthe-
less, the usage of each certain node feature remains a working hypothesis whose
value for the present work shall carefully evaluated within intensive experiments.
To make the applicability of each feature useful, these were computed in monomer
form which is the application targeted by the present work.

15
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2.2 Change in free energy (AF)

The molecular interactions of a protein are characterized by the free energy. These
interactions strongly depend on the spatial arrangement of the atoms and the re-
spective residue types within the protein complex.

LetP(c) o el denote the probability of a certain molecular configuration c of a
given protein. Let the internal energy of cbe I.. According to Yedidia et al. (Yedidia,
Freeman, and Weiss |2005), the free energy F is defined as F = H + S, the sum of
the protein enthalpy H and its entropy S at fixed temperature. The enthalpy of the
protein is the expected internal energy

H=>) P(c)- L.

ceC

On the other hand, the entropy is defined as the negative expected In-probability
summed over each complex configuration

S=->P(c) - InP(c)

ceC

at a fixed temperature. The following algebraic manipulation yields the form F =
InZ:

H+8=)P(c)-I.- Y P(c)-InP(c)

= ci?]P’(c) - ci?l["(c) . {Ic —an}

= CeZ%IP’(C) ~IC—C§IF’(C) I.+Y P(c)-InZ

:;;CZ- ZP(C)CEC -
H+S=InZ -

Here, Z is the normalization constant that is required to assign a probability to ¢
and is defined as
Z=>Y ek

ceC

Generally, the exact computation of Z is intractable. However, the software package
Rosetta (and the many derivatives thereof) published by Rohl et al. (Rohl et al.
2004)) deploys among others Belief Propagation yielding reasonable estimates of

16
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the free energy. According to (Kortemme and Baker 2002)), the binding free energy
of two proteins A and BB can be written as

AF 5 = Fap — (F4 + Fp).

Our idea to use the change in free energy as a new class of node feature functions
originates from this equation. Since stable protein complexes are considered to
have low binding free energies, we argue that an artificial perturbation of the origi-
nal protein structure might cause an informative change in free energy. In order to
show this effect, we conduct the following procedure using the protein list PlaneD-
imer (Zellner et al. o). Let F%8™ denote the free energy of the unbounded
structure A. Further, let F); () be the free energy of A wherein the node i is in
silico assigned to a new amino acid ¢. The change in free energy is then deduced
according to the equation

AF); = max ((Fiy(r) - F5*™)

in which the maximization varies over the remaining 19 amino acids for each amino
acid (or node) i of the considered protein. The probabilities of AF-values at non-
interface residues are plotted against the respective probabilities at interface residues

in Figure

'This data set is publicly available at http://www-bioinf.uni-regensburg.de|

17
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Change in free energy
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Figure 2.1: Probabilities of AF-values at non-interface residues plotted against the
probabilities at interface residues using the protein set PlaneDimers.

The postulated effect can be seen in the interval AF € [0.047,0.094) and further
explained in Section[4.1.2] In this interval only 7% of non-interface residues cause
the respective change in free energy in comparison to 20% of interface residues.
Thus, the change in free energy is higher for interface residues compared to non-
interfaces. In contrast to this, at least 54% of the non-interfaces and 32% of the
interfaces do not show any remarkable change in free energy.

This in silico manipulation of proteins is a known approach as benchmark test
for software packages in order to evaluate the accuracy of the free energy estima-
tion for protein complexes (Lu et al. 2001). As opposed to these benchmarks we
compute the AF-values for the unbounded structures only. For this feature class
the number of bins is heuristically set to 20 for each label.

18
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2.3 Relative solvent-accessible surface area (RASA)

The idea of using the solvent-accessible surface area as a node feature within a CRF
is based on the observation, that a residue with a high accessibility to surrounding
solvents — e.g. hydrogen molecules - can be a candidate for being a binding site
since it is localized at the protein surface. Equivalently, if it has a low accessible
surface given a fixed protein compound, it might be buried inside the structure,
and thus, does not come into question being part of the interface.

Nevertheless, this approach takes certain residue configurations that can fre-
quently be seen in protein-protein interaction scenarios not into account. To name
just a few of these exceptions, consider buried residues which are at the bottom
of surface caves. The caves can exhibit openings being to small to be completely
packed with a hydrogen molecule, but allow e.g. the unhindered exchange of elec-
trons between communicating protein partners. So, these residues can be part of
the interface, though they would not being called binding sites. Another prominent
example that cannot be captured by the present feature is the following. Consider
residues that firstly become accessible to the surrounding in the presence of the
partner protein since this initially provokes a certain geometrical change of their
surfaces, and what then allows the shaping of an interacting complex. Further-
more and even harder to detect are so-called allosteric interactions where proteins
use different interface residues depending on biological functionality.

The node feature function RASA is defined as follows. Based on its spatial
neighborhood in the 3D protein structure, for each node i the solvent accessible
surface area SAS(i) was calculated using software library BALL (Hildebrandt et al.
2010). The deduced SAS-value is normalized with SAS-max(i), the maximum pos-
sible SAS of the observed type of amino acid at position i. Thus, given fix data y
the RASA value at node i is defined as

' SAS(i)
RASA(i,y) = ————=
SA(1) SAS-max(i)

having the range
RASA(i, y) € [0,1] € R.

for each node i. To make the applicability of the RASA values fbfbat all useful,
these were computed in monomer form which is the application targeted by the
present work. The value distribution estimated from the Keskin lisf}]is plotted in

?Keskin et al. 2004!
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2.3. RELATIVE SOLVENT-ACCESSIBLE SURFACE AREA (RASA)

Figure2.2} In the proposed model the RASA feature class is modeled with 7 = 32

relative accessible surface area

0.20
|

- interface
© non-interface

probability
0.10
1

0.05

0.00

RASA

Figure 2.2: Probabilities of RASA-values at non-interface residues plotted against
the probabilities at interface residues estimated from the Keskin list.

bins for each label as defined in Equations and(2.6). In early approaches, the
RASA values were calculated by rolling a 3D-sphere with diameter of a hydrogen
molecule over the protein’s surface (Figure and labeling stepwise in that way
each residue as being in touch with this sphere or not. Afterward, each residue in
the protein gets its RASA value assigned by averaging over the number of tracked
contacts in which the maximal size of each residue type is taken into account. The
maximal values in Table 2.1 published by Zellner et al. (Zellner et al. are used
in the implementation although other specifications are possible.
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accessible surface

- .
e’ "'s/
’ N

van der Waals surface

Figure 2.3: Computing RASA values, Callenberg (2010). The pictured van der
Waals surface is the abstract surface of the union of spherical atom surfaces de-
fined by the so-called van der Waals radius of each atom in the molecule.

Amino acid SAS-max H amino acid SAS-max

GLY 85.0 ALA 113
SER 122 CYS 140
PRO 143 THR 146
ASP 151 ASN 158
VAL 168 LEU 180

ILE 182 GLU 183
GLN 189 HIS 194
MET 204 LYS 211
PHE 218 TYR 229
ARG 241 TRP 259

Table 2.1: Absolute values of surface areas for each amino acid used throughout the
experiments (Zellner et al. 2011).

However, varying these values as e.g. according to Miller (Miller [1989) showed
no remarkable changes in the obtained results of our experiments. Nowadays,
among other methods the RASA values are computed based on a Voronoi diagram
of the 3D protein structure (Klenin et al. 2011).
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2.4. FEATURE “REGENSBURG” (RG)

2.4 Feature “Regensburg” (rg)

The node feature class “Regensburg” was proposed by Zellner et al. (Zellner et al.
2011). The feature range is

rg(i,y) €[0,1] c R
for each amino acid i given fixed protein data y. A plot of the value distribution is

given in Figure

PresCont property (flat surfaces)

interface
© non-interface

0.25 0.30 0.35
Il Il J
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© & © N > O ® &P L P P
SRR R A S SR S LG L I PG,
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g

Figure 2.4: Distributions of rg values. The bin corresponding to rg € [-0.1, -0.028)
for non-interfaces and the bin for the interval rg € [0.764, 0.836) for interfaces con-
tain probability peaks. This gave rise to the idea of Zellner et al. using a straight-
forward threshold strategy to put the residues into the classes {N,Z}.

This protein property is the basis for the support-vector-machine (SVN) method
of Zellner et al. called PresCont and represents the following posterior probability

rg(i,y) =P(X;=Z|y)

where the label 7 for interface residue is meant. The values were “deduced from the
distance between the feature set of i and the hyperplane separating surface (residues
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labeled N) and interface residues (residues labeled Z) in feature space’fl The fol-
lowing residue oriented protein properties were incorporated into the feature rg:

1. RASA values as defined in Section [2.3]

2. QUITE scored¥| that determine hydrophobic patches on the protein surface
and whose computation is based on RASA values but now accounting for
small groups of neighboring residues and their group like accessibility to wa-
ter rather than a residue alone

3. conservation scores from multiple sequence alignments

4. scores derived directly from frequencies of amino acid type combinations
within a local neighborhood where the size of the neighborhood is trained,
that is the distance between residues having the same label

Each feature function is normalized to the interval [0,1] € R after averaging the
values over small geometrical neighborhoods. The distance cut-off, that is the dis-
tance between residues which then defines the neighborhood between residues,
was determined by stepwise varying, in order to increase the prediction result on
a given training set.

Similar experiments were conducted by the author but with less success. The
usage of conservation values showed no improvement of the prediction perfor-
mance in experiments since values from the HSSP database are publicly available
and were tested’| Further, combinations of amino acid types in different geomet-
rical configurations were tried to be exploited but showed no significant improve-
ment (data not shown).

As a similar example, consider Figure [2.5 that shows results of the following
experiment. Within a distance of 15A the pairwise distance distributions between
residues in the interface (red) and outside of the interface (green) were plotted. The
data was estimated from the Keskin list. As it can be deduced from the plot, geo-
metrically there is almost no difference perceivable between these two structural
neighborhoods, i.e. from a statistical-geometry-point-of-view the protein “looks
almost the same” whatever the labeling is of a considered region within a given
distance.

3Zellner et al. page 12, preprint version; author comments in brackets
“Lijnzaad, Berendsen, and Argos[1996|
*http://swift.cmbi.ru.nl/gv/hssp/
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distance distributions
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Figure 2.5: Distance distributions between pairs of residues having the same label
in the reference labelings, estimated from proteins of the Keskin list within a fixed
distance of 15A.

The same picture shows up if at different distances the amino acid type fre-
quencies are plotted (data not shown). Almost no significant signal can be visually
extracted.
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Chapter 3

Inference

Inference is crucial for the prediction of protein-protein interaction interface sites,
which is true for other prediction problems modeled by conditional random fields
(CRF). However, since we can not expect for every CRF-structure to be able to ef-
ficiently compute an exact solution (for general complexity considerations of the
labeling problem specified as a CRF see Section[3.3), problem subsets allowing such
a solution are interesting on its own. Therefore, several fast prediction algorithms
for specially structured labeling problems given as a CRF together with their ap-
plication cases are described in the following.

3.1 Exact inference of labeling problems

If otherwise not stated, a mapping i — X, from nodes of a graph H(y, K) to vari-
ables X = (X;)”, is meant where y = {1,2,..., n}. However, the reader is referred
to Section 2.1/ for the complete set of terms and definitions that are utilized for the
description of a CRE

3.1.1 Tractable partition sum for a restricted labeling class

In this section, a novel and unpublished idea is specified for the computation of
the partition sum Z at the two-dimensional lattice that uses the so-called transfer-
matrix method introduced by Baxter (Baxter 1982). So far, the algorithm has no
direct application in the area of bioinformatics, but it may become helpful for pre-
dicting interface residues of protein-protein interactions if e.g. particular feature
functions as described in Section|2.2]are further developed or if mappings of inter-
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esting protein parts into the plane are considered.

Let the label set £ = { [[],[] } be given, where the coloured notation is used to
facilitate understanding. Let a (b x b) grid graph H(, KC) be given with n = b and
WLOG b even. For H a transfer-matrix M is constructed by using the following
steps:

1. Let us consider the kth partial structure of H# with width b defined by Figure
An entry of a matrix MF is defined as the product

k k+1
(ON SYt

such that w¥ := E,( f, w) is a score defined according to Equation but
only for a chain labeling & ¢ £¢. & is assigned to the (k) chain of nodes
Xk C x with | xx| = b.

The factor ;Y**! is defined as the sum of labeling scores at the (k + 1) chain
Y1 C x depending on fixed labeling &¢ ¢ £ at chain (k), and on fixed
labeling Ef” € £ at the (k +2) chain yx.2 C x. Again, |Yks| = | xks2| = b-

The dependency on labelings €f, Elt”z is indicated by subscripts s and t and
is further specified here:

k+2 - wk+?
k+1 - o
k ok

Figure 3.1: Definition of matrix M¥ for the kth partial structure with width b of
the b x b grid H(x, K). The symbols w¥, 0¥+ denote fixed scores of two labelings
of chains yx, yk+2- The sum of labeling scores assigned to the (k + 1) chain y.; is
denoted by ;Y**'.

In Figure[3.1]the symbols

e vertices for summation and

vertices with fixed labels
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are used. Using R = |£|b, a matrix M¥ for the kth partial structure of Figure

is defined by
k k+1 k k+1 k k+1
wl * IY] wl * le PPN wl * IYR
k k+1 k k+1 k k+1
Mk = wy - 2Y1 w;y - 2Y2 cee Wyt ZYR (3.1)
k k+1 k k+1 k k+1
wR-RYl wR'RYZ wR-RYR

Refraining from vertical edge potentials in the grid #, it is apparent that the
score wk of labeling Ef at chain nodes y; is constant concerning the sum-
mation ,Y**'. That is, the score w* is independent of the sum of labeling
scores ;Y*™! at the (k +1) chain, apart from vertical edge potentials connect-
ing chains (k) and (k +1).

2. Vertical edge potentials between the chain labelings are rearranged accord-
ing to Figure Here, a fixed label &, at node ¢ € y; in the lower chain is
assumed.

be Fu(Xp,y) be Fu(Xo> )+ Ty (Xps &)
Fioe (X, Xe) ————

C c

Figure 3.2: Reassignment of vertical edge potentials because of the independence
of the edge potential f, (X, X ) given a fixed label X, = &,

This reassignment does not change the distribution P according to Equation
. However, it changes each node potential in the sum ;Y**'. In order to
explicitly indicate this dependency on fixed labelings at parallel grid chains,
the subscripts s and t are included in the notation.

3. It is generally known, that partition sums for labeling problems defined on
chains are computed in linear time in the chain size. It is clear, that after
applying the so far stated manipulations the factors , Y* are particularly these
partition chain sums, for each k and size b.

27



3.1. EXACT INFERENCE OF LABELING PROBLEMS

4. Assume a grid consisting of b/2 components according to Figure The
transfer-matrix approach computes the partition sum according to the equa-
tions

M:=MoM oM

b/2 times

7 = etr(/\/()

where tr denotes matrix trace, ®© matrix multiplication, and b is even as as-
sumed. M is referred to as transfer-matrix of the problem where M has size
(R x R). Thus, the above formulas compute Z using basic matrix operations.

5. However, the size of M still prevents the specification of a polynomial algo-
rithm caused by the exponential number R of chain labelings in /. To reduce
R, the idea is to bound the dimension of M by restricting the labelings on
each second chain to a predefined subset: at every second grid chain only
labelings constituting a “I"l-connected component” (convex chain labelings)
are permitted. This restriction plays a meaningful role in protein-protein in-
terface predictions where connected surface patches are expected to contain
the interface residues.

g L0
¢ 0@000
& LI E]

. 00000
&.O0000

g OOOn0om|

Figure 3.3: Permitted chain labelings of step 5.

Figure 3.3/ shows examples of permitted chain labelings for some chain (k).
The number of these chain labelings is

_b-(b+1)

=

bounding the size of M, or equivalently the number of matrix entries based
on labeling scores to O(n?).

R :
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It is now valid to establish the following theorem:

Theorem 1. WLOG let b be even, such that n = b> where n is the number of nodes
in a (b x b) grid graph H(x, ). The partition sum Z of H with restricted chain
labelings in accordance with steps 1.-5. is computed in time complexity O(n®).

Proof. Confirm steps 1. — 5. above. O

The involved matrix multiplication can efliciently be implemented. That is, the
naive factor O(n?), which accounts for the complexity of one required matrix mul-
tiplication, is currently improved by a fast algorithm up to O(n*¥) (Ambainis,
Filmus, and Gall 2014).

The shown approach can generally be utilized (Baxter 1982):

Corollary 1. The transfer-matrix method can be applied if the underlying problem
can regularly be divided into subproblems permitting exact computations of their re-
spective partition sums provided these subproblems can be separated by fixing appro-
priate labelings as e.g. shown in step 5 above.

Instances for this corollary are problems with bounded tree-width or series-
parallel graphs (proof not shown).

3.1.2 Tractable partition sums for complete graphs

In this section, another approach taken from (Flach |2013)) is presented to exactly
compute the partition sum at a complete graph 1 (x, ) requiring equal functions
at edges. The method assumes a distribution P according to (2.9)) on binary label-
ings, i.e. the label set is £ = {0,1}. Edge functions are restricted to a common
mapping defined (for this section) by

(I){i,j}z (X]].{X,#:XJ}‘F]I{X,:XJ} {i,j}ElC,(i<j),(X>o (32)

where the notation from Equation (2.5)) is used. Using an appropriate manipulation,
it is valid to initially write arbitrary node functions as

q),'(Xi,)/): /)),]].{X,:O}‘FH{Xl:l} iEX, ﬁi>0 (33)

without changing the probability distribution P and f3; denotes a node dependent
positive real number.
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The set of all labelings & = {0,1}" of nodes in y is divided into pairwise disjoint
subsets E(O), . E(") c & such that f(k) denotes the set

9= {(6- 80 e8I T 6= 1)

using &; € {0,1} and y = {1,...,n}. Thus, partial partition sums can be stated
accordingly

Zy)= Y 1%y - [ @upXsX). (3.4)

(&1 En )€ P€X {i,jtek

Using the assumption of equal edge functions according to Equation and the
fact that each subgraph of a completely connected graph is again completely con-
nected, in the product over pairwise edge functions is simplified to a common
factor a*("~k) for every labeling in Zx(y). On the basis of Equation (3.3), for the
contribution of node functions to Equation the following numbers are intro-
duced

Hy. (k)= > ﬁﬁi_g"- (3.5)

The function in (3.5) can be calculated recursively using again the inheritance of
the completeness property of a graph to its subgraphs. To see this, the notation
Hy(k),ke{1,...,|U|} isused where U ¢ y is a complete subgraph induced by the
node subset U. For some fixed node m € y the recurrence equation

Hy(k) = Bm - Hy(my (k) + Hy(my(k - 1) (3.6)
is valid and provides an algorithm that computes Z(y) on complete graphs in time
complexity O(n?).

The recurrence in is further utilized to calculate posterior probabilities at
each node in the graph. The numbers

Huyon(k) = - {Hy(k) - Hyon(k 1)) (3.7)
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can be calculated in linear time from all numbers of the initially fully connected
graph. Using the posterior probabilities for node m are given by

which can be computed in quadratic time complexity depending on the size of the
underlying graph (proof not shown).

3.1.3 Decidability of the maximum marginal probability prob-
lem

In this section an algorithm for the decidability of the problem of the maximum
marginal probability for general graphs and binary labelings is presented. The
method can easily be extended to larger sets of labels. The author of the thesis origi-
nally conceived the algorithm, but the basic idea was already knownf|and published
as the dead-end elimination (DEE) algorithm (Desmet et al.[1992).

'Mario Stanke, personal communication, January 6, 2012
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Figure 3.4: Neighborhood of the node r in graph #(y, K). The partition sum is
over each random variable associated to green nodes but not r itself and keeping
the label at s fixed. Hence, potentials of r and {r, s} are not considered.
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Definition (Decidability of the maximum marginal probability problem). Accord-
ing to Equation (2.9)), let a CRF be defined with respect to a graph H(x,K). The
problem of the maximum marginal probability is to find label & at each node i such
that the marginal probability of labels is maximum at £ :

& =argmax P(X; =& y) iey. (3.8)
Eeg

Let the label set £ = {Z, N'} be given. At each edge a potential is defined as
f{l’]}(X,,X]) =a- ]I{X, = X]} + /3 . ]I{X, F X]},

with a, € R. Let Z(y, K) denote the partition sum of the graph H(y, ).

Assume two distinctnodesr, s € x, {r,s} € K, s € I(r) (Section]2.1) and |T'(r)| =
1 (Figure . With the symbol Z (X r,us, &) we denote the partition sum over
all nodes in y but not r itself and each labeling in the partition sum has label ; € £
at s in common. Using this, it is valid to write for the example in Figure

EZQ Z(X\{DU,}, fs) = Z(X\ {r}, K~ {{r,s}}) {r,s} ek
with Z(2,K') =0 VK

i.e. the partition sum of the subgraph H'(y \ {r}, £~ {{r, s}}) is computed using
the introduced concepts.

According to Equation , let the functions ¥;(X;, y), ®(;, j be given. Let the
decidability concept as defined here be identified with the prediction of protein-
protein interaction interface sites. The following is proposed:

Theorem 2. A solution to the optimization problem in Equation is computable
in linear time in size of the graph H(y, ).

Proof. 1: Consider the case & > . By induction on the number of edges of node 7,
i.e. [[(r)|, the inequality

P(X,=T|y)<P(X,=Ny) (3.9)
is examined. It is clear, that the decidability of Inequality is equivalent to the
optimization in Equation (3.8). At first, consider the case |['(r)| = 1 as in Figure[3.4|
It is valid to write

‘{'r(I,y) -e%. Z(X\{DU,},I) + ‘P,(I,y)- 6/3 . Z(X\{F,ur}aN) <
¥,(N,p)-ef Z(X o L) + ¥, (N, p) - e Z(X ron-N) .

—_— —_—
X1 X2
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Figure 3.5: General neighborhood of node r in graph H(, KC).

As indicated by the variables x;, x,, the inequality above can be considered as the
comparison of two hyperplanes in two-dimensional space. Thus, Inequality
holds if the inequalities

X : Y, (Z,y)-€e* < ¥.(N,y)-ef

Xyt Y, (Z,y)-ef < ¥, (N,y)-e”
are simultaneously fulfilled which happens if the node potentials satisfies the fol-
lowing

‘Ilr(I’ )’) : a-B B-a
m < mln{e , € }

With the requirement a > f and using the definition of ¥ in ({2.5)), it is valid to
write

fr(L)’) _fr(N’y) <ﬁ-0(.

Further, by induction on the number of edges, it can be concluded for |T(r) > ]
edges incident to node r (see Figure[3.5):

f(Z.y) = F, (N y) <[T(r)]- (B - a).

2: The case > « is equivalently shown. 3: The trivial case a = § makes the deci-
sion independent from edge potentials. Hence, a simple constant-time-checkable
condition for each node is derived and Theorem [2! follows. [
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3.1.4 The relaxation labeling algorithm

One of the first papers treating labelings is Rosenfeld et al. (Rosenfeld, Hummel,
and Zucker 1976). The authors considered another formulation of the labeling
problem where each variable X; associated with nodes of the underlying graph
G(V,E) can be assigned a subset of a label set, A = {A;,...,1,,}. The feature
functions are defined as boolean in terms of these variables. It is further supposed,
that for each node i € V a subset of compatible (allowed) labels from A is given,
A; € A. Further, at each edge {i,j} € E, (i < j) a subset of compatible pairs of
labels is defined, Ay; j; € A; x A;. This relation is understood to be symmetric, i.e.
Agijy = Mgy

By a labeling £ = (L;)", an assignment of subsets of labels to each variable is
meant. That is for each node i € V a subset of labels L; € A is assigned to the
associated variable X;. Define Ly; j := L; x L; and X, j, == X; x X for each edge
{i,j} € E, (i < j). The feature functiong?|are formalized accordingly

fi(Xi) = ]I{Xl =L;L;c A,} ieV (3.103)
Frion (X X5) = 1{Xpipy = Ly Ly € Ay} {6 j} € Es(i<j).  (3.10b)

Furthermore, union, intersection and containment of two labelings £, £’ are de-
fined with the help of the common set operations but applied componentwise, that
is the union £ u £ is defined as (L; u L))", the intersection £ n £"as (L; n L))",
and containment £ ¢ £’ is understood as (L; € L)%.,.

The main concepts introduced by the authors is the notion of consistency of a
labeling £ with respect to the graph structure G(V, E) and the feature functions.
This notion is defined as the requirement to compute the value accordingly

V l/\ fi(di) A A f{i,j}(/\i’/\j)]- (3.11)
(Aseeshn)eA? LieV {i,j}€E

Furthermore, if Equation yields 1, then such alabeling £* = (A, ..., 1%) shall
be computed which fulfills the following condition

[/\ (A7) A A f{i,j}(A?’A;) ] =L (3.12)

ieV {i,j}eE

This is called the Consistent labeling problem.

*See Sectionfor further explanations and a general study of the problem where even higher
arity feature functions are involved.
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To solve it, the authors propose the relaxation labeling algorithm. It works iter-
atively. Initially, there is the trivial labeling £° = (A;)", such that for each i € V
the set of labels at i is compatible according to the node feature in Equation (3.104a)).
Let £ be the resulting labeling of the tth step of the algorithm. To get the labeling
L1, any label A € A at node i is kept if and only if it is compatible to constraints
along each existing edge {i, j} according to Equation (3.10b). This is summarized
by the equations

Lt=Lin N ( U {1}) ieV (3.13a)

{i,j}cE (A,M)eu{i’j}
in,j}gA{iJ}
LEIJ} =L < Lo Ly, {i,j} € E, (i< j). (3.13b)
The following propositions concerning this algorithmic schema are proved in the
cited paper.

Proposition There is a most comprehensive consistent labeling £ such that for
any consistent labeling £ it holds that £ ¢ £>.

Proposition £*1c £ fort=0,1,2,... ie. the cardinality of each set L! is never
increasing.

Proposition £>c.. . gtlcgrc...c g0
With the help of these propositions, the authors conclude the following.

Theorem If the underlying graph structure is connected, then there exists some
t such that £+! = £' and the labeling £ fulfills Equation (3.12).

This theorem and the above mentioned propositions should guarantee that the
algorithm described by Equations (3.13a}j3.13b]) converges and outputs a consistent
labeling £.

However, as Flach (Flach [2002) points out, it is not at clear if the relaxation
labeling algorithm is able to deliver such a labeling in any case since it can generally
be shown that the consistent labeling problem is NP-complete (confirm Section

3.3.2).
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Nevertheless, Schlesinger et al. (Schlesinger and Flach 2000) show that the re-
laxation labeling algorithm finds a consistent labeling if and only if the edge fea-
ture functions according to Equation fulfill the following property. Let
the set of labels from A be partially ordered that is, let for any 4-tuple of labels
AisAj Ak, A € Abethat A; > Aj and Ay > A;. The relaxation labeling algorithm
calculates an consistent labeling if and only if

f{i,j}(Aj)Ak) A f{i,j}(/\i)/\l) < f{i,j}(AiaAk) A f{i,j}(/\j,)tl) {i,j} €E.

3.1.5 Mapping n-ary feature functions

In this section, the question is answered whether the restriction to feature func-
tions with at most two arguments — and that lead in its generality to the usage of
pairwise CRFs as introduced in Section [2.1] - represents a limitation to the mod-
eling strength and the variety of labelings that can be described by the model of
Section It is shown here, that this is not the case at least in the exemplified
case of boolean feature functions. This is proved by giving a mapping from any n-
ary feature function of binary variables to a set of 2-ary and 1-ary feature functions
of binary variables. This mapping is according to Flach (Flach |2002).

Let binary variables I' = (Y;)/, be given where each Y; takes values from £ =
{0,1}. Let feature functions f; on an arbitrary set of k-tuples (1 < k < m) of vari-
ables from I be defined. Let this set of k-tuples be il = {S;,S,,...,S,} and define
foreveryl<i<n

fi:8:i~{0,1}.

A labeling p = (p1, p2, - - - » pn) of the tuples in ${ with variables from T is said to be
consistent if and only if

N\ filpi) =1. (3.14)

pi:l<i<n

This definition of consistency is taken from Rosenfeld et al. (Rosenfeld, Hummel,
and Zucker 1976).

Now, a graph H(y, K) is constructed as basis structure for a labeling problem
that only contains 2-ary and 1-ary feature functions and which can then be regarded
as a pairwise model. So, for each tuple §; there is a corresponding node i € y and
an edge {i, j}, (i < j) is included in K if and only if S; N S; # @ which means that
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tuples S; and S; have variables from I in common. Further, binary variables (X;)7,
are assumed corresponding to nodes of y according to the mapping i — X;. The
following new feature functions are defined:

§:(Xi) =1{fi(p:i) =1} 1<i<n
f (X X;) = L{fi(pilu, ) = L fi(pilu,,) =1} {i,j} €K, Upj =SinS,

such that p = (py1, p2,...,pn) is a labeling of the original problem. The notation
fi(pilu,, ;) indicates the restriction of the original feature function f; to the subset
Uy;,jy of variables in S; n S; being labeled with p;.

It can be observed, that the best labeling £&* € £ of y given according to the
following optimization problem

§* = argmax Z Fi(&) + Z f{i,j}(fi’fj)
Eegrn iey {i,j}ek
corresponds to a consistent labeling of 1 that satisfies Equation (3.14)). The value of
& isthen n +|K|.

The shown mapping is computable in polynomial time in size of the original

problem if the cardinality of 4{ and the arity of the original feature functions are
bounded.

3.1.6 The application of MinCut algorithms

The motivation to describe a class of labeling problems specified by CRFs which
can be solved by so-called MinCut algorithms arose from the observation, that au-
tomatically trained?|edge weights wi according to Equation always fulfilled a
condition which characterizes that certain class of labeling problems. Hence, the
trained edge weights structured the CRFs as amenable to certain fast algorithms
solving the associated labeling problem and thus, accomplishing efficient inference.

Throughout this work, tied edge features are used according to Equation (2.2)).
Furthermore, two edge weights are only specified in the implementation to repre-
sent the edge potential according to Equation and which is defined by:

Froy (X X)) = wi - 1{X; = X5} wo - 1{X; # X} (315)

The differences of the edge weights w; — w, as a result of different training setups is
shown in Figure [3.6/and which was always non-negative.

3The training approaches are explained in Section

37



3.1. EXACT INFERENCE OF LABELING PROBLEMS

0.008

0.006
|

w_1-w_2

0.004
!

0.002

0.000

Figure 3.6: Edge weight differences according to Equation (3.15). Each green bar
indicates a training result belonging to a different training set up in terms of e.g.
used feature functions, parameter assignments, edge inclusion radii ¢ and others.

This defines the edge feature functions as regular. This property is used to show
that inference in CRFs having regular edge feature functions is efficient in terms of
allowing algorithms with a polynomial computation time.

Regular edge feature functions In contrast to the presentation discussed in sec-
tion |2 Equations (2.8)),(2.9) the search for the labeling with minimal cost is con-
sidered in this paragraph. We denote this problem as a MinCost labeling problem.
The feature functions of nodes and edges are understood as costs. The algorithm
described here is based on a condition of the edge feature functions. This condi-
tion emerges as biconcavity in the literature (Schlesinger and Flach 2000). Other
names are regularity or monotonicity property. Here, the term regular feature func-
tion is used and the presentation follows Kolmogorov et al. (Kolmogorov and Zabih
2004). These authors have proven, that for nodes i, j € y having binary random
variables X; and X associated to, the problem of energy minimization is polyno-
mial time solvable, if the edge feature functions fulfill the condition

E{,,]}(O, 0) +E{l,]}(1> 1) < E{I,j}(l’ 0) +E{,)]}(O, 1) {l,]} € IC, {0, 1} = 2 (316)

with mappings Ey; j, : £ x £ = R. The functions E; ;, are then called regular.
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MinCost problem in canonical form Essentially, the efficient solution of the
MinCost labeling problem stirs from an unambiguous mapping to the MinCut prob-
lem. The MinCut problem is the task of finding a cut of minimum edge capacity
within a directed graph. This mapping can be established in polynomial time if and
only if each edge capacity is non-negative. In this case the associated optimization
problem, which is basically a piecewise linear optimization problem, is convex. For
the convex MinCut problem the dual problem can be specified which in turn can
be solved efficiently with the “MaxFlow” algorithm. This result is the consequence
of the famous “MinCut-MaxFlow” theorem by (Ford and Fulkerson 1962).

The below shown approach is based and generalized by Schlesinger et al. (Schlesinger
and Flach 2006) to MinCost labeling problems with an arbitrary number of labels.
In addition, the presentation is based on Mario Stanke, personal communication,
January 4, 2014.

Let a binary MinCost labeling problem be given which contains the following
elements:

o the connected undirected graph # = (y, K) with nodes and edges as in Sec-
tion

« the node feature functions

fi(Xi, yi) Xieyx (3.17)
« the edge feature functions
Ai,j le,:X]=O
Bi' iin:(),X':].
fopXnX;) =1 " ! . . (319)
Ci,j lel'Zl,Xj:O {l,]}e’c,(l<])
Di,j le, :ijl

such that A; j, B; ;, C; j, D;; € R and the regularity condition from Equation

applies

o and the definition of a cost function

Clx)=>. filXy) + Y fup(XiX)). (3.19)

iev {i.)eE(i<j)
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o The MinCost problem is then defined as the problem to compute a labeling
of minimum cost, which is to say

& =argmin C(§). (3.20)
Eegn

fi(L, yi) i yj)

(0, i) £i(0,y7)

Figure 3.7: Schema for a MinCost problem for nodes i and j with {i, j} € K, (i < j).
Definitions according to Equations (3.17) and (3.18)) are used.

We represent the given quantities by means of the schema in Figure 3.7, that was
introduced by Rosenfeld et al. (Rosenfeld, Hummel, and Zucker1976)). By applying
equivalent transformationg¥| to this schema, we obtain another representation of
the same MinCost problem as depicted in Figure There «; j is given by A; ; +

X,’ XJ

(X,"j

fi(Lyi) + Cij = Bi fi(Lyj) +Bij=Bi,
fi(0, yi) + Bi 5 fi(0, ;) + B
Figure 3.8: Schema after equivalent transformations.
D; ;- B;; - C; j, which is strictly negative if and only if the condition in Equation

(3.16) applies. Further, 23; ; = A; ; is assumed. The obtained schema can further be
modified as shown in Figure[3.9|

4An algebraic manipulation of the input problem is said to be equivalent if it does not change
the cost of each labeling.
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X; ——1X;

—

fi(L,y))
+  min{f;(1, y;) + Cij = Bi> £i(0, yi) + Bij}
7.0, 5) + min {f;(L y;) + Bi; = B £;(0, y;) + Bij}

K;

fi(ly:)

£:(0, )

Figure 3.9: MinCost problem in appropriate form as input for a MinCut solver.
Kj, K are added to the overall minimization problem. Both are constant, and thus
omitted.

The real numbers «] ;, o/, fulfill the condition & ;+a]; = —a;,;. Additionally, the

expressions for the respective node costs were aptly summarized by the notation f
such that

—

Fi(Ly;) = max {fi(1, y:) = £i(0, y;) + Cij— A — f';, 0},
Fi(0,y:) = max {£(0, 7:) = fi(Lyi) + Ay = Cij + ail;, 0},
E(l,yj) =max {f;j(L y;) - f;(0,y;) + Bi;j — A;; - (x,'-)j, 0},
£3(0,y;) = max {£;(0, y;) = fi(L,y;) + Ay - Bij + @i, 0}.

The real valued constants K;, K; on the right hand side of Figure [3.9|are indepen-
dent from the MinCost optimization and can be omitted. Nevertheless, each value
involved in the representation of the regular MinCost is now strictly non-negative.

Mapping regular MinCost to MinCut and the exact solution of MinCut Firstly,
the task of finding a cut of minimum capacity within a directed graph is reviewed.
Leta directe graph G( Vi, 4, E) with two distinct nodes (source s and sink t) con-
tained in V ; be given. We call the structure N'( Vi, 1y, E, c(i, j)) the flow network
with nodes Vi, and edges E. Any edge (i, j) € E is assigned a real valued ca-
pacity which is equivalently called the cost of the edge ¢(i, j) (Figure if and
only if each edge cost is non-negative, c(i, j) > 0. Otherwise the MinCut problem
becomes intractable. If ¢(i, j) = 0 then (i, j) ¢ E and vice versa. An s ~ ¢ sep-
arating cut C in the flow network N is an edge subset, such that in the network

5Confirm Section |2.1/for definitions.
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N (Vi ENC,c(i, j)) there exists no directed path from s to . This edge subset is
required to be minimal in the sense that no other cut C’ exists that is a strict subset
of C. To put it into other words, if an edge would be removed from C then a path
connecting s and ¢ would again exist. The cost of C is the sum of the capacities of
edges that pass the cut C in the direction from s to t. In Figure an example of
a cut is shown.

14

Figure 3.10: Flow network N'(V(,, E, c(i, j)) with non-negative edge capacities
(numbers above edges) anda cut C(S, T'). The cut is indicated by the vertical orange
dashed line. The capacity sum of edges passing the cut in the direction from s to ¢
is 26.

Consider node 1 (blue circle) in Figure[3.10l There exists a path from the source
sto 1 and another path from 1to the sink t. Let a minimal cut C be given. Within the
flow network N (V{1 EXC, ¢(i, j)) only one of the directed paths can exist, either
s ~ lor 1~ t. Otherwise, this would contradict the assumption of a valid cut C.
Additionally, if both paths are contained in the cut, C is not minimal contradicting
the minimality property. Based on these observations, we can define a cut as a
decomposition of Vi, into two disjoint node subsets S and 7 such that s € S and
t € T. Furthermore, for each node i € S there exists either a directed path s ~ i or,
for each node j € 7 there exists a directed path j ~ t. The problem of finding the
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minimum capacity cut C*(S, T') is then formalized with the equation

C*(S,T) = argmin »_ > ¢(i, j) (i,j) € E. (3.21)

C(S,T) ieS jeT

In order to show the bijection between instances of regular MinCost problems and
these of MinCut, it is convenient to make the dependency of the cost more explicit
by rewriting Equation (3.21) as a sum of three terms

C*(S,T):argmin{ Yooelit)y+ Y s+ > Y c(i,j)}. (3.22)

C(S,T) \ieS\{s} jET{t} ieS\{s} jeT~{t}

To establish the equivalence between MinCut and MinCost instances, each binary
labeling & € {0,1}V! is identified with the partition of the nodes of the underlying
graph G induced by a cut C(S,7T) of G. Itis &, = lifand only if v € S \ {s} and
&, = 0ifand only if v € 7 ~ {t} for each node v € V{, ;. The optimal labeling of a
MinCost instance arises according to its representation in Figure|3.9|to

&= argmin{ > £:(0,y;) + > fil,y) + Y > @y } (3.23)

fe{o,l}\VI eV iev eV  jev

£i=0 §i=1 §iel Eet

+ZK1'

ieV

such that

@y = o - 1{(&:€) = (1,0)}
+ 0‘2,; : ]1{(51': §j) = (0,1)} (i,j) € E.

By comparing Equation with Equation it can be seen, that within the
three sums the same terms of nodes and edges are involved. Apart from nota-
tions and the optimization independent constant on the right hand side of Equation
(3.23), both equations are ultimately equal. The schema to translate a MinCost in-
stance H(x, ) to its corresponding MinCut instance N'( Vi, E, c(i, j)) can be
summarized as follows:

o The set of nodes of the MinCut instance is the set of nodes of the MinCost in-
stance with two additional nodes, source s and sink t, Vi, := y U {s, t}.

o The set of MinCut edges are formed from the MinCost edges according to:
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1. Each edge from the MinCost instance is included twice in the set of
MinCut edges to encode two directed edges. Foran edge {i, j} € K, (i <
j), thatis (i, j) and (j, i).

2. Each node i in the MinCut instance is connected to s by a directed edge
(s,1), and is connected to t by a directed edge (i, t).

This is formalized with

E={(i,j) | {i,j} e K}u{(Gi) | {i, j} e K}
u{(s,i)|iex}u{(it)|iex}, (i<j).

 The MinCut edge capacities are constructed as

c(s,i) = fillyi), (i, 1) = fi(0, 1) i€y

and
c(i, j) = af c(j»i) = af {i,j} e K, (i < j)

where the notation from Figure[3.g has been used.

Computing the optimum cut A very simplifying idea computing the optimum
of the MinCut problem is based on two ingredients: firstly, as already mentioned
in the beginning of this section, a MinCut problem is dual to a MaxFlow prob-
lem if and only if the edge capacities in MaxFlow are equal to these in MinCut.
The MaxFlow problem can be solved in polynomial time by a variety of algorithms
(Ford and Fulkerson 1962). Secondly, these simple algorithms are based on the as-
sumptionf} that the number of directed paths along the flow can be improved (so-
called augmenting pathways) through a network is polynomial bounded in order to
increase stepwise the flow along each of these paths, and hence, the flow through
the overall network from the source to the sink can be traced. The MaxFlow prob-
lem is defined as follows. A flow through the network N'( Vi, 4, E, ¢(i, j) ) is a map-
ping f : E = R such that the conditions

0< £(ivj) < (i ) (L)eE (g
ZI: f(ji) = ZO: f(i, j) i€ Vign~{s t} (3.24b)
JELi JeVi

®This is generally not true but is neglected here.
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are fulfilled. There, O; c Vi, is the node subset of ending nodes of edges starting
at node i, O; := {ter(i,j) | (i,j) € E}. I; c Vi, is the node subset of starting
nodes of edges ending in node i, I; := {init(i, j) | (i, j) € E}. The condition (3.24a)
ensures that a flow through an edge is non-negative and is bounded by the edge
capacity.

Figure 3.11: Flow conservation at node i with total flow 9.11 which is the sum of the
incoming respective outgoing flows along the incident edges. The drawing uses a
convention to state current flows and capacities that is described in the text.

Condition (3.24b)) is also called flow conservation property and ensures that the
sum of all flows going into a node equals the sum of the outgoing flows from that
node (apart from {s, t}). Both conditions are depicted in Figure[3.11] The conven-

tion Mowleapadly o ised in the picture. The MaxFlow problem is defined as the
search for a maximum flow F* from the source s to the sink ¢ that can be brought
through the network such that at each node and are fulfilled. This
is computed as

F* = argmax Z (s, )
F=(f(si)f (i) ) €O
= argmax Z (s t).
E=(FGuDf () TN

One of the earliest algorithms to compute F* is based on the notions of a flow
improvement along an augmenting pathway P : s ~ t. An edge (i, j) is said to
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be unsaturated, if f(i, j) < c(i, j). Otherwise it is called saturated, that is the flow
along the edge cannot be improved further. An augmenting pathway P consists of
a sequence of edges P = {(s, 1), (i2,43) ... (im> 1)} such that each edge (i, j) € P
is unsaturated. That means c(i, j) — f(i, j) > 0 and this difference is defined as the
residual capacity of the edge and is usually denoted by r(i, j). This number in turn
explains the flow improvement which still can be realized along the edge. Then,
the maximum improvement of a flow along an augmenting pathway P coincides
with the minimum residual capacity over each edge along P.

Figure 3.12: Residual network after augmenting the flow f; = 10 along the path --- ~
1~ 2~ n ~ - Red edges indicate the edge directions within the flow network.
Green numbers show the residual capacities in the direction of the flow network
edge, blue numbers are the residual capacities in the opposite direction. As an
example consider the edges (1,2). It has capacities ¢(1,2) = 12 and ¢(2,1) = 0.
After flow propagation, r(1,2) = 2 and r(2,1) = 10. The red thick edge in the upper
right of the figure is saturated because ¢, — f; = 0.
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Figure 3.13: Residual network after augmenting the flow f, = 7 along the path --- ~
1~ 2~ 1~ - The colors are used as explained in Figure[3.12]

The algorithm for solving the MaxFlow problem with the help of flow improve-
ment along augmenting paths is given in Algorithm[3.1} It uses the residual network
that is explained in Figure as data structure. The algorithm uses the function
FIND_AUGMENTING_PATH that determines an augmenting pathway P on the
basis of a mechanism that is not further detailed here. After termination the value
of the MinCut problem given in Equation or equivalently, of the solution of
the MinCost problem given in Equation is available. It remains to construct
the actual labeling. From the proof of the theorem by Ford and Fulkerson (Ford
and Fulkerson 1962) and the explanations given at the beginning of this section it
is known, that a minimum cut can only contain saturated edges. If the labeling is
considered as a corresponding partition of the nodes, it can be defined based on
paths that start at s or, at # and that contain only unsaturated edges. That is, if there
exists a pathway P(s, ix) = {(s, 1), (i1, i2), > (ix_1> ix) } such that each edge is un-
saturated, then iy € S or, if P(ix,t) = {(ik,ik-1), (ix_1> ik—2)> "~ (i1, t) } such that
each edge is unsaturated, then i; € T. None of these pathways can connect s and ¢
since then Algorithm [3.1/does not stop. From this point of view, the construction
of the best labeling for the MinCost problem is finalized with the computation of
two connected components within the directed graph N'( Vi, E, f*(i, j)).

Convex functions are regular Ishikawa et al. (Ishikawa and Geiger 1998) spec-
ify a polynomial time algorithm for the labeling problem for convex edge feature
functions with a subset of integers as labels. Their edge feature functions only de-
pend on the label differences, F(& - &,). Then, edge functions are convex if for any
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Algorithm 3.1: CoMPUTE MaxFLow( N (V. E, ¢(i, j)) )

# construct a residual network
for each (i,j) € E

do r(i, ) < c(i ])
for each (i,j) ¢ E

dor(i,j) <0

# compute an augmenting pathway P
P « FIND_AUGMENTING_PATH(N (Vo1 B, c(is ), (i, j)) )

while P + @
# compute flow improvement based on P

f e ming jyep r(i, )
#increase flow along P
for each (i,j) e P

do { # update residual capacities (compare Figures[3.12land
do f

r(i,j) < r(i,j) - f
r(ji) < r(Gpi)+ f

P « FIND_AUGMENTING PATH (N (V.. E, ¢(is j), (5 ) )

# each edge is saturated — compute maximum flow
fr<0
for each (i,j) € E
do {f*(i,j) < (i, j) = r(i, )
frefr+ G j)

return (f*, f*(i,]))

triplet of labels & < &, < &;:
F(&)-(&-&) <F(&)-(&-&)+F(&)-(&-&).
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For such function F the Equation holds, too. To see this, let £/{-1,0,1} and
define F; (& - &) = E;(&, &) where E(; j, are edge functions of the binary
MinCost-problem, i.e. £, & € {0,1}. Hence

2- Fy; 1 (0) is compared with Fy; (1) + Fy; jp (~1).

Since F(; ;) is convex, it follows that the left hand side is smaller then the right
hand side. Or, convex edge feature functions are regular. The reverse statement is
not always true, since regular functions can be defined which either not depend on
the label difference or are not convex.

3.1.7 Exact solution of the MinCost problem on partial m—trees

It is known that many N'P-hard problems become polynomially time solvable
if the underlying graph structure is restricted to trees or more generally to par-
tial m—trees (Koller and Friedman 2009). This is particularly true for the Min-
Cost problem shown here for the class of partial m—trees. The latter are defined
with the help of a tree decomposition of a graph. A dynamic-programming-like al-
gorithm is presented here, since in the experiments of this thesis it was observed
that a few CRF-instances encoding a labeling problem in order to predict protein-
protein interaction sites allowed its application for inference. This was valid for
edge inclusion radii § < 6A causing inclusions of smaller numbers of edges into
the model graph. Hence, in the implementation depending on the problem size an
appropriate inference algorithm is chosen. The implementation of this algorithm
is available in the software package libDAI published by Mooij (Mooij 2010) and
has been used in the present thesis.

Definition 1 (tree decomposition). Let G(V, E) be an undirected graph. A tree
decomposition of G is a tree T (B, R) with nodes B = {1,...,t} whereeachI € Bisa
subset of nodes from VY| The construction of T (B, R) fulfills the following properties:

L U, 1=V
2. Foreach edge {i, j} € E, (i < j) there exists a node K € B such that i, j € K.

3. If two nodes I, ] € B contain a node v € V, then each node K € B in the path
between I and ] contains that node v, i.e. v € I n ] c K. Equivalently, the tree
nodes containing v constitute a connected subtree of T

7The nodes of T are sometimes called bags.
8This is the so-called running intersection property of T .
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The width of a tree decomposition is the number m = max;es |I| — 1, briefly con-
sidering I as subsets of V in this notation, I € V. The treewidth tw(G) of a graph
G is the minimum number m over all possible tree decompositions of G. In this
definition, the size of the largest set is decremented in order to have an unified
1-treewidth for trees. When m is fixed, then the graphs with treewidth m can be
recognized, and a tree decomposition of width m can be computed in linear time
(Bodlaender 1996).

An m—tree T’ fulfills Definition [1, but has nodes B such that all nodes v € V
contained in any node I € B form a clique of size m + 1in V. Thus, T is called a
partial m—tree, if it is a subgraph of 7.

Now, the mapping from a binary MinCost problem on a general graph to an
equivalent tree decomposition is shown. Let an undirected connected graph G(V, E)
be given. Let the cost function of the binary MinCost problem be defined accord-
ing to Equation with label set £ = {0,1} and random variables X = (Xl)m
Let further a tree decomposition 7 (B, R) of G be given with treewidth m. By def-
inition of a tree decomposition, each node I € B3 contains at most m +1 nodes from
V. Thus, for each subset I there exists at most 2! labelings. The new label set £’
contains these labelings, £’ = £m*1. For each node I € B and each new label &} € £
the node feature functions f; ¢ are defined as

fre,(B) = fre Brloye) + 3 fremnlogy(BrloBrl)  IeB.

kel {k,I}eE,(k<I)
k,lel

where the notation B; | is used to indicate the variable X associated with the
node k € V being part of the new variable B; of the new node I € B. This notation
assumes a mapping I — Bj i.e. a mapping from tree nodes to variables. The above
formula sums up the original node and edge features contained in I for a fixed
labeling.

The new edge feature functions for the tree 7 are defined as follows. B; |1; is
the set of variables { X, } associated with nodes v € I n ] from V contained in the
tree node I € B. The edge feature functions are then given by

= Zkerny Segl(Brloy) = Zonercan fren.glogln (Bl Br ),
Fivy..e) (B, By) = if By |in= By |iny
00, otherwise
(3.25)
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where {I, ]} € R. Thus, the edge feature functions for 7 (B, R) exclude certain la-
belings if and only if two sublabelings at the common subset I n J of nodes I, ] € B
do not coincide. Otherwise the sum of the labeling costs is corrected in such a way
that the labeling cost at G(V, E) agrees with the cost at 7(5,R). Suppose, this
would not be the case. Then there is a labeling of 7 (3, R) with finite cost which
contains two nodes I, J € BB that have a common subset I n J and the sublabelings of
the two sets of variables B; |1}, B; |1~y differ. Suppose this happens at the common
nodev € V. If {I,]} € R then this contradicts the assumption in Equation (3.25).
If the nodes I, ] are not connected by an edge of 7, then consider the unique path
that joins them. According to Definition |1} for each node K € B at this path, it is
required that v € I n J c K. Thus, at some edge of 7 there is a contradiction to
Equation (3.25]).

It remains to show how the actual solution of the MinCost problem given the
input graph G(V,E) and its tree decomposition 7 (B, R) is calculated. This is
accomplished by a dynamic-programming-like approach. Starting at a leaf node
I € B of the tree T, at the unique neighboring node J € 5 the following update step
for the associated node feature is used

T1.6(B)) = 1.6 (B)) + max {Funeey(BuB)) + freg(B) ), {LI}eR, &, & e

This optimization algorithm has time complexity O(|B| x |£/[*).

3.2 Approximate inference of labeling problems

Though it cannot be expected to propose an algorithm for the general solution of
the labeling problem (confirm Section[3.3.1]for the complexity consideration of the
problem), it has been tried to explore methods tackling the problem in its most
general form. The applied techniques were usually adopted from other successful
computer science fields.

In this section algorithms are presented that infer approximate solutions to the
labeling problem and its several variants. Particular attention is paid to these meth-
ods allowing statements concerning the quality of the approximation in terms of
the distance between the computed and the optimum labeling.
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3.2.1 Belief Propagation

Approximating the maximum probability labeling The so-called Belief Propa-
gation (BP) method according to Yedidia et al. (Yedidia, Freeman, and Weiss2003)
is discussed in this section. This algorithm is extensively used in the implementa-
tion of this thesis as a general inference approach being part of the software package
libDAI published by Mooij (Mooij 2010).

Let the label set be £ = {Z, N'}. The symbols ¥; and ®y; ;, are defined accord-
ing to Equation (2.5)). Using them, the conditional probability in Equation can
be written as

P(X=§ly)= _L [TYi(Xy) - [T @u3(X:,X)) (i<j). (3.26)

Z(y) iey {i.j}ek
In the BP algorithm, messages are sent from one node to a neighboring node. These
messages are introduced as follows. The message m;_, ;(&;) from node i to the node
j is a real number that can be interpreted as a statement from node i to node j
about the relative probability of j having label ¢; given the functions ¥; and ®@; ;,
depending on i and j.

Approximating the labeling with maximum probability in Equation (3.26)), the
following rule is used

mi-i(§;) < &I}fgi Vi(&ny) @up(8nE) - T mei(&) (3.27a)

rel(i)\j

bi(&) <« ¥i(&y) - [] memi(&) (3.27b)

rel(i)

In (3.274),(3-27b) (i) is used for the set of neighbors at node i in the graph H.

The symbol m;_,;(&;) denotes the message that node i transmits to node j with
fixed label £ at node j. After convergence of the iteratively applied rules and
1} at each node i the label &; is chosen that fulfills the condition

é,- = argmax b;(¢;).
&

Approximating posterior probabilities and the partition sum If in Equation
the max —operator is substituted by summation, then the algorithm can
also be used to approximately compute the posterior probabilities at each node.
The expression b; is then traditionally called belief, since it roughly represents the
marginal probability of label & at node i. Consider Figure that shows a small
portion of a graphical structure.
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1

Figure 3.14: Portion of a graphical structure with messages passed to node s. The
direction of message exchange is indicated by an arrow.

According to Equation (3.27b)), a single application of the BP-rule at node s for
label 7 is

beliefs(I) =W (Z,y) mi—(ZT).

In the formula above, the message incoming at s for label Z and sent by node ¢ is
denoted by m,_.(Z) and is indicated by a blue arrow in the figure. For the graphical
structure from above and in accordance with Equation this message has the
form

miei(2) =¥ (Z,y) @y (T,Z) - my,=i(Z) - mx,=i(2)
+ W (N, y) @ (N T) - (V) - mix, = (N,

Thus, after convergence the partition sum can be approximated by Z( y) o belief,(Z)+
belief(N') which then allows an approximation of the posterior probabilities at s.

Equations (3.27a)),(3.27b)) yield exact posterior probabilities on tree-structured
graphs as shown in Section

3.2.2 The a—expansion move algorithm

In this section the work of Boykov et al. (Boykov, Veksler, and Zabih [1999) is pre-
sented. The authors introduce a class of MinCost problems that are not polyno-
mially solvable but allow an efficient approximation algorithm. In particular, an
explicit approximation bound - the ratio between the computed solution of the
MinCost problem C, (X, f) and its optimum value C;"' (X, f) - is deduced.

The class of MinCost problems considered is called Potts labeling problems. These
are specified as follows. A graph G(V, E) as the basis structure is given with | V| =
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n. The label set £ is not restricted to the binary case and a —function for labels is
utilized as

]., le,#:X] i,jE \%4

.28
0, otherwise. (3.28)

8(X:, X;) :{

Based on this §—function, the cost of each labeling is defined accordingly

C)lfotts(x’ f) = Z ugijy - 5(Xian) + Z f(Xi, vi)- (3.29)

{i,j}€E,(i<j) ieV
For further reference we set
Fropy (X, Xj) = ugiyy - 0(X3, X5)  {i,j} e E, (i < j). (3.30)
The Potts labeling problem is defined as the optimization problem

§" = argmin C;”'*(X = &,f). (3.31)
Eegn

The factors uy; ;; > 0 of provide non-negative, real cost values for each edge
{i, j} in E. The node feature functions are defined as arbitrary non-negative®| func-
tions f;(X;, y;) > 0. Node and edge feature functions are collected in the vector
f = (fi.f,...). The mappings i ~ X; for the random vector X = (X;)", and
y iy, foreach i € V are implicitly used in the notations.

The key concept of an iterative algorithm introduced by the authors is the a—
expansion of a labeling & € £" defined as follows. Any labeling can be regarded as
a node partition

Pe={Pe|Ee g}

such that P = {i € V | X; = &} where P; is a subset of V and Uge Pr = Py for
pairwise disjoint subsets P;.

Now, let a labeling & of V' in terms of an assignment to the variables in X de-
fine its corresponding partition J3;. Another partition ‘,]3;, of the nodes in V is

called an a—expansion of ¢ and correspondingly, labeling labeling & is called an
a—expansion of & if P, c P! such that for each label £ + « in £, P € Pe. In other

9This is not an additional restriction.
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words, any set of nodes can be relabeled to a within one expansion step[°| The
algorithm ExpaNsIoN_MOVER explained in the following uses this idea.

Algorithm 3.1: ExpansioNn_mMover(X, £,f,G(V,E))

lett <0
let & ¢ £1 # random initial labeling
let Co?* < C,(&,f)

ft+1<—argmin min C,(&,f) (1)
fee  Ee0a(d)

if C, (&, f) < Cort
do let Co#t — C, (", f)
then Y ’
lett <~ t+1
else exit
while true
return (&)

Starting with a random labeling £’ e £ of X, at each step ¢ the optimization
problem at line (1) in Algorithm [3.1]is solved. Q,(&') denotes the a—expansion
move space at step t and contains any labeling that can be reached within a sin-
gle a—expansion of &' as described above. The following theorem concerning the
approximation quality of Algorithm [3.1/can be deduced

Theorem 3. For the Potts labeling problem according to Equation (3.31), Algorithm
outputs a labeling & having cost satisfying the inequality

C,(&1) )

NG (3.32)

where & denotes the global minimum labeling,

Proof. The idea of the approximation bound proof is the construction of labeling
& from a local optimum labeling € and to compare their costs with these of the
optimal minimum cost of labeling &”. This certain construction yields the desired
comparison.

1°In the well known simulated annealing setting, this node subset corresponds to a single node.
Hence, simulated annealing is a special case of the proposed regime.
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In order to show the bound specified in Inequality (3.32) of Theorem[3|consider
a local minimum cost labeling &. Given this, a labeling " is constructed so that
& € 0, (&), ie. itis constructed by a single a—expansion move from & accordingly

« Ja ifiePy
& _{3 ifi¢pr, (3-33)

where it is assumed that P € B, i.e. 77* denotes the node subset labeled a within

the optimum labeling &”. In Equation (3.33) the node partition Pz induced by the

labeling Eis naturally assumed. Since labehng & is a local minimum it is valid to
presuppose for the respective cost

C,(&,f) < C, (&, 1). (3.34)

Let the following three portions of the overall cost of any labeling within the Potts
labeling problem be given

Co (X, £) = > upy - 60X X)) + Y, fi(Xiyi)
i< P
i,jePy

=0
Cg(X,f) = Z u{i,j} . 8(Xl', X])

(ijy<Ex(i<))

i€Py . j¢Py
Coua(X) = X gy 8(Xu X)) + 3 Fi(Xiyi)-
{aj}eE?;(*«j) i¢Py
NI

Then it is C, (X, f) = C{,(X,f) + C{(X,f) + CZ,, (X, f) and the three terms com-
pute the cost of nodes and edges in 73 (C¢,), the cost at boundary edges of subset
P, (C%) and the cost of nodes and edges outside of P, (CZ, ).

The proof proceeds in comparing these three terms concerning the labaliﬁs

& &, E and establishes the theorem above. The construction in Equation (3.33
implies C%,(&",f) = C, (& f). Plugging the two remaining terms into (3.34
yields the following for each « from £

C2 (&, 6) + CL(&.£) < C% (8. f) + CL (& £) (3.35)

since at each node outside of P; the labelings f“,/f\ coincide by construction. Even
more can be observed. Since for each node i € P} the labelings &”, & are equal,
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Ce (&%,£) = C2 (&,1) is valid for their corresponding cost portions. By compar-

int
ing the remaining boundary cost terms it is apparent

Cg(g,f) < Z u{i,j} = Cg(e*,f)
{i.j}eE.(i<))
i€Py L j¢Py

is valid since §(¢;,§;) = 1 for any edge in the boundary term of the optimum
labeling &*. But certainly, there can exist edges {i, j}, (i < j) at the a—boundary of

the local optimum € so that the relevant node ends are labeled alike, i.e. & ( £, € i) =
0. Putting the last statements into (3.35), yields

Co, (& £) + Co(E£) < C&, (&) + CL(E".1). (3.36)
Since for labeling/f e g

S e Ef) = > (& )

ael ieV
Y C (&) = 2. uuy - 8(EE), (3:372)
ael {i)jf}fE:f(*kj)

7

~

sum over boundary edges in £* but possibly with E ,-:f j in’f

it can be concluded that

Cy(f,f) + Z Ugi - 8(fi>£j) < Cy(f*af) + Z Ugijy (3-38)
{i,j}eE,(i<j) {i,j}eE,(i<j)
Gl Aty

by summing (3.36)) over each « in £. The factor 2 appears in (3.37a) because any

edge in C¢,, is counted twice in the summation[} Hence, it is valid to suppose that
2. uij <G8 1)
(h)<B (<))
&=
which together with Equality (3.38) completes the proof of Theorem [

“Consider e.g three pairwise disjoint node subsets P; , Pg, and Py, such that U; P;, = V with
£ ={&,&,, &} only joined by edges between them. The proposition follows by induction over the
number of labels of the corresponding node subsets.
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It remains to answer the question how the minimization problem at line (1)) in
Algorithm 3.1)can actually be solved. Flach (Flach2002) gives a notable suggestion
for the required solution based on the observation, that one a— expansion step can
in itself be encoded into a binary MinCost labeling problem. Indeed, it can be stated
as a regular one and thus is polynomially solvable according to section

Using definitions from the beginning of this section let the original graph G(V, E)
be given. Define a new binary label set B = {0,1} and construct a new graph G

with nodes V for a original labeling/f = (él, ces fn) e £"as
vz{’PHé;t(x} PécV.

Let |V| = m simplifying notations. The idea is to represent any labeling in the
a—expansion move space & € Q,(&) c £" by a corresponding binary labeling
v € B™. It is further based on the fact, that the cost variation from C,(&,f) to

C,(&,f) is independent from nodes and edges inside P, = V' \ V because the sub-
labeling at P, remains fixed under a—expansions.

The encoding is as follow. A 0-label in any binary labeling v € 8™ is encod-
ing, that the concerned node from V keeps its original label from & € £" in the
a—expanded labeling & € £". Conversely, a 1-label corresponds to a label-swapping

to « at the concerned node in the target labeling & given & In order to adapt the
node features for labelings v € B™ appropriately, the following is used

Fi(Wiy) =fi(Xy) + ) ]l{w:o} UL ieV,jePy
{i.j}eE,(i<j) '

where a mapping i + W, for new random variables W = (W;)", associated to
nodes in V is implied assuming original labelings & ,& € £ as described. The edge
cost uy; ;, originates from the original Potts labeling problem above. Apparently,
only edges between nodes in V construct the new edge set E of the graph G. The
edge features from Equation are suitably reassigned as

Py (W W) =Ty By (X6 X)) (i,j} € B, (i< j)sirjeV
but then we have

]e{i,j}(o’o) + f{i,j}(l’l) < %{i,j}(l’o) + ]z{i,j}(oal) {0,1} 5.
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Thus, the regular condition in Equation in Section 3.1.6]is fulfilled, i.e. a reg-
ular MinCost labeling problem solver can be applied | £| times in order to compute
a solution to the problem in line (i) of Algorithm

The results are generalized to the case of a truncated linear metric as edge feature
functions fy; ;y = min {M, |§; - &} - uy; ;) for finite label set £ c N (Veksler 1999).
Certainly, the Potts labeling problem can completely be modeled with the help of
these edge feature functions.

Corollary 2. For the truncated linear metric labeling problem, Algorithm[3.1loutputs
a labeling & having cost satisfying the inequality
CED)
C,(&.1) -

where & denotes the global minimum labeling and M denotes the truncation bound
within the linear metric.

2-M

3.3 Complexity considerations

In this section, some complexity considerations concerning the inference in condi-
tional random fields (CRFs) as they were defined in Section 2]are given. Generally,
the computational complexity of inference algorithms of CRFs is deduced by map-
ping a problem instance of the labeling problem given by a CRF into an equiva-
lent problem instance of an usually graph-theoretic problem whose computational
complexity is known. The discussed material is taken from Koller et al. (Koller and
Friedman 2009) but represents common knowledge from within the field.

3.3.1 The complexity of inference in CRFs

We show, that the complexity of computing the labeling of maximum probability
of the conditional probability according to Equation is N'P-hard. This is done
by a polynomial transformation of instances of the problem of finding the maxi-
mum clique of a graph G(V, E) into instances of the problem of computing the
labeling with maximum probability.

A clique is a complete subgraph of a graph, see Sectiono} A maximum clique is
a node subset of maximum cardinality - also called the clique number w(G) of the
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graph. The problem of finding w(G) and stating such a maximum clique is known
to be N'P-hard and it is called MaxCLIQUE.

It is clear that finding the labeling &* with maximum probability according to
Equation is equivalent to maximizing the score according to

&= argrznax E,(&w). (3.39)

Let an instance of MAXCLIQUE be given, that is a graph G(V, E) for which the
maximum clique has to be determined. V denotes the set of nodes, E the set of
edges of the input graph G. A new graph #(y, KC) is constructed as follows. Set
x = V and for the labeling problem use the label set £ = {0,1}. For the edge
set IC of H the set of edges of a completely connected graph on | V| nodes is taken.
Further, a mapping i — X; from nodes to binary variables is understood. A labeling
&=(&,&,...,¢,) € £ of nodes in y is paraphrased such that a node i is in the
maximum clique, if and only if its label &; € & is 1 and o otherwise. The following
edge features are defined in order to model the cliques

i (X X;) =0 {i,j} € E,{i,j} ek
Fri (X3 X;) = =00 - 1{Xi = X; = 1} {i,j} ¢ E.i,jey.

Furthermore, set w = 1 and define node features in such a way, that the number of
nodes in a clique € € V' can be counted, that is as follows:

fi(Xi) =X ieV.

It is reasonable to observe, that the value of the optimization problem of Equation
is finite, if and only if the labeling &” is a clique € of G(V, E). Furthermore,
this value is the number of nodes in €. Thus, the computation of the labeling with
maximum probability given the features in the above construction is equivalent to
solving the corresponding MAXCLIQUE problem. O

3.3.2 The complexity of the consistent labeling problem

A boolean formula is in conjunctive normal form (CNF) if it is a conjunction of
clauses, where a clause is a disjunction of boolean variables. The satisfiability prob-
lem asks for the computation of an assignment to the boolean variables that makes
the formula true, i.e. the value of the formula is 1. The problem 3-SAT is a sub-
problem in that each clause contains up to three boolean variables. 3-SAT is long
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known to be N'P-complete whereas the associated optimization problem of com-
puting an assignment that maximizes the number of satisfied clauses (that is, their
value is true given the assignment) is long known to be A/P-hard.

Any 3-SAT problem can be mapped into a consistent labeling problem with
ternary feature functions in polynomial time which proves the latter to be N'P-
hard (Rosenfeld, Hummel, and Zucker 1976)).

The consistent labeling problem in its most general form is defined in Equation
(3.14). Consider any boolean formula § = A €; in conjunctive normal form where
each clause €; depends on up to three boolean variables. The boolean variables
are from the family Q = (Z;)",. We set Q = T as defined in Section As
feature functions the clauses from the original 3-SAT are chosen, that is €; = §;.
Apparently, any consistent labeling of {{ according to Equation is a satisfying
assignment of variables from () within the 3-SAT problem and vice versa.
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Chapter 4

Parameter training

The CRF-models introduced in Section [2.1 contain a set of parameters which are
suitably adapted to a given selection of proteins. This process of parameter adap-
tion is called training or learning. In this chapter it is shown, how this process is
implemented without - as far as possible - manual intervention. The underlying
principles and approaches are discussed taken from Koller et al. (Koller and Fried-
man 2009) and Schlesinger et al. (Schlesinger and Hlavac 2002).

The inference algorithms theoretically established in former sections are re-
quired now as important components of the training. Generally it can be said,
that a search for a conditional log-linear distribution according to Equation (2.9)
is made such that the found distribution captures the variability of the present data
and in parallel, the chosen inference method given the trained distribution in terms
of a CRF-specification is able to solve the prediction problem of protein-protein in-
teraction sites such that the output coincides with labeled reference data.

4.1 Supervised training using Maximum-Likelihood
principle

The CRF-parameter weights corresponding to Equation are generally deter-
mined by an appropriate training scheme. Throughout this thesis the supervised
case is considered, where a labeled set of training data is available. The challenge
is then to learn these CRF-parameters, that optimize a given objective function
with respect to the labeled data. Traditionally, the objective is to maximize the log-
likelihood (ML) under the assumption of independent and identically distributed
training examples. Furthermore, this approach understands the observational data
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as having a high probability — an assumption that cannot always be satisfied nor
even be sufficiently proved. For this reason, another principle is proposed later in
this section.

4.11 Training weights using gradient-descent search

Consider Equations and having unknown parameters w according to
and assume an undirected graph 7(y, K). The idea of gradient-based itera-
tive methods is a Taylor expansion of the objective in which terms of higher order
are usually neglected for practical purposes. Well studied methods are the gradi-
ent descent method or the quasi-Newton method L-BFGS. The basic idea of gradi-
ent descent is to update the current estimated data point with the signed gradient
which points into the direction of the next local optimum. If it can be shown that
alocal optimum coincides with a global one the method of gradient descent solves
the problem. For the feature weights w the update rule is

w(t) = w1 ¢ oln Puo (xly)

FIeD) (4.1)

It is required to compute the signed gradient that — in our case - is the same as
to compute the parameters of a probability distribution having the maximum of
its log-conditional likelihood at the given training data. The real number { > 0
in Equation is usually called the learning rate of the search. Thus, assume
training data D = {(5(1),)/(1)), cees (f(”),y(/’))} is given containing p pairs of a
labeling &' and observation y(. The ML-principle determines model parameters
w* that maximize the conditional probability in with respect to the training
data D

L(w, D) =In [] Pu(x = £ | y®) (42)
1=1
w* = argmax L(w, D). (4.3)

Using the definition of labeling score of Equation and the definitions of node
and edge feature functions of and (2.3b)), for the application problem of in-
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teraction site prediction Equation, (4.2) can be reformulated as follows

P
w* =argmax )  InP(y = g0 |y
=1

w

_ TGN CED EDY (o
argmax y (37 f:i(& 7,y D) + Y Fup(57.87) - Inz(yW)

w 1=1 Liey {i,j}eK,(i<j)
(4.4)

In what follows, the notation w,, . is used to indicate that in training example /

the feature bin v is selected by having label &; at node i, whereas w denotes

{&D,E0y
that in training example / at edge {i, j} the label pair {{;, {;} is given. The maxi-
mization above is split into terms which are coupled by the partition sum. Taking
partial derivatives with respect to the weights and equating to zero, it follows:

ay’ In P, (£"]y0)

dw
0 & ;
=2 2 2 W oo (&) (452)
1=1 iey
K () 40
K {ij}elzC:(Kj) w0y Supaogn(8087)  (asb)

0 L
_ 9 0
Tw glnz(y )- (4.5¢)

Considering only the term in (4.5¢) and using the definition of the partition sum
from Equation (2.10)), the derivative yields

L1 0z(yW)
3 Z(yM)  dw

I=1

__ ZP: . D 0 (§w) LB Ew)
I=1 Z(y(l)) Eegn dw

P 0E. ..
oy y e ““ ") By & | 0. (4.6)
I=1 gegn

The remaining terms in Equations (4.5a) and (4.5b] are similarly handled. On plug-
ging in the definitions of node and edge feature functions as given by Equations
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and (2.6) into (4.5a), and using (4.6) yields:

P
O:z; éﬂ{v(lw,fg’)g} 1<v<B,Eel
p
- lz_; Z Z ]l{va):v,&:f} P(x=¢&1y") (4.72)
=1 geen iey
P
0= 1 ) / EL[Z
; {i,j}e%m) {e-e50-¢}) &)

P
ST T e PO (47b)

1=1 Eegn {i,jrek,(i<j)

Changing the summation sequence in each second term of (4.7a) and (4.7b), it
becomes apparent that these terms represent marginals. Furthermore, let the fol-

lowing positive integers be defined: cglg count the occurrences of feature bin v at
Q)
£

(&, &) in the training example I from data D'} whereas the numbers dilg and dé’lg),

stand for the same occurrences but within the summation for each labeling &’ in
£n given D. The following is concluded

nodes labeled & respectively ¢, ;, count the occurrences of edges being labeled with

P
0= IZ:; ; ]l{mzv,gl(l):f} 1<v<B, el
P
aR PR P(x=¢&1y")
l:l IEX E’EQ" v V)f! E
SO e ) 0
=2 e = 2 dyg P> ) [y 1) (4.82)
=1 I=1
P
_ ! 2
. {zaf}e%w) Heo-se0-e) (&8l

- 1 N P(x=¢&y")
T O T (2 0

ORI N
Cg)&—/ - lz:; d{,f’ : P(f:f) |)’ ) (48b)

M-

—
1l

1

"These numbers can be regarded as empirical averages over the training data.
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An appropriate learning scheme embedding Equations (4.8a)) and (4.8b) within an
iterative gradient-descent search is given in Algorithm [4.1] and that was actually
implemented in order to perform extensive experiments. The desired marginals
were estimated using the Belief Propagation?| implementation of the open-source
software library [ibDAI (Mooij|2010). Statements regarding the quality of the com-

Algorithm 4.1: GRADIENT_DESCENT(D, w(?))

# parameter training data D with |D| = p
# parameter vector w(®)
foreachle{1,...,p}

foreachve {1,2,...,8B}, e £

do {compute empirical statistics: ) (v, &)
for each (&, &) € £2

do {compute label-pair statistics ¢ (&, &)

t<0
repeat
for each (£, y0), 1€ {1,2,...,p}

1: estimate Py (v, &) | yD), Py (&, &) | y) using Belief Propagation
do | % compute the gradient according to and

3: update weight vector according to

g:t<—t+1
until [w() — w()| < ¢
return (w* = w(tD)

puted solution can be made corresponding to the following

Theorem 4. Every local maximum of the log-likelihood function L(w, D) as specified
in Equation is a global maximum.

The theorem is deduced with the help of Lemmalfi| Both statements are proven
by Koller et al. (Koller and Friedman |2009).

2see Section
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Lemma 1. In Z is convex.

If it were possible computing exactly the required marginals, it would be possi-
ble to specify a conditional log-linear distribution in terms of its CRF-parameters
to explain consistently the given training data D regarding the ML-principle. Since
this is not the case, it cannot be hoped to solve this computational challenge in its
general setting. Nevertheless, some approaches perhaps pointing into promising
directions to solve this problem are shown in Sections and[3.1.1

The results of Algorithm[4.1were not satisfactory in the performed experiments
of the present work. From the authors point of view the experiments with the
ML-principle failed because the estimated marginals were insufficiently precise.
The convergent of the training algorithm was very slow, the classification results
achieved with the trained values were unacceptable poor. Therefore, it was decided
not to pursue this approach further.

4.1.2 Initializing training algorithms

Although Algorithm [4.1 was finally not used, it is shown here, how it was usefully
initialized, this means, how the vector w(®) was chosen. The same approach was
used for another learning principle that were extensively applied in the work and
which is presented later in this section.

Let training data D = {(f(l),y(l)), cees (f(”),y(p))} be given. Consider the
class of distributions according to Equation but now with a label of each node
completely independent from labels of other nodes, that is the class of distributions
that is only specified by weights w, as in (2.4). Thus, the edge model is neglected
and the ML-principle simplifies to

p
w), = argmax In ] Py (x = g | y®) with
Wx I=1

Py, (x=§"1y") = [T exp i (X0 y"). (4.9)
i€y

Further, denote by ¢(V) (v, &) the relative frequencies of occurrences of bin v given
label £ in training example I. With these numbers and in order to explain the data
D by the simplified distribution class the above equation can be rewritten as

W) = argmax > ZP: Dy, &) - In IP’WX((V, &) |y) el (4.10)

Wy 1<v<B =1
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According to Lemma [2| historically attributed to Shannon the optimization prob-
lem in has a global optimum.

Lemma 2. Let 3; be non-negative numbers, i = 1,2,. .., m. The optimization prob-
lem
m
max Bi - In p;
(P1:p250spm) ; l 1

suchthat p;>0 and Y p;=1
i=1

Bi
sz:1 /3i’

has a unique solution given by p¥ = for each i.

The lemma is proven by using Lagrange multipliers and yields the following
solution

1o €D, 8)
Cicven Lo €D (v, 8)

wye=InPy ((v.€)|y) =In EcL,1<v<DB (411)

for each individual value in w,.

Applying this lemma to our setting of protein-protein interaction site predic-
tions, consider a variety of distributions of protein properties specified in Chap-
ters|2{and [s|and used to compute initial weights wg{o) in training algorithms of the
present work. In Figure [2.1 the estimated probabilities for the node feature
class “change in free energy” (AF) are shown estimated at the protein set called
PlaneDimer]

Figure|2.2illustrates two initial value distributions for the commonly used node
feature class “relative accessible surface area” that has been estimated at a reference
set of proteins published by Keskin et al. (Keskin et al. 2004) (Keskin list). It is in
accordance with the intuitive idea for this property that residues buried inside the
complex have with high probability very small RASA values. Hence, these residues
should be considered more likely to be non-interfaces. Unfortunately, and this is
remark is also based on intuition, residues having a high RASA-value are packed
with high probability on the surface of the protein complex but are not immedi-
ately an interface with a biological function or represent binding sites.

3Zellner et al. 2011,
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In Figure 4.1 two distributions are depicted estimated at a subset of the Keskin
list for a protein property kindly provided by Florian Heinke, FH Mittweidd? The
property is a special energy profile based only on the protein sequence and called
EPROS. This node feature class was developed to allow global conclusions about
protein families the considered protein complex belongs to, but the characteris-
tic provides a property value at each node. Hence, it is applicable to the interface
prediction problem and easily integrated in the presented CRF-framework.

sequential energy profile

interface
© non-interface

probability
0.15 0.20

0.10

0.05

0.00

Figure 4.1: Estimated probabilities of EPROS values. Note the diagram scale. Al-
most no differences can be found between the probabilities of interface values and
values of non-interfaces for proteins of the Keskin list.

Another protein property that was used in the experiments and for which the
initial distributions corresponding to Equation (4.11) have been estimated are given
in Figure Although the two value distributions display clearly separated peaks

4Personal communication German Conference on Bioinformatics, 2012 (Jena)
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— which could give a reasonable and intuitive value explanation for the data - in
real experiments it was not possible to gain enough advantages from this circum-
stance compared to the combination of other protein properties. The feature was
developed by Zellner et al. for usage within their PresCont server and is denoted
by rg. The probabilities have been estimated on the PlaneDimers training data.

4.2 Supervised training using Large-Margin princi-
ple

Revisiting the ML-principle Let’s consider again the ML-principle as stated in
Formula (4.2). This equation assumes among others, that the distribution on ob-
servation y is constant and further, that the same is true for the parameter vector
w. To show this explicitly, these assumptions are now dropped. Further, assume
an appropriate discretization of the parameter space from which w can be taken in
order to allow suitable optimizations with modern computers.

Consider the joint distribution P(&, y,w) =P(&| y,w) -P(y | w) - P(w) with
¢ the labeling of the graph (or equivalently, the value of the random vector X) as
defined in Chapter 2} with y the observation and w the parameters, the latter now
considered as a random variable too. The following is regarded as the “usual pre-
diction problem” Specify a Bayes’ decision which maps each observation y to a
decision & € £" in order to minimize the cost of a misclassification of the observa-
tion. The costs are given by an appropriate function ¢ which maps observations into
classes or as in the present case into labelings. For the prediction problem under
consideration, the set of decisions is the set of pairs (w, &). Thus, the computational
challenge is to solve the optimization

decision(y) := (w*, &) = argmin Z c(w, & w’,£') . ]P’(X = E',y,w’). (4.12)
w8 (w,&)

In Shlezinger (Shlezinger |2005) the usage of the cost function
c(w, &w, E') = ]l{w;t w’} B+ ]l{w: w’} C(E &) (4.13)

is suggested, where the real number & > 0 is constant and € (&, ¢’) denotes another,
yet unspecified cost function. Plugging this into Equation (4.12) yields

min - (1 P) + g 3 €68 P& | 5|
]
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4.2. SUPERVISED TRAINING USING LARGE-MARGIN PRINCIPLE

and it is concluded that the optimization can be split into two independent prob-
lems as

w* = argmax P(y | w) - P(w) (4.14a)
&= arg;nin Y e &) P(¢| y,w*). (4.14b)
7

If in Equation (4.14b)) the concerned distribution is parametrized by the vector w*
and a cost function as in (4.15)) is includedp|

¢ &) = 1{¢=+ &} (4.15)

then it follows:
w* = argmax P(y | w) (4.16a)
&= arglfnax IP’W*(E | y), (4.16b)

where P(w) is — corresponding to the introduction of this section - constant. Hence,
from the initial problem and providing the cost function the well known
prediction problem emerges in (4.16b). This is already based on a parameter vector

w* estimated using the ML-principle accordingly (4.16a).

Minimizing misclassifications concerning the training data: large-margin train-
ing principle In this paragraph a novel cost function is proposed, whose solution
becomes amenable by an algorithm according to Crammer et al. (Crammer, Mc-
donald, and Pereira 2005)) and called large-margin training principle. As shown
in the preceding paragraph, the implicitly used cost function leading to the ML-
principle can not be well justified. Here, an alternative cost function is proposed
having the advantage that structural properties of a training set are directly taken
into account in the parameter optimization.

Suppose a set of training data D = {(f(l), y), ..., (&P, y(#))} is given con-

taining p pairs of labelings £ and observations y(). This comes either from a
supervisor or was formerly labeled by another prediction method and is neverthe-
less considered as ground truth for the respective application. Lets introduce the
cost function

cp(&, ) = ]l{f €D, &+ f’}.

>This cost function yields the search for the maximum probability labeling as solution to the
prediction problem.

72



CHAPTER 4. PARAMETER TRAINING

Furthermore, assume the existence of a parameter vector w* simultaneously ful-
filling the p equations

E(i) = argmax ]P’w*(ﬂ y(i)), (f(i),y(i)) eD
3

determined in the training phase. Assuming again an appropriate discretization of
the parameter space from which w can be taken, define the following functional:

P . ,
w* = argmin Z Z cp(f(l), &) - Pw(f\ y(’)).
wooim
This is simplified into

w* = argmin ZP: > IP’W(£| y(i))

w i=1 £¢§(i)

P : .
= argmax »_ IF’W(E(') | y@).
W iml
Equivalently and in accordance with the above assumption, it is valid to write using
the optimum vector w*

2P (87 150)> 30 ¥ P (] 517).
i=1 i=l g gD
Further, using the definition of the log-linear distribution P in Equation and

a similar hyperplane argument as given in Section[3.1.3} a linear optimization prob-
lem can be stated that contains p - (|£|" - 1) inequalities

compute: w (f(i)a)’(i)) €D

suchthat: By (§7,w) > (D) - Eyo(Bw) &2 80, (D) <<1. 7

with #(D) € R. Crammer et al. (Crammer, Mcdonald, and Pereira 2005) and
Bernal et al. (Bernal et al. 2007) call the optimization in the large-margin
training principle. Its solution is stepwise calculated by the online large-margin al-
gorithm (OLM) given the training data D. According to Freund et al. (Freund
and Schapire 1999)), it is a reinvention of the historically well known Perceptron
algorithni’| due to Rosenblatt.

The perceptron algorithm constructs a single hyperplane allowing the separation of an un-
structured point cloud into multiple classes in terms of a distance metric.
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4.2. SUPERVISED TRAINING USING LARGE-MARGIN PRINCIPLE

The OLM iteratively updates the weight vector w at iterations i = 1,2,...,p
based on the (approximate) maximum probability labeling " that the inference
algorithm outputs for training data y() and the - possibly different - training la-

beling g9 This update is computed according to the solution of the following
optimization problem

L~ wl, > min
‘ . (4.18)
such that Ey(i) (E(l),w') - Ey(i)(f*,wl) 2 ]L(f*, f(l)).

IL > 0 is a loss-function determining how strongly the prediction labeling &* de-
viates from training labeling . If £ = &7, then I(¢*, &™) = 0 and the weight
vector remains unchanged: w’ := w. If £ # f(i), then the new weight vector w’ is
chosen such that with these new parameters the score of the training labeling & @)

is larger than the score of the labeling & by a margin of L(¢*, &) > 0. Among
all new weight vectors that margin w’ is chosen which minimizes the Euclidean
distance to the old weight vector w.

The problem is solved either by means of Lagrangian multipliers or based
on geometrical considerations regarding the involved affine subspaces and has so-
lution

w=w+F(ED, &, w) (4.19)
with

A=Ey o (E7,w) - E 0 (§,w),

4 * gDy _
g(f(z)’é«*,w) _ L(£ )£ ) A . a_A

FriP dw

This formula is applied in Algorithm 4.1 enriched with a real parameter 7 > 0 -
inspired by the perceptron - the so-called learning rate and so that w' = w + 7 -
3(& 0 g, w). The algorithm is initialized with the weight vector w(®) as specified
in Section based on reasonable feature functions used in the experiments.

74



CHAPTER 4. PARAMETER TRAINING

Algorithm 4.1: OLM(M, w(®)

# The training data M and the vector w) are parameters of the algorithm.
initialize: v < o, w < w(®)

for each (§7, yD)e M, i=1,2,...,|M]|
& < argmax Pw(f | y("))
4

if £+ &9
do
use Equation to obtain w' using L := max {a - FP + FN, 0}
then (v« v+w
W< w
w<v/p
return (w)

The notation P, in Algorithm |4.1explicitly shows the dependency of the con-
ditional probability IP)W(E | y(")) on the model parameters w. Specifically, the im-
plemented loss function I has the specified form where FP is the number of false
positives (residues incorrectly labeled as interfaces) and FN is number of false neg-
atives (residues incorrectly labeled as non-interfaces). The scalar « fine-tunes the
adaptation of the model parameters.

Several “weighted versions” of Algorithm|[4.1]are conceivable, that is in advance
each training instance is assigned to a particular weight. The weight embodies the
importance of each instance within the search for the optimum parameter vector.
The implemented weighting according to Algorithm |4.2| gave the best results. It
assigns highest priority to training instances leading to misclassifications.
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Algorithm 4.2: WEIGHTED_OLM(M, wy)

initialize: v < 0, W < Wy, k < 0

for each (¢, y(D) e M, i=1,2,...,|M|
& < argmax P, (& y())
4

if & ¢ &0
do - . .
use Equation to obtain w'.
V< v+w
then ,
W W
k<k+1
ifk>0
thenw < v/k
return (w)

In accordance with Zellner et al. (Zellner et al. 2011) and Li et al. (Li et al. 2007),
for training a 2-fold cross-validation is applied, but in contrast to these authors a
third separate houldout set is used avoiding explicitly any dependency of the final
prediction results from the training data. That is, the training data D is split into
three pairwise disjoint subsets D;, D, and D; and keep D; as the unique holdout
set. The model parameters w are then improved with D; and D, using Algorithm
. That means, firstly it is trained on D, and evaluated on the subset D,.
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Algorithm 4.3: TRAINING(M;, M)

procedure EVALUATE( M, w)
initialize: L' < 0
foreach (&,y,)e M, i=1,2,...,|M|
§ < argmax Py (& | yi)
¢

do n; < number of nodes in graph ‘H,;

L'« L'+ L(&, &)/n;
return (L'/|M])

# The data sets M, and M, are parameters of the following procedure.
initialize: (L*,w*) < (00,1), (L, Lyres W) < (0,0,1)
repeat

w < OLM(M;,w)

L < EVALUATE(M,, w)

if L<L*

Lpre «~ L*
then {(L*,W*) < (L,w)

until L, —L*|<e
return (L*, w*)

This process runs until no further improvement of the average relative loss L*
of Algorithm |4.3[can be achieved. That means, the algorithm runs until consecu-
tive training steps yield a difference of the respective relative losses which is smaller
than a predefined e. D, and D, are then interchanged and the process is repeated.
Those model parameters are retained that achieve the smallest relative loss as spec-

ified in Algorithm (4.4).
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Algorithm 4.4: SELECT_PARAMETERS(D), D,)

(L1, wy) < TRAINING(Dy, D)
(L, w;) < TRAINING(D,, D))
ifL, <L,

then return (w;)

else return (w;)

At the end of the process, the selected model parameters are evaluated on the
holdout set D;. As an example, consider the data set PlaneDimers that contains 128
protein chains from homodimer complexes (Zellner et al. |2011). Randomly are 32
different proteins assigned to each subset D, and D, and the remaining 64 proteins
are included in the holdout Ds.

78



Chapter 5

Results

In this chapter the accuracy of our implemented CRF-model - denoted by AF-
CREF- is evaluated. In order to do so, two published sets of proteins are used having
known protein-protein interaction interfaces or equivalently known binding sites.
The achieved results of AF-CRF were compared to the output of other methods
with respect to the protein data cited in the corresponding publications. Addition-
ally, we generated reference labelings by adopting the publication-matching det-
inition of a protein-protein interaction site keeping comparability to the original
papers.

The results are compared to these of Li et al. (Li et al. 2007) who also used a CRF,
but in contrast to our general graphical model, incorporates only a linear chain of
nodes. Either methods — AF-CRF and the method of Li et al. — were evaluated on a
set of homo- and heterodimers by Keskin et al. (Keskin et al. 2004) termed Keskin
list. Further, AF-CRF was evaluated on the homodimer set PlaneDimers compiled
by Zellner et al. (Zellner et al. |2011). We compared our results with these of the
PresCont server (Zellner et al. 2011). In that process, we do not make a distinction
between cases where two proteins interact and constitute an interface, from cases
with more than two proteins involved. These aspects are expected to be incorpo-
rated into CRF-models, but are left aside in the present work.

For the Keskin list only the feature class RASA is used. On the PlaneDimers data
set RASA and the newly proposed feature class AF are simultaneously used. On
both data sets also the edge feature class from Equation is incorporated in the
model. In each experiment, the Belief Propagation implementation of the open-
source software library libDAI (Mooij 2010) was used computing the maximum
probability labeling.
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5.1 Comparison to linear-chain CRF using Keskin list

Here, the influence of the edge inclusion radius § according to Equation on
the prediction performance is examined. The prediction results of the AF-CRF are
compared with these of Li et al. (Li et al. 2007) using the Keskin list data set. This
redundancy-free set of homo- and heterodimers includes 1276 protein chains with
a broad variety of biological functionality. On this data set the following definition
of interface residues is used computing the reference labelings:

Definition. An inter-facial contact of a residue on a chain exists, if the C* atom of
this residue is at a distance of at most 5 A from the C* atom from a partner chain.

The absolute numbers describing the reference labelings in the Keskin list are
given in Table

Chains residues actual positives (AP)

1276 312 858 56 831

Table 5.1: Summary of data from Keskin list where 18.2% residues are labeled 7 and
that are considered as ground truth interaction interface residues

Based on a 2-fold cross-validation with separate holdout set in accordance with
Section |4}, the performance measures specificity and sensitivity as functions of §
were computed and are shown in Table|s.2| These measures are defined as follows

specificity := TN/(TN + FP)
sensitivity := TP/(TP + FN)

such that
TP is the number of true positives that are correctly Z-labeled residues
TN is the number of true negatives that are correctly NV-labeled residues

FP is the number of false positives that are incorrectly Z-labeled residues and
which actually are \V-labelled in the ground truth]

FN is the number of false negatives that are incorrectly N -labeled residues and
which actually are Z-labelled in the ground truth.

'Ground truth and reference data are interchangeably used.
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The actual positives are defined as
AP :=TP +FN

and, using the notation AN for the actual \-labeled resides in the reference data
AN :=TN + FP.

Usually, sensitivity is synonymously denoted with Recall or true positive rate (TPR)
while the false positive rate (FPR) is defined by

FPR := 1 - specificity = FP/AN.

For § = 0 no edges are included in the model graph #, not even the backbone
edges. The model parameters are trained for each § separately.

Li et al. use a linear-chain CRF considering only the edges along the backbone
and integrate the feature RASA. In contrast, we use a general graphical model not
constrained to edges along the backbone but we equivalently use the node feature
RASA. Additionally, Li et al. apply a simple edge feature in order to “smooth the
label assignment of neighboring nodes” coinciding with our edge feature according
to Equation although it remains unclear if parameter tying was used by Li et
al. . The training methods are completely different.

The performance measures for the method of Li et al. were calculated by com-
paring the original output data downloaded from their websitef| to our reference
labelings.

8 [A]  specificity sensitivity

0.0 0.822 0.389
3.0 0.838 0.528
6.5 0.867 0.479
9.0 0.885 0.421
11.0 0.910 0.403
Li et al. 0.863 0.395

Table 5.2: Performance on the Keskin list. The accuracy of AF-CRF as a function of
the edge inclusion radius accordingly Equation is shown.

The performance measures of individual proteins can considerably vary from
the average values. As an example consider Figure[s.1 The performance measures

*http://www.insun.hit.edu.cn/~mhli/site_CRFs/index.html
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for each protein taken from the Keskin list and labeled by the Li et al. method are
plotted. As it can be seen, proteins with an almost exact prediction of their in-
teraction interface are included together with proteins where the method almost
completely fails.

1.0

0.6 0.8

True Positive Rate (Lieval.plot-li)
0.4
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0.0
|
H
'

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

False Positive Rate (Lieval.plot-Ii)

Figure 5.1: Receiver operator characteristic of Li et al. for the Keskin list indicated
for each protein. The green dot indicates the average from Table[s.2{ (bottom). The
black dots are the performance measures of each individual protein of the Keskin
list. The diagonal indicates the performance of a “random guess predictor” assign-
ing labels from {Z, '} uniformly at random to each residue.

Based on the plot, two further performance measures intentionally called vari-
ance in specificity and variance in sensitivity can be more expressive and are sug-
gested here although the rather unintuitive — in terms of value interpretation -
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correlation coefficient is defined by Li et al. (Li et al.|2007) as

C o TP x TN — FP x FN
/(TP + EN)(TP + FP)(IN + FP) (TN + FN)

As an example, consider Figure|s.2]
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Figure 5.2: Performance values of AF-CRF for each protein from the Keskin list with
8 = 0A. The results for each protein (black dot) are densely centered on the average
indicated by the green dot. Results of Li et al. are drawn as red triangle. The values

in brackets indicate in order of appearance: (FPR, TPR / IER) for each method.

where the performances for each protein form a denser cloud around the cen-

ter. Thus, from the author’s point of view, these represent better prediction results
although the averages given in the plot are almost equal.
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In Figure[s.3|the performance measures for each protein are plotted for the case
of an edge inclusion radius of § = 3A.
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Figure 5.3: Performances (black dots) for each protein of the AF-CRF method at
averages (0.838,0.528) from Table and 8 = 3A. Results of Li et al. are drawn as
red triangle. The value in brackets are (FPR, TPR).

In Figure5.4| the performance measure for each protein is plotted for the case
8 = 11A. Increasing & - and hence the number of edges in the graph - means
that fewer independence assumptions are made in the undirected graphical model
that a CRF constitutes. In the extreme case § = 0, the labels of all residues are
independent random variables. In the special case used by Li et al. , the graph
contains an edge between two residues if and only if they are immediate neighbors
in the sequence. In actual interfaces, however, such independence is not given
because interfaces often form “patches” on the surface, where interface residues
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are close that are not neighbors in sequence.

o
2 .
. $ o3
: S
.
¥ oo |°
‘I— o
o
<
—
|
|
[Tel
9 e |
Lo o *
o .
I &
(:I. . _-'
o ) :
g o N
) A
< -
2
l;c_s-) HCIEN
S S ¢t Liet (0.137,0.395/2.883)
= Smes
[ S
ko 30 -
Y
o &
o {
2
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

False Positive Rate (2012-05-25--11.0-rxx)

Figure 5.4: Performances for each protein of the AF-CRF method at averages
(0.910,0.403) from Table 5.2l and & = 11A. Again, results of Li et al. are drawn
as red triangle. The values in brackets are: (FPR, TPR / 1ER). It can be deduced,
performances for individual proteins can considerably vary from the method av-
erage.

For edge inclusion radii 6.5A, 9A and 11A our general CRF has both higher
specificity and higher sensitivity than the method of Li et al. , which also includes
the RASA features. A possible explanation for the increased performance of AF-
CREF is therefore the inclusion of additional edges in the conditional independence
graph.

5.2 Comparison to PresCont using PlaneDimers

The results of the AF-CRF are further compared with the results of the PresCont
server using the PlaneDimers of Zellner et al. . Additionally to RASA, AF-CRF in-
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cludes the node features class AF modeled with 7 = 20 bins per label, see Chapter
Ll for definitions.

The bin number 7 was heuristically chosen as follows. Let a reference set of
proteins be given. Start with 7 = 1. Then, the performance of a simple threshold
predictor assigning labels to nodes independent from other labels and based on the
distribution according to Equation using

& =argmax Py (X; =& y) iey
Eeg

is evaluated. In order to do so, the performance measures (FPR, TPR) considered
as a point in the plane as in Section [5.1}are computed. Further, the bin number is
incremented and the process repeated. Finally, the bin number 7 corresponding
to performance measures with smallest distance to the point (FPR, TPR) = (0,1)
is taken. The reference labelings were computed using a definition for interface
residues that is in accordance with Keskin et al. .

Definition. A residue constitutes an interface residue, if there exists at least one atom
of this residue which has a van-der-Waals-sphere at a distance of at most 0.5A from
the van-der-Waals-sphere to any atom from a partner chain residue. The van-der-
Waals-sphere is an imaginary sphere around the mass center of an atom having a
radius equal to the length of the associated van-der-Waals-force between concerned
atoms. “The van-der-Waals-force is a weak attractive force between atoms caused
by an instantaneous dipole moment of one atom inducing a similar temporary dipole
moment in adjacent atoms |

The edge inclusion radius 8 has been manually fixed to 9A throughout these
experiments. As target proteins, the set PlaneDimers is selected whose summary is

Chains residues AP
128 31001 3597

Table 5.3: Summary of PlaneDimers data.

shown in Table[s.3} This benchmark of proteins was compiled by Zellner ef al. sur-
veying particularly “canonical” interfaces. The authors removed complexes from
the Keskin list

1. if one partner contains less than 100 residues,

3Science Dictionary, 2014
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Figure 5.5: The AF-CRF (blue) dominates the PresCont method (green) up to a
false positive rate of about 50% for the PlaneDimers data. From the point (0.7,1.0)
PresCont and AF-CRF have comparable performances.

2. if the interface covers an area smaller than 1000A2,

3. if the protein has either an intertwining or a “rough’, i.e. a non-planar in-
terface according to Equation (5) of Zellner et al. and associated commen

and

4. if a multiple sequence alignment with at least 100 sequences is not available
for the concerned protein.

The results are presented in Figure 5.5/ and Table The receiver operating char-

4If more than 60% of the residues belonging to the interface had a distance dist pjay. of at most 64,
the interface was classified as planar.
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acteristic (ROC) of PresContf| was generated by comparing the results of PresCont
with our reference labelings where a certain specified threshold of the PresCont
method varied in [0.0,1.0].

Method area under curve (AUC)

AF-CRF 0.885
PresCont 0.842

Table 5.4: AUC results for the two methods. AF-CRF includes the node feature
classes RASA and AF.

Specifically, the AF-CRF surpasses the PresCont up to a FPR of about 50%.

In contrast to the PresCont method the AF-CRF does not require a multiple
sequence alignment. Moreover, the AF-CRF makes no planarity assumption about
protein surfaces. The ROC of AF-CRF was plotted by varying the scalar & within
the interval [-2,2] in Algorithm (4.1). As a post-processing step to the inference
algorithm, residues are filtered as non-interfaces if the corresponding RASA values
are less or equal to 5% (Porollo and Meller 2007).

5.3 Assessing the performance of feature combinations

In this section, the procedure is discussed how the most promising feature com-
bination predicting interaction interfaces using the PlaneDimers data was deter-
mined.

Basically, a brute force approach was taken, that is program configurations were
generated containing invocations of the AF-CRF program such that each possible
feature class combination provided by the implementationf| were taken into ac-
count.

In particular, each of the following figures were generated using the procedure
defined in Sections|5.2]and [4.2] So, each point at a ROC curve was isolated trained
given a feature combination, an edge inclusion radius § and fixing the parameter «
in Algorithm/[4.1} The range of the parameter « was reduced to a third of its original
range in order to reduce the overall required experimentation time. After training,

>Experiments with the PresCont server were accomplished by Keyu Wang and the results thereof
are provided on his permission.
®The implementation of the AF-CRF is available at http://bioinf .uni-greifswald.de/

ppi.
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the performance was then assessed using the separate holdout set following the
procedure specified at the end of Section

By examining the results, the feature combination together with the chosen
edge inclusion radius & outperforming the others was used generating a final ROC
curve as specified in Section To select the final parameter set, the criterion
discussed at the beginning of Section [5.2]- selecting the bin number 7 - was used,
together with the heuristic of extending linearly partial ROC curves by using the
last curve slop where it were broken up. The latter is justified only by the simplicity
of this procedure.

In Figure[5.6]performance measures of different combinations using always the
feature classes AF and rg as defined in Section |2{are shown. The numbers in the
plot designate the chosen edge inclusion radii, 11A and 14A. The used feature class
combinations are repeated in Table

8[A] Feature class combination

11 rg, AF

14 rg, AF, RASA, EPROS, nobin
14 rg, AF, RASA, EPROS

14 rg, AF, RASA

14 rg, AF

Table s5.5: Feature class combination in order of their appearance in Figure
nobin denotes a program invocation setting the number of bins - as defined in

Equations (2.3a)),(2.6)) - for each feature class and label to 1.

where nobin denotes a program invocation which sets the number of bins - as
defined in Equations (2.3a)),(2.6)) - for each feature class and label to 1. Surprisingly,
starting approximately with point (0.14,0.65) this feature configuration slightly
outperforms the others. This might indicate that node features contribute differ-
ently given distinct parameter settings or vanishing influence as parameters are
varied. This observation was not further examined. A similar set of experiments is
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Figure 5.6: Assessing the performance improvement by combining feature classes

AF and rg with others.

depicted in Figure 5.7, but the feature class rg is combined with others.

5[A]

Feature class combination

14
14
11
11

rg, AF
rg, RASA
rg, AF
rg, RASA

Table 5.6: Feature class combination and edge inclusion radii in order of their ap-

pearance in Figure

The actual feature class combination together with the chosen edge inclusion
radii are given in Table|5.6] Clearly, the performance measures become better with
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growing 0 value given a fixed feature combination. In Figure|s.8|the performance
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Figure 5.7: Comparing performance values on combining feature class rg with oth-
ers.

values of different combinations of feature classes as defined in Section[2lare shown

in comparison to the results of PresCont using PlaneDimers. The numbers in the
plot designate the edge inclusion radius in this case fixed to 14A. The feature class

91



5.3. ASSESSING THE PERFORMANCE OF FEATURE COMBINATIONS

combinations are repeated in Table

Feature class combination

RASA, AF
rg, RASA

g

rg, AF

rg, RASA, AF
RASA

Table 5.7: Feature class combination in order of their appearance in Figure

As it can be deduced from Figure[5.8} the experiments revealed the superior fea-
ture combination RASA and AF which were then used for a complete benchmark
test using the PlaneDimers data.

o |
-
@ ]
o
© ]
o
14.0, RASA+DF
@
a
'_
I - 14.0, rg+DF
14.0, rg+RASA+DF
N
S PresCont
o ]
o
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

FPR (2013-05-24)

Figure 5.8: Partial ROC curves of various feature combinations used in AF-
CRF compared to the results of PresCont.
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Chapter 6

Conclusion and Discussion

The original purpose of this work is the prediction of residues in a protein that
most likely participate in spatial protein-protein interactions which are of major
interest to a large number of scientific disciplines. It is postulated that far-reaching
understanding of the mechanisms underlying protein-protein interactions might
grow from a sound and reliable knowledge of these residues forming the so-called
interface.

In the absence of direct measurements of interface residues which can be re-
garded acceptable in terms of time and cost, indirect measurements using methods
that are well-designed software frameworks and which are able to incorporate sig-
nals deduced from a broad range of fields such as geometry, sequence conservation
or spatial structure - to mention just a few — are methods of choice.

The proposed CRF model and its implementation called AF-CRF represent
such a software-based, modularized framework and is able to efficiently combine
different observations and signals that might come from highly correlated sources.
It is shown, that method and implementation achieve more accurate results than
the PresCont server of Zellner et al. Zellner et al. 2011/ in terms of area under the
ROC which is considered as a state-of-the-art method. The results are better, if a
low false positive rate is desired. PresCont assumes proteins with a plane surface
and requires a multiple sequence alignment. Hence, AF-CRF is easier to use since
it has fewer restrictions in terms of data prerequisites. AF-CRF only uses one free
parameter to model spatial dependence.

It is shown that considering more edges in the graph than just the edges along
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the backbone increases accuracy. The optimum maximal distance between two
residues in order to be connected by an edge is around 9A in which case there are
roughly five times as many edges in the graph compared to the edges in the linear-
chain induced by the backbone.

AF-CREF performs better than the linear-chain CRF by Li et al. (Li et al. 2007)
on a broad set of proteins. The results show, that the number of edges in a graphical
model has an essential influence on the prediction performance and that detailed
modeling of the dependency structure between residues lead to increased perfor-
mance even when simple existing features such as RASA alone are used. In the fu-
ture, models with additional prior knowledge e.g. on the shape of protein-protein
interfaces or the protein itself might increase accuracy, but then the demand for a
meaningful training method having theoretically sound justification remains.

Training and refining the models Based on these considerations, it is suggested
to examine the training methods further. In this work, a Large-Margin princi-
ple is proposed estimating the parameters of the CRF model practically done by
the online large-margin algorithm and that indeed showed superior results com-
pared to the traditionally used maximum likelihood principle. Nevertheless, a lot
of manual parameter selections remain - e.g. the construction of the model graph
H(x, K) - which might point into the direction of using models that are able to
incorporate probabilistic setting at one hand but that are in turn able to encode
non-probabilistic considerations. Furthermore, it is reasonable to restrict the set
of labelings used within the CRF models by excluding subsets of them. Elegantly,
this should be explicitly achieved in the training phase, not by manual decision as
proposed e.g. in the sections specifying exact methods computing the maximum
probability labeling or the partition sum.
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