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Introduction
Today the process of improving technology and software allows to create, save and
explore massive data sets in little time. "Big Data" are everywhere such as in social
networks, meteorology, customers’ behaviour – and in biology. The Omics research
ﬁeld, standing for the organism-wide data exploration and analysis, is an example
of biological research that has to deal with "Big Data" challenges. Possible challenges are for instance eﬃcient storage and cataloguing of the data sets and ﬁnally
the qualitative analysis and exploration of the information. In the last decade largescale genome-wide association studies and high-throughput techniques became more
eﬃcient, more proﬁtable and less expensive. As a consequence of this rapid development, it is easier to gather massive amounts of genomic and proteomic data. However,
these data need to get evaluated, analysed and explored. Typical questions that arise
in this context include: which genes are active under several physical states, which
proteins and metabolites are available, which organisms or cell types are similar or
diﬀerent in their enzymes’ or genes’ behaviour. For this reason and because a scientist
of any "Big Data" research ﬁeld wants to see the data, there is an increasing need of
clear, intuitively understandable and recognizable visualization to explore the data
and conﬁrm thesis.
One way to get an overview of the data sets is to cluster it. Taxonomic trees and
functional classiﬁcation schemes are hierarchical structures used by biologists to organize the available biological knowledge in a systematic and computer readable
way (such as KEGG, GO and FUNCAT). For example, proteins and genes could be
clustered according to their function in an organism. These hierarchies tend to be
rather complex, and many comprise thousands of biological entities. One approach
for a space-ﬁlling visualization of these hierarchical structured data sets is a treemap.
Existing algorithms for producing treemaps struggle with large data sets and have
several other problems.
This thesis addresses some of these problems and is structured as follows. After a
short review of the basic concepts from graph theory some commonly used types
of treemaps and a classiﬁcation of treemaps according to information visualization
aspects is presented in the ﬁrst chapter of this thesis. The second chapter of this
thesis provides several methods to improve treemap constructions. In certain applications the researcher wants to know, how the entities in a hierarchical structure are
related to each other (such as enzymes in a metabolic pathway). Therefore in the
3

third chapter of this thesis, the focus is on the construction of a suitable layout overlaying an existing treemap. This gives rise to optimization problems on geometric
graphs. In addition, from a practical point of view, options for enhancing the display
of the computed layout are explored to help the user perform typical tasks in this
context more eﬃciently. One important aspect of the problems on geometric graphs
considered in the third chapter of the thesis is that crossings of edges in a network
structure are to be minimized while certain other properties such as connectedness
are maintained. Motivated by this, in the fourth chapter of this thesis, related combinatorial and computational problems are explored from a more theoretical point of
view. In particular some light is shed on properties of crossing-free spanning trees in
geometric graphs.

4

Chapter 1
Background
1.1
1.1.1

Graph Theory
Basic Notation

For deﬁning graphs the usual deﬁnitions are used from graph theory literature (see,
e.g. [1, 2]).
Definition 1.1 (Graph)
A graph G = (V, E) consists a ﬁnite nonempty set V =: nodes(G) of vertices and a

ﬁnite set edges(G) := E ⊆ V2 of edges (cf. Figure 1.1(a)).

The order of a graph G = (V, E) is the number of vertices |V |; the size is the number
of edges |E|. An edge e = {u, v} is said to be incident with u and v and the vertices
are said to be adjacent. The degree of a vertex v in a graph is the number of its
incident edges, that is deg(v) := |{v, w} ∈ E : w ∈ V \ {v}|. In the context of this
thesis a graph G = (V, E) is an undirected graph.
Given a graph G = (V, E), each vertex and each edge may have speciﬁc graph attributes. To a given vertex v ∈ V can be assigned a positive real-valued weight
weight(v). If nothing else is mentioned, the weight of an edge and of a vertex is
always 1.
Let G = (V, E) be a graph, and let W ⊆ V be a set of vertices. A graph G∗ = (W, S)
is a subgraph of G if S ⊆ E (cf. Figure 1.1(b)). The subgraph of G induced by W is
the graph (W, E ∩ W2 ) (cf. Figure 1.1(c)).

5

(a) a graph G

(b) a subgraph
G′

(c) an induced
subgraph G∗

Figure 1.1: Subgraph: (a) shows a graph G = (V, E). The vertices are displayed
as disks and the edges of G are displayed as straight line segments. A set of vertices
W is marked with ﬁlled black disks. A subgraph G′ = (W, S) is shown in (b). All
edges that are incident to the
 vertices of W in G have to be added to get an induced
subgraph G∗ = (W, E ∩ W2 ).

1.1.2

Special Graphs

The focus of this thesis is on special graphs with speciﬁc graph attributes like paths,
trees and geometric graphs. These kind of graphs are deﬁned below.
A graph G = (V, E) is said to be a complete graph if {v, w} ∈ E for all u, v ∈ V with
u 6= v. The complete graph with order n is denoted by Kn .
Walks, Trails and Paths
Given a graph G = (V, E) a walk from a vertex v = v1 to vertex w = vj is an
alternating sequence
[v, e2 , v2 , e3 , . . . , vj−1 , ej , w]
of vertices and edges in the graph, such that ek = {vk−1 , vk } for k = 2, . . . , j. A trail
is a walk with no repeating edges and a path is a trail with no repeating vertices. The
length of a walk is the number of edges in the sequence. A walk is closed if v = w.
A cycle is a closed trail of length at least 1.
A graph G = (V, E) is connected if for every pair of vertices u, w ∈ V , there is a walk
between v and w. A component of a graph G is a connected subgraph of G which is
not properly contained in any other connected subgraph of G.
Geometric Graphs
Definition 1.2
A geometric graph G = (V, E) is a graph whose vertices are points in the plane.
Two distinct edges {u1 , v1 } and {u2 , v2 } in such a geometric graph cross if the straight
line segments u1 v1 and u2 v2 have a point in common that is not an endpoint of both
6

Figure 1.2: A geometric graph G = (V, E). The vertices are points in the plane
and the edges are straight line segments. The orange edges cross each other. The
crossing number of G is cross(G) = 2.
edges. The number cross(G) is the number of pairwise edge crossings in G. A
geometric graph is crossing-free if it does not contain any crossing edges.
Trees
Definition 1.3 (Tree)
A connected graph T = (V, E, ρ) is said to be a rooted tree if it has no cycles and
there is a distinguished vertex ρ ∈ V , called the root of the tree and denoted by
root(T ) .
Given a rooted tree T = (V, E, ρ) the level of a vertex v ∈ V , denoted by level (v), is
the length of the unique path from the root to the vertex v. The depth of the tree T
is the maximum among the levels of all vertices v ∈ V . Vertex v ∈ V is said to be the
parent of a vertex u ∈ V , denoted by parent(u), if {v, u} ∈ E and level (v) < level (u)
and, in such a case, vertex u is said to be a child of vertex v. Let children(v) be
the set of vertices, that have v as their parent. A vertex without children is called a
leaf of the tree. Let leaves(T ) be the set of all leaf vertices of T . If the root is not
important, it will be omitted and T = (V, E) will simply be called a tree.
Let T = (V, E, ρ) be a rooted tree. For each vertex v of T we denote by Tv the
induced subtree formed by those vertices u for which the unique path from u to
root(T ) passes through v. A subgraph G∗ = (W, S) of a graph G = (V, E) is a
spanning tree if W = V, S ⊆ E and (W, S) is a tree.
The next sections give an overview how a tree can be represented by a so-called
treemap.
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1.2

Treemaps

Treemaps are a way to display hierarchical (tree-structured) data as a set of nested
regions. Each sub-tree of the tree is represented by a region, which is then tiled
with smaller regions representing sub-branches. A leaf vertex’s region has an area
proportional to a speciﬁed dimension of the data. Often the leaf vertices are coloured
or have a predeﬁned weight to show a separate dimension of the data.

1.2.1

Definition and Construction

Formally a treemap is deﬁned as follows:
Definition 1.4 (Treemap)
A treemap is a map Tmap that assigns to every vertex v of a rooted tree T = (V, E, ρ)
a subset Tmap (v) of the Euclidean plane R2 with
[
Tmap (v) =
Tmap (u)
u∈children(v)

for all non-leaf vertices v ∈ V where Tmap (u1 ) and Tmap (u2 ) are disjoint for all u1 , u2 ∈
children(v). (cf. Figure 1.4(b)-(d)).
In addition, (for a given weight function) the equation
area(Tmap (u)) · weight(v) = area(Tmap (v)) · weight(u)
must hold for all non-leaf vertices v ∈ V and all u ∈ children(v), where the area of a
region R ⊆ R2 is denoted as area(R). It is the fraction of the area of Tmap (v) occupied
by the region Tmap (u) for any child u of v reﬂecting the ratio between the weights of
u and v. Note that in many applications also the region Tmap (ρ) is given as a part of
the input.
A quality measure of treemaps is the aspect ratio, which is deﬁned as the maximal
ratio between the width and the height of the bounding box of a region R (that is the
smallest axis parallel rectangle containing R). Let the width(R) and height(R) be the
width and the height of the bounding box of R, then the aspect ratio is described as


height(R) width(R)
aspectratio(R) = max
.
;
width(R) height(R)
To describe how treemaps are constructed, we introduce the following concept:
Definition 1.5 (tiling)
Let R be a non-empty region in the plane and let µ1 , µ2 , . . . , µk be k positive real
numbers that add up to 1. A tiling is a collection R1 , R2 , . . . , Rk of interior disjoint
regions in the plane with R = ∪ki=1 Ri and
area(Ri ) = µi · area(R).
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Figure 1.3: A tiling of a square for the tiling set M = {0.6, 0.2, 0.1, 0.1}.
The set M = {µ1 , ..., µk } is called a tiling set (cf. Figure 1.3). The construction of a
suitable tiling is called the tiling problem. In the literature the tiling problem is also
called slicing problem [3] or subdivision problem [4].
It is not hard to see that any algorithm that solves the tiling problem can be used to
construct a treemap for any given rooted tree recursively. Over the last two decades
several approaches for constructing suitable treemaps for a given rooted tree have
been presented. A brief overview is given below.

1.2.2

Different Types of Treemaps

n131

(a)

(b)

(c)

(d)

Figure 1.4: Different types of treemaps visualizing a rooted tree. (a) A rooted
tree T . (b) A treemap representing the tree T using nested rectangles. (c) A treemap
representing the tree T using polygons with arbitrary numbers of corners. (d) A
treemap representing the tree T using simple shapes with arbitrary sides.
Treemaps may be grouped according to the types of regions used. The ﬁrst group
uses axis-parallel rectangles with only horizontal and vertical sides (see Figure 1.4(b))
or, more generally, axis-parallel polygons [5, 6, 7, 8, 9, 10, 11, 12, 13, 14]. The second
group uses polygons whose sides are straight-line segments [15] (see Figure 1.4(c))
and the third group uses arbitrary simple shapes, possibly with non-straight curve
segments [15, 16, 17, 18, 13] (see Figure 1.4(d)).
9

(a) slice and dice treemap

(b) squarified treemap

Figure 1.5: Two types of rectangular treemaps visualizing a gene ontology for Staphylococcus aureus.
Rectangular treemaps
Slice and Dice Treemap. In 1991 Johnson and Shneiderman developed a new
technique to visualize large hierarchically structured data sets [3]. The motivation
was to design a visualization of large directory structures on hard disk drives. In
other available presentations of hierarchically structured information like listings,
outlines and tree diagrams it is diﬃcult to navigate through large structures. So
they designed a treemap, which tiles a rectangle recursively into sub-rectangles by
slicing the rectangle vertically and horizontally (see Figure 1.5(a)). A treemap uses
eﬃciently the available space in an aesthetically pleasing way. It is a display of the
information in a comprehensible way with a low perceptual and cognitive load [3].
Squarified Treemap. Wattenberg [19] (and independenly Bruls [7]) developed
the squariﬁed treemaps to reduce the occurrence of elongated and thin rectangles
in slice and dice treemaps. The idea behind this approach is a recursive algorithm
that uses vertical and horizontal slicing to construct a tiling. Therefore, the tiling set
M = {µ1 , ..., µk } is divided into two groups M1 = {µ1 , ..., µl } and M2 = {µl+1 , ..., µk }.
The value l ∈ {1, ..., (k − 1)} is chosen, such that the constructed rectangle RM1
representing M1 has the highest aspect ratio. Then M1 and M2 are tiled recursively.
As a result the sub-tilings for M1 and M2 are still visible and suggest non-existing subbranches of the underlying rooted tree. Hence, in squariﬁed treemaps the hierarchy is
displayed in an ambiguous way. It is not obvious which sub-region belongs to which
region (see Figure 1.5(b)).
During the years a lot of methods for rectangular treemaps were published. With
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cushioning [20] and clustering [21] the hierarchy is better emphasized; algorithms for
preserving the spatial order of a rectangular treemap were developed [9]; new areas
of application were developed (e.g. gene onology [22], stock market [19]) – to name
a few.
Polygonal Treemaps
Johnson and Shneiderman [3] analysed a theoretical construction of radial treemaps
(also called bubblemap or pebbles [23]). They claimed that this construction wastes
the available space and has to solve recursively the bin-packing problem, which is
a well-known NP-complete problem [24]. Several approaches are developed which
need to solve NP-complete problems to reduce ambiguous structures in treemaps,
that yield potential misleading tree structure representation. This means to solve the
tiling problem as a bin-packing related problem, which is time consuming for certain
inputs (see [25] for further information). One way to clarify the display of ambiguous
structures found in rectangular treemaps is the use of non-rectangular regions [4]. In
the following sections methods are brieﬂy reviewed which solve the tiling problem
with heuristic approaches.

(a) power weighted Voronoi treemap

(b) FoamTree

Figure 1.6: Two types of polygonal treemaps visualizing a gene ontology for Staphylococcus aureus.
Voronoi Treemaps. Balzer and Deussen developed a tiling algorithm using weighted Voronoi diagrams to solve the tiling problem with polygonal regions (see e.g. [15]).
Definition 1.6 (Voronoi diagram)
Let P be a ﬁnite non-empty set of points in a polygonal region R. A Voronoi diagram
Vor (P ) is a set of open regions
R(p) = {q ∈ R : ||qp|| < ||qp′ || for all p′ ∈ P \ {p}}
11

that contain, for each p ∈ P , all those points that are closer to p than to any other
point in P (see Figure 1.7). These regions are so-called Voronoi regions.
Here, ||qp|| denotes the Euclidean distance between any two points in the plane.

Figure 1.7: A Voronoi diagram. A set P = {p1 , p2 , p3 , p4 , p5 } of points and the
induced Voronoi regions.
Definition 1.7 (Power-weighted Voronoi diagram)
Let P be a ﬁnite non-empty set of points in a polygonal region R and let w(p) be a
positive real-valued weight for each p ∈ P . A power weighted Voronoi diagram is a
set of open regions
R(p) = {q ∈ R : dist(q, p) − w(p) < dist(q, p′ ) − w(p′ ) for all p′ ∈ P \ {p}}
where dist(p, q) := ||pq||2 for each p, q ∈ R.
In a Voronoi treemap construction the tiling problem is solved by ﬁnding a suitable
Voronoi diagram that is a tiling for a given input region R and the tiling set M .
In general, after an initial positioning of |M | points inside R, an algorithm for constructing Voronoi diagrams achieves this through changing the points’ locations and
their weights in a recursive strategy till a termination condition is reached.
FoamTree. Another possibility to create polygonal treemaps is the FoamTree algorithm used in the searching web-platform Carrot2-search.org to cluster the results
[26]. The basic idea is similar to the Voronoi treemaps. For the initial positioning a
rectangular tiling is used. For the recursive procedure the rectangles are changed into
polygons by adding, removing and translating corners of the polygons till a speciﬁc
termination condition is reached.
Treemaps with Bended Sides
Additively Weighted Voronoi Treemap An additively weighted Voronoi treemap is deﬁned by changing the distance dist of the power weighted Voronoi diagram
into a Euclidean distance dist(p, q) = ||p, q|| for any p, q ∈ R2 . The boundary of
regions in an additively weighted Voronoi treemap is formed by segments of hyperbolic
curves [27].
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(a) additively weighted Voronoi treemap

(b) particle swarm treemap

Figure 1.8: Two possible types of treemaps with bended sides visualizing a gene
ontology for Staphylococcus aureus.
Treemaps Generated by Particle Systems In my diploma thesis [28] particle
systems are used to solve the tiling problem and here the resulting treemap is referred
to as particle swarm treemap.
In this approach, an instance of the tiling problem is solving using a system consisting
of k disjoint swarms S1 , S2 , . . . , Sk of particles. The number and size of the particles
in swarm Si reﬂect the number µi . Each particle is represented by a small disk and
the basic movement of the particles is governed by simple rules of separation and
cohesion, which are described in [29]. In particular, particles of one swarm stick
together and, as a result, each swarm tends to occupy a region that has good aspect
ratio. In addition, there are rules that ensure that particles always stay within the
region R and away from particles that belong to other swarms. As a result, swarms do
not mix and, as the particles grow, they ﬁll the entire region R (see Figure 1.9(a)-(c)).
The regions of the resulting tiling are constructed according to the swarm particles’
location (see Figure 1.9(d)). The process is repeated until a suitable solution is found.

1.3

Treemaps and Information Visualization

Primarily a treemap is a space-ﬁlling representation of tree-like structures such as
hierarchies and ontologies. The clustered visualization of a data set allows a clusterspeciﬁc analysis and a comparison the data entities of diﬀerent clusters and similar
clusters. Here, proportions of the data can be represented by the area of a region.
A further possibility is the colouring of the region using a colour gradient, which
13

(a) Initial Positioning (b) Move and Grow (c) Stop Simulation (d) Construct Tiling

Figure 1.9: Snapshots of how swarms of particles fill a region and the final
regions are extracted. (a) Initial Positioning of all six swarms as non-intersecting
circles ﬁlled with particles. The radius of the disks depends on µi . (b) The swarms
continue to grow and aﬀect each other. (c) The swarms stop growing when the region
is ﬁlled with particles. The simulation ends. (d) The result of the swarm simulation
is used as the basis to construct the ﬁnal regions.
decodes an attribute of the data entity like unemployment rate, population size, and
so on. To compare diﬀerent samples, a series of treemaps can be compared, combined
in a small multiplies display or in a movie.

1.3.1

General Considerations

The Human Eye as a great Data Analysis Tool. The human eye is still an important analysis tools to explore huge data sets, by employing suitable visualizations.
One reason is the ability to detect patterns and make sense of it. Furthermore, it
discovers meaningful patterns even of abstract information. This power of the human
eye is applied to the analysis of information, to detect and make sense of the patterns
in treemaps and in other information visualizations [30, 31]. To use this great analysis tool, designers of information visualization should select eﬀective visual encodings
[31].
Possible Visual Encodings. The important visual encodings for data visualization are spatial positioning and grouping, shape, size and colour [31]. Ware [32]
grouped frequently used visual codings as the following: information can be decoded
in size, width, length, orientation, curvature, line stroke and colour, texture, convex
and concave forms and added marks of a form. Additionally, spatial grouping and
positioning can contain information. Diﬀerent possibilities of coding information by
grouping and positioning forms are provided by Ware: Forms that are closely located
to each other are perceived as a group. This perception is known as proximity and
can be used to code information. Forms that are shaped equally can also be perceived
as a group. This perception is known as similarity. The perception of linked forms,
known as connectedness, is one of the most obvious ways of perception. Another way
of visually grouping forms is to draw a closed contour around some forms. This leads
14

to a division of the forms "inside" the contour and the forms "outside" the contour.
Lines that are smooth and continuous are easier to identify and to follow than rough
and zigzagged lines. In virtual displays encodings of motion might be useful, e.g. as
ﬂickering or as the direction of the motion. Changes in colour hue, colour lightness
and saturation can also encode information.
color scheme

Example

qualitative
sequential
diverging
Table 1.1: Example colour schemes from colourBrewer.org
How to Use Colour Gradients. The use of a colour gradient should be done
with some considerations. When designing a good colour scheme (a) mind possible
colour blindness; (b) avoid spectral schemes for sequential data; (c) use yellow rarely
(d) use colour intensity to support hue as a visual indicator of magnitude (see [33]
for further information). A helpful tool to choose an eﬀective colour scheme for
thematic maps is colourbrewer.org [34]. It provides qualitative colour schemes to
rank nominal data (like languages spoken in a speciﬁc region). Qualitative colour
schemes do not imply an order and vary only in colour hue and not in saturation or
lightness. Sequential colour schemes represent data that range from low-to-high. The
colours vary in lightness from light to dark. Diverging colour schemes should be used
when a critical data class or a break point (positive and negative data values) need
to be emphasized. This colour scheme is symmetric and uses two complementary
sequential colour schemes that diverge from colour hue, but not from the colour
saturation or lightness (see Table 1.1 for further information see [34]).

1.3.2

How to Encode Graph Attributes in Treemaps

Encode the Links of the Entities. Containment and proximity are used to represent the hierarchical structure in a treemap. More specially, containment and proximity are used to represent the hierarchical structure, so that one region of a category
contains every region of its sub-categories and as a result entities of the same category
are close to each other and easier to compare.
Cushioning [20] and the use of level speciﬁc line strokes (in linear or logarithmic
scale) help to distinguish between the diﬀerent clusters and entities of the tree, but
15

for a printed version the cushioning should be omitted to keep the printed version
clear. Gradients are not always printed well, so the printing result can be more a
banding eﬀect, depending on the used printer [35]. In addition, non-equal shapes like
polygonal regions or simple shapes with bended sides help to distinguish better and
identify the categorical cluster.
Also, there are visual properties left to encode certain attributes of the underlying
data. Colour can encode categorical or nominal attributes. A colour-gradient or the
area of an entity’s region indicate measure attributes of entities and the saturation
of the colour in a colour-gradient can indicate another measure attribute.

(a) Bar Chart

(b) Pie Chart

(c) Treemap

Figure 1.10: Visualizing quantitative attributes The main visualization of quantitative attributes are pie charts and bar charts. Treemaps can be used as well.
Encode the Leafs’ Attributes with Area. Quantitative attributes of the leaves
can be encoded by setting the area of the treemap regions proportional to the speciﬁc
attribute. It can be compared to well-known displays of proportions like bar (length
encoded) and pie charts (angle encoded) (see Figure 1.10). The data values can be
best decoded in bar charts and the comparison of data values is simple and precise.
In treemaps with less imbalanced shapes the proportions can be easily compared, too.
Highly imbalanced shapes make the area estimation diﬃcult (see Figure1.10(c))[36,
37].
Encode the Leafs’ Attributes with Colour. Another way to display quantitative attributes in a treemap is to encode them with a colour gradient. This technique
is well-known in Geography as Choropleth maps (Blot maps / Patch maps) [31]. Attributes like population-density are encoded with a colour gradient and the diﬀerent
geographical regions are coloured relating to the attribute. This is a common way
to communicate how the data is distributed over geographical regions. It allows different levels of analysis and exploration of the underlying data. Overall patterns,
hot spots, heterogeneous and homogeneous regions can be detected easily. Treemaps
are maps for abstract information and can be coloured in a similar way. The use
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of such density maps should be done with some considerations. Non-uniform areas
provide a misleading interpretation of the underlying data, because big areas have a
great visual emphasis. Therefore, it can be advantageous to divide the regions into
equal-sized regions (mesh method [38, p. 40-41]). Treemaps with equal-sized regions
of the leaves avoid this misleading interpretation. However, when two attributes are
coded in a treemap using area and colour, the same problem occurs. A double coding
by colour and area can in some cases greatly simplify the decoding information.
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Figure 1.11: Colour Encoded Maps: A geographical region is clustered into states
(see e.g. German map in Figure 1.11(c)). Similarly in a treemap a region is tiled
into sub-regions (see Figure 1.11(a)). Both maps can be coloured according to speciﬁc
values. Here a sequential colour gradient (from white for at most 2 job-applicant per
open reported job till dark blue for over 25 job-applicants per open reported job) is
used to display the number of job-applicants per open reported jobs in Germany in
December 2014 [39].

Interactive Display for a Better Exploration. The above mentioned rapid
pattern recognition capabilities of the human eye help to explore the attributes of the
entities displayed in a treemap. A treemap gives a great overview of the underlying
data. For comparing, exploring and analysing thousands of data points it might be
necessary to use the treemap display in an interactive way. This includes zooming,
ﬁlter and highlight tools such as claimed in the mantra of Shneiderman [40]:
Overview ﬁrst, Zoom and Filter, then Details-on-demand.
To make the exploration through the treemap as comfortable as possible most treemap
viewer applications provide these tools. Treemaps display hierarchical clustered data
with at most three attributes to analyse. These attributes can be compared on the
level of whole clusters in diﬀerent samples. For comparing these samples a good
treemap viewer should provide an overview of treemaps, that represents diﬀerent
sample data in small multiplies and to switch from sample to sample, or see a treemap
changing movie in every ﬁlter, zooming and highlighting modus.
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1.3.3

Alternative Ways to Visualize Rooted Trees

In this section a brief overview of other existing approaches for visualization of rooted
trees (like directory structures, hierarchies or ontologies) is presented. Rooted trees
can be displayed implicitly or explicitly [41]. In explicit visualizations the edges of the
rooted tree are displayed by lines or slopes. In contrast, implicit displays use speciﬁc
arrangements of the vertices such as adjacency or enclosure to encode the structure
of the rooted tree. The section is structured according to these two approaches.
Explicit Tree Visualizations. Typical explicit visualizations of rooted trees are
node-link diagrams like the display of directories (see Figure 1.12(a)) or the radial tree
visualization (see Figure 1.12(b)). The space is used more eﬃciently by using polar
coordinates than by using Cartesian coordinates which also yields more aesthetically
pleasing visualizations [31].

(a) Directory

(b) Radial Tree Display

Figure 1.12: Node-Link-Diagram: explicit tree visualizations focus on the edges
of the tree and the internal vertices.

Implicit Tree Visualizations. The implicit tree visualizations can be grouped
into adjacency and enclosure diagrams [31]. A space ﬁlling version of node-linkdiagrams are the adjacency diagrams. Instead of lines the edges are encoded with
adjacent regions, a common example is the icicle plot (see Figure 1.13).
In enclosure diagrams the region of the parent contains the region of the children.
Treemaps (see Figure 1.14(a)) and so-called bubble maps [23, 31](see Figure 1.14(b))
are common examples of enclosure diagrams. Unlike other tree displays the enclosure
diagrams use the available drawing space completely. Treemaps achieve this to a
higher degree than bubble maps [31].
18

Figure 1.13: Adjacency Tree Visualization: As an implicit tree visualization, the
edges in an Icicle plot are encoded with adjacency between the region of the parent
vertex and the regions of its children.
In [32, p. 229], the following guideline is provided for deciding whether a node-link
diagram or a treemap is more suitable. Here, this guideline is extended to implicit and
explicit visualizations: If the tree structure and/or the internal nodes are important,
then the user should use explicit tree visualizations. If it is only necessary to analyse
attributes of the leaf vertices, then implicit tree visualizations are suitable.

(a) Treemap

(b) Bubble map

Figure 1.14: Enclosure Tree visualizations: Treemaps or bubble maps focus on
data attributes of the leaves represented by regions. Internal vertices are displayed
in treemaps as an union of the children’s regions, whereas in bubble maps the region
of the internal vertices be recognized more easily.

Sample Comparison via Visualization. Often it is necessary to compare diﬀerent samples with each other, like female vs. male comparison, or in experiments over
time the comparison of diﬀerent time states. Time series data, or data from diﬀerent
samples can be compared in a heat map (colour-coded). These visualization tools
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display time series with few discrete time steps well. If continuous time has to be
analysed or more samples have to be compared, stream graphs or index charts are a
better visualization alternative (for more details see [31]).
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Figure 1.15: Sample Comparison: The graphics display the number of academic
unemployed workers in Germany in diﬀerent years [42]. Such data derived from time
experiments can be displayed in an index chart (a) or in a stream graph (b). The
heat map (c) shows the same data as the index chart and the stream graph, but the
data where z-transformed according to the kind of job. Values that are lower than
the mean are coloured orange and values that are higher are coloured violet.
A series of treemap visualizations (arranged in small multiplies or in a movie) can be
used to compare diﬀerent samples. If the treemap decodes an information in size a
spatial stability (see for detailed information chapter 2.2 on page 32) is necessary for
a fast exploration and comparison.
For non-clustered data, networks, and times series other application tools would be
more appropriate. A visualization to describe some results or for printing, simple
charts like bar and line charts might be preferred. Note, that no visualization tool
can replace statistical analysis.

1.4

Treemaps in System Biology Applications

Environmental and metaproteomics studies accumulate highly complex data sets.
These demand much more sophisticated and compact visualization strategies including space-ﬁlling approaches and rarely used visual encodings. An overview of
visualizations of these data is presented in [43].
Hierarchies and ontologies are common structures to cluster biological entities into
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Figure 1.16: A series of treemaps. Here, the data from 3 years are depicted from
the data displayed in Figure 1.15 to show how to display a time series with treemaps.
The number of academic unemployed workers are encoded in the size of the treemap
regions.

categories, like enzymes according to their functional category. The attention is on the
leaves, so the treemap is an appropriate tool to visualize these biological hierarchies
and ontologies, because it represents the ontology only implicitly.
For example, taxonomic trees or functional classiﬁcation schemes are hierarchical
structures used by biologists to organize available biological knowledge in a systematic and computer readable way (e.g. the Gene Ontology [44]). An example of a
hierarchically structured system or ontology, for short, that is well known also outside
the scientiﬁc community is the tree of life (www.tolweb.org) which classiﬁes organisms according to their evolutionary history. Over the last decade a variety of other
hierarchies has been improved or established by biologists. Important examples arise
from assigning proteins to functional classes (e.g. KEGG Brite, The SEED, Panther,
TigrFams or other Riley scheme inspired classiﬁcations), genes to groups according
to their regulatory relationship (e.g. classiﬁcation into groups according to aspects of
synteny like operons or synteny clusters into groups according to the regulation by a
common regulatory protein as summarized in regulons etc.), metabolites to metabolic
pathways, and many more (see e.g. the review in [45]). These hierarchies tend to be
rather complex and may comprise thousands of biological entities.
In order to visualize quantities (e.g of proteins or taxa) as parts of the decomposed
entirety [43] an eﬃcient proportion visualization in treemaps is needed. The main
uses of treemaps are showing protein occurrence, fold change expression, or adapted
in size according to protein quantities by colouring the regions according to a colour
gradient. Additionally uncertainty data from replicate analysis can be decoded by
the saturation of the colour. In such a treemap it is possible to analyse the functional
clusters and emphasize their physiological signiﬁcance during the experiments [43].
In environmental studies often diﬀerent samples of a whole genome, or proteome of a
bacterium need to be compared. The samples arise when diﬀerent time states after
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stressing the cell are analysed or when diﬀerent bacteria should be compared. Using
treemaps in small multiplies allows this kind of global analysis.
These treemap applications allow to explore eﬃciently, for example, taxonomic abundance data from metagenomics/metaproteomics studies, gene expression data from
DNA array analyses, or protein abundance data from proteome experiments within
their physiological or gene regulatory contexts represented by an ontology. The visual
display of the ontology should support the user in the detection of biological entities with similar behaviour. In particular, it is vital to make best use of the almost
always limited available screen space and treemaps, as proposed in [3], can help to
achieve that (see e.g. [46, 47, 48]). First attempts to use such representations have
already been made for biodiversity data [49] and gene expression data [46]. Recently,
treemaps were applied for the display of proteomic [50] as well as metaproteomic [51]
and transcriptomic data [52]. For other applications, in particular beyond biology,
an overview can be found in [53].
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Chapter 2
Boosting Existing Treemap
Constructions
Any method used for constructing treemaps to visualise tree representing biological
clustered data sets should meet certain requirements (see also [11] for an overview of
certain desirable requirements of treemaps in general):
(i) The method must be highly efficient in order to handle the large hierarchies
arising in this context (e.g. the gene regulatory classiﬁcation of the bacterium
Staphylococcus aureus has about 4500 vertices, KEGG Brite comprises about
6000 vertices and Gene Ontology has about 17500 vertices). Especially when
the regions used to represent the tree are not merely rectangles but have a more
complex shape, it requires considerable eﬀort to design eﬃcient algorithms. For
example using parallel processing capabilities of computer graphics hardware
[36] or directly exploiting the geometric structure of the problem [54].
(ii) The method must exhibit a suitable degree of topological stability, that is, small
changes in the given tree must not lead to dramatic changes in the topological
structure of the resulting treemap as these would make it very diﬃcult, if not
impossible, for the user to compare treemaps generated for related data sets.
It has been observed earlier on [9] that this property is essential. It is closely
related to the problem of avoiding discontinuous jumps in sequences of treemaps
used as animations of hierarchies that dynamically change over time (see e.g.
[10, 55, 56]). Moreover, achieving topological stability is also related to the
problem of generating treemaps, where the relative location of the regions is
supposed to reﬂect some spatial distribution present in the input data (see e.g.
[57, 14]).
(iii) The regions used in the treemap should be as close to being convex as possible
and should have small aspect ratio. For a rectangular region, for example, the
latter simply means that the ratio of the length of the longer sides over the
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length of the shorter sides is not too large. So, intuitively, a small aspect ratio
captures that do not want regions that are very long and thin as this seriously
hampers the readability of the treemap, a problem addressed by several existing
approaches for constructing treemaps (see e.g. [7, 10, 11, 15, 18, 13]).
(iv) The input tree must be clearly recognizable in the treemap produced by the
method. Several strategies to achieve this have been proposed (see e.g. [6, 58,
59]). They alter the visual appearance of the basic treemap in various ways.
Alternatively, regions whose sides have diﬀerent slopes or are non-straight curve
segments also provide an option to make the tree structure visible in the treemap
[16], thus allowing to use certain visual variables, like colour, texture, shading
or cushioning for the encoding of additional information within the treemap
visualization.
These requirements (i)-(iv) mentioned above are not easy to achieve simultaneously.
For example, as mentioned in [56], small aspect ratios often come at the cost of
less topological stability. Similarly, while the approach presented in [56] provides a
balance between topological stability and small aspect ratios, this comes at the cost
of a potentially much higher computational burden, as remarked in [54].
In this chapter the following aspect ratio deﬁnition for a Region R is used, to test
the certain boosting algorithms.
Mean Aspect Ratios Shneiderman constructed the ﬁrst treemaps with a slice
and dice tiling algorithm. These treemaps contain rectangles with a low aspect ratio
(height-width relation of the rectangle). Thin and elongated rectangles are diﬃcult
to see, select, compare in size, and label (see [7, 4]). Tiling algorithms are used to
increase the aspect ratio deﬁned in the background chapter. Since the regions of a
treemap are not restricted to rectangles, a suitable generalisation of how to measure
the aspect ratio of a region is required. There are several generalisations proposed
in literature (see e.g. [36, 47], that calculate the aspect ratio of the bounding box
of a region). In particular, the measure proposed in [47] considers for any region R
the ratio between the radii re (R) and ri (R) of the smallest enclosing circle and the
largest inscribed circle of R. So the ideal shape is deﬁned to be circular, therefore the
relation of the area between the smallest enclosing circle and the area of the region
R is chosen as the generalized aspect ratio used in this thesis. It is deﬁned as the
following:
π · re (R)2
α(R) =
area(R)
The mean aspect ratio of a treemap Tmap for a rooted tree T = (V, E, ρ) is deﬁned as
α(Tmap ) =

1 X
α(Tmap (v))
|V | v∈V
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.
Particle swarm treemaps are generated using a classical approach from computer
graphics, namely systems of moving particles (see e.g. [60, 61]), and they share
the “appealing, organic look” [54] that is particularly suited for visualizing biological
hierarchies, with Voronoi treemaps [15] and the treemaps produced by the FoamTree
program [62, 63]. Particle swarm treemaps are used as a test environment for several
new techniques that can help to meet requirements (i)-(iv). In the next section
two techniques are described, how to deal with computational burdens of the tiling
problem. In the following section a technique to ensure topological stability and
methods to measure topological stability are described.

2.1

Dealing with Computational Burdens of the
Tiling Problem

As intuition suggests: the larger the number k of regions in an instance of the tiling
problem, the higher is computational burden arising when solving it. Furthermore,
the closer the initial positioning for a tiling problem is to the resulting tiling, the
faster are the convergence treemap construction algorithms (like for particle swarm
treemaps and Voronoi treemaps) for a suitable solution. In this section two approaches for dealing with computational burdens are introduced and examined.

2.1.1

Divide and Conquer Algorithm

Computing a treemap boils down to the problem of tiling a given region into subregions that each occupy a speciﬁc fraction of the area of the region. During the
computation of a single treemap, many instances of the tiling problem must be solved.
Moreover, in our experiments we found that the computation time spent to generate
a power weighted Voronoi treemap or a particle swarm treemap depends not only on
the total number of sub-regions but also on certain properties of these instances. In
particular, instances involving a large number of sub-regions and/or big diﬀerences
between the target area fractions tend to be computationally expensive. A possible
way to increase the computational burdens is to divide the tiling problem into smaller
faster solvable tiling problems and to get a suitable tiling for the whole problem
by masking the sides of the sub-tiling’s regions. One procedure to achieve this is
described below.
Divide – Construction of Pseudo Regions
A given tiling problem can be divided into smaller sub-problems by recursively dividing the tiling set M = {µ1 , µ2 , . . . , µk } into a small number ℓ ≤ k of non-empty
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subsets M1 , M2 , . . . , Mℓ and putting
µ∗j =

X

µ

µ∈Mj

for all j ∈ {1, 2, . . . , ℓ}. Then the tiling T of the tiling problem consisting of region R
and the tiling set M ∗ = {µ∗1 , µ∗2 , . . . , µ∗ℓ } can be solved regularly. This yields regions
R1∗ , R2∗ , . . . , Rℓ∗ that tile R. Then each tiling problem Tj∗ for 1 ≤ j ≤ l and its related
tiling set Mj the region Rj∗ has to be solved. The solution to the original instance of
the tiling problem for the region R and the tiling set M = {µ1 , µ2 , . . . , µk } is then
simply the union
k
[
T =
Tj∗ .
j=1

In terms of the visualization of a tree T = (V, E, ρ) by a treemap Tmap , the recursive
approach for solving the tiling problem outlined above amounts to resolving vertices
in T that have many children by introducing additional vertices, yielding a refined
tree. This is done, for example, as a ﬁrst step in the treemap construction method
presented in [18] to obtain a reﬁned tree where every vertex that is not a leaf has
precisely two children. The added vertices, however, often lead to artifacts in the
resulting treemap which are referred to as pseudo regions. More speciﬁcally, any
added node u corresponds to a region Tmap (u) in a treemap Tmap constructed from
the reﬁned tree. While, as mentioned in the introduction, it is highly desirable that
the regions Tmap (v) are clearly recognizable for vertices v actually contained in the
given tree T . Therefore, the visual appearance of region Tmap (u) for an added vertex
u suggests that this region corresponds to a vertex of T has to be avoided.
Conquer – Masking the Pseudo Regions
Next a procedure for masking the pseudo regions that arise from the application
explained above is described. Therefore, the recursive approach outlined above is
combined with a procedure that modiﬁes the boundaries of the regions R1∗ , R2∗ , . . . , Rℓ∗
as follows.
First some deﬁnitions that are needed to describe the masking procedure are shown.
Any point in R that lies either on the side of at least three regions in T or on the
side of R and at least two regions in T is called a branching point (cf. Figure 2.1(a)).
Now, each branching point p that lies on the boundary of at least two of the regions
R1∗ , R2∗ , . . . , Rℓ∗ is moved a short distance to a point p′ , dragging the side segments,
incident to p with it (cf. Figure 2.1). The idea is to choose the point p′ within
an axis-parallel square S, centred at p and with side length equal to the minimum
distance from p to any other branching point in R, so that the penalty function
κ(p′ ) = κ1 (p′ ) + κ2 (p′ ) is minimized, where
(1) κ1 (p′ ) is the maximal deviation from any µ∗i and the area fraction
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area(Ri∗ )
,
area(R)

and

R1∗
p′

p

R2∗
(a) Two pseudo regions R1∗ and (b) Two masked pseudo regions
R2∗ .

Figure 2.1: Masking of Pseudo Regions. (a) Relevant branching points are indicated by black dots. In blue, the small axis-parallel square S around the branching
point p with c = 3 incident boundary segments. (b) The regions obtained by slightly
moving all relevant branching points to mask the two pseudo regions.
(2) κ2 (p′ ) is the sum over the deviation from 2π
over all angles between two conc
′
secutive boundary segments incident to p , assuming that there are c segments.
In our implementation a 10 × 10 grid of candidate points inside the square S around
p is considered. The grid point p′ for which the penalty function κ(p′ ) is minimized is
chosen. This is repeated for all relevant branching points p in R which are processed
in an arbitrary order.
Experimental Results

(a) without masking of pseudo regions

(b) with masking of pseudo regions

Figure 2.2: Effect of Masking Pseudo Regions. Diﬀerence between particle
swarm treemaps generated for Caenorhabditis elegans ontology with and without
masking the pseudo regions.
To illustrate how pseudo regions may help to push the limits of treemap constructions.
Treemaps are constructed without any changes and with the divide and conquer
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method. In the right heat map in Figure 2.4 the average running time is presented
when seven pseudo regions are used.
As mentioned above, the advantages of using pseudo regions must be balanced with
their impact on the visual appearance of the resulting treemaps and the eﬀort it
takes to mask any artefacts that arise. To illustrate this, consider the example in
Figure 2.2. Without masking the pseudo regions quite strong artefacts are obtained
that might lead to believe, for example, that the green category corresponds to a
vertex with three children (cf. Figure 2.2(a)). In truth, this category corresponds to
a vertex with nine children, a fact that is more clearly represented when masking the
pseudo regions used (cf. Figure 2.2(b)).

Figure 2.3: Used Test Instances. All instances used to test the eﬃciency of the
divide and conquer problem arranged in 8 groups according to the number of subregions and the Gini coeﬃcient of the instances.
Next, the divide and conquer method is tested according to its inﬂuence on the construction time needed. For the test biological related instances of the tiling problem
are used. The following instances are used: the instances that arise in the generation of a treemap for the reference tree from the KEGG Orthology (KO) and the
generation of the treemaps for gene ontology (GO) for Staphylococcus aureus and all
instances of this problem that arise from the rooted trees for the eight organisms in
Table 2.1 on page 34. These instances are grouped into nine categories (cf. Figure 2.4)
according to the size of the tiling set M and according to the Gini coeﬃcient [64] of
the target area fractions. Recall that the Gini coeﬃcient yields values between 0 and
1 with values close to 0/1. Here it is a measure of the inequality of the sub-regions
area distribution.
As can be seen in Figure 2.3, the distribution over the nine categories is very uneven.
In Figure 2.4 the average running time for solving an instance in each of the categories is shown. The left heat map displays the computation time of a particle swarm
treemap without using pseudo regions; the right heat map displays the computation
time when using pseudo regions. A ﬁxed upper bound of 900 seconds is applied as
the maximum time that is allowed for solving an instance of the tiling. Note that
45 instances could not be solved within this time bound. In this case, the tiling with
the smallest overall error found to this point was used to continue the experiment.
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Figure 2.4: Summary of the Experiments for Constructing Particle Swarm
Treemaps with the Divide and Conquer Algorithm. The impact of using
pseudo regions on the overall computation time is displayed here. Both heat maps
show the results for each of the nine categories. The left heat map displays the
average computation time for an instance without using pseudo regions and the right
heat map displays it for an instance with using pseudo regions.
Furthermore, two general behaviours are experienced. The ﬁrst behaviour is that the
running time increases very rapidly related to the number of sub-regions, and the
same behaviour might be determined related to the Gini coeﬃcient. This behaviour
can also be obtained for using the divide and conquer method. However, the time
for constructing a tiling for an instance with more than 80 sub-regions and a Gini
Coeﬃcient of more than 0.5 the average computation time is much lower when using
pseudo regions. Furthermore, all instances are solved within the time bound of 900
seconds. Additionally, the distribution of the running time is tighter than the distribution of the running time for solving the instances without pseudo regions. Only
for mostly equal-sized sub-regions the use of pseudo regions has a negative inﬂuence
on the average running time (with less than 80 sub-regions).
In conclusion, the use of pseudo regions helps to converge the tiling problem using
particle swarm treemap algorithms for highly unequal and numerous sub-regions.
The masking procedure masks the pseudo regions and the resulting treemap has a
similar aesthetic as the regular constructed treemap.
In the next section another possibility to reduce the running time by ﬁnding a suitable
initial positioning is described.

2.1.2

Initial Positioning

To solve the tiling problem each heuristic algorithm needs an initial input to start
the optimisation process. A tiling of a region R is a set of k disjoint regions whose
composition is the region R. During an iterative optimisation process an initial tiling
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is changed until the regions’ areas of the tiling have reached an area proportional
to the given values µi , 1 ≤ i ≤ k. One way to achieve this, proposed in [47], is to
arrange k non-overlapping disks D1 , D2 , . . . , Dk with areas proportional to the given
values µi , 1 ≤ i ≤ k so that the region R is maximally covered by the disks. Other
methods can be found for example in [26][4]. The tighter the bin-packing is, the
less optimisation steps are needed, because most tiling algorithms try to construct a
tiling of regions with circle-like shapes having a high aspect ratio. Therefore, diﬀerent
initial positioning strategies are described. According to a positioning strategy disks
are placed one after the other in the region R. Using a binary search the radii of disks
are maximised such that all disks can be placed in the region R and the proportions
of the radii remain unchanged. Positionings can be done in diﬀerent ways. The

Figure 2.5: Random positioning. The disks are placed randomly in the region
(left). The ﬁnal tiling is displayed on the right.
easiest way is to position the disks randomly. As mentioned in [47] it can be done
in a vertical or a diagonal way starting from a ﬁxed corner of the region. In recent
treemap constructions a spiral positioning is used. First the disks are sorted in a
decreasing order and are then placed along a logarithmic spiral starting at the centre
of gravity γ(R) of the region R.
A newly developed honey-comb positioning strategy for equally sized disks has clear
advantages. First, there is a better coverage of the region R. Second, the constructed
disk covering is similar to the ﬁnal tiling, because a tiling of equally sized regions has
mostly hexagonal patterns. This provides a quicker convergence to a suitable tiling
during the optimisation process. A hexagonal pattern is placed in the region R. The
hexagons’ size is chosen according to the radius of the disks. The disks are placed
one after the other into the center of a non-covered hexagon.

(a) Diagonal Positioning

(b) Vertical Positioning

Figure 2.6: Directional Positionings: The disks are placed in vertical or diagonal
direction in the region (left side). On the right the resulting tiling is displayed.
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(a) Spiral Positioning

(b) Honey-Comb Positioning

Figure 2.7: Spiral-like Positionings: The disks are placed along a spiral or in
hexagons along a spiral in the region (left side). On the right the resulting tiling is
displayed.
Experimental Results. To investigate the advantage of the developed honeycomb positioning for a tiling problem with a tiling set M = {µ1 , .., µk } with equalsized µi = k1 for any i ∈ {1, ..., k} an experiment is implemented. Therefore, diﬀerent
instances are tested by tiling three rectangles (1 : 1),(3 : 4) and (1 : 3). The number
k = 50 · i is chosen with i ∈ {1, ..., 80}. As the tiling algorithm the power weighted
Voronoi treemap algorithm is used. The time is the combination of the time used
for the initial positioning and the tiling algorithm. The result is shown in Figure
2.8. For most instances the honey-comb positioning needs less time than the other
positioning algorithms.

Figure 2.8: Running time comparison of the diﬀerent positioning algorithms is displayed in relation to the number k of sub-regions for the tiling problem.

In a similar way, the points p(R1′ ), p(R2′ ) . . . , p(Rk′ ) forming the center of gravity of
each region can be used as an initial conﬁguration when computing power weighted
Voronoi treemaps. In conclusion, the initial positioning already covers the region R
quite well, but it does not ensure topological stability of the generated treemaps. In
the next section methods for achieving topological stability are shown.
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2.2

Stable Layout of Treemaps

Topological stability can be ensured in situations where a treemap is to be constructed that reﬂects the structure of an already existing treemap for the related
tree-structure. Therefore, the use of a morphing algorithm [65] is proposed. An example illustrating the basic idea is depicted in Figure 2.9. More speciﬁcally, given
a solution of an instance of the tiling problem involving a region R and the tiling
set M = {µ1 , µ2 , . . . , µk }, a construction of a solution for another instance of the
tiling problem is needed that involves a diﬀerent region R′ and diﬀerent tiling set
M ′ = {µ′1 , µ′2 , . . . , µ′k′ }. Each µi is related to µ′i for each i ∈ {1, .., min(k, k ′ )}. A
suitable morphing function is a continuous, bijective map m : R → R′ . A function is
needed that transform a given set of points in R into another region R′ . The relative
positions of these points should be similar.

(a) template region R

(b) hexagonal region
R′

Figure 2.9: How a morphing algorithm could work. (a) Morphing a tiling of
region R (a rectangle) with k = 6 sub-regions into (b) into another region R′ (a
hexagon).
To use the morphing algorithm a reﬁning of the initial positioning is needed. First
the recursive initial positioning step for each i ∈ {1, 2, . . . , min(k, k ′ )}, a disk (whose
radius reﬂects the value µ′i ) is placed inside region Ri′ . If k ′ > k the other disks for
i ∈ {k + 1, . . . , k ′ } are placed according to the used positioning strategy in region R′ .
Then the resulting initial positioning is used as an instance for the tiling problem.

2.2.1

Measuring Topological Stability

Next, it is to quantify how well the overall layout of the regions in two treemaps
′
match, for any two treemaps Tmap of a rooted tree T = (V, E, ρ) and Tmap
of a
′
′
′
rooted tree T = (V , E , ρ). Therefore, two measures are presented in [57] in the
context of an approach for ensuring topological stability for squariﬁed treemaps. In
these treemaps all regions are rectangles and the heuristic presented in [7] is used to
keep the aspect ratio small. Combining this heuristic with an approach that takes the
structure of an already existing treemap (or, more generally, another two-dimensional
layout) into account, a so-called spatially ordered squariﬁed treemap is obtained [57].
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′
Let diam(Tmap , Tmap
) be deﬁned as the maximum of the diameters of the regions of
′
the roots Tmap (ρ) and Tmap
(ρ). Let Rv be the region in the Tmap that is related to
the vertex v ∈ V and let Rv′ be the region in the Tmap that is related to the vertex
v ∈ V ′ . Let V ∗ be the intersection of V and sV ′ .

The ﬁrst measure captures the spatial displacement of regions:
X
1
′
sd(Tmap , Tmap
)=
||p(Rv )p(Rv′ )||
′
) v∈V ∗
|V | · diam(Tmap , Tmap

Note that this measure yields values between 0 and 1, with a value close to zero
indicating a small overall spatial displacement. In this chapter only pairs of treemaps
′
Tmap and Tmap
with Rρ = Rρ′ are considered.
In addition to the spatial displacement, and probably more important in the context
of the applications considered in this chapter, how well the relative position of regions
′
is preserved between Tmap and Tmap
it is also measured. More speciﬁcally, denoting
∗∗
by V the set of all non-leaf vertices in V ∗ and let Mv be the tiling set for the vertex
v, the second measure captures the angular displacement of regions:
X
2
1
′
ad(Tmap , Tmap
)=
π · |V ∗∗ | v∈V ∗∗ |Mv |(|Mv | − 1)
X
−−−−−−−−→ −−−−−−−−→
·
arccos p(Ru )p(Rw ) · p(Ru′ )p(Rw′ )
u,w∈children(v)
u6=w

→
where, for any two distinct points p1 and p2 in the Euclidean plane, −
p−
1 p2 denotes the
→
−
→
−
−
−
unit vector pointing from p1 to p2 , and, for any two vectors a1 and a2 , →
a1 · →
a1 denotes
the dot product of them. Note that this measure again yields values between 0 and
1, with values close to 0 indicating a small angular displacement.

2.2.2

Experimental Results

Experiments are performed to investigate the degree of topological stability that is
achieved with the morphing-based technique. Therefore, eight examples of the KEGG
Orthology1 listed in Table 2.1 are considered. In the KEGG Orthology large-scale
OMIC-data are hierarchically grouped into functional categories for biological interpretation of higher-level systematic functions. In addition, a rooted tree of all existing
categories is provided as a reference. The trees for speciﬁc organisms, available on
the KEGG BRITE platform, are always sub-trees of the reference tree. The reference
tree has 19697 leaf vertices corresponding to known genes and 391 non-leaf vertices
corresponding to possible functional categories.
In the experiments a squariﬁed treemap, a power weighted Voronoi treemap and a
particle swarm treemap are computed for the reference tree. These three treemaps
1

www.genome.jp/kegg/ko.html
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organism
Arabidopsis thaliana
Bacillus subtilis 168
Caenorhabditis elegans
Drosophila melanogaster
Escherichia coli K-12
Pseudomonas aeruginosa
Staphylococcus aureus
Saccharomyces cerevisiae

short ID

number
of genes

ATH
BSU
CEL
DME
ECO
PAE
SAU
SCE

6593
2131
3128
4019
2404
2707
1550
3428

number of
functional
categories
157
141
159
162
137
139
130
131

Table 2.1: The eight organisms considered for investigating the topological
stability of treemap constructions. The number of genes corresponds to the
number of leaf vertices in the tree and the number of functional categories corresponds
to the number of non-leaf vertices.
are depicted in the center column of Figure 2.10. When constructing a treemap for a
sub-tree corresponding to a speciﬁc organism, the treemap structure should be similar
to the treemap structure of the reference tree. In particular, the relative position of
regions should be preserved. This should be taken into account when constructing a
treemap for such a sub-tree.
Topological stability
Experiments were conducted to investigate how well the morphing-based topological
stabilisation works for biological examples. For the examples in Table 2.1 treemaps
were constructed, one considering topological stabilisation and one without. In the
following this is called topological stabilisation switched on and oﬀ. To achieve the
topological stabilisation the morphing-based technique is used for constructing power
weighted Voronoi treemaps and particle swarm treemaps. For comparison a pair of
squariﬁed treemaps is computed for each organism, using a spatially ordered squariﬁed treemap algorithm when topological stabilisation is switched on.
To give a visual impression of the typical results obtained, the treemaps for the organism Arabidopsis thaliana are shown in the left and the right column of Figure 2.10.
As can be seen, without topological stabilisation the relative position of categories
can be heavily distorted. For example, in the power weighted Voronoi treemap and
the particle swarm treemap of the reference hierarchy the dark green category is
located in the center. On the left and below the red category is located. This relative
position between the two categories is preserved in the two treemaps in the fourth
column computed with the morphing-based stabilisation switched on. In contrast,
when stabilisation is switched oﬀ, the red category is located in the upper left corner of
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stabilisation
switched oﬀ

reference hierarchy

stabilisation
switched on

squariﬁed
treemap

power
weighted
Voronoi
treemap

particle
swarm
treemap

Figure 2.10: Treemaps generated for the organism Arabidopsis thaliana to
illustrate the degree of topological stability. That can be achieved for power
weighted Voronoi treemaps and particle swarm treemaps with the morphing-based
stabilisation technique in comparison to spatially ordered squariﬁed treemaps. The
treemap in the middle visualizes the reference hierarchy of the KEGG Orthology.
Left and right of it the treemap generated by the same method with stabilisation
switched oﬀ and on is depicted.

the treemap, distorting the relative position with respect to the dark green category.
In Figure 2.11 and Figure 2.12 diagrams are represented that display the values of
the two measures of distortion. They quantitatively summarize the outcome of the
experiments for all eight organisms in Table 2.1. Note that both measures yield values
between 0 and 1, with a value close to 0/1 indicating a low/high level of distortion.
As can be seen, with the morphing-based stabilisation switched on we obtain in
many cases a much smaller distortion for the power weighted Voronoi treemaps as
well as for the particle swarm treemaps. Also note that for the power weighted
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Figure 2.11: Spatial disorientation of the regions in a treemap. The distortion of the topology in terms of the distance the functional categories move away
from the position they have in the treemap for the reference hierarchy (spatial displacement with stabilisation switched oﬀ and on). In this diagram squariﬁed (SQ),
power weighted Voronoi (PW) and particle swarm (PS) treemaps are applied for
comparison.

Voronoi treemaps we tend to get a slightly bigger improvement than for particle
swarm treemaps, with values that are similar or below those obtained for spatially
ordered squariﬁed treemaps.

Aspect Ratio
Our experimental results also suggest that the increased topological stability has
almost no negative impact on the aspect ratio of the regions in the produced treemaps,
as can be seen in the violin plots in Figure 2.13. We focused on the aspect ratio of the
regions that represent non-leaf vertices because we found that these regions tend to be
the ones that have an increased aspect ratio. The plots also suggest that the variation
of the aspect ratios is slightly larger for the power weighted Voronoi treemaps than
for the squariﬁed treemaps and the particle swarm treemaps.
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Figure 2.12: Angular disorientation of the regions in a treemap. The distortion of the topology in terms of the angle that functional categories move relative to the position of their parent category (angular displacement with stabilisation
switched oﬀ and on). In this diagram squariﬁed (SQ), power weighted Voronoi (PW)
and particle swarm (PS) treemaps are applied for comparison.

Computational Time
To conclude this section, we shed some light on the impact of the methods applied for topological stabilisation on the total computation time used to generate the
treemaps. This is depicted in Figure 2.14. As can be seen, we obtain a somewhat
mixed picture. For the squariﬁed treemaps, the change in the computation time
when switching stabilisation on is usually very small, in some cases the computation
time is even slightly increased, but not much. The situation is similar for the particle swarm treemaps. Note, however, that the current implementation for generating
these treemaps is still up to two orders of magnitude slower than the implementations
for generating squariﬁed treemaps and power weighted Voronoi treemaps. For the
latter, the morphing-based stabilisation often leads to a noticeable decrease in the
computation time. We think that this is due to the fact that the initial conﬁguration obtained from the morphing-based stabilisation preserves a lot of the structure
from the already existing treemap helping the method to converge to a solution more
quickly.
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Squarified Treemap
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off
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Voronoi Treemap

off
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Particle Swarm Treemap

Figure 2.13: Aspect ratio of all non-leaf treemap regions. Violin plots depicting
the distribution of the aspect ratio of the regions representing non-leave vertices
(summary over the treemaps for all eight organisms in Table 2.1 with stabilisation
switched oﬀ and on). In this diagram squariﬁed (SQ), power weighted Voronoi (PW)
and particle swarm (PS) treemaps are applied for comparison.

2.3

Discussion and Conclusion

This chapter concerns the eﬃciency of constructing large treemaps and provides methods to speed-up any existing treemap construction method. In the ﬁrst part of this
chapter deals with the computational burdens of the tiling problem and methods are
presented that reduce the running time of treemap constructions. The second part
illustrates how morphing algorithms preserve the arrangement of the of the regions
in a treemap when changing the underlying hierarchical structure. As the size of the
trees that need to be visualized continues to grow, this should become very useful to
push the limits of existing methods, because not all treemaps for any input can be
solved yet.
Section 2.1.1 provides a divide and conquer algorithm that divides the tiling problem
into less complex tiling problems with a masking set size of least k. While this
approach has already been used for special types of treemaps in the past, it can
produce very strong visual artefacts so that one of the four key requirements, namely
recognition of the tree structure in the treemap, is violated. By presenting a general
technique for masking these visual artefacts the full potential of the general speedup approach can be used. This masking algorithm brings together the sub-tiling
problems and masks pseudo hierarchical structures. The implemented tests use k = 7
is used for the upper bound k of the masking set size. Other numbers k are also tried
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Figure 2.14: Computational time for constructing treemaps. The computation
time used for generating the treemaps for the organisms in Table 2.1 with topology
stabilisation switched oﬀ and on. The green bars stand for squariﬁed treemap, orange
for power weighted Voronoi treemap. The purple bars display the computational time
for constructing particle swarm treemaps with a time graduation in minutes.
with the result that similar tilings are obtained as long as the number k is not too
large. Approximately k = 15 seems to be the limit for the current implementation
of constructing particle swarm treemaps. Moreover, for k = 7 there is a balance
between the speed-up gained by using pseudo regions and the undesirable remains
of the masking of the pseudo regions. As expected, the biggest speed-up (about one
order of magnitude) is obtained for instances where both the number of sub-regions
and the Gini coeﬃcient are large.
Furthermore, in section 2.1.1 the general behaviour of solving the tiling problem with
the particle swarm algorithm is described. With the increase of the Gini coeﬃcient
and the number of sub-regions in a tiling the computation time needed is also increasing. This behaviour can also occur when constructing power weighted Voronoi
treemaps. Here the threshold of the occurrence of the behaviour is deferred to a
larger number of sub-regions and a larger Gini coeﬃcient. The number of iterations
needed to converge to a tiling with an overall error below the speciﬁed threshold tη
is rapidly growing for an increasing number of sub-regions, if such a convergence can
be achieved at all. The increase of the computation time is mainly due to a rapidly
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growing number of these iterations.
When using the particle swarm treemap algorithm to solve the tiling problem with
bended sides regions, the regions of the masked tiling should also have bended sides.
It is more eﬀective when at ﬁrst all sides are bended between the branching points
according to the used bended algorithm. Then each branching point is to be moved
to minimize the penalty function.
In section 2.1.2 it is illustrate how the initial positioning inﬂuences the layout of
the treemap as well as the running time for the treemap construction. For instance
the running time of construction of tilings with equal-sized regions are tested. The
better the initial positioning ﬁlls the region that should be tiled the faster is the tiling
procedure and the similar is the resulting tiling. This is an important fact when the
layout of a treemap should be preserve as shown in section 2.2.
In section 2.2 a new morphing-based technique is presented to achieve topological
stability when constructing treemaps is purposed, because the user would like to
compare treemaps with already existing treemaps. A technique is shown that allows
a topologically stable construction of power weighted Voronoi treemaps and particle
swarm treemaps. Here, the initial positioning is enhanced with a pre-positioning
of the regions which a relative positioning that should be preserve. Therefore, a
morphing method translates the center of gravity of a template tiling into another
region. With this initial positioning the normal tiling algorithm is started. Our
extensive experiments with real biological tree structures showed that the morphing
based-technique is very eﬀective in achieving topological stability and often yields
better results than existing approaches such as spatially ordered squariﬁed treemaps.
Moreover, this technique has almost no negative impact on the aspect ratio of the
regions in the treemap and can even help to speed-up the computation, especially
for power weighted Voronoi treemaps. Still, not in all situations the same degree
of stability can be achieved. When using the divide and conquer algorithm and
the topological stabilisation, the recursive dividing of the tiling set should be done
with some consideration. Before dividing the tiling set, an initial positioning for the
original tiling set M is calculated including the morphing algorithm to achieve the
topological stability. Then use a k−means++ algorithm [66] for clustering points in
the plane into ℓ clusters to ﬁnd non-empty subsets M1 , . . . , Mℓ which preserve the
topological stability.
Therefore, in future work it could be interesting to try and gain some more insight
into structural requirements of treemaps that achieve more stability. In this chapter
diﬀerent methods are presented to improve the construction of treemaps. The next
chapter illustrates how to improve the layout of a treemap by enhancing it with
network informations.
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Chapter 3
Combined Network-Treemap
Visualization
Since the mid 80s the institute for Microbiology at the Ernst-Moritz-Arndt University
in Greifswald performs functional genomics research for microbial model organisms,
for microbes of biotechnological relevance, microbial pathogens and nowadays also
for complex microbial communities. This includes protein functional clustering and
metabolic pathway assignments on the basis of expression data from proteome experiments. Furthermore, the institute’s studies complement genome information with
data of gene activity derived from transcriptome and proteome experiments.
The growing complexity of such data demands new visualization techniques. In
this chapter Network-Treemap visualization is presented as a way to enrich power
weighted Voronoi treemaps which eﬀectively display hierarchical clustered entities
(e.g. enzymes clustered in their functional categories) with network information (e.g.
metabolic pathway information). In a resulting treemap the entities (leaves) are
represented by polygons of equal area size. The additional network information is
displayed by links between entities which belong to the same categories (otherwise
the links are removed). Each entity is represented by a polygon in the treemap and
linked with other entities in the network. A network embedding approach for computing a suitable layout of networks on a treemap is to reassign the entities to the
polygons until the network layout is optimized with respect to several criteria (such
as avoiding edge crossings). The chosen criteria improve the usability and readability
of the network information. The Network-Treemap keeps the clear categorical representation of a treemap and supports the visual exploring and analyse of entities’
data deriving from experiments. Finally, two possible visual styles are represented as
results: a simple PathTreemap and a complex MetabolicPathTreemap.
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3.1

Formal Network-Treemap Embedding Problem
Definition

The network embedding problem can be transformed into a subgraph isomorphism
problem [67] by phasing it as the problem of ﬁnding an isomorphism of a network into
a graph representing the treemap structure. Not every possible isomorphism achieves
a layout of the network embedding that is suitable for subsequent analysis tests (see
Figure 3.1(a)).

(a) random

(b) minimizing edge crossings

(c) minimizing energy

Figure 3.1: Different layouts for a network embedding: (a) shows a possible
embedding. Because of its edge crossings it is diﬃcult to analyse. In (b) a layout is
presented with minimal edge crossings, but it has acute angles. In (c) the layout has
been improved. Now it is easier to visualize the structure of the network.
In the literature many criteria for optimizing the layout for network embeddings of
various types of graphs have been proposed. The ideas from several layout optimization approaches are collected. Automated graph drawing algorithms optimize the
graph drawings for general uses. Examples include minimizing edge crossings (see
Figure 3.1(b)) or minimizing the energy in force-directed layouts (see Figure 3.1(c)).
[68] collected methods for constructing a force-directed graph layout with an energy
function that is a sum of attractive and repulsive forces. The function implicitly penalizes network embedding attributes (such as the number of edge crossings or acute
angles). Graph drawing algorithms according to certain layout criteria are presented
in [69].
Furthermore, algorithms for graphs with speciﬁc applications are also designed. A
biological approach is the automated construction of metabolic pathway drawings
which focus on how to construct conventional textbook-like drawings [70]. Automated
metro map algorithms are developed to construct metro maps in an user-friendly
way while easing navigation through a network. Especially an algorithm to generate
automatic metro map layouts is purposed in [71]. Articles [68, 71, 69] provide the
reader with an overview over possible criteria for a good layout. In essence, a good
layout should ease the navigation and exploration through the network (for further
information see e.g. [70]).
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The next section yields a formal deﬁnition for the input graphs (network and treemap
representing graph) and the output (network embedding). Section 3.2.3 provides
penalty functions that punish deviations of a given network embedding from
application-speciﬁc properties.
First, necessary deﬁnitions for transforming the
"network embedding in a treemap" problem into a "subgraph isomorphism" problem
are presented.
Hence, the network embedding problem is subdivided into sub-problems that embed
a sub-network into a sub-region of the given treemap. Each sub-region is a polygon
representing a vertex v that has only leaves as children (see example in Figure 3.2).
These children are represented by polygons that are a tiling of the vertex’s v polygon.
Definition 3.1 (Leaves tiling)
A tiling of a vertex v and a region R is a so-called leaves tiling if v has only leave
vertices as children.

(a)
treemap

example

(b) leaves tiling

Figure 3.2: leaves tiling: (a) shows an example treemap with three diﬀerent leaves
tilings (blue, red and green (b)).
A host graph represents a leaves tiling. It is deﬁned as a complete graph with weighted
edges (called costs). The more polygons have a non-empty intersection with a straight
line representing an edge, the higher are the costs to insert this edge into the network
embedding. It is easy to see that an embedding exists for each possible network
(without loops), because the host graph is a complete graph.
Definition 3.2 (Host Graph)
′
′
Let T be a leaves
 tiling. A host graph is a complete geometric graph H = (V , E )
′

with E ′ = V2 representing T . Each
v ′ ∈ V ′ . The vertex’s coordinates are
polygon R. Let the cost(e) of an edge e
with a non-empty intersection with the
edge has at least a cost of two.

polygon R ∈ T is represented by a vertex
deﬁned by the centre of its corresponding
∈ E ′ be the number of polygons of tiling T
straight line representing the edge e. Each

Furthermore, the network can be represented by a pattern graph.
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Definition 3.3 (Pattern Graph)
Given a host graph H = (V ′ , E ′ ) representing a leaves tiling T . A suitable pattern
graph for H is a graph G = (V, E) such that |V | ≤ |V ′ |.
In the biological applications of Network-Treemaps, in addition to a leaves tiling T of
a vertex v a graph N = (VN , EN ) representing a network is given. The children of v
refer to the same kind of entities as the vertices of N and the pattern graph is obtained
by restricting the network to the children of v. So the pattern graph G = (V, E) is
constructed with V = VN ∩ children(v) and E = {{u, w} ∈ En |u, w ∈ children(v)}.

(a) host graph

(b) pattern graph

(c) random network (d) crossing-free netembedding
work embedding

Figure 3.3: Network Embedding: A network embedding of a pattern graph (b)
into a host graph (a) can interfere the exploration of the network with leaves tiling
in blue and the corresponding host graph in black. (c). A clear network embedding
like in (d) is preferred.
Now the network embedding problem is transformed into a subgraph isomorphism
problem. A subgraph isomorphism [1] is deﬁned as the following:
Definition 3.4 (Graph Isomorphism)
A subgraph isomorphism of a graph G = (V, E) into a graph H = (V ′ , E ′ ) is an
injective map α : V → V ′ such that, {α(u), α(v)} ∈ E ′ , if {u, v} ∈ E for every pair
of vertices u, v ∈ V . In such a case α is a subgraph isomorphism of G into H.
According to this a network embedding of a network in a leaves tiling in a treemap
is deﬁned as the following:
Definition 3.5 (partial embedding)
Given a host graph H = (V ′ , E ′ ) and a suitable pattern graph G = (V, E). Let a
partial embedding of G into H be a subgraph isomorphism h from a subset V ∗ of V
into the set V ′ . If the domain dom(h) of h equals V , then h is called an embedding
of G into H.
When a partial embedding h is not an embedding, it can be extended by mapping a
vertex v of the pattern graph to a not-mapped vertex w of the host graph.
Definition 3.6 (Extending a partial embedding)
Let h be a partial embedding of G = (V, E) into H = (V ′ , E ′ ) and u ∈ V \ dom(h).
For any w not contained in the range ran(h) the extension of h to u that maps u to
w is denoted by ext(h, u, w).
44

This leads to the formal deﬁnition of a network embedding in a treemap. A network
embedding is needed that minimizes the value of a speciﬁed penalty function.
Definition 3.7 (Network-Embedding Problem of a leaves tiling T )
Given the host graph H = (V ′ , E ′ ) representing a leaves tiling T and a pattern graph
G = (V, E). Let the network-embedding problem be ﬁnding an embedding of G into
H that minimizes a given penalty function P.
The combination of all the network-embedding problems of leaves tilings in a treemap
is called Network-Treemap Embedding problem.
In the literature a lot of methods and algorithms are proposed for ﬁnding subgraph
isomorphisms or ﬁnding a graph representation that satisﬁes several restrictions.
Therefore, in the following section a backtracking algorithm presented by [72] is
adapted to ﬁnd every possible embedding of a pattern graph into a host graph.

3.2

Network-Treemap Algorithm

The basic idea is to solve the network embedding problem with a backtracking algorithm. The algorithm is based on the backtracking algorithm for ﬁnding the subgraph isomorphism problem presented by Ullmann [72]. It modiﬁes the backtracking
algorithm into ﬁnding a network embedding with a minimal value of a given penalty
function deﬁned in section 3.2.3.

3.2.1

Basic Backtracking Algorithm

The Basic Network Embedding Algorithm (see Algorithm 1) presents a recursive version to ﬁnd a best embedding h for a given pattern graph G = (V, E) and a given host
graph H = (V ′ , E ′ ). The algorithm essentially enumerates all possible embeddings.
On each entry into the recursive call new mappings from a pattern vertex to a host
vertex for an extended partial embedding are explored. In line 9 it is checked if the
partial embedding could be extended. When the solution is not extendible, it is compared to best embedding hbest found so far, and when it has a smaller penalty value,
it is set to be the best embedding hbest , and the algorithm tracks back. The auxiliary
function PickVertex returns just any unmapped vertex u that is not contained in the
dom(h). However, experiments show that such an implementation would not be the
most eﬃcient one, all nodes of a recursion tree are visited. Each node is a partial
embedding and its children are all partial embeddings one gets by mapping the next
unmapped vertex of the pattern graph to each possible unmapped vertex of the host
graph.
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Algorithm 1 Basic Network Embedding Algorithm (BT)
1: Global G(V, E) pattern graph; H(V ′ , E ′ ) host graph
2: Global hbest = null ; penalty best := ∞
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:

⊲ main function

function CreateEmbedding
initialize h with dom(h) = ∅
CreatePartialEmbedding(h)
return hbest
end function

⊲ recursive call

procedure CreatePartialEmbedding(h)
if V \ dom(h) = ∅ then
if penalty(h) < penalty best then
hbest := h
penalty best := Penalty(h)
end if
return
end if
u := PickVertex (V \ dom(h))
H = {ext(h, u, w) : w ∈ V ′ \ ran(h)}
for all hi ∈ H do
CreatePartialEmbedding(hi )
end for
end procedure

⊲ recursive call

Improvements of the basic algorithm
The eﬃciency of a recursive algorithm depends on the number of recursive calls it
makes. Backtracking algorithms for subgraph isomorphism use diﬀerent techniques
for determining desirable sub-trees of the recursion tree. For example, Ullmann only
mapped a vertex of the pattern graph u to a vertex of the host graph w if deg(u) ≤
deg(w) [72]. Here, such conditions are less useful, since the host graph is a complete
graph.
Monotonically increasing penalty functions give the chance to determine a sub-tree
of the recursion tree with a penalty greater than the minimal penalty value seen so
far. The Improved Network Embedding Algorithm (see Algorithm 2) describes the
slight change of the lines 18 to 20 to decimate the recursion tree nodes that have to
be visited to ﬁnd the best embedding.
[73] give a further idea for an improvement. Instead of just picking an unmapped
vertex in PickVertex other possible criteria are described. The idea is simple. Finding
a good embedding faster allows to determine more desirable sub-trees of the recursion
tree. Baur and Brandes presented three possible criteria for picking the next vertex
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Algorithm 2 Bounded Network Embedding Algorithm (BBT): Improved
lines 18–20 of Algorithm 1 for creating a network embedding to improve the running
time.
1: sort H according to penalty and selection values of the embeddings and name its
elements h1 , h2 , . . . according to this order
2: i := 1
3: while Penalty(hi ) < penalty best do
4:
CreatePartialEmbedding(hi )
⊲ recursive call
5:
i++
6: end while
that is not contained in dom(h) for a given partial embedding h:
Max Degree PickVertex Criterion: picks the vertex with greatest degree.
Inward Connectivity PickVertex Criterion: picks the vertex with the largest
number of neighbours that are contained in dom(h).
Outward Connectivity PickVertex Criterion: picks the vertex with the least
number of neighbours that are contained in dom(h).
The next section highlights some properties of network embeddings that need to be
prevented for a clear layout. After that, basic penalty functions are deﬁned to achieve
the prevention of the properties. Afterwards, the functions are analysed with respect
to their eﬀectiveness for producing network embeddings with the desired properties.
A weighted sum of these penalty functions can be used as penalty(h) in the algorithm
1 and algorithm 2.

3.2.2

Displeasing Embedding Layout Properties

The main goal is to correct a graph drawing by minimizing the occurrence of diﬀerent
layout properties. Standard graph drawing algorithms reduce the edge crossings (see
Figure 3.4(a)) and the acute angles (see Figure 3.4(c)) in a drawing and prefer similar
edge lengths (see Figure 3.4(h) as an example for diﬀerent edge lengths). Rojas and
Becker propose a layout for metabolic pathway drawings that is planar (minimize
edge crossings), compact and with maximal symmetry [70]. Wolﬀ suggests aesthetic
goals for a metro map, like minimal edge crossings (if necessary dummy vertices
should be added to make the graph planar). Further he suggests that a compact
drawing, uniform distance between stations, and the numbers of bends along a path
should be small [74]. To keep the drawing compact he advises to keep the total edge
length small and the distance between adjacent stations as uniform as possible.
Properties for a network embedding are collected that should be prevented or forced.
The main focus is on the reduction of edge crossings (see Figure 3.4(a)). The sum
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(a) edge crossing

(b) non-empty intersections of an edge
with three or more
polygons

(e) zigzag line

(f) spiral

(c) acute angle

(d) small distance
between an edge
and a non-incident
vertex

(g) horizontal wind- (h) different
ing course
lengths

edge

Figure 3.4: Properties of a graph drawing that should be prevented (except horizontal
winding course). Depending on the application a graph drawing is pleasing if it
contains a minimal number of a speciﬁc set of attributes. For each graph drawing it
is valid to contain less edge crossings and the number of non-empty intersections of
an edge with polygons of the tiling.

of all costs of edges in the network embedding should be minimized as well (see
Figure 3.4(b)). This implicitly helps to equalize the edge lengths of the network
embedding.
In joint work with users properties of a network embedding are determined that
hinder the navigation in the embedding, make it unclear or lead to a misleading
interpretation of the underlying data structure. For further information read section
3.3 on page 57. There properties in a network embedding for biological applications
are discussed. Some attributes are based on angles between two or more edges of the
network embedding, like acute angles (see Figure 3.4(c)) or the slopes and bends of
edges contained in the same path like in a non-horizontal-winding curve in a spiral or
in a zigzag lines (see Figures 3.4(g), (f) and (h) (e)). Other properties that occur in a
network embedding are distance-based like a small distance between an edge and and
vertex (see Figure 3.4(d)), or edges with diﬀerent edge lengths (see Figure 3.4(h)).
In the next section some penalty functions – collected from literature – are deﬁned
to prevent these unpleasant network embedding properties.
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3.2.3

Penalty Functions for Network Embedding

Diﬀerent penalty functions are designed to penalize certain attributes of a partial
embedding that violate layout criteria. These functions are monotonically increasing
to use them in the improved network embedding algorithm described on page 45.
Here, monotonically increasing means that the value of a function cannot decrease for
a partial embedding, when a vertex and its incident edges are added to the embedding.
A weighted sum of monotonically increasing penalty functions with positive weights
is also monotonically increasing. Note that randomly chosen layouts violate many
of the layout criteria mentioned in the section above, and penalty functions are a
convenient way to select layouts that meet these criteria (see Figure 3.5).
Hamilton path
embedding

Hamilton cycle
embedding

Glycolysis metabolic
pathway embedding

Figure 3.5: A coincidentally chosen network embedding: Without using a
suitable penalty function the layout criteria are violated.
Given a partial embedding h of a pattern graph G = (V, E) into a host graph H =
(V ′ , E ′ ), the set of all edges of the partial embedding h is deﬁned as:
edges(h) := {{h(v), h(w)}|{v, w} ∈ E}
In this section penalty functions are deﬁned for such an embedding.
A survey of penalty functions of a graph drawing is provided by [69] (called quality
measures). Among those penalty functions mentioned in this survey, the following
are particular relevant for embedding a network in a treemap.
The penalty function PCross is the number of all edge crossings in a partial embedding
h.
(
X
1, if e crosses f
PCross (h) =
0, otherwise
e,f ∈edges(h),e6=f
The network embedding problem should ease the navigation through the network.
Therefore, it is related to the automatic metro map drawing problem (see e.g. [71]),
because a metro map is constructed to help travellers ﬁnd their route or station
in the metro map easily. Consequently a clear and understandable layout is in both
problems in demand. The following penalty functions are adaptations of some quality
measures mentioned in [71].
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The penalty function POptimalEdgeLen favours embeddings with similar edge length of
all edges. This can be obtained by penalizing the diﬀerence to an optimal edge length.
For an embedding h the set E2 (h) is deﬁned by E2 (h) = {e ∈ edges(h) | cost(e) = 2}.
Here, the optimal edge length opt(h) is deﬁned as the average edge length of all edges
e ∈ E2 (h).
POptimalEdgeLen (h) =

1
|E2 (h)|

X

|opt(h) − kvwk|

v,w∈dom(h),
{v,w}∈edges(h)

Additionally, the penalty function PBalancedEdgeLen favours embeddings with similar
edge length of edges that have a vertex of degree 2 in common.
X
|kvwk − kvzk|
PBalancedEdgeLen (h) =
v∈dom(h),deg(v)=2,
{v,w},{v,z}∈edges(h)

For the linearity penalty function PLinearity the constant 4 of the original equation
is replaced with the variable l. The function penalizes the deviations of the slope of
an edge from l given directions. The result is a function that favours 2 · l directions.
The original equation allows 8 directions: horizontal, vertical and diagonal (45◦ )
directions.
 

X
|uy − vy |
sin l · arctan
PLinearity (h, l) =
|ux − vx |
{(ux ,uy ),(vx ,vy )}∈edges(h)

Hamilton path
embedding

Hamilton cycle
embedding

Glycolysis metabolic
pathway embedding

Figure 3.6: Influence of the penalty function PLinearity (h, 1) on a network
embedding layout (additionally PCross is also used to avoid edge crossings). The
edges are as horizontal as possible. The penalty function forces horizontally winding
courses for paths, but does not work well for embedding non-path-like networks in a
treemap (right).
The penalty function PAngRes aims for network embeddings with mostly equal angles
between edges that have the same vertex in common (the edges are considered in
clockwise order around the vertex). Given a vertex v ∈ dom(h) of a partial embedding
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h, let deg ∗ (v) be the degree of the corresponding vertex in the pattern graph G =
(V, E). For every vertex v ∈ V let (e1 , e2 , ..., edeg(v) ) be the tuple of edges incident to
v. Here edeg(v)+1 is equal to e1 . The function angle(ei , ej ) calculates the angle between
ei and ej (i, j ∈ {1, ..., deg(v) + 1}) in clockwise order.
The angular resolution criterion is adapted to design a monotonically increasing function that can be used as a penalty function. When extending a partial embedding,
the angular resolution penalty for a vertex decreases when an angle that is too big
is divided by a newly added edge, otherwise it increases. Therefore, angles that
are too big are only penalized if the degree of the current vertex in the partial embedding h is equal to the degree of the corresponding vertex in the pattern graph
(deg(v) = deg ∗ (v)). The resulting function is shown below, and possible results are
shown in Figure 3.7.

PAngRes (h) =

X

X

v∈dom(h) i=1

Hamilton path
embedding

2·π
− angle(ei , ei+1 )
deg ∗ (v)

0


deg(v) 

Hamilton cycle
embedding

,

if deg ∗ (v)=deg(v)
or deg2·π
∗ (v) >angle(ei ,ei+1 )

, otherwise

Glycolysis metabolic
pathway embedding

Figure 3.7: Influence of the penalty function PAngRes on a network embedding layout (additionally PCross is also used to avoid edge crossings). The lines
are straight, but spirals can occur. In some applications spirals force a misleading
interpretation of the underlying data.

Force directed layouts techniques are a common tool to generate graph drawings. The
goal of this technique is to ﬁnd a layout of a graph with minimal energy. An energy
function models a combination of a repulsive force (between each distinct vertex
pair) and an attractive force (between two adjacent vertices). PMinEnergy is a similar
penalty function used in [68], that calculates the energy of a partial embedding h, but
is adapted to obtain a monotonically increasing function. Here, a score of attractive
and repulsive forces for a network embeddings is calculated. In force directed graph
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drawing algorithms the score is used to translate each vertex in each iteration.
X

PMinEnergy (h, a, r) =

v,u∈V
{v,u}6∈edges(h)

+

X

v,u∈V
{v,u}∈edges(h)

kuvkr+1
r+1
kuvka+1 kuvkr+1
cost({u, v}) ·
−
a+1
r+1

kuvk−1+1
must be read as ln(kuvk) (because x−1 is the derivative of ln(x)). In
−1 + 1
general the attractive force should be greater than the repulsive force (see also [71]).
The common values for the constants are from
where

Fruchterman and Reingold (a = 2, r = −1),
Davidson and Harrel (a = 1, r = −3) and from the
LinLog model (a = 0, r = −1).
Hamilton path
embedding

Hamilton cycle
embedding

Glycolysis metabolic
pathway embedding

Figure 3.8: Influence of the penalty function PMinEnergy (h, 0, −1) on a network embedding layout (additionally PCross is also used to avoid edge crossings).
The lines are straight, but spirals can be occur. In some applications spirals forces a
misleading interpretation of the underlying data.
Finally, penalty functions are considered especially designed for a partial embedding
of a network in a treemap and are adapted from graph drawing criteria. The penalty
function PSmallestAngle penalizes the smallest angle. So the resulting best network
embedding is an embedding with the maximal smallest angle.
PSmallestAngle (h) =

max

{u,v}∈edges(h)
{v,w}∈edges(h)
u6=w

(π − angle(u, v, w))

The penalty function PTotalCost is deﬁned as the sum of all costs of the edges in a
partial embedding. According to the cost deﬁnition of an edge in a host graph the
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cost is the number of polygons that the edge intersects in the leaves tiling. PTotalCost
penalizes the intersection of an edge of an embedding with more than two polygons
of the tiling.
X
PTotalCost (h) =
(cost(e) − 2)
e∈E

How the Penalty Function Minimizes Displeasing Structures in Network Embeddings
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Legend: ++ minimize + positive effect · no effect − increase

Table 3.1: Effect of the functions on the properties of the network embedding layout: The penalty functions are analysed in a visual way to get an impression
that penalty functions avoid the diﬀerent kind of properties or increase the occurrence of the properties. This table can help to ﬁnd a good combination of penalty
functions that optimize the layout for a speciﬁc demand.
Section 3.2.2 provides an overview of properties in a network embedding that need
to be minimized for a pleasing network embedding layout. To investigate the eﬀects
of the penalty functions on the properties 177 examples with respectively 3 to 10
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vertices are examined per penalty function. These examples include the Hamilton
path, the Hamilton cycle and the following metabolic pathways:
• Glycolysis (Embden-Meyerhof pathway), glucose => pyruvate1
• Glycolysis, core module involving three-carbon compounds2
• Pentose phosphate pathway3
The results are displayed in Table 3.1. Note, that not every possible embedding
can be tested in this way. The main properties that must be prevented are edge
crossings and non-empty intersections of an edge with more than two polygons of the
underlying tiling. The penalty function PCross and PTotalCost keep the properties
from appearing. The minimal energy functions PMinEnergy implicitly prevent these
properties, because a network embedding has a small penalty value if adjacent vertices
are close to each other (attractive force). Therefore, short edges are preferred, which
usually have a non-empty intersection with at most two polygons of the tiling. Nonadjacent vertices have a little penalty value if they are far away from each other
(repulsive force). The repulsive and attractive forces cause that edges which do not
cross each other, are preferred. Similar eﬀects can be achieved by penalty functions
which optimize the edge length like (POptimalEdgeLen and PBalancedEdgeLen (h)). Note,
that some penalty functions like PLinearity increase the occurrence of non-empty
polygon-edge intersections and edge crossings.
Other properties which reduce the readability of a network embedding are acute
angles and zigzag lines. The penalty function PSmallestAngle maximizes the smallest
angle and thus decreases acute angles. The alignment of angles’ sizes between edges of
a common vertex also reduces the acute angle. On the one hand the penalty function
PAngRes penalizes unequal angles and prevents the appearance of zigzag lines. On the
other hand it increases the occurrence of spirals by rolling up a long path. Preferring
only horizontal and vertical edges like PLinearity (h, 1) and PLinearity (h, 2) reduces
zigzag lines implicitly. Due to the attractive and repulsive forces, the penalty function
PMinEnergy also minimizes the occurrence of acute angles and zigzag lines. It also
prevents vertices and non-incident edges from being too close.
In some applications rolled paths (spirals) lead to a misinterpretation of the underlying data structures (see Section 3.3.1 for more details). Therefore, a horizontal
winding course would be more appropriate. The penalty function PLinearity (h, 1) is
the only one that provides this property of network embeddings with a low penalty
value. A combination of PAngRes (h) and PLinearity (h, 1) would prevent spirals while
keeping the angular resolution.
Equalizing the edge lengths also keeps the network embedding clear. For this purpose the penalty functions like POptimalEdgeLen are constructed. The balanced edge
1

http://www.genome.jp/kegg-bin/show_module?M00001 as of December 10th 2014
http://www.genome.jp/kegg-bin/show_module?M00002 as of December 10th 2014
3
http://www.genome.jp/kegg-bin/show_module?M00004 as of December 10th 2014

2
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penalty function PBalancedEdgeLen penalizes the diﬀerent edge lengths that have a
same vertex in common. A small impact on equal edge lengths has the minimal
energy penalty function PMinEnergy as well.
Designers of metro maps use only a certain number of slopes of lines to keep layouts
clear. Previous articles only referred to horizontal and vertical lines, while in newer
articles the diagonal lines are allowed as well, since the newer metro maps are becoming increasingly complex [71]. Preferring just a limited number of slopes is obtained
by the linearity penalty functions PLinearity .
The penalty functions deﬁned in the previous section usually prevent or ensure only
a particular property. A weighted sum of these basic penalty functions could automatically achieve a desired layout for a speciﬁc application. However, this requires
many tests to ﬁnd good weights. The Table 3.1 can be helpful to ﬁnd a suitable
combination of penalty functions.
In the next section the beneﬁts of the eﬃciency of the improvements of the basic
backtracking algorithm described in section 3.2.1 are under investigation. A basic set
of penalty functions is used that helps to produce a network embedding for a minimal
requirement.

3.2.5

Efficiency-Analysis of Network Embeddings for a Minimal Requirement
Hamilton path
embedding

Hamilton cycle
embedding

Glycolysis metabolic
pathway embedding

Figure 3.9: Effect of the penalty function PCrossCost (h) on a network embedding layout. The layout is crossing free but contains some zigzag lines, acute angles
and so on.
In this section it is analysed how the improvements of the normal backtracking algorithm (explained in Section 3.2.1) have a positive eﬀect on the eﬃciency. Therefore,
the penalty function
PCrossCost (h) := PCross (h) + PTotalCost (h)
is chosen. This function penalizes only edge crossings and edge intersections with
polygons of the underlying leaves tiling. The resulting network embedding layout
fulﬁls a minimal requirement without further layout expectations (see Figure 3.9).
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Figure 3.10: Treemap used for constructing the host graphs for the experiments.

Figure 3.11: Visited recursion tree nodes in dependence of algorithmic
strategies: The y-axis is in logarithmic scale. All improvements reduced the
number of visited recursion tree nodes extremely. BBT (Best Backtracking
algorithm shows the advantage of determining desirable sub-trees. BBT Degree/Inward/Outward shows the eﬀect on the recursion tree visit of the diﬀerent
PickVertex strategies (Degree/Inward Connectivity/Outward Connectivity) in the
BBT algorithm.
As input data a network embedding of a Hamilton path into a host graph is used.
The host graph has n vertices with n ∈ {5, 10, 15, 20} and comes from the treemap
shown in Figure 3.10. In the experimental trail the number of visited recursion tree
nodes is measured for the bounded backtracking algorithm (BBT) and its improvements of picking the next vertex with the Max Degree PickVertex Criterion (BBT Degree), Inward Connectivity PickVertex Criterion(BBT - Inward) and the Outward
Connectivity PickVertex Criterion(BBT - Outward). The number of visited nodes
used with the basic algorithm is only calculated with the following formula, :
′

#RecursionTreeNodes(V, V ) =

|V |
X
i=1

|V ′ |!
(|V ′ | − i)!

The formula calculates for each pattern graph G = (V, E) and host graph H =
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(V ′ , E ′ ) with |V | ≤ |V ′ | the number of recursion tree nodes of the recursion tree
that occurs while constructing each possible network embedding of G into H. The
results of the experiments are shown in Figure 3.11 with a logarithmic scale y-axis
showing the number of visited recursion tree nodes. On the x-axis the number of
vertices of the host graph is displayed. On the left side of the ﬁgure an approximate
time is given to show how long it takes to run x recursion tree nodes (displayed on
the right). The BT algorithm shows an exponential growth of the recursion tree
node visits with growing number of vertices of the host graph. For 20 vertices it
needs approximatively 6, 61 · 1018 visits. The BBT algorithm has also an exponential
growth, but with smaller slope. For 20 vertices it needs approximatively 108 visits.
This is roughly 4 · 1010 times better than the basic algorithm. But it takes around 5
hours to run the test with the BBT algorithm. A simple way to improve the eﬃciency
is to ﬁnd a suitable criterion to pick the next unmapped vertex of the pattern graph.
BBT -Degree improves the recursion tree visits for 20 host vertices about the factor
1.5, BBT -Outward about the factor 25000 and BBT - Inward about the factor 3000
(with a needed time of eight minutes). The smaller improvement factor of the BBTDegree might be caused by the structure of the Hamilton path and may have a greater
improvement factor for other graphs with a maximal vertex degree of more than 2.
The results show that simple improvements can highly reduced the visits of the
recursion tree nodes. Simple improvements can be bounding the backtracking while
determining desirable sub-trees of the recursion tree and using a better strategy for
picking the next unmapped vertex of the pattern graph .

3.3

Design

This chapter provides an introduction of two possible applications (see Figure 3.12)
of Network-Treemap in microbiology. These applications are the result of joint work
with Jörg Bernhardt of the Institute of Microbiology of the University of Greifswald.
The GenomePathTreemap is a treemap that clusters genes according to their speciﬁc properties (e.g. regulatory function) that have a layer with a network display
that shows the gene order in a genome. Finding a good network display in this case
is related to the Hamilton path problem because the network is a Hamilton path.
After this a more complex Network-Treemap application is described the MetabolicPathTreemap. Here, a treemap displays hierarchically clustered proteins or their
related genes according to a speciﬁc property (e.g. functional categories). This
treemap has a layer of a network display that shows metabolic pathway information.
Both applications require a speciﬁc visual style for drawing the network and this is
achieved by using speciﬁc functions.
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Figure 3.12: Possible Applications of a Network-Treemap: The ﬁrst application
is the overlying of genome order information on a gene ontology treemap and the
second one is the overlying of metabolic pathway information on a treemap of a
hierarchy that clusters proteins according to their functions.

3.3.1

GenomePathTreemap

One application of Network-Treemaps is the display of gene expression data. The
genes or their encoded proteins are structured in context of a hierarchically functional ontology (genes involved in the same cellular function) and/or gene regulatory
hierarchies. These hierarchical structures are displayed in the treemap. The network
represents the linear arrangement of genes in the genome (explicitly in an operon,
see Figure 3.13). This combination of treemaps and networks allows the analysis
and exploration of the gene expression data concerning their functional clustering as
well as the genes’ order at the same time. GenomePathTreemap is presented at the
ISMB4 /ECCB5 in 2013 and is well received by potential users and developers who
work on visualizing huge biological data sets and biological networks.
Layout Requirements
For the GenomePathTreemap layout it is important to minimize edge crossings as well
as polygon crossings. Acute angles or rolled pathways (spirals) may look appealing
but they obscure the genes’ order, e.g. spirals produce a misleading interpretation
because they have an inner and an outer end vertex. A horizontally winding course
of the network can avoid this misleading interpretation and supports a fast and easy
perception of the genes’ order.
4
5

21st Annual International Conference on Intelligent Systems for Molecular Biology
12th European Conference on Computational Biology
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operon

gene A

gene B

gene C

gene D

network
ﬁrst gene

layout

last gene

Figure 3.13: The given order of genes in an operon is transformed into a network.
Experiments are conducted to optimize the network display in order to ﬁnd out what
kind of penalty function ﬁts this application best.

Penalty function tests
Diﬀerent combinations of penalty functions are tested to ﬁnd out which function
forces the horizontally winding course best with minimal edge crossings. During the
tests many examples are viewed and it is examined which combination ﬁts the layout
requirements for the tested examples best. Note, with this kind of test not every
possible network embedding for a given combination of penalty functions is analysed.
The penalty functions are chosen based on the basic penalty function results shown
in Table 3.1 on page 53. Every combination contains the weighted penalty sum
PCrossCost (h) = PCross (h) + PT otalCost (h)
to minimize the edge crossings and polygon crossings (used in section 3.2.5).
To force a horizontal winding course of the pattern graph the penalty function
PLinearity (h, 1) and the function PM inEnergy (h, 0, −1) are compared with each other.
In Table 3.1 you can see that the linearity penalty should be better than the minimal energy one. Sometimes, however, minimal energy function shows great results
in creating the horizontal winding course, so it is included in the tests. Additionally,
the angular resolution penalty function PAngRes (h) is tested that avoids acute angles
and zigzag lines.
Next, the penalty functions PLinearity (h, 1), PM inEnergy (h, 0, −1), PAngRes (h) are embedded in a weighted sum in combination with the PCrossCost (h) functions to avoid
edge crossings and polygon crossings. The weights for the penalty functions are
chosen according of the importance of the penalty function so that less important
penalty functions get a smaller weight than more important ones. According to this,
for the PCrossCost (h) function the weight 107 is chosen to avoid that any other penalty
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PCross

PL

PM

PA

PWindingCourse

Example A

Example B

Example C
Table 3.2: Exemplary results: The penalty functions PL , PM , PA are visually compared with each other. Here, three examples are shown. Additionally, the basic
penalty function PCrossCost and the constructed penalty function PwindingCourse are shown
to compare the results.
function inﬂuences the result too much. So the following functions are tested:
PL (h) = 107 · PCrossCost (h) + PLinearity (h, 1)
PA (h) = 107 · PCrossCost (h) + PAngRes (h)
PM (h) = 107 · PCrossCost (h) + PM inEnergy (h, 0, −1)
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Figure 3.14: Treemap with leave tilings that are used to construct the host graphs
for the experiments.
The penalty functions are compared by embedding a Hamilton path into 33 host
graphs with 4 to 15 vertices (3 host graphs have the same number of vertices) that
are constructed according to the treemap displayed in Figure 3.14.
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Test results. In Figure 3.2 examples for the test results are shown. Example A
shows that the penalty function PM constructs winding courses, but it does not force
them. Example B illustrates the tendency of the penalty function PM to produce
spirals; Example C illustrates the tendency of the penalty function PM to produce
zigzag lines. Consequently: the penalty function PM is not suitable to force a horizontal winding course. In contrast, the penalty function PL forces horizontal lines
and so it forces most of the time a horizontal winding course. However, in Example C
it is shown, that for certain instances of host graphs zigzag lines and not a horizontal
winding course are produced. The zigzag lines are avoided by the penalty function PA ,
because it equalizes the angles of edges that have one vertex in common. However,
the penalty function PA creates spirals instead of a horizontal winding courses (see
Example C). Therefore, a combination of PL and PA is needed, that forces the horizontal winding courses, even if a good horizontal winding course can not be found.
Tests have shown that a weighted sum of PAngRes (h) and PLinearity (h, 1) with the
weights 3 and 10 ﬁts the winding course purpose best, e.g. the weights 2 and 10 produce the same results as PL and the weights 5 and 10 produce the same results as PA .
Hence, the penalty function for a horizontal winding course is deﬁned as following:
PWindingCourse (h) = 107 · PCrossCost (h) + 10 · PLinearity (h, 1) + 3 · PAngRes (h)
Next, it is focused on diﬀerent PickVertex (inward, outward and max degree) criteria
to pick the next unmapped vertex of the pattern graph to increase the eﬃciency of the
improved network embedding algorithm (see Algorithm 2 on page 47). BBT -Degree
improves the recursion tree node visits for 215 host vertices about the factor 1.6, BBT
-Outward about the factor 2 and BBT - Inward about the factor 6. Consequently, the
Inward Connectivity strategy for the penalty function PW indingCourse (h) (see Figure
3.15) is suggested.

Figure 3.15: Efficiency test: For the penalty function PW indingCourse (h) the diﬀerent
PickVertex strategies are analysed.
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Visual style of the GenomePathTreemap
For the visual style the pattern graph is rendered with circles as vertices and with
thick lines as edges, with tapering from each incident vertex to the middle of the
line. So it is formed like biconcave lens. In addition the ﬁrst and the last gene is
marked with a circle or a ring (see Figure 3.13). In a Voronoi-treemap the polygons
are represented by straight lines and the graph is shown with curves. As a result, this
visual style helps users to orientate themselves in a GenomePathTreemap, because it
is easier to distinguish between the treemap and the network.

Figure 3.16: Visual style: in a GenomePathTreemap the genes are represented as
disks. The links between the genes are represented by thick lines. The lines narrow
in their middle. The resulting shape reminds one of biconcave lens (ﬁlled with red
colour). Additionally, the ﬁrst gene is marked with a small disk and the last genes is
marked with a ring.

Biological Example of using GenomePathTreemaps
A GenomePathTreemap improves the simultaneous analysis of transcriptome as well
as proteome data, here for Bacillus subtilis 168 from a glucose starvation experiment.
Treemaps can be used to visualize hierarchically organized networks of gene regulation. Transcriptional regulatory proteins may inﬂuence gene activity in a positive
(up) or negative (down) manner. Bacteria genes involved in the realization of the
same cellular function are often organized in co-transcribed groups, so called operons,
which ﬁnally contain the genes as symbolized by equally sized polygons.
The embedded paths show the gene order in the bacterial genome, Voronoi cells
symbolize the proteins. Z-transformed expression data of the proteome are mapped
according to the Voronoi cells and transcriptome are visualized by using the pathways.
Gene expression data is encoded by using diﬀerent colour hues. Uncertainty measures
are encoded by diﬀerent saturated shades of colour. The shown examples are taken
during the growth (see Figure 3.17).
Compared to a reference sample, in response to a certain biological stimulus genes
can be increased or decreased in their activity. Normally genes of related cellular
functions or related control by the same gene regulator behave similarly. In sets of
several hundred gene expression values, data mapping by using a divergent colour
gradient clearly points out, which clusters are homogeneously inﬂuenced. Based on
this observation it can be concluded, what’s happening in the biological object under
62

Figure 3.17: Resulting GenomePathTreemap: Bacillus subtilis 168 from a glucose starvation experiment. The shown examples are taken during the transition
phase. The polygons of the treemap are coloured according to the proteome data
and the network is coloured according to the transcriptome data. Uncertain data has
a dark gray colour. The colour gradient goes from blue (for lower expressed than in
the exponential growing phase) over gray to orange (for higher expressed than in the
exponential growing phase).
investigation. With the new added operon information a disconnectivity of some
operons can be revealed. Our example shows that in some operons a disconnectivity
shows up, so more research is required to ﬁnd out if this is really just one operon at
this point.
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3.3.2

MetabolicPathTreemap

Another application of Network-Treemaps is the combined display of gene/protein
functional clustering and metabolic pathway information. Gene functional models usually structure metabolic and cellular functions hierarchically with enzymes
as leaves at the lowest level. The hierarchical structure is displayed by a treemap
while expression data of proteins/enzymes is encoded by colour hue. MetabolicPathTreemaps enhance traditional treemaps by integrating information of metabolic
pathways. MetabolicPathTreemap is presented as a poster at the VIZBI conference
in 2014 and a display of a MetabolicPathTreemap won the second prize of the Art
and Biology section.
Pattern Graph Construction and Visual Style
A reaction is catalysed by one or more enzymes and transforms one or more chemicals
(precursor) into one or more diﬀerent chemicals (product). These chemicals are socalled metabolites. Consequently given a set of enzymes E and a set of metabolites
M, a catalysed reaction is a triple (Ω, M1 , M2 ), with Ω ⊆ E and M1 , M2 ⊆ M. A
metabolic pathway is a collection of catalysed reactions. This is made more precise
in the following deﬁnition.
Definition 3.8 (Metabolic Pathway)
Given a set of enzymes E and a set of metabolites M, a metabolic pathway P W metablic
is a subset of P(E) × P(M) × P(M) (where P(x) denotes the power set of a set x).
There are several options for constructing a pattern graph from a given metabolic
pathway. The ﬁrst option is a bipartite graph [75, p.55]. Here, metabolites are
only linked with enzymes and enzymes are only linked with metabolites (see Figure
3.18(a)). It can be formally deﬁned as follows.
Definition 3.9 (Layout Graph of a Metabolic Pathway)
Given a metabolic pathway P W metablic on a set of enzymes E and a set of metabolites
M, let L(P W metablic ) = (V, E) be the layout graph of the metabolic pathway, where
V is deﬁned by V = M ∪ E and an edge {µ, ε} ∈ E exists if and only if a triple
(Ω, M1 , M2 ) ∈ P W metablic with µ ∈ M1 ∪ M2 and ε ∈ Ω exists.
In the literature several automated layout algorithms for embedding metabolic pathways in the plane are proposed [76, 77, 78, 79], because the graph layout algorithm
can not achieve textbook like drawings [76].
As mentioned above, the hierarchies in this application context have the property
that leaves represent enzymes. This implies that a pattern graph obtained from a
metabolic pathway should have only enzymes as vertices. That can be achieved by
the following deﬁnitions.
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Definition 3.10 (Pattern Graph of a Metabolic Pathway)
Given a metabolic pathway P W metablic on a set of enzymes E and a set of metabolites
M. Let G(P W metablic ) = (V, E) be the pattern graph of the metabolic pathway, where
V is deﬁned by V = E and an edge {ε, ε′ } ∈ E exists if and only if there exist triples
(Ω, M1 , M2 ) and (Ω′ , M1′ , M2′ ) in P W metablic so that ε ∈ Ω, ε′ ∈ Ω′ , M2 ∩ M1′ 6= ∅.
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Multi Enzyme Complex

Enzyme
Metabolite
Multi Enzyme Complex

(a) a metabolic pathway

(b) the layout in a MetabolicPathTreemap

Figure 3.18: (a) A bipartite graph, where vertices are enzymes and metabolites. If
there are no metabolites displayed between the enzymes means that the enzymes are
combined in a multi enzyme complex. That means that the intermediate metabolites
exists, but in most cases cannot be measured.
(b) Large disks represent metabolites (II) with those forming the start and end point
of a pathway being placed inside the enzyme’s polygon (I). Intermediate metabolites
as well as known connections between enzymes (represented by smaller disks (III))
are placed where the enzymes’ polygons touch.
The edges of the pattern graph are so-called interactions of the enzymes. This graph
representation is seldom used in biology, since it is less relevant to biological processes.
[80, p. 49]. In general, metabolic pathways may have other representations with
metabolites as vertices and enzymes connecting them.
To display metabolic pathways in treemaps both types of graphs are used. The
pattern graph is used as the input to the algorithm used in section 3.2.1 to ﬁnd a
suitable embedding of the metabolic pathway in the treemap. Once such an embedding has been found, the layout graph is used to visualize the metabolic pathway.
For that reason and to encode data attributes as ﬁlling colour of the visual element
representing the metabolites, the layout graph is used for the visual style of MetabolicPathTreemap. In Figure 3.18(b) the used visual style is displayed. Disks represent
the metabolites and the edges are encoded indirectly by so-called k-hubs, where k is
the number of linked metabolites in the layout graph. A 2-hub is a smoothly bended
line and a 3-hubs is similar to the Mercedes star. This visual style is intended to be
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used to possess certain requirements on structure of the embedding of the pattern
graph.
Layout requirement
Metabolic pathways can be simple paths or more complex. The reason is shown in
[81, p. 7], Wiley mentioned that Metabolic Models showed that less than 30% of the
metabolites are involved in two reactions. To characterize the structure of metabolic
pathways 26 typical metabolic paths, which are already visualized in MetabolicPathTreemaps, are analysed. In these bipartite graphs an enzyme is only linked
with metabolites and metabolites are only linked with enzymes. The average of the
enzymes contained in the metabolic pathway is 9.3 with a maximum of 19 enzymes.
Only 8% of the enzymes are linked with more than 2 metabolites. 60% of the 8% are
lined with three metabolites. Furthermore, 18 of the 26 graphs are paths and only 6
contain circles.
These facts and the fact that the metabolic pathways are divided into the functional
categories to be displayed in the treemap, lead us to the assumption that the resulting
pattern graphs are usually small graphs that might contain few circles and vertices
with a degree higher than three. So according to the discussion of layout requirements
in context of GenomePathTreemaps, MetabolicPathTreemap layout should contain
only minimal edge crossings as well as minimal non-empty edge-polygon intersections.
Acute angles and non-straight lines do not support a fast and easy perception of the
metabolic pathway information. A horizontal winding course is not necessary because
metabolic pathways do not have a speciﬁc order. Furthermore, aesthetic properties for
non-path pattern graphs are required like a compact drawing, uniform edge length
and uniform arrangement of the edges around an incident vertex as mentioned in
[69, 71].
Penalty function test
Diﬀerent combinations of penalty functions are tested to ﬁnd out which functions
force a clear display of metabolic pathways. A weighted penalty function sum is used
which avoids zigzags in trails and circles. During the tests many examples are viewed
and examined, to ﬁnd out network embeddings for a speciﬁc penalty function ﬁt the
layout requirement best. Note, with this kind of test not every possible network
embedding for a given penalty function is analysed.
Diﬀerent penalty functions are developed to achieve a clear graph layout. Force
directed graph layout algorithms [68] achieve a clear layout, so each adapted minimal
energy function is tested. In addition an adapted penalty function originally proposed
for optimizing metro map layout [71] is also tested. To adapt this penalty function
the penalty term, which is speciﬁed for speciﬁc metro lines, is deleted. In the original
algorithm each station is moved a bit to a location with the least penalty function.
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Figure 3.19: Treemap with leaves tilings that are used to construct the host graphs
for the experiments.
During this translation the station does not cross any line. Therefore, the adapted
version is improved by adding the penalty function to avoid edge crossings and nonempty edge-polygon intersection PCrossCost (h). Furthermore, the penalty function
that maximizes the minimal angle PSmallestAngle (h) is also added. So the following
functions are tested:
PFruchtermanReingold (h) = PM inEnergy (h, 2, −1)
PDavidsonHarrel (h) = PM inEnergy (h, 1, −3)
PLinLog (h) = PM inEnergy (h, 0, −1)
PMetroMap (h) = 107 · PCrossCost (h)
+ 104 · (9 · PSmallestAngle (h) + 3 · PAngRes (h))
+ 9250 · PLinearity (h, 4)
+ 50 · POptimalEdgeLen (h) + 45 · PBalancedEdgeLen (h)
To compare the penalty function the following biological examples are tested. At
ﬁrst, KEGG modules [82] are conserved sequences of metabolic pathways and other
structural components which visualize a functional unit. The KEGG modules6 in
Table 3.3 are tested. Note, only modules that are represented by a planar pattern
graph are chosen for these tests. Each KEGG module with n enzymes is ten times
6

Web page: http://www.kegg.jp/kegg-bin/show_module?<id>. Replace the "<id>" with the
id mentioned in the table (e.g. M00001) to have the url of a specific KEGG module.
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embedded in a test treemap displayed in Figure 3.19. The leaves tilings in which the
KEGG module is embedded are marked according to the last two numbers of the
id of the KEGG module. The leaves tilings have 5 times n regions and the other
leaves tilings have n + i regions with i ∈ {1, . . . , 5}. This is done to simulate the
usual situation in which the metabolic pathways have less enzymes than the number
of regions of the leaves tiling. The test is completed with 26 typical metabolic paths
displayed in Figure 3.3.2.
id
M00001
M00002
M00003
M00004
M00007
M00010
M00012
M00013
M00014
M00016

module
Glycolysis (Embden-Meyerhof pathway)
Glycolysis, core module involving three-carbon compounds
Gluconeogenesis, oxaloacetate => fructose-6P
Pentose phosphate pathway (Pentose phosphate cycle)
Pentose phosphate pathway, non-oxidative phase, fructose 6P => ribose 5P
Citrate cycle, ﬁrst carbon oxidation, oxaloacetate => 2-oxoglutarate
Glyoxylate cycle
Malonate semialdehyde pathway, propanoyl-CoA => Acetyl-CoA
Glucuronate pathway (uronate pathway)
Lysine biosynthesis, succinyl-DAP pathway, aspartate => lysine

Table 3.3: KEGG Modules: The used KEGG modules for the test environment.

Test results
In Table 3.4 some examples of the test result are shown. Example A shows that the
result with the penalty function PM etroM ap has the smoothest layout without zigzags
which is preferred to ease the recognition of the structure of the network. The 3-hubs
are regular and the embedding is clear and recognizable. The result for the penalty
function PLinLog is equal to the result for the PCrossCost (h) function. This layout is also
clear and recognizable, but more winded then the metro map layout. The result for
the penalty function PF ruchtermanReingold and PDavidsonHarrel has lots of zigzag winding
and is the worst result for Example A. Example B is a path combined with a circle
with a 4-hub. Here, the result for the penalty function PM etroM ap is a layout with less
zigzags, but the other ones, except the PCrossCost (h), are also readable. Example C
represents a simple path. The path with the less curves and windings is the result
of the penalty function PM etroM ap . It illustrates the tendency to produce spirals, but
in context of metabolic pathways it is acceptable. These three examples are chosen
because they summarize the results of the visual test very well. Hence, the penalty
function for the metabolic pathway embedding is deﬁned as the PM etroM ap . Just a
little inferior is the PLinLog which could also be chosen if another layout is needed.
Next, the focus is on the diﬀerent PickVertex (inward, outward and max degree) criterion to pick the next unmapped vertex of the pattern graph to increase the eﬃciency
of the network embedding algorithm (see section 3.2.1). The results for the PM etroM ap
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PCrossCost (h)

PLinLog

PFruchtermanReingold
PDavidsonHarrel

PMetroMap

Example A

Example B

Example C
Table 3.4: Exemplary Results: The penalty functions PLinLog , PF ruchtermanReingold ,
PDavidsonHarrel and PM etroM ap are visually compared with each other. The minimal
energy penalty functions PF ruchtermanReingold and PDavidsonHarrel produce the same
results, so their results are collected in one row. Here, three examples are shown.
Additionally, the basic penalty function PCrossCost (h) is shown to compare it with the
results.
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is shown in Figure 3.20. The diﬀerent criteria have a similar behaviour. Only the
outward connectivity criterion has extreme outliers. The inward connectivity criterion is better, but it is only slightly better than the other criteria. Having a look at
the average percentage of the visited recursion tree nodes, the inward connectivity
criterion is 68% better than the normal BBT algorithm, the max degree criterion
needs in average 90% more recursion tree node visits than the normal BBT and the
outward connectivity criterion 322% more recursion tree node visits. Consequently,
it is suggested the inward connectivity criterion for the penalty function PM etroM ap .

Figure 3.20: Efficiency test: For the penalty function PM etroM ap (h) the diﬀerent
PickVertex strategies are analysed for the VIZBI example.

Biological Example
A MetabolicPathTreemap improves the simultaneous analysis of proteome as well
as metabolome data, here for Staphylococcus aureus strain COL under anerobis experiments. Treemaps can be used to visualize hierarchical functional categories of
enzymes (e.g. TCA cycle, glycolysis). The embedded paths show the main metabolic
pathways, the Voronoi cells symbolise the enzymes.
The proteome/metabolome data of Staphylococcus aureus derived from several time
points are z-transformed (mean centering, normalization to standard derivation =
1). Exemplary, the data of the Metabolism cluster from 5 hours after imposition
to anaerobiosis is shown. Expression data from the proteome/metabolome level is
mapped to a colour gradient reaching from blue for low expression to orange for high
expression. Each enzyme polygon and each metabolite circle is coloured according
its speciﬁc expression value. Items with unknown expression information have a dark
gray colour. The ﬁnal MetabolicPathTreemap is shown in Figure 3.21.
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Figure 3.21: The resulting MetabolicPathTreemap: Staphylococcus aureus
strain COL under anerobis. The shown examples were taken from 5 hours after
imposition to anaerobiosis. The polygons of the treemap are coloured according to
the proteome data and the network is coloured according to the metabolome data.
Uncertain data has a dark gray colour. The colour gradient goes from blue (for lower
expressed than in the exponential growing phase) over gray to orange (for higher
expressed than in the exponential growing phase).

3.4

Remarks and Conclusion

In this chapter a backtracking algorithm is presented that embeds a network in a
treemap. Two biological application for Network-Treemaps are described, a GenomePathTreemap with embedded gene order information and a MetabolicPathTreemap
with embedded metabolic pathway information.
Combining a treemap with network information means to solve a variant of the subgraph isomorphism problem with speciﬁc constraints (e.g. minimize edge crossings).
In this chapter a backtracking algorithm is used to embed a network in a treemap
which is easy to implement. In addition, simple methods are given to reduce the
running time. Using backtracking algorithms with larger inputs (pattern graphs with
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more than 20 vertices) take very long. In further work it should be examined if
the running time might be shortened by using other approaches (e.g. LP-based).
Furthermore, all tests are made for planar pattern graphs (especially metabolic pathways). If the graph is not planar, tests have shown that the algorithm produces
suitable layouts as long as the crossing number is at most 1. Having a pattern graph
with a higher crossing number it might be necessary to remove edges beforehand to
keep the layout clear. The choice of which edges to remove should be guided by the
application.
The backtracking algorithm is referring to a set of penalty functions that penalize
displeasing network layout properties. To achieve the layout requirements, diﬀerent
penalty functions are deﬁned and their eﬀects on the embedding is analysed. Due to
the high running time of the current implementation, the tests performed have several
limitations and it is possible that diﬀerent results occur for other inputs, especially
for large inputs. Therefore it is possible that diﬀerent results occur for other inputs,
especially for large inputs. This could also hold for the diﬀerent eﬀects of the penalty
functions on the properties of the network embedding displayed in Table 3.1.
Enriching a treemap with pathway information allows a more eﬃcient exploration of
the underlying data. The biological examples show that the Network-Treemap is a
clear display of a treemap with network information. Additionally, the networks can
also be coloured with another information. So Network-Treemaps is also a combined
display of certain information and allows a combined analysis of the data in one display. With the GenomePathTreemap and the MetabolicPathTreemap two biological
examples are given. For each example suitable combinations of penalty functions are
tested to achieve the speciﬁc layout requirements for this layout.
An open problem is the labelling of the pathway and the treemap regions. The
Network-Treemap is mainly constructed for a virtual usage on the computer. Here,
the user has the possibility to zoom in until the labels are big enough, but in a printed
version it is very diﬃcult to read the labels.
In the application context considered in this chapter crossing-free graphs play an
important role in the embedding of gene order structures or metabolic networks. In
the next chapter such graphs are studied from a more theoretical point of view.
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Chapter 4
Crossing-free Spanning Trees in
Visibility Graphs
In this chapter the problem of deciding whether or not a geometric graph has a
crossing-free spanning tree is studied.
Definition 4.1 (Crossing-Free Spanning Tree (CFST))
Given a geometric graph G. Does there exist a crossing-free spanning tree in G?
This problem is known to be NP-hard even for very restricted types of geometric
graphs: Jansen and Woeginger [83] showed that this problem is NP-hard for geometric
graphs with just two diﬀerent edge lengths or with just two diﬀerent edge slopes. A
well-known result established in [84] states that there is no geometric graph G =
(V, E) such that neither G nor its complement Gc = (V, V2 − E) has a crossing-free
spanning tree. A complete characterization of the minimal geometric graphs G such
that Gc has no crossing-free spanning tree is given in [85].
Here, the CFST problem is restricted to geometric graphs G = (V, E(O)) that are
induced on a set V of points in the plane by a collection O of obstacles (cf. Fig. 4.1(b)).
In general, the obstacles C ∈ O are pairwise disjoint open polygons with C ∩ V = ∅,
and two distinct points u, v ∈ V form an edge {u, v} ∈ E(O) if and only if the straight
line segment uv does not intersect any C ∈ O. To distinguish clearly between the
vertices of G = (V, E(O)) and the vertices of the polygons in O, the vertices of the
polygons are referred to as corners. Note, that it is not required that the polygons
has to be convex.
It is easy to see that, without any restrictions on the collection of obstacles, there exists for every geometric graph G = (V, E) a collection of obstacles O with
G = (V, E(O)). Therefore, to explore potentially tractable special cases of CFST,
the problem is restricted to obstacles C that are monotone (cf. Fig. 4.1(c)). This
means the intersection of C with any vertical straight line is connected. A monotone obstacle is below /above V if, for all points v ∈ V , the vertical ray emanating
downwards/upwards from v intersects C.
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(a) geometric graph

(b) obstacle induced graph

(c) montone obstacle below

Figure 4.1: (a) A geometric graph G. The bold edges yield a crossing-free subgraph
of G, but G has no crossing-free spanning tree. (b) The geometric graph (V, E(O))
induced on a set V of points by a collection O of three polygonal obstacles (drawn
shaded). (c) A geometric graph G = (V, E({C})) induced by a single monotone
obstacle C below V .
In this chapter, a characterization is presented for when a geometric graph induced
above a single monotone obstacle has a crossing-free spanning tree (Section 4.1).
The attempt to generalize this result to all geometric graphs yields counterexamples
to a conjecture by Rivera-Campo mentioned below. In addition, it is shown that
the geometric graphs obtained from collections consisting of precisely two monotone
obstacles, one below and one above V , allow to solve CFST in O(n5 ) time where n
is the number of vertices of the input graph (Section 4.2). The chapter is concluded
mentioning some open problems and possible directions for future work.

4.1

A Combinatorial Characterization

In this section two examples for geometric graphs that have no crossing-free spanning tree under speciﬁc conditions are shown. Rivera-Campo [86] gave the following
suﬃcient condition for the existence of a crossing-free spanning tree in a geometric
graph G = (V, E) with n ≥ 5 vertices:
Condition 4.2 (I5 )
For every 5-element subset of vertices U ⊆ V , the induced subgraph G[U ] has a
crossing-free spanning tree.
Rivera-Campo [86] conjectured that the constant 5 in condition (I5 ) can be replaced
by n − 1 which, in turn, would imply that it can be replaced by any k ∈ {2, 3, . . . , n},
yielding a family of conditions (Ik ). Moreover, he showed in [86] that condition (Ik )
is indeed suﬃcient for the existence of a crossing-free spanning tree for all k ∈
{2, 3, . . . , n} if the vertex set of the geometric graph is in convex position. Recall
that a ﬁnite set of points is in convex position if all points are corners of the minimal
convex polygon that contains all points (convex hull).
In section 4.1.2 it is shown that for every n ≥ 16, there is a geometric graph that
satisﬁes condition (In−1 ) but does not contain a crossing-free spanning tree. In section
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4.1.3 some properties are explored that are very similar to Rivera-Campo’s conditions
(Ik ).

4.1.1

Relaxation of the Rivera-Campo-Condition

It is assumed that the vertices of geometric graphs and the corners of obstacles are in
general position, that is, no three of them are collinear and no two of them have the
same x- or y-coordinate. Moreover, for any two points p and q in the plane, it is said
that p lies to the left/right of q if p has a smaller/larger x-coordinate than q. Often,
when the intended meaning is clear from the context, an edge {u, v} in a geometric
graph and the straight line segment uv will be identiﬁed.

Figure 4.2: A geometric graph G = (V, E) with the vertices in Vtop drawn as empty
circles and the edges in Etop drawn bold.
It is denoted, for any ﬁnite non-empty set V of points in the plane, by chtop (V ) the
upper boundary of the convex hull of V , that is, the set of all those points that are met
when moving in clockwise direction along the boundary of the convex hull of V from
its leftmost to its rightmost point. In addition, for any geometric graph G = (V, E),
it is denoted by Vtop the set of those vertices in V that are contained in chtop (V )
and, similarly, by Etop the set of those edges in E that are contained in chtop (V ) (cf.
Fig. 4.2). The following observation from [86] will be used.
Observation 4.3
Let G = (V, E) be a geometric graph with n ≥ 3 vertices that are in convex position.
Then every crossing-free spanning tree of G must contain at least two edges that lie
on the boundary of the convex hull of V .
In addition, it is also relied on the following fact that can be viewed as a dual version
of Observation 4.3 and that can easily be veriﬁed by induction on the number of
vertices of the geometric graph (it clearly holds for graphs with n = 3 vertices and,
for n ≥ 4 vertices, any edge naturally partitions the graph into two smaller subgraphs
to which the induction hypothesis can be applied).
Observation 4.4
Let G = (V, E) be a geometric graph with n ≥ 3 vertices that are in convex position.
If G contains no edges that lie on the boundary of the convex hull of V then every
crossing-free spanning subgraph of G has at least three connected components.
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In [87] it is shown that condition (I3 ) can be relaxed:
Condition 4.5 (Rivera and Urrutia-Galicia)
For a geometric graph G = (V, E) to have a crossing-free spanning tree it suffices that
there are at most (n − 3) subsets U ⊆ V with |U | = 3 for which
(i) the interior of the convex hull of U does not contain a vertex v ∈ V and
(ii) the induced subgraph G[U ] has no crossing-free spanning tree.
In the next section it is shown that the above mentioned conjecture does not hold for
general graphs.

4.1.2

Counterexample for General Graphs

To formally describe the properties of the counterexamples, ﬁrst some more notation is introduced. Let G = (V, E) be a geometric graph with n vertices and let
k ∈ {0, 1, 2, . . . , n}. It is said that G is k-Steiner if for every k-element subset K ⊆ V
there exists a crossing-free sub-tree T ′ = (V ′ , E ′ ) of G with K ⊆ V ′ . Note, that such
a tree T ′ can be viewed as a crossing-free Steiner tree in G for the terminal vertices
in K.
When exploring the situation for general geometric graphs, it could be seen that there
are such graphs with n vertices that have no crossing-free spanning tree, even though
they are (n − 1)-Steiner. Since a crossing-free Steiner tree for an (n − 1)-element set
K of terminal vertices in such a graph must actually be a crossing-free spanning tree
for the subgraph induced by K, this immediately gives counterexamples to RiveraCampo’s conjecture.
Lemma 4.6
For all n ≥ 16, there exists a geometric graph G = (V, E) with n vertices that satisfies
condition (In−1 ) but has no crossing-free spanning tree.
Proof: Fix an arbitrary n ≥ 16. To construct a suitable geometric graph G = (V, E)
with n vertices, ﬁrst a set V1 of (n − 8) points is arranged in convex position such
that v1 , v2 , . . . , vn−8 is the order of these points along the boundary of the convex
hull of V1 in clockwise direction. V1 is arranged in such a way that v1 is the point
with largest y-coordinate and v8 is the point with smallest y-coordinate. Similarly,
a set V2 of 8 points is arranged in convex position. Let u1 , u2 , . . . , u8 be the order
of the points in V2 in counterclockwise direction along the boundary of the convex
hull of V2 . The points are arranged in such a way that u1 is the point with largest
y-coordinate and u8 is the point with smallest y-coordinate.
Now, for i ∈ {1, 2}, let Gi = (Vi , Ei ) denote the geometric graph that is obtained
from the complete geometric graph on vertex set Vi by removing all edges that lie on
the boundary of the convex hull of Vi . Putting
E ∗ = {{vj , uj+1 } : j ∈ {1, 3, 5, 7}} ∪ {{vj , uj−1 } : j ∈ {2, 4, 6, 8}},
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.3: (a) The geometric graph G constructed in the proof of Lemma 4.6 for
n = 22. The eight edges in E ∗ between the two subgraphs G1 and G2 are drawn
dashed. (b)-(f) The empty circle marks the vertex w ∈ V1 that is removed to obtain
an (n − 1)-element subset V ′ . There is always a crossing-free spanning tree for the
subgraph of G induced by V ′ but its structure depends on the position of w:
(b) w = vj for some j ∈ {9, 10, . . . , n − 8}, (c)-(f) w = vj for some j ∈ {1, 2, 3, 4}.
the ﬁnal geometric graph G with vertex set V = V1 ∪V2 and edge set E = E1 ∪E2 ∪E ∗
is obtained. By placing G2 far enough away to the right of G1 it is ensured that no
edge in E ∗ crosses an edge in E1 ∪ E2 (cf. Fig. 4.3(a)). Note, that the edges in E ∗
form four disjoint pairs of crossing edges.
It is ﬁrst argued that G has no crossing-free spanning tree: By Observation 4.4, the
restriction of any crossing-free spanning subgraph of G to Vi , i ∈ {1, 2}, has at least
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three connected components. Hence, a crossing-free spanning tree of G would need
to use at least ﬁve edges that are neither in E1 nor in E2 . But, by the construction of
G, a crossing-free subgraph of G can use at most four edges from E − (E1 ∪ E2 ) = E ∗ .
It remains to show that for every (n − 1)-element subset V ′ = V − {w}, w ∈ V , there
exists a crossing-free spanning tree for the subgraph of G induced by V ′ . In view of
the high degree of symmetry of G, it suﬃces to consider the case that w ∈ V1 and,
as indicated in Fig. 4.3(b)-(f), there are only ﬁve diﬀerent types of (n − 1)-element
subsets V ′ that result from removing a vertex w from V1 . It is easy to check that for
each of them there exist a crossing-free spanning tree.

Note, that the construction in Lemma 4.6 yields, for any ﬁxed k ≥ 16, only a counterexample with n = k + 1 vertices. While it is not very diﬃcult to adapt the
construction to yield also counterexamples for some n > k + 1, it remains open how
counterexamples for all n > k + 1 can be obtained.

4.1.3

Counterexample for Graphs Induced above a Monotone
Obstacle

The original motivation for looking into crossing-free Steiner trees was to identify
interesting families F of geometric graphs for which there exists a small constant
k ∗ such that a graph G ∈ F has a crossing-free spanning tree if and only if G is
k ∗ -Steiner. Then, assuming that there exists a polynomial time algorithm A that
decides for every G = (V, E) ∈ F and every k ∗ -element subset K ⊆ V whether
there exists a crossing-free Steiner tree for K in G, a polynomial time algorithm for
CFST, when restricted to the family F, would immediately be obtained. At least for
k ∗ = 2, that is, crossing-free paths between two speciﬁed vertices, there exists such
an algorithm A for geometric graphs induced by certain polygonal obstacles [88, 89].
Unfortunately, as can be seen below, this overall approach does not even work for
geometric graphs induced above a single monotone obstacle because there exist such
graphs G that are k-Steiner for arbitrarily large values of k but have no crossingfree spanning tree. First, a technical lemma is presented. Based on this lemma, the
above-mentioned characterization is obtained.
Lemma 4.7
Let G = (V, E({C})) be a connected geometric graph that is induced on a set V of
n points above a monotone obstacle C. If G is (n − |Vtop |)-Steiner, then G has a
crossing-free spanning tree.
Proof: Assume that G is (n − |Vtop |)-Steiner. First note that if Vtop = V then a
crossing-free spanning tree of G is obtained by simply using all edges in Etop . So
assume Vtop ( V and put V ′ = V − Vtop . Since G is (n − |Vtop |)-Steiner, there exists
a crossing-free Steiner tree T ′ in G for the set V ′ . But this implies the existence of a
crossing-free spanning tree T for G: First note that if T ′ contains any of the vertices in
Vtop , such a tree T can be obtained by simply adding edges in Etop to T ′ , if necessary.
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So, assume that T ′ does not contain a vertex in Vtop . Since G is connected, there
must exist some u ∈ Vtop and some v ∈ V ′ with {u, v} ∈ E({C}). Assume without
loss of generality that v lies to the right of u and consider a ray r emanating from u
into the direction of v. Then r is rotated around u in counterclockwise direction. It
is easy to see that r must meet some vertex v ′ ∈ V ′ such that e = {u, v ′ } ∈ E({C})
and e does not cross any edges in T ′ . Note that v = v ′ is possible. To obtain a
crossing-free spanning tree T of G, e and all edges of Etop are added to T ′ .

Theorem 4.8
A geometric graph G = (V, E({C})) that is induced on a set V of n ≥ 4 points
above a monotone obstacle C has a crossing-free spanning tree if and only if G is
(n − 2)-Steiner. This equivalence does not hold for any value smaller than (n − 2).

(a)

(b)

Figure 4.4: (a) The geometric graph Gn considered in the proof of Theorem 4.8 for
n = 8. (b) A crossing-free Steiner tree in G8 for a set of (n − 3) = 5 terminal vertices
(non-terminal vertices marked by empty circles).
Proof: Clearly, if G has a crossing-free spanning tree, then it is k-Steiner for any
k ∈ {0, 1, 2, . . . , n}. For the converse direction assume that G is (n − 2)-Steiner.
Since n ≥ 4, this implies that G is connected. Moreover, since |Vtop | ≥ 2, it also
implies that G is (n − |Vtop |)-Steiner. Hence, by Lemma 4.7, G must have a crossingfree spanning tree.
To see that (n − 2) is the smallest possible value, ﬁx an arbitrary n ≥ 4. Consider the
graph resulting from a complete geometric graph with n vertices in convex position
by removing all except one of the edges that lie on the boundary of the convex hull
of its vertex set. Such a geometric graph can easily be obtained as Gn = (V, E({C}))
for some suitably chosen set V of n points above some monotone obstacle C (cf.
Fig. 4.4(a)).
First note that, by Observation 4.3, the graph Gn cannot have a crossing-free spanning
tree. Thus, by the equivalence already established, Gn cannot be k-Steiner for any
k ∈ {n − 2, n − 1, n}. Hence, it remains to show that Gn is (n − 3)-Steiner: Consider
an arbitrary set K ⊆ V of (n − 3) terminal vertices. Let v1 , v2 and v3 be the nonterminal vertices in V − K numbered in clockwise order around the convex hull of
V (the terms between/before/after used in the following always refer to this order).
Since n ≥ 4, it can be assumed without loss of generality that there is at least one
vertex in K between v3 and v1 on the boundary of the convex hull of V . To obtain a
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crossing-free Steiner tree for the vertices in K, ﬁrst v2 is connected with all vertices in
K between v3 and v1 . Next, all vertices in K between v1 and v2 (if any) are connected
with the vertex in K immediately before v1 . Finally, all vertices between v2 and v3
(if any) are connected with the vertex in K immediately after v3 . An example of the
resulting crossing-free Steiner tree is depicted in Fig. 4.4(b).

So far the focus was on combinatorial problems relation to the CFST problem. In the
next section a polynomial time algorithm is presented to decide if a graph induced
by a speciﬁc kind of monotone obstacle has a crossing-free spanning tree.

4.2

A Polynomial Time Algorithm

The crossing-free spanning tree (CFST) problem is in general NP-hard, as mentioned
in the introduction of this chapter. However, Knauer et al. [90] showed that the
CFST problem is ﬁxed-parameter tractable with respect to the number of pairs of
crossing edges in the input graph G = (V, E), where for k edge crossings the running
time is in O(2k ·pol(n)) with n = |V | and pol(n) a polynomial term in n. Subsequently,
Halldórsson et al. [91] improved the running time and, in addition, established that
CFST is also ﬁxed-parameter tractable with respect to the number of vertices that
lie in the interior of the convex hull of V .
The question what other conditions lead to tractable instances of the CFST problem
might be interesting. One possibility is to analyse graphs that have an obstacle
representation.
Given an abstract graph G′ = (V ′ , E ′ ), an obstacle representation of G′ is a geometric
graph G = (V, E(O)) induced by a collection O of obstacles on a set V of points such
that G′ is isomorphic to G. A planar graph G = (V, E) is called outerplanar if there
exists a crossing-free embedding in the plane such that the vertices are in convex
position. Alpert et al. [92] showed that every outerplanar graph has an obstacle
representation G = (V, E(O)) with |O| = 1 and they present a family of graphs that
require an arbitrarily large number of obstacles to represent them. Subsequently,
Pach and Sarıöz [93] showed that there are even bipartite graphs that require an
arbitrarily large number of obstacles, Mukkamala et al. [94] presented a lower bound
of Ω(n/ log n) on the number of obstacles needed in the worst case for representing
a graph with n vertices. Koch et al. [95] gave a characterization of the biconnected
graphs that have a representation where all obstacles lie in the unbounded region of
the plane outside of the induced geometric graph.
An even more restricted version of the problem arises when there is only a single
monotone obstacle. A related problem on monotone obstacles that has received
considerable attention over the last years is that of optimal guarding. In this problem,
a minimum size set W of points is to be computed, also called watchmen, on the
upper boundary U of a monotone obstacle C such that for every point p ∈ U there
exists a watchman w ∈ W that sees p, that is, the straight line segment wp does
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not intersect C. There was a series of papers [96, 97, 98, 99] presenting constantfactor approximation algorithms for this problem, which was only recently shown to
be NP-hard by King and Krohn [100] (see also [101, 102] for hardness results on
closely related problems). The inspiration for restricting the crossing-free spanning
tree problem to geometric graphs induced by monotone obstacles came from the work
by Gibson et al. [103] who showed that there is a polynomial time approximation
scheme for optimal guarding monotone obstacles while more general versions of this
problem are APX-hard [104].

s

t

(a) Hole induced graph

(b) crossing-free path

(c) CFST

Figure 4.5: Graphs induced inside simple polygonal holes (a): (b) shows a
crossing free path from s to t and (c) shows a crossing-free spanning tree.
Let’s return to the question which type of obstacle induced geometric graphs admit
a polynomial time algorithm for CFST.
Definition 4.9 (Hole induced Graph)
A graph is called hole induced if it has an obstacle representation G = (V, E(O))
such that O consists of a single polygon P that has precisely one hole, and all points
in V are contained in this hole (cf. Figure 4.5(a)).

Cheng et al. [88] presented an algorithm that, for any hole induced graph G and any
two vertices s, t ∈ V , decides whether or not G contains a crossing-free path from s to
t (see Figure 4.5(b)). It is assumed that the obstacle representation of G is provided
as a part of the input. The running time of the algorithm is O(n2 m2 ), where m is
the number of corners of P and n = |V |. Later, Daescu and Luo [89] improved the
running time to O(n3 log m + nm).
This leads to the question, whether there exists a polynomial time algorithm for CFST
(see Figure 4.6(c)) when restricted to hole induced graphs. A hole in a polygonal
obstacle C is monotone, if any cut of C with a vertical straight line has at most two
intervals see Figure 4.6. Note that instead of a monotone hole such a graph can be
also represented by two monotone obstacles that restricts CFST to geometric graphs
G = (V, E(O)) where O consists of precisely two monotone obstacles Ca and Cb that
lie above and below V , respectively (cf. Fig. 4.6(c)).
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(a) non-monotone hole

(b) monotone hole

(c) two monotone obstacles

Figure 4.6: Monotone Hole. A hole in a polygon C (gray) is monotone if every intersection C with a vertical straight line (dotted line) consists of at most two intervals
(black line). (a) shows a non-monotone hole in a polygon C, (b) shows a monotone
hole in a polygon C, and (c) illustrates that each monotone hole induced graph can
be transformed into an obstacle induced graph between two monotone obstacles Ca
and Cb .

4.2.1

Basic Idea

In this section an illustrative description of a polynomial time algorithm to solve
the CFST problem restricted to geometric graphs induced between two monotone
obstacles is given. A formal description of the algorithm follows in section 4.2.2.
In order to describe the basic idea for a polynomial time algorithm an induced graph
G = (V, E{Ca , Cb }) induced between two monotone polygons Ca and Cb is considered
which contains a crossing-free spanning tree T . The main aim is to divide the tree T
recursively into smaller sub-trees so that a dynamic programming approach can be
applied. The partition of T will always correspond to a suitable partition of the area
between the polygons Ca and Cb .

(a) vertical rays

(b) simple partitioning

(c) difficult partitioning

Figure 4.7: Partitioning a tree into two sub-trees that are glued together by only
one edge. (a) vertical rays are shot upwards and downwards from the edge (draw
as dotted line); (b) simplest case of partition a tree into two sub-trees; (c) problem
when a ray intersects with another edge of the tree
To describe how this area is partitioned consider an edge e of T . Two vertical rays are
shot from e below and above to the boundaries of Ca and Cb (cf. Figure 4.7(a)). If
the rays do not cross or touch any other edge of the tree T , then it is easy to separate
the tree into two sub-trees. Therefore, the area between Ca and Cb is partitioned
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by a polygonal curve that follows the upward ray to the edge, then the edge e and
ﬁnally to the downward ray. One sub-tree is on the left side of this polygonal curve
and the other one is on the right side. A sub-tree contains all vertices and edges that
are completely on the left or on the right side of the polygonal curve. Also divide
the monotone polygons Ca and Cb along the polygonal curve into two sub-polygons,
respectively (cf. Figure 4.7(b)).

Figure 4.8: Connecting s and t. The path that should be followed from s to t
along the vertical ray the direction of the edges is marked with a blue line.
Next, consider the case that one of the vertical rays intersects another edge e′ of
the tree T . Then the partitioning is more diﬃcult (cf. Figure 4.7(c)). The idea is
to ﬁnd an edge e∗ ∈ E of the graph, so that by replacing in T the edge e′ with e∗
the resulting graph T ∗ is also a crossing-free spanning tree and if the vertical rays
for e do not intersect with any edge of the changed crossing-free spanning tree T ∗
then the area between Ca and Cb can be partitioned as before. This procedure has
to be repeated if the vertical rays for e do intersect other edges of the crossing-free
spanning tree T ∗ .

(a) blue line in a monotone
hole

(b) blue line
monotone hole

in

a

non-

Figure 4.9: Where the monotonicity of the holes is used: If t is horizontally
between the vertices of the edge e the pulled blue line that links the vertices s and t
never touches a corner of the polygons Ca and Cb .
Next, it is shown how to ﬁnd such an edge e∗ . Let s ∈ e be the left vertex of e and let
t ∈ e′ be the right vertex of e′ . Now, the case is considered that t is on the left side
of the right vertex of e. Root the tree T at s and create a directed tree by directing
all edges away from s. Every vertex in T can be reached from s by following the
directed edges. Follow from s to t along the vertical ray the direction of the edges
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(cf. the blue line in Figure 4.8). By removing the intersecting edge e′ the tree T is
divided into two trees: the sub-tree below t called T1 and the other one called T2 that
contains s (coloured black and green in Figure 4.8).
Then pull the blue line tight like a rubber band. Now the blue line might touch
other vertices contained in T1 and T2 , but it never touches a corner of the polygons,
because the polygons Ca and Cb are monotone ones (cf. Figure 4.9(b)). Now follow

(a)

(b)

(c)

Figure 4.10: Partition the CSFT Problem: Replace the intersecting edge with
the ﬁrst blue edge with a green and a black endpoint that occurs when following the
rubber band from vertex t to vertex s. Partition the tree into two sub-trees (orange
and green).
the blue line from s ∈ T2 to t ∈ T1 and from vertex to vertex till the ﬁrst vertex t′
is contained in T1 . The edge e∗ between t′ and the last vertex that is visited in T2
is contained in the graph G (cf. Figure 4.10(a)), because the polygons are monotone
and it is not contained in T . Replace e′ with e∗ and get a new crossing-free spanning
tree T ∗ . Repeat this procedure till two rays from e to the boundary of the hole do
not intersect and touch other edges contained in the crossing-free spanning tree (cf.
Figure 4.10(b),(c)).

Figure 4.11: When pulling the blue line tight like a rubber band a diﬃcult case can
occur.
In the situation considered above the blue line does not touch the boundaries of the
monotone obstacles when pulling it tight like a rubber band. If the case is considered
that t is on the right side of the right vertex of e, it could be diﬃcult to partition the
tree into two sub-trees, because the blue line could touch the boundaries (see Figure
4.11). In the next section it is described how this technical diﬃculty can be handled.
Therefore, the types of partitioning problems that occur are described formally. Keep
in mind that the problems of Type (1) and (2) deﬁned in the following section are
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related to the above illustrated case, that t is horizontally between the vertices of the
edge e. If t is on the right side of the right vertex of e, a so-called Type (3) problem
occurs that has a diﬀerent structure (cf. Figure 4.11).

4.2.2

Definitions and Key Facts

Recall that the graph G = (V, E(O) is induced between two monotone obstacles Ca
and Cb , where O = {Ca , Cb }. For any edge e = {u, v} ∈ E(O) the set R(e) consists of
those vertical rays that emanate downwards from a point on e and contain a point in
V . The rays in R(e) are sorted from left to right and are referred to as r1 , r2 , . . . , rℓ ,
where ℓ = |R(e)| (cf. Fig. 4.12). Similarly, the set R(e) consists of those vertical rays
that emanate upwards from a point on e and contain a point in V . They are referred
as r1 , r2 , . . . , rℓ′ , where ℓ′ = |R(e)|, from left to right.

Figure 4.12: The vertical rays in R(e) and R(e) emanating from e downwards and
upwards, respectively.
Moreover, for any edge e = {u, v} in a crossing-free spanning tree T ′ = (V, E ′ ) of G,
a ray r ∈ R(e) crosses T ′ if
(i) r intersects some edge e′ ∈ E ′ − {e} in its relative interior or
(ii) r contains a vertex w ∈ V − {u, v} that is adjacent in T ′ to at least one vertex
that lies to the left of w and to at least one vertex that lies to the right of w.
First, three technical lemmas are proofed establishing that if there exists a crossingfree spanning tree of G then there also exists such a spanning tree having certain
special properties that will be exploited later on in the algorithm. Note that these
lemmas also apply to symmetric situations that are obtained by a reﬂection on the
x- or y-axis.
Lemma 4.10
Let T ′ = (V, E ′ ) be a crossing-free spanning tree of the graph G = (V, E({Ca , Cb }))
and q ∈ V . In addition, let g ∈ E ′ be such that there exists a ray r ∈ R(g) that
contains q and such that r does not cross any edge of T ′ between its starting point p
and q (cf. Fig. 4.13(a)). Then one of the following must hold:
(i) There exists a crossing-free spanning tree of G that is obtained by removing g
from T ′ and replacing it by some other edge g ′ in G that does not cross the
straight line segment pq (cf. Fig. 4.13(b)).
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(ii) R(g) contains a ray r′ that does not cross T ′ (cf. Fig. 4.13(c)).
Proof: All edges in T ′ are directed away from q. In the following, only the case is
considered that g is directed from its left endpoint u to its right endpoint v (the other
case is completely symmetric). Let Vv denote the set of those vertices in V that can
be reached from v by following the directed edges of T ′ .
Now, in addition to Ca and Cb also the edges of T ′ are seen as obstacles and the
shortest path π from v to q is considered that avoids all obstacles and is homotopic
to the piece-wise linear curve L, that is traversed when moving from v along g to
p and then upwards along r to q. Note, that intuitively π is obtained by pulling L
tight and, therefore, is a polygonal path with vertices v = v0 , v1 , . . . , vℓ = q. Let i be
the smallest index in {0, 1, . . . , ℓ} such that vi 6∈ Vv . Note, that this index must exist
since q 6∈ Vv . To ﬁnish the proof, two cases are distinguished:
Case 1: vi ∈ V − Vv . Then edge g is replaced by the edge g ′ = {vi−1 , vi } and again a
crossing-free spanning tree is obtained.
Case 2: vi 6∈ V . Then vi is a corner of Ca and, by the construction of π, this implies
that there exists some r′ ∈ R(g) that does not cross T ′ .


(a)

(b)

(c)

Figure 4.13: (a) A crossing-free spanning tree T ′ as described in the assumptions of
Lemma 4.10. (b) An alternative crossing-free spanning tree obtained from the tree
T ′ in (a) by replacing edge g by g ′ . (c) A crossing-free spanning tree T ′ for which
there exists a ray r′ ∈ R(g) that does not cross T ′ .
Lemma 4.11
Let T ′ = (V, E ′ ) be a crossing-free spanning tree of the graph G = (V, E({Ca , Cb }))
and g ∈ E ′ . In addition, let q ∈ V be a vertex that lies on a ray r ∈ R(g) that does
not cross T ′ (q may be the left endpoint of g but not the right endpoint). Further,
assume that all vertices adjacent to q in T ′ lie to the right of q. Let h denote the edge
incident to q in T ′ with minimum slope (cf. Fig.4.14(a)). Then one of the following
must hold:
(i) There exists a crossing-free spanning tree T ′′ of G that contains edges g and h,
the ray r does not cross T ′′ , all vertices adjacent to q in T ′′ lie to the right of q
and there exists a ray r′ ∈ R(h) − {r1 } that does not cross T ′′ (cf. Fig.4.14(b)).
(ii) There exists some edge h′ incident to q in T ′ for which there exists a ray r′ ∈
R(h′ ) that does not cross T ′ (cf. Fig.4.14(c)).
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(a)

(b)

(c)

Figure 4.14: (a) A crossing-free spanning tree T ′ as described in the assumptions of
Lemma 4.11. (b) An alternative crossing-free spanning tree T ′′ obtained from the
tree T ′ in (a). (c) A crossing-free spanning tree T ′ for which there exists an edge h′
incident to q and a ray r′ ∈ R(h′ ) that does not cross T ′ .
Proof: Let h = h1 , h2 , . . . , hk be the sequence of edges in T ′ incident to q sorted
increasingly according to their slope. If k = 1, that is, h is the only edge in T ′
incident to q, then r2 ∈ R(h) does not cross T ′ and it is completed by putting
T ′′ = T ′ .
So, assume that k ≥ 2 and let vi denote the right endpoint of hi , 1 ≤ i ≤ k. All
edges of T ′ are directed away from q and let V2 denote the set of those vertices in
V that can be reached from v2 along the directed edges of T ′ . Now, as in the proof
of Lemma 4.10, also the edges of T ′ are seen as obstacles and the shortest path π
from v2 to v1 is considered that is homotopic to the piece-wise linear curve that is
traversed when moving from v2 along h2 to q and then along h1 to v1 . Again, it is
clear that π is a polygonal path with vertices v2 = u0 , u1 , . . . , uℓ = v1 . Let j be the
smallest index in {0, 1, . . . , ℓ} such that uj 6∈ V2 . This index must exist since uℓ 6∈ V2 .
Two cases are distinguished:
Case 1: uj ∈ V − V2 . Then h2 is replaced by edge {uj−1 , uj } and a new crossing-free
spanning tree of G with one less edge incident to q is obtained. The construction is
iterated until either only one such edge remains or such an edge is found to which
Case 2 applies.
Case 2: uj 6∈ V . If uj is a corner of Ca , then (i) holds. Otherwise uj is a corner of
Cb and, by the construction of π and putting h′ = h2 , this implies that there exists

some r′ ∈ R(h′ ) that does not cross T ′ and it completes the proof.
Lemma 4.12
Let T ′ = (V, E ′ ) be a crossing-free spanning tree of the graph G = (V, E({Ca , Cb }))
and g, h ∈ E ′ two edges that have no endpoint in common. In addition, assume that
the left endpoint q of h is contained in a ray r ∈ R(g) not crossing T ′ and that there
also exists some ray r ∈ R(h) not crossing T ′ (cf. Fig. 4.15(a)). Then there exists a
crossing-free spanning tree T ′′ of G that also contains edges g and h, that is neither
crossed by r nor r and that contains the edge {p, q}, where p is the right endpoint of
g (cf. Fig. 4.15(b)).
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(a)

(b)

Figure 4.15: (a) A crossing-free spanning tree T ′ as described in the assumptions of
Lemma 4.12. (b) An alternative crossing-free spanning tree T ′′ which contains the
edge {p, q}.
Proof: First suppose that edge e = {p, q} does not cross any edge in T ′ . Then e is
simply added to T ′ and some other edge is removed on the cycle thus produced. This
yields a suitable crossing-free spanning tree T ′′ of G.
It remains to consider the case that e crosses at least one edge of T ′ . Below it is
argued that the edges crossed by e can be replaced one by one. Let f be the ﬁrst
such edge that is met when traversing e from q to p. All edges of T ′ are directed
away from q and, as before, the edges of T ′ are seen as obstacles in addition to Ca
and Cb . Two cases are considered:
Case 1: The edge f is directed from left to right. Let u denote the right endpoint of
f and let Vu denote the set of those vertices in V that can be reached from u by the
directed edges in T ′ . The shortest path π from u to q is considered that is homotopic
to the piece-wise linear curve L that is traversed when moving from u along f to the
point of intersection with e and then along e to q. Let u = u0 , u1 , . . . , uℓ = q be the
sequence of vertices of π and consider the smallest index i ∈ {0, 1, . . . , ℓ} such that
ui 6∈ Vu . Note that this index must exist in view of the fact that q 6∈ Vu . Moreover, the
existence of edge h implies that ui must be a vertex of G. Thus, f can be replaced by
{ui−1 , ui }. This yields a new crossing-free spanning tree of G in which edge e crosses
one less edge than in T ′ .
Case 2: The edge f is directed from right to left. A construction that is completely
analogous to the one described in Case 1 is used to replace f by an edge that does
not cross e.

The lemmas suggest that vertical rays and edges of G = (V, E({Ca , Cb })) may be
used to partition the given instance of CFST into independent sub-problems. In the
next section these sub-problems are formally described.

4.2.3

Types of Sub-Problems

In the following the three types of sub-problems are described that can arise when
partitioning the given instance of the CFST problem and then it is shown how each
type is processed. Note that, as before, for each type described below there are
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symmetric versions obtained by reﬂection on the x- or y-axis.
Sub-problem of Type (1): A sub-problem of Type (1) is deﬁned by an edge e
of G and two rays ri ∈ R(e) and rj ∈ R(e) with max{i, j} > 1 and, in addition,
i ∈ {1, |R(e)|} or j ∈ {1, |R(e)|} (cf. Fig. 4.16(a)). Let R(e, ri , rj ) denote the closed
region that lies to the right of the piece-wise linear curve that is traversed by moving
from −∞ along rj to its starting point, then along e to the starting point of ri
and then along ri to +∞. It has to be decided whether there exists a crossing-free
spanning tree T ′ = (V ′ , E ′ ) for the set V ′ of those vertices of G that lie in R(e, ri , rj )
such that all edges e′ ∈ E ′ are completely contained in R(e, ri , rj ) and such that none
of these edges cross e.
Sub-problem of Type (2): A sub-problem of Type (2) is deﬁned by an edge e of
G and two rays ri , rj ∈ R(e) with i ≤ j (cf. Fig. 4.16(b)). Let R(e, ri , rj ) denote
the closed region that lies to the right of the piece-wise linear curve that is traversed
by moving from −∞ along ri to its starting point, then along e to the starting point
of rj and then along rj back to −∞. It has to be decided whether there exists a
crossing-free spanning tree T ′ = (V ′ , E ′ ) for the set V ′ of those vertices of G that lie
in R(e, ri , rj ).
Sub-problem of Type (3): A sub-problem of Type (3) is deﬁned by two edges e
and f of G that have their left endpoint in common so that the slope of f is less than
the slope of e, together with a ray ri ∈ R(f ) that does not cross e (cf. Fig. 4.16(c)).
Let R(e, f, ri ) denote the closed region that lies to the right of the piece-wise linear
curve that is traversed by moving from +∞ along ri to its starting point, then along f
to its left endpoint, then along e to its right endpoint and then along the rightmost ray
r ∈ R(e) to +∞. It has to be decided whether there exists a crossing-free spanning
tree T ′ = (V ′ , E ′ ) for the set V ′ of those vertices of G that lie in R(e, f, ri ) such that
all edges e′ ∈ E ′ are completely contained in R(e, ri , rj ).

(a) Type (1)

(b) Type (2)

(c) Type (3)

Figure 4.16: Types of sub-problems: The regions R are coloured. (a) A subproblem of Type (1). (b) A sub-problem of Type (2). (c) A sub-problem of Type
(3).
It follows immediately from the description of the three types of sub-problems above
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that there are at most O(n4 ) sub-problems of each type. Thus, to obtain a polynomial time algorithm based on dynamic programming, it suﬃces to establish that
the solution for each of these sub-problems can be derived eﬃciently from the solutions of other, smaller sub-problems that have one of the types described above too
(cf. Figure 4.17). This is made more precise in the following three lemmas and their
proofs.

Figure 4.17: Partitioning scheme for the sub-problems: The sub-problems of Type
(1),(2), and (3) can be partitioned in diﬀerent smaller sub-problems. These possibilities are illustrated in this ﬁgure.
Lemma 4.13
Suppose there exists a crossing-free spanning tree T ′ = (V ′ , E ′ ) for a sub-problem of
Type (1) with |V ′ | > 1. Then this sub-problem can be partitioned into one or two
smaller sub-problems of Type (1), (2) or (3) that admit a crossing-free spanning tree.
The total number of sub-problems that need to be considered is in O(n).
Proof: The notation introduced above is used to describe a sub-problem of Type (1).
The focus of the proof will be on describing how the smaller sub-problems arise. It
is then not hard to check that the total number of relevant smaller sub-problems is
in O(n). Four cases are distinguished.
Case 1: 1 < i < |R(e)| and j = 1. Let w denote the vertex in V ′ that is contained
in ri and let v denote the vertex in V ′ that lies above or on edge e and for which the
slope of the edge f = {v, w} is minimum (cf. Fig. 4.18(a)). Note that f cannot cross
any edge of T ′ . Thus, it is assumed that f ∈ E ′ . Then, applying Lemma 4.11 with
q = w, g = e and h = f , there must
(i) exist some ray r ∈ R(f ) that does not cross T ′ or
(ii) T ′ contains an edge f ′ incident to w for which some ray r ∈ R(f ′ ) does not
cross T ′ (cf. Fig. 4.18(c)).
If (i) holds, the construction of f implies that there exists some i ≤ k < |R(e)| such
that both rk ∈ R(e) and rk+1 ∈ R(e) have a nonempty intersection with f but do
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not cross any other edge of T ′ . In particular, T ′ can be partitioned into a sub-tree T1′
that is a crossing-free spanning tree for the sub-problem of Type (2) deﬁned by e, ri
and rk and a sub-tree T2′ that is a crossing-free spanning tree for the sub-problem of
Type (1) deﬁned by e, rk+1 and r1 (cf. Fig. 4.18(b)). Note that T1′ and T2′ are linked
together by edge f to form T ′ .
If (ii) holds, Lemma 4.10 is repeatedly applied to the right endpoint u of e. The
existence of edge f ′ in T ′ implies that it is possible to replace all edges in T ′ that
are crossed by the ray rk ∈ R(e), k = |R(e)|. Let T ′′ = (V ′ , E ′′ ) denote the resulting
crossing-free spanning tree for V ′ . This tree can be partitioned into a sub-tree T1′′
that is a crossing-free spanning tree for the sub-problem of Type (2) deﬁned by e, r1
and rk and a sub-tree T2′′ that is a crossing-free spanning tree for the sub-problem of
Type (1) deﬁned by e, ri and rk . Note that T1′′ and T2′′ are glued together at vertex
u to form T ′ .

(a)

(b)

(c)

Figure 4.18: (a) Processing a sub-problem of Type (1), Case 1. (b)-(c) There are two
diﬀerent ways how the problem may be partitioned into two smaller sub-problems,
but it will always be into a sub-problem of Type (1) and a sub-problem of Type (2).
Case 2: i = |R(e)| and j = 1. Let w denote the left endpoint of e. Applying
Lemma 4.11 with q = w and g = h = e there exists
(i) a ray in R(e) − {r1 } that does not cross T ′ (cf. Fig. 4.19(a)) or
(ii) some edge e′ 6= e in T ′ that is incident to w such that there exists a ray in R(e′ )
that does not cross T ′ (cf. Fig. 4.19(b)).
If (i) holds there exists some 1 ≤ k < |R(e)| such that both rk ∈ R(e) and rk+1 ∈ R(e)
do not cross T ′ . Thus, T ′ can be partitioned into a sub-tree T1′ that corresponds to the
sub-problem of Type (2) deﬁned by e, r1 and rk and a sub-tree T2′ that corresponds
to the sub-problem of Type (1) deﬁned by e, rk+1 and ri . These two sub-trees are
linked by edge e.
If (ii) holds there exists some 1 < k < |R(e′ )| such that both rk ∈ R(e′ ) and rk+1 ∈
R(e′ ) do not cross T ′ . Thus, T ′ can be partitioned into a sub-tree T1′ that corresponds
to the sub-problem of Type (3) deﬁned by e, e′ and rk and the sub-tree T2′ that
corresponds to the sub-problem of Type (1) deﬁned by e′ , r1 and rk+1 . These two
sub-trees are glued together at vertex w.
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(a)

(b)

Figure 4.19: Processing a sub-problem of Type (1), Case 2. (a) Two resulting smaller
sub-problems of Type (1) and (2). (b) Two resulting smaller sub-problems of Type
(1) and (3).
Case 3: i = |R(e)| and 1 < j < |R(e)|. This case is similar to Case 1. Let u denote
the right endpoint of e and let w denote the vertex in V contained in rj . In addition,
let v denote the vertex in V ′ that lies below or on e and for which the slope of the
edge f = {v, w} is maximum (cf. Fig. 4.20(a)). Since f cannot cross any edge in T ′
it is assumed that f ∈ E ′ and Lemma 4.11 is applied with g = e, h = f and q = w.
Then there exists either
(i) a ray in R(f ) − {r1 } that does not cross T ′ or
(ii) an edge f ′ in T ′ incident to w such that there exists a ray in R(f ′ ) that does
not cross T ′ .
If (i) holds there exists some j ≤ k < |R(e)| such that both rk ∈ R(e) and rk+1 ∈ R(e)
do not cross T ′ . Thus, T ′ can be partitioned into a sub-tree T1′ that corresponds to a
sub-problem of Type (2) deﬁned by e, rj and rk and a sub-tree T2′ that corresponds
to a sub-problem of Type (1) deﬁned by e, ri and rk+1 (cf. Fig. 4.20(b)). These two
sub-trees are linked by edge f .
If (ii) holds Lemma 4.12 is applied with g = e, h = f ′ , q = w and p = u and, thus,
it can be assumed that edge {u, w} is in T ′ (cf. Fig. 4.20(c)). In view of this, it may
also be assumed that all vertices in V ′ that lie below e and above {u, w} are adjacent
to w in T ′ . Hence, a smaller sub-problem of Type (1) is obtained deﬁned by edge
{u, w}, r1 ∈ R({u, w}) and ri that admits a crossing-free spanning tree.

(a)

(b)

(c)

Figure 4.20: (a) A sub-problem of Type (1), Case 3. (b) Two resulting smaller
sub-problems of Type (1) and (2). (c) One resulting smaller sub-problems of Type
(1).
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Case 4: i = |R(e)| and j = |R(e)|. Let w denote the right endpoint of e. Let f denote
the edge incident to w in T ′ with biggest slope. Then the smaller sub-problem of
Type (1) deﬁned by f , r2 ∈ R(f ) and r1 ∈ R(f ) is considered. Note, that this
sub-problem has a crossing-free spanning tree, namely T ′ .

Sub-problems of Type (2) and (3) can be processed in a similar way as described
above for sub-problems of Type (1) in Case 1:
Lemma 4.14
Suppose there exists a crossing-free spanning tree T ′ = (V ′ , E ′ ) for a sub-problem of
Type (2) with |V ′ | > 1. Then this sub-problem can be partitioned into two smaller
sub-problems of Type (2) that admit a crossing-free spanning tree. The total number
of sub-problems that need to be considered is in O(n).
Proof: It is proceeded in a way that is very similar to the construction used in Case 1
of the proof of Lemma 4.13. Note, however, that for a sub-problem of Type (2) only
(i) can hold and, therefore, T ′ can always be partitioned into two sub-trees that each
correspond to a smaller sub-problem of Type (2).

Lemma 4.15
Suppose there exists a crossing-free spanning tree T ′ = (V ′ , E ′ ) for a sub-problem of
Type (3) in which ri does not contain the right endpoint of e. Then this sub-problem
can be partitioned into two smaller sub-problems, one of Type (2) and one of Type
(3), that both admit a crossing-free spanning tree. The total number of sub-problems
that need to be considered is in O(n).
Proof: Note that if the ray ri contains the right endpoint of e, there is no need to
further partition the sub-problem because the interior of region R(e, f, ri ) is convex
and always admits a crossing-free spanning tree. Otherwise, proceed again in a way
that is very similar to the construction used in Case 1 of the proof of Lemma 4.13.
Analogously to sub-problems of Type (2), however, only (i) can hold and, therefore,
T ′ can always be partitioned into two sub-trees, corresponding to a sub-problem of
Type (2) and a sub-problem of Type (3), respectively.


4.2.4

Summary of the Algorithm

Now it is not diﬃcult to design a dynamic programming algorithm for solving CFST
for a geometric graph G = (V, E({Ca , Cb })) induced by two monotone obstacles.
Note, that in the running time analysis below it is assumed that G is explicitly given,
that is, the time is ignored it would take to compute the edge set E({Ca , Cb }) if the
input were only the point set V and the monotone obstacles Ca and Cb .
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Theorem 4.16
There is a dynamic programming algorithm that, for any geometric graph
G = (V, E({Ca , Cb })) that is induced on a set V of n points between two monotone
obstacles Ca and Cb decides in O(n5 ) time whether or not G has a crossing-free
spanning tree.
Proof: The input graph G can be viewed as a family of sub-problems of Type (1):
Let w be the leftmost vertex in G. For each edge e that is incident to w in G a subproblem of Type (1) deﬁned by e, r2 ∈ R(e) and r1 ∈ R(e) is considered. Clearly,
there exists a crossing-free spanning tree of G if and only if at least one of these
sub-problems has a crossing-free spanning tree.
As observed in Section 4.2.3, there are O(n4 ) sub-problems in total. It follows from
Lemmas 4.13, 4.14 and 4.15, that each of these sub-problems can be processed in
O(n) time assuming that all relevant smaller sub-problems have already been solved
and the solutions have been recorded in a dynamic programming table. Filling all
entries in the table then takes O(n5 ) time.


4.3

Remarks and Conclusion

In this chapter ﬁrst a combinatorial characterization of geometric graphs induced by
polygonal obstacles that have a crossing-free spanning tree is given. As a by-product,
a family of counterexamples is obtained to a conjecture by Rivera-Campo. Then an
O(n5 ) time algorithm is presented to solve the crossing-free spanning tree problem for
the special case of geometric graphs are induced by a ﬁnite set of n points between
two monotone polygonal obstacles.
The counterexamples to Rivera-Campos’ conjecture immediately raise the following
question: What is the largest number k ∗ ∈ N such that, for all geometric graphs
G = (V, E) with n ≥ k ∗ vertices, condition (Ik∗ ) implies the existence of a crossingfree spanning tree in G? Combining the results in this chapter with those in [86], the
bounds 5 ≤ k ∗ ≤ 14 are obtained.
As illustrated in this chapter, restricting CFST to geometric graphs induced by special
types of polygonal obstacles may indeed lead to interesting tractable instances. In
view of the fact that the existence of a crossing-free path between two speciﬁed vertices
can be decided in polynomial time even for geometric graphs that are induced by a
single non-monotone polygonal obstacle, it would be interesting to know whether
CFST can also be solved in polynomial time on these more general instances.
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Conclusion
The "Big Data" research ﬁeld is still a ﬁeld with many remaining challenges that need
to be addressed. In this thesis new algorithms for improving treemap visualization
methods and network embedding problems are developed and analysed. Algorithms
that reduce the running time for constructing a treemap, that improve the comparison
of diﬀerent treemaps and that provide a stable treemap layout are presented. With
a combined display of treemap and network information in a Network Treemap it
is possible to explore genomic and metabolic data in one display. These methods
and algorithms may help to get an answer for typical questions in life science, when
looking at micro organisms, like those mentioned in the introduction. In future work
it might be interesting to develop a combination of preserving the treemap structure
and embedding pathway information.
In the last chapter of this thesis, some theoretical problems motivated by the task of
embedding a network structure in a treemap are explored. In particular, properties
of crossing free spanning trees in geometric graphs that are induced by polygonal
obstacles are studied. It is shown that this oﬀers a promising way to obtain computationally tractable instances of NP-hard problems. The main open problem that
arises from these results is to ﬁnd a polynomial time algorithm for geometric graphs
that are induced by a single non-monotone obstacle.
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Appendix A
Used Software
To design or reﬁne all images and ﬁgures I used the graphic software Inkscape1 and
Gimp2 . For calculations and the bar chart and the pie chart in Figure 1.10(a),
1.10(b) and 1.15(a), as well as all charts from chapter 3 I used Libre Oﬃce Calc3 , R
project4 or the common-math 3-3-3 package for JAVA5 . I generated all the treemaps
with Paver provided by Decodon6 except the additively weighted Voronoi treemap in
Figure 1.8(a) was provided by Michael Balzer. The German map shape from Figure
1.11(c) is from Wikipedia7 . For the stream graph in Figure 1.15(b) I used RAW - a
project by DensityDesign Lab8 .

1

https://inkscape.org/de/
http://www.gimp.org/
3
https://de.libreoffice.org/discover/calc/
4
https://www.r-project.org/
5
http://commons.apache.org/proper/commons-math/
6
http://www.decodon.com/paver-support.html
7
https://commons.wikimedia.org/wiki/File:Karte_Bundesrepublik_Deutschland.svg
8
http://app.raw.densitydesign.org/
2
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Appendix B
Computing Environment and Source
Code
The implementation of the code used in the second chapter is included in the software
Paver. Decodon has a cooperation with the institute of Microbiology, especially with
my working group under direction of Jörg Bernhardt. My results are used in this
group, so it was necessary to integrate my researched algorithms in this software. All
the computational experiments presented in chapter 2 were done on a desktop PC
with Intel® CoreTM i5-2300 CPU @ 2.80GHz and 5.9GB RAM using a single core.
The operating system was Ubuntu 11.10.
The implementation and the material for the tests described in the third chapter is
on the attached CD and written in JAVA. You can run the visual test described in
chapter 3.2.4 with the class "VisualTest"; the eﬃciency analysis for a minimal requirement described in chapter 3.2.5 with the class "BasicTest"; the penalty function
tests for the GenomePathTreemap in chapter 3.3.1 with the class "GenomePathTest"
and ﬁnally the penalty function tests for the MetabolicPathTreemap in chapter 3.3.2
with the class "MetabolicPathwayTest". In the presented code the graphstream1
package is used to generate the graph objects, because this package is perfect for
graphs that have to be dynamically expanded. Moreover, it is well documented and
you can use as much attributes for the graph elements as you want. The layout part
for the GenomePathTreemap and the MetabolicPathTreemap is included in the software Paver. All the tests were performed on a Laptop with an Intel©Core™ 2 Duo
CPU @ 2.26GHz x 2, 1.9 GiB RAM and a Linux Mint "16" operating system.

1

http://graphstream-project.org/

99

100

Bibliography
[1] Dieter Jungnickel and Tilla Schade. Graphs, networks and algorithms. Springer,
2008.
[2] Gabriel Valiente. Algorithms on trees and graphs. Springer, 2002.
[3] Ben Shneiderman. Tree visualization with tree-maps: 2-d space-ﬁlling approach. ACM Transactions on Graphics, 11:92–99, 1992.
[4] Michael Balzer and Oliver Deussen. Exploring relations within software systems
using treemap enhanced hierarchical graphs. In Proc. IEEE International Workshop Visualizing Software for Understanding and Analysis, pages 1–6, 2005.
[5] Brian Johnson and Ben Shneiderman. Tree-maps: a space-ﬁlling approach to
the visualization of hierarchical information structures. In Proc. IEEE Conference on Visualization, pages 284–291, 1991.
[6] Jarke J Van Wijk and Huub Van de Wetering. Cushion treemaps: visualization of hierarchical information. In Proc. IEEE Symposium on Information
Visualization, pages 73–78, 1999.
[7] Mark Bruls, Kees Huizing, and Jarke J Van Wijk. Squariﬁed treemaps. In
Proc Joint Eurographics and IEEE TCVG Symposium on Visualization, pages
33–42, 1999.
[8] Frédéric Vernier and Laurence Nigay. Modiﬁable treemaps containing variableshaped units. In Proc. IEEE Information Visualization, pages 28–35, 2000.
[9] Ben Shneiderman and Martin Wattenberg. Ordered treemap layouts. In Proc.
IEEE Symposium on Information Visualization, pages 73–78, 2001.
[10] Benjamin B Bederson, Ben Shneiderman, and Martin Wattenberg. Ordered
and quantum treemaps: making eﬀective use of 2d space to display hierarchies.
ACM Transactions on Graphics, 21, 2002.
[11] Martin Wattenberg. A note on space-ﬁlling visualizations and space-ﬁlling
curves. In Proc. IEEE Symposium on Information Visualization, page 181–185,
2005.
101

[12] Tobias Schreck, Daniel Keim, and Florian Mansmann. Regular treemap layouts
for visual analysis of hierarchical data. In Spring Conference on Computer
Graphics, 2006.
[13] Mark de Berg, Bettina Speckmann, and Vincent van der Weele. Treemaps with
bounded aspect ratio. In Proc. International Symposium on Algorithms and
Computation, volume 7074 of LNCS, pages 260–270. Springer, 2011.
[14] Kevin Buchin, David Eppstein, Maarten Löﬄer, Martin Nöllenburg, and Rodrigo I Silveira. Adjacency-preserving spatial treemaps. In Proc Algorithms
and Data Structures Symposium, pages 159–170, 2011.
[15] Michael Balzer and Oliver Deussen. Voronoi treemaps. In Proc. IEEE Symposium on Information Visualization, pages 49–56, 2005.
[16] Michael Balzer, Oliver Deussen, and Claus Lewerentz. Voronoi treemaps for
the visualization of software metrics. In Proc. ACM Symposium on Software
Visualization, pages 165–172, 2005.
[17] Krzysztof Onak and Anastasios Sidiropoulos. Circular partitions with applications to visualization and embeddings. In Proc. Symposium on Computational
Geometry, page 28–37, 2008.
[18] Marc de Berg, Krzysztof Onak, and Anastasios Sidiropoulos. Fat polygonal
partitions with applications to visualization and embeddings, 2010. available
on arXiv:1009.1866v1.
[19] Martin Wattenberg. Visualizing the stock market. In CHI’99 extended abstracts
on Human factors in computing systems, pages 188–189. ACM, 1999.
[20] Jarke J Van Wijk and Huub Van de Wetering. Cushion treemaps: Visualization
of hierarchical information. In Information Visualization, 1999.(Info Vis’ 99)
Proceedings. 1999 IEEE Symposium on, pages 73–78. IEEE, 1999.
[21] Benjamin B Bederson, Ben Shneiderman, and Martin Wattenberg. Ordered
and quantum treemaps: Making eﬀective use of 2d space to display hierarchies.
AcM Transactions on Graphics (TOG), 21(4):833–854, 2002.
[22] Eric H Baehrecke, Niem Dang, Ketan Babaria, and Ben Shneiderman. Visualization and analysis of microarray and gene ontology data with treemaps. BMC
bioinformatics, 5(1):84, 2004.
[23] Kai Wetzel. pebbles - using circular treemaps to visualize disk usage. http:
//lip.sourceforge.net/ctreemap.html, 2006.
[24] Silvano Martello and Daniele Vigo. Exact solution of the two-dimensional ﬁnite
bin packing problem. Management science, 44(3):388–399, 1998.
102

[25] Andrea Lodi, Silvano Martello, and Michele Monaci. Two-dimensional packing
problems: A survey. European Journal of Operational Research, 141(2):241–
252, 2002.
[26] Mateusz Matela. Metody Wizualizacji dla Zmieniających się w Czasie Zbiorōw
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