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Chapter 1

Introduction

1.1 Problem statement

The human immunodeficiency virus (HIV) is a retrovirus that targets and replicates within

cells of the human immune system. Disease progression is marked by a gradual failure of

the immune system that ultimately results in the acquired immune deficiency syndrome

(AIDS), where tuberculosis, opportunistic infections and tumors thrive, and outside of

treatment will result in the individual’s death. According to the most recent reports from

the World Health Organization (WHO) [2], approximately 36.9 million [34.2-41.4 million]

people worldwide are living with HIV, for which there is no cure and no vaccine.

Highly active antiretroviral therapy (HAART) against HIV is an option, it markedly de-

creases the viral load of an infected person and gives them a second chance at life. Current

therapy guidelines [126] for HAART are based on the empirical conclusions drawn from

clinical trials, a time consuming and costly process with little quantitative theory to guide

the process [56]. In this work, we develop a mathematical model describing HIV’s intra-

cellular replication cycle that can be used to predict the efficacy of single and combination

treatments. The results are compared to what is currently known for approved therapies,

and the model can be extended to further investigate novel drug classes and their effects in

combination. These novel strategies are important, as some patients are carrying strains

of HIV that are resistant to current therapies. Furthermore, HIV infected individuals are

required to continue these toxic therapies for life, and detrimental side effects [50] could

necessitate that therapies are changed over time.

The process of model building begins with obtaining a thorough understanding of HIV’s

biology, with particular emphasis on its replication cycle. Here it is important to decide
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Chapter 1 Introduction

on the level of detail that is required to appropriately tackle the problem at hand. This is

linked to understanding the mechanisms of action behind current HIV treatment classes,

and also to identifying potential novel points of attack for future drugs. Once the reaction

system has been developed, the corresponding rates of reactions need to be determined.

These are sought in the literature, and those that are unavailable are determined using

parameter estimation procedures or by making reasonable assumptions based on known

values from similar mechanisms. Experimental data available for parameter estimation

and model verification will need to be identified, and the appropriate modelling framework

chosen. Model calibration, including an investigation into the uniqueness of the identified

parameters, is a major task, and our confidence in the model predictions is increased by

validating the model.

1.2 Background

1.2.1 The HIV life cycle

In this subsection, we give a brief overview of the HIV life cycle to support a reading of

this chapter. The life cycle can be divided into two parts: the early or pre-integration

stage and the late or post-integration stage.

Early or pre-integration stage:

• Entry: HIV virions bind to the host cell’s receptors and are drawn near to the cell.

Their lipid envelopes fuse with the cellular membrane and the virion’s contents are

released into the cell.

• Reverse transcription: a complex process involving multiple steps that is medi-

ated by the reverse transcriptase (RT) enzyme and results in the production of linear

double-stranded deoxyribonucleic acid (DNA).

• Nuclear import: the resulting DNA is transported into the nucleus.

• Integration: the nuclear DNA is either integrated into the host genome (called

a provirus), or circularized to form one or two copies of the long terminal repeat

(1LTR and 2LTR).

Late or post-integration stage:

• Transcription and splicing: when the infected cell is actively undergoing tran-

2



1.2 Background

scription, the provirus is basally transcribed. This results in the production of full-

length messenger ribonucleic acid (mRNA). The full-length transcripts are spliced re-

sulting in singly-spliced mRNA, which may undergo further splicing to form multiply-

spliced mRNA. The multiply-spliced transcripts then exit the nucleus.

• Translation: in the cytoplasm, the multiply-spliced mRNA is translated into the

Tat and Rev proteins1 that cycle back into the nucleus. Tat acts as a trans-activator

(or accelerator) of transcription, and Rev binds to the full-length and partially-

spliced transcripts facilitating their departure from the nucleus. The unspliced tran-

scripts are used for genomic RNA or are translated into the Gag and Gag-Pol struc-

tural proteins. The singly-spliced transcripts are translated into the Env protein.

• Assembly, budding and maturation: the resulting viral products are assembled

and packaged to form immature virions that bud from the cell surface. Virion

maturation occurs during or after virus budding.

1.2.2 HIV treatment

Drug classes that are currently approved for use in highly active antiretroviral therapy

(HAART), include:

• Entry (binding and fusion) inhibitors (BIs and FIs): inhibit the steps of

virion binding to the host cell’s surface receptors and the subsequent fusion process.

• Reverse transcriptase inhibitors (RTIs): interfere with reverse transcription.

Two distinct subclasses of RTIs exist with different mechanisms of action: nu-

cleos(t)ide analog RTIs (N(t)RTIs) and non-nucleoside analog RTIs (NNRTIs).

• Integrase inhibitors (INSTIs): interfere with the integration of the viral DNA.

• Protease inhibitors (PIs): inhibit the process of late stage protein maturation.

Current therapies have proven remarkably successful in curbing HIV replication. However,

several problems still exist; such as detrimental side effects, the necessity for lifelong

treatment, the emergence of viral strains resistant to therapy, the latent viral reservoir,

complex treatment programmes and the cost of treatment. These necessitate ongoing

research into new drugs against HIV.

1For a detailed description of HIV proteins see Section 2.1.
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1.3 Previous contributions

In this section, the mathematical models of HIV’s intracellular replication cycle devel-

oped by other authors are briefly covered, followed by an overview of the ‘Treatment 2.0’

programme that focuses on treatment optimization.

1.3.1 Mathematical models describing HIV’s intracellular

replication

There are three notable existing models:

• Reddy and Yin [95] developed the first ordinary differential equation (ODE) model

describing HIV’s intracellular replication cycle. The model however excludes en-

trance, and detailed descriptions of the reverse transcription process and Tat and

Rev regulatory control mechanisms. The model has 30 species and 90 parameters:

these values are taken from the literature or assumed to be equal to known values of

similar mechanisms from HIV or other viruses. The model simulations are compared

to limited experimental data with a total of 12 data points across all the species.

• Kim and Yin’s [59] ODE model focuses on the late stages of replication, with par-

ticular emphasis on the Tat and Rev regulatory control mechanisms. However it

excludes protein translation and the subsequent replicative steps. The model has a

total of 34 species and over 100 parameters: these values are taken from the litera-

ture or are assumed to be equal to known values of similar mechanisms from HIV

or other viruses. No experimental data are used.

• Zarrabi et al. [132, 133] model the complete HIV replication cycle, excluding: en-

trance, a detailed reverse transcription process, a comprehensive Tat and Rev regu-

latory control mechanism, all splice variants and the subsequent steps after protein

translation. The model includes a total of seven species and 11 parameters taken

from the literature. The reaction system is considered from two stochastic per-

spectives: the rate-based and diffusion-based approaches, where the averages and

standard deviations (SD) are computed for 1 000 simulations. The results are com-

pared to limited experimental data (3 data points for the integrated DNA, as well

as data from patients with low and high viral loads).
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1.4 Current contributions

1.3.2 Treatment optimization: the ‘Treatment 2.0’ priorities

The ‘Treatment 2.0’ programme [127] highlights five areas in need of improvement for

HIV therapy. One priority area is the need for treatment optimization, and here we give

a brief overview of the short- (1-3 years), medium- (4-6 years) and long-term (7-10 years)

treatment optimization goals summarised generally according to the drug classes:

• The short-term first- and second-line priority regimens are composed of reverse tran-

scriptase inhibitors (N(t)RTIs and NNRTIs) and PIs.

• The medium-term priorities include the short-term recommendations with the addi-

tion of INSTIs. Further efforts focus on dose optimization.

• The long-term 2020 goal for the optimization of drug regimens is to develop “effec-

tive, affordable, one pill, once-daily potent ARV regimens with minimal toxicities

or drug interactions and high barriers to resistance [would become] available in low

and middle income countries (LMICs)” [127].

1.4 Current contributions

The novel contributions of this dissertation are detailed in this section.

1.4.1 The development of a mathematical model of HIV’s

intracellular replication

The first new contribution of this work, is the development of a comprehensive reaction

system describing HIV’s intracellular replication that accounts for:

• the number of viruses bound to the cell surface and their entry,

• a detailed multi-step description of reverse transcription,

• viral DNA nuclear import and the ensuing fate of the viral DNA: circularization or

integration,

• basal transcription of the integrated DNA producing full-length mRNA and the for-

mation of the two mRNA splice variants: singly-spliced and multiply-spliced mRNA,

• nuclear export of the multiply-spliced mRNAs and their translation into the Tat and
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Rev control proteins plus their import back to the nucleus,

• Tat’s role in trans-activating the transcription rate, and Rev’s binding to the full-

length and singly-spliced transcripts and their subsequent export from the nucleus,

and finally,

• translation of the full-length mRNA into the primary structural proteins: Gag and

Gag-Pol.

This is the first model to be developed that has such breadth (from entrance to structural

protein translation) and depth (detailing reverse transcription and the regulatory feedback

processes) for HIV’s intracellular replication (see Section 1.3.1). There are a total of 34

viral species and 82 reaction steps. We conduct an extensive literature search to assign

values to each parameter, and use parameter estimation methods to determine unknown

rates. A description of the reaction network using ODEs and a summary of the system’s

structure is also included. Lastly, an analysis proving the existence, uniqueness, positivity

and boundedness of the global solution to our system is performed.

The reaction network is implemented in COPASI (COmplex PAthway SImulator) [51] and

all tasks performed on the model are done in this program. Details of the mathematical

methods mentioned in this introduction are given in Appendix A.

The determination of the unknown model parameters

A major contribution of this work is that for the early and late phases of the model the

unknown parameter values are considered in much detail and determined using either

parameter estimation procedures and identifiability analyses, or by making assumptions

and using sensitivity analyses to highlight the influential parameters.

For the early phase, we give a presentation of the Yamamoto et al. [130] experimental

data. The data accounts for the three viral species: total DNA, 2LTR circular DNA

and the integrated DNAs, and each viral species is measured at 12 time points over a

48 hour time period. This is the first time this data is being used to develop a model

for HIV’s intracellular replication. This is followed by a statement of the parameter

estimation problem using least squares fitting in the context of our work. To solve this

problem, the system is integrated using the Livermore Solver for Ordinary Differential

Equations (LSODA) and the optimal parameter solution is found with the particle swarm

optimization (PSO) algorithm. The solution is presented with the corresponding statistics

and an identifiability analysis using the maximum likelihood approach confirms that the

6
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parameters are uniquely identifiable.

For the late phase, a presentation of the available experimental data is given. This includes

time course data of the ratios of full-length, singly-spliced and multiply-spliced mRNA

production relative to each other [62], and the approximate number of Gag and Gag-Pol

particles released at the end of viral replication [4, 14, 19, 21, 31, 48, 65, 97, 116]. Due to

the limited amount of experimental data, the unknown late phase parameter values are

assumed based on known rates from similar HIV mechanisms or those of other viruses. The

full model is then simulated and the late phase species are compared to the experimental

data; any discrepancies are used to guide sensitivity analyses that reveal which parameters

are primarily influencing the results. This highlights the assumed parameters that need

to be more precisely determined and these recommendations can be used to guide future

experiments.

1.4.2 The comparison of the model simulations to an additional

data set to highlight potential host factors that are

influencing replication

In 2013, Mohammadi et al. [82] published experimental data that captures the replication

dynamics of nine viral products for a single round of replication relative to the final time

point. Each viral species is measured (with repeats) at 12 time points over a 24 hour time

period, and to our knowledge, this is the first experimental study accounting for HIV’s

complete replication cycle. We then compare the Yamamoto et al. and Mohammadi et

al. data sets and discuss any discrepancies. Next, the developed model’s solutions are

compared to the Mohammadi et al. data after the model parameters that represent aspects

of the experimental system that differ in the two cases are changed. The results are

discussed, preliminary parameter estimation is done and opportunities for further work in

the area of targeting host factors is proposed.

1.4.3 The comparison of the deterministic solution to the

average stochastic result

For our work we choose to use a deterministic modelling framework. We make this choice

for three reasons: (i) the experimental data are population and not single-cell data, (ii)

the reaction system begins with a low number of particles and these rapidly increase
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to large numbers as the life cycle progresses, and (iii) for the ease of model simulation

and parameter fitting. To confirm the validity of this choice, the averages and standard

deviations of 1000 stochastic simulations are computed and compared to the deterministic

result for the early phase model species where the particle numbers are low. To our

knowledge, we are the first to make such a comparison in the context of HIV intracellular

modelling, as earlier authors opted for only a single approach (see Section 1.3.1).

1.4.4 The design of optimal treatment regimens

We incrementally inhibit single and multiple steps of the viral life cycle to investigate the

resulting influence on replication. An optimal control problem for treatment optimization

is stated.

First we consider single drug class examples, where key early phase model parameters that

represent the current classes of approved anti-HIV drugs are inhibited at varying efficacies

and the effects on the integrated viral DNA at the 48 h time point are investigated.

Similarly, an additional novel early phase target (DNA nuclear import) is considered.

Next, multiple drug class examples are designed based on the ‘Treatment 2.0’ recommen-

dations (see Section 1.3.2) and our results from the single drug class investigations. In each

case, two influential parameters are identified to represent the typical treatment regimens

and these are adjusted to investigate their effects on the integrated viral DNA at the 48

h time point.

As additional experimental data becomes available, these investigations into the virus’

response when targeted by single and multiple drug classes can be extended to the late

phase model.

An optimal control problem:

An optimal control problem statement for treatment optimization is stated that weighs

the reduction in viral replication against efficacy (linked to drug amount and toxicity). We

do not solve this problem, as additional drug data describing, for example, the relationship

between efficacy, drug amount and toxicity, would need to be generated.

In addition to the applications already discussed in this section, the model opens several

avenues for future research, such as: the coupling of the model with pharmokinetic or

immune response models, the simulation of reinfection or multi-scale modelling, and finally,

the inclusion of a model that captures HIV’s high rate of recombination.

8
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1.5 Organisation of the thesis

Chapter 2 provides an introduction to topics on HIV biology, as well as an overview of

current HIV treatment methods. The virion structure and life cycle are described in detail,

a brief history on the development of HAART is outlined, and other potential anti-HIV

approaches are discussed. Chapter 3 reviews the state of the art in mathematical models

of HIV intracellular replication and in antiretroviral treatment optimization. An overview

of the most prominent of the existing models is given and the ‘Treatment 2.0’ [127] short-,

medium- and long-term recommendations for therapy are presented.

Chapter 4 is the core of the thesis in which the developed HIV intracellular model is

outlined in detail (for a simple overview see Section 4.1). The model is translated into a

system of ODEs and a general overview of the model structure is provided. A complete

analytical treatment of the model is performed to show the existence, uniqueness, posi-

tivity and boundedness of the ODE’s global solution. In Chapter 5 the unknown model

parameters are determined, including parameter estimation procedures for the early phase

rates followed by a list of the assumed parameters for the late stage. The resulting model

simulations are compared to an additional data set, and the validity of ODE modelling in

our context is considered.

Chapter 6 examines optimal treatment regimens: assumptions are stated and a definition

of efficacy in our context is given. Single and multiple target points in the HIV replication

cycle are inhibited and the results are interpreted in the context of current knowledge. An

optimal control problem for treatment optimization is stated. Chapter 7 summarises our

contributions and gives perspectives for future work. The appendix covers the mathemat-

ical theory required to support a reading of this dissertation.
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Chapter 2

Background material

This chapter introduces the virion structure, the viral life cycle, HAART and novel treat-

ment strategies.

2.1 HIV biology

HIV can be classified into two major classes: HIV type 1 (HIV-1) and HIV type 2 (HIV-

2). HIV-1 is the more virulent and easily transmitted form of the virus and is primarily

responsible for the burden of international HIV cases. The less common HIV-2 is concen-

trated in West Africa and is scarcely seen outside of this region. This study will focus on

HIV-1, hereafter referred to simply as HIV for the purposes of this dissertation.

HIV is a lentivirus and a member of the retrovirus family. Lentiviruses are characterized

by their long incubation periods and are different from other retroviruses in their unique

capacity to replicate in non-dividing cells. Retroviruses are enveloped RNA viruses that

convert their RNA into DNA via their own reverse transcriptase enzymes. This process is

the reverse of normal transcription, explaining the use of ‘retro’, or backwards, in the viral

family name. The DNA is then inserted into the genome of the host cell by the integrase

enzyme, and read by the host cell’s machinery for transcription.

2.1.1 Virion structure

The HIV virion has a simple structure (see Fig. 2.1). It is roughly spherical in shape and

120 nm in size. The virion is contained in a lipid envelope that has glycoproteins gp41

and gp120 forming surface receptors. gp41 is a transmembrane protein to which the gp120
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glycoprotein is attached. Both play a role in the binding and entrance of the virion into

the host cell. The viral protein p17 beneath the envelope is a matrix that surrounds the

viral capsid (p6 and p24 proteins). The capsid contains two positive-sense single-stranded

RNA genomes. Each RNA strand is approximately 9 700 nucleotides (nt) in length and

codes for nine genes. The nucleocapsid proteins p7 are bound to the RNA strands. The

capsid also contains the three viral enzymes: reverse transcriptase (RT), integrase (IN)

and protease (PR).

The viral enzymes play crucial roles in the HIV replication cycle. RT mediates the reverse

transcription process where the single-stranded RNA is reverse transcribed to produce

double-stranded DNA. Along with other proteins, IN forms a pre-integration complex

(PIC) with the newly formed DNA and is transported into the host nucleus where it

supports viral DNA integration into the host genome. PR functions at the end of the viral

life cycle by acting on the Gag and Gag-Pol polyproteins to produce key viral proteins

(p17, p6, p24 and p7) and the viral enzymes.

Figure 2.1: HIV virion structure (taken from [115]): the viral capsid (p6 and p24) contains
two strands of viral RNA, the nucleocapsid protein (p7) and three viral en-
zymes (RT, IN and PR). The capsid is surrounded by the matrix protein (p17)
that is contained in the viral envelope. The viral envelope has the embedded
glycoproteins (gp41) and attached glycoproteins (gp120).

The HIV genome consists of 9 genes: gag, pol, env, vif, vpr, vpu, nef, tat and rev (see

Fig. 2.2). Gag, pol and env encode the primary structural proteins; tat and rev the

essential regulatory proteins; and the remaining genes, the accessory viral proteins.

• gag (group-specific antigen): codes for the precursor Gag polyprotein, which is
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Figure 2.2: HIV RNA genome (taken from [28]). HIV encodes 9 genes: gag, pol, env, vif,
vpr, vpu, nef, tat and rev. LTR is the long terminal repeat situated at each
end of the genome.

then processed by the viral PR during maturation to give the matrix protein (p17),

the capsid proteins (p6 and p24) and the nucleocapsid protein (p7).

• pol (polymerase): codes for the viral enzymes RT, IN and PR.

• env (envelope): codes for the viral Envelope proteins (gp41 and gp120).

• vif (virus infectivity factor): is important for the infectivity of HIV particles.

• vpr (virus protein R): plays a role in the nuclear import of the PIC and causes

G2 cell cycle arrest. This arrest means that the host cell’s DNA repair machinery

comes into action which supports viral DNA integration.

• vpu (virus protein U): enhances the release of virions and CD4 (a glycoprotein

found on the surface of certain types of immune cells) degradation.

• nef (negative factor): controls the down-regulation of CD4 and acts as a negative

regulator of HIV replication.

• tat (trans-activator of transcription): acts as a trans-activator (i.e., increasing

the rate) of HIV transcription.

• rev: controls the nuclear export of unspliced and partially-spliced RNA.

2.1.2 Life cycle

In this section we give a simple outline of the HIV life cycle (see Chpt. 4 for a more detailed

description). Figure 2.3 depicts the complete life cycle pictorially.

Early or pre-integration stage:

• Entry: an HIV virion approaches a host immune target cell, such as a CD4+ T cell,
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Figure 2.3: The HIV life cycle (adapted by permission from Macmillan Publishers Ltd: Na-
ture Reviews Microbiology 10:279-290, copyright 2012): attachment and fusion
of the HIV virion, capsid release and uncoating followed by reverse transcrip-
tion, PIC nuclear import, viral DNA integration, basal transcription of viral
DNA, full length mRNA splicing, multiply-spliced mRNA nuclear export and
translation to Tat and Rev, Tat and Rev nuclear feedback, Tat trans-activation
of transcription and Rev promotion of full-length and singly-spliced mRNA nu-
clear export, full-length mRNA translation to Gag and Gag-Pol, singly-spliced
translation to Env, structural proteins migration to the cell membrane, bud-
ding, release and virion maturation.
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macrophage or dendritic cell, found in the peripheral blood and certain tissues. The

virion’s gylcoprotein gp120 binds to the cell surface CD4 receptor. The virion is then

pulled close to the cell and interacts with chemokine co-receptors (CCR5 or CXCR4)

present on the host cell. This step involves complex conformational changes. The

virion’s lipid envelope fuses with the cell membrane, and the viral capsid is injected

into the host’s cytoplasm. Here it is uncoated to release the two positive-sense single-

stranded RNA molecules and multiple RT enzymes, plus additional viral proteins.

• Reverse transcription: the multiple RT molecules catalyze the multi-step process

of reverse transcription resulting in the production of double-stranded viral DNA.

Initially, the positive-strand RNA uses cellular tRNA as a primer and RT mediates

the synthesis of negative single-stranded DNA using the RNA as a template. RT

then breaks down the original RNA genome. The negative single-stranded DNA

serves as a template for the elongation of the positive HIV DNA strand resulting in

the formation of double-stranded DNA. RT thus acts as a multifunctional enzyme

during this process, possessing both RNA- and DNA-dependent DNA polymerase

and RNAase H activities. It also directs the movement of the RNA and DNA.

• Nuclear import: the double-stranded linear viral DNA, the IN enzyme plus ad-

ditional viral proteins and host factors together form the PIC. This complex is

transported from the cytoplasm to the nucleus through the nuclear pore without

damaging the nuclear envelope in an active and rapid process.

• Integration: in the nucleus the viral DNA succumbs to one of several fates. It may

be integrated, where the IN enzyme catalyzes the process of inserting the viral DNA

into the host cell genome, at which point it is called a provirus. This integration may

occur at several sites in the human genome. After integration the infected cell could

become active resulting in a productively infected cell; otherwise it remains silent

known as a latent infection. Further pathways that the linear DNA can follow in-

clude: degradation or circularization (containing one or two copies of the LTR). The

circularized DNAs are not precursors of the integration reaction, and are generally

viewed as dead-end products in the life cycle.

Late or post-integration stage:

• Transcription and splicing: in an activated cell the provirus is transcribed at

the cell’s basal transcription rate to produce full-length mRNA transcripts. These

transcripts do not exit the nucleus, but undergo multiple splicing events to produce

both singly-spliced and multiply-spliced mRNAs. Splicing is the process whereby
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certain specified sequences on the transcript (itrons) are removed and the remaining

RNA pieces (exons) are joined together or spliced to form the new shorter RNA.

The fully-spliced mRNAs exit the nucleus.

• Translation: in the cytoplasm the fully-spliced mRNAs are translated into the reg-

ulatory proteins Tat and Rev. These feed back into the nucleus, where Tat acts as a

trans-activator of transcription and Rev binds to the full-length and partially-spliced

mRNAs facilitating their export from the nucleus. The full-length transcripts are

either translated into viral structural proteins Gag and Gag-Pol or used as genomic

RNA. The singly-spliced transcripts in the cytoplasm are primarily translated into

the Env protein. The structural proteins are synthesised as long polypeptide chains

that still need to undergo several steps of maturation.

• Assembly, budding and maturation: the viral products are packaged to form

new immature virion particles that are released from the cell. During or shortly

after viral budding the steps of maturation occur. Mature virion particles then

infect healthy target cells.

2.2 HIV treatment

Unparalleled efforts over the last approximately 30 years have resulted in the development

of anti-HIV treatments that are able to suppress and control the infection, but not cure

it (due to the development of a latent viral reservoir). A previously fatal disease has now

become a manageable and chronic illness. In 1987, the first anti-HIV drug to be approved

by the Food and Drug Administration (FDA) [1] appeared in the United States, and until

1995 a total of only five drugs from a single class (see Section 1.2.2) had been licensed [122].

After the release of publications in 1997 by Hammer et al. [44] and Gulick et al. [41] that

highlighted the benefits of combining three (or more) antiretroviral drugs, the term highly

active antiretroviral therapy (HAART) was introduced to describe such drug regimens and

became the new standard of treatment. The effects of HAART were impressive, with a

60-80% decline in AIDS symptoms, hospitilisations and deaths [83]. However, despite the

successes of HAART, it is a lifelong therapy and time has shown that several significant

drawbacks exist. Therapy regimens can be complex and can have serious side effects (see

the next subsection for class specific side effects) that are detrimental to the patient’s

health. Taken together these could potentially lead to inconsistent medication intake.

This is problematic, as not strictly adhering to the prescribed treatment can lead to the
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development of drug resistance. Further, the cost of lifelong treatment for an individual

is upward of 300 000 euros [106].

2.2.1 Highly active antiretroviral therapy (HAART)

There are four approved classes of antiretroviral drugs: (i) entry inhibitors, (ii) reverse

transcriptase inhibitors, (iii) integrase inhibitors and (iv) protease inhibitors. A descrip-

tion of each class and their mechanisms of action along with selected side effects (taken

from [122]) is given below:

• Entry (binding and fusion) inhibitors (BIs and FIs): a class of drugs that

inhibits either the binding of the HIV virion to the cell surface receptor or the

subsequent fusion process.

Selected side effects: bacterial pneumonia, rash, fever, nausea, chills, hypotension

and elevated liver enzymes.

• Reverse transcriptase inhibitors (RTIs): a class of antiretroviral treatment

that targets the RT enzyme and thus interrupts the reverse transcription process.

Two RTI subclasses exist with distinct mechanisms of action:

Nucleos(t)ide analog RTIs (N(t)RTIs): are analogs to the natural building

blocks of RNA and DNA, hence the name. They differ from their natural coun-

terparts by only a hydroxy (-OH) group. This means that they interfere with re-

verse transcription by direct competition, interrupting the normal process of DNA

elongation and acting as chain terminators. Intracellular NRTIs need to first be

phosphorylated before they are in an active state. NtRTIs already have phosphate

molecules in their structure.

Selected side effects: mitochondrial toxicity, diarrhea, anorexia, nausea, vomiting,

headache, rash and abdominal pain.

Non-nucleoside analog RTIs (NNRTIs): bind directly and non-competitively

to the RT enzyme. They do not bind directly to the active site, however their bind-

ing causes a conformational change in the 3D structure of the enzyme that inhibits

the catalytic site and the DNA polymerase’s activity.

Selected side effects: rash, hepatotoxicity, central nervous system side effects (e.g.

dizziness to hallucinations, nightmares, insomnia) and pregnancy complications.
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• Integrase inhibitors (INSTIs): a class of antiretroviral drugs that targets the IN

enzyme by inhibiting its ability to integrate the viral DNA into the host genome.

Selected side effects: diarrhea, nausea, headache and increased creatine kinase lev-

els [98].

• Protease inhibitors (PIs): a class of antiretroviral treatment that acts at the PR

enzyme’s active site. This interferes with the operations of the enzyme, and disrupts

the steps involved in protein maturation. PR inhibition results in the production of

non-infectious virions.

Selected side effects: diarrhea, nausea, vomiting, headache, rash, abdominal pain,

kidney stones, depression, jaundice, and fatigue.

2.2.2 Further potential anti-HIV approaches

Given the limitations of current HIV therapies, investigators are still searching for addi-

tional solutions. In this subsection we briefly discuss other potential options, including:

novel choke points in the HIV life cycle, the targeting of host factors, cell-based and gene

therapies and vaccines.

• The viral life cycle: disrupting HIV’s replication by targeting viral components

remains a focus of intense research. Outside of the current classes of antiretrovirals

(described in Section 2.2.1) several additional points of attack have received atten-

tion. These include: the PIC nuclear import [72], the Gag and Gag-Pol polyprotein

molecules as substrates of the PR enzyme [96], HIV assembly [111] and vpu [96].

• Host factors: HIV’s hijacking of host cells depends on over 200 human proteins [12].

Some of those provide novel targets for intervention against HIV. Arhel and Kirch-

hoff [6] review host proteins involved in HIV replication that could be potential

targets. See Refs. [8, 87, 96, 118] for further studies on the topic.

• Novel cell-based and gene therapies: these therapies offer the primary advan-

tage that their control would mean no drugs in the long-term, as the nature of cells

is that they are continually renewing themselves. The review article [52] explores

such therapies for HIV.

• Vaccines: a vaccine against HIV would either safeguard an individual who does not

have the virus from being infected, or alternatively, offer therapeutic effects to an
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HIV-positive person. Current efforts to find a vaccine have been unsuccessful, albeit

that many investigators are working on the task. See Ref. [23] for a review of the

topic.
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Chapter 3

State of the art:

HIV intracellular modelling and

treatment optimization

This chapter is divided into two main ‘state of the art’ sections: the first covers previ-

ously published prominent models of HIV intracellular replication and the second gives an

overview of the current standards for HIV treatment optimization.

3.1 Mathematical models of HIV’s intracellular

replication

The vast majority of models describing the within-host HIV dynamics have been developed

at levels above that of the intracellular (see Ref. [90] for a review). Only a few authors

have modelled HIV’s intracellular replication, where the two most prominent models are:

(i) ‘Quantitative Intracellular Kinetics of HIV Type 1’ authored by Reddy and Yin [95],

and (ii) ‘Effects of RNA splicing and post-transcriptional regulation on HIV-1 growth:

a quantitative and integrated perspective’ by Kim and Yin [59]. The masters thesis of

Zarrabi entitled ‘Modeling and Simulation of HIV-1 Intracellular Replication’ [132], with

the accompanying publication [133] by Zarrabi, Mancini, Tay, Shahand and Sloot, are also

prominent works on the topic.
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3.1.1 Reddy and Yin

Reddy and Yin developed a system of ODEs to describe the intracellular life cycle of

HIV. The purpose for building the model was to investigate how the individual chemical

reactions contribute to the overall growth of the virus, which would then assist in treatment

development.

The model assumes that the virus has entered the cell, and begins with a description

of reverse transcription, followed by DNA nuclear import and integration, transcription

and splicing, export of transcripts from the nucleus, translation, control by regulatory

proteins, transport of proteins to the host cell membrane, particle assembly, budding

and maturation. The model has 30 species and 90 parameters. Limited experimental data

describing the cytoplasmic (4 data points), total nuclear (1 data point) and non-integrated

(2 data points) DNAs are used for the early stages of HIV replication. For the later stages,

data are used for the full-length mRNA (4 data points) and Gag (1 data points) species.

A total of 41 parameter values are taken from the literature. We assume that for the

outstanding parameters, the values are taken to be equal to known rates where similar

mechanisms are involved, as no parameter estimation is done. To our knowledge this

is the first model that has been developed to describe the complete intracellular growth

cycle of HIV. Thus it offers a starting platform upon which other modellers can build and

improve.

Next we mention some points where the model could be further developed. Firstly, the

post-infection and post-integration stages of the model are uncoupled. This is a disad-

vantage when treatment design is a primary goal, as it is not possible to compute the

sensitivities of later stage viral products with respect to parameters involved early in the

cycle, nor to investigate how the virus would respond to interventions at multiple sites of

attack.

Reddy and Yin assume that there is a virus-to-cell ratio of 2000 virions to 1 CD4+ T

cell with an entry efficiency of 15%. This assumption implies that 300 viral core particles

enter the cytoplasm of the host cell. However, this number is questionable [30] and a lower

value is more probable.

Lastly the model simulations are compared to a limited amount of data. Since Reddy

and Yin published their work in 1999 new data has become available that describes the

progression of HIV’s intracellular species; those would assist in determining uncertain

parameter values using parameter estimation procedures.
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3.1.2 Kim and Yin

Kim and Yin developed an ODE system that focuses on the Rev and Tat regulatory

proteins in the HIV intracellular life cycle. Their primary aim was to investigate the

function of the Rev protein in viral replication.

The model describes the following steps: (i) transcription, (ii) RNA splicing and export,

(iii) Tat and Rev translation and shuttling back to the nucleus, (iv) Rev binding to the Rev

response element (RRE) plus its role in splicing inhibition and facilitation of RNA export

from the nucleus, and (v) Tat trans-activation of transcription. The model includes 34

species and over 100 parameters. The authors assume many parameter values to be equal.

For example, the splicing rates of full-length and singly-spliced transcripts are assumed

equal, as are the cytoplasmic and nuclear degradation rates of all mRNA species (including

Rev-bound). This then substantially reduces the number of parameter values that need to

be obtained from the literature, but these literature-sought rates are well-supported with

referencing. No experimental data is used to verify the simulations, and no parameter

estimation procedures are performed.

Following their initial model, Kim and Yin published two further articles (see Refs. [60]

and [61]). In Ref. [60] they develop a mathematical model to describe the mRNA splicing

process in considerable detail, based on probabilities that specific splice acceptors are

selected by the cellular splice machinery among competing splice signals. In Ref. [61] the

initially developed model [59] is employed to investigate HIV’s robustness to perturbations

in the intracellular environment. The authors conclude that the Rev and Tat feedback

loops play an important role in the resilience of the virus.

3.1.3 Zarrabi, Mancini, Tay, Shahand and Sloot

Zarrabi et al. consider HIV’s intracellular replication cycle from two different perspectives:

(i) the rate-based approach where the species inside the cell are viewed as variables and

their rates of reaction are sought in the literature, and (ii) the diffusion-based approach

where cell quantities are taken as agents following a random walk and rule-defined events

occur when those agents interact. Zarrabi et al. are the first authors to consider the HIV

intracellular life cycle from the stochastic rate-based and agent-based approaches.

The seven steps considered in the Zarrabi model include: reverse transcription, viral

DNA nuclear import and integration, cell activation, transcription and mRNA export to
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the cytoplasm, and protein translation. Entrance is not explicitly included in the model

but the measure of infection is modelled stochastically using the multiplicity of infection

(MOI) and a Poisson distribution. The steps of viral DNA circularization, mRNA splicing,

regulatory protein feedback, protein maturation, transport and budding are all neglected

in their model. The model includes a total of seven species and 11 parameters taken from

the literature. The average of a thousand stochastic simulations for the integrated DNA

are compared to the available experimental data [15] (3 data points). Furthermore, at 72

h for differing MOIs, the average stochastic result for the mRNAs is compared to data

taken from patients with high and low viral loads (HIV RNA molecules per CD4 cell) [9].

3.1.4 Discussion: our contributions

The HIV intracellular model developed in Chapter 4 integrates the strengths from the mod-

els discussed in Sections 3.1.1–3.1.3, whilst attempting to avoid their weaknesses. First we

improve on how extensive the respective models are; this is important, as we would like

to be open to considering as many potential intervention points as possible. Our model

describes detailed steps from viral entrance through to protein production, including a

detailed reverse transcription process and regulatory (Tat and Rev) control mechanisms.

Reddy and Yin, and Zarrabi et al. include the pre-integration steps of replication but do

not include the entrance stage, nor a detailed description of the complex reverse transcrip-

tion process. Current therapies target differing aspects of these processes. We further

implement a modified version of the Kim and Yin model for the post-integration phase of

replication. The Kim and Yin model is sufficiently detailed but we introduce modifications

where biological knowledge has increased and fill in some previously unclear or assumed

parts.

Our model includes a total of 34 species and 82 parameters. We performed a careful

and thorough search of the literature for the value of each parameter in our model. The

previously described models provided a starting point for these investigations but we

searched further for the literature values of the additional mechanisms included in our

model. This process naturally highlighted rates that needed to be estimated or assumed.

Our presentation of this work is clear and easily accessible.

As described in Sections 3.1.1–3.1.3, all previous work done on HIV intracellular modelling

has the problem that the data available at the time of writing was limited. We however

have the more recently published (2006) Yamamoto et al. data [130] (36 data points) for

the pre-integration stage of replication at our disposal. For the later stage we propose that
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it is still necessary for more detailed data to be measured for reliable results to be achieved.

Additional data [82] (published in 2013) describing the relative growth of the virus over

the full cycle is also used and compared to the model simulations. For those discrepancies

that arise, we discuss these and point to potential areas where further research into the

topic of HIV intervention can be done. Our MOIs are chosen based on the experimental

setups, and the pre-integration and post-integration models can be conveniently coupled

and decoupled.

For the ease of parameter fitting, sensitivity analyses and making predictions our reaction

system is simulated deterministically. What is more, the experimental data is measured

in a population context and averaged to obtain single-cell data. However, to silence any

dispute that may arise over the applicability of deterministic modelling in our context, we

compare the average of 1000 stochastic runs (with SD) to the deterministic solution. Our

work thus considers both modelling frameworks chosen in the previously discussed works

(see Sections 3.1.1–3.1.3).

3.2 HIV treatment optimization: ‘Treatment 2.0’

priorities

‘Treatment 2.0’ is an initiative that was launched by the WHO and the Joint United

Nations Programme on HIV/AIDS (UNAIDS) that highlights five key areas in need of

improvement for HIV treatment: (i) optimization of drug regimens, (ii) access to point-

of-care diagnostics, (iii) reduction of costs, (iv) adaption of delivery systems and (v) mo-

bilisation of communities [127]. We focus on the need for treatment optimization and

in this section present the short- (1-3 years), medium- (4-6 years) and long- (7-10 years)

term priorities (ending in 2020) for this area. In Chapter 6 we will use the mathematical

model developed in Chapters 4–5 to comment on these priorities, which are the current

standard in treatment optimization. In Section 2.2, the successes and drawbacks of cur-

rent treatments were introduced – these drawbacks include: detrimental side effects (see

Section 2.2.1), lifelong treatment, regimen complexity, the development of drug-resistant

virus, the problem of the latent viral reservoir and exorbitant treatment costs. These

points highlight the need for additional drug targets in HIV treatment regimens, and in

Chapter 6, the model is used to identify novel optimal choke points.
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3.2.1 Short-term priorities

Although the short-term time period has already elapsed, we include a description here of

these priorities as the later priorities build upon these initial treatment decisions.

The optimization of antiretroviral treatment therapies is considered independently for the

two groups: adults and adolescents in one group and children in the other. In the two

subsections that follow the first- and second-line HAART regimens for each group are

presented. This information is taken from [126]. The short-term goals focus on choosing

the best available drugs and reducing their cost by consolidating volumes and improving

the efficiency of manufacturing [37].

First and second-line regimens for adults and adolescents

Taking into account what is known about the currently available drugs and then also the

preferred treatment regimens outlined in the WHO 2010 guidelines [125], the following

first- and second-line strategies for adults and adolescents were set as priorities.

First-line regimen:

“Tenofovir (TDF), Lamivudine (3TC) and Efavirenz (EFV) as a fixed-dose combination

(FDC)” [126]

TDF and 3TC are NtRTIs/NRTIs and EFV is a NNRTI. Thus, the first-line recommen-

dation is composed of RTIs.

Second-line regimen:

“Atazanavir and low dose ritonavir (ATV/r) as a heat-stable fixed combination,

combined with a NRTI backbone” [126]

ATV and r are PIs, which means that the second-line regimen is made up of PIs.

Further discussion points for the optimization of these two regimens are discussed in the

meeting report [126]. The dose optimization of EFV and TDF is mentioned as a discussion

point in this article.
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First and second-line regimens for children

First-line regimen:

The experts in HIV treatment were unable to specify a single first-line antiretroviral regi-

men for the case of children. The reason for this is two-fold: firstly, the chosen treatment

in children depends very much on the age of the child, and secondly, there are a range

of products on the market. The group therefore outlined the following four priorities for

short-term optimization:

• “LPV/r reformulation (sprinkles and heat-stable solid formulations suitable for in-

fants, with a unit dose of 40 mg LPV to 10 mg RTV),

• AZT/3TC dispersible formulations,

• Paediatric heat-stable RTV formulations containing 25 mg of RTV,

• Scored adult-strength dispersible fixed dose formulations of TDF/3TC/EFV.” [126]

Lopinavir/ritonavir (LPV/r) is a formulation of PIs. Zidovudine/Lamivudine (AZT/3TC)

is a formulation of NRTIs. As already mentioned, ritonavir (r or RTV) is a PI. Fur-

thermore, TDF and 3TC are NtRTIs/NRTIs, and EFV is a NNRTI. Thus, the first-line

recommendation for children includes PIs, NRTIs and NNRTIs (or RTIs).

Further discussion points concerning these four recommendations can be read in [126].

Second-line regimen:

For patients who failed the first line of treatment, the group were unable to recommend

any second-line regimens due to limitations in the available drugs.

Summary

To summarise, the first- and second-line regimens for both groups are composed of RTIs

(NtRTIs/NRTIs and NNRTIs) and PIs.

3.2.2 Medium-term priorities

Priorities for adults and adolescents

A number of compounds that were in development at the time of constructing these priori-

ties were noted to be potentially important for the medium-term priorities. These include:
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Rilpivirine (RIL) as a NNRTI, Dolutegravir (DLG) as an INSTI, Elvitegravir/cobicistat

(EVG/COB) as an INSTI/pharmacokinetic enhancer combination, where COB itself is

not active against HIV (more details regarding these compounds can be found in [126]).

Priorities for children

First-line regimen:

As already mentioned paediatric treatment regimens do not correspond well with those

for adults and adolescents. The medium (to long)-term goals in this area are thus to bring

these two groups into alignment. This will help manufacturers to prioritise recommended

regimens, and it will bring greater rationality and design into the supply of treatment

benefiting those most in need.

In addition, the expert group recognised that there are a number of compounds that

are either new or still in development, which may be further options for medium-term

recommendations in children. Those drugs include: Darunavir/ritonavir (DRV/r) as a PI

combination, RIL as an NNRTI, DLG as an INSTI and Etravirine (ETR), which is an

NNRTI.

Second-line regimen:

DRV/r was highlighted as a key priority area for children over three years of age. Addi-

tionally, over the medium (to long)-term the abacavir (ABC)/3TC/DLG combination is

viewed as a highly favored option. ABC is a NNRTI, 3TC a NRTI and DLG an INSTI.

However, some points regarding the use of these drugs in children still needs to be fully

investigated.

Summary

In addition to the use of RTIs (NtRTIs/NRTIs and NNRTIs) and PIs in the short-term

priorities, the medium-term goals see the inclusion of INSTIs.

Along with the inclusion of potential new compounds, further efforts will be focused on

dose optimization of current drugs. Phase III studies have shown that it is possible to

maintain efficacy, while achieving equivalent or even improved tolerability, through dose

reduction. In addition, new formulation technologies may help drugs in their ability to

reach their targets. These points were taken from [37].

28



3.2 HIV treatment optimization: ‘Treatment 2.0’ priorities

3.2.3 Long-term priorities

The ‘Treatment 2.0’ long-term 2020 goal for the optimization of drug regimens is to develop

“Effective, affordable, one pill, once-daily potent ARV regimens with minimal toxicities

or drug interactions and high barriers to resistance [that] are available in low and middle

income countries (LMICs)” [127]

Further there will be a concentrated effort to increase the speed at which these new

products are produced [37].

In Chapter 6 we show how the model developed in this work can be used to contribute

towards the ‘Treatment 2.0’ goals.

In the next chapter we develop our nonlinear ODE mathematical model describing the

intracellular replication of HIV.
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Chapter 4

The model of the HIV life cycle

In this chapter the developed HIV replication model is presented. The chapter begins

with a diagram and summary of the model in Section 4.1. Sections 4.2, 4.3 and 4.4

describe the model’s assumptions, initial values and the reaction system, respectively.

Section 4.5 details the ODEs and gives the corresponding outline of the model’s basic

structure. Section 4.6 offers a brief presentation of the modelling software COPASI. In

the final section, an analysis of the existence, uniqueness, positivity and boundedness of

our system’s solution is performed.

4.1 Model overview

In this section, an overview of the developed HIV model is given. Figure 4.1 is the main

model diagram, and Figures 4.2–4.4 give more details of the reverse transcription, Tat and

Rev process models, respectively.

In Figure 4.1, the bound virus(es) (BV) on the cell membranes’ surface receptors enter

the cell (kentBV ), and release their viral genomic RNA (gRNA) and the reverse transcrip-

tase (RT) molecules into the cytoplasm. The gRNA undergoes degradation (at a rate

of kdegRNA). Alternatively, viral reverse transcription ensues (see Fig. 4.2). The reverse

transcription process begins with the RNA-dependent DNA polymerase activities of ini-

tiation and elongation. Initiation involves the binding of RT and gRNA (at a rate of

konRNAi, and the potential subsequent unbinding at a rate of koffRNAi) to form the RT-

gRNA initiation complex (RT-gRNA). Complementary nucleotides are added to the bound

gRNA (at a rate of kextRNAi) forming the RT-gRNA extension product (gRNA-ssDNA)

that is subsequently released from the RT. The next step is called the elongation step:

31



Chapter 4 The model of the HIV life cycle

Figure 4.1: The developed model of the HIV life cycle. The reverse transcription, Tat and
Rev detailed process models are shown in Figures 4.2–4.4, respectively.
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4.1 Model overview

the gRNA-ssDNA rebinds to the RT (at a rate of konRNAe, and may unbind at a rate

of koffRNAe) forming the RT-gRNA-ssDNA elongation complex (RT-gRNA-ssDNA). RT

adds additional complementary nucleotides to the gRNA-ssDNA complex (at a rate of

kextRNAe) to form the RT-gRNA-ssDNA extension product (RT-DNAtem). The final step

of reverse transcription are the activities of the DNA-dependent DNA polymerase. Here

complementary nucleotides are added to the template DNA strand in the RT-DNAtem

complex, resulting in a linear DNA strand (DNAcyt, formed at a rate of kextDNA). To

complete, the RT is released from the DNA and the double-stranded DNAcyt undergoes

degradation (at a rate of kdegDNAcyt) (back to Fig. 4.1).

Figure 4.2: The developed model of the reverse transcription process.

The DNAcyt enters the nucleus (DNAnuc, at a rate of kimpDNA) where it either undergoes

circularization forming circular 1LTR DNA (1LTR, at a rate of k1LTR) or circular 2LTR

DNA (2LTR, at a rate of k2LTR), or integrates forming a provirus (PV / DNAint, at a

rate of kint). The 1LTR and 2LTR undergo degradation (at rates of kdeg1LTR and kdeg2LTR,

respectively). During basal transcription the PV is read resulting in the production of full-

length mRNA (FN, at a rate of kTCb). The FN undergoes degradation (at a rate of kdegFN)

or is spliced (at a rate of kspF ) resulting in the formation of the singly-spliced mRNA (SN).

The SN undergoes degradation (at a rate of kdegSN) or is spliced (at a rate of kspS) to form

the multiply-spliced mRNA (MN, at a rate of kspS). The MN undergoes degradation (at a
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rate of kdegMN) or is exported from the nucleus to the cytoplasm (MC, at a rate of kexpM).

The MC undergoes degradation (at a rate of kdegMC), or is read for the translation into

cytoplasmic Rev (RC, at a rate of ktransR) or cytoplasmic Tat (TC, at a rate of ktransT ).

Both RC and TC undergo degradation (at rates of kdegRC and kdegTC , respectively), or

are imported into the nucleus giving nuclear Rev (RN) and nuclear Tat (TN) (at rates of

kimpR and kimpT ), respectively. RN may be shuttled back to the cytoplasm (at a rate of

kexpR). RN and TN undergo degradation (at rates of kdegRN and kdegTN , respectively), or

perform control processes in the nucleus.

In Figure 4.3, Tat’s function in the nucleus where it acts as a trans-activator of transcrip-

tion is modelled. TN binds to the PV (at a rate of konTNi, and potentially unbinds at a

rate of koffTNi) forming the initial TN-PVi complex (TN-PVi). The TN-PVi undergoes a

conformational change (at a rate of kTNPV f , and the reverse change may occur at a rate

of kTNPV i) resulting in the final TN-PV complex (TN-PVf). The provirus is then read

and FN is produced at a highly accelerated rate (kTCadd) due to the presence of Tat, after

which Tat is released and the previously described actions on the FN ensue (see Fig. 4.1).

Figure 4.3: The developed model of Tat’s trans-activation of transcription process.

In Figure 4.4, Rev’s function is modelled. In (a), RN binds to FN with i RN bound

(F(i)RN), i = 0, 1, 2, 3 (at a rate of konF (i+1)R, and potentially unbinds at a rate of

koffF (i+1)R) forming FN with i + 1 RN bound (F(i + 1)RN). The F(i + 1)RN undergo

degradation (at a rate of kdegF (i+1)R) releasing (i + 1) RN. Furthermore, the F(i + 1)RN

undergo splicing (at a rate of kspF (i+1)R) to form SN with (i+ 1) RN bound (S(i+ 1)RN),

or (for i = 1, 2, 3) are exported (at a rate of kexpF (i+1)R) giving full-length mRNA in the cy-

toplasm (FC) and releasing (i+ 1) RC. The FC undergo degradation (at a rate of kdegFC),

or are read and translated into Gag-Pol (GP, at a rate of ktransGP ) or Gag (G, at a rate of
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ktransG). Both GP and G undergo degradation (at rates of kdegGP and kdegG, respectively).

Alternatively, in (b), the RN binds to SN with i RN bound (S(i)RN), i = 0, 1, 2, 3 (at a

rate of konS(i+1)R, and potentially unbinds at a rate of koffS(i+1)R) forming SN with (i+ 1)

RN bound (S(i + 1)RN). The S(i + 1)RN undergo degradation (at a rate of kdegS(i+1)R)

releasing (i+1) RN. Furthermore, the S(i+1)RN undergo splicing (at a rate of kspS(i+1)R)

to form MN and releasing (i + 1) RN; or (for i = 1, 2, 3) are exported (at a rate of

kexpS(i+1)R) giving singly-spliced mRNA in the cytoplasm (SC) and releasing (i + 1) RC.

The SC undergo degradation (at a rate of kdegSC). We do not model the translation of the

SC as discussed in Section 4.4.

4.2 Model assumptions

In this section we present the assumptions upon which the HIV model is built; beginning

with its units. The time unit is in hours with an initial value of zero, and all species are

implemented in particle numbers. Particle numbers are chosen as the basic quantity unit,

as during the initial stages of the HIV replication cycle the particle numbers are low. The

use of particle numbers then means that the volumes of the three compartments (extracel-

lular, cytoplasm and nucleus) may be fixed to unity as no conversions into concentrations

are necessary. The volume unit is set to dimensionless.

We assume that the temperature, pH and pressure of each compartment remains con-

stant and that the species in their respective compartments are well-mixed. Particles are

assumed to move directly between compartments without spending any time in transit.

The accessory proteins: Vif, Vpr, Vpu and Nef (see Section 2.1) are not included in the

model. We restrict and simplify the model in this way, as these proteins are recognised as

‘accessory’ in the HIV replication cycle, and full details of their functions are still a topic of

research [79]. We model the regulatory proteins Tat and Rev, and the structural proteins

Gag and Gag-Pol (see Section. 2.1). The Env structural protein is also not explicitly

modelled, for reasons discussed in Section 4.4.

Further assumptions on individual reactions are clearly stated in Section 4.4, where each

of the reactions in the model are fully described.
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Figure 4.4: The developed model of Rev’s processes. (a) shows Rev’s binding to and
export of the full-length transcripts from the nucleus, and subsequent Gag-
Pol and Gag translation. (b) details Rev’s binding to and export role of the
singly-spliced transcripts from the nucleus.
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4.3 Initial values of the species in the model

4.3.1 Initial number of bound viruses

The model begins with the number of viruses bound to the targeted cell’s surface, and this

number is determined by the experimental data [130]. The experimental data is covered

more extensively and used for parameter fitting in Chapter 5.

In the experimental setup, Yamamoto et al. [130] (see Section 5.1.1) infected cells with

30 ng p24 Gag antigen (defined as a substance that evokes an immune response) per

million cells. There are approximately 104 HIV virions per pg of p24 [128], translating to

3× 108 virions in 30 ng p24, so that 3× 108 virions per million cells gives approximately

300 virions to one cell. The VSV-G pseudotyped lentiviral vector that was used has an

infectivity of between 1 transducing unit (TU, defined as the number of viral particles

that can successfully deliver their genetic material into that of the hosts [117]) per 1000

virions to 1 TU per 100 virions (or less) [128]. In our case this means between 0.3-3 TU

per cell (MOI). In the Yamamoto et al. experimental measurements, there is a maximum

average number of approximately 1.35 TU per cell, which is in agreement with the previous

approximation. Dimitrov et al. [30] measured that approximately 5-10% of successfully

bound and fused virions result in a productive infection. Taking the average of 7.5% and

1.35 TU per cell gives an initial number of 18 virions that successfully enter the host

cytoplasm. In our model, all the bound virions enter the cell, which implies that we have

an initial number of 18 bound virions.

4.3.2 The remaining species

All the other species are set to zero particles at time zero. Table 4.1 lists each species

in the model by giving its abbreviated name and corresponding description, plus their

respective compartments and initial values.

Table 4.1: Model species: name, description, compartment and initial value.

Name Description Compartment Initial Value

BV Bound virus Extracellular 18

gRNA Genomic RNA Cytoplasm 0

RT Reverse transcriptase Cytoplasm 0

RT-gRNA RT-gRNA initiation complex Cytoplasm 0

Continued on next page
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Table 4.1 – continued from previous page

Name Description Compartment Initial Value

gRNA-ssDNA RT-gRNA extension product Cytoplasm 0

RT-gRNA-ssDNA RT-gRNA-ssDNA elongation complex Cytoplasm 0

RT-DNAtem RT-gRNA-ssDNA extension product Cytoplasm 0

DNAcyt Linear DNA Cytoplasm 0

DNAnuc Linear DNA Nucleus 0

1LTR Circular 1LTR DNA Nucleus 0

2LTR Circular 2LTR DNA Nucleus 0

PV (DNAint) Provirus (Integrated DNA) Nucleus 0

FN Full-length mRNA Nucleus 0

SN Singly-spliced mRNA Nucleus 0

MN Multiply-spliced mRNA Nucleus 0

FC Full-length mRNA Cytoplasm 0

SC Singly-spliced mRNA Cytoplasm 0

MC Multiply-spliced mRNA Cytoplasm 0

TC Tat Cytoplasm 0

TN Tat Nucleus 0

RC Rev Cytoplasm 0

RN Rev Nucleus 0

TN-PVi Initial TN-PV complex Nucleus 0

TN-PVf Final TN-PV complex Nucleus 0

F1RN FN with 1 RN bound Nucleus 0

F2RN FN with 2 RN bound Nucleus 0

F3RN FN with 3 RN bound Nucleus 0

F4RN FN with 4 RN bound Nucleus 0

S1RN SN with 1 RN bound Nucleus 0

S2RN SN with 2 RN bound Nucleus 0

S3RN SN with 3 RN bound Nucleus 0

S4RN SN with 4 RN bound Nucleus 0

G Gag Cytoplasm 0

GP Gag-Pol Cytoplasm 0

4.4 Reactions and parameters

In this section, the model reactions and their corresponding parameters are presented,

with the following subsections: entry, reverse transcription, the fate of viral DNA, basal

transcription and initial nuclear processing, Tat and Rev, protein production and degra-

dation and HIV morphogenesis. Table 4.2 at the end of this section details the model’s

chemical reactions (including a description and equation) and corresponding kinetic rates
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(with the value, unit and reference).

4.4.1 Entry

The entry of a HIV virion into its target cell is a complex process involving several detailed

steps [38]. However, we assume a simplified model for the entry of the BV into the host

cell, that is,

BV
kentBV−−−−→ 2 · RNA + 50 · RT,

where two RNA strands and approximately 50 RT molecules are released into the host

cytoplasm by a single HIV virion [36].

The half-life for the fusion of SIV particles with biological membranes is measured to be

19 min at 37 ◦C [38]. We thus assume an entry rate (kentBV ) for the bound viruses of

ln(2) · (0.31667 h)−1 = 2.1889 h−1.

gRNA in the cytoplasm undergoes degradation given by

gRNA
kdegRNA−−−−−→ ∅.

The half-life of full-length cytoplasmic RNA is less than 1 h [35]. Assuming it to be 1 h

gives ln(2) · (1 h)−1 = 0.6931 h−1 for kdegRNA.

4.4.2 Reverse transcription

Reverse transcription is a complex process where RT acts as both a RNA- and DNA-

dependent DNA polymerase; additionally it has RNAase-H functionality.

The RNA-dependent DNA polymerase activities occur in two distinct stages termed ini-

tiation and elongation.

RNA-dependent DNA polymerase activities: initiation and elongation

Initiation:

RT binds to and unbinds from the gRNA, where the gRNA is primed at the primer binding
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site (PBS) with a tRNA that is approximately 180 nt from the 5’-end [53],

RT + gRNA
konRNAi−⇀↽−
koffRNAi

RT-gRNA.

The binding rate (konRNAi) of the RT to the gRNA to form the initiation complex (RT-gRNA)

was measured to be 77 (µM · s)−1 [70].

A generalised conversion factor to transform (µM · s)−1 into (# · h)−1 can be computed.

To begin let

k = 1 · (µM · s)−1 = 3.6 · 109 (M · h)−1,

where 1 M = 1 mol ·L−1 and 1 mol contains 6.02214 · 1023 particles, so that

k = 3.6 · 109 (6.02214 · 1023 # · L−1 · h)−1 = 5.9779 · 10−15 L (# · h)−1. (4.1)

This can be divided by the volume of the compartment (cytoplasm or nucleus) where the

reaction is taking place. To explain, consider the general format of the (second-order)

equation:

dP

dt
= k · C1 · C2,

where P , C1 and C2 are in molecular concentrations (particles/volume). To convert these

into particle numbers, the whole equation is multiplied by the volume:

dP · V
dt

=
dnP
dt

= k · C1 · C2 · V =
k

V
· (C1 · V ) · (C2 · V ) =

k

V
· n1 · n2,

where np, n1 and n2 are particle numbers. We then define a new rate constant, now only

in terms of particles k′ = k
V

.

Multiplying the conversion factor (4.1) by 77 for the case of konRNAi gives

konRNAi = 4.6030 · 10−13 L (# · h)−1. (4.2)

The volume needed to compute k′onRNAi is taken to be that of a Jurkat cell’s cytoplasm

(Vcyt), as the experimental data was measured using this cell line [130]. A Jurkat cell is

approximately spherical in shape [26, 109], the cell size is highly heterogeneous [27], varying

between 7 and 40 µm in diameter [27], and the nucleus to cell ratio is 55± 8 % [104].

40



4.4 Reactions and parameters

Due to the high level of heterogeneity in the Jurkat cell size, it may not be true to assume

that the ‘average’ Jurkat cell size is 23.5 µm. We therefore compute the boundaries for

the Jurkat cytoplasmic volume based on the full range of 7 to 40 µm in diameter for the

cell. We assume that the Jurkat cytoplasm to cell ratio is 45%. From this we can compute

the lower (LB) and upper bounds (UB) for the Jurkat cytoplasmic volume,

VcytLB = 0.45 · 4
3
· π (3.5 · 10−6 m)3 = 8.08175 · 10−17 m3 = 8.08175 · 10−14 L (4.3)

VcytUB = 0.45 · 4
3
· π (20 · 10−6 m)3 = 1.5080 · 10−14 m3 = 1.5080 · 10−11 L. (4.4)

Dividing Eq. (4.2) by Eqs. (4.4) and (4.3) gives,

0.03052 ≤ k′onRNAi ≤ 5.6955 (# · h)−1. (4.5)

For convenience, hereafter we use konRNAi to denote k′onRNAi, and similarly for all other

binding (or second-order rates) that occur in the remaining text. In Chapter 5, we will

use parameter estimation procedures to determine the value for Vcyt, and hence this rate

more precisely.

The measured value for the unbinding of gRNA from the RT in the RT-gRNA complex is

0.21 ± 0.03 s−1 [70], which is easily converted to koffRNAi = 756 ± 108 h−1. (We assume

the central point estimate 756 h−1 in the model simulations.)

After the formation of the RT-gRNA, RT begins to add free nucleotides from the host

cell in a progressive manner towards the 5’-end of the gRNA. This begins the process

of synthesising the short 180 nt long minus-strand strong-stop DNA (ssDNA). Of the

approximately 50 RT molecules that are released into the cytoplasm by a single virion,

whether it is the same RT or another one that performs the cleavage of the RNA backbone

during or after ssDNA synthesis is not well understood. This is followed by a strand

transfer event, and the ssDNA anneals to the repeat sequence on the gRNA at the 3’-end.

This second gRNA-ssDNA complex is the substrate that binds to RT in the elongation

stage. For simplicity, we do not model the RNAase-H activities nor the first strand transfer

event that occurs during this step of reverse transcription. We model the extension of the

primer and the release of the gRNA-ssDNA complex from the RT with

RT-gRNA
kextRNAi−−−−−→ RT + gRNA-ssDNA.

The rate for the single turnover kinetics in the initiation complex is 0.22± 0.03 nt · s−1 [70].

The PBS of the gRNA is situated approximately 180 nt from the 5’-end [53], giving an
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extension rate of 4.4 ± 0.6 gRNA-ssDNA · h−1 for kextRNAi. We use the central point

estimate 4.4 gRNA-ssDNA · h−1 in the simulations.

Elongation:

In the elongation step, the RT binds to the gRNA-ssDNA at the 3’-end of the gRNA,

forming the RT-gRNA-ssDNA (where unbinding may also occur),

RT + gRNA-ssDNA
konRNAe−⇀↽−
koffRNAe

RT-gRNA-ssDNA.

The binding rate konRNAe in the above equation was measured to be 1 (µM · s)−1 [70],

which leads to lower and upper bounds of

0.0003964 ≤ konRNAe ≤ 0.07397 (# · h)−1,

using Eqs. (4.1), (4.3) and (4.4). (Again, we replace k′onRNAe by konRNAe for simplicity.) As

already mentioned, in Chapter 5 we will use parameter estimation procedures to determine

the value of Vcyt, and thus, this parameter more exactly.

The measured value for the unbinding of gRNA-ssDNA from the RT in the elongation

complex is 0.0010 ± 0.0001 s−1 [70], so that koffRNAe = 3.6 ± 0.36 h−1 (we assume the

central point estimate of 3.6 h−1 in our simulations).

This step of reverse transcription has been referred to as the ‘elongation’ stage, as now

the major extension of the negative DNA strand occurs. During the synthesis of the DNA

template (DNAtem), RNAase-H breaks down the RNA backbone. Again, the RNAase-H

activities are assumed implicitly in the model and the reaction for this step is given by

RT-gRNA-ssDNA
kextRNAe−−−−−→ RT-DNAtem.

It is assumed that RT does not release the DNAtem, for reasons described in the next

section.

The measured kinetic rate for the addition of single nucleotides in the elongation complex

is 13 ± 3 nt · s−1 [70]. The HIV genome is approximately 9 700 nt in length [68], thus

using this information and converting the kinetic rate to hours gives kextRNAe = 4.8247±
1.1134 RT-DNAtem · h−1 (we use the central point estimate 4.8247 RT-DNAtem · h−1 in

the simulations).
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DNA-dependent DNA polymerase activities

The formation of the positive DNA strand is more complicated and not a linear process

in the sense that nucleotide addition occurs in two places simultaneously. During the

synthesis of the negative DNAtem, RNAase-H cleaves the gRNA but two purine-rich

regions on the gRNA remain resistant to degradation. The first region located at the 3’-

end of the gRNA is called the polypurine tract (3’PPT); the second is positioned centrally

along the gRNA and is called the central polypurine tract (cPPT). Synthesis of the positive

DNA strand is then primed by these two regions and begins during DNAtem synthesis.

For this reason we model that the negative DNAtem strand does not dissociate from the

RT molecule. Ultimately, RNAase-H does degrade the 3’PPT and cPPT and break down

the tRNA primer that initiated reverse transcription, but this only happens after it has

been read for the synthesis of the positive DNA strand. Once the negative DNAtem

synthesis is completed, the incomplete double DNA strand forms a loop using the PBS

as the connecting sequence. The two strands of synthesising positive DNA then continue

until the end from the cPPT reaches the end of the PBS (replacing some previously

synthesized DNA) and that coming from the 3’-PPT reaches the cPPT, completing the

double-stranded DNA. To summarise, after the completion of the negative DNAtem

synthesis, a loop is formed (which we do not explicitly model) and the two developing

positive DNA strands synthesise approximately half the positive strand of DNA each.

Our simplified linear extension model is therefore

RT-DNAtem
kextDNA−−−−−→ RT + DNAcyt,

where we take into account the simultaneous extension by using a reaction rate that is

double the true rate. The product of reverse transcription is linear double-stranded viral

DNAcyt.

To our knowledge, no extension rate for the second HIV DNA strand is available in the

literature. However, a value of 30 nt · s−1 for DNA synthesis on the template strand is

available for the herpes simplex virus (HSV) [124]. Given that in the case of HIV, the

positive DNA strand is synthesised simultaneously in two segments of approximately equal

length, we assume, for the rate computation to transcripts · h−1 that, the double-stranded

DNA is half its true length. Assuming the HSV extension rate and using a length of 4 850

nt for the HIV genome gives a rate of kextRNA = 22.2680 DNAcyt · h−1.

For further details regarding the process of reverse transcription see [40] and [53].
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4.4.3 The fate of viral DNA

DNAcyt undergoes degradation, given by

DNAcyt
kdegDNAcyt−−−−−−→ ∅.

The approximate half-life of DNAcyt is between 50 min and 5 h [71, 121]. We assume the

average half-life of approximately 3 h, giving kdegDNAcyt =ln(2)·(3 h)−1 = 0.2310 h−1.

Alternatively, DNAcyt is transported across the nuclear membrane into the cell’s nucleus

described by

DNAcyt
kimpDNA−−−−−→ DNAnuc.

Reddy et al. [95] use a DNAcyt nuclear import rate kimpDNA of 0.12 h−1. Zarrabi et

al. [132] dispute this parameter value, finding a reasonable fit to the experimental data [15]

with a value of 0.012 h−1. D’Orsogna et al. [33] quote a nuclear entry rate of less than

approximately 10−3 s−1 (< 3.6 h−1). Based on these observations, we allow kimpDNA to

vary between half of the minimum value quoted by Zarrabi and the upper bound used by

D’Orsogna et al., i.e.,

0.006 ≤ kimpDNA ≤ 3.6 h−1. (4.6)

In Chapter 5, we will use parameter estimation methods to determine this parameter.

In the nucleus, facilitated by the IN enzyme, the DNAnuc may integrate into the host

DNA resulting in a productive infection,

DNAnuc
kint−−→ PV (DNAint).

The integrated DNA (PV or DNAint) is not degraded or consumed. At this point it is

possible to decouple the early and late phases of the model by replacing PV with DNAint

in this reaction.

Alternatively, the linear viral DNA (DNAnuc) may be circularized into 1LTR and 2LTR

forms, i.e.,

DNAnuc
k1LTR−−−→ 1LTR and DNAnuc

k2LTR−−−→ 2LTR,

where these circularized forms are typically viewed as dead-end products of an infection.

The rate of DNA integration (kint) is approximately 4.6 h−1 [5]. The ratio of 2LTR circles
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to DNAint is approximately 0.001-0.006:1 [130]. Taking the average ratio of 0.0035 and the

value for kint, we can conclude that the rate of 2LTR circle formation (k2LTR) is roughly

0.0161 h−1. However, having completed the parameter fitting in Section 5.1, it became

clear that the upper bound of 0.0276 h−1 for k2LTR gives a better fit for the 2LTR in the

simulation, so we use this value for k2LTR.

The ratio of 1LTR to 2LTR circles is approximately 9:1 [15]. Based on that ratio and

the rate of 2LTR formation, a rate of 0.2484 h−1 for k1LTR is computed and used in the

simulations.

The 1LTR and 2LTR DNA also undergo degradation given by

1LTR
kdeg1LTR−−−−−→ ∅ and 2LTR

kdeg2LTR−−−−−→ ∅.

The circular forms of HIV DNA possess half-lives of less than 24 h [18] and are known to

be quite stable [16]. Assuming a half-life of 24 h for both the 1LTR and 2LTR DNA gives

degradation rates of kdeg1LTR = kdeg2LTR = ln(2) · (24 h)−1 = 0.02888 h−1.

4.4.4 Basal transcription and initial nuclear processing

The process of transcription in eukaryotic cells is a complex one. RNA polymerase facili-

tated by transcription factors binds to a region upstream of the DNA called the promoter.

Simply put, the RNA polymerase then clears the promoter and begins the process of RNA

elongation from the template DNA strand. Similarly, HIV proviral basal transcription

involves the binding of RNA polymerase plus transcription factors to the LTR region at

the 5’-end of the PV. Binding is followed by promoter clearance and the formation of the

viral FN transcript at a basal rate of elongation. We do not explicitly model the binding

or promoter clearance of RNA polymerase, but rather simply the rate of extension of the

PV template strand, i.e.,

PV
kTCb−−−→ FN + PV.

The (eukaryotic) basal transcription rate is less than 40 nt · s−1 [73]. Expressing this in

FN · h−1 leads to

kTCb = 40 nt · s−1 = 144 000 nt · h−1 (1 FN (9 700 nt)−1) = 14.85 FN · h−1.

After transcription, FN are spliced to form SN, and further splicing produces MN. The
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site of these processing events is in the nucleus [86] and can be described by the reactions

FN
kspF−−→ SN and SN

kspS−−→ MN.

To our knowledge, the FN splicing rate (kspF ) and the SN splicing rate (kspS) for HIV have

not been measured. However, the value for adenovirus type-2 (AD-2) is 2-3 molecules · h−1 [45].

We therefore assume the average rate of 2.5 molecules · h−1 for both splicing rates.

FN undergoes degradation given by

FN
kdegFN−−−−→ ∅.

The approximate half-life of both whole-cell (total) and cytoplasmic FN is less than 1

h [35]. Thus, assuming the half-life of FN to be equal to this estimate gives a degradation

rate of kdegFN = ln(2) · (1 h)−1 = 0.6931 h−1.

SN undergoes degradation given by

SN
kdegSN−−−−→ ∅.

To our knowledge, there is no direct measurement of the half-life of SN. However, as

with the full-length case, we know that the singly-spliced transcripts are unstable in T

cells in the absence of Rev [78]. We therefore assume the full-length degradation rate of

kdegSN = 0.6931 h−1.

MN undergoes degradation given by

MN
kdegMN−−−−→ ∅.

Multiply-spliced RNA is relatively stable (in comparison to full-length and singly-spliced

RNA) [78, 108]. The half-life for Tat whole-cell RNA is 4 h [108]. We assume a half-

life of 4 h for the nuclear transcripts and compute the corresponding degradation rate:

kdegMN = ln(2) · (4 h)−1 = 0.1733 h−1.

Before the appearance of Rev in the nucleus, the nuclear export rate for unspliced- and

partially-spliced transcripts is equal to zero [35]. In addition, Malim et al. [78] find, using

human T cells, that incompletely spliced RNAs are present in the cytoplasm only in the

presence of Rev.
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MN is exported from the nucleus to the cytoplasm,

MN
kexpM−−−→ MC.

To our knowledge, the export rate for MN is unknown, however the export rate for AD-2

transcripts was determined to be 1.98 h−1 [22], and we assume this rate for kexpM .

4.4.5 Tat and Rev

MC is translated into either Tat, Rev or Nef. As explained in Section 4.2, we will be

focusing on TC and RC, i.e.,

MC
ktransT−−−−→ TC + MC or MC

ktransR−−−−→ RC + MC.

The (eukaryotic) steady-state translation rate is approximately 270 proteins·h−1 [3, 73,

76]. Robert-Guroff et al. [100] measured the relative abundance of the Tat, Rev and Nef

transcripts in infected H9 cells (a human CD4+ lymphocyte line). Nef was the predominant

transcript (79%), followed by Rev as the intermediate (19%), whereas Tat was in the

minority (2%). We can therefore compute the translation rates for Tat and Rev,

ktransT = 0.02 · 270 = 5.4 proteins · h−1 and ktransR = 0.19 · 270 = 51.3 proteins · h−1.

The MC undergoes degradation given by

MC
kdegMC−−−−→ ∅.

As previously mentioned, the half-life for Tat whole-cell RNA is 4 h [108]. We therefore

assume a half-life of 4 h for the MC and compute the corresponding degradation rate:

kdegMC = ln(2) · (4 h)−1 = 0.1733 h−1.

Tat

In the cytoplasm, TC is either degraded or transported back into the nucleus. TC degra-

dation is described by

TC
kdegTC−−−−→ ∅.
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The half-life of Tat is measured to be greater than 6 h [13]. We take the half-life value of

6 h and compute kdegTC = ln(2) · (6 h)−1 = 0.1155 h−1.

The nuclear import of TC is given by

TC
kimpT−−−→ TN.

The Tat nuclear import rate (kimpT ) is determined to be 18.18± 5.94 h−1 [34]; we take the

central point estimate of 18.18 h−1.

Tat trans-activation of transcription:

TN binds to the trans-activation response element (TAR) that is found at the 5’-end of

the nascent RNA. To simplify we model this as

TN + PV
konTNi−⇀↽−
koffTNi

TN-PVi.

The reverse unbinding reaction may also occur.

The binding rate of TN to PV to form the TN-PVi is konTNi =103 (µM · s)−1 [81]. Utilising

the previously computed conversion factor in Eq. (4.1), this can be rewritten as

konTNi = 5.9779 · 10−12 L (# · h)−1, (4.7)

which still needs to be divided through by the volume of the nuclear compartment where

the reaction is taking place.

The volume needed to compute konTNi will be determined in the next chapter (see Sec-

tion 5.1.2) based on the estimate for Vcyt (see Section 5.1.1) and the nucleus to cell ratio.

The value for the unbinding of TN from the PV in TN-PVi is koffTNi = 1 000 s−1 [81],

giving koffTNi = 3 600 000 h−1.

Metzger et al. [81] show the TN binding to be a two-step process, where the TN-PVi

must undergo a further conformational change that results in the formation of a specific

TN-PVf complex, i.e.,

TN-PVi
kTNPV f−⇀↽−
kTNPV i

TN-PVf.

The rate constant for the formation of the specific TN-PVf complex through conformation

changes is determined to be 62 s−1 [81], and again this can be easily re-expressed as

kTNPV f = 223 200 h−1. The kinetic rate that expresses the deformation back to the
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unspecific TN-PVi complex is kTNPV i = 0.6 s−1 [81], restated as kTNPV i = 2 160 h−1.

The TN-PVf complex then leads to a trans-activated rate of transcriptional elongation,

TN-PVf
kTCadd−−−−→ FN + TN + PV.

The Tat protein causes the basal transcription rate to increase 100 fold [99]. From this

value and the basal level of transcription,

kTCadd = 100 · 14.85− 14.85 = 1 470.15 FN · h−1.

TN undergoes degradation given by

TN
kdegTN−−−−→ ∅.

The half-life of Tat was measured to be greater than 6 h [13]. We assume the half-life

value of 6 h so that kdegTN = ln(2) · (6 h)−1 = 0.1155 h−1.

Rev

RC may either undergo degradation or be shuttled back to the nucleus. Cytoplasmic

degradation is described by

RC
kdegRC−−−−→ ∅.

The half-life of Rev in the cytoplasm is less than 4 h [67], and using this upper limit we

can compute the corresponding degradation rate to be kdegRC = ln(2) ·(4)−1 = 0.1733 h−1.

RC nuclear import is given by

RC
kimpR−−−→ RN.

To our knowledge, the import rate for Rev has not been measured, but we assume it to

be the same as the import rate for Tat, so that kimpR = 18.18 h−1.

Rev binding and unbinding:

RN binds to the RRE on full-length and singly-spliced transcripts. The RRE binds discrete

Rev monomers in a sequential manner forming a homooligomer [25, 93]. The first RN

binding is high affinity, followed by three subsequent bindings that display high levels of

positive cooperativity, making them high affinity too [93]. It has been observed in vitro

that beyond the binding of the initial four Rev monomers, further binding to low-affinity
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sites is possible at high Rev concentrations. However, as full trans-activation is observed

with four Rev monomers and the occurrence of more than four is unlikely in vivo, we

restrict ourselves to only four bindings [120].

The binding (and unbinding) of the first four Rev monomers on the full-length and singly-

spliced transcripts is described by

F(i)RN + RN
konF (i+1)R−⇀↽−
koffF (i+1)R

F(i+1)RN

and

S(i)RN + RN
konS(i+1)R−⇀↽−
koffS(i+1)R

S(i+1)RN,

where i = 0, 1, 2, 3 gives the number of Rev monomers bound.

The high-affinity binding rate of RN to the RRE on the FN to form the F1RN complex

was measured to be konF1R = 0.25± 0.25 (µM·s)−1 [120]. Taking the central point estimate

and using the conversion factor in Eq. (4.1) leads to

konF1R = 1.4945 · 10−15 L (# · h)−1, (4.8)

which still needs to be divided through by the Jurkat cell’s nuclear volume. This is

computed in Section 5.1.2.

The value for the high-affinity unbinding of RN from the RRE on the F1RN complex is

koffF1R = 3.0 ·10−5 ± 1.4 ·10−5 s−1 [120]. Taking the central point estimate this can easily

be converted to koffF1R = 0.1080 h−1.

konF2R, konF3R and konF4R:

The binding rate of RN to the RRE on F1RN, F2RN and F3RN to form F2RN, F3RN

and F4RN, respectively, was measured to be konF (i+1)R = 0.44 ± 0.26 (µM · s)−1, i =

1, 2, 3 [120]. Taking the central point estimate and using the conversion factor in Eq. (4.1)

gives

konF (i+1)R = 2.6303 · 10−15 L (# · h)−1, i = 1, 2, 3, (4.9)

which still needs to be divided through by the Jurkat cell’s nuclear volume. The binding

rates konF2R, konF3R and konF4R are then computed in Section 5.1.2.
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koffF2R, koffF3R and koffF4R

The value for the unbinding of RN from the RRE on F2RN, F3RN and F4RN is 3.8 ·
10−2 ± 1.3 · 10−2 s−1 [120]. Taking the central point estimate this can easily be converted

to koffF2R = koffF3R = koffF4R = 136.8 h−1.

To our knowledge, the Rev monomer consequential binding and unbinding rates for the

singly-spliced transcripts have not been measured. For this reason, we assume the same

rate for each binding or unbinding step as for the full-length transcripts (see Table 4.2).

Rev-facilitated export:

Rev bound to the full-length and singly-spliced transcripts facilitates their export from

the nucleus, and without Rev these species are not seen in the cytoplasm. A single bound

monomer is insufficient for trans-activation [93]; two monomers [49] or more are necessary

for trans-activation [120]. A total of four are required for maximum trans-activation [120].

The nuclear export of full-length and singly-spliced transcripts with two to four bound

Rev monomers is described by

F(j)RN
kexpF (j)R−−−−−→ FC + j · RC

and

S(j)RN
kexpS(j)R−−−−−→ SC + j · RC,

where j = 2, 3, 4 gives the number of bound Rev monomers. Isolated Rev nuclear export

is modeled as

RN
kexpR−−−→ RC.

The Rev export half-life is measured to be approximately 20 min [77], which translates to

a rate of kexpR = ln(2) · (0.3333) = 2.0796 h−1. It is assumed that the maximum export

rates of full-length and singly-spliced RNA due to the presence of Rev (kexpF4R, kexpS4R)

are equal to this value.

To determine the outstanding export rates for the full-length and singly-spliced transcripts,

we assume a linear model for both transcript species: two bound monomers implies one-

third of the optimal activation state (kexpF2R = kexpS2R = 0.6932 h−1), three bound implies

two-thirds (kexpF3R = kexpS3R = 1.3864 h−1) and four results in optimal activation.

Rev-facilitated splicing:

Rev’s influence on splicing after it has bound to the RRE-containing nuclear transcripts
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is a highly controversial topic. Here we briefly present conflicting results that investigate

Rev’s effects in this regard. Kjems et al. [63] state that in a reaction system using nuclear

extracts from HeLa cells, Rev induces a direct inhibitory effect on splicing by preventing

the formation of a functional spliceosome, thus concluding that Rev inhibits splicing by

3- to 4-fold in vitro. In a later work, Kjems et al. [64] elaborate further on how Rev

specifically blocks spliceosome assembly. On the other hand, Malim et al. [78], use human

T cells, to show that fully-spliced RNA expression is not inhibited in the presence of Rev.

These results are interpreted to mean that Rev does not act as an inhibitor of splicing but

rather that its function is to stabilise the RRE-containing transcripts in the nucleus and

facilitate their nuclear export. The Malim et al. result is also reviewed in [24]. Recent

work by Blissenbach et al. [11] also describes the function of Rev from the same position

as Malim et al.; however, another recent paper by Suhasini et al. [112] favour the Kjems

et al. result. Given the lack of agreement on this point, for simplicity we assume that the

transcripts with Rev bound undergo splicing at the Rev-free splicing rate in competition

to nuclear export. This is described as

F(k)RN
kspF (k)R−−−−−→ S(k)RN

and

S(k)RN
kspS(k)R−−−−−→ MN + k · RN,

where k = 1, 2, 3, 4 gives the number of Rev monomers.

We previously assumed that the Rev-free full-length and singly-spliced transcripts were

spliced at a rate of 2.5 molecules · h−1 [45]. We therefore assume this same rate for kspF (k)R

and kspS(k)R, where k = 1, 2, 3, 4 is the number of Rev monomers bound.

Rev-bound RNA degradation:

Rev-bound RNA degradation is described by

F(l)RN
kdegF (l)R−−−−−→ l · RN

and

S(l)RN
kdegS(l)R−−−−−→ l · RN,

where l = 1, 2, 3, 4 gives the number of Rev monomers bound. Rev bound to unspliced

and partially spliced transcripts increases their stability [35].
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kdegF1R, kdegF2R, kdegF3R, kdegF4R, kdegS1R, kdegS2R, kdegS3R and kdegS4R

The approximate half-life of both whole-cell (total) and cytoplasmic full-length transcripts

in the presence of Rev is greater than 4 h [35]. Assuming this value to be equal to 4 h

gives a degradation rate of kdegF (l)R = ln(2) · (4 h)−1 = 0.1733 h−1, l = 1, 2, 3, 4.

To our knowledge, there is no direct measurement for the half-life of singly-spliced tran-

scripts in the presence of Rev. However, as with the full-length case, we assume that

the stability of the singly-spliced transcripts in T cells increases in the presence of Rev.

We therefore take the full-length degradation rate and have kdegS(l)R = 0.1733 h−1, l =

1, 2, 3, 4.

The RN degradation is described by

RN
kdegRN−−−−→ ∅.

The half-life of Rev in the nucleus is greater than 16 h [67], and using this lower limit we can

compute the corresponding degradation rate to be kdegRN = ln(2) · (16)−1 = 0.04332 h−1.

4.4.6 Protein production and degradation

FC is either used as genomic RNA or is translated into G and GP proteins. These

translation events are described by the reactions

FC
ktransG−−−−→ G + FC and FC

ktransGP−−−−−→ GP + FC.

The (eukaryotic) steadystate translation rate is approximately 270 proteins · h−1 [3, 73, 76].

The proportion of full-length RNA that is translated into the Gag protein is 89% [54]. To-

gether this gives a translation rate of ktransG = 0.89 · 270 = 240.3 proteins · h−1. The

proportion of full-length RNA that is translated to Gag-Pol is correspondingly 11%, lead-

ing to the translation rate: ktransGP = 0.11 · 270 = 29.7 proteins · h−1.

Singly-spliced RNA is translated into gp160 (the precursor of Env), Vif and Vpu. However,

given that the relative ratios of those species is unavailable, we neglect to describe the

translation of the Env structural protein.

The viral structural proteins G and GP undergo degradation in the cytoplasm. The G

and GP proteins that have not undergone degradation are trafficked to the cell plasma
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membrane for assembly and packaging. Here we describe the viral protein degradation by

G
kdegG−−−→ ∅ and GP

kdegGP−−−−→ ∅.

To our knowledge, the degradation rates of G and GP are unknown. The average degra-

dation rate of eukaryotic proteins is 0.39 h−1 [73], and we assume this value for kdegG and

kdegGP .

FC degradation is given by

FC
kdegFC−−−−→ ∅.

As mentioned for kdegRNA, the approximate half-life of full-length transcripts in the cyto-

plasm is less than 1 h [35]. Assuming this value to be equal to 1 h gives a degradation

rate of kdegFC = ln(2) · (1 h)−1 = 0.6931 h−1.

SC degradation is given by

SC
kdegSC−−−−→ ∅.

To our knowledge, there is no direct measurement for the half-life of singly-spliced tran-

scripts. However, as with the full-length case, we know that the singly-spliced transcripts

are unstable in T cells in the absence of Rev [78]. We therefore assume the full-length

degradation rate of kdegSC = 0.6931 h−1.

4.4.7 HIV morphogenesis

The final stage of the HIV replication cycle is morphogenesis. HIV morphogenesis happens

in three stages: the first is the assembly and formation of the immature virions at the

plasma membrane, the second is the budding or release of the immature viral particles

from the host cell, and the third is maturation, where the budding or extracellular virions

mature into infectious particles. We have decided not to model morphogenesis in this

project due to the necessary level of complexity (greater than the number of reactants

and reactions of the cell cycle [10, 66]) that is needed to draw any meaningful conclusions

about optimal drug target points for this stage of the life cycle.

Könnyũ et al. [66] have developed a model that describes the maturation of an HIV virion

based on Michaelis-Menten kinetics with the aim of identifying optimal drug target points.

Future work will be to include this model, or a variant of this model, into our HIV model.
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Table 4.2: Model reactions: description, equation, value, unit and reference.

Description Equation Value Unit Ref.

Entry

BV entrance BV
kentBV−−−−−→ 2 · gRNA + 50 · RT 2.1889 h−1 [38]

gRNA degradation gRNA
kdegRNA−−−−−−−→ ∅ 0.6931 h−1 [35]

Reverse transcription

RNA-dependent DNA polymerase activities: initiation and elongation

Initiation:

RT binding to gRNA RT + gRNA
konRNAi−−−−−−−→ RT-gRNA See S. 5.1.1 (# ·h)−1 [26, 70, 104]

RT unbinding from gRNA RT-gRNA
koffRNAi−−−−−−−→ RT + gRNA 756 h−1 [70]

RT extension of gRNA RT-gRNA
kextRNAi−−−−−−−→ RT + gRNA-ssDNA 4.4 h−1 [53, 70]

Elongation:

RT binding to gRNA-ssDNA RT + gRNA-ssDNA
konRNAe−−−−−−−→ RT-gRNA-ssDNA See S. 5.1.1 (# ·h)−1 [26, 70, 104]

RT unbinding from gRNA-ssDNA RT-gRNA-ssDNA
koffRNAe−−−−−−−−→ RT + gRNA-ssDNA 3.6 h−1 [70]

RT extension of gRNA-ssDNA RT-gRNA-ssDNA
kextRNAe−−−−−−−→ RT-DNAtem 4.8247 h−1 [68, 70]

DNA-dependent DNA polymerase activities

RT extension of DNAtem RT-DNAtem
kextDNA−−−−−−−→ RT + DNAcyt 22.268 h−1 [68, 124]

The fate of viral DNA

DNAcyt degradation DNAcyt
kdegDNAcyt−−−−−−−−−→ ∅ 0.231 h−1 [71, 121]

DNAcyt import DNAcyt
kimpDNA−−−−−−−→ DNAnuc See S. 5.1.1 h−1 [33, 95, 132]

DNAnuc circularization to 1LTR DNAnuc
k1LTR−−−−−→ 1LTR 0.2484 h−1 [5, 15, 130]

DNAnuc circularization to 2LTR DNAnuc
k2LTR−−−−−→ 2LTR 0.0276 h−1 [5, 130]

1LTR degradation 1LTR
kdeg1LTR−−−−−−−→ ∅ 0.02888 h−1 [16, 18]

2LTR degradation 2LTR
kdeg2LTR−−−−−−−→ ∅ 0.02888 h−1 [16, 18]

DNAnuc integration DNAnuc
kint−−−→ PV (DNAint) 4.6 h−1 [5]

Basal transcription and initial nuclear processing

Basal transcription of PV PV
kTCb−−−−→ FN + PV 14.85 h−1 [73]

FN splicing FN
kspF−−−−→ SN 2.5 h−1 [45]

SN splicing SN
kspS−−−→ MN 2.5 h−1 [45]

FN degradation FN
kdegFN−−−−−−→ ∅ 0.6931 h−1 [35]

SN degradation SN
kdegSN−−−−−→ ∅ 0.6931 h−1 [35, 78]

MN degradation MN
kdegMN−−−−−−→ ∅ 0.1733 h−1 [78, 108]

MN export MN
kexpM−−−−−→ MC 1.98 h−1 [22]

Tat and Rev

MC translation to TC MC
ktransT−−−−−−→ TC + MC 5.4 h−1 [3, 73, 76, 100]

MC translation to RC MC
ktransR−−−−−−→ RC + MC 51.3 h−1 [3, 73, 76, 100]

MC degradation MC
kdegMC−−−−−−→ ∅ 0.1733 h−1 [108]

Tat

TC degradation TC
kdegTC−−−−−→ ∅ 0.1155 h−1 [13]

TC import TC
kimpT−−−−−→ TN 18.18 h−1 [34]

Tat trans-activation of transcription:

TN binding to PV TN + PV
konTNi−−−−−→ TN-PVi See S. 5.1.2 (#·h)−1 [81, 104]

TN unbinding from PV TN-PVi
koffTNi−−−−−−→ TN + PV 3 600 000 h−1 [81]

TN-PVi conformational change TN-PVi
kTNPV f−−−−−−→ TN-PVf 223 200 h−1 [81]

Continued on next page
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Table 4.2 – continued from previous page

Description Equation Value Unit Ref.

TN-PVf conformational change TN-PVf
kTNPV i−−−−−−→ TN-PVi 2 160 h−1 [81]

TN-PVf elongation TN-PVf
kTCadd−−−−−→ FN + TN + PV 1 470.15 h−1 [99]

TN degradation TN
kdegTN−−−−−−→ ∅ 0.1155 h−1 [13]

Rev

RC degradation RC
kdegRC−−−−−→ ∅ 0.1733 h−1 [67]

RC import RC
kimpR−−−−−→ RN 18.18 h−1 [34]

Rev binding and unbinding:

RN binding to FN FN + RN
konF1R−−−−−−→ F1RN See S. 5.1.2 (#·h)−1 [104, 120]

RN binding to SN SN + RN
konS1R−−−−−→ S1RN See S. 5.1.2 (#·h)−1 [104, 120]

RN unbinding from F1RN F1RN
koffF1R−−−−−−→ FN + RN 0.108 h−1 [120]

RN unbinding from S1RN S1RN
koffS1R−−−−−−→ SN + RN 0.108 h−1 [120]

RN binding to F1RN F1RN + RN
konF2R−−−−−−→ F2RN See S. 5.1.2 (#·h)−1 [104, 120]

RN binding to S1RN S1RN + RN
konS2R−−−−−→ S2RN See S. 5.1.2 (#·h)−1 [104, 120]

RN unbinding from F2RN F2RN
koffF2R−−−−−−→ F1RN + RN 136.8 h−1 [120]

RN unbinding from S2RN S2RN
koffS2R−−−−−−→ S1RN + RN 136.8 h−1 [120]

RN binding to F2RN F2RN + RN
konF3R−−−−−−→ F3RN See S. 5.1.2 (#·h)−1 [104, 120]

RN binding to S2RN S2RN + RN
konS3R−−−−−→ S3RN See S. 5.1.2 (#·h)−1 [104, 120]

RN unbinding from F3RN F3RN
koffF3R−−−−−−→ F2RN + RN 136.8 h−1 [120]

RN unbinding from S3RN S3RN
koffS3R−−−−−−→ S2RN + RN 136.8 h−1 [120]

RN binding to F3RN F3RN + RN
konF4R−−−−−−→ F4RN See S. 5.1.2 (#·h)−1 [104, 120]

RN binding to S3RN S3RN + RN
konS4R−−−−−→ S4RN See S. 5.1.2 (#·h)−1 [104, 120]

RN unbinding from F4RN F4RN
koffF4R−−−−−−→ F3RN + RN 136.8 h−1 [120]

RN unbinding from S4RN S4RN
koffS4R−−−−−−→ S3RN + RN 136.8 h−1 [120]

Rev-facilitated export:

F2RN export F2RN
kexpF2R−−−−−−→ FC + 2 · RC 0.6932 h−1 [49, 77]

S2RN export S2RN
kexpS2R−−−−−−→ SC + 2 · RC 0.6932 h−1 [49, 77]

F3RN export F3RN
kexpF3R−−−−−−→ FC + 3 · RC 1.3864 h−1 [77, 121]

S3RN export S3RN
kexpS3R−−−−−−→ SC + 3 · RC 1.3864 h−1 [77, 121]

F4RN export F4RN
kexpF4R−−−−−−→ FC + 4 · RC 2.0796 h−1 [77, 121]

S4RN export S4RN
kexpS4R−−−−−−→ SC + 4 · RC 2.0796 h−1 [77, 121]

RN export RN
kexpR−−−−→ RC 2.0796 h−1 [77]

Rev-facilitated splicing:

F1RN splicing F1RN
kspF1R−−−−−→ S1RN 2.5 h−1 [45]

S1RN splicing S1RN
kspS1R−−−−−→ MN + RN 2.5 h−1 [45]

F2RN splicing F2RN
kspF2R−−−−−→ S2RN 2.5 h−1 [45]

S2RN splicing S2RN
kspS2R−−−−−→ MN + 2 · RN 2.5 h−1 [45]

F3RN splicing F3RN
kspF3R−−−−−→ S3RN 2.5 h−1 [45]

S3RN splicing S3RN
kspS3R−−−−−→ MN + 3 · RN 2.5 h−1 [45]

F4RN splicing F4RN
kspF4R−−−−−→ S4RN 2.5 h−1 [45]

S4RN splicing S4RN
kspS4R−−−−−→ MN + 4 · RN 2.5 h−1 [45]

Rev-bound RNA degradation:

F1RN degradation F1RN
kdegF1R−−−−−−→ RN 0.1733 h−1 [35]

Continued on next page
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Table 4.2 – continued from previous page

Description Equation Value Unit Ref.

S1RN degradation S1RN
kdegS1R−−−−−−→ RN 0.1733 h−1 [35, 78]

F2RN degradation F2RN
kdegF2R−−−−−−→ 2 · RN 0.1733 h−1 [35]

S2RN degradation S2RN
kdegS2R−−−−−−→ 2 · RN 0.1733 h−1 [35, 78]

F3RN degradation F3RN
kdegF3R−−−−−−→ 3 · RN 0.1733 h−1 [35]

S3RN degradation S3RN
kdegS3R−−−−−−→ 3 · RN 0.1733 h−1 [35, 78]

F4RN degradation F4RN
kdegF4R−−−−−−→ 4 · RN 0.1733 h−1 [35]

S4RN degradation S4RN
kdegS4R−−−−−−→ 4 · RN 0.1733 h−1 [35, 78]

RN degradation RN
kdegRN−−−−−−→ ∅ 0.04332 h−1 [67]

Protein production and degradation

FC translation to G FC
ktransG−−−−−−→ G + FC 240.3 h−1 [3, 54, 73, 76]

FC translation to GP FC
ktransGP−−−−−−−→ GP + FC 29.7 h−1 [3, 54, 73, 76]

G degradation G
kdegG−−−−→ ∅ 0.39 h−1 [73]

GP degradation GP
kdegGP−−−−−→ ∅ 0.39 h−1 [73]

FC degradation FC
kdegFC−−−−−→ ∅ 0.6931 h−1 [35]

SC degradation SC
kdegSC−−−−−→ ∅ 0.6931 h−1 [35, 78]

4.5 Ordinary differential equations

The reactions described in the previous section (summarised in Table 4.2) can now be

written as a system of ODEs using mass action kinetics. Thus we have:

dBV

dt
= −kentBV · BV,

dgRNA

dt
= 2 · kentBV · BV− kdegRNA · gRNA− konRNAi · RT · gRNA

+ koffRNAi · RT-gRNA,

dRT-gRNA

dt
= konRNAi · RT · gRNA− koffRNAi · RT-gRNA− kextRNAi · RT-gRNA,

dgRNA-ssDNA

dt
= kextRNAi · RT-gRNA− konRNAe · RT · gRNA-ssDNA

+ koffRNAe · RT-gRNA-ssDNA,

dRT-gRNA-ssDNA

dt
= konRNAe · RT · gRNA-ssDNA− koffRNAe · RT-gRNA-ssDNA

− kextRNAe · RT-gRNA-ssDNA,

dRT-DNAtem

dt
= kextRNAe · RT-gRNA-ssDNA− kextDNA · RT-DNAtem,
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dRT

dt
= 50 · kentBV · BV− konRNAi · RT · gRNA + koffRNAi · RT-gRNA

+ kextRNAi · RT-gRNA− konRNAe · RT · gRNA-ssDNA

+ koffRNAe · RT-gRNA-ssDNA + kextDNA · RT-DNAtem,

dDNAcyt

dt
= kextDNA · RT-DNAtem− kdegDNAcyt ·DNAcyt− kimpDNA ·DNAcyt,

dDNAnuc

dt
= kimpDNA ·DNAcyt− k1LTR ·DNAnuc− k2LTR ·DNAnuc

− kint ·DNAnuc,

d1LTR

dt
= k1LTR ·DNAnuc− kdeg1LTR · 1LTR,

d2LTR

dt
= k2LTR ·DNAnuc− kdeg2LTR · 2LTR,

dPV

dt
= kint ·DNAnuc− konTNi · TN · PV + koffTNi · TN-PVi

+ kTCadd · TN-PVf,

dFN

dt
= kTCb · PV − kspF · FN− kdegFN · FN + kTCadd · TN-PVf

− konF1R · RN · FN + koffF1R · F1RN,

dSN

dt
= kspF · FN− kspS · SN− kdegSN · SN− konS1R · RN · SN

+ koffS1R · S1RN,

dMN

dt
= kspS · SN− kdegMN ·MN− kexpM ·MN + kspS1R · S1RN

+ kspS2R · S2RN + kspS3R · S3RN + kspS4R · S4RN,

dMC

dt
= kexpM ·MN− kdegMC ·MC,

dTC

dt
= ktransT ·MC− kdegTC · TC− kimpT · TC,

dTN

dt
= kimpT · TC− konTN1i · TN · PV + koffTNi · TN-PVi

+ kTCadd · TN-PVf − kdegTN · TN,

dTN-PVi

dt
= konTNi · TN · PV − koffTNi · TN-PVi− kTNPV f · TN-PVi

+ kTNPV i · TN-PVf,
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dTN-PVf

dt
= kTNPV f · TN-PVi− kTNPV i · TN-PVf − kTCadd · TN-PVf,

dRC

dt
= ktransR ·MC− kdegRC · RC− kimpR · RC + 2 · kexpF2R · F2RN

+ 2 · kexpS2R · S2RN + 3 · kexpF3R · F3RN + 3 · kexpS3R · S3RN

+ 4 · kexpF4R · F4RN + 4 · kexpS4R · S4RN + kexpR · RN,

dRN

dt
= kimpR · RC− konF1R · RN · FN− konS1R · RN · SN + koffF1R · F1RN

+ koffS1R · S1RN− konF2R · RN · F1RN− konS2R · RN · S1RN

+ koffF2R · F2RN + koffS2R · S2RN− konF3R · RN · F2RN

− konS3R · RN · S2RN + koffF3R · F3RN + koffS3R · S3RN

− konF4R · RN · F3RN− konS4R · RN · S3RN + koffF4R · F4RN

+ koffS4R · S4RN− kexpR · RN + kspS1R · S1RN + 2 · kspS2R · S2RN

+ 3 · kspS3R · S3RN + 4 · kspS4R · S4RN + kdegF1R · F1RN

+ kdegS1R · S1RN + 2 · kdegF2R · F2RN + 2 · kdegS2R · S2RN

+ 3 · kdegF3R · F3RN + 3 · kdegS3R · S3RN + 4 · kdegF4R · F4RN

+ 4 · kdegS4R · S4RN− kdegRN · RN,

dF1RN

dt
= konF1R · RN · FN− koffF1R · F1RN− konF2R · RN · F1RN

+ koffF2R · F2RN− kspF1R · F1RN− kdegF1R · F1RN,

dF2RN

dt
= konF2R · RN · F1RN− koffF2R · F2RN− konF3R · RN · F2RN

+ koffF3R · F3RN− kexpF2R · F2RN− kspF2R · F2RN− kdegF2R · F2RN,

dF3RN

dt
= konF3R · RN · F2RN− koffF3R · F3RN− konF4R · RN · F3RN

+ koffF4R · F4RN− kexpF3R · F3RN− kspF3R · F3RN− kdegF3R · F3RN,

dF4RN

dt
= konF4R · RN · F3RN− koffF4R · F4RN− kexpF4R · F4RN

− kspF4R · F4RN− kdegF4R · F4RN,

dS1RN

dt
= konS1R · RN · SN− koffS1R · S1RN− konS2R · RN · S1RN

+ koffS2R · S2RN + kspF1R · F1RN− kspS1R · S1RN− kdegS1R · S1RN,
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dS2RN

dt
= konS2R · RN · S1RN− koffS2R · S2RN− konS3R · RN · S2RN

+ koffS3R · S3RN− kexpS2R · S2RN + kspF2R · F2RN− kspS2R · S2RN

− kdegS2R · S2RN,

dS3RN

dt
= konS3R · RN · S2RN− koffS3R · S3RN− konS4R · RN · S3RN

+ koffS4R · S4RN− kexpS3R · S3RN + kspF3R · F3RN− kspS3R · S3RN

− kdegS3R · S3RN,

dS4RN

dt
= konS4R · RN · S3RN− koffS4R · S4RN− kexpS4R · S4RN

+ kspF4R · F4RN− kspS4R · S4RN− kdegS4R · S4RN,

dFC

dt
= kexpF2R · F2RN + kexpF3R · F3RN + kexpF4R · F4RN− kdegFC · FC,

dSC

dt
= kexpS2R · S2RN + kexpS3R · S3RN + kexpS4R · S4RN− kdegSC · SC,

dG

dt
= ktransG · FC− kdegG ·G,

dGP

dt
= ktransGP · FC− kdegGP ·GP. (4.10)

4.5.1 The system’s structure

The reaction system can be rewritten in matrix format to highlight the system’s basic

structure, i.e.,

de

dt
= Eee,

dce

dt
= Icee + (Bce + Uce + E +Dce + Ece) ce,

dn

dt
= Inc + (P + En +Bn + Un + S +Dn) n,

dcl

dt
= Icln + (T + Ecl +Dcl) cl,

where the column vectors store the information about the model’s species organised by

their relative compartments, and the matrices contain the reaction rates distinguished

by function. Further explanations are given in Table 4.3. ce represents all the ‘early’

cytoplasmic species that occur in our system before entering the nucleus and cl are all the
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‘late’ cytoplasmic species that occur after the nuclear stages. The reaction rates included

in Bce and Bl are already multiplied by the relevant species of ce and n, respectively, as

these contain our second-order binding reactions.

Table 4.3: The name, dimension and description of our model’s species’ column vectors

grouped by compartment and the reaction rate matrices grouped by function.

Name Dimension Description

Species’ column vectors by compartment

e R1×1 Extracellular membrane species

ce R7×1 Early cytoplasmic species

cl R7×1 Late cytoplasmic species

c = [ce cl]
> R14×1 Cytoplasmic species

n R19×1 Nuclear species

Reaction rate matrices by function

Export matrices:

Ee R1×1 Export rates from extracellular membrane to early cytoplasm

Ece R7×7 Export rates from early cytoplasm to nucleus

En R19×19 Export rates from nucleus to late cytoplasm

Ecl R7×7 Export rates from late cytoplasm to nucleus

Import matrices:

Ice R7×1 Import rates from extracellular membrane to early cytoplasm

In R19×14 Import rates from early and late cytoplasm to nucleus

Icl R7×19 Import rates from nucleus to late cytoplasm

Binding matrices:

Bce R7×7 Binding rates in the early cytoplasm

Bn R19×19 Binding rates in the nucleus

Unbinding matrices:

Uce R7×7 Unbinding rates in the early cytoplasm

Un R19×19 Unbinding rates in the nucleus

Extension matrix:

E R7×7 Reverse transcription extension rates in the early cytoplasm

Degradation matrices:

Dce R7×7 Degradation rates in the early cytoplasm

Dn R19×19 Degradation rates in the nucleus

Dcl R7×7 Degradation rates in the late cytoplasm

Production matrix:

P R19×19 Production rates in the nucleus

Splicing matrix:

S R19×19 Splicing rates in the nucleus

Translation marix:

Continued on next page
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Table 4.3 – continued from previous page

Name Dimension Description

T R7×7 Translation rates in the late cytoplasm

4.6 COmplex PAthway SImulator (COPASI)

The model has been implemented in the COmplex PAthway SImulator (COPASI) [51].

COPASI is a free, stand-alone and user-friendly software that can be used to simulate

and analyse mathematical models. It is available in both the graphical user interface

(GUI) and command line (CopasiSE) forms. Mathematical models are inputted into the

application in the form of a set of chemical reactions, where the rate laws governing these

reactions can be specified. COPASI then automatically converts this reaction system into

a set of ODEs, which the user can easily view. Additionally, COPASI can perform a range

of tasks on the model. The COPASI methods utilised in our work are described in the

appendix.

4.7 Analysis

To simplify the presentation of the ODEs, we construct Tables 4.4–4.5 to give shorter and

hence neater assignments to the species and parameters, respectively.

Table 4.4: Assignment of the model species’ abbreviated names to their variables.

Symbol Name Symbol Name Symbol Name Symbol Name

x1 BV x2 gRNA x3 RT-gRNA x4 gRNA-ssDNA

x5 RT-gRNA-ssDNA x6 RT-DNAtem x7 RT x8 DNAcyt

x9 DNAnuc x10 1LTR x11 2LTR x12 PV

x13 FN x14 SN x15 MN x16 MC

x17 TC x18 TN x19 TN-PVi x20 TN-PVf

x21 RC x22 RN x23 F1RN x24 F2RN

x25 F3RN x26 F4RN x27 S1RN x28 S2RN

x29 S3RN x30 S4RN x31 FC x32 SC

x33 G x34 GP
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Table 4.5: Assignment of the model’s parameters as numbered constants to their names.

Symbol Name Symbol Name Symbol Name Symbol Name

k1 kentBV k2 kdegRNA k3 konRNAi k4 koffRNAi

k5 kextRNAi k6 konRNAe k7 koffRNAe k8 kextRNAe

k9 kextDNA k10 kdegDNAcyt k11 kimpDNA k12 k1LTR

k13 k2LTR k14 kdeg1LTR k15 kdeg2LTR k16 kint

k17 kTCb k18 kspF k19 kspS k20 kdegFN

k21 kdegSN k22 kdegMN k23 kexpM k24 ktransT

k25 ktransR k26 kdegMC k27 kdegTC k28 kimpT

k29 konTNi k30 koffTNi k31 kTNPV f k32 kTNPV i

k33 kTCadd k34 kdegTN k35 kdegRC k36 kimpR

k37 konF1R k38 konS1R k39 koffF1R k40 koffS1R

k41 konF2R k42 konS2R k43 koffF2R k44 koffS2R

k45 konF3R k46 konS3R k47 koffF3R k48 koffS3R

k49 konF4R k50 konS4R k51 koffF4R k52 koffS4R

k53 kexpF2R k54 kexpS2R k55 kexpF3R k56 kexpS3R

k57 kexpF4R k58 kexpS4R k59 kexpR k60 kspF1R

k61 kspS1R k62 kspF2R k63 kspS2R k64 kspF3R

k65 kspS3R k66 kspF4R k67 kspS4R k68 kdegF1R

k69 kdegS1R k70 kdegF2R k71 kdegS2R k72 kdegF3R

k73 kdegS3R k74 kdegF4R k75 kdegS4R k76 kdegRN

k77 ktransG k78 ktransGP k79 kdegG k80 kdegGP

k81 kdegFC k82 kdegSC

Next, using the symbols defined in Tables 4.4–4.5, we rewrite the ODE system presented

in Section 4.5 as follows:

ẋ1 = −k1x1,

ẋ2 = 2k1x1 − k2x2 − k3x7x2 + k4x3,

ẋ3 = k3x7x2 − k4x3 − k5x3,

ẋ4 = k5x3 − k6x7x4 + k7x5,

ẋ5 = k6x7x4 − k7x5 − k8x5,

ẋ6 = k8x5 − k9x6,

ẋ7 = 50k1x1 − k3x7x2 + k4x3 + k5x3 − k6x7x4 + k7x5 + k9x6,

ẋ8 = k9x6 − k10x8 − k11x8,

ẋ9 = k11x8 − k12x9 − k13x9 − k16x9,

63



Chapter 4 The model of the HIV life cycle

ẋ10 = k12x9 − k14x10,

ẋ11 = k13x9 − k15x11,

ẋ12 = k16x9 − k29x18x12 + k30x19 + k33x20,

ẋ13 = k17x12 − k18x13 − k20x13 + k33x20 − k37x22x13 + k39x23,

ẋ14 = k18x13 − k19x14 − k21x14 − k38x22x14 + k40x27,

ẋ15 = k19x14 − k22x15 − k23x15 + k61x27 + k63x28 + k65x29 + k67x30,

ẋ16 = k23x15 − k26x16,

ẋ17 = k24x16 − k27x17 − k28x17,

ẋ18 = k28x17 − k29x18x12 + k30x19 + k33x20 − k34x18,

ẋ19 = k29x18x12 − k30x19 − k31x19 + k32x20,

ẋ20 = k31x19 − k32x20 − k33x20,

ẋ21 = k25x16 − k35x21 − k36x21 + 2k53x24 + 2k54x28 + 3k55x25 + 3k56x29 + 4k57x26

+ 4k58x30 + k59x22,

ẋ22 = k36x21 − k37x22x13 − k38x22x14 + k39x23 + k44x27 − k41x22x23 − k42x22x27 + k43x24

+ k44x28 − k45x22x24 − k46x22x28 + k47x25 + k48x29 − k49x22x25 − k50x22x29 + k51x26

+ k52x30 − k59x22 + k61x27 + 2k63x28 + 3k65x29 + 4k67x30 + k68x23 + k69x27 + 2k70x24

+ 2k71x28 + 3k72x25 + 3k73x29 + 4k74x26 + 4k75x30 − k76x22,

ẋ23 = k37x22x13 − k39x23 − k41x22x23 + k43x24 − k60x23 − k68x23,

ẋ24 = k41x22x23 − k43x24 − k45x22x24 + k47x25 − k53x24 − k62x24 − k70x24,

ẋ25 = k45x22x24 − k47x25 − k49x22x25 + k51x26 − k55x25 − k64x25 − k72x25,

ẋ26 = k49x22x25 − k51x26 − k57x26 − k66x26 − k74x26,

ẋ27 = k38x22x14 − k40x27 − k42x22x27 + k44x28 + k60x23 − k61x27 − k69x27,

ẋ28 = k42x22x27 − k44x28 − k46x22x28 + k48x29 − k54x28 + k62x24 − k63x28 − k71x28,

ẋ29 = k46x22x28 − k48x29 − k50x22x29 + k52x30 − k56x29 + k64x25 − k65x29 − k73x29,

ẋ30 = k50x22x29 − k52x30 − k58x30 + k66x26 − k67x30 − k75x30,

ẋ31 = k53x24 + k55x25 + k57x26 − k81x31,

ẋ32 = k54x28 + k56x29 + k58x30 − k82x32,

ẋ33 = k77x31 − k79x33,
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ẋ34 = k78x31 − k80x34. (4.11)

Next, the system of ODEs is investigated for the existence, uniqueness, positivity and

boundedness of its global solution. This result was developed in collaboration with

Prof. Dr. Dr. h.c. mult. Willi Jäger1.

1. For our dynamical system

ẋ(t) = f(x), x : I → Rn,

where f : Rn → Rn is locally Lipschitz (since the right hand side f is continuously

differentiable), we consider the initial conditions

x(0) = x0 ∈ Rn
+ = {x ∈ Rn |xi ≥ 0, 1 ≤ i ≤ n}

and the restriction of the dynamics to Rn
+.

We define f+
i (x) := max(fi(x), 0) for x ∈ Rn

+ and f−i := f − f+
i on Rn

+.

Further, we define K := {1 ≤ i ≤ n | f+
i is sublinear on Rn

+; that means f+
i ≤ ci(|x|+ 1),

where |x| =
∑n

i=1 xi, ci ∈ R+}. Then we define K∗ := {1, . . . , n}\K.

A subset S ⊂ K∗ is called a simple reaction chain iff for S = {j1, . . . , j`} there exists

is ∈ K such that

(fis + fj1)
+, . . . , (fis + . . .+ fj`)

+

are sublinear.

2. Definition: A reaction system is called a system with simple reaction chains, if K∗ is

a union of disjoint reactions

K∗ =
⋃̀
k=1

Sk.

We denote a reaction chain by (is;S).

3. Example: (HIV intracellular model with simple reaction chains.)

n = 34, reaction chains: (2; 3), (4; 5), (18; 19), (22; 23, 24, 25, 26, 27, 28, 29, 30).

Remark: We are going to use this structure of the system to show exponential boundedness

in existence intervals.

1Full Professor (Chair), Institute of Applied Mathematics, Heidelberg University, Germany.
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4. Proposition: Assume that the system ẋ = f(x) is a reaction system with simple

chains with solution x on an interval [0, T ].

Claim:

|x|(t) ≤ c exp(λt)(|x0|+ 1),

with constants c and λ independent on T .

Proof: We are going to transform the system, transforming x into x̄ satisfying

x̄i
dt
≤ c̄i(|x̄|+ 1),

this implies

|x̄0| ≤ c exp(λt)(|x̄0|+ 1).

The transformation can be estimated by

c−|x| ≤ |x̄| ≤ c+|x|,

therefore we obtain the estimate.

Let us define the transformation x̄i := xi if i ∈ K. Assume i ∈ Sk then define

x̄i := xiSk + xk1 + . . .+ xikj (note the remark above).

5. Assumption on f−:

f−i (x) ≥ −ϕi(x)xi, ∀x ≥ 0, ϕ is continuous ≥ 0.

6. Proposition: Assume xi(0) ≥ δ > 0, x is a strictly positive solution of the system

ẋ = f(x) in [0, T ].

Claim: xi(t) ≥ exp(−
∫ t

0
ϕi(x(s))ds)δ.

Proof: This is an immediate consequence of the assumption

dxi
dt
≥ f−i (x) ≥ −ϕi(x)xi
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and since xi is strictly positive
d log xi
dt

≥ −fi(x)

this implies the inequality.

If the system is bounded, we get

ϕi(|x|) ≤ λi(T )

and we obtain

xi(t) ≥ exp (−λk(T )t) δ.

We are going to use these results to prove the following theorem on global existence.

Theorem: Consider a reaction system with simple reactions. Assume that the inequality

(5) is fulfilled.

Claim: Given nonnegative initial values, then there exists a unique nonnegative global

solution with these initial values.

Proof: Show the theorem for initial values strictly positive and consider

xji,δ = xji + δ.

Using the known results on dependence of solutions on initial values we obtain convergence

of the solutions (xi,δ) to the solution xi uniformly on each compact interval on R+, xi ≥ 0

on R+. Therefore we may assume strictly positive initial data.

We define

J := {τ | the initial value problem has a unique strictly positive solution on [0, τ ]}.

Claim: J is open and closed, and J 6= ∅. Thus J = R+.

The Existence theorem of Picard-Lindelöf (see Section A.1) gives a local solution in an

interval [0, τ0]. Choose 0 < τ1 ≤ τ0 small enough we get strictly positive in [0, τ1] and

using continuous dependence on the initial values J 6= ∅. If τ0 ∈ J , solve the initial value

with starting in τ0 and obtain a strictly positive solution in [0, τ + σ], σ ≤ τ∗, τ∗ small

enough.
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The closedness is the step where the propositions are needed.

Assume τ ∈ J and τ ↑ τ ∗ and τ ∗ <∞ then τ ∗ ∈ J .

Proof: Using the first proposition (4) we get boundedness of x on [0, τ ∗] and strict positivity

with a uniform bound from below by the second proposition (6). The solution can be

continued into τ ∗ with positive value in τ ∗. Therefore τ ∗ ∈ J .
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Model calibration and stochastics

In Section 5.1, the unknown model parameters from the early phase of replication are

calibrated using least squares fitting with HIV DNA data in absolute particle numbers

and the PSO algorithm. The uniqueness of the estimated parameters is verified using the

profile likelihood approach. Further, we summarise the assumed post-integration rates,

and compare model simulations of the late stage species to the experimental data. Sensi-

tivity analyses are used to reveal the parameters that are primarily contributing towards

any discrepancies, and potential solutions are discussed. In Section 5.2, an additional

data set is compared to the early phase model simulations after those parameters that

correspond to differences in the experimental settings have been adjusted, and the results

are interpreted. Finally in Section 5.3, the validity of ODE modelling in our context is

discussed and the early phase deterministic solutions are compared to the average of 1000

stochastic simulations (with one SD plotted).

5.1 Parameter estimation

We first address the parameter fitting for the early stage of the viral life cycle. This can

be conveniently done as the model naturally decouples at the fixed provirus number (that

are neither consumed nor degraded).

5.1.1 Early phase

In this section, we introduce the experimental data used to calibrate the early phase

of HIV replication. We formulate a statement of the parameter estimation problem in
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the context of our work, and solve it using the PSO algorithm. The uniqueness of the

estimated parameters is investigated using the profile likelihood approach. Finally, any

discrepancies between the model simulations and experimental data are discussed.

Experimental data

Here we present our primary experimental data set from Yamamoto et al. [130].

Yamamoto et al. quantify, with high specificity and sensitivity, integrated HIV DNA for

a single cycle of HIV infection through the development of a novel real-time nested-

polymerase chain reaction (PCR) assay. Total viral DNA and 2LTR DNA for a single

infection cycle are also measured using real-time PCR assay. The data is generated for

different cell lines, but we focus on the replication dynamics in T cells (or more specifically,

Jurkat cells). Viral behaviour differs in the different cell lines.

293T cells were co-transfected with a HIV-encoding plasmid and a vesicular stomatitis

virus glycoprotein (VSV-G) expression vector to prepare the viral stocks. Viral stocks were

placed at 30 ng of p24 gag antigen per million cells for one hour to allow for the infection of

the cells. The cells were washed and at each time point one million were removed from the

culture and the viral DNA extracted. Real-time PCR procedures amplified and quantified

the three DNA species. The DNA measurements per 1000 cells are presented in [130]. We

divide through by 1000, giving the time course data for an average single cell, as presented

in Figure 5.1. This is the data to which the model is fitted.

Model calibration

Parameter estimation problem:

There are two unknown parameters: Vcyt (required to compute konRNAi and konRNAe) and

kimpDNA (see Table 4.2 for further details), where the unknowns (θ = (Vcyt, kimpDNA)) can

be restricted to within justifiable boundaries (explanations given in Sections 4.4.2–4.4.3).

Thus we obtain the following inequality constraints

8.08175 · 10−14 ≤ Vcyt ≤ 1.5080 · 10−11 L, (5.1)

0.006 ≤ kimpDNA ≤ 3.6 h−1. (5.2)

To begin the search for the optimal solution, an initial vector for the unknown parameters
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(a) Total DNA (b) Integrated DNA

(c) 2LTR DNA

Figure 5.1: Average time course measurements of the viral DNA. In (a) total DNA, (b)
integrated DNA and (c) 2LTR DNA per (‘average’) Jurkat cell during a single
round of infection. (Data is displayed with one standard error (SE) and is
adapted from [130]).
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needs to be specified by the user or is randomly chosen by the search algorithm. With this

selection, the system of ODEs (4.10) (initial conditions given in Table 4.1) is integrated

using the COPASI-implemented LSODA (see Section A.2.1 for more details).

The Yamamoto et al. data (including the total DNA, integrated DNA and 2LTR DNA

at the time points: 0, 1, . . . , 8, 12, 24 and 48 h), and the corresponding solution to the

integration problem at the same time points are substituted into the following COPASI-

implemented weighted sum-of-squares (SSQ) objective function (see Section A.3 for further

details),

w1(x1,1 − y1,1(θ))2 + . . .+ w1(x12,1 − y12,1(θ))2 (5.3)

+w2(x1,2 − y1,2(θ))2 + . . .+ w2(x12,2 − y12,2(θ))2 (5.4)

+w3(x1,3 − y1,3(θ))2 + . . .+ w3(x12,3 − y12,3(θ))2, (5.5)

where Eqs. (5.3)–(5.5) correspond to the fitting of the total DNA, integrated DNA and

2LTR DNA, respectively. The total DNA is defined as (see Table 4.1 for species explana-

tions)

RT-DNAtem + DNAcyt + DNAnuc + 1LTR + 2LTR + DNAint. (5.6)

The variables xi,j, for i = 1, . . . , 12 and j = 1, . . . , 3, are the 12 data points in each of

the three experiments. yi,j are the corresponding simulated data at the time points for

the choice of parameters θ. The weights have been computed using the mean wk = 1
<xk>2 ,

for k = 1, 2, 3. After computing this value for each experiment, the weights are scaled so

that the maximum occurring value is 1. In our case this corresponds to 2.2895 · 10−06 for

the total DNA (w1), 3.7658 · 10−05 for the integrated DNA (w2) and 1 for the 2LTR DNA

(w3).

This procedure is repeated with different parameter sets chosen by the specified optimiza-

tion algorithm. After the specified number of repetitions, the parameter set that has

optimally minimised the SSQ is quoted with the corresponding statistics.

COPASI offers several optimization algorithms, and it is well-known that often the per-

formance of any algorithm is dependent on the specific global optimization problem at

hand [129]. For our optimization problem, we repeatedly observed that the PSO algo-

rithm (see Section A.3.2 for further details) performed the most efficiently and reliably

when compared to the other algorithms. Next we present the optimal solution to our

problem obtained using the PSO algorithm and the corresponding statistics.
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Optimal solution using the PSO algorithm including statistical results:

The PSO algorithm with randomised start values and the COPASI default settings [29]

was run several times. The solutions obtained were compared and all results were similar.

The absolute minimum value obtained for the objective function was 0.0001684, and this

result with its corresponding statistics is quoted in Table 5.1.

Table 5.1: The early stage parameter estimation optimal solution data obtained using the
PSO algorithm.

Func. EVAL CPU Time (s) EVAL · s−1 Objective Value
21 256 1 091.12 19.481 0.0001684
Experiments Objective Value
Total DNA 4.4822·10−05

Integrated DNA 6.4500·10−05

2LTR 5.9123·10−05

Parameter Value SD CV (%)
Vcyt 5.7607 · 10−12 8.03891·10−11 1 395.47
kimpDNA 0.04239 0.004957 11.693

Referring to Table 5.1, a total of 21 256 function evaluations (Func. EVAL) were per-

formed within a central processing unit (CPU) time of 1 091.12 s, translating to 19.481

evaluations · s−1 (EVAL · s−1). The best fit objective value is 0.0001684, and with ran-

domised start values the optimal solution was found within 1 600 Func. EVAL (data not

shown).

We also consider the contribution of the three experiments (total DNA, integrated DNA

and 2LTR DNA) to the overall objective function value. Given that we minimised a

weighted SSQ function, we consider the objective values for each experiment quoted in the

table to be comparable. From the table we have that the integrated DNA is contributing

the most error (6.4500 · 10−05), followed by the 2LTR DNA (5.9123 · 10−05) and lastly the

total DNA (4.4822 · 10−05).

The optimal parameter value for Vcyt is 5.7607·10−12 L with a SD of 8.03891 · 10−11 L and

a coefficient of variation (CV) of 1 395%. This corresponds to Jurkat cells of approxi-

mately 30 µm, which is towards the larger end of the cell size scale of 7–40 µm quoted in

Section 4.4.2. The optimal parameter value for kimpDNA is 0.04239 h−1, with associated

SD of 0.004957 h−1, and CV of 11.693%. As discussed in Section 4.4.3, we see that this

value for kimpDNA is closer to the value esimated by Zarrabi [132] than that of Reddy et

al. [95] or D’Orsogna et al. [33].
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Table 5.2 quotes the Fisher information matrix (FIM) and the correlation matrix (CM)

associated with the optimal solution presented in Table 5.1. The FIM is a measure of the

amount of information contained in the data about the unknown parameters, and the CM,

derived from the FIM, approximates the correlations between the calibrated parameters

(see Section A.4 for further details on the FIM and CM).

Table 5.2: The FIM and CM of the optimal solution.

FIM:

Vcyt kimpDNA
Vcyt 2.1916 · 1015 -2.8659 · 1007

kimpDNA -2.8659 · 1007 0.5764

CM:

Vcyt kimpDNA
Vcyt 1 0.8063
kimpDNA 0.8063 1

The FIM quoted in Table 5.2 is not singular, and therefore does not indicate the presence

of unidentifiable parameters. The CM in the table shows that 80.63% of the variation in

Vcyt can be explained by variation in kimpDNA and vice versa.

Finally, Figure 5.2 shows plots of the experimental data and corresponding simulation

results for the optimal parameter set. In this figure, each of the three experiments is

presented on its own set of axes. These diagrams are considered in more detail in the

discussion at the end of this section.

Identifiability analysis using the profile likelihood approach:

The theory behind the profile likelihood approach implemented here to investigate the

identifiability of the estimated parameters is covered in Section A.4. Schaber [105] was

the first to consider the implementation of this approach in COPASI.

We assess the structural and practical identifiability of the fitted parameters Vcyt = 5.7607 ·
10−12 L and kimpDNA = 0.04239 h−1 by examining their likelihood profiles. The confidence

limit associated with our optimal parameter set is computed by (see Section A.4.3 and

Eq. (A.3)),

confidence limit = 0.0001684

(
1 +

2

34
· F 0.05

2,34

)
= 0.0001684

(
1 +

2

34
· 3.28

)
= 0.0002009.

The diagrams in Figure 5.3 are the likelihood profiles for Vcyt ((a)–(b)) and kimpDNA

74



5.1 Parameter estimation

(a) Total DNA (b) Integrated DNA

(c) 2LTR DNA

Figure 5.2: Experimental data (adapted from [130] and displayed with one SE) and model
simulations corresponding to the best fit parameter estimation result for (a)
total DNA, (b) integrated DNA and (c) 2LTR DNA.
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((c)–(d)). The data has been generated in COPASI. In each case, the profile is plotted by

computing its value at 20 regularly spaced points on a specified interval of the parameter of

interest. The other unknown parameter is varied in its defined boundaries (see Ineqs. (5.1)

and (5.2)) and the optimum is found using the PSO algorithm with 20 iteration runs and

a swarm size of 50.

In Figure 5.3 (a), the likelihood profile for Vcyt ∈ [0.0808, 15.080] pL (see Ineq. (5.1))

is plotted; this gives an impression of how the profile is behaving. We can see that at

approximately 3 pL the likelihood profile is still greater than the confidence limit, we

therefore rerun the computation using this value as the lower bound on the x-axis and

obtain the image in Figure 5.3 (b). As the likelihood profile exceeds the confidence limit

on either side, we can conclude that the parameter Vcyt is identifiable.

Similarly, in Figure 5.3 (c) we determine the likelihood profile for kimpDNA on the full

search space of [0.006, 3.6] h−1 (see Ineq. 5.2). From the image, we note that it is not

possible to determine if the parameter is identifiable as an insufficient number of intervals

have been chosen and the region close to the optimum is not sufficiently investigated.

In (d), we therefore consider a reduced interval for kimpDNA between [0.006, 0.1] h−1 and

observe that the likelihood is decreasing to our minimum and then increasing significantly

(when considering (c) and (d)). From the value of 0.0002009 computed for the confidence

limit, we have an identifiable parameter for kimpDNA.

To summarise, we have estimated the unknown parameters from the experimental data

and shown the optimal solution to be identifiable for the early phase of the model. We

now discuss Figure 5.2 and then continue to the unknown parameters for the later phase.

Discussion:

For any discrepancies observed between the simulation results and the experimental data

in each of the species in Figure 5.2 there could be several potential reasons. We first

consider the total DNA in (a), and observe that the simulated data does not reach the

5 h peak found in the experimental data, nor is it able to fully account for the sharp

descent that immediately follows this peak. We know from the curves of the integrated

DNA in (b) and the 2LTR DNA in (c) and our simulation efforts (data not shown) that

this peak results primarily from the contributions of the reverse transcription products

(RT-DNAtem and DNAcyt (see Eq. (5.6))). However, many parameters are influencing

this balance between rise and fall, and it appears that the optimal solution is a compromise

between trying to reach the peak and capture the steepness of the descent that follows.

From the experience gained while working with the model, we propose that it is the
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(a) 0.0808 ≤ Vcyt ≤ 15.080 pL (b) 3 ≤ Vcyt ≤ 15.080 pL

(c) 0.006 ≤ kimpDNA ≤ 3.6 h−1 (d) 0.006 ≤ kimpDNA ≤ 0.1 h−1

Figure 5.3: The profile likelihood (PL) for the two fitted parameters Vcyt and kimpDNA at
20 regularly spaced points: (a) Vcyt varying between [0.0808, 15.080] pL, (b)
Vcyt varying between [3, 15.080] pL, (c) kimpDNA varying between [0.006, 3.6]
h−1 and (d) kimpDNA varying between [0.006, 0.1] h−1.
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steepness of the descent that poses the primary difficulty for fitting and that there are

other factors outside of the model such as the cellular immune response, cell division (HIV

DNA is not copied with each cell division [110]) or premature cell death that could all be

contributing towards this drop. Further, it is interesting to note that similar experimental

data in other cell lines, for instance U937 cells (a model cell line of the myeloid lineage,

including monocytes and macrophages) and peripheral blood mononuclear cells (PBMCs;

blood cells with a rounded nucleus, including lymphocytes, monocytes and macrophages),

do not display this dramatic increase and decrease in the same experimetal set-up [130],

which points towards cell-specific host factors playing a significant role in viral replication

during reverse transcription. This discrepancy is an interesting point for further study.

Taken together, although the simulated data does fall short of the experimental data at

the peak, we are satisfied with this as the general dynamics of the simulation do capture

those of the experimental data.

Considering the integrated DNA experimental data in (b), we observe that during the

initial hours there is the expected proviral increase, but that between certain time points

there is an unexpected decrease (from 5–8 h and 12–48 h). On a single cell level, such

reductions would not be seen, as once the viral DNA has integrated it will not unintegrate,

be consumed or degraded. Therefore, the only explanation for this inconsistency is that

because this measurement is the average for a single cell taken from 1000 cells, some

cells must have either divided or died (supporting our previous total DNA arguments).

When further comparing the model simulation to the data the peak is obtained at a later

time point. Again we propose that this is a compromise trying to account for the drop

and increase seen between 5–12 h in the experimental data, which however cannot be

accounted for in an intracellular single cell model. This then will also influence the final

value obtained by the integrated DNA in the simulation as it will naturally be higher than

the experimental data that is dropping over time.

Finally, the 2LTR simulated data in (c) follows a similar shape over time when compared

to the experimental data, but again peaks slightly late. This is most likely due to similar

reasons as those given for the total and integrated DNAs.

5.1.2 Late phase

In this section we introduce the experimental data available for the late stage of HIV

replication, summarise the uncertain parameters for this phase and list their assumed val-

ues with support for the choice. Based on those values, the model simulations are run
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and compared to the limited experimental data. Discrepancies between the simulations

and data are highlighted and sensitivity analyses are performed to identify which param-

eters are responsible for these inconsistencies. Finally, our confidence in these identified

parameters is discussed and potential avenues for improvement in the future are proposed.

Experimental data

RNA:

Kim et al. [62] measure the kinetics of total and cytoplasmic RNA synthesis for a single

round of the HIV infection cycle in H9 cells (a human CD4+ lymphocyte line). Northern

RNA blot analysis (a technique that separates RNA samples; where the RNA is detected

with a hybridization probe that is complementary to a target sequence) distinguishes 3

RNA transcripts: 9.2 kb (full-length), 4.3 kb (singly-spliced) and 2 kb (multiply-spliced).

Temporal analysis using densitometric analysis (a quantitative measure of optical density

that helps to identify the global expression pattern of the RNAs) of the RNA species (see

Fig. 5.4), reveals that at 12 h the RNA species are not significantly evident. However,

by 16 h, the multiply-spliced and singly-spliced transcripts begin to accumulate. At 24 h

those transcripts still dominate (2:4.3:9.2 kb are present in the ratios of 1:04:0.3). After

24 h, the full-length transcripts begin to accumulate markedly while the concentrations

of the other transcripts remain mostly the same (with ratios of 1:0.8:2.5). This is the

expression pattern that is observed in the cytoplasmic and total RNA data.

Tat and Rev:

To our knowledge, there is no time course data available for the amount of Tat and Rev

present in the cell during a single round of HIV infection.

Gag and Gag-Pol:

The time course data for the exact number of viral Gag particles being produced over a

single cycle of HIV infection is not available. However, Dimitrov et al. [31] determined

that the time needed for cell-free virus inoculum to complete a single infection cycle in H9

cells is 4 days and that the total number of virions produced by a single cell in this time

is 330 virions. This value differs from estimates quoted elsewhere, where it is assumed

that an infection is homogenous throughout the body and that the average number of

virions produced per single cell in this case is of the order of 103–104 virions [4, 21, 48, 97].

However, given that the experimental setting of Dimitrov et al. most closely mimics that

of Yamamoto et al. and Kim et al., we choose to use this estimate. An average complete
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Figure 5.4: Laser densitometry intensities give the time course of approximate relative
amounts of the multiply-spliced (2 kb), singly-spliced (4.3 kb) and full-length
RNA (9.2 kb) transcripts. Adapted by permission from the American Society
for Microbiology: Journal of Virology 63:3708-3713, copyright 1989.

immature HIV particle contains approximately 2 280–5 000 Gag proteins [14, 19, 65], so

that in the Dimitrov et al. case there are between 752 400 and 1 650 000 Gag proteins

produced per cell before it dies.

The stoichiometric ratio of Gag to Gag-Pol varies between 9:1 to 19:1 [116].

Model simulations

Parameters:

A detailed description of the parameters for the late phase of the HIV model is given

in Sections 4.4.4–4.4.6, where it is shown that many of the parameters are known from

the literature. For the uncertain parameter values, due to the size and complexity of

the late phase model and the limited experimental data, it is impractical to perform

detailed fitting procedures. Thus, numerical values for these parameters are assumed

based on measurements taken from other viruses, or from the kinetic rates of similar HIV

mechanisms for which the constants are known.

In Section 5.1.1, we estimated that in our experimental system a Jurkat cell has an average
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cytoplasmic volume of approximately 5.7607 · 10−12 L, which corresponds to a cell of

30 µm in diameter. In Section 4.4.2, we noted that a Jurkat cell’s nucleus to cell ratio is

55± 8% [104]. From that information we compute an approximate nuclear volume of:

Vnuc = 0.55 · 4

3
· π
(
15 · 10−6m

)3
= 7.7754 · 10−15m3 = 7.7754 · 10−12 L. (5.7)

From the Jurkat nuclear volume, the outstanding second-order binding rates for the latter

part of the model can be computed. Dividing:

Eq. (4.7) by Eq. (5.7) gives konTNi = 0.7688 (# · h)−1,

Eq. (4.8) by Eq. (5.7) gives konF1R = 0.0001922 (# · h)−1, and

Eq. (4.9) by Eq. (5.7) gives konF2R = kon3FR = konF4R = 0.0003383 (# · h)−1.

A summary of all the parameters for which assumptions have been made for this stage of

the model is given in Table 5.3, and a description of each assumption is given. Explanations

for the species’ abbreviations and the reaction descriptions are detailed in Tables 4.1–4.2,

respectively.

Table 5.3: Assumed parameters for the late phase model.

Description Parameter Value Unit Assumption Ref.

Basal transcription and initial nuclear processing

FN splicing kspF 2.5 h−1 AD-2 measurement [45]

SN splicing kspS 2.5 h−1 AD-2 measurement [45]

SN degradation kdegSN 0.6931 h−1 = kdegFN , known to be unstable [35, 77]

MN degradation kdegMN 0.1733 h−1 Whole-cell half-life [77, 108]

MN export kexpM 1.98 h−1 AD-2 measurement [22]

Tat and Rev

MC translation to TC ktransT 5.4 h−1 Eukaryotic steady-state translation rate [3, 73, 76, 99]

MC translation to RC ktransR 51.3 h−1 Eukaryotic steady-state translation rate [3, 73, 76, 99]

MC degradation kdegMC 0.1733 h−1 Whole-cell half-life [108]

Tat

TC degradation kdegTC 0.1155 h−1 Whole-cell half-life [13]

TN degradation kdegTN 0.1155 h−1 Whole-cell half-life [13]

Rev

RC import kimpR 18.18 h−1 = kimpT [34]

Rev binding and unbinding:

RN binding to SN konS1R 0.0001922 (#·h)−1 = konF1R [104, 120]

RN unbinding from S1RN koffS1R 0.108 h−1 = koffF1R [120]

RN binding to S1RN konS2R 0.0003383 (#·h)−1 = konF2R [104, 120]

RN unbinding from S2RN koffS2R 136.8 h−1 = koffF2R [120]

RN binding to S2RN konS3R 0.0003383 (#·h)−1 = konF3R [104, 120]

RN unbinding from S3RN koffS3R 136.8 h−1 = koffF3R [120]

RN binding to S3RN konS4R 0.0003383 (#·h)−1 = konF4R [104, 120]

RN unbinding from S4RN koffS4R 136.8 h−1 = koffF4R [120]

Rev-facilitated export:

F2RN export kexpF2R 0.6932 h−1 = 1
3
· kexpR [48, 77]

Continued on next page
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Table 5.3 – continued from previous page

Description Parameter Value Unit Assumption Ref.

S2RN export kexpS2R 0.6932 h−1 = 1
3
· kexpR [48, 77]

F3RN export kexpF3R 1.3864 h−1 = 2
3
· kexpR [77, 120]

S3RN export kexpS3R 1.3864 h−1 = 2
3
· kexpR [77, 120]

F4RN export kexpF4R 2.0796 h−1 = kexpR [77, 120]

S4RN export kexpS4R 2.0796 h−1 = kexpR [77, 120]

Rev-facilitated splicing:

F1RN splicing kspF1R 2.5 h−1 = kspF , Rev does not inhibit splicing [45]

S1RN splicing kspS1R 2.5 h−1 = kspS , Rev does not inhibit splicing [45]

F2RN splicing kspF2R 2.5 h−1 = kspF , Rev does not inhibit splicing [45]

S2RN splicing kspS2R 2.5 h−1 = kspS , Rev does not inhibit splicing [45]

F3RN splicing kspF3R 2.5 h−1 = kspF , Rev does not inhibit splicing [45]

S3RN splicing kspS3R 2.5 h−1 = kspS , Rev does not inhibit splicing [45]

F4RN splicing kspF4R 2.5 h−1 = kspF , Rev does not inhibit splicing [45]

S4RN splicing kspS4R 2.5 h−1 = kspS , Rev does not inhibit splicing [45]

Rev-bound RNA degradation:

S1RN degradation kdegS1R 0.1733 h−1 = kdegF1R, assumed to be stable [35]

S2RN degradation kdegS2R 0.1733 h−1 = kdegF2R, assumed to be stable [35]

S3RN degradation kdegS3R 0.1733 h−1 = kdegF3R, assumed to be stable [35]

S4RN degradation kdegS4R 0.1733 h−1 = kdegF4R, assumed to be stable [35]

Protein production and degradation

FC translation to G ktransG 240.3 h−1 Eukaryotic steady-state translation rate [3, 53, 73, 76]

FC translation to GP ktransGP 29.7 h−1 Eukaryotic steady-state translation rate [3, 53, 73, 76]

G degradation kdegG 0.39 h−1 Eukaryotic protein degradation rate [73]

GP degradation kdegGP 0.39 h−1 Eukaryotic protein degradation rate [73]

SC degradation kdegSC 0.6931 h−1 = kdegFC , known to be unstable [35, 78]

Model simulations:

In order to investigate the time courses of our late stage species we simulate the model

for 96 hours using the LSODA solver (with COPASI default settings [29] and the time

scale discretized over 10 000 intervals). The time series for the late stage total RNA,

cytoplasmic and nuclear Tat, cytoplasmic and nuclear Rev, Gag and Gag-Pol are shown

in Figure 5.5.

In Figure 5.5 (a), the RNA time courses, including total multiply-spliced, total singly-

spliced (incl. Rev-bound) and total full-length (incl. Rev-bound) transcripts, are pre-

sented. From the experimental data, we would expect the multiply-spliced transcripts

to increase initially followed by the singly-spliced and full-length transcripts, with the

full-length species progressively being produced in significantly greater numbers than the

other types. We observe the early initial rise in the multiply-spliced species followed by

the other two RNA species (primarily due to the presence of Rev in the nucleus facilitating

their nuclear export), however the multiply-spliced continues to increase and the model

does not contain its numbers below the full-length approximation.

Figures 5.5 (b)–(c) show the Tat (cytoplasmic and nuclear) and Rev (cytoplasmic and
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(a) Total RNA (b) Tat

(c) Rev (d) Gag and Gag-Pol

Figure 5.5: Late stage species time courses over a 96 hour time frame. (a) Total RNA
species including total multiply-spliced (MS), total singly-spliced (incl. Rev-
bound) (SS) and total full-length (incl. Rev-bound) (FL) transcripts, (b) cy-
toplasmic and nuclear Tat, (c) cytoplasmic and nuclear Rev and (d) Gag and
Gag-Pol proteins.

83



Chapter 5 Model calibration and stochastics

nuclear) species, respectively. As previously mentioned, we do not have experimental

time course data for these two viral products; however, it would appear that they are

accumulating towards numbers that are too high and being over-produced according to

the model predictions (in particular, the nuclear values for both species). Given that the

Tat and Rev are translated from the multiply-spliced RNA species, we propose that these

high values are directly linked to the over-production of the multiply-spliced species. In

Figure 5.5 (d), the Gag and Gag-Pol time courses are given. The Gag is increasing to values

just under 600 000 particles, slightly short of the experimental values of 752 400–1 650 000

Gag particles when the cell dies. Given that the Gag is translated from the cytoplasmic

full-length RNA, we conclude that this species is being produced to approximately the

right order of magnitude or falling short. The Gag-Pol is being produced at the expected

ratio of 1:9 to the Gag.

Sensitivity analyses:

Bearing in mind that a number of the late stage model parameters are uncertain; in

order to investigate the discrepancies that exists between the model simulations and the

experimental data, we use local sensitivity analyses (see Section A.5) to highlight the

parameters that are exerting significant influence over the total multiply-spliced and total

full-length species (and thus inadvertently over the protein numbers). In Figure 5.6, we

display the local sensitivities of the total multiply-spliced and total full-length (incl. Rev)

transcripts with respect to the model parameters. The sensitivities are computed at the 20

h, 48 h and 96 h time points. We choose 20 h because at this time point we already begin

to see a significant increase in the multiply-spliced but not the full-length species, whereas

the 48 h and 96 h time points are used to determine the parameters that are strongly

influencing the final levels of total multiply-spliced and total full-length species. Only the

late phase parameters with high influence over the species’ dynamics are displayed in the

results.

From the sensitivity results in Figure 5.6, we first consider the 20 h time point and notice

that the sensitivities for both species to the respective parameters are very similar. Thus

changes in a parameter would yield similar responses in both species, which does not

resolve our concern. The most marked difference is observed in the kspF1R (2.5 h−1)

parameter. In Figure 5.7, we investigate how varying this parameter influences the early

hours of the total multiply-spliced and total full-length (incl. Rev) production, as well as

the corresponding Tat, Rev, Gag and Gag-Pol productions.

In Figure 5.7 (a), we observe that reducing the kspF1R parameter by up to 0.1 times the
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(a) 20 h (b) 48 h

(c) 96 h

Figure 5.6: Local sensitivity analysis results for total multiply-spliced and total full-length
(incl. Rev) transcripts at the most sensitive parameters, for the time points 20
h, 48 h and 96 h.
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(a) 0.25 ≤ kspF1R ≤ 2.5 h−1 (b) kspF1R varying

(c) kspF1R varying (d) kspF1R varying

Figure 5.7: Parameter scans for kspF1R varying between 0.25 h−1 and 2.5 h−1 over 10
intervals: (a) RNA species, (b) nuclear and cytoplasmic Tat, (c) nuclear and
cytoplasmic Rev and (d) Gag and Gag-Pol.
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wild-type value has a marginal effect at 20 h on the total multiply-spliced species, however

this influence continues to increase up to between 40 h and 45 h (with up to approx. 25%

peak reduction), and then decreases again. The total full-length species also displays

marginal changes due to variation in this parameter. These effects are then similarly

reflected in the Tat (b), Rev (c), Gag and Gag-Pol species (d).

At the 48 h and 96 h time points in Figures 5.6 (b)–(c), respectively, we compare the

results for the total multiply-spliced and total full-length (incl. Rev) species’ sensitivities.

We are looking for parameters with opposing sensitivities, i.e., when the parameter value is

altered we would observe opposite responses in the multiply-spliced and full-length species;

alternatively the multiply-spliced would respond significantly, while the full-length would

have relatively minimal response. The parameters that fit these criteria are kexpF4R (2.0796

h−1) and kspF4R (2.5 h−1). We thus run parameter scans on these parameters and capture

the results in Figure 5.8.

The graphs in Figures 5.8 (a)–(b) show the influences of varying kexpF4R and kspF4R,

respectively. The wild-type value for kexpF4R is 2.0796 h−1; given that the multiply-spliced

species has a negative sensitivity with respect to this parameter and we want to reduce

the multiply-spliced production, we vary this parameter between the wild-type and 10

times this value. In (a), we observe that this results in the multiply-spliced time series

decreasing below the full-length, which is the response we are interested in. The influence is

observed from approximately 30 h. In (b), kspF4R is varied between 0.1 times the wild-type

value and the wild-type value, as the multiply-spliced species is positively related to this

parameter. Again we observe a marked decline in the multiply-spliced species beginning

at approximately 35 h. Figure 5.8 (c) displays the curves for both parameters varying

simultaneously, and again we note that the influence is only marked after approximately

35 h. The graphs in (d)–(f) display the influence of the varying parameters on the Tat,

Rev, Gag and Gag-Pol, respectively. Most interestingly, we note that the number of

nuclear Tat and Rev proteins drop in response to the reduction in the multiply-spliced

species, whereas the Gag and Gag-Pol particle numbers are less affected.

Discussion:

We now discuss the three parameters kspF1R, kexpF4R and kspF4R, in terms of the reliability

of their current values in our model.

In Section 4.4.5, we considered the Rev-facilitated nuclear export rates of the full-length

and singly-spliced transcripts (kexpF (j)R, kexpS(j)R, j = 2, 3, 4.). We noted that the Rev

export half-life is measured to be approximately 20 min [77], which translates to a rate
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(a) 2.0796 ≤ kexpF4R ≤ 20.796 h−1 (b) 0.25 ≤ kspF4R ≤ 2.5 h−1

(c) Both parameters varying (d) Both parameters varying

(e) Both parameters varying (f) Both parameters varying

Figure 5.8: Parameter scans for kexpF4R varying between 2.0796 h−1 and 20.796 h−1 and
kspF4R varying between 0.25 h−1 and 2.5 h−1 over 10 intervals: (a) RNA species
with kexpF4R varying, (b) RNA species with kspF4R varying, (c) RNA species
with kexpF4R and kspF4R varying (d) Gag and Gag-Pol with both parameters
varying, (e) Tat with both parameters varying and (f) Rev with both param-
eters varying.
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of 2.0796 h−1 for kexpR (the nuclear export of isolated Rev). In the experimental setting,

a green flourescent protein (GFP)-labeled, hormone-inducible Rev chimeric protein was

expressed in stable HeLa cells to allow the explicit control and visualisation of Rev import

and export. Confocal laser microscopy was used for the quantisation and visualisation

of nuclear export. We then assumed that the maximum export rates of the full-length

and singly-spliced RNA due to the presence of Rev (kexpF4R, kexpS4R) were equal to this

value. However, our model simulations, sensitivity analyses and parameter scans bring this

assumption into question. Furthermore, our export rates for the full-length and singly-

spliced transcripts with two and three Rev bound are also derived from this assumption.

For this reason, we propose that the nuclear export rates for the Rev-bound full-length

and singly-spliced transcripts are potentially important parameters that exert a strong

influence over the model’s time courses, and ought to thus be determined experimentally

more exactly.

In Section 4.4.5, the influence of Rev bound to singly-spliced and full-length transcripts on

the splicing rates (kspF (k)R, kspF (k)R, k = 1, 2, 3, 4) was discussed. We highlighted that this

is a controversial topic with experimental results yielding conflicting conclusions: either

Rev directly inhibits splicing by 3- to 4-fold [63, 112], or Rev does not inhibit splicing

but rather stabilizes the transcripts fascilitating their export [11, 24, 78]. For simplicity,

we assumed that Rev does not inhibit splicing and used the splicing rates for Rev-free

full-length and singly-spliced transcripts. Those rates were taken from the measurement

of a similar mechanism in AD-2. However, our results from the analyses done in this

section call into question the assumed value taken from the AD-2 measurement, and the

sensitivities of these rates point towards the importance of making accurate assumptions

regarding Rev’s influence over splicing. Therefore, without confirmation on the HIV Rev-

free splicing rate and more exact measurements for the Rev-export rates, we cannot be sure

how these parameters come into play together. Furthermore, to what degree the number

of Rev bound to the transcripts effects the splicing rates is also unclear. Additional time

course data for the RNA species would also be a valuable contribution to this discussion.
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5.2 Additional data

5.2.1 Mohammadi et al. data: relative HIV DNA, RNA, protein

and viral release measurements

Mohammadi et al. [82] quantify with repeated measurements the dynamics of nine viral

products from a single round of HIV replication, including (keeping with their notation

for this section): early reverse transcription products (early RT), late reverse transcription

products (late RT), 2LTR circles (2LTR), integrated DNA (integrated), multiply-spliced

RNA (multiply-spliced), singly-spliced RNA (singly-spliced), full-length RNA (unspliced),

viral proteins (GFP-MFI) and viral progeny (release). To our knowledge this is the first

longitudinal study taking the complete life cycle into account.

Experimental setup:

Human embryonic kidney 293 (HEK293T) cells (a cell line that has been derived from

human embryonic kidney cells that were grown in tissue culture) were co-transfected with

15 µg pNL4-3∆Env-GFP (an HIV vector with env deletion and gfp addition) and 5 µg

pMG-G (a plasmid that codes for the VSV-G envelope) to prepare the viral stocks. Viral

stocks were placed at 1 080 µg p24 equivalent of VSV-G pseudotyped HIV vector (21.6

· 1012 particles) and spinoculated (the process whereby the infectivity of the virus is greatly

enhanced by centrifugal inoculation) for 30 min at 1 500 g at room temperature to allow

for the universal infection of a highly permissive T cell line (SupT1) (360 · 106 cells). Such

an experimental model supports synchronous infections. The cells were washed and every

two hours, approximately 30 · 106 cells were removed for viral measurements.

Reverse transcription and integration:

Viral DNA species (early RT, late RT, 2LTR) were extracted and assessed by quantitative

PCR (qPCR) with the gene hydroxymethylbilane synthase (HMBS; encodes the informa-

tion for the HMBS enzyme) as endogenous control (an RNA or DNA present in the sample

to which the target can be normalised). The comparative CT method was used to give

the measurements relative to the 24 h time point using the 2−∆∆CT formula [74, 107, 131].

The integrated DNA was quantified using PCR followed by qPCR.

Viral transcription:

Viral RNA (multiply-spliced, singly-spliced and unspliced) were extracted and assessed

using one-step RT-qPCR. At 24 h the RNA were measured by endpoint dilution, and
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qPCR of the remaining time point samples was done by the comparative CT method

with respect to this reference point, using Glyceraldehyde 3-phosphate dehydrogenase

(GAPDH) as endogenous control.

Viral proteins and release

Viral proteins production (GFP expression) was quantified using fluorescence-activated

cell sorting analysis (FACS) (flow cytometry is a laser-based technology that is used in cell

sorting, counting and analysis of chemical and physical properties, where cells suspended

in a fluid pass through a laser). Progeny release was measured with p24 enzyme-linked

immunosorbent assay (ELISA) (HIV-1 p24 ELISA Kit detects and quantifies HIV-1 p24

antigen). The data is shown in Figure 5.9.

Figure 5.9: HIV intracellular replication dynamics in SupT1 cells over a 24 hour period
relative to the final time point for (a) early RT, (b) late RT, (c) integrated,
(d) 2LTR, (e) multiply-spliced, (f) singly-spliced, (g) unspliced, (h) GFP-MFI
and (i) release. The data for (a)–(d) was obtained from three independent
experiments, for (e)–(h) from two independent experiments and for (i) from a
single experiment. The plots display the mean with one SE.
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Quantification of integration events per cell:

Determination of the exact number of proviruses was performed by qPCR, and the average

number per haploid genome was computed to be 5.5, i.e., 11 per diploid genome.

5.2.2 Comparison of the dynamic behaviour of the Yamamoto

et al. and Mohammadi et al. data sets

Yamamoto et al. (see Section 5.1.1) quantify the HIV DNA species (total DNA, integrated

and 2LTR) in absolute particle numbers over a 48 hour time period, while the Mohammadi

et al. data (see Section 5.2.1) quotes the relative change of the DNA species (early RT,

late RT, integrated and 2LTR) with respect to the 24 h time point.

First we compare the dynamic behaviour of the total DNA from Yamamoto et al. to the

early and late RT from Mohammadi et al. The total DNA is defined by Eq. (5.6) and the

early and late RT by

early RT = RT-DNAtem and late RT = DNAcyt, (5.8)

see Table 4.1 for further details. In Figure 5.1 (a), we observe a steep rise in the total DNA

with a peak at approximately 5 h. This trend is also seen in the other two DNA species

(Figs. 5.1 (b) and (c)); but taken together, the integrated and 2LTR DNAs are contributing

a relatively small proportion to the peak of the total DNA. From our simulations (data not

shown), we know that the same holds true for the contributions of the nuclear and 1LTR

DNAs, implying that the early RT and late RT species (see Eq. (5.8)) are the primary

contributers to this increase and peak (according to our definition of the total DNA in

Eq. (5.6)). However, when compared to the Mohammadi et al. data in Figures 5.9 (a)–(b),

we note that in this data set, the data increases more slowly and only reaches a peak at

around 12 h. Furthermore, after this peak, we do not observe the same fast reduction in

the DNA, as we do in the Yamamoto et al. total DNA. The reasons for these differences

in dynamic behaviour are not yet clear.

To make similar comparisons for the integrated and 2LTR data, we neglect the 48 h

time point from the Yamamoto et al. data and compute the relative change for these

two species with respect to the 24 h time point (the second last data point over time).

In Figure 5.10, the data for the integrated and 2LTR species from both data sets are

compared. Here we observe similar discrepancies in the trends for the integrated and
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Figure 5.10: The relative change with respect to the 24 h time point of the (a) integrated
and (b) 2LTR DNA for the Yamamoto et al. [130] and the Mohammadi et
al. [82] experimental data sets.

2LTR species as previously discussed for the early and late RT species: the Mohammadi

et al. data increases later and slower when compared to the Yamamoto et al. data. This

is potentially an artifact of what has already been observed in the reverse transcription

products.

5.2.3 Model simulations

As described in Section 5.2.1, the Mohammadi et al. data is obtained from the infection

of SupT1 cells using spinoculation. The use of spinoculation and SupT1 cells in the

experimental setup differ from the Yamamoto et al. system, and are important as they

influence the initial number of bound viruses (BV(0)) and the cytoplasmic and nuclear

volume measures (Vcyt and Vnuc), respectively. Next, we estimate these unknown values

based on biological knowledge. The rate of nuclear import kimpDNA is kept at 0.04239 h−1,

as determined in Section 5.1.1. We assume that all the remaining parameters in the model

are unchanged (as described in Section 4.4), as both Jurkat and SupT1 cells are T cells.

In the Mohammadi et al. experimental arrangement, the cells were infected by spinocula-

tion at 1 500 g for 30 min to aid infection. O’Doherty et al. [88] observe that a relatively

93



Chapter 5 Model calibration and stochastics

low percentage of only 2% of the starting virions become cell-associated when spinoculated

at 1 200 g for 2 h. Using this approximation and the information that Mohammadi et

al. have a starting ratio of approximately 60 000 virions : 1 cell, we can make the rough

computation that 1 200 virions become cell associated. Dimitrov et al. [30] measured

that approximately 10% of successfully bound virions fuse, thus we conclude a value of

BV(0) = 120, since in the model all the bound viruses enter the cytoplasm. Furthermore,

Mohammadi et al. compute that in their experimental system, there are an average of

approximately 5.5 proviruses per haploid genome, i.e., 11 per diploid genome. Following

the same argument outlined in Section 4.3.1, we can compute that BV(0) = 146.6667 (in

close agreement to the rough value computed due to the O’Doherty et al. data).

The final parameters that need to be adjusted are the cytoplasmic and nuclear volumes

(Vcyt and Vnuc), as their values depend on the cell type, including shape, size and cyto-

plasm to cell ratio. As already mentioned, the Yamamoto et al. experimental system used

Jurkat cells, whilst Mohammadi et al. used SupT1 cells. SupT1 cells are a Human T cell

lymphoblastic Lymphoma that are approximately round, with an average size of 20.6 ±
2.4 µm, and a large round nucleus that fills most of the space in the cell [114]. To our

knowledge, data concerning the exact cytoplasm to cell ratio is not available for an average

SupT1 cell but a lymphoblast has a nucleus to cytoplasm ratio of 4:1 [80]. We therefore

assume this ratio in our computations. Following similar computations to those conducted

in Section 4.4.2, we can compute the average SupT1 cytoplasmic volume to be

Vcyt = 0.2 · 4

3
· π(10.3 · 10−06 m)3 = 9.1544083 · 10−16 m3 = 9.1544 · 10−13 L,

and the corresponding nuclear volume is Vnuc = 3.6618 · 10−12 L.

From here, the model’s second-order binding rate constants need to be adjusted. Following

the same computations presented in Sections 4.4.2 and 4.4.5, we obtain the values (see

Table 4.2 for further explanations):

konRNAi = 0.5028 (#·h)−1, konRNAe = 0.006530 (#·h)−1, konTNi = 1.6325 (#·h)−1,

konF1R = konS1R = 0.0004081 (#·h)−1, and

konF2R = konS2R = konF3R = konS3R = konF4R = konS4R = 0.0007183 (#·h)−1.

With these revisions, the fully developed HIV model is simulated and the time courses

relative to the 24 h time point are computed. In Figure 5.11, the relative Mohammadi et

al. data and the model’s simulated time courses are displayed for the early and late phases

of the model.
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(a) Early RT (b) Late RT

(c) Integrated (d) 2LTR

(e) Multiply-spliced (f) Unspliced

Figure 5.11: A comparison of the model simulations for the revised HIV model to the
Mohammadi et al. data of the measured species: (a)–(b) show the model
simulations of the early RT and late RT species in absolute particle numbers,
respectively, and the early RT and late RT experimental data with respect
to the 24 h time point, respectively: to display the discrepancies in shape.
(c)–(f) are the model simulations with respect to the 24 h time point and
data for the integrated DNA, 2LTR DNA, whole-cell multiply-spliced mRNA
and whole-cell full-length mRNA (incl. Rev), respectively.
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In Figure 5.11 (a), the simulated early RT absolute particle numbers are displayed with

the early RT measured data (relative to the 24 h time point). Similarly, for the late RT

in Figure 5.11 (b). We have chosen to present the data in this way, as differences in the

shapes of the curves are easily seen. Furthermore, as the absolute values for the early RT

and late RT species at 24 h are very low, it causes difficulties when trying to depict the

relative simulated time courses and the measured data on the same set of axes, due to

large discrepancies in their earlier values. However, it is clear from the images that the

changes we made to BV(0), Vcyt and Vnuc do not adequately account for the discrepancies

in behaviour that we observed in the two data sets (see Section 5.2.2). The early RT and

late RT simulated data rises and descends in the early hours, while the measured data

increases slowly and has a tendency to plateau within the 24 hours.

In Figure 5.11 (c)–(f), the simulated data relative to the 24 h time point is given for (c)

integrated, (d) 2LTR, (e) whole-cell multiply-spliced and (f) whole-cell full-length (incl.

Rev) compared to the measured data. It is clear from the figures that the early rise first

detected in the reverse transcription products in our model simulations is perpetuated

throughout the data set. We have not displayed comparisons for the singly-spliced, GFP-

MFI and release. For the singly-spliced species, a similar discrepancy is observed as that

seen in the other RNA species (data not shown, see (e) and (f)). Furthermore, we have

not modelled the Env protein production (the measured viral protein in the data) or viral

progeny release (as discussed in Sections 4.4.6–4.4.7).

Discussion

Before simulating the revised model, we made the assumption that because Jurkat and

SupT1 cells are T cells the parameters in the model (apart from BV(0), Vcyt and Vnuc)

remain unchanged. However, the discrepancies we observed in Figure 5.11 indicate that

additional parameters need to be adjusted to account for the differing dynamics in our two

data sets. Given that the problem arises as early as in the early RT and late RT species,

we propose that there are differences in the host T cells that are influencing the rates of

viral entrance, genomic RNA degradation and/or reverse transcription, since the infecting

viruses are similarly constructed in each case. For example, Mohammadi et al. note that

less than half of the interferon stimulated genes that have been shown to act against HIV-1

are expressed in SupT1 cells. Warren et al. [123] review the host factors involved in HIV

reverse transcription and how their presence can either promote or hinder this complex

process.
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This hypothesis in general, i.e., not restricting ourselves to T cells, is further supported,

as already mentioned in Section 5.1.1 by the additional Yamamoto et al. [130] measured

data. Here, Yamamoto et al. measured the HIV replication dynamics in U937 cells and

activated and resting PBMCs (blood cells with a rounded nucleus, including lymphocytes,

monocytes and macrophages). The data from the PBMCs follows a similar behaviour to

what we observe in the Mohammadi et al. data, i.e., a slower rise in the total DNA and an

approximate plateau. The experimental systems used in the Jurkat and PBMCs cases are

identical apart from the cell type used, implying that dynamic discrepancies are a result

of differences in the cells hosting the virus.

In the next section we perform a parameter fit to see whether the HIV replication model

is capable of capturing dynamics such as those measured by Mohammadi et al. when the

early stage parameters (entry, RNA degradation and reverse transcription) are allowed to

vary some more.

5.2.4 Parameter estimation

Fixing BV(0) = 146.6667 and Vcyt = 9.1544 · 10−13 L; we allow the following early stage

parameters (see Table 4.2) to vary:

0.21889 ≤ kentV ≤ 21.889

0.06931 ≤ kdegRNA ≤ 6.931

4.603 · 10−14 ≤ konRNAiNum ≤ 4.603 · 10−12

75.6 ≤ koffRNAi ≤ 7560

0.44 ≤ kextRNAi ≤ 44

5.9779 · 10−16 ≤ konRNAeNum ≤ 5.9779 · 10−14

0.36 ≤ koffRNAe ≤ 36

0.48247 ≤ kextRNAe ≤ 48.247

2.2268 ≤ kextDNA ≤ 222.68

0 ≤ αEarlyRT ≤ 100

0 ≤ αLateRT ≤ 100

0 ≤ α2LTR ≤ 100,

where konRNAiNum and konRNAeNum are the numerators that are divided by Vcyt to deter-

mine the two binding rates (konRNAi and konRNAe) of the reverse transcription process. The
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parameters are arbitrarily chosen to vary between 0.1 and 10 times their original values.

αEarlyRT , αLateRT and α2LTR are scaling factors that scale the absolute particle number

time series produced by our model to the Mohammadi et al. 2−∆Ct data. Considering the

2−∆Ct data and how the model time courses behave before the parameter estimation, we

allow the αi’s to vary between 0 and 100 and monitor how the optimization procedure

performs within these limits. For the integrated DNA measured data, we compute the

absolute particle number time series based on an average number of 11 proviruses per cell

and fit the simulations to that data (hence the use of only 3 scaling factors).

The parameters are varied using the PSO algorithm with initial randomised start val-

ues and the COPASI default settings [29], whilst minimising the SSQ objective function

with scaled mean values for the weights. The optimal objective value and corresponding

statistics are quoted in Table 5.4.

Table 5.4: The optimal solution and corresponding statistics when fitting the Mohammadi
et al. data to the model simulations with varying entry, RNA degradation and
reverse transcription parameters with the PSO algorithm.

Func. EVAL CPU Time (s) EVAL · s−1 Objective Value
245 973 748.407 328.662 3.07128
Parameter Value SD CV (%)
kentBV 0.2189 3.2142 1 468.41
kdegRNA 0.09694 1.92933 1 990.22
konRNAiNum 4.6038 · 10−14 2.01468 · 10−09 4.37613 · 1006

koffRNAi 7 559.87 911 828 1 2061.4
kextRNAi 6.8717 826.701 1 2030.4
konRNAeNum 5.9780 · 10−16 2.09003 · 10−09 3.49624 · 1008

koffRNAe 36 3 145.55 8 737.63
kextRNAe 0.5164 40.0179 7 749.39
kextDNA 107.696 26 983.6 25 055.3
αEarlyRT 0.003271 0.8195 25 056.6
αLateRT 0.5851 0.03682 6.29286
α2LTR 0.05369 0.002097 3.9054

As seen in the table, a total of 245 973 Func. EVAL were performed within a CPU time

of 748.407 s, meaning 328.662 EVAL · s−1. The best fit objective value is 3.07128, and

the optimal solution was found within 30 000 function evaluations with randomised start

values (data not shown). All the estimated parameters have large associated SDs, as

clearly communicated by the CV.
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Chapter 5 Model calibration and stochastics

Table 5.5 quotes the correlation matrix associated with the optimal solution presented

in Table 5.4. The correlation matrix shows that many of the optimized parameters are

correlated above approximately 95%. Thus, for predictive purposes in the final chapter

we keep our original parameter set (see Table 4.2 and Section 5.1).

Finally, Figure 5.12 shows plots of the experimental data and corresponding simulation

results for the optimal parameter set given in Table 5.4. These diagrams are considered

in more detail in the discussion part at the end of this section.

Discussion

Figure 5.12 shows that by allowing the early stage (entry, RNA degradation and reverse

transcription) parameters to vary by 0.1 to 10 times their original values, we are able to

obtain a good fit to the experimental data. However, the model parameters have large

standard deviations and are highly correlated (see Tables 5.4–5.5), meaning that they

cannot be uniquely identified at this point and we place low confidence in their quoted

values. We therefore cannot conclude which parameters are primarily contributing towards

the changes in dynamics that we observe in the Mohammadi et al. data. Thus, to reduce

the number of varying parameters and our search space, further consideration needs to be

given to the host factors involved in the early replication processes and the parameters

that they influence. This process could then potentially highlight host factors that are key

for HIV’s successful replication. However, the identification of host factors as therapeutic

targets is beyond the scope of this dissertation.

5.3 Stochastic versus deterministic modelling

The development of a mathematical model describing HIV’s intracellular replication raises

the question as to whether a stochastic or deterministic modelling framework is more

appropriate. This can only be answered in the context of the scientific problem under

investigation and by considering the experimental data available.

Here in, model building has been undertaken to determine the most sensitive target points

in the HIV replication cycle and to propose optimal treatment strategies. Model simu-

lation, parameter estimation, sensitivity analysis and parameter scans are all tasks that

are required to achieve our end goal. We therefore strive to use a model description that

will best support us in these tasks. The study of ODEs has a long history, with well-
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5.3 Stochastic versus deterministic modelling

(a) Early RT (b) Late RT

(c) Integrated (d) 2LTR

Figure 5.12: Experimental data [82] and the simulated time courses corresponding to the
best fit parameter estimation result displayed in Table 5.4 for (a) early RT,
(b) late RT, (c) integrated and (d) 2LTR DNA.
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established techniques to solve and analyse such equations. On the other hand, stochastic

systems and associated methods are still under development. Together this provides an

initial explanation for our choice of ODEs.

Another reason for using the ODE formulation is that the experimental data available

are not single cell data but rather measurements taken from a population of cells. We

achieved the single cell data by dividing the bulk measurements by the number of cells and

interpreting this to mean the average behavior of a single cell. This means that we have

no information on the variability that occurs within individual cells. Finally, although the

model does initially involve a low number of particles, the late stage of the life cycle moves

towards extremely high numbers. This would be extremely computationally expensive if

addressed using a purely stochastic approach.

All in all we have provided strong motivation for opting for a continuous description. For

this reason, we work under the assumption that the average of a high number of runs of the

discrete process may be well-described by mass action kinetics and continuous variables.

Of course the question arises as to how accurate this assumption is. It is known that this

holds true for a linear model, however, this is not necessarily true for the nonlinear case

and the task of quantifying such an error is still missing from the mathematical literature.

Furthermore, it is beyond the scope of this work to try mathematically justify our claim

for the HIV model. Thus, we compare the average of 1000 stochastic simulations to the

ODE result and observe whether there is a cost in terms of accuracy for adopting the ODE

approach (see Figure 5.13).

In Figure 5.13, to be congruent with the Yamamoto et al. experimental data, where data

measurements are quoted per 1000 cells and we have then averaged per single cell, 1000

stochastic simulations of the model using the Gibson and Bruck algorithm (see Section A.2

for further details) are run and averaged over time and compared to the optimal deter-

ministic solutions for (a) total, (b) integrated and (c) 2LTR DNAs. The method works

with discrete particle numbers and is thus limited to approximately 264 particles [29] in

the system. This restricts our considerations to the early phase of viral replication, which

suffices as in the later stages the particle numbers explode and the deterministic solution

is a good approximation of the system’s behaviour. Furthermore, we use the early phase

model for predictions in Chapter 6. For both the deterministic and stochastic simulation

runs we take the given initial values and parameters (see Tables 4.1–4.2, respectively, plus

Section 5.1.1). The means with one SD for the stochastic results are plotted in the figure.

In Figures 5.13 (a)–(b) the total and integrated DNAs’ deterministic solutions (in red)
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(a) Total DNA (b) Integrated DNA

(c) 2LTR DNA

Figure 5.13: Comparison of the deterministic best fit solutions to the average of 1000
stochastic simulations computed using the Gibson and Bruck algorithm for
the (a) total, (b) integrated and (c) 2LTR DNAs. Stochastic results are
displayed as the means with one SD.
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are good estimations of the average stochastic simulations (in blue). Thus, we do not pay

a notable penalty when opting for the continuous approach. In Figure 5.13 (c) however,

we observe that there is a cost in the accuracy for the 2LTR DNA. This is undoubtedly

due to the very low particle numbers considered for that species (< 0.01 particles at all

time points, where the other two species quickly rise above this number). However, given

that the 2LTR species is considered a dead-end product of the replication process and

is unimportant in our model predictions in the following chapter, this discrepancy is not

very important in our context.

A main feature of COPASI is the ease with which one can switch between simulating

a system of reactions using either a deterministic or stochastic solver. In our case, all

parameters entered into the model are the typical mass action parameters, and these

reaction rates are then automatically converted by COPASI into propensities for stochastic

simulation.
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Chapter 6

Optimal treatment regimens

In this chapter we use the model developed in Chapters 4 and 5 to investigate the effects

of inhibiting single and multiple targets in the HIV replication cycle. We first target in-

dividual steps in the early stage of replication, linking our choice of targets and results to

the currently approved treatment options. Furthermore, a novel target is explored. Mul-

tiple targets based on the single target results and the ‘Treatment 2.0’ priorities are then

investigated. The results are considered within the context of what is current mainstream

knowledge in HIV treatment. The chapter ends with a formulation of an optimal control

problem that weighs up the benefits of reducing drug dose versus viral replication.

6.1 Assumptions

In this chapter, we make the assumption that the therapy is present in the cell from the

onset of viral replication and is constant over the total time. This is implemented in

the model by reducing single or multiply combined replication rates to fixed values and

investigating their effects on the viral species at a specified time point.

The model considers viral replication in a single cell and thus the results ought to be

interpreted as the average response of the virus to intervention if the level of treatment

were fixed across all cells. This is an unnatural situation, as the amount of drug present

in a population of cells would not be homogeneous across the cells.

Additionally, we assume that all the viral particles are released simultaneously from the

T-cell causing it to burst and die.
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6.2 Efficacy of therapy

Let α be our scaling factor for therapeutic efficacy with antiretroviral treatment. We

define efficacy to mean the proportion by which the targeted wild-type replication rate in

our system is inhibited by the drug. The scalar control α is allowed to vary between 0

and 1, where 1 represents fully effective treatment. Thus the term 1 − α is a multiplier

of the targeted model parameter k, signifying a reduced capacity to replicate at this step.

The efficacy of a drug is naturally associated with drug concentration (which is linked to

toxicity) and effectiveness (influenced by drug-absorption, -metabolism, and -resistance).

From our model design and definition of α, in the worked examples that follow we are

considering classes of therapeutic agents and their effects on viral replication rather than

that of individual drugs.

6.3 Single drug classes

In this section, we allow α to vary in increments of 0.2 between 0 and 0.8 since considering

drugs with a greater efficacy is currently unrealistic [32]. The multiplier 1 − α can be

applied to all parameters in the model, but we select nine (including an initial condition)

to illustrate the effects of inhibiting individual parameters on the chosen species’ particle

numbers.

In Section 2.2, the four currently approved anti-HIV drug classes active in HAART and

their mechanisms of action were introduced. Three of those four classes inhibit viral

replication in the early phase. The early phase of our model has been developed with

reasonable confidence: we obtained a good fit to the data using parameters taken from

the literature and those uniquely determined using parameter estimation procedures. In

the worked examples that follow we inhibit BV(0) (BIs), kentBV (FIs), konRNAi, kextRNAi,

konRNAe, kextRNAe, kextDNAtem (representative of RTIs (N(t)RTIs and NNRTIs)), kint (IN-

STIs) and kimpDNA (a novel target) and report the effects of inhibition on the number of

integrated DNA particles. We focus on this species as it is the end product of the early

phase of replication, and although HAART has proven itself highly effective in restricting

HIV progression, latent reservoirs of proviral DNA remain a major obstacle in eradicating

the virus. Thus, reducing the proviral number is of high interest and importance. We

investigate the integrated DNA response at 48 h, since by this time point the integrated

DNA number will be fixed.
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6.3 Single drug classes

6.3.1 Worked examples

In Figure 6.1, we show curves of efficacy versus integrated DNA particle numbers (#) at

the 48 h time point. In the subsequent paragraphs we consider these results:

Figure 6.1: Plots of efficacy versus integrated DNA particle numbers (#) at the 48 h
time point for the parameters: (a) BIs: BV(0), (b) FIs: kentBV , (c) RTIs:
konRNAi, (d) RTIs: kextRNAi, (e) RTIs: konRNAe, (f) RTIs: kextRNAe, (g) RTIs:
kextDNAtem, (h) INSTIs: kint and (i) the novel target: kimpDNA.

• BIs and FIs (entry): In (a), we inhibit BV(0) and observe a strong reduction in

the number of integrated DNA, down to approximately 6% of the wild-type value

at 80% inhibition. In (b), we inhibit the entry (or fusion) parameter kentBV and
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note that even strong inhibition yields a weak response in the integrated DNA, i.e.,

approximately 83% of the wild-type value at maximum efficacy.

• RTIs: In (c)–(g), we inhibit the reverse transcription parameters konRNAi (c),

kextRNAi (d), konRNAe (e), kextRNAe (f) and kextDNAtem (g). We observe a strong re-

sponse, down to approximately 28% of the wild-type value at maximum efficacy when

the initiation step of the RNA-dependent DNA polymerase activities is inhibited

((c)–(d)), but the ensuing elongation stage and DNA-dependent DNA polymerase

activities show almost no influence (less than 2%) on viral integration ((e)–(g)).

• INSTIs: In (h), we inhibit the integration parameter kint and observe a weak re-

sponse in the integrated DNA at all levels of inhibition, down to approximately 82%

of the wild-type value at maximum inhibition.

• DNA nuclear import inhibitors (novel target): In (i), we inhibit the DNA

nuclear entrance parameter kimpDNA, and note that this is a strong inhibitor of viral

replication, down to approximately 23% of the wild-type value at maximum efficacy.

Discussion

In the subsequent paragraphs of this discussion section we consider the results from our

worked examples in the context of the knowledge that is currently available.

The ‘Treatment 2.0’ priorities introduced in Section 3.2 summarise the current globally

accepted standards for optimal treatment. These optimal regimens were developed by

international HIV treatment leaders with a wealth of experience in the field. As reflected

in the recommendations, combinations of RTIs are highly favoured as the primary first-

line course of action in adults, adolescents and children (along with PIs for the children)

due to their effectivity and tolerability. In our worked examples, we observe the strongest

effects on viral replication from the BIs (BV(0)), RTIs (konRNAi and kextRNAi), and the

nuclear import inhibitor (kimpDNA).

By inhibiting BV(0), we capture the response in the integrated DNA when a BI is used.

However, the strong effects we observe in our results are not reflected in the ‘Treatment

2.0’ priorities (by its general lack of inclusion). In the work of Jilek et al. [56], the average

instantaneous inhibitory potential (IIPave: a measure used to quantify the log reduction in

single round infection events due to the antiretroviral activity of anti-HIV drugs) of the BI

maraviroc (MVC) is quoted, and is of the same order (approx. 2) as the FIs and INSTIs

(compared to approx. 6 of the NNRTIs). In agreement with this, we observe a similar
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response in viral reduction when the levels of integrated DNA are compared after kentBV

and kint inhibition. Furthermore, the response due to these targets is notably weaker when

compared to that of the konRNAi and konRNAe parameters. A potential explanation for the

discrepancy in the results for the BI could be linked to the effectivity of the MVC drug

(and other BIs). The inhibition of BV(0) in our model is completely effective (up to 80%)

and does not consider factors such as permissible clinical concentrations of the drug, or the

density of the targeted cell’s surface receptors, these are all linked to drug effectivity. The

results in Ref. [56] are obtained by adding the drug at clinically feasible concentrations and

measuring the protein production at the end of a single infection cycle. Thus our results

reveal the potential effects of receptor inhibition under ideal circumstances but need to be

interpreted in the context of clinical and experimental data to be meaningfully applied.

The reverse transcription parameters inhibited in our model show stark contrasts in their

inhibition profiles (konRNAi and kextRNAi are very sensitive targets, while konRNAe, kextRNAe

and kextDNAtem are very weak). Interpreting our model results in the context of current

knowledge, konRNAi and kextRNAi (initial RNA binding and nucleotide extension) account

for the strong effects that have led to the popularity of RTIs. However, it is interesting

that kextRNAi accounts for the inhibition due to NRTIs, as this nucleotide extension step

only involves the addition of approximately 180 nt when compared to the addition of thou-

sands of nucleotides for the kextRNAe and kextDNAtem stages. Again, in the results obtained

by Jilek et al. [56], the NRTIs are measured to only be as effective as entrance inhibitors

and INSTIs. This would appear to conflict with our results, however, given the small

opportunity to interfere with replication when inhibiting kextRNAi compared to kextRNAe

and kextDNAtem (all of which the drug targets), it makes sense that these drugs do not

perform at the level reflected when only the kextRNAi parameter is inhibited. Nonetheless,

the inclusion of NRTIs makes sense in HAART, as this drug class will contribute towards

containing viral mutants when combined with NNRTIs. This is an important consider-

ation when developing optimal HAART regimens but is an aspect that is currently not

incorporated in our work.

The FIs (kentBV ) and INSTIs (kint) show an approximately equal and weaker influence over

the number of integrated DNA particle numbers, which is indeed reflected in their limited

appearance in the ‘Treatment 2.0’ priorities and as previously mentioned is confirmed in

the work of Ref. [56]. However, for those individuals who have developed resistance to

RTIs and PIs, or are especially sensitive to their side effects, the approved drugs in these

classes are an invaluable addition to HAART regimens.

The inhibition of DNA nuclear entrance (kimpDNA) shows similar levels of sensitivity when
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compared to the RTI parameters konRNAi and kextRNAi. Thus, if drugs targeting this class

with high efficacy levels and small number of detrimental side effects could be developed,

it would prove to be a highly effective target for those suffering from resistance to currently

approved drug classes. We therefore propose that this target ought to be prioritized when

considering future novel drug options for anti-HIV drugs. Targeting this step of viral

replication has been a topic of research [72] but to date no drug has been approved that

inhibits this class.

The final class of approved inhibitors, the protease inhibitors, is also highly prioritised in

the ‘Treatment 2.0’ programme and shows high levels of inhibition in the work of Ref. [56]

(in the order of the NNRTIs). However, we have not modelled the final steps of viral

maturation (as discussed in Section 4.4.7) and cannot investigate the effects of inhibiting

this stage with our current model (this could easily be done upon extension of the model).

Additionally, with further experimental data and clarification of the uncertain parameters

in the late stage model, the full model could be used to highlight novel optimal choke

points in the latter stage of HIV’s replication by investigating the effects on the viral RNA

or Gag protein number.

6.4 Multiple drug classes

In this section we investigate the joint effects on the viral species when combining two

drug classes. Following a similar approach to the single class case, we allow α1 and α2

to vary by 0.2 between 0 and 0.8, and consider all possible combinations. (The instance

where an αi = 0 is a reduction to the single class case.) Following on from the single

class examples, we investigate combinations of the same parameters that were previously

considered.

To guide our choice of parameter combinations we consider the ‘Treatment 2.0’ priorities,

which gives the following summary of prioritized treatment combinations (taken from

Section 3.2):

1. N(t)RTIs and NNRTIs (RTIs) in combination: short-term first-line recom-

mendation for adults, adolescents, and children.

2. NRTIs in combination: short-term first-line recommendation for children.

3. INSTIs to be included in formulations: medium-term priorities for adults and

adolescents, and medium-term first-line recommendation for children.
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4. NNRTI, NRTI and INSTI combination: medium-term second-line regimen for

children.

Number 1 is a combination of RTIs and from our single class analyses we know that konRNAi

and kextRNAi are the most sensitive targets of reverse transcription (with the inhibition of

the other steps being largely ineffective). Thus, although the combination of N(t)RTIs and

NNRTIs will undoubtedly inhibit all steps in the reverse transcription process, to simplify

we only reduce konRNAi and kextRNAi as representatives of this inhibition. Number 2 is

only a single class of drugs, and we do not consider it here as it has been discussed in the

single class case. Numbers 3–4 entail the combination of at least two drug classes, thus as

a preliminary investigation we combine konRNAi (RTIs) and kint (INSTIs).

Out of interest, we also combine konRNAi and kimpDNA (two strong targets), where the

inhibition of viral nuclear import has no approved drug and thus has not been included in

HAART combinations to date. Additionally, we combine the two classes of weak inhibitors

kentBV (FI) and kint (INSTI) that are currently approved for therapy, though not often

combined or used without a RTI or PI.

6.4.1 Worked examples

In Figure 6.2 we show contour plots of the effects on the integrated DNA particle numbers

relative to the uninhibited wild-type value (% w.r.t. WT) at 48 h, when the efficacy of

treatment for the two targeted chosen parameters of the previously highlighted combina-

tions is considered. The ‘% w.r.t. WT’ values are printed directly on the plots. Next we

consider these results:

• RTIs (N(t)RTIs and NNRTIs): In (a), we inhibit the reverse transcription pa-

rameters konRNAi and kextRNAi. From our single class investigations (see Section 6.3),

we know that when individually inhibited these parameters have a strong influence

on the integrated DNA particle numbers, down to a maximum inhibition of approx-

imately 28% of the wild-type value in both instances. However, when considered

jointly these two targets are capable of reducing the integrated DNA to approxi-

mately 6% of its wild-type value at maximum efficacy. Furthermore, we observe

that this trend of both drugs contributing to the combined inhibition holds true

across efficacy combinations and that at no point is any single drug dominating the

effects.
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(a) RTIs (N(t)RTIs and NNRTIs) (b) RTIs and INSTIs

(c) RTIs and DNA nuclear import inhibitors (d) FIs and INSTIs

Figure 6.2: Contour plots displaying the effects on the integrated DNA particle numbers
relative to the wild-type value (% w.r.t. WT) at 48 h when combining two
drug classes: (a) konRNAi and kextRNAi, (b) konRNAi and kint, (c) konRNAi and
kimpDNA and (d) kentBV and kint.
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• RTIs and INSTIs: In (b), we simultaneously target konRNAi and kint. From the

single class results we would consider this a strong-weak combination, and find that

at maximum efficacy for both targets we have approximately 23% of the integrated

DNA in our cell compared to approximately 28% when the konRNAi is acting alone.

From this result, and the plot in general, we note that the strong inhibitor dominates

the effects across combinations.

• RTIs and DNA nuclear import inhibitors (novel target): In (c), konRNAi

and kimpDNA are inhibited. Acting individually both targets have been shown to

be strong inhibitors of the viral DNA particle numbers (up to 28% and 23% of the

wild-type value, respectively). Here again, the combined effect at maximum efficacy

of the two strong inhibitors is greater than what any single target could achieve

alone, down to 8% of the original wild-type value. Additionally, we observe similar

synergetic effects across all inhibitory levels with these two targets.

• FIs and INSTIs: In (d), we inhibit kentBV and kint and consider the correspond-

ing percentages of integrated DNA numbers (with respect to the wild-type value).

Both targets acting alone have previously been shown to be weak inhibitors of viral

integration, down to 83% and 82% of the wild-type value, respectively. When com-

bining these targets, at maximum efficacy for both targets we obtain a reduction

down to 68% of the wild-type value. We thus observe improved inhibition with the

combination but still not to a notable level. Again, we observe that both targets

contribute towards inhibition across all efficacy levels.

Discussion

Following on from our single class discussions in Section 6.3.1, we note from the worked

examples in this section that combining additional drug classes typically leads to a greater

overall level of inhibition than any one class could achieve alone. Thus, in addition to

the role that class combination plays in restricting the development of viral mutants that

are drug resistant, our results also argue for the combining of distinct drug classes for

increased inhibition. Of course, the inclusion of more drugs always needs to be weighed

against a potentially increased number of side effects.

Our next observation is that for the RTI combination a maximum reduction of down to

approximately 6% was obtained at maximum efficacy for both targets. However, we noted

in our single class discussion that very high efficacies for the NRTIs may not be attainable
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in practice due to the drugs targeting all three extension parameters (with kextRNAe and

kextDNAtem having a higher chance of being interrupted). Thus, it would be an interesting

task for future work to develop an expression that defines the relationship between the

reverse transcription parameters based on the operations of the NNRTI and NRTI drug

classes, and then to implement this in a similar manner in our model. Such a defined

relationship would bring even further clarity to the exact effects that these RTI subclasses

and their respective subcomponents exert over the virus.

Finally, using the model to consider the problem of the latent viral reservoir, we observe

that with the current combinations at maximum efficacy (up to 80%) it is not possible to

reduce the number of proviruses to percentages very close to zero. Thus, in addition to

making accurate predictions concerning the effectiveness of inhibiting single drug classes

and their synergies in combination, we also reveal the problem of viral latency that is

currently a major concern in HIV treatment. The model could thus be used to begin

investigations into which drug classes and their combinations, and at what efficacies,

would be required to reduce the proviral numbers to close to zero. The only additional

consideration ought to be that as the particle numbers get increasingly close to zero,

the average stochastic simulation may deviate more from the deterministic solution (as

demonstrated in Figure 5.13). An alternative approach would be to run the stochastic

simulations and determine the proportion of non-zero results of the whole, thus revealing

the size of the integrated DNA pool. A proportion of these cells would remain in an

activated state, while the remainder enter latency.

Naturally, if required, the model can be used for extended investigations into the effects

of more than two drug classes. However, current HAART regimens rarely involve the

combination of more than two classes.

6.5 Optimal control problem

In this section we formulate an optimal control problem statement for treatment optimiza-

tion. The development of this statement is based on the work of Khalili et al. [58].

An optimal treatment strategy will minimise viral replication whilst simultaneously min-

imising the amount of medication. Anti-HIV drugs are toxic and can cause serious side

effects and discomforts (see Section 2.2). We thus minimise the efficacy αi as a measure

directly related to the amount of drug.
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The treatment optimization problem is mathematically formulated as the minimisation of

the objective function

min
αi, i=1,...,k

(
ω1 ·

1

k
·
(

Σk
i=1

αi
αi,max

)
+ ω2 ·

S(αi, i=1,...,k, tf )

S(αi, i=1,...,k = 0, tf )

)
,

such that

0 ≤ αi ≤ αi,max, i = 1, . . . , k, and

S(αi, i=1,...,k, tf ) ≤ S(αi, i=1,...,k, tf )max,

where αi are the efficacies of the drugs (or drug combinations) intervening at k targets in

the viral life cycle, and αi,max are the corresponding maximum efficacies. S(αi, i=1,...,k, tf )

is the particle number for the viral species of interest (for example, the integrated DNA)

computed for the αi’s, i = 1, . . . , k, and at the final time tf . The final time is taken to

be the end of viral replication. S(αi, i=1,...,k, tf )max sets an upper bound on the maximum

number of viral particles allowed for the treatment to be considered successful. ω1 and

ω2 are weights on the efficacies and viral species number, respectively. The weights assign

importance to these competing objectives.

We do not solve this problem but leave it as an open problem to be tackled in the future.

To solve the problem, information on the maximum efficacy αi,max for a particular drug

is needed, and if multiple drugs from a single class are being considered then knowledge

of their combined maximum efficacy on the target is required. Further, a relevant limit

on the viral particle numbers should be chosen to guide the development of treatment

strategies that successfully curb the viral replication. With that data, and appropriate

choice of weights (an interesting problem in itself that is often tackled using Pareto graphs),

the optimization problem can be solved. This can easily be done in COPASI using the

available search algorithms. The solution gives the optimal efficacies by drug class and

needs to be interpreted in that context. Drug data describing the relationship between

efficacy (as defined in our context) and the amount of drug(s) required to achieve those

levels of efficacy would also help to develop optimized treatment programmes that are

clinically meaningful.

These optimization results will contribute towards achieving aspects of the medium- and

long-term goals of the ‘Treatment 2.0’ programme. The medium-term efforts partly focus

on the dose optimization of current drugs: maintaining their current effectiveness while

reducing the dose to increase tolerability. Phase III clinical studies have demonstrated

115



Chapter 6 Optimal treatment regimens

that this is possible [37]. Further, the joint experimental-theoretical approach proposed

here will help to guide the design of clinical trials, thus speeding-up and reducing the costs

of these investigations, which is a long-term goal of the ‘Treatment 2.0’ programme.

6.6 Summary

HAART treatment has proven highly successful at controlling HIV replication. Using a

theoretical approach, our single and multiple class worked examples confirm information

that is known from the empirical results of clinical trials and summarised in the ‘Treatment

2.0’ priorities. We are able to show the effectiveness of RTIs, and also which steps in

the reverse transcription process primarily contribute to this inhibition. Additionally,

we show that FIs and INSTIs have a reduced capacity to inhibit viral replication when

compared to their reverse transcription counterparts. Viral nuclear import is identified as

an optimal drug target that ought to be prioritised for the development of future drugs, as

it displays notably high inhibition levels. The multiple class combinations highlighted the

positive synergetic effects of combining classes. Thus the model is able to partly explain

the effectiveness of and logic behind current optimal treatment strategies (but does not

account for drug resistance, an important consideration in the development of HAART

strategies). Lastly, at the highest considered efficacies (80% inhibition), a proportion of

integrated DNA still remained in the system; highlighting the current unresolved problem

of latent reservoirs of integrated viral species.

Currently the model is limited in its ability to investigate the effectiveness of inhibiting the

late stage drug classes. This is due to our lack of confidence in the post-integration model

parameters. Furthermore, the model does not include the final steps of HIV morphogenesis

and thus, we are unable to investigate the effects of protease inhibitors on viral replication.

Additional experimental data to facilitate the determination of the uncertain parameters

and the extension of the model to include morphogenesis would allow for investigations

into a large number of additional targets against HIV. This would allow one to consider

further viral end-point species such as RNA and protein numbers as measures of disease

progression.

Lastly, we design an optimal control problem that minimises both viral replication and

the treatment efficacies that are related to the amount of drug used, where weights decide

the significance placed on each of these competing objectives. Additional data, including

the maximum efficacies of currently available drugs and the joint maximum efficacies for
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those of the same class, are needed to solve this optimization problem. To interpret the

results, information on the relationship between efficacy and drug amount across a range

of concentrations would be needed. Taken together, this approach tells the treatment

designer at what doses the drugs under consideration are capable of reducing the viral

replication to the desired level. This could significantly reduce time and costs in the drug

discovery and development process by guiding the design of clinical trials.
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Chapter 7

Contributions and outlook

In this chapter our contributions are summarised and an outlook for future work is given.

7.1 Contributions

Chapter 2 gives the background material required to support a reading of this dissertation.

This includes a basic introduction to HIV biology (incl. the virion structure and viral life

cycle) and information on HIV treatment. The treatment section gives a brief history

on the development of HAART, with some of its successes and challenges, the current

approved classes of treatment and a summary of further avenues that are being investigated

to combat the virus.

In Chapter 3 the previous models of HIV intracellular replication are presented. This

overview includes information on the particular emphases of those models: the steps

of viral replication that were considered, the model sizes (incl. number of species and

parameters), the modelling frameworks chosen, the methods of parameter determination

used and the experimental data sets. In addition, a summary of the ‘Treatment 2.0’

short-, medium- and long-term priorities are stated. This summarises the state of the art

in treatment optimization and sets a 2020 development goal.

A mathematical model describing the intracellular replication of HIV is developed in

Chapter 4. The model brings together the strengths of the previously developed models. It

is to date the most extensive and detailed model that accounts for the steps of replication

from entrance through to protein translation. At each step in the model development

process, detailed descriptions of the biological processes are given and the corresponding

reaction rates are extensively researched. This is a unique contribution to the literature
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in this field, as such an exhaustive summary on the rates of reaction for this system has

not been done before. The reaction network is translated into a system of ODEs (incl.

a summary of the system’s structure) and an analytical study showing the existence,

uniqueness, positivity and boundedness of the global solution is done.

Based on the model building of Chapter 4, Chapter 5 highlights the early and late-phase

parameters that have not been measured experimentally and hence those that need to

be estimated. We use experimental data and parameter estimation fitting procedures to

determine estimates for the early-phase unknown parameters. Furthermore, parameter

identifiability analysis was performed to increase our confidence in these estimates. The

data of Yamamoto et al. [130] used for the early phase investigations was introduced in

a summarised manner. For the late-phase parameters, we used sensitivity analyses (and

limited experimental data) to propose which parameters would be important to determine

more exactly.

The model’s solution was compared to the data measured by Mohammadi et al. [82] and

this work highlighted the role that the host cell plays in influencing the rates of viral

replication. From an HIV modelling perspective this is a unique contribution to the topic

of host factors and their role in viral replication, and can serve as a basis for further

studies in this direction. Finally, we motivate our choice of ODEs and verify this choice

by comparing the deterministic system’s solution to the average of 1000 stochastic runs.

In Chapter 6, predictions are made using the model for single and combination therapies;

these results support what is currently established knowledge in HIV treatment (sum-

marised in the ‘Treatment 2.0’ goals). We further identify the current problem with the

uneradicated viral reservoir. Additionally, the model can be used to investigate novel

targets and their influence in combination. We identify that DNA nuclear import is a

highly sensitive target and propose that it ought to be prioritised in future investigations

for novel attack points against the virus. We also state an optimal control problem that

weighs viral replication against efficacy (linked to the amount of medication), whose so-

lution could potentially contribute towards the ‘Treatment 2.0’ medium- and long-term

priority goals.

As discussed in Sections 4.4.6–4.4.7, the model is limited in that it does not describe the

translation of singly-spliced mRNA to Env or the complex steps of viral morphogenesis,

respectively. Further, as highlighted in Section 5.1.2, due to a lack of experimental data

we are uncertain of the values of a number of late stage parameters. All in all this means

that we are unable to make confident predictions with the late stage model.
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7.2 Outlook

In this section we begin by detailing extensions that could be made to the model. The

model could be extended by:

• accounting for all the steps of viral replication (as discussed in Sections 4.4.6–4.4.7).

Collaboration with experimental partners would allow the uncertain late phase pa-

rameters to be more confidently determined.

• by the coupling of the model with pharmokinetic or immune response models. But-

ler et al. [15] published data that includes the effects of treatment on viral DNA

products, this could be used to aid this investigation.

• considering several rounds of replication or multiple scales. Tissues are the primary

sights that host the HIV infection [69], and the model could be extended to simulate

re-infection or cell-to-cell transmission as it occurs in tissues.

Haeltine et al. [42, 43] consider viral modelling on the intracellular and extracellular

levels. Murillo et al. [84] consider multi-scale modelling of the influenza infection

and Rong et al. [103] of the hepatitus C virus (HCV).

• integrating a description of the viral mutation rate – a mechanism employed by the

virus to evade treatment and the immune response. HIV is notorious for its fast

rate of recombination and in the work of Suryavanshi et al. [113] the authors use

mathematical modelling to explain the appearance of recombinant forms of HIV.

Additionally, we highlight potential problems that can be solved through further applica-

tion of the model. Such problems include:

• investigations into which host factors are strongly influencing replication (see Sec-

tion 5.2). This would be done in conjunction with the data from Mohammadi et

al. [82] and could potentially highlight drug targets in the host. The Yamamoto et

al. data [130] contains additional measurements taken from different cell lines that

would also contribute towards achieving this task.

• the optimal control problem stated and discussed in Section 6.5.

Canini and Perelson [17] review the state of the art in viral kinetic modelling with a focus

on HCV and influenza. This article would offer meaningful support to the points presented

in this section.
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All in all, the ultimate goal of such quantitative studies is to assist doctors and pharmacol-

ogists in their search to find the most effective means of combating HIV. An achievement

that would offer hope and life to many!
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Appendix A

Mathematical background

We consider the mathematical theory of nonlinear dynamical models of the general form:

ẋ(t) = f(t, x(t), θ), x(t0) = x0, t ∈ [t0, tf ], (A.1)

Y (t) = g(x(t), θ), (A.2)

where x(t) ∈ Rnx is the vector of state variables (or dependent variables), Y (t) ∈ RnY

is the vector of measured states, θ ∈ Rnθ is the vector of model parameters, x(t0) is the

vector of initial conditions and t is the time. The system given by Eq. (A.1) is an ODE

model.

A.1 Definition and theorems

The model developed in Sections 4.2–4.4 is translated into a system of nonlinear ODEs (see

Section 4.5). In Section 4.7, an analytical study investigating the existence, uniqueness,

positivity and boundedness of the solution to our system is done. Here we introduce the

mathematical theory behind that analysis.

Lipschitz continuity definition: Let (X, dX) and (Y, dY ) be two metric spaces. A

function f : X → Y is called Lipschitz continuous if there exists a real constant β ≥ 0,

such that:

dY (f(x1), f(x2)) ≤ β dX(x1, x2), ∀x1, x2 ∈ X.

Any such β is called a Lipschitz constant for f .
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Picard-Lindelöf theorem: For the initial value problem of the form:

ẋ(t) = f(t, x(t)), x(t0) = x0, t ∈ [t0 − a, t0 + a],

suppose f is continuous in t and Lipschitz continuous in x. Then, for some a > 0, there

exists a unique solution x(t) to the problem within the range [t0 − a, t0 + a].

A.2 Numerical simulation

The model developed in Sections 4.2–4.4 is translated into a system of ODEs (see Sec-

tion 4.5) that is solved numerically using the LSODA method [91]. In Section 5.3, the

model is simulated stochastically using the Gibson and Bruck method. Here each of those

methods are presented in more detail.

A.2.1 Deterministic: LSODA

LSODA is a method developed by Petzold [91] and Hindmarsh [47] that solves the initial

value problem: dx
dt

= f(x, t), x(t0) = x0. This approach estimates the solution of the

ODEs by using the information available at the end of each time step to choose between

either a stiff and nonstiff method for the subsequent step. It begins by assuming the

system is nonstiff and will automatically change to the most efficient approach throughout

the course of the simulation if the nature of the problem changes. The Adams methods

are used for the family of nonstiff methods, and the backward differentiation formulas

(BDF) for the family of stiff methods. Test results have shown that for many problems

it is computationally less expensive to use this technique with its relatively low cost in

switching than fixing a single method for the entire integration interval.

A.2.2 Stochastic: the next reaction method

The next reaction method is a stochastic algorithm developed by Gibson and Bruck [39].

For each reaction in the system a stochastic reaction time is determined, and the fastest

reaction is fired. The reaction times are stored in a priority queue to make the selection

of reaction execution more economical. Further, a dependency graph shows only those

reactions that were affected by the previous reaction fire and thus those that need to be
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redetermined. The unused reaction times are not recalculated.

A.3 Parameter estimation

This section is based on the Refs. [55] and [101].

Parameter estimation or model calibration is often an essential step in the development

of mathematical models. The aim is to reliably determine unknown model parameters

by reproducing experimental data in the best possible way. This is done by optimizing

a (weighted) scalar objective or cost function that quantifies the error between model

prediction (Ŷ ) and experimental data (Y ). A number of measures for this quantification

have been considered, but the maximum likelihood estimator (MLE) that maximises the

probability of the data is the most frequently used.

A.3.1 Objective function: the normal likelihood and

sum-of-squares

Maximum likelihood estimation involves maximising the so-called likelihood function. In

this section, we introduce the normal likelihood function. The resulting objective func-

tion (sum-of-squares) is then used in Sections (5.1.1, 5.2.4) to determine the unknown

parameters.

The likelihood (L) of a set of parameters (θ) given a data set (Y) is the probability (P)

to obtain the data set given the parameter set. Written mathematically,

L(θ|Y ) = P (Y |θ).

In general, the probability density function f for a normal distribution is given by

f(x|µ;σ) =
1√

2πσ2
exp

(
−(x− µ)2

2σ2

)
.

Suppose we have a data set Y with n data points, and each point Yi follows a normal

distribution. The distributions have ‘true’ mean Ŷi predicted by the model with parameters

θ and variance σ2 (homoscedastic), i.e., Yi ∼ N(Ŷi(θ), σ
2). They are independent (or
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uncorrelated). Then the probability density for each Yi is given by

f(Yi|θ;σ) =
1√

2πσ2
exp

(
−(Yi − Ŷi(θ))2

2σ2

)
,

and the likelihood function for the complete data set is given by multiplying the individual

probability densities of the data points, i.e.,

L(θ|Y ;σ) =
n∏
i=1

f(Yi|θ, σ) =
n∏
i=1

1√
2πσ2

exp

(
−(Yi − Ŷi(θ))2

2σ2

)

=
n√

2πσ2
exp

(
−

n∑
i=1

(Yi − Ŷi(θ))2

2σ2

)

=
n√

2πσ2
exp

(
− 1

2σ2

n∑
i=1

(Yi − Ŷi(θ))2

)
·

The variance σ2 is independent of i and the parameter set θ, thus without differentiating

we note that the likelihood function is maximised when
∑n

i=1(Yi − Ŷi(θ))
2, commonly

known as the sum-of-squares (SSQ(θ;Y )), is minimised. Thus, the SSQ follows from

the assumptions that the errors are normally distributed with zero mean and constant

variance, and are independent.

For practical purposes, we take the natural logarithm of the likelihood function,

`(θ|Y ;σ) = −n
2
ln(2πσ2)− SSQ(θ;Y )

2σ2
,

which can be simplified to

`(θ|Y ;σ) = −SSQ(θ;Y )

2σ2
+ C.

Considering the least-squares assumptions more seriously, it is often the case that in-

dependence and homoscedasticity of the observations is compromised. Independence, for

instance, when following an attribute of the same group of cells over time, and homoscedas-

ticity, when larger measured values often have greater variance than smaller ones. Un-

fortunately, these violations do not have a workable solution at present, and unless the

assumptions are upheld, we must consider our parameter estimates and their confidence

intervals as approximate.
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A.3.2 Particle swarm optimization algorithm

The PSO was proposed by Kennedy and Eberhart [57], and is inspired by the social

dynamics and movements of a flock of birds or a school of fish searching for food. The

algorithm operates by letting each of the candidate solutions or particles in the swarm

have a position and velocity in the multidimensional parameter space. Particles remember

their best position based on the objective value and that of their best neighbour (a random

subset of the swarm). A particle’s movement is then governed by its own information and

that of its best neighbour, where a simple formula computes a new velocity to update its

position. In this way the swarm is guided towards the optimal solution.

Particle swarm is a global search algorithm that can search very large parameter spaces

and makes no assumptions about the problem being optimized. However, once an ‘opti-

mal’ solution has been found there is no guarantee that the solution is truly the global

optimum. For this reason, it may prove useful to check the proposed solution by running

the procedure several times or by using another optimization method.

A.4 Identifiability analysis

Identifiability analysis addresses whether the unknown parameters can be uniquely deter-

mined. Parameters that can be uniquely determined are said to be identifiable, and those

that cannot as non-identifiable. Non-identifiabilities arise from two primary sources: the

model structure and insufficient information in the experimental data. The first type is

called structural or a priori identifiability; this considers whether under the ideal condi-

tions of noise-free data and a correct model structure, the parameters can be uniquely

determined independent of their exact values. Thus, non-identifiabilities surface when

parameters in the model are functionally related (e.g. θ1 · θ2 = c). Although structural

identifiability is necessary for successful parameter estimation, it is not sufficient, as ex-

perimental data is not noise-free and often limited. The second type of identifiability is

called practical or posteriori identifiability; the assumption that the model is error-free re-

mains, however non-identifiabilities appear when the available experimental data contains

insufficient information.
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A.4.1 Structural (a priori) non-identifiability

We follow the definition for stuctural identifiability and non-identifiability given in Refs. [101]

and [46].

A single parameter θi is (structural or a priori):

• globally (or uniquely) identifiable, if there exists a single solution for θi;

• locally (or non-uniquely) identifiable, if there exists more than one but finite number

of solutions for θi;

• non-identifiable, if there exists an infinite number of solutions for θi.

The model is said to be (structural or a priori):

• globally (or uniquely) identifiable, if all parameters are globally (or uniquely) iden-

tifiable;

• locally (or non-uniquely) identifiable, if all parameters are (globally or locally) iden-

tifiable, but at least one or more parameters must be locally (or non-uniquely) iden-

tifiable;

• non-identifiable, if at least one parameter is non-identifiable.

Structural identifiability is performed before the parameter estimation procedure, as it

is independent of the experimental data. However, investigating structural identifiability

for nonlinear models has proven difficult. Several methods have been proposed (Taylor

series [92] and similarity transformation [119] approaches, and a comparison of the two

methods [20], as well as techniques from differential algebra [7, 75, 89]) that are manageable

for specific examples, but in general they remain intractable for most nonlinear cases

especially with growing model size.

A.4.2 Practical (posteriori) non-identifiability

The details in this subsection are based on Ref. [101].

We introduce three matrices: the FIM, covariance matrix and CM, that are integral when

examining the identifiability of parameters. We show how they are related and their roles

in parameter estimation.
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Fisher information matrix:

The definition of the FIM is taken from Ref. [85].

The FIM is a measure of the amount of information available in an observable random

variable Y = (Y1, . . . , Yn) (the data) about the unknown parameters θ = (θ1, . . . , θk), upon

which the probability density f(Y |θ) depends.

The FIM (denoted by In(θ))) of sample size n is a k × k matrix whose ij-th element is

given by the covariance between the first partial derivatives of the log-likelihood

(In(θ))i,j = Cov

[
∂ ln f(Y |θ)

∂θi
,
∂ ln f(Y |θ)

∂θj

]
·

If ln f(Y |θ) is twice differentiable with respect to θ, then an equivalent definition of the

FIM is

(In(θ))i,j = −E
[

∂2

∂θi∂θj
ln f(Y |θ)|θ

]
·

A singular FIM can be interpreted to mean that the model is not identifiable.

Covariance matrix:

The parameter estimation error covariance matrix of the best linear unbiased estimator

(BLUE) can be computed from the inverse of the FIM, i.e.,

C = FIM−1.

Correlation matrix:

The covariance matrix can be used to obtain information on the correlation between the

estimated parameters. The CM is defined by:

Rij =
Cij√
CiiCjj

, i 6= j,

Rij = 1, i = j,

where Cij is the ij-th element of the covariance matrix, and Rij gives the approximate

correlations between the i-th and j-th estimated parameters. If two parameters are highly

correlated, this means that a change in one parameter can be almost entirely compensated

by a change in the other parameter, thus causing little change in the model output even if

the model is highly sensitive to changes in individual parameters. When parameters have
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a correlation of over 95% they are considered to have identifiability difficulties [102], and

may lead to a singular FIM.

A.4.3 Profile likelihood approach

This section is based on the refs. [94] and [105].

We implement an approach to determine the identifiability of parameters based on the

(one-dimensional) PL. It is able to determine whether fitted parameters are structurally

and practically identifiable, along with giving the parameter’s associated confidence inter-

val. The approach is advantageous for large models, as it is computationally inexpensive

and the results can easily be interpreted.

To determine whether a fitted parameter (θi) is identifiable, its corresponding one-dimensional

PL(θi)) is determined,

PL(θi) = min
θj 6=i

(SSQ(θj)),

where i, j = 1, 2 . . . ,m. Thus, we re-optimize our (weighted) least squares function

(SSQ(θj)) with respect to all parameters θj, j 6= i, at pre-defined values for θi in a neigh-

bourhood of the originally determined parameter (θi). From the results, a likelihood profile

curve for the parameter θi can be plotted (θi vs PL(θi)).

Confidence intervals:

From asymptotic theory, the approximate 100(1-α)% confidence intervals based on the

likelihood contours CLC are given by

CLC =

{
θi | PL(θi) ≤ PL(θ̂i)

(
1 +

m

n−m
Fα
m,n−m

)}
, (A.3)

where m is the number of parameters and n is the number of data points. Fα
m,n−m are the

upper α critical values for the F -ratio distribution.

The identifiability of the parameter θi can easily be assessed from the plot where the

confidence limit is drawn: if both ends of the likelihood profile curve exceed the deter-

mined confidence limit within the defined interval for θi (or, stated differently, if the

confidence interval of the parameter is finite) then the parameter θi is identifiable. Struc-

tural non-identifiabilities are recognised by a profile likelihood that is flat, and practical
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non-identifiabilities have a minimum but do not exceed the confidence limit for increasing

and/or decreasing values of θi.

A.5 Sensitivity analysis

Sensitivity analysis measures how sensitive a defined model output or ‘observable’ is rel-

ative to changes in one or more inputs (initial values or parameters). In this way it

quantifies how important fluctuations in inputs are on the system’s behaviour. In the

following section we introduce the local sensitivity analysis.

A.5.1 Local sensitivity analysis

Local sensitivity analysis allows for small perturbations about a fixed nominal point in a

single input, while the remaining parameters in the model remain unchanged.

Local scaled sensitivities are computed using

∂ S(t)

∂ θ
· θ

S(t)
,

where S is the chosen species, θ is the input (initial value or parameter) of interest and t

are fixed time points.

The local sensitivity analysis approach does come with its drawbacks. First, it depends on

the exact values of the model parameters that cannot always be precisely and confidently

determined, leading to concerns regarding the validity of the results. Furthermore a pa-

rameter that has little or no influence on the model output about the specific operating

point may in fact play a more major role in another feasible region of the parameter space.

To overcome these limitations a global sensitivity analysis can be performed [20, 75].
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HSV herpes simplex virus

HIV human immunodeficiency virus

HMBS hydroxymethylbilane synthase

IIPave average instantaneous inhibitory potential

IN integrase

INSTI integrase inhibitor

LMICs low and middle income countries

LPV lopinavir

LSODA Livermore Solver for Ordinary Differential Equations

LTR long terminal repeat
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MOI multiplicity of infection

mRNA messenger ribonucleic acid

MVC maraviroc

NNRTI non-nucleoside analog reverse transcriptase inhibitor

N(t)RTI nucleos(t)ide analog reverse transcriptase inhibitor

nt nucleotides

ODE ordinary differential equation

PCR polymerase chain reaction

PBMCs peripheral blood mononuclear cells

PBS primer binding site

PI protease inhibitor

PIC pre-integration complex

PL profile likelihood

3’PPT polypurine tract

PR protease

PSO particle swarm optimization algorithm

qPCR quantitative polymerase chain reaction

r (or RTV) ritonavir

RIL rilpivirine

RRE Rev response element

RT reverse transcriptase

RTI reverse transcriptase inhibitor

SD standard deviation

SE standard error

ssDNA strong-stop DNA
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SSQ sum-of-squares

3TC lamivudine

TAR trans-activation response element

TDF tenofovir

UNAIDS The Joint United Nations Programme on HIV/AIDS

VSV-G vesicular stomatitis virus glycoprotein

WHO World Health Organization
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Abstract

The human immunodeficiency virus (HIV) infects cells of the human immune system, lead-

ing to its progressive failure and giving rise to the acquired immune deficiency syndrome

(AIDS), an incurable disease that without lifelong treatment will result in premature

death. Highly active antiretroviral therapy (HAART) is available and can significantly

reduce the viral load of an infected person, allowing them to lead a normal life. However,

novel treatment strategies against the virus are still being investigated, as drug resistance,

dosage and the development of detrimental side effects associated with lifelong treatment

are major concerns in the management of an HIV infection.

In this dissertation the intracellular life cycle of HIV is modelled using ordinary differential

equations (ODEs). The following steps are included in the model: viral entry into the

cell, reverse transcription, viral DNA transport into the nucleus, DNA circularisation and

integration into the human genome, transcription of the viral genome, splicing of the

resulting transcripts and protein translation. The important feedback mechanisms of the

viral proteins trans-activator of transcription (Tat) and Rev are also included. The global

solution of the ODE system is shown to exist, be unique, positive and bounded. After a

comprehensive literature search for the values of the model parameters, the unknown rates

are either fitted to experimental data using least squares fitting and the particle swarm

optimization method (where identifiability analyses show the parameters to be unique),

or are assumed to equal the values of similar HIV mechanisms or those of other viruses.

Model simulations are compared to an additional data set, and the validity of the chosen

ODE modelling framework is discussed.

In order to investigate the effect of the inhibition of key reaction rates on the growth of the

virus at the single cell level, the parameters are reduced both singly and in combination.

The results substantiate why HAART has been so successful, and further identify DNA

nuclear import as a novel and influential target. An optimal control problem weighing the

reduction in viral replication against drug efficacy is stated. In the future, this intracellular

replication model can be extended to include the immune response, viral recombinant

and pharmokinetic models, or to the level of multi-scale modelling. The interaction of

host factors with viral replication and the solving of the stated optimal control problem

could also be further considerations. Such quantitative studies can help doctors and

pharmacologists design strategies that will maximise viral inhibition whilst also minimising

the toxicity to healthy cells.
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Zusammenfassung

Das menschliche Immunschwäche-Virus (HIV) infiziert Zellen des menschlichen Immunsys-

tems, was zu dessen progressivem Versagen und damit zum erworbenen Immundefektsyn-

drom (Acquired Immune Deficiency Syndrome, AIDS) führt, eine unheilbare Krankheit,

die ohne lebenslange Behandlung zum vorzeitigem Tod führt. Es gibt hochaktive an-

tiretrovirale Therapie (highly active antiretroviral therapy, HAART), die die Viruslast

eines HIV-Infizierten signifikant reduzieren kann und so ein normales Leben ermöglicht.

Neuartige Behandlungsstrategien gegen das Virus werden dennoch weiterhin untersucht,

da Arzneimittelresistenz, die Medikamentendosierung sowie die Entwicklung schädlicher

Nebenwirkungen im Zusammenhang mit der lebenslangen Behandlung signifikante Prob-

leme im Management einer HIV-Infektion sind.

In dieser Dissertation wird unter Verwendung gewöhnlicher Differentialgleichungen (or-

dinary differential equations, ODE) der intrazelluläre Lebenszyklus von HIV mathema-

tisch modelliert, wobei die folgenden Schritte beschrieben werden: Eindringen des Virus

in die Zelle, reverse Transkription, der virale DNA-Transport in den Zellkern, DNA-

Zirkularisierung und die Integration in das menschliche Genom, die Transkription des vi-

ralen Genoms, Splicing der resultierenden Transkripte und Proteintranslation. Die wichti-

gen Feedback-Mechanismen der viralen Proteine ‘trans-activator of transcription’ (Tat)

und Rev werden ebenfalls beschrieben. Es wird gezeigt, dass die globale Lösung des ODE-

Systems existiert, eindeutig, positiv und begrenzt ist. Eine umfassende Literaturrecherche

zu Parameterwerten des Modells wird durchgeführt. Die unbekannte Raten werden durch

Anpassung des Modells unter Verwendung der Methode der kleinsten Fehlerquadrate

und Partikelschwarmoptimierungsverfahren an experimentelle Daten angepasst (wo Identi-

fizierbarkeitsanalysen zeigen, dass Parameterwerte eindeutig bestimmt sind), oder es wird

angenommen, dass Parameterwerte denen ähnlicher HIV-Mechanismen oder denen anderer

Viren gleichen. Modellsimulationen werden mit einem zusätzlichen Datensatz verglichen,

und die Gültigkeit des gewählten ODE Modellierungs-Frameworks wird diskutiert.

Der Effekt der Hemmung der wichtigsten viralen Schritte auf die virale Wachstumsrate

auf Einzelzellebene wird untersucht, indem die Parameterwerte sowohl einzeln als auch

in Kombination erniedrigt werden. Die Ergebnisse untermauern, warum HAART so

erfolgreich ist, und identifizieren DNA-Import in den Zellkern als weiteren neuartigen

und einflussreichen therapeutischen Angriffspunkt. Ein Problem der optimalen Steuerung

wird formuliert, welches die Verringerung der Virusreplikation und die Wirksamkeit von

Medikamenten gegeneinander wichtet. Zukünftig kann das hier beschriebene intrazel-
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luläre Replikationsmodell um die Immunantwort, sowie um virale rekombinante und phar-

makokinetische Modelle, oder auf Multiskalenebene, erweitert werden. Die Wechselwirkung

von Wirtsfaktoren mit der viralen Replikation und die Lösung des beschriebenen Prob-

lems der optimalen Steuerung könnten in zukünftigen Arbeiten betrachtet werden. Solche

quantitativen Studien können Ärzten und Pharmakologen helfen, Strategien zu entwerfen,

welche die virale Hemmung maximieren und die Toxizität für gesunde Zellen minimieren.
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P. V. Coveney, and V.Müller. Gag-Pol Processing during HIV-1 Virion Maturation:

A Systems Biology Approach. PLoS Comp. Biol., 9(6), 2013.
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H. Günthard, N. Beerenwinkel, A. Telenti, and A. Ciuffi. 24 Hours in the Life

of HIV-1 in a T Cell Line. PLoS Pathog, 9(1):1–11, 2013.

[83] R. D. Moore and R. E. Chaisson. Natural history of HIV infection in the era of

combination antiretroviral therapy. AIDS, 13(14):1933–1942, 1999.

[84] L. N. Murillo, M. S. Murillo, and A. S. Perelson. Towards multiscale modeling of

influenza infection. J. Theor. Biol., 332:267–290, 2013.

[85] J. I. Myung and D. J. Navarro. Information Matrix. John Wiley and Sons, pages

111–112, 2005.

[86] J. R. Nevins and J. E. Darnell. Groups of Adenovirus Type 2 mRNA’s Derived

from a Large Primary Transcript: Probably Nuclear Origin and Possible Common

3’ Ends. J. Virol., 25(3):811–823, 1977.

154



[87] K. E. Ocwieja, T. L. Brady, K. Ronen, H. Huegel, S. L. Roth, T. Schaller, L. C.

James, G. J. Towers, J. A. T. Young, S. K. Chanda, R. König, N. Malani, C. C.

Berry, and F. D. Bushman. HIV Integration Targeting: A Pathway Involving

Transportin-3 and the Nuclear Pore Protein RanBP2. PLoS Pathog., 7(3):1–14,

2011.

[88] U. O’Doherty, W. J. Swiggard, and M. H. Malim. Human Immunodeficiency

Virus Type 1 Spinoculation Enhances Infection through Virus Binding. J. Virol.,

74(21):10074–10080, 2000.
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