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Abstract

Given a manifold with a string structure, we construct a spinor bundle on its loop space. Our
construction is in analogy with the usual construction of a spinor bundle on a spin manifold, but
necessarily makes use of tools from infinite dimensional geometry. We equip this spinor bundle on
loop space with an action of a bundle of Clifford algebras. Given two smooth loops in our string
manifold that share a segment, we can construct a third loop by deleting this segment. If this
third loop is smooth, then we say that the original pair of loops is a pair of compatible loops. It is
well-known that this operation of fusing compatible loops is important if one wants to understand
the geometry of a manifold through its loop space. In this work, we explain in detail how the spinor
bundle on loop space behaves with respect to fusion of compatible loops. To wit, we construct a
family of fusion isomorphisms indexed by pairs of compatible loops in our string manifold. Each
of these fusion isomorphisms is an isomorphism from the relative tensor product of the fibres of
the spinor bundle over its index pair of compatible loops to the fibre over the loop that is the
result of fusing the index pair. The construction of a spinor bundle on loop space equipped with a
fusion product as above was proposed by Stolz and Teichner with the goal of studying the “Dirac
operator on loop space”. Our construction combines facets of the theory of bimodules for von
Neumann algebras, infinite dimensional manifolds, and Lie groups and their representations. We
moreover place our spinor bundle on loop space in the context of bundle gerbes and bundle gerbe
modules.
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1. Introduction

The main contribution of this thesis is to prove a conjecture postulated by Stolz and Teichner in
their 2005 survey/preprint [ST, Theorem 1]. The conjecture concerns the existence of a spinor
bundle on the free loop space of a string manifold. Moreover, an important part of the conjecture
is the existence of a fusion product on this spinor bundle. We recall some necessary background
and then give an outline of our construction which positively resolves the conjecture.

The Whitehead tower of the orthogonal group in d dimensions, O(d), starts out
O(d) < SO(d) < Spin(d) < String(d) + ... (1.1)

The topological spaces O(d), SO(d), and Spin(d) are equipped with their familiar Lie group struc-
tures. The topological space String(d) can be equipped with a group structure such that it is a
topological group, and such that the projection map String(d) — Spin(d) is a group homomor-
phism, see [St096, Theorem 1.2 & Theorem 5.1]. Let M be a smooth spin manifold of dimension
d. A string structure on M is a lift of the spin frame bundle to a principal String(d)-bundle, or
equivalently, it is a lift of the classifying map of the spin frame bundle as in the following diagram

B String(d)

7 l

-

M ~—— BSpin(d)

Such a lift exists exactly when the first fractional Pontryagin class, p1(M)/2 € H*(M,Z), vanishes,
in which case the string structures on M form a torsor over H3(M,Z), (see [McL92, ST]).

The study of string structures goes back to Killingback, see [Kil87]. In that article Killingback
finds sufficient conditions for the existence of a “spin structure on loop space”. We now summarize
some of the key findings and definitions of that article. Let M be a spin manifold, and let Spin(M)
be its spin frame bundle. The looped spin frame bundle L Spin(M) := C°°(S1,Spin(M)) — LM
is then a principal L Spin(d)-bundle. The Fréchet Lie group L Spin(d) has an interesting central
extension,

U(1) — LSpin(d) — L Spin(d),

called its basic central extension, see [PS86]. A lift of L Spin(M) to a principal ﬁﬁﬂl(d)—bundle

L Spin(M) is called a spin structure on loop space. It is worth mentioning that a spin structure

on a loop space is not the reduction of its frame bundle to a spin frame bundle, as in the finite
dimensional case. In the article [Kil87] Killingback argues that the existence of a spin structure on
loop space implies the absence of world-sheet anomalies for a string moving through the manifold
M. Killingback furthermore argues that if p; (M)/2 = 0, then there exists a spin structure on loop
space. In other words, if a manifold admits a string structure, then its loop space admits a spin
structure. What’s more, a string structure on M can be “transgressed” to a spin structure on LM,
we review this construction in Section 7.3. This is how string geometry on M and spin geometry
on LM make contact. The following question now arises naturally: “What constructions on spin
manifolds can be generalized to the loop space of a string manifold?”



We give a first answer to this question by constructing a spinor bundle on loop space from a spin
structure on that loop space. The general outline of this construction was known, see for example
[McL92, Section 3]. However, when working out the details one encounters some difficulties related
to the fact that the loop space of a manifold is an infinite-dimensional manifold. Our construction of
the spinor bundle on loop space as a rigged Hilbert space bundle resolves these issues, and appears
to be new. Next, we assume that this spin structure on loop space comes from a string structure on
the underlying manifold. Using this string structure we then construct a “fusion product” on the
spinor bundle on loop space, thus proving the aforementioned conjecture by Stolz and Teichner,
[ST, Theorem 1]. This fusion product does not have an analogue in finite dimensions. From a
physics perspective, the spinor bundle on loop space is an interesting object because it should be
to strings what the spinor bundle on a manifold is to point particles. One of the reasons that the
spinor bundle on loop space is interesting from a mathematics standpoint is that it should come
equipped with a Dirac operator on loop space, an object whose construction is a long open problem.
The Dirac operator on loop space has often been the subject of formal considerations, which in
some way bypass its full construction, see among many others [Wit86, Tau89, Bry90, Lan99]. Its
rigorous construction might shed new insights on the Stolz-Héhn conjecture [Sto96].

Before we outline the construction of the spinor bundle on loop space, we recall the construction
of the spinor bundle of a spin manifold M of dimension d. This starts with the construction of the
Clifford algebra Cl(V') for any finite dimensional inner product space V. Next, one constructs an
irreducible representation Ay of CI(R?), called the space of spinors. It turns out that Spin(d) acts
in A;y. We obtain a bundle of Clifford algebras by associating the Clifford algebra CI(R?) to the
oriented orthogonal frame bundle SO(M) of the tangent bundle of M, i.e. CI(M) := SO(M) Xs0(a)
CI(R%). The spinor bundle is then defined to be S(M) := Spin(M) Xgpin(q) Ag- Finally, using the
action of CI(R%) on Ay, one constructs an action of C1(M) on S(M).

In this work we carry out an analogous construction where the base manifold M is replaced by
its loop space LM, and where the spin group is replaced by the basic central extension of L Spin(d).
The result is called the spinor bundle on loop space, and denoted F(LM), see Section 8.2. We
moreover equip the spinor bundle on loop space with a fusion product, see Section 8.3. A fusion
product gives us a relation between fibres over loops that can be glued together as follows. We
parametrize the circle by the interval [0,2x]. Let 712 and 7235 be smooth loops in M with the
property that the second half of 715 coincides with the first half of o3, or more precisely, v12(27 —
t) = yo3(t) for ¢t € [0, m]. If the loop 713 defined by v13(t) = Y12(¢) for ¢t € [0, 7] and y13(¢) = Y23 (¢)
for t € [m, 27| is smooth, then we say that the pair of loops (y12,7v23) is a compatible pair of loops.
A fusion product is now a family of isomorphisms

F(LM)yy, ® F(LM)sy, — F(LM)

Y13*

indexed by compatible pairs of loops (712, 723), which moreover satisfy an associativity condition
over compatible triples of loops, (a compatible triple of loops is a triple of loops, (Y12, V23, ¥34) With
the property that (y12,723) and (73, v34) are compatible pairs of loops). We shall give an outline
of our construction of such a fusion product momentarily. This fusion product fits into a general
pattern, which could be described by the slogan: “A geometric structure on a space M induces a
geometric structure of one degree lower on its loop space LM, which comes equipped with a fusion
product.” This process of turning a geometric structure on a space into a geometric structure on
its loop space is called transgression. We shall not endeavour to make this slogan precise, instead,
we illustrate it with some examples. A first example is the statement that a spin structure on
a manifold induces an orientation on its loop space, see [McL92], equipped with fusion, see [ST],
(note that in this reference, Stolz and Teichner absorb the fusion product into the definition of an
orientation on loop space). A second example is the statement that a multiplicative bundle gerbe



over a group G transgresses to a central U(1)-extension LG over its loop group LG, equipped with
LG LG N%B, see [Wall7]. We consider
bundle gerbes in Appendix D, for now, we just mention that bundle gerbes are higher versions
of line bundles. As a third example we note that a string structure on a manifold transgresses

a fusion product, i.e. a family of isomorphisms LG.,,, ® LG,,, = LG

to a fusive spin structure on its loop space, i.e. a spin structure on loop space, equipped with a
fusion product. These second and third examples play an important role in our construction of the
fusion product on the spinor bundle on loop space, which is why we discuss them in some detail
in Chapters 6 and 7. These results on transgression and fusion were not known at the time [ST)
was written, and using them to resolve the conjecture is one of the central parts of this work. We
should remark that, for technical reasons, it turns out to be convenient to work with compatible
triples of paths instead of compatible pairs of loops. This is what we shall do in the main text.

We now give an overview of our construction of the spinor bundle on loop space and its fusion
product. By analogy with the spin case, we see that we should find a vector space F,, analogous
to A4, which is both a module for L Spin(d) and for some appropriate Clifford algebra. One
of the main difficulties here is that it is not immediately clear what the “appropriate” Clifford
algebra is, which is aggravated by the fact that there are many slightly different approaches to
defining infinite dimensional Clifford algebras, our approach, described in Chapter 3, is consistent
with [PR94]. The Clifford algebra and the module that we end up working with are known as
the “Majorana free fermions on the circle”, (from now on simply the free fermions). These also
appear in [DH], where Douglas and Henriques use them to construct a model for the string group.
The Clifford algebra is the Clifford C*algebra of the Hilbert space V := L2(S',S ® C%), where
S is the odd spinor bundle on the circle. In string theory terminology this means that we are
working with Neveu-Schwarz boundary conditions. We explain the construction of the Clifford
algebra Cl(V') and the construction of its “Fock module” Fr, in Chapter 3. Suffice to say for now
that it depends crucially on the choice of a Lagrangian subspace L C V', whence the notation Fr .
The group LSO(d) acts in the Clifford algebra by algebra automorphisms. This means we can
already define a bundle of Clifford algebras CI(LM) := LSO(M) x 1 soa) CI(V) = LM. For each
loop v there is a natural isomorphism of C*algebras C1(LM), — C1(L?*(S',S ® v*T'Mc)), these
Clifford algebras were also considered in [ST, Example 15]. The next step is to equip Fr with a
representation of m(d}, which is done as follows. There is a subgroup O (V) C O(V), called
the restricted orthogonal group, which acts projectively in F7,. The deprojectivization then yields
a central extension U(1) — Imp; (V) — Or(V), the group Imp; (V) is known as the group of
implementers. The group L Spin(d) acts in V' through Op(V), so that it is possible to pull back
the U(1)-extension Imp; (V') to a central extension of L Spin(d). Using techniques from [PS86] we
prove that this pullback is in fact [Té\li_);l(d) We can then complete the first part of our construction
by defining the spinor bundle on loop space to be

F(LM) = LSpin(M) X poo oy FL-

Using the action of C1(V') on Fy, we equip the bundle F(LM) with an action of the bundle CI(LM).

The above construction works well in the setting of topological manifolds. However, an important
feature of the way we set up the construction is that, with care, it allows us to adjust it so that
we obtain Fréchet manifolds instead of topological manifolds. The main challenge in defining a
smooth structure on the associated bundle F(LM) is a typical one for representations of infinite
dimensional Lie groups: the map IT‘S\I:;n(d) x Fr, — Fr, is not smooth. In Chapter 3 we prove, using
tools from [NeelOa, NeelOb], that there is a dense subspace F} C Fr,, which can be equipped with
the structure of Fréchet space, such that the map Iié\p/ln(d) x F} — F3 is smooth. And similarly
there is a dense subspace Cl(V)* C CI(V) which can be equipped with the structure of Fréchet
algebra such that the map L Spin(d) x CL(V)* — CI(V)® is smooth. We prove that, equipped with



these Fréchet structures, the action C1(V)* x F; — Fj} is smooth. This is sufficient to conclude
that the bundles

FS(LM) = LSpin(M) Fi  and  CP(LM):= LSpin(M) X1 spin(a) CI(V)®

X L Spin(d)
are Fréchet vector bundles over LM, and that the map CI’(LM) xpy F(LM) — F5(LM) is
smooth. The fact that F5(LM) is a Fréchet vector bundle is important because the Dirac operator
D :T(F(LM)) — I'(F3(LM)) should be a differential operator, and thus in particular an endo-
morphism of the smooth sections. The bundle F®(LM) comes equipped with a Hermitian metric,
such that for each v € LM the completion of F*(LM)., is F(LM),. This means that F°(LM), is
a rigged Hilbert space, and that the bundle F5(LM) is what we call a rigged Hilbert space bundle,
see Section 8.1. This extra structure will be important when we consider the fusion product.

At this point it is appropriate to compare the construction we have described so far to the work
done in [Ambl12]. There, Ambler supposes given an oriented rank k vector bundle £ — M, with
k even, and a trivialization of a certain bundle gerbe over LM. From this, Ambler constructs
a Clifford algebra bundle, denoted CI(LE), and a module bundle, denoted S, over LM. Our
construction is a specialization of the work by Ambler, in the sense that we have set £ = TM,
however our work is more general in the following two ways. By twisting with the odd spinor bundle
S we are able to drop the condition that the rank of E (hence the dimension of M) is even. We have
moreover constructed a Fréchet vector bundle F°(LM), which is a fibrewise dense subbundle of
Ambler’s purely topological bundle S. The connection between our work and Ambler’s is examined
more closely in Section 9.1.

We proceed with our discussion of the fusion product on F(LM). We first observe that the
fibres of F(LM) can be viewed as bimodules over certain Clifford algebras as follows. Recall that
we have a bundle of Clifford algebras C1(LM) over the loop space, whose fibre at a loop v may be
identified with the Clifford algebra of H., := L?(S',S@~+*T'Mc). We may thus consider the Clifford
algebras corresponding to the subspaces /H:/" and H defined to consist of those sections supported
in the top or bottom part of the circle, respectively. The Clifford algebras Cl(’H,jY[) include into
the Clifford algebra CI(#,), and in fact F(LM), becomes a Cl(HI)-Cl(H )°PP-bimodule, where
CI(H7 )°PP stands for the opposite algebra of CI(H7 ). Let (712,723) be a compatible pair of loops
in M, and define v13 by y13(t) = 712(t) for ¢t € [0,7] and y13(t) = 723(¢t) for t € [m,27]. We
can then identify CI(HI ) with Cl(HZ ), and Cl(H, )°PP with CI(H, ,)°PP, and finally we can

Y12 Y13 Y23 ) Y13

identify CI(#7,,)°PP with C1(HZ,,). This last identification allows us to consider the relative tensor
product

‘F(LM)'YIQ ®Cl(7—t?{23) ]:(LM)’Y%v

which is then, using the other two identifications, a CI(H;“IB)—Cl(H;lS)Opp-bimodule, just like
F(LM),,,. The conjecture of Stolz and Teichner was then that there exists a family of iso-

morphisms of bimodules, indexed by pairs of compatible loops, (y12,723),
]:(LM)”/H ®Cl(7—[f§23) ]:(LM)’YzS - ]:(LM)’lew (1'2)

which satisfy an associativity condition for triples of compatible loops. These isomorphisms are
called fusion isomorphisms. Our main result is the construction of such a family of isomorphisms.
At this point two remarks are in order. First, the identification of CI(H,,)°PP with CI(H1,) is
non-trivial, care must be taken to get this right. Second, the algebras Cl(?—li_j) must be completed
to von Neumann algebras, and the relative tensor product we use is the Connes fusion product,
which we shall denote by X from now on. We recall the definition of the Connes fusion product

and some of its elementary properties in Chapter 4.

Let us now give some of the main steps in this construction. First, we construct the fusion iso-
morphism, (1.2), for the case that the base manifold M is a point. We write V¥ C Vand V- C V



for the subspaces consisting of sections supported in the top or bottom part of the circle, respec-
tively. The Hilbert space Fr, is then a C1(V+)-Cl(V ~)°PP-bimodule, and there is an isomorphism
Cl(V™)°PP — CI(V). We construct an isomorphism of C1(V)-CI(V ~)°PP-bimodules

Fr ®eyv+) Fr = Fr,

and then prove that this isomorphism is associative. This is done in Chapter 5. We now return
to the case that M is an arbitrary string manifold. Picking local trivializations F(LM),,, — Fr
would then allow us to define a fusion isomorphism through the diagram

]:(LM)’Ym ®C1(HZ¢23) }—(LM)’st 77777 e ]:(LM)’YB

! |

FrWeyv+) Fr Fr,

However, if we pick these trivializations arbitrarily, then there is no way to tell if the induced fusion
isomorphisms satisfy the associativity condition over triples of compatible loops. To get around
this, we find a way to construct a trivialization over ;3 from trivializations over 12 and 793 as
follows. We observe that, because F(LM) is a bundle associated to ﬁ\ﬁ;l(M ), a trivialization of
F(LM)~ is the same thing as an element of Iié\f);l(M)7 As mentioned above, the assumption
that M is string tells us that the spin structure on loop space is fusive, which we exploit as follows.
Pick a pair of compatible loops (%12,%23) in Spin(M) such that 412 lifts y12 and Aoz lifts a3, this
is possible because Spin(d) is simply connected. Finally pick elements 12, a3 € ﬁ\ﬁﬂl(M ) such
that p12 — 12 and o3 — J23. The fusion product on [Té\f);l(M ) then produces an element
P13 € [Té\l_);l(M ) which lies over 413. All of this conspires in such a way that the isomorphism

— F(LM)

Y23 Y132

‘F(LM)"/H @01(H¢23) F(LM)

induced by @12, p23 and 13 does not depend on any of the choices made. Moreover, these isomor-
phisms satisfy the required associativity condition over triples of compatible loops.

Proving that the fusion isomorphisms described above really do not depend on any of the choices
made is one of the main /tg\cgnical contributi/o_rls/of this work. The reason that this works out is that
the fusion products on L Spin(M ), and on L Spin(d) and the fusion isomorphism Fr, Meyv+) Fr —

Fr, all work together. To prove this, we view elements of IT—S\Igﬂl(d) as bimodule automorphisms

of F and prove that the fusion product on m(d) is actually induced by the relative tensor
product of compatible bimodule automorphisms of Fj,, see Chapters 5 to 7.

In [ST, Theorem 4] Stolz and Teichner moreover conjecture that the spinor bundle on loop space
comes equipped with a conformal connection, see [ST, Definition 3|, which is expected to play
an important role in the construction of a Dirac operator on loop space. Essentially, a conformal
connection is a notion of parallel transport along surfaces in M, which is compatible with the fusion
isomorphisms described above. In Section 9.1 we give an equivalent, more geometric, description
of the spinor bundle on loop space that we hope will be amenable to the construction of such a
conformal connection.

Part of this work has appeared as [KW19]. More precisely, most of Chapters 2, 3 and 5 to 7
and Appendices A and C appeared in that work, the only exceptions are Sections 3.6, 5.4 and 7.3,
which have not appeared before. Chapters 4, 8 and 9 and Appendices B and D are completely
new.



2. Odd spinors on the circle

One of the main goals of this work is to define a spinor bundle on loop space. As mentioned in
the introduction, this should be a vector bundle on loop space, with an action of a certain Clifford
algebra. If our manifold is just a point, then its loop space is just a point, and the spinor bundle on
the point should be a vector space with the action of a Clifford algebra. As we recall in Chapter 3,
to construct a Clifford algebra, we require a Hilbert space as input data. In this section we define
the Hilbert space of which we take the Clifford algebra. It will be the Hilbert space of square
integrable sections of the odd spinor bundle.

2.1. The odd spinor bundle on the circle

We equip the disk D? C C and the circle S' = dD? with induced orientations and metrics. We
have SO(1) = {1} and define Spin(1) := Zy = {£1}. Thus, a spin structure on S! is the same as
a principal Zy-bundle over S, i.e., a double cover.

There are, up to isomorphism, only two spin structures on S!, namely, the connected double
cover, called odd, and the non-connected double cover, called even. We will be interested in the
odd spin structure, for which we write Spin(S*), and which we realize as the submanifold

Spin(St) := {(e'?, +e¥¥/?) € §* x §' | p € R},

equipped with the projection onto the first component. The Zs-action is on the second component.
The odd spinor bundle S is the associated complex line bundle

S := Spin(S*) xz, C.

Remark 2.1.1. This definition of the odd spinor bundle fits in the general theory of spin structures,
as C is a model for the Clifford algebra of R.

Next we show that the bundles Spin(S*) and S can be related to appropriate bundles over the
disk D?, see [LM89] and the Mathoverflow question [MO1] for a motivation of this discussion. We
define Spin(2) to be the group SO(2) equipped with the map

Spin(2) := SO(2) — SO(2) , A+ A2

Since all principal bundles over D? are trivializable, we may use the trivial bundle as a model for
both the oriented orthonormal frame bundle SO(D?) and the (unique) spin structure Spin(D?),
with the projection map given by

Spin(D?) := D? x SO(2) — D? x SO(2) := SO(D?), (2, A) = (2, A?).

We write R, € SO(2) for the rotation of the plane by an angle ¢. The inclusion S* C D? and
the isomorphism S 2 SO(2) induce an embedding

L Spin(Sl) — Spin(DQ) , (ew7 iewm) — (ew, +R,/2),



which yields a commutative square:

Spin(S') ——— Spin(D?)

| |

Sl—>D2

In this sense, the spin structure on the disk restricts to the odd spin structure on the circle.
Next, we consider the complex line bundle
D= Spin(Dz) X50(2) C.

over D?, by letting A € SO(2) act on Spin(D?) = D? x SO(2) by multiplication, and on A € C via
(A, \) — Ap X := A=)\ This action was chosen such that we obtain a minus sign in the exponent
in (2.1), which in turn determines the identification between the spaces L?(S') and L2 ,_ later on.
The bundle D is not the spinor bundle of the disk, but it has the following interesting property:

Lemma 2.1.2. The restriction of D to S* is the odd spinor bundle S.

Proof. 1t is easy to check that
¢ % idg : Spin(S') x C — Spin(D?) x C
descends to a vector bundle morphism S — ID over the inclusion S' € D2. It has trivial kernel in
each fibre; hence, it induces an isomorphism. O
From Lemma 2.1.2 it follows that a trivialization of D induces a trivialization of S. A trivializa-

tion of D may be given by the following pair of inverse maps:

D?*xC—D D— D*xC
(Z,)\) — [(’27]1)7>‘]SO(2) [(zaA)>>‘]SO(2) = (Z7A_1>‘)

The induced trivialization of S is then given by

S = S x C, [(e', £e'/2), Nz, — (€, £e7%/2)). (2.1)

2.2. Smooth and square-integrable odd spinors

We consider the space of smooth sections of S, which we denote by I'(S). The trivialization (2.1)
of the spinor bundle induces an isomorphism

t:T(S) — C>=(S',C).

However, it turns out to be more natural to identify I'(S) with the space C>,,. = C% (R, C) of 27
anti-periodic smooth maps from the real numbers into the complex numbers. The reason is that
in Example 3.1.2 and Chapter 5 we will equip the space I'(S) with a real structure that is easily
described when T'(S) is identified with C°%_, but takes an awkward form on C*°(S!, C).

—2m

Lemma 2.2.1. If f € C%,, then the map

R—S, ¢ [(%e%?), f(©)lz,



descends along R — S' : ¢ — €' to a smooth section o : S' —'S. Furthermore, the map
0:0%, =T(S), f—oy,

18 an 1somorphism.

Proof. It suffices to show that, for all ¢ € R, it holds that o¢(¢) = o¢(¢ + 27). Indeed,

as(p) = [(e%,€%7%), F(¢)]z,

[(e, —e’“"/ %), = f @)z,

[(ee2m), e eH2MI2) f (o + 2m)]a,
=os(p+ 27r)

Let us now consider the converse; to that end, let o : S* — S be a smooth section. There exists a
unique function f: R — C such that, for all p € R,

o(e') = [(e", "), f(¢)]za-

Tt is not hard to see that f is smooth and satisfies f(¢) = —f(¢ + 2); finally, one observes that
oc=o0;. O

Remark 2.2.2. The composition of the isomorphisms ¢ and t results in an isomorphism
Gi=too:C%, — C>®(S',C),

such that (5f)(e'?) = e=/2f(p), for all f € C°, and ¢ € R.

The three vector spaces I'(S), C°°(S!,C), and C
instance if f,g € C=5, then

are equipped with L2-inner products, for

27

2m

(f.g) = i fle)g(p)de

The isomorphisms o, t, and & are isometries. We denote by L%, _ the Hilbert completion of C°%,_,
by L?(S?') the Hilbert completion of C°°(S*, C), and by L*(S) the Hilbert completion of I'(S). The
isomorphisms ¢, t, and & extend to isometric isomorphisms

L%, =~ L2(S) = L?(SY).

The Hilbert space L2, has a basis {£, }nez given by &,(¢) = eii(”Jr%)“’, which is identified under
& with the standard basis {27 " 1}z of L2(S1).



3. Clifford algebras, Fock spaces, and
implementers

In this chapter we introduce infinite dimensional Clifford algebras, their representations on Fock
spaces, and implementers. Most of the results in this section are well-known, see among many
others [Ara87, PR94, Ott95]; unfortunately, there exist many variations of the basic setting, and
many competing conventions, and we have not been able to find a consistent treatment of all
aspects of the theory we will need later.

Throughout this section, we let V' be a complex Hilbert space equipped with a real structure «,
i.e. an anti-unitary map « : V — V with the property that a? = 1. Using the real structure we
equip V with a non-degenerate symmetric complex bilinear form b: V x V' — C defined by

b(v,w) = (v, a(w)).

Our discussion in the present Chapter 3 will be fairly general; later we will restrict to the situation
described below as Example 3.1.2, and variations thereof.

3.1. Lagrangians in Hilbert spaces

Definition 3.1.1. A linear subspace L C V is a Lagrangian if it is a closed b-isotropic subspace,
such that V' decomposes as V = L @ a(L).

Example 3.1.2. We consider the Hilbert space V := L2?(S) ® C%, where C? is equipped with
the standard inner product. Under the identification L?(S) = L2,_, this Hilbert space has an
orthonormal basis indexed by two numbers, n € N and j = 1, ..., d, namely, the functions

nj(t) =e DI ge; teR

where {e;};=1,... 4 is the standard basis for C? (see Section 2.2). We equip V with the real structure

o, defined to be pointwise complex conjugation. On the basis elements &, ; it takes the form
i(n+ 2L
a(&nj)(t) =T @ e; =& 40 5(0).
We define the Lagrangian L C V to be the closed complex linear span
L={,;|n>0,j=1,..,4d).

We remark that the corresponding subspace of L?(S') spanned by {G(£,) bnen, = {27 L hnen, is
the space of functions S! — C that extend to anti-holomorphic functions on the disk. In precisely
that sense, we consider the Lagrangian of spinors on the circle that extend to anti-holomorphic
functions on the disk.

We proceed with the general theory of Lagrangians in Hilbert spaces. We denote by U(V) the
usual unitary group of V| i.e.,

U(V) =A{T e GI(V) | T"(:,-) = (-, -)}.



The orthogonal group O(V) is the subgroup of U(V) of transformations that commute with the
real structure «, i.e.,
OWV):={T eU\V)|aT =Ta}.

Note that if L C V is a Lagrangian, and T' € O(V'), then T'(L) is Lagrangian; this property does
not generally hold for T' € U(V).

A unitary structure on V is a map J € O(V) with the property that J2? = —1, see [PR94,
Chapter 2, Section 1]. If L is a subspace of V, let us write P, for the orthogonal projection onto
L, and Pj- for the orthogonal projection onto the orthogonal complement of L. A straightforward
verification [PR94, Chapter 2, Section 1] shows the following.

Lemma 3.1.3. There is a one-to-one correspondence between unitary structures J € O(V) and
Lagrangian subspaces L C V', established by the assignments

L= Jp,=i(P,—Pt) and T ker(J —il).

3.2. Clifford algebras

If A is a unital C*algebra, then a complex linear map f : V — A is called Clifford map if it satisfies
the properties

f)f(w) + f(w) f(v) = 2b(v,w)T and  f(v)" = f(a(v))

for all v, w € V. We note that every Clifford map is bounded and injective. The Clifford C*algebra
is the C*algebra through which any Clifford map factors:

Definition 3.2.1. A Clifford C*-algebra of V is a unital C*algebra Cl(V') equipped with a Clifford
map ¢ : V. — Cl(V), such that for every unital C*algebra A and every Clifford map f: V — A
there exists a unique unital isometric *-homomorphism CI(f) such that the following diagram
commutes:

LA

\%4
LJ{ Mf)
)

oY%

The Clifford C*algebra CI(V') is unique up to unique unital *-isomorphism. Its existence is
proved in [PR94, Sections 1.1 & 1.2]. The construction is based on the purely algebraic Clifford
algebra, which we denote by Clag(V'), which is then completed to a C*algebra under a certain
norm. We list some elementary properties of the algebraic and of the Clifford C*algebra that will
be required in the sequel.

e The algebraic Clifford algebra is algebraically generated by V.
e The map ¢ : V — CI(V) is a linear isometry, and hence injective and smooth.
e The Clifford C*algebra is generated by V as a C*algebra.

e Denote by V the conjugate Hilbert space. Then, there is a unique conjugate-linear unital
s-isomorphism C1(V') — CI(V) fixing V pointwise.

In the following we will fix a Clifford C*algebra Cl(V) and its Clifford map ¢ : V — CI(V). If
g € O(V), then the map tog: V — Cl(V) is a Clifford map, and hence there is a unique unital
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isometric *-homomorphism 6, : C1(V)) — C1(V'), such that the following diagram commutes:

14 Vv
| |
CUV) ——— CUV)

g
—_

If g,9" € O(V), then we have 6,0, = 6,,; moreover, ;1 = idcyvy. It follows that 6 is a group
homomorphism 6 : O(V) — Aut(Cl(V)) into the group of unital *-automorphisms of C1(V'). The
automorphism 6, is called the Bogoliubov automorphism associated to g. Since 6, restricts to g
on V, the homomorphism 6 is injective; in other words, it is a faithful representation of O(V') on
Cl(V) by unital x-automorphisms.

Remark 3.2.2. The Bogoliubov automorphism #_1 is involutive and hence induces a Zs-grading
on CI(V), see [PR94, p. 27]. The image of ¢+ : V. — Cl(V) is odd. If A is a Zy-graded C*
algebra and the image of a Clifford map f : V — A is odd, then the induced *-homomorphism
CI(f) : CI(V) — A is even, i.e., it preserves the gradings.

In the remainder of this section we investigate some of the regularity properties of the action of
O(V) on CI(V) by algebra automorphisms. The results will be used in Chapter 8, where we will
define a particular bundle of Clifford algebras.

Lemma 3.2.3. For each a € CI(V), the map O(V) — Cl(V), g — 04(a) is continuous.

Proof. First, suppose that a € Clas(V), we claim that the map g — 6,4(a) is continuous. Because
the algebraic Clifford algebra is generated by V, it suffices to prove that g — 64(a) is continuous
for a € V, but this is obvious.

Now, let @ € CI(V) be arbitrary. Because Cl(V) is the closure of Clag (V') there exists a Cauchy
sequence {ap tnen In Clae (V) which converges to a. We have already proven that for each n € N,
the map f,, : g — 04(a,) is continuous. Clearly, the sequence of maps {fy}nen converges to the
map g — 6,4(a) pointwise. Hence, it is sufficient to prove that the sequence of maps {fn}nen
converges uniformly. To that end we compute for arbitrary g € O(V), using that 6, is an isometry,

1/n(9) = bg(a)ll = [[6g(an) — b4(a)[| = llan — al. 0

The following improvement of Lemma 3.2.3 follows immediately from an application of [NeelOa,
Proposition 5.1].

Lemma 3.2.4. The map O(V) x CL(V) — CL(V), (g,a) — 04(a) is continuous.

For an alternative proof see [Amb12, Proposition 4.35]

We view O(V') as Banach Lie group in the usual way. We define C1(V')® to be the space of elements
a € CI(V) such that the map O(V) — CI(V),g — 04(a) is smooth. We then equip Cl(V)* with
the structure of Fréchet space as described in [NeelOa, Section 4 & Proposition 5.4]. By [NeelOa,
Theorem 6.2] we then have that C1(V')® is a Fréchet algebra, i.e. multiplication is continuous, that
the group of units (C1(V))*)* is open and that the map (C1(V)%)* — CI(V)%,a — a~! is continuous,
that is, CI(V)® is a continuous inverse algebra. Moreover, the map O(V) x Cl(V)® — CI(V)® is
smooth.

Because multiplication CI(V)® x Cl(V)® — C1(V)® is continuous and bilinear, it is also smooth.

11



Lemma 3.2.5. The algebra C1(V')® contains the algebraic Clifford algebra, in particular CL(V')® is
dense in CI(V).

Proof. Let a € Clyg(V) be arbitrary, then we need to show that the map O(V) — Cl(V'), g — 6,4(a)
is smooth. Any element a € Clag (V) is finitely generated by elements of V' C Clag (V). Now, since
multiplication and addition in the Clifford algebra are smooth, we may assume that a € V. C CI(V).
In this case we have g — 04(a) = g(a) € V, which is clearly smooth. O

Lemma 3.2.6. Let V' be a second complex Hilbert space with real structure, and let v :V — V'
be a unitary map intertwining the real structures. Then, the map Cl(v) : C(V) — CUV") restricts
to an isomorphism of Fréchet algebras Cl(v) : Cl(V)® — ClL(V')5.

Proof. Let us show that if a € CI(V)* then Cl(v)(a) € CI(V')®. To prove that, we need to show
that, for all @ € CL(V')®, the map O(V’) — CL(V')?, g — 0, Cl(v)(a) is smooth. We decompose that
map as follows

o(V") —— 0O(V) Cl(V) Cl(V")

g —— v ilgy —— 0,-1,,(a) — 0,Cl(v)(a)
The first map is obviously smooth. The second map is smooth because a € C1(V')5. Writing
0,14, = Cl(rv~ )0, Cl(v),

we see that the last map is simply Cl(v), which is smooth because Cl(v) is a linear isometry, (see
Definition 3.2.1). O

3.3. Fock spaces

Let L C V be a Lagrangian subspace. We define the Fock space Fr, to be the Hilbert completion
of the exterior algebra

AL = éA"L.
n=0

We equip F, with an action of Cl(V') as follows. Let (v,w) € L ® a(L) = V. We use the bilinear
form b: V x V — C to identify «(L) with the dual of L, denoted by L*, and write w* € L* for
the element corresponding to w € a(L). We denote by a(w*) : Fr, — Fr contraction with w*,
and we write ¢(v) : Fr, — Fr for left multiplication. One may now verify that the assignment
(v, w) = c(v) +a(w*) is a Clifford map V' — B(FL). This means that this map extends to a unital
isometric *-homomorphism 7y, : CI(V) — B(Fr). We shall adopt the notation a > v := 7w (a)(v)
for a € CI(V) and v € Fr. Finally, one may verify that the vector € := 1 € AYL is annihilated by
a(L) c V C CI(V). In the terminology of [PR94] this means that 2 is a vacuum vector for this
representation. A basic result ([PR94, Theorem 2.4.2]) is the following.

Proposition 3.3.1. The Fock space Fr, is an irreducible Cl(V')-representation.

As a corollary to Proposition 3.3.1 we have that the von Neumann algebra Cl(V)"” C B(FL) is
in fact equal to B(FL), and hence a factor of type I. This is because irreducibility of Cl1(V') means
that C1(V)’ = C1 and hence that CI(V)"” = B(Fyr).

12



Remark 3.3.2. Just like the Clifford algebra, the Fock space Fy is Zs-graded. The graded
components are the completions of even and odd exterior products of L. The grading on Fj,
induces a grading on B(Fp), for which the image of V' — B(F}) is odd. Hence, the representation
7 : Cl(V) — B(FL) preserves this grading (see Remark 3.2.2).

Remark 3.3.3. Our definition of the Clifford algebra and its representation on Fock space is con-
sistent with [Ara87] and [BJL0O2]. However, there are some competing conventions. For example,
one might start with a complex Hilbert space H, which will play the role of our Lagrangian L.
In this case, the Fock space will be the completion of AH, see for example [Ott95] and [NeelOb].
Information on the relationship between these approaches is given in Chapter 2.6 of [Ott95]. In
[PR94] yet another approach is taken. There, it is assumed that V is a real Hilbert space, equipped
with a unitary structure J : V' — V. In this case, V ® C is a complex Hilbert space, naturally
equipped with both a real structure and a unitary structure, which puts us in the setting we have
described so far. In [PR94], the real Hilbert space is then equipped with a complex structure by
setting iv := J(v) for all v € V, and one writes V. for the complex Hilbert space obtained in this
way. There is then an isometric isomorphism Vi; — L7, v+ 271/2(v — i Jv), see [PR94] Section
2.1.

3.4. Implementable operators

Let L C V be an arbitrary Lagrangian. We consider C1(V) C B(Fy) via the faithful representation
7. Given an element g € O(V), one might wonder if there exists a unitary operator U € U(Fp,),
such that the equation

O4(a) =UaU*

in B(FL) holds for all @ € Cl(V). In this case the operator g € O(V) is said to be implementable
in Fr,, and the unitary operator U is called an implementer that implements g. We recall below
the criterion for g € O(V) to be implementable and then discuss the structure of the set of all
implementers.

For a bounded operator A € B(V) we write ||A|| for the usual operator norm, and ||Al|z for
the Hilbert-Schmidt norm, i.e. ||A||2 := trace (A*A). We recall that A is called a Hilbert-Schmidt
operator if || All2 is finite. We have the following important result, see [PR94, Theorem 3.3.5] or
[Ara87, Theorem 6.3].

Theorem 3.4.1. An orthogonal operator g € O(V) is implementable if and only if [g,TL] is a
Hilbert-Schmidt operator.

Suppose g, h € O(V) are implementable. Since the Hilbert-Schmidt operators form an ideal in
the algebra of bounded operators, the identity [gh, JL.] = glh, JL]+[g, Jr]h implies that gh € O(V)
is again implementable. Similarly, the equation [¢g~%, J7z] = —g~'[g, Jr]g~* tells us that if g is
implementable, then ¢g~' is implementable. Thus, the implementable operators form a subgroup,
which we call the restricted orthogonal group and denote by O (V).

Remark 3.4.2. It is common that one is interested in a fixed Lagrangian L C V in which case one
might suppress the dependence of the group O (V) on L and write Oyes(V) or something similar
instead.

Remark 3.4.3. Let Pr : V — L be the projection onto L. We recall from Lemma 3.1.3 that
Jr = i(P, — Pi+). Let A € B(V). Then, we may write A in block form with respect to the
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decomposition V =L @ a(L) as

We have the relations

a:PLAPL, b:PLAva
c=PFAPy, d = P AP}
From which it follows that the condition that [A, 7] is Hilbert-Schmidt is equivalent to the state-

ment that both b and ¢ are Hilbert-Schmidt. If A is unitary, then we have that if b is Hilbert-
Schmidt, then c¢ is Hilbert-Schmidt and vice-versa.

We claim that Op (V) is a Banach Lie group with the underlying topology induced from the
so-called J-norm. In the following we will describe the Banach Lie group structure explicitly. We
let B (V') be the unital algebra

BL(V)={AeB(V)||[A, J]l2 < oc}.
On the algebra By (V), the J-norm is defined by
[All7 = [IAll + [T, Alll2-

It is elementary to check that the J-norm turns Br(V) into a Banach algebra. We see that
Or(V) =Br(V)*NnO(V) is a closed subgroup of the Banach Lie group B (V)*. Unlike in finite
dimensions, this is not sufficient for being a Banach Lie group itself, making further considerations
necessary. First, we equip Or(V) C Br(V)* with the induced topology, so that it becomes a
topological group. We note the following result about this topology, which is part of Theorem 6.3
in [Ara87].

Proposition 3.4.4. The topological group Or (V) has two connected components.

Remark 3.4.5. We consider the following norms on By, (V):

A= Al +[I[A, T2, A= [|[PLAPL| + (I[A, T]ll2,
A ||A|| + || PLAPL |2, A ||PLAPL|| + || PLAPE ||2.

Their restrictions to O (V) are all equivalent. We mention this because some sources use one of
the other norms to define the topology on Op (V).

Next we construct explicitly a Banach Lie group structure on O (V). As usual, in unital Banach
algebras the exponential map
1
exp: Br(V) = Br(V)*, A et =) —A"
n!
n=0
is smooth and a local diffeomorphism at 0. A local inverse can be defined on the J-norm open
ball B;(1) around the unit 1 of radius 1, where it is given by the logarithm

Bl(ﬂ) — BL(V),

oo

A In(A) = -)"

n=1

We define the Banach Lie algebra oz (V) to be the Lie subalgebra

(1— A",

S|

or(V):={A€BL(V)| A* = —A and |a, A] = 0}.

It will indeed turn out to be the Lie algebra of Op (V).
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Lemma 3.4.6. The exponential map is a local homeomorphism at 0 from or (V) to Op(V).

Proof. First, we prove that exp(o(V)) C Or(V). We have that A* = —A implies that exp(A) €
U(V), then [a, A] = 0 implies exp(A) € Or(V). Now, let W/ C Bp(V) and U" C Bp(V)*
be open neighbourhoods of 0 and 1 respectively with the property that exp : W/ — U’ is a
diffeomorphism. It follows that W := W’ N oy (V) is an open neighbourhood of 0 € o7 (V) and
U :=U'N0g(V) is an open neighbourhood of 1 € O (V). We claim that exp is a homeomorphism
from W to U. Clearly exp is a homeomorphism from W to exp(W). It remains to show that
exp(W) = U = U' N OL(V). The inclusion exp(W) C U' N OL(V) is clear. For the other
inclusion it suffices to show U’ N OL (V) C exp(or(V)). Or, in other words, that the logarithm of
AeU' NOL(V)isin or(V). This is easily verified using the series expansion of the logarithm
around 1. O

With Lemma 3.4.6 at hand it is standard to equip O (V) with the structure of a Banach Lie
group with Lie algebra oy, (V). Moreover, O (V) is an embedded submanifold of By (V)*.

3.5. Implementers

We define Imp; (V) C U(F) to be the set of all implementers of operators g € O (V). Suppose that
U € Imp;, (V), then since 6 : O(V) — Aut(Cl(V)) is injective, the operator g that is implemented
by U is determined uniquely; in other words, we have a well-defined map ¢ : Imp(V) — Op (V).
If U and U’ implement operators g and ¢, respectively, then UU’ implements gg’. Likewise, U !
-1

implements g Hence, Imp(V) is a subgroup of U(F), and ¢ is a group homomorphism. If

U,U’ € Imp, (V) implement the same operator g, then we have
UaU* = U'aU"™

for all a € CI(V), which implies UU'~! € CI(V) and hence UU'~! € U(1)1. Thus, we have a
central extension

U(1l) = Imp; (V) = Or(V) (3.1)

of groups. Our next goal is to equip Imp; (V) with the structure of a Banach Lie group, such
that (3.1) is a central extension of Banach Lie groups.

For this purpose, we infer the existence of a local section ¢ : U — Imp, (V'), defined on an open
neighbourhood U of 1 € Or(V) on which the exponential map is injective. We refer to [Ara87,
PR94, Ott95, NeelOb] for constructions of this section, and recall some steps in the following.
Let L£(FL) be the algebra of unbounded skew-symmetric operators on Fr,, with invariant dense
domain equal to the algebraic Fock space AL. We shall outline how to produce for each A € o1,(V)
an element A € £(F), such that exp(A) is unitary and implements exp(A). Then, o(exp(A)) =
exp(A). In order to define A, we first require the following extension of Remark 3.4.3, which can
be proved by an explicit computation of [« A].

Lemma 3.5.1. With respect to the decomposition V.= L & (L), an element A € or(V) can
uniquely be written as
A ( a/ a'a) 7
aa’ aao

with a : L — L a bounded linear skew-symmetric transformation, and a’ : L — L a Hilbert-Schmidt
conjugate-linear skew-symmetric transformation.
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Given a decomposition of A as in Lemma 3.5.1, we define a skew-symmetric unbounded operator
Ag on Fp, by

Ay : A"L = AL,

PN N Y DA Nafi A A fs

i=1
this operator has invariant dense domain AL, see [Ott95, Section 2.3]. Next, since o’ is Hilbert-
Schmidt and conjugate-linear, there exists a unique element @’ € A%2L, such that

<a/1f1/\f2> = <a/(f1)af2>7 (32)
for all f1, fo € L, see [PR94, Theorem 2.2.2], [NeelOb, Lemma D3] or [Ott95, Section 2.4]. More-
over, the following equation then holds
1

= 5 la'll5.

~1(12
a2 = 3

We then obtain a skew-symmetric unbounded operator A; with invariant dense domain AL by
setting

Ay AL -5 A" PLe AL £ % (tar€ — ' NE)

where 14 stands for the adjoint of the map & — @’ A &, We now set A == Ay + A; € L(F). Tt is
straightforward to see that A — A is linear. That exp(A) implements exp(A) is proved in [Ott95,
page 44]. This completes our recollection of the construction of 0. We are now in position to state
the main result of this subsection, which is well-known and appears, e.g., in [Ara87, NeelOb].

Theorem 3.5.2. There exists a unique Banach Lie group structure on Imp; (V) such that the
section o is smooth in an open neighbourhood of 1. Moreover, when equipped with this Banach Lie
group structure,

U(1) = Imp, (V) L 0L (V)

s a central extension of Banach Lie groups.

Proof. We choose an open neighbourhood V' C U of 1 such that V2 Cc U. Welet f, : VxV — U(1)
be the 2-cocycle associated to the section o via the formula
o(g1)o(g2) = f+(91,92)0(g192)-

The goal is to show that f, is smooth in an open neighbourhood of (1,1). That this implies all
statements of the theorem is a standard result; for the convenience of the reader we have described
a proof in Appendix A, see Proposition A.1.

In order to show that f, is smooth in an open neighbourhood of (1,1), we consider the map
Yo : UXxU—=C, (ga h) = <U(g)0(h)Q>Q> :

It is proved in [NeelOb, Section 10] that 1, is smooth in an open neighbourhood of (1,1). Since
¥, is non-zero at (1,1) and smooth, there exists an open neighbourhood U’ C U of 1 such that
Yo (g,h) # 0 for all g,h € U’. Let V' be an open neighbourhood such that V' C U’. We note
from the definition of o that o(1) = 1. We now compute, for g1,g2 € V',

folg1,92)%s (1, 9192) = fo(91,92)(0(9192)2, 2)
= (fo(91,92)0(9192)2,2)
= (0(91)0(92)Q2,2)
= V5(91, 92)-
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It follows that o )
_ Yo 91,92)
fU(glaQQ) wg(179192)7

hence, we see that f, is smooth on V' x V. O

Remark 3.5.3. The section o is not continuous when Imp; (V) C U(FL) is equipped with the
norm-topology; as a consequence, the inclusion Imp; (V) — U(F) is not a homomorphism of
Banach Lie groups.

With the Banach Lie group structure on Imp; (V) at hand, we can now use its Banach Lie
algebra, which is a central extension

R = imp(V) — o (V).

Here, we have identified the Lie algebra of U(1) with R. The section ¢ induces a section o, :
0r,(V) — imp(V), which in turn determines a Lie algebra 2-cocycle wy : 0, (V) X 01,(V) — R by

wo (X, Y) i= [0 (X), 0. (V)] — o([X, Y]). (3.3)
This cocycle is computed in [Ara87, Theorem 6.10], resulting in
1
wO'(AI? AQ) = g trace(J[J, Al][j7 AQ]) (34)
The same cocycle can be described in two further ways. If we put Az := [Ay, A2] and write
a; b
Ai _ i i
(Cz' dz‘)
with respect to the decomposition V' =L & «(L), then it is shown in [Ara87, Theorem 6.10] that
1
wy(Aq, Ag) = 3 trace ([a1, az] — as) . (3.5)

Finally, according to [NeelOb, Theorem 10.2] we may write

/
a; oo
A; = ,
aa;  aa;o

for the decomposition of A; according to Lemma 3.5.1, and then obtain
1
wy (A1, Ag) = ~5 trace([a), aj)]). (3.6)

To see that (3.6) and (3.4) coincide, one may use Lemma 3.1.3 and Remark 3.4.3.

Remark 3.5.4. The Lie algebra cocycle given above in (3.4) is 1/2 times the Lie algebra cocycle
given in [PS86, Proposition 6.6.5], we also note that their operator J differs from our operator J
by a factor of 3.

Because imp(V) is a central extension of or (V) by R, it follows that, as a vector space, the
Banach Lie algebra of Imp, (V) is imp(V) := o, (V) @ R. The bracket is then given by

[(Alv )‘1)7 (A27 )‘2)] = ([Ah AQ}’WU(AD AQ))»

and the norm is given by
(AP = (1A% + A2
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Remark 3.5.5. The exponential map exp : imp(V) — Imp, (V) is (A4,\) — exp(A + iAl). We
may relate imp(V') to the algebra L£(F) used in the definition of the section o by considering the
injective linear map

imp(V) = L(FL), (A, N) — A4l

That way, the exponential map of Imp, (V') factors through the exponential of L(F).

For later purpose, we consider the unitary representation of the Banach Lie group Imp, (V') of
implementers on the Fock space F, obtained from the inclusion Imp; (V') C U(F).

Proposition 3.5.6. The set of smooth vectors
7 ={v e Fr|Imp; (V) —= Fr,U — Uv is smooth}

contains the algebraic Fock space AL; in particular, F5 is dense in Fr. Moreover, if a € CL(V)*
andv € F}, thenavv € F3.

Proof. We claim that the vacuum vector ) is a smooth vector for Imp, (V). A general theorem
for unitary representations [NeelOa, Theorem 7.2] implies that Q is a smooth vector if the map
U — (Q,UQ) is smooth in an open neighbourhood of 1. Let W C O (V) be the domain of the local
section o from Theorem 3.5.2. By our characterization of the Lie group structure on Imp; (V'), the
map W x U(1) — Imp. (V) : (g,\) — Ao(g) is a local diffeomorphism at (1,1). Now, it suffices
to show that the map (g, A) — (2, Ag(0)f2) is smooth in a neighbourhood of (1,1). But the latter
expression is equal to A ¥, (1, g), where v, appeared in the proof of Theorem 3.5.2, and is smooth.
This proves that €2 is a smooth vector.

Next, we claim that if v € AL, then the map ¢, : Imp; (V) — Fr,U — Uv is smooth. Because
v is in the algebraic Fock space by assumption, there exists an element a € Claiz(V') such that
a> Q) =wv. Now, ¢, may be decomposed as

Imp; (V) — Or(V) x Imp, (V) —— CI(V) x F, ———— F,
Ur———— (9, U) ——— (04(a),UQ) ——— 04(a) > UQ
The first map is clearly smooth. The second map is smooth because () is a smooth vector and

because a € Clag(V) € CI(V)*. The last map is smooth because it is simply the evaluation map,
B(Fr) x Fr, — Fr. This proves that AL C F*5.

If we replace Q by an arbitrary smooth vector v € F; and if we assume that a € CI(V)*, then
the same argument proves that the map U — U(ab>v) = 6,(a) > Uv is smooth, and hence that the
vector a>v is a smooth vector, whence Cl(V)® 1> F° = F>. O

The notation F7° is often used for the set of smooth vectors. We prefer 73 for aesthetic reasons.

We equip F35 with the structure of Fréchet space as described in [NeelOa, Section 4], with respect
to which the map Imp, (V) x F} — F} is smooth.

Lemma 3.5.7. The action map Cl(V)® x F} — F3 is smooth.

Proof. First, one proves that for a bilinear map between Fréchet spaces to be smooth it is sufficient
that it is continuous. We prove this in Appendix B.
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To prove that the action map is continuous it suffices to prove that it is continuous in (0,0) €
C1(V)® x F5. This is proved by an explicit consideration of the semi-norms that define the topology
on F3} in Appendix B. O

Let V' be a second complex Hilbert space with real structure.

Lemma 3.5.8. For any orthogonal map v : V. — V', the unitary map A, : Fr — F, () restricts
to an isomorphism
Al/ . .Fi — fs(l;)'

The proof is completely analogous to the proof of Lemma 3.2.6.

We recall from Proposition 3.4.4 that the topological group O (V') has two connected compo-
nents; this implies that Imp; (V) has two connected components as well. We recall from Remark
3.3.2 that the Fock space is graded, hence so is Imp; (V) C B(Fr). We now have the following
result, which is [Ara87, Theorem 6.7] and [NeelOb, Remark 10.8].

Proposition 3.5.9. All elements of Imp; (V') are homogeneous, and the connected component of
the identity in Imp; (V) consists of the even implementers.

Remark 3.5.10. The central extension Imp; (V) — O (V) can be considered in the setting of
Fréchet-Lie groups. A topological version of this is considered in [Ara87] and in [Ott95]. In these
sources the group O (V) is equipped with the J-strong topology, which is strictly weaker than
the J-norm topology we have considered. In this topology it has two components as well [Ara87,
Theorem 6.3]. In [Car84] the coarsest topology on Op (V) is determined in which the projective
representation on F is continuous, but this topology is not the one of any manifold. We refer to
Chapter 2.4, Theorem 6 in [Ott95], and [PR94] pages 109 and 110 for more information on the
connection between the different treatments of the groups Or (V) and Imp, (V).

We should note that for the various results on the spaces of smooth vectors F; and CI(V)® it
was important that we treated the groups Imp (V) and Op(V) as Banach Lie groups, and not
Fréchet Lie groups, see [NeelOa, Example 4.8].

Remark 3.5.11. The Lie algebra section o, : or(V) — imp(V) determines a connection v,
on the Banach principal U(1)-bundle Imp; (V) — O (V'), whose horizontal subspaces are the left-
translates of the image of o,. As a 1-form on Imp, (V), it is given by v, := ™P(V) —g_(¢*9O0t(V)),
where ¢ denotes the left-invariant Maurer-Cartan form on a Lie group G. The curvature of v, is
—2we (0 A 0) € Q*(OL(V)). We will further discuss this connection in Section 7.2.

3.6. The equivalence problem & and the restricted Lagrangian
Grassmannian

In Section 3.4 we discussed the implementability problem. It is well-known that this is closely
related to the so-called equivalence problem [PR94, Section 3.4], which we discuss now. This
discussion will be relevant in Section 9.1.

Let us write Lag(V) for the set of Lagrangians in V. Let L € Lag(V') be an arbitrary Lagrangian.
We first define the restricted unitary group:

UL(V) = {9 € UWV) | lllg, Telll2 < o0}
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Suppose now that I’ C V is a second Lagrangian. We may now ask if there exists a unitary
operator T : Fr, — JFr, that intertwines the Cl(V) representations, i.e. has the property that
a>v="T*(a> (Tv)) for all a € C1(V) and all v € Fr,. In this case we say that the representations
Fr and Fr are unitarily equivalent.

Lemma 3.6.1. The following are equivalent:
1. The representations Fr and Fr, are unitarily equivalent.
2. The operator P{-Pr, : V — V is Hilbert-Schmidt.
3. The operator Py, — Pr: : V. — V is Hilbert-Schmidt.
4. There exists an element g € Or (V) such that g(L) = L'.
5. There exists an element g € U (V) such that g(L) = L'.
Proof. That 1-4 are equivalent is proven in [PR94, Theorem 3.4.1 & Theorem 3.4.2]. That 4 implies

5 is obvious, after all O (V) C Ur(V). Finally, assume that 5 holds. We shall prove that 3 then
holds. First, we compute

l9. J1) = ilg, Pr — Py] = ilg, 2P, — 1] = 2i[g, P,
whence we conclude that [P, g] is Hilbert-Schmidt. By assumption, we have that g(L) = L’, hence

Py — Py =Py, —gPrg ' =(Prg—gPr)g™ " =[Pr,glg”". O

If a pair of Lagrangians satisfies any of the equivalent conditions of Lemma 3.6.1 we say that
the Lagrangians are equivalent. It is clear that this defines an equivalence relation on the set of
Lagrangians. We write Lag; (V') for the set of Lagrangians equivalent to L. We embed the unitary
group U(L) into O (V) by sending the operator T" € U(L) to the operator that acts by T on L
and by aTa on a(L).

Lemma 3.6.2. When equipped with its usual Banach Lie group structure, U(L) is a submanifold

Of OL(V).

Proof. First of all, as topological spaces, both U(L) and O (V) are metric spaces, where the
metric on U(L) is given by d(T1,Tz) = ||Th — T>|| and the metric on O (V) is given by d(g1, g2) =
g1 — g2l + llg1 — 92, Tr]||2. Tt is clear that the inclusion U(L) — O (V) is an isometry and hence a
topological embedding. It remains to show that the inclusion is an immersion, this can be checked
by computing the derivative of the inclusion at the identity. O

Lemma 3.6.1 tells us that O (V)/U(L) = Lag; (V). A direct consequence of Lemma 3.6.2 is
the following result.

Lemma 3.6.3. There exists a unique structure of Banach manifold on Or(V')/ U(L) such that the
projection O (V) — Op(V)/U(L) is a surjective submersion.

Proof. According to [Bou98, Proposition 1.6.11 of Chapter III] it is sufficient that the subgroup
U(L) is a submanifold of O (V). O

An interesting observation that we will use momentarily is the following.

Lemma 3.6.4. The homomorphism o : U(L) — Impy(V), g — Ay is a section of Impp (V)|u(z)-
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Proof. Tt is clear that o is a group homomorphism. That it is a section follows from the identity
Oy(a)>v = AgaDAg_lv, a€ClV),veF.

The map o : U(L) — Imp; (V) coincides with the local section ¢ defined in Section 3.5 on the
intersection of their domains, hence, it is smooth in a neighbourhood of the identity, whence it is
smooth everywhere. O

We view Lag; (V) as a Banach manifold through the identification with Or(V')/ U(L).

Remark 3.6.5. The manifold Lag; (V') turns out to be a rich geometric object, and appears fre-
quently in the literature, see among others [PS86, Chapter 7], [Bor92, Fur04, PW09]. In particular,
it supports a Pfaffian line bundle (see [SW07]).

The description of the Banach manifold structure on Lag; (V) given in [PS86, Bor92] is, at first
glance, different from the one we just gave. We will prove that they in fact agree. To that end
we first recall the definition from [PS86, Bor92]. For proofs of the claims we make here we refer
to [Bor92, Section 2 & Section 4]. Let W € Lag; (V) be arbitrary. Then, following [Bor92], we
write I$(W, W) for the Hilbert-Schmidt operators A : W — W+ that are skew in the sense that
aA = —A*a. Tt then follows that for all A € I$(W, W) we have that W, := graph(A) € Lag; (V).
For each W € Lag; (V) we define a neighbourhood Uy, C Lag; (V) of W by

Uw = {graph(A) € Lag (V) | A € I§(W, W)} = I5(W, W ).

By letting W range over Lag; (V') we obtain a cover of Lag; (V) by Uy,. Moreover I$(W, W)
is isomorphic to I§(L, L*) for each W € Lag; (V). This defines an atlas for Lag; (V). That the
transition functions are smooth is proved in [PS86, Proposition 7.1.2]. Let us write Lag} (V) for
Lag; (V) equipped with this smooth structure. The following result then implies that we may
discard this extra piece of notation immediately.

Lemma 3.6.6. The projection map 7 : Op(V) — Lag] (V) is a surjective submersion. Hence
Lagp (V) = Lag, (V).

Proof. Clearly, the projection map is surjective. To prove submersivity we start by proving sub-
mersivity at the identity of Or (V). Let O C Or(V) be the open ball of radius 1 with centre
the identity element. First of all, we shall prove that 7(Q) is contained in the open neighbour-
hood Uy, C Lag, (V). Let g € O be arbitrary. We decompose g with respect to the splitting

V=L®all):
g= (911 a92la> .
921 agn«
Because g € O we have |1 —g|| < 1 and hence |11 — ¢g11]] < 1 and hence g11 is invertible. We now

compute

m(g) = g(L) = {(g11v,921v) e L& L [ v € L}
={(v,g2191,'v) € L& L™ | v € L}
= graph(gs197;') € UL.

Hence, using the chart Uy, ~ I$(L,L'), we see that the projection map 7 is given by 7(g) =
92197, € I$(L, L*). The map 7 factors as

O —— L(L,L*Y) x B(L)* —— I(L,L*Y) x B(L) — I(L,LY),

g ———— (go1,011) ————— (g21,011") ————— g21017"
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We equip Io(L, L") with the Banach space structure induced by the Hilbert-Schmidt norm, and
B(L) with the Banach space structure induced by the operator norm, and finally we equip B(L)*
with the Banach Lie group structure inherited from B(L). It is then clear that this first map is
smooth. The second map is inversion on the second factor, which is also smooth. The fact that
the last map is continuous can be seen from the usual proof that the Hilbert-Schmidt operators
form an ideal in the bounded operators. It is moreover bilinear, and hence smooth.

Let us show that it is also submersive at the identity. Because the map exp : o5 (V) — O (V)
is a diffeomorphism at the identity it suffices to check that the map mwexp : or (V) — I$(L, L+)
is a submersion at 0. A straightforward computation using the chain rule then shows that the
derivative of mexp at 0 is given by the projection onto the first factor with respect to the splitting
or(V) = I¢(L, L*) © B*(L), where B%(L) is the space of skew operators on L.

Now, we would like to use this to prove that 7 is submersive everywhere. We write dg, for the
operator that takes the derivative at g. Next, for each g € OL(V) we write p(g) for the map
Lagy (V) — Lag/(V),W + g(W). We first prove that the map p(g) is a smooth submersion at L.
A chart around L is given by (UL, ¢) where

Up = {graph(T) C V | T € I5(L, L")}

and ¢ : U, — I$(L, L") sends graph(T) to the operator T. A chart around p(g)(L) = g(L) is
given by (Ugy(r), @y) where

Uyry = {graph(T) C V | T € I§(g(L), g(L "))}

and ¢4 sends graph(7) to the operator g~'T'g. A straightforward computation shows that compos-
ite pgp(g)p : I$(L, L) — I$(L, L) is the identity, hence p(g) is a smooth submersion (and in fact
an immersion as well). We then obtain 7 = p(g) ool -1, and hence dgm = dpp(g) o dem o dyl,-1,
from which we conclude that 7 is a smooth submersion at g. O

Suppose that L' is equivalent to L, then we define Uy (FL,Fr/) to be the set of unitary
equivalences from Fy, to Fy. It is clear that U(1) acts on this space, simply by multiplication. In
fact, this defines a principal U(1)-bundle Q on Lag; (V) with total space

Q= H Ucivy(Fw, FL)-
WeLag, (V)

We shall equip Q with the structure of Banach manifold such that @ — Lag; (V) is a principal
U(1)-bundle momentarily.

A topological version of this bundle is considered in [Amb12, Section 11.1].

First, we make the relationship between the implementation problem and the equivalence prob-
lem more explicit:

Lemma 3.6.7. Let g € O (V) be arbitrary. Then the map
Uciv)(Fy(r), Fr) — Impp (V),, T — TAyg,
s a bijection, with inverse
Imp,, (V)g = Uciv)(Fy), Fr), U UAS

Moreover, these maps are isomorphisms of U(1)-torsors.
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Proof. Tt is clear that the maps are mutually inverse, hence we only need to check that the codomain
is correctly identified. Hence, let T" € Ucyvy(Fy(r), Fr) then we compute, for v € Fp and a €
Cl(V) arbitrary

(TAg)ar (TAy)* v =TAgar> A;lT*v =04(a)> v,
as desired. That UAg_1 € Uiy (Fgr), Fr) if U € Impp (V), is checked in a similar manner. It is
obvious that these maps intertwine the U(1) actions. O

We identify U(L) as a Lie subgroup of Imp; (V') through the immersion ¢ : U(L) — Imp; (V).
We define @ :=Imp; (V)/U(L). We then obtain a commutative square

Imp, (V) ——— @

L |

Op(V) —— Lag; (V)
It follows that @ is a principal U(1)-bundle over Lag; (V'), with the property that 7*@Q = Imp; (V).

Lemma 3.6.8. For ecach W € Lag; (V) there is an isomorphism of U(1)-torsors Qw — Q.

Proof. Let W € Lag; (V) be arbitrary. Let x € Qw be arbitrary. Choose a representative
Up € Impg (V) for z. Set g1 = q(U1). Then Lemma 3.6.7 tells us that U1A -1 € Qw. Now,
suppose that Us is a second representative for z. Set go = ¢(Us). Because U; ~ Us we have
U; = Ula(gflgg) = U1A9;1g2. We now compute

U2Ag51 = UlAg;1 A o1 = UlAgl—l.

92 g
This implies that the assignment z — U A o is a well-defined map from Qw to Qu . This map
clearly intertwines the U(1) actions, and hence is an isomorphism of U(1)-torsors. O

Hence, we identify @ = @, which turns Q into a principal U(1)-bundle over Lag; (V) with the
property that 7*Q = Imp, (V).

The following result will be used in Section 9.1.

Lemma 3.6.9. Ucyv) (]:g(L),JT"L) = Ucyvys (]:;(L)"Fz) for all g € OL(V).

Proof. The inclusion UCI(V)S(]:;(L),}"E) C Ucyv)(Fyg(ry, Fr) is routine. We consider the reverse
inclusion. To that end, let T' € Ugyvy(Fg(r), Fr). All that we need to show is that T(f;(L)) C Fi.
Hence, let v € ]-';(L). We claim that Tv € Fr, is a smooth vector. By [NeelOa, Theorem 7.2] it
is sufficient to prove that the map Imp; (V) — C,U — (UTw,Tv) = (T"*UTw,v) is smooth in
an open neighbourhood of the identity. In turn, it suffices to show that the map Imp, (V) —
Impg(L)(V), U — T*UT is smooth in an open neighbourhood of the identity. By Lemma 3.6.7
we may assume that T = UpA, ! for some Uy € Impy (V). Because Imp, (V) is a Banach Lie
group, the map U ~— UgUUyp is smooth. It remains to be shown that the map Cy, : Imp, (V) —
Impg(L)(V), U~ AgUA;1 is smooth in an open neighbourhood of the identity. To that end, we
use the fact that the Banach Lie group Imp; (V) is modelled on the Banach Lie algebra imp (V)
as follows. Let Cy : 0r(V) = 041y (V') stand for conjugation by g, this map is clearly smooth. We
claim that the following diagram commutes

c,o1
OL(V) e R i) Og(L)(V) &R

Lo

Ag
Imp, (V) ——— Imp, (V)
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From which follows that Cy, is smooth, which would complete the proof.

To prove that this diagram indeed commutes we use the fact that the exponential of o7, (V) ® R
factors through the exponential of £(Fp) as explained in Remark 3.5.5 and proceed as follows. Let
(A, \) € 0(V) be arbitrary. Now, let fi A--- A f, € A"g(L) be arbitrary, then we compute

AgAOA;I(fl Ao A fu) = DgAo(gT fr Ao A g )
:AgZ(g_l/\"'/\Aog_lfj/\"'/\g_lfn)
j=1
=gAog  (fi N+ A fn).

Hence AgfloA!;l = gApg—!. Now let £ € A"g

—

L) be arbitrary, we compute

Ag Ay AN (€) = = (1a, ) — Agla) AE).

N | =

A straightforward computation using (3.2) shows that Aya" = g?g\—l, whence Agthgl =gAi1g L.
Which in turn shows that AgflA;l = gAg—!. Exponentiating this relationship one obtains

i, _ AA—1 ]
AgeAAg 1_ eAgAAg — egAg )

From this result it follows that the diagram above commutes, explicitly, we have:

(A0 — 0 (gAg1 )

! ! -

-, Ch -, 1
eAtiA 9, AgeAJ'_Z/\qu = e9AgTI+iA

Let @* — Lag; (V) be the dual of Q. The associated bundle Q* xy1y F is a Banach vector
bundle over Lag; (V). The map Cl(V) x Q* x F, — Q* X Fr, (a,u,v) — (u,a>v) descends to a
fibrewise C1(V') action on Q* X1y Fr. We observe that the map

Q?/V x Fr — fWa(uav) = uil(v)a

descends to an isomorphism (Q* Xy (1) Fr)w — Fw of left C1(V')-modules, for each W € Lag (V).
Using this isomorphism we equip the set F := HWGLagL(V) JFw with the structure of Banach vector
bundle over Lag; (V). The group O (V') acts on Lag; (V) through the map (g, W) — g(W). The
bundle £ — Lag; (V') can be equipped with the structure of Or(V)-equivariant bundle by defining
the action Op (V) x E — E,(g,v) — Ag(v).

Finally, we remark that the bundle D := Imp7 (V') xy(1) Fr — Or(V) is equal to the pullback of
Ealong 7 : Op(V) — Lagy (V). For each g € O (V') we obtain a unitary map Dy — Fy(r), [U,v] —
Ay U1 (v). Using this identification we equip D with the structure of Oy, (V)-equivariant bundle
by defining the action O (V) x D — D, (g,v) — Ag(v).

Remark 3.6.10. The bundle F — Lag;(V), including its O (V)-equivariant structure, is also
considered in [Amb12, Chapter 8] using a different construction.

We could also consider the associated bundle Q* (1) 7, however, this would not be a Banach
vector bundle, because F7} is not a Banach space. The space Q* x(1) F}, does come equipped with
an inclusion map Q* xy(1) F; — Q" Xy(1) Fr. The appropriate tools to handle such a situation
are developed in Section 8.1.
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We note that, using Lemma 3.6.9 we obtain that the map
Qi X Fo — Foy (u,v) = u™ L (v),

descends to a linear bijection (Q* xy(1) Ff)w — Fyy, for each W € Lagy (V).

3.7. The basic central extension

We consider the Banach Lie group central extension Imp; (V) — Op(V) of Section 3.5, with
respect to the data specified in Example 3.1.2. That is, V = L2(S) ® C%, the real structure
« is pointwise complex conjugation, the Lagrangian L consists of those spinors that extend to
anti-holomorphic functions on the disk, and the unitary structure J corresponds to L under the
bijection of Lemma 3.1.3.

Our goal is to give an operator-algebraic construction of the basic central extension
U(1) — L Spin(d) — L Spin(d)

of the loop group of Spin(d). The existence of such models using implementers on Fock space is
well-known, see, e.g. [PS86, Nee02, SW07], but we have not found a complete treatment of all
aspects and in our specific setting. Before we start, we briefly recall how the group L Spin(d) :=
C*°(S1,Spin(d)) can be equipped with the structure of Fréchet Lie group, see [PS86, Section 3.2
for more details. We will then downgrade all Banach Lie groups to Fréchet Lie groups, and handle
all smoothness issues within the Fréchet setting.

The vector space Lspin(d) is a Fréchet space when equipped with the topology of uniform
convergence of functions and all partial derivatives. Equipped with the pointwise bracket, Lspin(d)
is then a Fréchet Lie algebra. The pointwise exponential exp : Lspin(d) — L Spin(d) may then
be used to define charts for a Fréchet Lie group structure on L Spin(d). We write End(d) for the
algebra of endomorphism of C?. The algebra L End(d) := C*(S',End(d)) is a Fréchet algebra in
the same way as Lspin(d). It acts through bounded operators on V = L%(S) ® C? via pointwise
multiplication on C¢, we denote this representation by m : L End(d) — B(V).

Lemma 3.7.1. The image of m is contained in the Banach algebra Br (V). Furthermore, m is a
continuous homomorphism of Fréchet algebras.

Proof. Let f € LEnd(d). Then we may write f as

f(z):ZAnzn7 Zesla

nez

where A,, are elements of End(d). In the proof of Theorem 6.3.1 in [PS86] it is shown that we now
have

1/2
I[m(f), T2 = (Z nlllAn2> : (3.7)
nez

To see that this is finite we proceed as follows. If f is smooth, then its derivative f’ is square-
integrable, with L2-norm given by

1F122 = D 0?1 4al® = ) InlllAa>.

nez nez
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This shows that m(f) € BL(V). Furthermore, because S* is compact, we have
[flr = sup Il Z 1£'l2 = llm(f), T2,
tesSt

which will be useful in the next step. It is easy to see that m is an algebra homomorphism, and in
particular linear. Thus, all that remains to be shown is that m is continuous. A simple calculation
shows ||m(f)||? < |f|o for all f € LEnd(d); hence,

lm(N)llg = Im(HIF+ [Im(f), T2 < [flo + [f]1,

which implies that m is continuous. O

Both L End(d) and By, (V) are equipped with an exponential map. We have already investigated
the properties of the exponential map on By (V) in Section 3.4; the well-definedness of the expo-
nential on L End(d) is a standard fact. Since m is a continuous homomorphism of Fréchet algebras
by Lemma 3.7.1, we have a commutative diagram

LEnd(d) —=— Br(V)

EXPJ/ \L exp

LEnd(d) —— By(V).

One sees readily that m restricts to a map m : LSO(d) — O (V). Using the natural projection
map Spin(d) — SO(d) we obtain a projection map 7 : LSpin(d) — LSO(d). Let us define
M :=mom: LSpin(d) = O (V). Lemma 3.7.1 now implies:

Proposition 3.7.2. The map M : L Spin(d) — O (V) is a homomorphism of Fréchet Lie groups.

We may now pull the central extension U(1) — Imp; (V) — Or(V) back along the map M to
obtain a central extension

U(1) — L Spin(d) — L Spin(d)

of Fréchet Lie groups, fitting into a commutative diagram

- g
L Spin(d) — Tmp (V)

| l

L Spin(d) — Or(V).

In particular, we see that the elements of L/é;;l(d) act through M on the Fock space F.

—~—

Proposition 3.7.3. As operators on Fock space, all elements of LSpin(d) are even.

Proof. Because Spin(d) is simply connected, L Spin(d) is connected; hence M (L Spin(d)) is con-
tained in the connected component of the identity of Oy (V). Proposition 3.5.9 then tells us that

the elements of [Té\f);l(d) are even. O

In Section 3.5 we considered a local section o of the projection Imp; (V) — Or(V), and we
considered the corresponding 2-cocycle w, of (3.4). Next, we pull w, back to a cocycle on Lso(d),
and from there to a cocycle on Lspin(d).
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Lemma 3.7.4. The pullback of the 2-cocycle w, on o5, (V) to Lso(d) is given by

1 2m
Lso(d) x Lso(d) = R, (f,9) — 7@/0 trace(f(t)g'(t))dt

Proof. This result is well-known, see for example [PS86, Proposition 6.7.1] or [Bor92, Proposition
8.2]. For the convenience of the reader we present a proof adapted to our notation. Let f, g € Lso(d)
and let Ay, As and Az be the operators corresponding to f, g and [f, g] respectively; and write

a; b;
Ai — K3 K3
' <Cz' di)

with respect to the decomposition V = L @ a(L). From the formula (3.5) for w we see that we
need to prove that

27

1trauce ([a1,as] —a3) = —— trace(f(t)g'(t))dt.
2 ami J,

By linearity it suffices to consider f(t) = Xe** and g(t) = Ye™! with X,Y € gl;(R) and k, m € Z.
We now distinguish two cases:

k+m #0 : In this case one immediately sees that fo%(f(t)g’(t))dt = 0. On the other hand, the
operators [a1,as] and ag have no diagonal components, and hence trace([a1, az] — a3) = 0.

k+m =0 : In this case we have

1 2

/ __k
P ; trace(f(t)g'(t))dt = 5 trace(XY).

On the other hand we note that the operators [a;, as] and as preserve the subspaces Cé . 21
for ¢ € Nyg. Let v € C? be arbitrary. If ¢ > k, then [a1,az]vz? = azvz?. If ¢ < k then

[a1, ag]vz? = =Y Xvz9, while azvz? = [X,Y]vz?, hence
1 1 k
3 trace([ay, az] — ag) = ~5 ;}trace(XY) =-3 trace(XY).
This concludes the proof. O

The last link in our argument is the following lemma, which is well-known and easy to check
using any explicit description of the root lattice of spin(d).

Lemma 3.7.5. For all d > 4, the bilinear form
1
(-,+) s spin(d) x spin(d) - R, (X,Y) — —3 trace(XY),
is the basic one, i.e., it is the smallest bilinear form such that (ha, hy) is even for every coroot hy.

Theorem 3.7.6. If d > 4, then the pullback of the central extension U(1) — Imp; (V) — Or(V)
along M is the basic central extension of L Spin(d).

Proof. According to [PS86, Theorem 4.4.1 (iv) & Proposition 4.4.6] and the preceding discussion,
a central extension of L Spin(d), coming from a Lie algebra cocycle w is basic if

1 27
wlf.9) =5 [ (O @)t
™ Jo
where (-, ) is the basic inner product. Now, Lemmas 3.7.4 and 3.7.5 complete the proof. O
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4. Tomita-Takesaki theory and Connes
fusion

One of the main goals of this work is to define a spinor bundle on loop space equipped with fusion
over compatible loops. This notion of fusion involves the notion of tensor product for bimodules
of von Neumann algebras, which is called Connes fusion. In this section we give an exposition of
the notion of Connes fusion in a manner specifically geared to our application. A comprehensive
reference is [Tak13], a more concise review is given in [Tholl].

Let Ay, Ay be von Neumann algebras, then, an A;-As-bimodule is a Hilbert space H equipped
with normal *-homomorphisms A; — B(H) and A — B(H) such that the left and right ac-
tions commute. Let A3 be another von Neumann algebra, and let K be an As-As-bimodule. In
Section 4.2 we will construct an A;-As-bimodule H X 4, K. This construction is associative (see
Lemma 4.2.7) and natural (see Lemma 4.2.5).

This tensor product, X 4,, should be seen as an adaptation of the relative tensor product of
bimodules of algebras to the von Neumann setting. An important observation in the setting of
algebras, is that an algebra is always a bimodule over itself, and moreover, that it is neutral with
respect to the relative tensor product. The analogous statement does not directly hold in the von
Neumann setting; a von Neumann algebra is not in a natural way a Hilbert space, hence it cannot
be seen as a bimodule over itself. It turns out, however, that each von Neumann algebra has a
completion to a Hilbert space, which is a bimodule for the von Neumann algebra that we started
with. This bimodule is called the standard form of the von Neumann algebra. We will recall this
construction in Section 4.1, and we recall the result that this indeed yields a unit for the Connes
fusion product in Lemma 4.2.4.

The notion of Connes fusion was famously used in [Was98| to equip the collection of positive
energy representations of LSU(n) with a product. The relative tensor product for bimodules
of algebras allows one to define the notion of Morita equivalence of algebras. The Connes fusion
product allows one to define this notion for von Neumann algebras, this was investigated in [Bro03].

4.1. Standard forms of a von Neumann algebra and
Tomita-Takesaki theory

We first define the usual notions of modules of von Neumann algebras to fix notation. Let A; and
As be von Neumann algebras.

Definition 4.1.1. A left A;-module is a Hilbert space H equipped with a normal *-homomorphism
A1 — B(H). We adopt the notation a > v for the element a € A; acting on the vector v € H
from the left. A right As-module is a Hilbert space H equipped with a normal #-homomorphism
ASPP — B(H). We adopt the notation v < a for the right action of a € Ay on v € H. An A;-As-
bimodule is a Hilbert space H which is a left A;-module and at the same time a right As-module,

28



such that the left and right actions commute, i.e. (a; >v) <das = a3 > (v<ag) for all a; € Ay, all
as € Ag, and all v € H. When we say that H is an A;-module, we mean that it a left .4;-module.

First we recall the notion of a standard form, see [Tak13, Chapter IX, Definition 1.13]) or [Haa75].

Definition 4.1.2. A standard form of a von Neumann algebra A is a quadruple (A, H, J, P),
where H is an A-module, J is a conjugate-linear isometry with J? = 1, and P is a closed self-dual
cone in H, subject to the following conditions:

1. JAJ=A

2. JaJ =a* forallae AN A’
3. Ju=vforalveP

4. aJaJPCPforallac A

Any standard form (A, H, J, P) of a von Neumann algebra A can be equipped with the structure
of A-A-bimodule by defining the right action by

H® A— H,

var JatJ>o.

We shall write v < a for the right action of a on v.

The following result, proved in [Haa75, Theorem 2.3], tells us that standard forms are unique
up to unique isomorphism.

Theorem 4.1.3. Suppose that { Ay, Hy, J1, P} and { Az, Hy, Jo, P2} are standard forms. Suppose
furthermore that 7 is an isomorphism of Ay, onto A, then there exists a unique unitary u from
H, onto Hy such that

1. w(a) = uau* for all a € Ay
2. Jy = uJiu*
3. P2 = UPl

Let H be a left A-module. A vector £ € H is called cyclic if A& is dense in H, and it is called
separating if the map A — H,a — a>£ is injective. A vector £ € H is separating for A if and only
if it is cyclic for A’. If a cyclic and separating vector £ € H is given, then one can equip H with
the structure of standard form of A as follows.

First, we consider the densely defined Tomita operator S : H — H. It is defined to be the
closure of the operator

A& — AbE, ad s a' &

We then write S = JA/2 for the polar decomposition of S, where J is an anti-unitary map called
the modular conjugation and A'/? is a positive unbounded map called the modular operator. These
operators depend on the choice of cyclic and separating vector £. Where confusion may arise we
will write S¢, Je and Aé/ ?. A fundamental result of Tomita-Takesaki theory is then the following,
proven in, for example [Tak13, Chapter IX]

Theorem 4.1.4. The assignment A > a — Ja*J is an anti-isomorphism of von Neumann algebras
from A onto its commutant A’.
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It is proved in [Ara74, Lemma 3] that if a € ANA’, then JaJ = a*. We define P C H to be the
closure of {JaJar>& € H | a € A}. Then P is a closed self-dual cone in H. It is proved in [Ara74,
Theorem 4] that Jv = v for all v € P and that aJaJP C P for all a € A. In conclusion, we have
the following result.

Lemma 4.1.5. The quadruple (A, H, J, P) is a standard form of A.

It is well-known that, through the GNS construction, any normal state on a von Neumann
algebra, A, produces a representation of A. This representation always has a cyclic vector. If the
state is faithful, then it has a cyclic and separating vector. This construction will be useful later,
so we review the main steps now. Let ¢ : A — C be a faithful and normal state on a von Neumann
algebra A. Then the assignment A x A — C, (a,b) — ¢(b*a) is a non-degenerate sesquilinear
form on A. We write Li(.A) for the completion of A with respect to this sesquilinear form. The
algebra A acts from the left on Li(A) by (the extension of) left multiplication. Clearly the identity
1 € AC LZ(A) is a cyclic and separating vector for this left action. It follows that the quadruple
(A, L3(A), Ji, P) is a standard form of A.

Lemma 4.1.6. Let A be a von Neumann algebra acting on a Hilbert space H, and let £ € H be a
cyclic and separating vector. Let ¢ : A — C be the faithful and normal state ¢(a) = (a>€&,&). The
unitary map f : H — Li(A) from Theorem 4.1.3 is given by the closure of the map

frar&—a.

Proof. A straightforward verification shows that the map f satisfies properties 1-3 from Theo-
rem 4.1.3 O

4.2. Connes fusion of bimodules

Let Aj, Az, and A3 be von Neumann algebras. Let H be an A;-As-bimodule and let K be an
As-As-bimodule. In the sequel our goal is to explain the definition of the Connes fusion product
of H with K. In short, the Connes fusion of H with K is an A;-As-bimodule H K, K, which
is defined with respect to some faithful and normal state ¢ : Ay — C. The result will be, up to
unique isomorphism, independent of the state ¢. Our main references are [Tholl] and [Tak13,
Chapter IX].

Remark 4.2.1. There are ways to define the Connes fusion product even when the von Neumann
algebra A5 does not admit a faithful and normal state. We shall not need this more involved
construction, so we shall not mention it in the sequel.

Following the preceding discussion we equip the standard form Li(Az) of Ay with the right
action given by
L7 (A2) ® Ay — L3 (Ay),
ERawr Ja*Jr&.
From Theorem 4.1.4 we see that Ja*J € A’, and hence that the left and right action commute.

We write D(H, ¢) := Hom_ 4,(L?(Az), H) for the space of right module maps from L7 (Az) into
H. This space is canonically an 4;-As-bimodule, explicitly, if € D(H, ¢), v € Li(AQ), a1 € A;
and as € Ay, then we have

(a1 > 2)(v) == a1 > xz(v), and (x <a2)(v) == z(ag > ).
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We note that D(H, ¢) includes into H as a dense subspace through the map = — xz(1). This
map is, however, not a bimodule map on the nose, in fact, one may verify that the right action
is twisted by conjugation by the modular operator A'/2. There is a canonical As-valued inner
product on D(H, ¢), defined as follows. If x € D(H, ¢), then its adjoint, written x*, is an element
of Hom_ 4, (H, L3(Az)). Hence if z,y € D(H, $), then

y*z € Hom_ 4, (L% (Ay), Li(Az))

There is a canonical isomorphism pg : Hom_ 4, (L7 (Asz), L3(Az2)) — Az, which is determined by
the relation

pe() v =2(v),
for 2 € Hom_ 4,(L%(Az), L3(A2)) and v € L7 (Az). The aforementioned Aj-valued inner product
on D(H, ¢) is given by

(z,y) = po(y").
On the algebraic tensor product D(H, ¢) ® K we define a (degenerate) sesquilinear form by

(@), (y @ w))y = (Po(y"x) > v, W) K.

Definition 4.2.2. The Connes fusion product H My K of H with K relative to the faithful and
normal state ¢ of As is the completion of

D(H,¢) ® K/ ker(:,-)¢

with respect to the inner product (-, -),, with the left \A; action obtained from the A;-As-bimodule
structure of D(H, ¢), and the right A5 action obtained from the As-A3 bimodule structure on K.

The definition above does not treat H and K on equal footing, the following observation tells
us that this is just an artifact of our description. We define D'(K, ¢) = Homa, (L3 (A2), K)
to be the space of left module maps from L?(Az) into K. We then have that D’'(K, ¢) includes
into K as a dense subspace, through the map = — x(1). Using the canonical isomorphism p:b :
Hom 4, (L7 (Az2), L3 (Az2)) — Az we define sesquilinear forms on H @ D'(K, ¢) and on D(H, ¢) @
D'(K, ¢) respectively

(v@a’), (wey)), = (vapy((y) ), w)m, v,we H, o',y € D(K,¢),

<(x®x/)7(y®y/)>g = <p¢(y*$)[>]lqp:b((y/)*x/)7]l>Li(A2) T,y € D(Hv ¢) xl7y/ € Dl(Kv ¢)
Lemma 4.2.3. The spaces H @ D'(K, ¢)/ ker(-, ), and D(H, ¢) @ D'(K, ¢)/ ker(, ) are dense in
HXy K.

For a proof, see [Tholl, Section 5.2] or [Tak13, Proposition 3.15 & Definition 3.16]. Lemma 4.2.3
allows us to identify H X4 K with the completion of H ® D'(K, ¢)/ker(:,-)7,, which will be used
in Lemma 4.2.7.

Lemma 4.2.4. The Ay bimodule Li(Ag) 1s neutral with respect to Connes fusion.

Proof. One verifies that the map

D(L(A2),0) ® K — K,
TRV py(z) >,

induces an isomorphism of As-A3 bimodules Li(.Ag) My K and K. A similar map exists for the
Connes fusion H Mg L3(Asz). O

31



Using Theorem 4.1.3 it follows that Lemma 4.2.4 generalizes immediately to the statement that
any standard form of As is neutral with respect to Connes fusion.

Now we come to the functoriality of the Connes fusion product, see also [BDH14]. Let By, By
and B3 be von Neumann algebras. Let H' be a B1-Bs bimodule and let K’ be a B,-Bs bimodule.
Let

vit A — B;, fori=1,2,3
be *-isomorphisms. Let vy : H — H' and vk : K — K’ be unitary intertwiners along the
isomorphisms v;, i.e.
vi(ar) > vy (v) Qve(az) = vy (a >v<as),
and similarly for vg. Let ¢’ : Bo — C be a faithful and normal state. Finally, denote by ¢ : Ay — C

the faithful and normal state ¢’ o . Let u : Li(Ag) — Li (A3) be the unitary given by Theorem
4.1.3, with 7 = 1.

Lemma 4.2.5. The map vs : Ay — By extends to a unitary map Us : L?p(Ag) — Li, (B3) which
intertwines both the left and the right action along vo. The map
D(H,¢)® K - D(H',¢') @ K',

T Qv vgau'Ts Q vk (v),
descends to an isomorphism
VHgVKZH|X|¢K—>H/|Z¢IK/,

which intertwines the actions along v1 and vs. Moreover, the assignment (vy,vi) — v R vk is
compatible with composition of isomorphisms. To be precise, suppose we are given the following
data: von Neumann algebras C; for i = 1,2,3, a C1-Co bimodule H” and a C5-C3 bimodule K",
equipped with isomorphisms vy : H' — H" and vy, : K' — K", which intertwine the actions
along von Neumann algebra isomorphisms v} : A, — AY. Then the following diagram commutes

VH ‘XI/K Vgt @I/K/

AR, K —"" , iRy K —"—" H" Ry K"

\—/

VH/VH&VK/VK (4.1)
or, equivalently (v Wvg:)(vyg Rvg) =vpvg Rvgvg.

Proof. The fact that 1o extends to a unitary map follows from the fact that it intertwines the inner
product Az x Ay — C, (a1, az) — ¥(asar) with the inner product Ba x By — C, (a1, a2) — ¢ (a3aq).
The fact that this extension intertwines the left and right actions along v, follows from the fact
that 1, is a *-isomorphism, which implies that Jy = Uy Jy75.

To prove that the map = ® v — vyau* Ui @ vk (v) descends to an isomorphism it suffices to show
that it intertwines the inner products. Explicitly, we need to prove that for all x ® v and y ® w in
D(H, ¢) ® K we have

(vpzu'vs @ vk (v), vrYu TS @ vk (w)) L (x @v,y @ w).
We start from the left-hand side

(vaauw' Ty @ vk (v), vgyu’ vy @ vk (w)) = (py (Tauy™ zu’ U3 vk (v), v (w))

= (Vi py (Tauy™ zu' s ) vk (v), w).
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Hence it suffices to show that
VicPy (Touy™ zu* U5 ) v (v) < Do (Y™ z)v. (4.2)
Using the fact that vx is an intertwiner along v we obtain
ViePy (Touy™ zu'5) vk = 15 (py (Tauy™ zu*v3)) (4.3)
Now, we compute the action of the right hand side of (4.3) on an element a € Lfb(Bg)

Vo (g (Pauy™ wu'v3))a = U5 (py (Pauy wu’vs)vs(a))

=uy*zu'a (Defining property of pg/)
= upy(y z)u*(a) (Defining property of py)
=py(y x)a,

since this holds for all @ in Li (B2) we obtain
Vo (P (Vauy zuv3)) = po(y™ ).
Together with (4.3), this implies (4.2).

Finally, to prove that the diagram (4.1) commutes we shall prove that the following diagram
commutes:

D(H,L;(A2)) ® K — D(H', L, (B2)) @ K' — D(H", L7,/ (C2)) @ K"

The composition of the arrows on top is given by the map
r Qv vpvgauvs(u') (75" @ vivi (v), (4.4)

where ' : L3, (Bz) — Li,,yé (Bz) is the unitary given by Theorem 4.1.3, with 7 = 1. On the other
hand, the bottom map is given by

r@v— vgvgzr(u') v Wh)" @ vkvi(v), (4.5)
where u” : L2 (As) — Li”vguz (As) is the unitary given by Theorem 4.1.3, with 7 = 1. Note that
in this expression, 7y is viewed as an isomorphism from L%é”uéuz (Ay) into Li”ﬂé (B2), (instead of
from Lfb,y2 (Bz) into Li, (Bz) as before). Comparing (4.4) with (4.5), we see that it is sufficient to
prove that
?

W) (7) L () T

Taking the adjoint on both sides of the equation and cancelling 75, we see that this is equivalent
to

?
1— c = 12
U Vau = rau .

One checks that both u/Tyu and Tou” are isomorphisms from L3(Az) into Li”bé (Bs). We claim
that they both satisfy properties (1-3) from Theorem 4.1.3, hence that by the uniqueness statement
in that theorem we conclude they must be equal. Let us check that they do in fact satisfy properties
(1-3):

1. Both maps intertwine the left action along vs.
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2. By construction we have mou” Jy,(u")*7R" = Jyn,; = u'Vaudyu v (u')*.
3. From Theorem 4.1.3 we have that uPy = Py,,. Now we argue that U3 Py,, = Pg. Let
Jyrv,adgr,a € Py, be arbitrary. Then we compute
§2J¢/V2aJ¢/V2a = fgJ¢/DQ?S§QG?SPQJ¢/y2ﬁ;PQCL = J¢/VQ(CL)J¢/?26L,
from which the claim follows. Then, another application of Theorem 4.1.3 yields u'Py =
Py, hence u'TguPy = Pynyy. A similar argument then shows that ou” Py = Py, .
This completes the proof. O
Remark 4.2.6. We have defined the map vy Xvk by specifying it on the dense subspace D(H, ¢)®
K. Of course we could have just as well defined the map vy X v to be the extension of a similarly

defined map on the dense subspace H @D’ (K, ¢). One may check that this procedure has the same
result.

We may specialize Lemma 4.2.5 to the case that all isomorphisms v are identities to conclude
that for any two faithful and normal states ¢, ¢’ on Bs, there exists a natural isomorphism

The fact that the diagram (4.1) commutes then tells us that these isomorphisms are coherent,
which allows us to define the Connes fusion product H X 4, K as the colimit of H X, K, where ¢
ranges over all faithful and normal states of As. In practice, however, it will often be advantageous
to pick a fixed faithful and normal state ¢. In [Tak13, Exercise IX.3.8 (p.210)] another approach
to defining a tensor product of bimodules without reference to a state is given.

Lemma 4.2.7. The Connes fusion product is coherently associative. That is, if H, K, L are A;-
As, As-As, and Az-Ay bimodules, respectively, ¢ is a faithful and normal state on Ay, and ) is a
faithful and normal state on As, then the map

(D(H,¢)® K)® D'(L,¥) = D(H, ¢) @ (K @ D'(L,1)))
(z@v)®@y) = (z@ (veY)),
extends to an isomorphism of bimodules, (H My K) Ky, L — H X, (K Xy, L). Moreover, these
isomorphisms satisfy the pentagon identity.
Proof. That the above map indeed extends to an isomorphism of bimodules is [Tak13, Theorem

3.20]. The coherence can be found in [Bro03]. O

Lemma 4.2.8. The associator from Lemma 4.2.7 is natural: Let H, K, L be A1-As, As-As, and
As-Ay bimodules respectively, and let H', K', L' be B1-Ba, Ba-Bs, and Bs-By bimodules respectively.
Suppose that we are moreover given isomorphisms v; : A; — B; fori=1,2,3,4, and unitary maps
vg:H— H, vk : K — K and vy : L — L' that intertwine along the isomorphisms v;. Then,
the following diagram commutes

(H |Z|A2 K) |Z|A3 L—— HIZ-AQ (K IXlAs L)
(VH xl/K) xlj[‘l JVH |X’(ZIK &VL)
(H/ |Z|A2 K’) &Ag L' — H' IXAZ (KI IX-AS LI)

Proof. This follows from a straightforward computation using the explicit forms of the isomor-
phisms on the appropriate dense subspaces from Lemmas 4.2.5 and 4.2.7. O
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5. The free fermions on the circle and their
Tomita-Takesaki theory

In this chapter we will further study the representation of the Clifford C*algebra Cl(V') on the
Fock space Fr, in the case of our main Example 3.1.2. Thus, V = L?(S) ® C%, where the real
structure « is pointwise complex conjugation, and the Lagrangian L consists of those spinors that
extend to anti-holomorphic functions on the disk. We write F := Fr. We will apply the theory
of Chapter 4 to certain von Neumann algebras associated to specific subalgebras of C1(V). The
results of this section will be used in Section 6.2 for the construction of a fusion factorization on
the basic central extension of L Spin(d) that we constructed in Section 3.7, and again in Section 8.3
to define fusion on the spinor bundle on loop space, which is constructed in Section 8.2.

Various aspects of this representation are studied in the literature. For example, in [Tenl7] it is
studied in the context of functorial field theory. We point out more connections to the literature
in the text.

5.1. Reflection of free fermions

Let us write I, C S! for the open upper semicircle and I_ C S! for the open lower semicircle:
I, ={e® eS8 |pec(0,m}, I_={e% eS| pc (n2n)}.

If f € C%, (see Section 2.2), then we write Supp(f) for the support of f. We consider the
subspaces

C% |+ = {f € C%5, | exp(i Supp(f)) C I+}

and denote their Hilbert completions by V.. One sees immediately that V decomposes as V =
V_ @ V4, and that « restricts to real structures on V. The Clifford algebras C1(V_) and Cl(V})
can be considered as subalgebras of C1(V'), and the algebra product

CI(V_) x CL(V) € CL(V) x CL(V) = CL(V)

induces a unital *-isomorphism Cl(V_)®Cl(V}) = CI(V) of Zs-graded C*algebras. (Here, ® stands
for any choice of Zy-graded tensor product of C*algebras. The choice is immaterial, because the
Clifford C*algebra is uniformly hyperfinite, and hence in particular nuclear.)

Remark 5.1.1. More generally, if I is an open connected non-dense subset of the circle S* we can
write V; C V for the functions with support I. The assignment I — Cl(V;)” C B(F) is then an
isotonic net of von Neumann algebras on the circle. This net can be equipped with the structure
of local Mobius covariant net (conformal net) see, for example, [GF93, Bis12, Henl4]. This net
is called the free fermions on the circle. Here, we use that name to address the decomposition
V=V_oV;.
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Lemma 5.1.2. The decompositions V. =V_ @V, and V = L ® a(L) are in general position, that
18,

VinL={0} =VinNna(l), V_NL={0} =V_na(l).

Proof. This can be proven using the fact that the elements of L are (limits of) anti-holomorphic
functions and that the elements of Vi are (limits of) functions that vanish on an open segment of
S1: see for example [Was98, Section 14]. O

We denote the restriction of complex conjugation to the circle S C C by v, that is, we write
v:St =St 2z
Note that v exchanges I_ with I,.. We denote by 7 the map
T: V-V, f— fou.

Note that 7 exchanges V_ with V; and at the same time exchanges L with «(L). The map 7
is an isometric isomorphism that preserves the real structure, i.e., 7 € O(V). The associated
Bogoliubov automorphism 6, : Cl(V) — CI(V) exchanges the subalgebras Cl(V_) and ClL(V_).
Since 7 exchanges L with (L), one can check that [, J] = 277, which is not Hilbert-Schmidt.
Thus, 7 ¢ Or(V) and hence 6, is not implementable, by Theorem 3.4.1. Since « interchanges L
with «(L) as well, the map « o 7 preserves both L and «(L).

Remark 5.1.3. We should note that when restricted to the basis of V' given in Example 3.1.2 the
map « o7 is 1. This means that « o 7 is the conjugate linear extension of the map that fixes the
basis elements {&, ;}.

Lemma 5.1.4. The map o7 : V. — V extends uniquely to a complex conjugate-linear -
automorphism k : CI(V') — CU(V) of the Clifford algebra.

Proof. Write V for the complex conjugate of V (with the same real structure o). Write b :
V x V — C for the corresponding complex conjugate bilinear form. It is straightforward to check
that toa o7 : V — CI(V) is a Clifford map. Hence, it extends uniquely to a *-homomorphism
k' : CI(V) — CI(V). Composing " with the unique conjugate-linear *-isomorphism C1(V') — CI(V)
we obtain k. O

If A is a subset of B(F) we write A" for the graded commutant of A, that is
A i={z € B(F) | [z,a]+ =0 for all a € A},
where [, -]+ stands for the graded commutator.

Let k : 7 — F be the Klein transformation, that is, k acts on F as the identity on the even part,
and as multiplication by ¢ on the odd part. Note that k is unitary. The Klein transformation will
be useful for us due to the following property, which is straightforward to check; see, e.g., [Hen14].

Lemma 5.1.5. Conjugation by the Klein transformation takes the commutant to the graded com-
mutant. Explicitly, if A C B(F), then k Ak~ = A"

We note the following routine facts, just in order to fix notation. Let T': L — L be an (anti-)
unitary isomorphism. Then, there exists a unique (anti-) unitary algebra isomorphism AL — AL
extending T. That operator in turn extends to a unique (anti-) unitary isometric isomorphism
Ap : F — F. Moreover, if T': V — V is an (anti-) unitary isomorphism that preserves L, then we
will write Az as a shortcut for Ag|, .
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Lemma 5.1.6. The anti-unitary operator Ay, : F — F implements the conjugate-linear automor-
phism k, i.e., for all a € CL(V) we have

k(a) = Agralyr.
In particular, k : CL(V) — CL(V) extends uniquely to a conjugate-linear automorphism of B(F).

Proof. Because Cl(V) is generated by V', it suffices to prove that k(f) = AqrfAqr for all f € V.
Let f € V and let g1, ...gn, € L, then we compute

Aor fO A0 (i A Agn) =Aarfro(argr A AaTgy)
=ar(PLf)Ngi N ANgn + Nartap(argr Ao A aTgn)
=Pr(ar(f)) Agr A+ Agn+ traga(r) (9L A Agn)
=&(f)pgr A Agn. O

Remark 5.1.7. In fact, the map A, is closely related to the modular conjugation that is part of
Tomita-Takesaki theory of the triple (C1(V_)",F, ), see Proposition 5.2.2.

If g € O(V), then we write 7(g) :== 7o gor € O(V). With this notation we have, for all f € V'
and all g € O(V), that 7(g(f)) = 7(9)(7(f)). Because 7 interchanges L with «(L) we have that 7
maps Op (V) into Or(V); furthermore, it is clear that it is a group homomorphism and that it is
smooth.

Lemma 5.1.8. For all a € CI(V') and all g € O (V) we have k(0,4(a)) = 0,45 (x(a)).

Proof. Let a = f1... f, € Cl(V) be arbitrary, then we compute

k(0g(a)) = K((9f1)---(9fn)) = T(97) - T(9f7) = Or(g)s(a). O
Now we are in position to prove the first main result about the conjugate-linear automorphism
K.

Proposition 5.1.9. Let g € Or(V) and let U € Imp; (V) implement g. Then x(U) implements

7(9), i.e. ¢(k(U)) = 7(q(U)). In particular, Kk restricts to a group homomorphism k : Imp; (V) —
Imp, (V).

Proof. Let a € C1(V) be arbitrary, then we compute, using Lemma 5.1.8 and the fact that x2 = 1,

k(U)ar(U)* = k(Uk(a)U) = k(0y(k(a))) = 0y (a). O

In order to prove our second main result about the conjugate-linear automorphism s we require

the following lemma about the relation between x and the local section o of the central extension

Imp; (V) — Or(V) constructed in Section 3.5. We recall that ¢ was defined by the equation
o(exp(A)) = exp(A), where A is an unbounded operator on F determined by A € or,(V).

Lemma 5.1.10. We have AMZAM = ;E\A/) for all A € o, (V). Moreover, we have koo = o oT.

Proof. We decompose A and 7(A) according to Lemma 3.5.1, that is, we write

/ /
A(a aa)’ T(A)TAT<TaaaT TO&U,T).

aa’ oo Ta'ar  Tar
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e~~~

Then we have A = Ag+ Ay, and 7(A) = 7(A)o + 7(A)1. Now, let f1,..., fn € L be arbitrary. We

compute

AaTﬁoAanl Ao A fn=Aor Zarfl N..NaatfiN...AaTfy,

j=1

n
= Zfl A Natataf; AN fy

j=1

:T(A)Ofl /\"'/\fn-

Next, A; has two parts, a degree-increasing part Avf, and a degree-decreasing part Avl_ . These are
~ ~ ~ —~+
related by (A])* = —A7, hence it suffices to show that Aq, Af Agr = 7(A), . We compute

Aar AT Aqr fi A A fro = Aar@ ANar(fL A o A fr) = Dar (@) A f1 A oo A o,

~!

where the notation @ was defined and characterized in (3.2). Hence, it suffices to show that

Aor (@) = raa'ar. This follows from the computation

(Mar (@), fr A f2) = a7 fr NaTfo,d') = (a7 fa,d (a7 1)) = (rad'aT fy, fa).

Finally, in order to prove the equation x o 0 = ¢ o 7, we compute:

=" = gre, O

koed = Agret Ay, = elorAlar

Proposition 5.1.11. The group homomorphism & : Imp; (V) — Imp; (V') is smooth.

Proof. Let A € or(V), then we see that 7(A) := TAT : V — V isin 05 (V) as well. We consider
the real-linear map Kimp : imp(V) — imp(V), (A, A) — (7(A4), —A), which is easily checked to be an
isometry, and hence bounded. Let (A, \) € imp(V). We have, using Lemma 5.1.10,

Kexp(A,\) = AaTeA”’\IAm _ BAMZAM*MH — (A =il _ eXp(Iiimp(A, A),

this shows that the diagram
imp(V) —" 5 imp(V)

EXPJ J{ exp

Imp (V) P — Imp (V)

commutes; which in turn shows that x is smooth and that kiy, is its derivative. O

5.2. Tomita-Takesaki theory and Connes fusion of the free
fermions

As mentioned before, the free fermions can be extended to a local Mobius covariant net. Many of the
results of this section are consequences of this fact and the theory of such nets, see [GF93, Section
II]. In our current situation, we consider the von Neumann algebras C1(Vy)"” C B(F) generated
by CL(VL) and CI(V_). It is well known that these are type III; factors, [ST04, Example 4.3.2],
[GF93, Lemma 2.9], [Was98, Section 16]. This statement can also be obtained as a consequence
of the computation of the operator A'/2 performed in Appendix C. We note that these algebras
inherit a Zs-grading from the Clifford algebras, which coincides with the grading of B(F).

38



Because the decompositions V =V_@&V, = L@ a(L) are in general position (Lemma 5.1.2), the
vacuum vector 2 € F is cyclic and separating for C1(V_)"; see, for example, [BJL02, Proposition
3.4]. Thus, the left CI(V_)"-module F can be equipped with the structure of standard form of
CI(V_)" as in Section 4.1. From Theorem 4.1.3 it follows that F is isomorphic to L3 (Cl1(V_)"),
where Q stands for the faithful and normal state CI(V_)" — C,a — {(a> Q,Q). An explicit
isomorphism f : L% (CL(V_)") — F is given by the extension of the densely defined map C1(V_)" —
F,arar>Q.

Recall from Section 4.1 that a standard form of a von Neumann algebra A is in a natural way an
A-A-bimodule, and from Lemma 4.2.4 that it is the unit with respect to Connes fusion. Hence the
Fock space F is in a natural way a C1(V_)"-Cl(V_)"” bimodule, and moreover, there is a natural
isomorphism

w:FRq F— F.

On the dense subspace D(F,Q)) ® F the map p is given by, (see Lemma 4.2.4)
v po(ftox)bw.
Similarly, on the dense subspace F @ D'(F, Q) the map p is given by

v = vapy(ftoa)

From now on, we will drop the ) from the notation and write F X F := F Kq F.

Lemma 5.2.1. The map p is associative, that is, the following diagram commutes
(FRFAXRF — FR(FXRF)

,u@]ll Jﬂ&#

FRF FRF
f

Proof. Let x € D(F,Q), v € F and ¢’ € D'(F, ), then we obtain

(z@v)@t ——— 2z (vea')

;L@ILI IIHXH

pa(flox)pv®al z@vapy(f~toa)

\ /
pa(ftox)pvapy(f~toa’)

O

To understand the right action of CI(V_)" on F it is important to understand the modular
conjugation, which in our case can be computed explicitly. The result is recorded in the following
lemma.

Proposition 5.2.2. The modular conjugation Jq for the triple corresponding to the cyclic and
separating vector Q € F is the operator J =k ' Ayr.
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This result will be used below and then again in Section 6.3. Direct proofs can be found in, for
example, [Was98, Section 15], [Hen14], and [Jan13]. Because our conventions are slightly different
from the references cited, we have adapted the proof in [Janl3] to a proof of Proposition 5.2.2
in Appendix C. Another way to prove Proposition 5.2.2 is to endow the free fermions with the
structure of local Mobius covariant net, and then apply the Bisognano-Wichmann theorem, see
[Bis12, Section 3.2].

The following result goes under the name of Twisted Haag duality, [BJL02].

Proposition 5.2.3. The graded commutant of CL(V_)" in B(F) is CL(V;)".

Proof. This is proven in [Hen14], as follows: we use that k(CI(V_)") k™! is the graded commutant
of CI(V_)", see Lemma 5.1.5. From Theorem 4.1.4 and Proposition 5.2.2 we have (Cl(V_)")" =
J CIV_)"J. Substituting this one obtains that

kJCIV_) Tk = Agr CLV_)"Apr = Oar (CL(V_)") = CL(V,)"

is the graded commutant of C1(V_)". Alternatively, Proposition 5.2.3 can be proved using [BJL02,
Theorem 5.8]; to apply that theorem one needs Lemma 5.1.2. O

The immediate upshot of Proposition 5.2.3 is that one may in fact view F as a Cl(V_)"-
(C1(V4)")°P bimodule by defining a right action of (Cl1(V)"”)°P as follows

F x (CVL)P — F
(6,b) — Eab:=k ' bkpt.

Recall that F may also be seen as a CI(V_)"-CI(V_)" bimodule by defining the right action by
£<a = Ja*J>¢. This means we may define an, a priori different, right action of (C1(V,)")°P on
F, denoted by <, by using the isomorphism (Cl(V;)"”)°P — CI(V_),b — Ay, 0*Anr. We compute,
for b € (C1(V4)")°P and & € F,

£ab=EqNarb" Aor = JAarbAor J € =k bkt = £ab,

and see that the two right actions coincide.

5.3. Restriction to the even part

As mentioned before, the Fock space F is a Zy-graded Hilbert space. The von Neumann algebra
Cl(V_)" is Zy-graded as well. Even though the Tomita-Takesaki theory of the triple (C1(V_)", F, Q)
can to some extent be adapted to the Zs-graded case, some results are only available in the ungraded
case. For this reason, we will restrict our considerations to the even parts. In this section we show
in which way the results of Section 5.2 survive this process.

We write Fy for the even part of F. Then, if an algebra A acts on F, we write Ay for the
subalgebra consisting of those operators that preserve Fy. We may now consider the commutant
of C1(Vi)o in B(Fp), and similarly we could consider those elements of Cl(Vy)" C B(F) that
preserve Fy. It is elementary to show that both procedures have the same result, i.e., (C1(Vi)o) =
(CI(V4)")y- Thus, in the following, we simply write C1(V)j.

We have Haag duality for these even algebras (no longer twisted because the commutant coincides
with the graded commutant).
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Proposition 5.3.1. The commutant of CL(V_){ s CL(VL)g.

Proof. This follows directly from Proposition 5.2.3. O

Lemma 5.3.2. The vector ) € Fy is cyclic and separating for C1(V_)j.

Proof. The fact that € is separating for CI(V_){ is immediate from the fact that € is separating
for the bigger algebra C1(V_)". We know that CI(V_)">€ is dense in F, it follows that C1(V_){>Q
is dense in Fy. O]

Let us write Sy for the Tomita operator corresponding to the triple (CL(V_){, Fo,2), and let Jy
be the corresponding modular conjugation.

Lemma 5.3.3. The operator Sy is the restriction of the Tomita operator S : F — F to the
subspace Foy C F. Furthermore, the modular conjugation Jy is the restriction of J to Fy and the
modular operator A(l)/Q is the restriction of A2 to Fy.

Proof. The fact that S restricts to Sy is obvious. The remaining claims follow from the fact that
J and A'/2? preserve both the even and the odd subspaces of F. O

5.4. Fusion of implementers

Next, we consider how the decomposition V' = V_ @ V, interacts with the central extension
Tmp, (V) = OL(V). We define O5?"(V) to be the subgroup of the connected component of the
identity of O (V) that stabilizes the decomposition V =V_ @ V. i.e.,

O™ (V)= {9 € OL(V) | glv. € O(V-).glv, € O(V4), g is even}.

If g € inm(V) then we write g+ for g|yv,, and note that g = g— @ g4. We write ImpSme(V) for
the restriction of Tmp; (V) = Oz (V) to O (V).

Remark 5.4.1. It is clear that both Oz (V)_ and O (V) are normal in O" (V) (but not in
Or(V)) and that they commute with each other. It is furthermore clear that Imp/(V)- and
Imp;, (V); are normal in Tmp3**(V).

With the following result we will ensure that the central extension Imp; (V) — O (V) is eligible
for our method of constructing fusion product from fusion factorizations explained in Section 6.3.

Proposition 5.4.2. The groups Imp; (V)_ and Imp; (V)1 commute with each other.

Proof. Let U_ € Imp,(V)_ and Uy € Imp;(V)4, and suppose that U_ implements g_ & 1 €
Or(V)—. Then, we have, for all a € Cl(Vy) that U_aU* = 6, gi(a) = a, and hence U_ €
(CI(V4)g)'. Similarly we see that Uy € (CI(V_){)’. Proposition 5.3.1 tells us that (CI(V_)g)
Cl(V4)§. Hence U- commutes with U,..

O

In the remainder of this section we define a “fusion map”, which takes two implementers that
are compatible in a sense defined below and then produces a third implementer.

Let U € Tmp3”"(V) implement the element g = g_ @ g, € O (V).
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Lemma 5.4.3. The automorphism 0, : Cl(V_) — CI(V_) extends uniquely to an automorphism
of CY(V)"”, namely 8, :aw— UaU*.

Proof. Because ClL(V_) is dense in CL(V)”, it is sufficient to prove existence. We know that
0y : CL(V) — CL(V) extends to an automorphism of C1(V)"” = B(F), namely a — UaU*. It is thus
sufficient to prove that conjugation by U preserves CI(V_)". Let ¢ € CI(V_) and let b € CI(V_)’,
then, because UcU* =60, c € CI(V_), we have

UbUc =U"bUcU*U = U*UcU*bU = cU"bU,
and hence U*bU € Cl(V_)". Now let a € CI(V)"”, then we have
UaU*b = UaU*bUU™ = bUaU™,

and hence UaU* € CL(V_)". O

It seems worth pointing out that the map 6, : CI(V_)" — CL(V_)" does not depend on either
g+ or U. Similarly, one shows that 6, : C1(V,) — CI(V,.) extends to an automorphism of C1(V,)".

Lemma 5.4.4. The map CI(V_)" 3 a — s(U)ax(U*) is an automorphism of C1(V_)".

Proof. We observe that the map a — k(U)ax(U™) is given by the composition of isomorphisms

CUV-)" —— CUV4)" s UV, Cl(V_)"

at— AaTa*AaT }—ng> UAaTa*AaTU* — AQTUAQ’TCL*AOLTU*ADLT O

We denote the map from Lemma 5.4.4 by §,, : CI(V_)" — CI(V_)". Because U € Imp3""(V),
and hence U is in particular even, we have k(U) = JUJ, which we use in the proof of the following
lemma.

Proposition 5.4.5. The map U : F — F has the property that for all a € CL(V_)" and allv € F
U(arv) =46,y (a)>Uv,

and

U(v<a) = (Uv) aby, (a).

Proof. We compute for a € CI(V_)" and v € F

Ulw<a)=U(Ja"Jpv) =UJa"JU" > Uv = (Uv) < (k(U)ak(U")) = (Uv) 26, (a).
The other equation follows from a similar computation. O
The preceding proposition means that U is an intertwiner along the algebra homomorphisms
0g4_ and 0, .
Now, let U’ € ImpSme(V) implement ¢’ = ¢’ ® ¢/, € OSme(V) with ¢ = 7g,7. Let a € CI(V_)
be arbitrary, then we compute, using Proposition 5.1.9

0y, (a) = w(U)ar(U)" = brg,rarg r(a) = Oy, (a) = 0y (a),

whence ég . = 0y . We now have three *-automorphisms of A_, namely 0,_, ég "

and U’ along 0, and 9~gf+, according

= GgL, and ég:r

Additionally, we have the intertwiners U along ¢,  and 0,_,
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to Proposition 5.4.5. Let UK U’ be the corresponding automorphism of F X F from Lemma 4.2.5,
which is itself an intertwiner along 6, and 6y, . We then define i(U,U’) : 7 — F through the
diagram
/1‘71 UXU’ o
F— FRF — FXRF = F, (5.1)
in other words (U,U’) := poU KU’ o u~'. Because ji(U,U’) is an intertwiner along 6, and
04, it implements g_ & g/,. Note that, in particular, this shows that if g_ & g, € OV and

Tg+T ® gl € OSme(V), then g_ @ ¢/, € OSme(V).
The following result follows directly from Lemma 4.2.5.

Lemma 5.4.6. The map [i is multiplicative in the following sense. Let U,U’, V.V’ € Imp (V)
implement g— @ g4+, 7g+T® ¢y, h— ® hy and ThoT ® b, € Op(V), respectively, then
(U, U a(V, V') = p(UV,U'V").
Remark 5.4.7. This result can be packaged nicely as follows. Let U € Imp$”"(V) implement
g ® gy € O™ (V). Then we set m (U) = g4 € O(Vy) and mo(U) = 7(g_) € O(V4). We then get
that (i is a map
i Impstm(V) 701 X o Imp‘zpm(V) — Impipm(V).

Algebraically, the diagram (5.1) provides a clear understanding of the map ji. However, the group
Imp, (V) is a Banach Lie group, and at this point it is not clear if 4 is smooth (for some reasonable
notion of smoothness). We will revisit this issue in Chapter 6, and present a solution.

Remark 5.4.8. We have constructed fusion only for even implementers. This is because we are
using the Connes fusion product for ungraded bimodules, if one were to use a fusion product for
Zo-graded bimodules one would obtain a fusion product that works equally well for both even and
odd implementers.
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6. Fusion on the basic central extension of
the loop group

In this chapter we describe the construction of a fusion product on the operator-algebraic model
for the basic central extension of L Spin(d) constructed in Section 3.7. We prove that this fusion
product coincides with the fusion product from Section 5.4, whenever both are defined, in Theo-
rem 6.3.11. We recall in Section 6.1 some generalities about fusion products on central extensions
of loop groups, and introduce in Section 6.2 our new method of constructing fusion products. In
Section 6.3 we apply this method in our case, using the results obtained in Chapter 5.

6.1. Fusion products

Let M be a finite dimensional smooth manifold. Consistent with our treatment of the loop group
L Spin(d) we write LM for the space of smooth loops in M. We view LM as Fréchet manifold in
the usual way.

We write PM for the set of smooth paths in M, with sitting instants, i.e.,
PM :={p:]0,7] = M | B8 is smooth, and constant around 0 and 7}, (6.1)

which is a group under pointwise multiplication. We use sitting instants so that we are able to
concatenate arbitrary paths with a common end point: the usual path concatenation 82 * 3 is
again a smooth path whenever ;1 (m) = £2(0). Unfortunately, with sitting instants, PM can not
be equipped with the structure of smooth manifold such that the inclusion map into the Fréchet
manifold of all smooth paths is an embedding. Instead, we regard it as a diffeological space. A
diffeology on a set X consists of a set of maps ¢ : U — X called plots, where U C R* is open
and k can be arbitrary, subject to a number of axioms, see [IZ13] for details. A map f: X — Y
between diffeological spaces is called smooth if its composition with any plot of X is a plot of Y.
A diffeological group is a group such that multiplication and inversion are smooth. Any smooth
manifold M or Fréchet manifold M becomes a diffeological space by saying that every smooth map
c:U — M, for every open subset U C R* and any k, is a plot.

In case of PM, the plots are all maps ¢ : U — PM such that the adjoint map ¢¥ : U x [0, 7] —
M : (u,t) — c(u)(t) is smooth. We remark that path concatenation x and path reversal 3 +— j3
are smooth maps. The evaluation map ev : PM — M x M,3 — (B(0),5(n)) is smooth, and
since diffeological spaces admit arbitrary fibre products, the iterated fibre products PMH* .=
PM Xprsps - Xnmxm PM are again diffeological spaces. Their plots are just tuples (cq, ..., ¢x) of

plots of PM, such that evoc; = ... = evoci. We obtain a smooth map

PMP - LM
(B, B2) + B1 U Bo = Ba* P
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defined on the double fibre product, and three smooth maps

m :PMBl — LM : (81, B2, B3) — B1 U B2,
mo :PMBl — LM : (81, B2, B3) — B2 U B,
o :PMBY— LM : (81, B2, B3) + B U Bs,
defined on the triple fibre product.
Let LM % LM be a Fréchet principal U(1)-bundle on LM.

Definition 6.1.1. A fusion product on LM assigns to each element (B1, B2, B3) € PMBI a U(1)-
bilinear map
B8y ,82,8s + LM gup, X LM gyug, — LM g, ups,

such that the following two conditions are satisfied:

(i) Associativity: for all (81, B2, B3, B4) € PM4 and all gij € mgiugj,

118, ,65.84 (18.,B2.85 (Q125 G23) 5 G34) = [18y 32,84 (€125 [155,85.84 (G235 434) )

(ii) Smoothness: the map

Ef\v/qum PMP x, LM — LM | (qi2, 51, B2, B3, G23) = iy pa.55 (€12, 423)

is a smooth map between diffeological spaces.

Now, we suppose that the smooth manifold M is actually a Lie group, G. We note that the maps
71,7, it 2 PGB — LG are then smooth group homomorphisms. Suppose that U(1) — LG — LG
is a Fréchet central extension.

Definition 6.1.2. A fusion product on LG is called multiplicative, if it is a group homomorphism;
i'e'v for all (517ﬁ27 53)7 (5ivﬁév Bé) € PG[3]7 qij € LGBiUﬂj? and q;] € LGﬂ;Uﬁ;a

fip, 82,8 (0125 23) - fi31 61,61 Q12 Ga3) = fig, 3 8281853, (120125 23023 -

Early versions of fusion products have been studied in [Bry93] and in [ST]. For a more complete
treatment of this topic we refer to [Wall6b, Wall6a, Wall7]. Fusion products are a characteristic
feature of the image of transgression, see Section 7.1 and [Wall6b]. The basic central extension of
any compact simple Lie group can be obtained by transgression; hence, these models are automat-
ically equipped with a multiplicative fusion product [Wall6a, Wall7]. In the present section, we
will show that our operator-algebraic model constructed in Section 3.7 comes with an operator-
algebraically defined multiplicative fusion product.

In order to treat connections and fusion products at the same time, we require differential forms
on diffeological spaces. A differential form on a diffeological space X is a collection ¢ = {p.}.
of differential forms ¢, € QF(U), one for each plot ¢ : U — X, such that f*¢. = ¢, for all
smooth maps f : U — U’ between the domains of plots ¢ : U — X and ¢ : U — X’ with
¢ o f = c. Differential forms can be pulled back along smooth maps f : X — Y, by simply putting
(f*¢)e == Yeoy. If a smooth manifold or Fréchet manifold is considered as a diffeological space,
then diffeological and ordinary differential forms are the same thing, upon identifying ¢. = c¢*¢.

Let LG — LG be a central extension equipped with a fusion product. Additionally, we consider
it as a principal U(1)-bundle ¢ : LG — LG, and suppose that it is equipped with a connection v.
We consider the three smooth maps

Fu, 72, it LG %, PGB x LG — LG, (6.2)
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where 7, and 75 are the projections to the first and the third factor, respectively, and [ is the map
of condition (ii) of Definition 6.1.1.

Definition 6.1.3. A fusion product [1 is called connection-preserving with respect to a connection
von LG if i*v = 7fv + 74v, where 71, T2, fi are the smooth maps of (6.2).

Remark 6.1.4. Fusion products are best understood using the theory of principal bundles over
diffeological spaces, see [Wall2b, Wall6b]. In that terminology, a fusion product is just a smooth
bundle morphism

i WTZ\G/@) WSfG/ — u*LG
of principal U(1)-bundles over PGE!; this (plus a corresponding associativity condition) is equiv-
alent to Definition 6.1.1. Moreover, a fusion product is connection-preserving in the sense of
Definition 6.1.3 if that bundle morphism is connection-preserving.

6.2. Fusion factorizations

In this section, we will introduce a new method of defining multiplicative fusion products on central
extensions of loop groups from certain minimal data, called a fusion factorization. We first define
a class of central extensions that are admissible for this method. Let 1 € PG denote the path
constantly equal to the unit element in G.

Definition 6.2.1. A Fréchet central extension U(1) — LG — LG is called admissible if it has
the following property. For (1,83 € PG with endpoints the unit of G, and ¢i12 € LGg,u1 and
q23 € LG1yup, we have q12G23 = G23q12.

Let A: PG — LG, — U S be the doubling map.

Definition 6.2.2. Let U(1) — LG — LG be an admissible Fréchet central extension of LG. Then,
a fusion factorization is a smooth group homomorphism p : PG — LG such that the following
diagram commutes:

LG
T

PGT L@G.

The main result of this section is that a fusion factorization induces a multiplicative fusion
product. Indeed, let p be a fusion factorization for an admissible Fréchet central extension U(1) —
LG — LG. For each triple (81, B2, 83) € PGPl we set

oy s - LGor0pe X LGpaugy — LGaiugs » (012,623) = q12p(B2) ™" g3 (6.3)

Theorem 6.2.3. The map ,&Zl By.Bs 15 0 multiplicative fusion product.

Proof. First of all, the codomain of i, 4 5 is indeed féﬁluﬂy because

B1U B3 = (81U B2)A(B2) (B2 U B3).

The map is clearly U(1)-bilinear, and the associativity is straightforward. Next, we prove multi-
plicativity. We start by computing

/121,,32,63 ((11276123)/121,%,35 (412, 43) = @12p(B2) ™ 423 di20(B3) " s
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on the one hand, and

13, 51 a3, pa 5, (12002, G23053) = Q126120(822) " 423dhs = q124120(82) " p(B2) " ga3dns-

We see that to prove multiplicativity it suffices to show that

p(B2) " q23dqiop(B5) " = qlap(B5) " p(B2) " qos.

This equation holds by the assumption that the central extension LG is admissible. Finally, let us
prove smoothness. The relevant map is

féqu PGB 72 Xq LG = LG, (qi2, 51, B2, Ba, q23) — qu2p(B2) qos.

Since projections, multiplication, inversion, and p are smooth maps, this is a composition of smooth
maps and hence smooth. O

In the remainder of this subsection we impose a condition between a fusion factorization p and a
local section o of the central extension and prove (Proposition 6.2.8) that this condition guarantees
that the associated fusion product fi” is connection-preserving for the connection v, associated to
o, see Remark 3.5.11.

Definition 6.2.4. Let U(1) — LG — LG be an admissible Fréchet central extension, and suppose
that o : U — LG is a smooth local section defined in a neighbourhood U of 1 € LG. A fusion
factorization p is called compatible with o, if there exists an open neighbourhood U’ ¢ A=1(U) C
PG of 1 € PG, such that o(AB) = p(B) for all g € U’.

The following three lemmas prepare the proof of Proposition 6.2.8 below.

Lemma 6.2.5. Suppose a fusion factorization p is compatible with a section o. Then, p is flat
with respect to the connection v, i.e., p*v, = 0.

Proof. We have to show (p*v,). = 0 for every plot ¢ : U — PG. We first obtain from the definition
of v, and the definition of p that
(P*Vo)e = (Vo) poe = (0 €)' vy = (p0 ) OFC — g (c*A*0EC),

Consider a smooth curve ¢ : R — U, with ¢(0) =: z € U and ¢(0) =: v € T,U. Then, we have

. d _ d _
(P o)e(v) = 4| ple(@) " plele(®)) = 3| o(Ale(@) " Ale(¢(t)))).
0 0
The compatibility condition of Definition 6.2.4 now shows that this expression vanishes. O

The section ¢ induces a map Z, : LG x Lg — R defined by
Zo(7, X) == Ad (04(X)) — 0. (Ad](X));

i.e., it measures the error for the derivative o, being an intertwiner for the adjoint action of LG.
It is related to the cocycle w, by the formula

we(X,Y) = 4 Zy(e7X)Y),
dt|,
and satisfies
Zo(m2, X) = Zo (1, X) + Z (72, Ad (X)). (6.4)

We will use the map Z, in order to describe a relation between the connection v, and the group
structure on LG. We denote by m,pr;,pry : LG x LG — LG the multiplication and the two
projections.
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Lemma 6.2.6. The equality

M* vy = P} vy + pri vy + (g % q)* Z, (pry, pri 67°)

of 1-forms on LG x LG holds. Here, q : LG — LG is the projection, and the expression
Zq(pry, pri 0FF) denotes a 1-form on LG x LG, whose value at a point (y1,72) and a tangent
vector (X1, Xa) € Ty, ~, (LG x LG) is given by Z,(y2,v; * X1).

Proof. A straightforward calculation that only uses the definition of v,. O

Next, we consider the set Pg of smooth paths in the Lie algebra g with sitting instants, analogous
to (6.1). We have a corresponding map Pgl?l — Lg: (X1, X5) — X; U Xy = Xo + X1.

Lemma 6.2.7. Suppose LG is admissible. Let B € PG with endpoints the unit of G, and let
X € Pg with endpoints zero. Then, Z,(fU1,0U X) = 0.

Proof. Since the adjoint action of LG on Lg is pointwise, we have Adg&l(o UX)=0UJX, so that
Zs(fUL,0UX) = (Adg&l —id)(0,(0UX)). We may represent 0U X as the derivative of a smooth
curve 1UT in LG, and obtain

Z,(BU1,0UX) = % UL -o(1UT()-BUl-0.(0UX),
0

where B/—L\J/l is any lift of U1 to LG. Admissibility implies now that Z,(8U1,0U X) = 0. O

Now we are in position to prove the following.

Proposition 6.2.8. Let U(1) — LG — LG be an admissible Fréchet central extenston, equipped
with a smooth section o defined in a neighbourhood of the unit of LG, and equipped with a compatible
fusion factorization p. Then, the fusion product fi, is connection-preserving with respect to the
connection v, in the sense of Definition 6.1.1.

Proof. Using the definition of i” and Lemma 6.2.6 we obtain, in the notation of (6.2),
(A7) Ve = TiVe + TaVe +
where ¢ € QY(PGP) is given by
C = Pi*p v + Zo(ma, pyi* A*OFC) + Z, (LU p/, 705F), (6.5)

where the maps po,p’ : PGP — PG are py(B1, B2, 83) := B2 and p/(B1, B2, B3) := i(B2)B3, and the
map i : PG — PG is the pointwise inversion. We shall prove that ( = 0. By Lemma 6.2.5 the first
summand in (6.5) vanishes. We write the second summand using (6.4) as

Zy (72, pai* A*0LC) = Z,(Aopa) - (1UY), psi* A*0FY) = py A* Z, (id,i* 02 ) — Z, (1Up, ps A*9F9).

It is straightforward to show that A*Z, (id,i*#"%) = 0, using that the composition oo A is a group
homomorphism (see Definitions 6.2.2 and 6.2.4). All together, we obtain

(= —Z,(1Up ,p3A*0") + Z,(1Up, 716%C) = —Z,(1Up', ps A*6"C — 7767,
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We claim that the values of the 1-form p5A*0C — 710G on PGP are of the form X U0 € Lg,
which proves via Lemma 6.2.7 that ¢ = 0. We consider a plot ¢ : U — PGB, consisting of three
plots c¢1,¢2,¢c3 : U = PG. Let x € U and v € T,,U. We compute
(71059 elo(0) (1) = (m1 0 €)% (v)(2)
= 0% (c,0e2) @) (d(e1 U ea) o (0)(1))
_ GG‘CY(z,Qt) (dC\1/|(m,2t) (’U, 2t)) if 0 <
(x,2—2t) (U, 2- 2t)) if <

GG ‘cg (z,2—2t) (dcg

and similarly,

I 0¢ ey (z dey | (p , 2t if 0
(p;A*G G)c|r(’0)(t) = { | 3 ( ’2t)( C2 |( 72,5)(1} )) !

0G|c¥(w,2—2t) (dC¥|(ac,2—2t)(Ua 2 - 2t)) if

This proves the claim. O

6.3. Fusion factorization for implementers

In this subsection we equip our operator-algebraic model of L Spin(d) discussed in Section 3.7 with
a multiplicative fusion product. For this purpose, we first prove that this central extension is
admissible, and then construct a canonical fusion factorization.

Proposition 6.3.1. The central extension U(1) — L/S\p;l(d) — L Spin(d) is admissible.

Proof. Let 81,83 € PSpin(d) with endpoints equal to the identity of L Spin(d). We see that

—~—

M(8:1U1) € Or(V)_ and M (1UBs) € OL(V)4, see Section 5.3. Now, let g12 € L Spin(d)g, 1 and let
g23 € L Spin(d)1up,. Proposition 3.7.3 tells us that M (g12) € Imp (V)_ and M(ge3) € Imp, (V)4
are even. Then we apply Proposition 5.4.2 to conclude that M(gi2) commutes with M (go3) and

hence g1 commutes with g3, and we are done. O

In the remainder of this section we will construct a fusion factorization for L/S\;_)El(d) In fact,
we will define a smooth group homomorphism p : P Spin(d) — Imp; (V') such that the diagram

, Imp, (V)
/ \Lq
PSpin(d) 3 LSpin(d) — Or(V) (6.6)

is commutative; this induces a fusion factorization in the obvious way. We start by considering the
diffeological group

Imp7, (V) == (M o A)*Imp, (V') = PSpin(d) poprx, Impp,(V),

which is a central extension of P Spin(d) by U(1). We will first reduce it to a central extension by
Zay. Let (B,U) € Imp(V), i.e. q(U) = M(A(B)). We first observe that 7(M(A(B))) = M(A(B)).
Then, combining this observation with Proposition 5.1.9, we see that
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Hence, Uk(U)* implements the identity operator, so that Ux(U)* € U(1). This allows us to define
a map w as follows

w: Imp, (V) = U), (B,U) = Us(U)*;

this map is smooth, because the projection Imp’ (V) — Imp, (V) is smooth, Imp, (V) is a Lie
group, and x is smooth by Proposition 5.1.11. It is straightforward to show that w is a group
homomorphism and satisfies w(3, \U) = \w(B,U) for all A € U(1). It is well-known that such
a map determines a reduction of a central extension from U(1) to Zg; in our case, we have a
commutative diagram

7y — U(1)

! |

w™1(1) ——— Imp (V)

| |

P Spin(d) === P Spin(d)

of diffeological groups and smooth group homomorphisms, whose vertical sequences are exact
sequences of groups.

Next we use the modular conjugation J : F — F corresponding to the triple (C1(V_)", F,Q), see
Chapter 5. Let (3,U) € Imp’, (V), then using that U is even, Lemma 5.1.6 and Proposition 5.2.2
one sees that x(U) = JUJ. Hence if (3,U) € w=!(1), then 1 = Ux(U)* = UJU*J, and hence
UJ=JU.

The next step is to define a group homomorphism r : w=1(1) — Zs; such a group homomorphism
then induces a splitting. To this end, we require the theory of standard forms of von Neumann
algebras, see Sections 4.1 and 5.2. Let (8,U) € w=1(1). We define two cones in F as follows

Po = {aJaQ € F | a € CI(V_)"},
Pyq = {aJaUQ € F | a € CI(V_)"}°.
We then have that the quadruples (CI(V_)", F, J, Pq) and (CI(V_)", F, J, Pyq) are standard forms
for the von Neumann algebra C1(V_)", see Definition 4.1.2 and Lemma 4.1.5. To see that the second
quadruple is a standard form, note that the modular conjugation Jyq corresponding to the cyclic

and separating vector U(Q is equal to J, since Jyq = UJU* = J. Theorem 4.1.3 then implies that
there is a unique unitary u : F — F with the following properties

(1) For all a € CI(V_)" we have a = uau*.
(2) u=Jud.
(3) uPQ = PUQ.
We define r(3,U) := u. In the first place, this defines a map r : w=1(1) — U(F).

It is clear that the operators +1 satisfy (1) and (2). The next point of business is to show that
Po = £Pygq, from which it follows that v = £1. In the sequel, we shall require the even Fock
space. Recall that U is even. We define two even cones in Fy as

Po.o = {aJa) € Fy | a € CU(V_)§},
Pya.o = {aJaUQ € Fy | a € CV_)F},
where the superscript cl indicates that we take the closure. The quadruples (C(V_){, Fo, J, Pa.o)

and (CL(V_){, Fo, J, Pua,o) are standard forms for the von Neumann algebra C1(V_){. The follow-
ing result is [Ara74, Theorem 4, parts (5) and (4)].

50



Lemma 6.3.2. Let £ be a cyclic and separating vector in Fo. Then & € Pa,o if and only if Je = J
and
(€,20) 20 (6.7)

for all z € CI(V_)g N (CLV_)y), with z = 0. Furthermore, if £ € Pa, is a cyclic and separating
vector, then P¢ = Pay.

Note that in our case, we have CI(V_)j N (CL(V_)y) = C (see Theorem 5.2.3), hence we may
replace z in (6.7) with 1.

Lemma 6.3.3. If (8,U) € w™!(1), then either Pyq = Pq (and then Pya.o = Pa,) or Pug = —Po
(and then Pya.o = —Pay).

Proof. We compute
(Q,UQ) = (JQ,UQ) = (JUQ, Q) = (UQ,Q),

from which follows that (©2,UQ) is real. We now distinguish the following three cases.
(Q,U€Q) >0 : In this case, Lemma 6.3.2 tells us that UQ € Pn,0 C Pq and hence P = Pyq.

(Q,UQ) <0 : In this case we have (Q,-UQ) > 0, and hence Lemma 6.3.2 tells us that Py =
P_yo=—Pyq.

(Q,UQ) =0 : Using Lemma 6.3.2 it follows that Py = Po = —Pygq, a contradiction, hence this
case cannot occur. O

It follows that r(8,U) € Z,.

Lemma 6.3.4. The map r: w~ (1) — Zo is a group homomorphism.

Proof. One sees easily that r is Zs-equivariant. Now, it suffices to show that for all (8,U), (8',U’) €
w~ (1) with
r(B,U)=1=r(p,U")
we have r(55’,UU’) = 1. So, let (8,U) and (8, U’) have this property. It is now sufficient to show
that Pyyq = Pq. By assumption we have that Py = Py, which, by Lemma 6.3.2 implies that
0<(U'Q,Q) =({UU'Q,UQ),

from which, again using Lemma 6.3.2, it follows that Pyyq = Pya = Pgn, which concludes the
proof. O

The group homomorphism 7 trivializes the central extension Z; — w~!(1) — P Spin(d); the
corresponding splitting assigns to 8 € P Spin(d) the unique element (3, U) in w=!(1) with r(8,U) =
1, i.e., the unique (8,U) with UJ = JU and Py = Pyq. In turn, we obtain via w=!(1) C
Imp’ (V) — Imp, (V) the claimed group homomorphism

p: PSpin(d) — Imp; (V), (6.8)

making the diagram (6.6) commutative. We shall summarize the following two characterizations
of this map.

Lemma 6.3.5. Let 8 € PSpin(d). Then,

1. p(B) is the unique implementer of M(B) @ TM(B)T* such that p(B)J = Jp(B) and Po =
Pppya-
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2. p(B) is the unique implementer of M (8) @ TM(B)T* such that (Q, p(8)Q2) > 0.

Proof. The first characterization only repeats what we have. We now argue that the second
characterization follows from the first. Applying Lemma 6.3.2 for £ = p(8)Q2 and z = 1, and using
the fact that Po = P,5)q and that J,g0 = p(8)Jp(B)* = Jq it follows that (Q2, p(5)2) > 0. That
the inequality is strict then follows from Lemma 6.3.3. There is only one such p(f), because any
two implementers of M(3) @ 7M(B)7* are related by a unique A € U(1). O

Now we are in position to finalize our construction of a fusion factorization.

Proposition 6.3.6. The map p : P Spin(d) — Imp (V) defined in (6.8) induces a fusion factor-
1zation

PSpin(d) — L Spin(d) = M* Imp, (V)
B (A(B), p(B))-

Proof. Tt remains to show that p is smooth, and for this, it suffices to show that the group homo-
morphism r : w™1(1) — Zy is smooth, where w=!(1) C Imp’, (V) is equipped with the subspace
diffeology. The subspace diffeology consists of those plots ¢ : U — Imp’ (V) whose image is in
w~Y(1). In particular, if ¢ : U — w™1(1) is a plot, then the projection to Imp, (V') is smooth. We
have to show that roc: U — Zs is smooth, i.e., it is locally constant. Consider x € U, and let
(Bz,Uy) == c(x). Consider the open ball around U in Imp; (V) of radius 1/2, and let O C U be
its preimage under the smooth map U — Imp; (V). We will show that r is constant on O, this
proves the lemma.

Let y € O, and write (8,,U,) = c( ). We want to show that the cone Py, q.0 is equal to the
cone Py, q,0. Note that (8y,U,) € w'(1) and ||U, — Uy|| < 1/2. We set A := U, — U,; note that
AJ = JA. The computation

(Ug, AQ) = (U Q, AJQ) = (U, JAQ) = (AQ, JULQ) = (AQ, U, Q),
implies that (U,Q, AQ) is real. We then compute
(U, U, Q) =1+ (U, AQ) > 1 — [(U,Q, AQ)| > 1 — [|A]| > 1/2.

Lemma 6.3.2 now proves that Py, 0.0 = Pu,a;0- O

We recall that the central extension U(1) — Imp, (V) — Or(V) comes with a local section
o : U — Imp; (V) defined in an open 1-neighbourhood U, see Section 3.5. Hence, its pullback

L/S\pl/n(d) = M*Tmp, (V) is equipped with a local section & := M*¢ defined on U := M~ (U).
Lemma 6.3.7. The fusion factorization of Proposition 6.3.6 constructed above is compatible with

the local section & in the sense of Definition 6.2.4.

Proof. Let U' CU C Or(V) be an open neighbourhood such that [(©2,0(g)2) — 1| < 1 for g € U’,
we put U’ .= A~'M~Y(U") ¢ A='(U) c PSpin(d) and shall prove that 5(A(8)) = p(3) for all
B € U'. We recall from Lemma 5.1.10 that koo = o o7 hence x(5(A(B))) = 6(A(B)). This implies
that 6(A(B)) commutes with the modular conjugation J, and hence

(©2,6(A(8))Q2) = (2,5(A(5))J) = (Q, J6(A(5))Q) = (6(A(8)Q, JQ) = (2, 5(A(B))<Y),

whence (Q,5(A(8))Q) € R. Now, because M(A(B)) € U’ we have (Q,5(A(8))2) > 0, and
Lemma 6.3.5 shows ¢(A(B)) = p(5). O
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Remark 6.3.8. From [NeelOb, Proof of Theorem 10.2] it follows that (Q,o(g)§2) > 0 for all g € U;
hence, the reduction to U’ C U is in fact not strictly necessary.

As a consequence of Lemma 6.3.7 and Proposition 6.2.8 we obtain:

Proposition 6.3.9. The fusion product i induced by the fusion factorization of Proposition 6.3.6
is connection-preserving with respect to the connection v, of Remark 8.5.11.

In the remainder of this section, we relate the fusion product ” induced by our fusion factor-
ization to the (Connes) fusion of implementers, fi, defined in Section 5.4, and show that the two
notions of fusion coincide. First, we require the following lemma.

Lemma 6.3.10. Let 8 = (81, B2, Bs) € P Spin(d), let (Uy, Us) € LSpin(d)s, (s x L Spin(d) ry(s),
and let K := p(B2)~' € Imp, (V). Then, Po = Pxq = Pg-1q, and U1K € CI(V_)jj, and
KU, € Cl(V+)6’

Proof. We have P = Pxq because K € r~1(1). To prove that Pxg = Px -1 we compute
0< (L KQ) =(K1'Q,Q) =(Q,K'Q),

and apply Lemma 6.3.2. Finally, one may verify that U; K implements an element of O (V)_ and
hence U1 K € (CL(V)g) = CL(V_){, and similarly for KUs. O

__The following result now tells us that the fusion product £i” on the basic central extension of
L Spin(d) is given by the Connes fusion of operators on F.

Theorem 6.3.11. Let § = (81, 2, B3) € PPl Spin(d), and Uy, Us € Imp, (V) such that (Uy,Us) €
L Spin(d), gy x LSpin(d)r,s). Then

fig(Ur ® Uz) = fi(Un, Ua).

Proof. Let K € Imp; (V) be the element from Lemma 6.3.10, with the property ,&Z(Ul ®Us) =
U KUs. We compute, using the multiplicativity of fi (Lemma 5.4.6),
(UL, Us) = (UL KK U, KK ™) = (UL K, U K) (K= K1),
Hence, it suffices to show that
LU K, U3K) = U KUK,
and
A K = KL,
We see that because U1 K € (C1(V4)g)" (Lemma 6.3.10) we have that the unitary w : F — F used
in the construction of (U1 K, Uz K) (see Lemma 4.2.5) is simply the identity. Let v € F, then to
determine fi(U1 K, Uz K) we compute
pio(U K, Us K=t (v) = p(Uh K f = © Us Kv)
= (U Kf'@uaJK*U;J)
=U1KvaJK U J
= UlKUgK’U.
Because of the fact that K ! has the property that JK ' = K~'J and Px-1 = Pq, we see that
the corresponding u : Li(A,) — Li(A,) is fK~1f~1. We compute:
po(KH K D(ft@o)=K [T K oKy
=fte K . O
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7. Implementers and string geometry

In this chapter we show that our operator-algebraic model of the central extension L/S\[;;l(d)
(Section 3.7), equipped with the connection defined in Remark 3.5.11, and with the connection-
preserving, multiplicative fusion product defined in Section 6.3, yields a so-called fusion extension
with connection. We then establish that our model is canonically isomorphic, as fusion extension
with connection, to the usual model obtained by transgression, so that both models can be used
interchangeably in string geometry.

7.1. Multiplicative gerbes and transgression

Let G be a Lie group; important for us is G = Spin(d). We consider multiplicative bundle gerbes
G over G. A quick introduction to bundle gerbes is given in Appendix D. We shall recall some
minimal facts on multiplicative bundles gerbes. A multiplicative bundle gerbe over G is a bundle
gerbe G over G equipped with an isomorphism

M :priGepr5G — m*G

over G x G, where pr; denote the projections, and m : G x G — G is the multiplication of G.
Moreover, this isomorphism has to be coherently associative [CJM™*05]. Multiplicative bundle
gerbes have characteristic classes in H*(BG, Z); forgetting the multiplicative structure realizes the
usual homomorphism H*(BG,Z) — H3(G,Z), see [CIMT05, Wal10]. We now assume that G is
compact, cimple, simply-connected and connected, in which case both H*(BG,Z) and H*(G,Z)
are isomorphic to Z, and the above homomorphism is the identity. A bundle gerbe G over G
that represents a generator in H3(G,Z) is called a basic bundle gerbe; thus, a basic bundle gerbe
admits a (up to isomorphism) unique multiplicative structure. Concrete constructions of a basic
bundle gerbe are described in [GR02, Mei02], while concrete constructions of a corresponding
multiplicative structure have not yet been carried out (one proposal is described on the last page
of [Wall2al).

The Lie group Spin(d) fulfils above conditions, hence it has an (up to isomorphism) unique basic
bundle gerbe Gy.s. The characteristic class of Gpqs is %pl € H*(BSpin(d),Z) [McL92, Wall3].
String geometry is based on the geometry of the basic bundle gerbe Gp,s. The geometry consists
of a connection on Gp,s which is compatible with the multiplicative structure. The curvature of
this connection is the Cartan 3-form H = 5= (6 A [§ A 6]), where (—, —) denotes the basic inner
product on spin(d), as in Section 3.7, and 0 denotes the left-invariant Maurer-Cartan form on G.

The 3-form H satisfies the equation
pri H +prs H =m™H + dp, (7.1)

where p € Q%(G x G) is the 2-form p = ﬁ <pr’1k 0 N prs §>; here, 6 is the right-invariant Maurer-
Cartan form.

In general, the curvature of a multiplicative bundle gerbe is a pair (H, p) consisting of a 3-form
H € Q3(G) and a 2-form p € Q?(G x G) satisfying (7.1) and an additional “simplicial” condition
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over G X G x G, see [Wall0, Section 2.3]. Indeed, such a pair defines a degree four cocycle in the
simplicial de Rham cohomology of G, which computes H*(BG,R) [BSS76]. Similar as in Chern-
WEeil theory, the class of this cocycle coincides with the image of the characteristic class of the
multiplicative bundle gerbe in real cohomology [Wall0, Prop. 2.1].

Transgression (to loop groups) is a homomorphism in cohomology, defined as

H*(G,Z) — H*(LG,Z) , £ — | ev*é,
Sl

where ev : S' x LG — G is the evaluation map. There is an analogous homomorphism in de
Rham cohomology. Transgression can also be defined on a geometrical level, taking bundle gerbes
with connection over G to principal U(1)-bundles with connection over LG, see [Bry93, GR02]. A
multiplicative structure on a bundle gerbe G transgresses to a group structure on the corresponding
U(1)-bundle, turning it into a central extension which we will denote by Jg [Wall0]. The basic
gerbe Gp,s Over a compact, simple, connected, simply-connected Lie group G transgresses to the
basic central extension of LG, i.e. I, . = fG/, as we will recall below. This establishes the relation
between string geometry and the geometry of the basic central extension of L Spin(d).

In general, central extensions .75 of a loop group LG in the image of the transgression functor
come equipped with the following additional structure [Wall7, Section 5.2]:

(a) a multiplicative fusion product i as in Definition 6.1.1.

(b) a connection v that is preserved by [ in the sense of Definition 6.1.3, and additionally has
the property of being superficial and of symmetrizing f.

(c) a multiplicative, contractible path splitting x of the error 1-form of the connection v.

The notions of superficial and symmetrizing connections have been defined in [Wall6b]; these
will only play a minor role here. Likewise, the notion of a path splitting defined in [Wall7] is
only listed for completeness. Central extensions of LG equipped with the structure (a) to (c) are
called fusion extensions with connection; they form a category Fus€xt™ (LG), whose morphisms
are fusion-preserving, connection-preserving isomorphisms of central extensions. Transgression is
a functor

Ty MultGrbY (G) — FusExt" (LG) (7.2)

defined on the 1-truncation of the bicategory MultGrbY (G) of multiplicative bundle gerbes with
connection. All details of these structures can be found in [Wall7]. We remark that the list (a)
to (c) of additional structures is complete, i.e. the transgression functor (7.2) is an equivalence of
categories, whenever G is compact and connected [Wall7, Theorem 5.3.1].

Proposition 7.1.1. Let U(1) = £ — LG be a fusion extension with connection, and with fusion
product fi. Then, L is admissible in the sense of Definition 6.2.1. Moreover, there is a unique flat
fusion factorization x : PG — L such that = pX.

Proof. Admissibility is weaker than being disjoint-commutative, which is a property of any fusion
extension with connection, see [Wall7, Theorem 3.3.1]. The uniqueness of the fusion factorization
can be seen easily from definition (6.3) of the associated fusion product. We infer from [Wall6b,
Lemma 2.1.2] the existence of a flat section x of A*L, and from [Wall7, Prop. 3.1.1] that this
section is a group homomorphism and neutral with respect to fusion. Using this neutrality together
with the multiplicativity of &1 we check that

fi(qr2, 423) = fi(qrz, x(B2))E(x(B2) ~" x(B2) "X (B2), q23) = q12X(B2) o3 = X (q12, q23). O
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We remark that the connection v of (b) of a fusion extension induces a splitting o, on the level
of Lie algebras; namely, the one whose image is the horizontal subspace at the unit element. The
splitting gives rise to a 2-cocycle w,, : Lgx Lg — R defined from o, just as in (3.3). The section o,
in turn, induces another connection v/ = v, , analogously as described in Remark 3.5.11. The new
connection v/ does in general not coincide with the original connection v, and it will be important
to distinguish both. For example, the connection v’ is in general not superficial as required in (b).
In a quite general context, it is possible to determine the 2-cocycle w,, as well as the difference
between the two connections, see [Wall5, Lemmas 2.2.2 and 2.2.3].

Lemma 7.1.2. Let G be a multiplicative bundle gerbe over a Lie group G, whose curvature (H, p)

is of the form H = ﬁ (ON[OAE]) and p = ﬁ <pr’{ 0 N prs 0_>, for some invariant bilinear form
(—,—) on the Lie algebra g. Let Jg be the transgressed central extension, and let v be the connection

on g that appears under (b). Then, the following holds:

(a) The 2-cocycle determined by the section o, is

1

27
o (YY) = 50 [ Xy @nar

for X)Y € Lg.

(b) The connection v' determined by the section o, differs from the connection v by a canonical
1-form B € QY (LG); more precisely, we have v/ = v + ¢* B with

B-(X) 1 ﬂ<T(t)_lat7'(t)7T(t)_lX(t)>dt

41 0

forme LG and X € T; LG.

In the next subsection, we will apply Lemma 7.1.2 to the case where G = Spin(d) and (—, —) is
the basic inner product. Then we have G = Gp,s, and Lemma 7.1.2 (a) implies (see Theorem 3.7.6)
that Jg,,, is the basic central extension.

7.2. Transgression and implementers

One of our goals is to provide operator-algebraic constructions of the loop group perspective to
string geometry. I/n\S/ection 3.7 we have constructed an operator-algebraic model for the basic
central extension L Spin(d) of the loop group L Spin(d), together with a local section o, inducing
a connection v,. In Section 6.3 we have defined a connection-preserving, multiplicative fusion
product i on L Spin(d). In the following we compare that structure with the central extension
Tg,.. obtained by transgression from the basic gerbe Gyqs over Spin(d), as described in Section 7.1.
We recall that 7, . comes equipped with a fusion product & and a connection v, see (a) and (b)
above.

Because both central extensions are the basic one (Theorem 3.7.6 and Lemma 7.1.2), there
exists an isomorphism L Spin(d) & 7, . of central extensions of L Spin(d). Each central extension

comes equipped with a section of the associated Lie algebra extension: the section o, of L Spin(d)
is induced by the local section o of Section 3.5, and the section o, of 95, . is induced by the
connection v.

Lemma 7.2.1. There exists a unique isomorphism ¢ : LSpin(d) — Jg,,. of central extensions
that exchanges the two Lie algebra sections, i.e. o, = p,o00.. Moreover,  is connection-preserving
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for the induced connections v' on Ig,,. and v, on LSpin(d), and it takes the fusion product fi on

TGra. to the fusion product i on L Spin(d).

Proof. Uniqueness is clear. For existence, we choose any isomorphism ¢, and observe that o, =
(px00x)+ f, for a bounded linear map f : Lspin(d) — R. We infer that the 2-cocycles associated
to both sections, o, and o,, coincide: they both give the basic 2-cocycle, see Theorem 3.7.6
and Lemma 7.1.2. Thus, using the formula (3.3) for the 2-cocycle, we see that f vanishes on
all commutators, in other words, it is a Lie algebra homomorphism. We would like to integrate
it to a Lie group homomorphism F' : L Spin(n) — U(1). To this end, we note that L Spin(n)
is 1-connected and U(1) is regular, and that both are Lie groups modelled on a locally convex
topological vector space. The integration is hence possible due to a theorem of Milnor [Mil83,
Theorem 8.1], also see [Nee06, Theorem II1.1.5]. Now, the isomorphism ¢’ := ¢ - F will have the
claimed property.

Indeed, since ¢ exchanges the sections o, and o, it follows immediately that it is connection-
preserving for the induced connections v/ = v,,, and v,, respectively. The fusion products on both
sides can be characterized by fusion factorizations that are flat with respect to the connections v/’
and v, (see Lemma 6.2.5 and Proposition 7.1.1). Using the fact that ¢ is connection-preserving,
@ o p is another flat fusion factorization of g,,,. Two flat sections differ by a locally constant
smooth map PG — U(1), and since PG is connected and both sections map the constant path 1 to
1€ ,,., this map is constant and equal to 1 € U(1). Thus, ¢ preserves the fusion factorizations,
and hence the corresponding fusion products. O

We may now shift the connection v, on Iié\li_);l(d) by the 1-form S of Lemma 7.1.2 (b), and
obtain a new connection ¥ := v, — ¢*f. The isomorphism ¢ is then connection-preserving for the
connections o and v on .7, .. In particular, this implies that & is superficial and symmetrizing, and
that we may use the path splitting « in (c) of Jg,,. for the connection 7. Now, we have equipped

our operator-algebraic construction of L Spin(d) with all of the structure (a) to (¢). Summarizing,
we have the following result.

Theorem 7.2.2. Our operator-algebraic model m(d) of the basic central extension of L Spin(d)
equipped with the fusion product i, the connection U = v, +q* 3, and the path splitting k is a fusion
extension with connection, and it is canonically isomorphic to the fusion extension Jg,,. obtained
by transgression of the basic gerbe over Spin(d), as objects of the category FusExtY (L Spin(d)).

By [Wall7, Theorem 5.3.1] every fusion extension of L Spin(d) with connection corresponds to
a diffeological multiplicative bundle gerbe with connection over Spin(d), via a procedure called
regression. The underlying regressed bundle gerbe is described in [Wall6b, Section 5.1]. It has
the subduction (the diffeological analog of a surjective submersion) evy : P; Spin(d) — Spin(d),
where ev; : P Spin(d) — Spin(d) is the evaluation at ¢, and P; Spin(d) := ev; *(1) is the subspace
consisting of paths starting at the identity. On the 2-fold fibre product we have a smooth map
Py Spin(d)? ¢ PSpin(d)!?! — L Spin(d), along which we pull back the central extension L Spin(d),
considered as a principal U(1)-bundle. Under the pullback, the fusion product fi” becomes precisely
a bundle gerbe product. The connection  gives one part of the connection on the regressed bundle
gerbe. The construction of a corresponding curving is more involved; it uses that  is superficial,
see [Wall6b, Section 5.2].

The regressed multiplicative structure is strict; it is composed of the fact that P; Spin(d) and
L Spin(d) are diffeological groups, and that the fusion product fi* is multiplicative. This was
mentioned in [Wall2a, Section 5] and is explained in more detail in [Wall7, Section 5.3]. By

57



Theorem 7.2.2 and the fact that regression is inverse to transgression ([Wall7, Theorem 5.3.1]),
the above construction results in a diffeological, operator-algebraical construction of the basic gerbe
over Spin(d), with the correct connection and multiplicative structure.

7.3. String structures and fusive spin structures

In this section we recall some results on the spin geometry on the loop space of a string manifold.
We start by recalling the notion of a spin structure on the loop space LM. Next, we recall when
such a spin structure is fusive. After this, we recall the definition of a string structure on a spin
manifold, and indicate how a string structure on a spin manifold M induces a fusive spin structure
on LM. In the remainder of this work, it is only the notion of (fusive) spin structure on LM that is
used, and not the richer notion of a string structure on M. However, the notion of string structure
is interesting in its own right, and moreover it is expected to play an important role in the further
development of the theory started here. This is why we give a cursory review of the notion here.

Let M be a spin manifold, and let Spin(M) be its spin frame bundle. The Fréchet manifold
L Spin(M) is then a Fréchet principal L Spin(d)-bundle over LM, (see [SWO07, Proposition 1.8]).
We now have the following definition due to Killingback, [Kil87].

Definition 7.3.1. A spin structure on loop space is a principal @(d)—bundle lifting L Spin(M).

A fundamental result due to Killingback is that if the first fractional Pontryagin class p; (M)/2 €
H*(M,7Z) vanishes, then LM admits a spin structure. In Section 8.2 we shall give a construction
of a spinor bundle on loop space that takes a spin structure on loop space as input.

Let m(M) be a spin structure on LM, then we can view lTéY)ﬂl(M) — LSpin(M) as a
principal U(1)-bundle. We recall the notion of a fusive spin structure on LM from [Wall6a,
Definition 3.6], which fits in the general pattern of our treatment of principal U(1)-bundles over
loop spaces. We shall build on Definition 6.1.1.

Definition 7.3.2. A spin structure Ijé\f);l(M) — LSpin(M) on LM is called fusive if it comes
eglli_gped with a fusion product A, which is equivariant with respect to the fusion product ” on
L Spin(d) — L Spin(d). Explicitly

A P12 - g12 ® Pa3 - ga3) = A( P12 ® Pa3) - i (912 ® g23), (7.3)

for all @12 ® o3 € W{]{—S\/pln(M) ® 7T§IT§1_);1(M) and all g12 ® gag € 7} L Spin(d) ® m3 L Spin(d).

As mentioned above, the notion of fusive spin structure on LM will be instrumental in our
construction of a fusion product on the spinor bundle on loop space in Section 8.3.

In the remainder of this section we recall the notion of string structure on M, and recall how a
string structure on M induces a fusive spin structure on LM . None of what follows is required for
the remainder of this work, however, it is an important piece of context, and will undoubtedly be
important for the further development of the theory.

The following definition of a string structure, taken from [Wall3, Definition 1.1.5] involves some
notions that will be explained later in this section.

Definition 7.3.3. A string structure on M is a trivialization of the Chern-Simons 2-gerbe CS(M).

The Chern-Simons 2-gerbe was defined in [CJM™05], we shall have more to say about it mo-
mentarily. Let String(d) be any topological 2-group model for the string group. The following

58



theorem, which collects some well-known results from the literature on string structures, then
gives alternative ways to think about string structures.

Theorem 7.3.4. There is a commutative diagram

Equivalence classes of Isomorphism classes of lifts of
_
string structures on M Spin(M) to a String(d)-2-bundle

N,

Homotopy classes of lifts of
M — BSpin(d) to M — B String(d)

where all the arrows are isomorphisms. Moreover, these sets are non-empty if and only if the first
fractional Pontryagin class p1(M)/2 € H*(M,Z) is zero.

The top arrow in the diagram is constructed in [NW13b], see in particular Theorem 6.9. The
arrow on the right hand side of the diagram is constructed in [NW13a], see in particular Theorem
4.6. The fact that the first fractional Pontryagin class is the obstruction to the existence of string
structures is Theorem 1.1.3 in [Wall3].

As mentioned above, the vanishing of the first fractional Pontryagin class implies that the loop
space admits a spin structure. In particular this means that if a manifold admits a string structure,
then its loop space admits a spin structure. However, true to our slogan “A geometric structure on
a space M induces a geometric structure of one degree lower on its loop space LM, which comes
equipped with a fusion product”, this is not all. In fact, a string structure on a manifold can
be transgressed to a fusive spin structure on its loop space. In a series of papers, culminating in
[Wall5], Waldorf described how a string structure on a manifold induces a fusive spin structure on
its loop space. In this construction, one must use the model 5, described in Section 7.1 for the
fusion extension of Spin(d). Theorem 7.2.2 allows us to use our operator algebraic model [Té\[_);l(d)
equipped with the fusion product fi” described in Section 6.3 instead.

We finish this section with a sketch of the map that takes a string structure on M to a fusive
spin structure on LM. Recall that a bundle gerbe over M (see Appendix D) consists of a triple
(L,Y,m), where Y is equipped with a surjective submersion 7 : ¥ — M, and £ — YE s a
principal U(1)-bundle, equipped with a multiplication m. Now, bundle gerbes are supposed to be
higher versions of U(1)-bundles, which suggests that one may try to replace the line bundle £ with
a bundle gerbe, say P. We then also replace the multiplication m by an isomorphism

M : WIQP ® 7T5<3P — 7T1K3P

Unlike in Definition D.1 we demand that this isomorphim is associative only up to a some fixed
morphism, called the associator, which is required to satisfy a certain pentagon identity. The
object that we end up with is called a bundle 2-gerbe, see [Wall3, Definition 2.1.1] for details. A
trivialization of this bundle 2-gerbe is then a bundle gerbe S over Y, equipped with an isomorphism
Pen;S — 7S subject to some compatibility conditions, see [Wall3, Definition 2.2.1]. The Chern-
Simons 2-gerbe is then schematically given by the following diagram

A* gbas

!
|

M
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where A*Gyqs is the pullback of the basic gerbe Gyqs over Spin(d) along the map A : Spin(M)!? —
Spin(d), (c.f. Definition D.3). The multiplication M and its associator are defined using the
multiplicative structure of the bundle gerbe Gpqs. It is proven in [Wall6a, Section 5.2] that the
Chern-Simons 2-gerbe transgresses to the lifting gerbe

A*ygbas
1

|

LM

in a way compatible with the fusion structures. Now let S be a string structure, i.e. a bundle gerbe
over Spin(M) which trivializes the Chern-Simons 2-gerbe, is given. It is proven in [Wall5] that
S transgresses to a fusion trivialization of the above lifting gerbe, and hence yields a fusive spin
structure on LM.
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8. The spinor bundle on loop space and its
fusion product

In this chapter we tie everything together, and complete the main construction of this work. That
is, we construct the spinor bundle on loop space, equip it with the action of a Clifford algebra
bundle on loop space, and finally construct a family of fusion isomorphisms over compatible loops.

The spinor bundle on loop space will be a vector bundle of infinite rank, this means that it
does not fit in the usual framework for smooth finite rank vector bundles. In Section 8.1 we
define the notions of rigged Hilbert space bundles and of rigged C*algebra bundles, which form
the appropriate framework for the spinor bundle on loop space.

In Section 8.2 we define the Clifford algebra bundle and the spinor bundle on loop space as
associated bundles, and we equip the spinor bundle on loop space with a smooth action of the
Clifford bundle on loop space.

In Section 8.3 we construct the family of fusion isomorphisms, completing a conjecture put forth
by Stolz and Teichner in [ST, Theorem 1].

8.1. Bundles of rigged Hilbert spaces and bundles of C*-algebras

We first define the notion of rigged Hilbert space and rigged C*algebra. The use of rigged Hilbert
spaces originates from quantum mechanics, where they were introduced to provide Dirac’s bra-ket
formalism with a rigorous mathematical basis, see [Rob66, Ant69].

The reason that rigged Hilbert spaces appear here is as follows. The spinor bundle on loop
space should be a smooth vector bundlg_g_f/some sort. Our intent is to /(_i\egne the spinor bundle on
loop space as a bundle associated to L Spin(M). Because the map L Spin(d) x Fr — Fr, is not
smooth, the space F, is not eligible to this method of defining smooth vector bundles. However, in
Section 3.5 we constructed a Fréchet space F; , which is a dense subspace of Fy, with the property
that the map L/_S\p_ﬂl(d) x F; — Fi is smooth. This means that F7 is eligible to this method of
defining smooth vector bundles, which is what we shall do. It turns out to be important to keep
track of the relation between F} and Fp,. This is exactly what the notion of a rigged Hilbert space
does for us.

Definition 8.1.1. A rigged Hilbert space is a Fréchet space equipped with a continuous inner
product.

Remark 8.1.2. This definition is equivalent to saying that a rigged Hilbert space consists of a
pair (F, H), where H is a Hilbert space, and F is a Fréchet space equipped with a continuous linear
injection ¢ : F' — H such that «(F) is dense in H. We use Definition 8.1.1 because it is better
suited to our definition of rigged Hilbert space bundle later on.

Example 8.1.3. The Schwartz space of the real line, S(R), is a Fréchet space, which is dense in
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L?(R). The restriction of the L2-inner product is continuous on S(R), and hence turns S(R) into
a rigged Hilbert space.

Example 8.1.4. Because the inclusion /7 — F, is continuous, the restriction of the inner product
on Fr, to F} is continuous, hence F7} is a rigged Hilbert space.

Definition 8.1.5. A rigged C*-algebra is a Fréchet algebra A, equipped with a continuous norm
II- ]| : A—= Ry and a continuous involution % : A — A such that the completion with respect to
the norm is a C*algebra.

Example 8.1.6. We equip C°°(S*, C) with its usual Fréchet structure. Then, equipped with the
supremum norm and with pointwise complex conjugation, C*° (S, C) becomes a rigged C*algebra.

Example 8.1.7. The Fréchet algebra Cl1(V)® equipped with the norm from Cl(V) is a rigged
C*algebra.

Let M be a Fréchet manifold. We shall consider several different notions of bundles over M.
We start with the definition of Fréchet principal bundle from [Ham82, Definition 4.6.5]. Let G be
a Fréchet Lie group.

Definition 8.1.8. A Fréchet principal G-bundle over M is a Fréchet manifold P, equipped with
the following structure:

e A smooth surjection 7 : P — M.

e A fibre-preserving right action of G on P.

Such that for each x € M there exists an open neighbourhood U of x, and a fibre-preserving diffeo-
morphism ® : P|y — U x G, which intertwines the right action of G on P with right multiplication.

Let E be a Fréchet space. We define the notion of Fréchet vector bundle, following [Ham82,
Definition 4.3.1].

Definition 8.1.9. A Fréchet vector bundle over M with fibre E is a Fréchet manifold £ equipped
with the following structure:

e A smooth surjection 7 : £ — M.

e For each x € M, the fibre £, := 7~ !(z) has the structure of a vector space.
Such that for each z € M there exists an open neighbourhood U C M containing z, and a
diffeomorphism @ : €|y := 7~} (U) — U x E which is fibre-preserving and fibrewise linear.

As usual, the maps @y are called local trivializations of €.

Remark 8.1.10. Using the local trivializations @y the fibres £, can be equipped with a unique
structure of Fréchet space such that ®y|, : &, — E is a homeomorphism.

The tangent space of a Fréchet manifold is a Fréchet vector bundle over that manifold, see
[Ham82, Example 4.3.2].

Next, we prove that the operation of taking associated bundles behaves well with respect to
Fréchet manifolds. Let 7 : P — M be a Fréchet principal G-bundle, and suppose that G acts on
a Fréchet space E, and that the map G x E — FE is smooth. We consider the space (P x E)/G,
equipped with the projection map to M inherited from P. For each z € M we equip ((P x E)/G).,
with the structure of vector space as follows. The map

(P xE)/G)s x (P xE)/G)z — (P xE)/G),
([p, 2], [p, w]) = [p,v + w],
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defines an addition. Scalar multiplication is defined as (A, [p,v]) — [p, Av] for all A € C.

Lemma 8.1.11. The space (P x E)/G has a unique structure of Fréchet manifold, such that the
map P x E — (P x E)/G is a surjective submersion. When the fibres are equipped with the vector
space structure as above, the Fréchet manifold (P x E)/G is a Fréchet vector bundle over M.

Proof. There is at most one structure of Fréchet manifold on (P x E)/G such that the projection
P x E — (P x E)/G is a surjective submersion. Hence, all we need to do is show that there
exists one such structure. Let us write F' for the Fréchet space on which M is modelled. Let
{Ua; Yo tacr be an atlas of M that trivializes P. Let «a € I be arbitrary, let ¢, : Ply, — Us X G
be the corresponding trivialization. Let us write g, : Ply, — G for ¢, followed by projection onto
G. We have

(P x E)/@) lu. = {Ip,0] | p € Plu, v € E}.

Define the chart

U, : (P xE)/G)|v, = FxE,
[p, v] = (Ya(m(p)), ga(p)v).

Using the right G equivariance of the map g, it is easy to check that this map is well-defined and
linear. Its inverse is given by

(f,0) = [ (03 (), €), v
Now suppose that 8 € I. Let us check that

VU ' FxE—FxE

is smooth. We compute
W (f,0) = (Ys(n(p)), 95(p)v),
where
P=va'@Wz'(f)e).

Using the fact that et @ (Uy NUg) x G — (Uy NUg) x G acts as the identity on the first
component we see that

Ya(m(pa (W3 (£) ) = vsta ().
Next, we consider

95%a (Vo' (f),e)v.
The map F — G, f — gppa (¥ (f),e) is smooth because P is a principal G bundle. The

[0

assumption that the map G x E — E is smooth implies that the map (f,v) — g, (V51 (f),e)v
is smooth. Hence, the map Ug¥, ! : F x E — F x E is the Cartesian product of two smooth
maps, and hence smooth. It follows that the system {((P x E)/G))|v., ¥a}acrs is a smooth atlas

for (P x E)/G. Tt is obvious that the projection map (P x E)/G — M is smooth.

Moreover, the maps ((P X E)/G)|u, — Ua X E,[p,v] = (7(p), ga(p)v) are local trivializations,
which are fibrewise linear.

Let us show that the projection map Px E — (P X E)/G is a surjective submersion. Surjectivity
is clear. It is of course sufficient to check submersivity locally. One computes that the composite

map
—1g(p—1
FxGxp P W XX b gy (P x E)/G)|y, Yo Fx E
is simply projection onto the first and third component, and hence a submersion. O
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Now suppose that F is a rigged Hilbert space.

Definition 8.1.12. A rigged Hilbert space bundle £ over M with fibre F is a Fréchet vector bundle
€ — M equipped with a map g : £ X & — C, such that the following conditions hold for each
x € M:

e The map g, : £, x & — C is an inner product.

e There exists an open neighbourhood U C M of z and a diffeomorphism &y : |y — U X E,
which is fibre-preserving, fibrewise linear, and unitary.

The map g is called the Hermitian metric of £.

Remark 8.1.13. Let £ — M be a rigged Hilbert space bundle over M with Hermitian metric g.
Let ®y : E|y — U x E be a fibrewise linear and unitary local trivialization. The diagram

5‘[] X 5|U — C
¢‘U Xﬂq)Ul
UxFExXEFE
then commutes, which proves that g is smooth, and in particular continuous. This means that

each fibre |, is a rigged Hilbert space, and each local trivialization is fibrewise an isomorphism of
rigged Hilbert spaces.

If the fibre FE is finite-dimensional, then a rigged Hilbert space bundle & — M with fibre F is a
Hermitian vector bundle.

If the base manifold M is a point, then a rigged Hilbert space bundle over M is a rigged Hilbert
space.

Let P — M be a Fréchet principal G-bundle, and suppose that G acts on a Fréchet space F,
and that the map G x E — FE is smooth. Moreover, suppose that E is a rigged Hilbert space and
that G acts by unitary transformations. We define a Hermitian metric g on (P x E)/G as follows.
Let

(x,y) € (P X E)/G x, (P x E)/G.

Then there exist a p € P and v,w € E such that © = [p,v] and y = [p,w]. We set g(z,y) = (v, w)g.
Using the fact that G acts by unitary transformations it becomes easy to check that the map g is
well-defined and that the local trivializations ¥, are fibrewise unitary. Hence, we conclude that
the following lemma holds.

Lemma 8.1.14. Fquipped with the Hermitian metric g, the Fréchet vector bundle (P x E)/G is a
rigged Hilbert space bundle.

Example 8.1.15. Let Q* — Lag; (V) be the principal U(1)-bundle defined in Section 3.6. Then,
E® = Q* xy() F} is a rigged Hilbert space bundle over Lag (V).
Let A be a rigged C*algebra.

Definition 8.1.16. A rigged C*-algebra bundle over M with fibre A is a Fréchet vector bundle
7w : & = M, equipped with the following structure:

e Amap | -] :€ — Rxo.
e A fibre-preserving map m : € x, & — &.

e A fibre-preserving map *: & — &.
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such that the following conditions hold for each x € M
e The map |- ||z : &+ = R>¢ is a norm.

e The map m, : &, x &, — &, turns the vector space £, into an algebra.

e The map *, : &, — &, is an isometry with respect to || - ||z, and turns the algebra &, into a
x-algebra.
e The norm || - ||, is submultiplicative.

e The norm || - ||, satisfies the C*identity.

e There exists an open neighbourhood U C M of x and a diffeomorphism &y : E|y - U x A
which is fibrewise linear, isometric, and a homomorphism of *-algebras.

Remark 8.1.17. Let & — M be a rigged C*algebra bundle with fibre A. A standard argument
proves that the maps * and m are smooth and that || - || is smooth away from the image of the zero
section, c.f. Remark 8.1.13. A routine verification shows that, equipped with the maps || - ||, M.
and *,, the vector space &, is a rigged C*algebra isomorphic to A.

Let P — M be a Fréchet principal G-bundle, and suppose that G acts on a rigged C*algebra A by
isometric *-homomorphisms, and that the map G x A — A is smooth. We equip £ := (P x A)/G
with the structure of Fréchet vector bundle as in Lemma 8.1.11. The map || -] : P x A —
R0, (p,v) — ||v|| then descends to the quotient. The map m : & X, & — £ is defined by the
equation ([p,v1], [p,v2]) — [p, v1v2]. Finally, the map *: P x A — P x A, (p,v) — (p,v*) descends
to a map * : £ — £. It is a routine exercise to check that these maps satisfy the properties laid
out in Definition 8.1.16. Moreover, it follows from a routine verification that the trivializations ¥
are fibrewise linear, isometric *-homomorphisms. We conclude that the following result holds.

Lemma 8.1.18. The Fréchet vector bundle (P x A)/G equipped with the maps || - ||, m, and * is
a rigged C*-algebra bundle over M with fibre A.

8.2. The spinor bundle on loop space and its Clifford action

Let M be a spin manifold equipped with a spin structure [ié\pin(M ) on its loop space. We now
have all the ingredients required to define the spinor bundle on loop space. In particular, we have
a rigged Hilbert space F*, equipped with a unitary action by L Spin(d), with the property that
the map L/S\p§1(d) X F® — F® is smooth, see Section 3.5.

Definition 8.2.1. The spinor bundle on loop space is the rigged Hilbert space bundle

It then follows from Lemma 8.1.14 that the spinor bundle on loop space is indeed a rigged Hilbert
space bundle over LM. This means in particular that each fibre F3(LM)., is equipped with an
inner product. Let us write F (M), for the completion of F°(LM), with respect to this inner
product.

Similarly, using the representation of L Spin(d) on C1(V')®, see Section 3.2, we define a bundle of
Clifford algebras over the loop space of M:

Definition 8.2.2. The Clifford bundle on loop space is the rigged C*algebra bundle
CI*(LM) := (L Spin(M) x CI(V)®)/L Spin(d).
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That this is indeed a rigged C*algebra bundle follows Lemma 8.1.18.

Remark 8.2.3. Instead of the spin frame bundle we could have used the oriented orthonormal
frame bundle SO(M) to define the Clifford algebra bundle, i.e. we could equally well have defined
CI(LM) to be (LSO(M) x CL(V)*)/LSO(d). The advantage of this description is that it is clear
that bundle of Clifford algebras does not require the manifold M to be spin. However, we prefer
the definition we have given, because it makes the following sections lighter on notation.

We now define a bundle map CI*(LM) x  F*(LM) — F*(LM). Let ¢ : LSpin(M) — L Spin(M)
be the projection map.
Lemma 8.2.4. Lety € LM be arbitrary but fixred. Then the map
p i C(LM)y x F5(LM)y — F*(LM).,,
([q(®),al, [@,v]) — [®,a> 0],

is well-defined. Moreover, it defines a smooth bundle map p : CI*(LM) x, F*(LM) — F*(LM),
with the property that the diagram
CI(LM)., x CI(LM), x F*(LM), ™% CIF(LM), x FS(LM),
J{ﬂxpw J{pw (81)
CIS(LM)~, x F*(LM)., al FS(LM),

commutes for all v € LM.

Proof. First, we check well-definedness. Let (p,a) € LSpin(d) x Cl(V)® represent an element of
CI*(LM), and let (®,) € ﬁf)ﬂl(M) x F® represent an element of F°(LM). There is a unique
element g € L Spin(d) such that ¢(®) = ¢ - g, it follows that [p,a] = [¢(®),0,-1(a)]. The map p,
is then defined as follows

p i CU(LM), x F*(LM), — F*(LM).,,
([‘Paa}’ [@’w]) — [(I)a 9971(0,)’1/)}.

To prove well-definedness, we suppose that h € LSpin(d) and U € L Spin(d) are arbitrary. We
must then show that
(- h™", hal, [RU Y, UY]) = [@,0,-1(a)ip].

Suppose that U implements 61 for T € O (V), then we have
p(@U™Y) =p(®) - T = (¢T" ) =¢-h™ - (hgT ™).

It follows that
(¢-h™,0n(a) - (RU T, UY) = (®U ", 0(14-1-1)01(a)UD).

Finally, using the fact that 6 is a group homomorphism, and using the fact that U implements 6,
we obtain
(o h™" 0h(a)) - (U, Uy) = (DU, Ufy-1(a)d),

which completes the proof. The fact that the resulting map is smooth follows from a routine
but tedious computation in local charts and the fact that the map CI(V)® x F® — F* is smooth,
Lemma 3.5.7. The fact that Diagram (8.1) commutes follows from a straightforward computation.

O

66



Lemma 8.2.5. Let v € LM be arbitrary. Then, the action of CI*(LM)., on F3(LM), extends to
an action of CI°(LM)., on the Hilbert completion, F(M)., of F*(LM).. Moreover, the operator
norm on CI*(LM)., with respect to this representation is identical to the norm of CI*(LM), that
is part of the rigged C*-algebra bundle structure of CI°(LM).

Proof. This follows from the fact that F°(LM), is isomorphic to F° and that CI*(LM), is iso-
morphic to CI(V)® and that these isomorphisms can be chosen to intertwine the action of Cl(V')®
on F* with the action of CI*(LM)., on F*(LM), and to intertwine the inner product on F* with
the inner product on F*(LM),. O

Next, we wish to equip each fibre of the bundle of Fock spaces F*(LM) with the structure of
bimodule over appropriate algebras. Let v € LM be arbitrary, and let ¢ € L Spin(d). Then we
define A, to be the subset of CI*(LM), given by

A, = {[p,a_ @ 1] € CP(LM), | a_ € CI(V_)*}.

A straightforward check shows that A, does not depend on the choice of ¢ and that A, is a
s-subalgebra of CI*(LM),.

According to Lemma 8.2.5 the x-algebra A, then acts on F5(LM), as well. Let us write A, for
the von Neumann completion with respect to this representation. We can represent elements of
A, as equivalence classes [¢,a ® 1], where ¢ € L Spin(M), and a € CI(V_)".

Lemma 8.2.6. For any ¢ € LSpin(M) the map A, 3 [¢p,a_ @ 1] — a_ € CL(V_)® extends to an
isomorphism of von Neumann algebras A, — CI(V_)".

Proof. Let ¢ € LSpin(M), and let ® € L/_S\];);l(M)7 lie over ¢. Let us write u : A, — CI(V')® for
the map u([p,a— ® 1]) = a_. Then the map U : F* — F5(LM).,v — [®,v] extends to a unitary
map v : F° — F°(LM),. Moreover, for all x € A, we have that u(xz) = v*zv, which completes
the proof. O

Lemma 8.2.7. Let ' be a smooth loop with the property that v(t) =~/ (t) fort € [0,x]. Then, there
is a natural isomorphism A, — A, of x-algebras, which extends to an isomorphism A, — A, of
von Neumann algebras.

Proof. Choose elements ¢ € L Spin(M), and ¢’ € L Spin(M ), such that ¢(t) = ¢'(t) for t € [0, 7.
Then, the map A, 3 [p,a- ® 1] — [¢',a_ ® 1] € A,/ is an isomorphism of *-algebras that does
not depend on the choice of ¢ and ¢’, which can be shown by a straightforward computation. The
fact that this map extends to an isomorphism of von Neumann algebras follows from the fact that
it factors as A, — Cl(V_) — A/, where each of these arrows extends to an isomorphism of von
Neumann algebras, see Lemma 8.2.6. O

Remark 8.2.8. Lemma 8.2.7 tells us that in fact the von Neumann algebra A, only depends on
the restriction of 7 to [0,7]. This allows us to introduce the following notation. If 5 € PM, then
we denote by Az the von Neumann algebra A, where v € LM is any smooth loop which restricts

to 3.

In a similar way we define *-algebras B, = {[¢,1 ® a4] € CI*(LM), | ay € C1(V})*} and von
Neumann algebras B, which act on F(M),. Lemma 8.2.7 then has the following analogue.

Lemma 8.2.9. Let v be a loop with the property that v(t) = v'(t) for t € [w,2xn]. Then there is a
natural isomorphism By — B of *-algebras, which extends to an isomorphism B, — B, .
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An immediate consequence of Proposition 5.2.3 is that the graded commutant of A, is B,. For
each loop 7, we equip the Hilbert space F (M), with the structure of .A,-BSP bimodule by defining
the right action for homogeneous elements to be

F(M)y x B — F(M)-,
(€,b) — k1 bkpe.
(See Section 5.2.) Now, let 4/ € LM be a loop with the property that 7/(t) = y(2r—t) for ¢t € [0, 7].
Lemma 8.2.10. Let ¢ € LSpin(M)., and @' € L Spin(M)., with the property that ¢’ (t) = ¢(2m—t)
fort € [0,7]. Then, the map
7 Ay = BP

[QOI’ a® ]l] = [QO» 1® Aa‘ra*Aa'r]

does not depend on the choice of ¢ and ¢', and is an isomorphism of von Neumann algebras.

Proof. The fact that 7 is an isomorphism follows from the fact that it factors through isomorphisms:
Ay — CHV)" — (CLVL)")P — B3P

Let ¢,v € LSpin(M), and let ¢’, 4’ € L Spin(M ), with the property that ¢'(t) = (27 — t) and
' (t) = v(2m —t) for t € [0,27]. Then, there exist unique elements g,¢’ € L Spin(d) with the
property that ¥ = ¢-g and ¢’ = ¢’ - ¢'. Moreover ¢'(t) = g(2m —t) for t € [0, x]. Let a € C1(V_)".
Then we compute using Lemma 5.1.8,

99(]]- ® Aoz'ra*Aa‘r) =1® AaTaT(g) (CL)*AQT =1® Aareg’ (a)*AaT~
Now, we compute
([, a@1]) = [, 1 ® Aara™Aar]
= [30 9, 1® ADéTa’*AOtT]
= [0, 05(1 @ Apra™Aor)]
= [0, 1 ® Aarby (a)"Aar]
:7’:[(’0/79‘9/(01)@]1]. D

Using the isomorphism 7 we may view the Hilbert space F (M), as an A,- A, bimodule. Now let
us denote by 81 € PM the path £1(t) = ¥(¢) and by 82 € PM the path Sa(t) = +/(¢) = v(2w — ¢),
for t € [0,7]. Then, using the notation introduced in Remark 8.2.8, we have that F(M), is an
Ap,-Ap, bimodule.

For future reference we give an explicit formula for the right Ag, action on F(M),, assuming
that we are given ® € L Spin(M), with basepoint ¢ € L Spin(M)., and ¢’ € L Spin(M),, with
¢’ (t) = o(2m — t) for t € [0, 7]. We then obtain, for v € F and a € CL(V_)",

[@,v]<[p,a® 1] =[®,v]<[p,1 ® Apra* Ao ] = [®, Ja* T > ).

8.3. Fusion

In this section we construct the family of fusion isomorphisms, whose existence was conjectured in

[ST].
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Let M be a spin manifold equipped with a fusive spin structure L/S\}Sﬁl(M ) on its loop space.
We denote the fusion product on L/S\[;l(M) by M. If (8i, 5;) € PMP we write vij = Bi U B;. We
then set A; .= Ag,, and Fi; := F(LM),,;, and F}; := F*(LM),,,. With this notation we see that
Fi; is an A;-A; bimodule. Our goal in this section is to prove the following result.

Theorem 8.3.1. For every triple (81, 2, 83) € PMPB! there exists a natural isomorphism of A -
Az bimodules from Fio W4, Fas into Fi13. These isomorphisms are associative, in the sense that
if (B1, B2, B3, Bs) € PMW, then the following diagram commutes:

Fra Wa, Foz W, F3g — Fra W4, Fou

J J

Fiz X4, Fau Fia

Remark 8.3.2. Lemmas 4.2.7 and 4.2.8 allow us to write F12X 4, Fo3X 4, Faq instead of (F12X 4,
Foz) M4, Fag or Fio M, (Foz Ma, Fsa).

The construction of the family of isomorphisms promised in Theorem 8.3.1 will take the re-
mainder of this section. Before getting into the thick of things, we summarize the main idea as
follows. Essentially, we pick trivializations v;; : F;; — F in a clever way, and then use the fusion
isomorphism p : F W F — F on the free fermions defined in Section 5.2, as in Diagram (8.3) to
define the fusion isomorphism promised in Theorem 8.3.1.

Let (B, B2, 83) € PMP! be arbitrary. Choose @15 € Iié\f)ﬂl(M)pm and Po3 € IT_S\ﬁﬂl(M),m
such that the corresponding basepoints @19 € L Spin(M),,, and @a3 € L Spin(M).,, have sitting
instants at 0 and 7 and, moreover, satisfy @o3(t) = p12(27—t) for t € [0,7]. Set P15 = A(P12Q@Pa3).
Note that its basepoint @13 € LSpin(M),,, satisfies @13(t) = p12(t) for t € [0,7] and p13(t) =
pa3(t) for t € [m,2n]. Let v;; : F — F;; be the unitary map given by the extension of F° 3 v —

[®45,v] € F3, for ij = 12,23,13. By Lemma 8.2.6 the map u; : A1 — CI(V-)",a > visavis is then

an isomorphism of von Neumann algebras, which has the property that v12(ui(a)>v) = a>v12(v)
for all a € A; and all v € F. Similarly, the map us : Ay — CL(V_)", a > v35ares is an isomorphism
of von Neumann algebras, with the property that vos(us(a)>v) = ab vez(v) for all a € Ay and all
velF.

We compute, for a € CI(V_)" and v € F,

vio(v) Quy t(a) = [@12,0] 4 [p23,a @ 1] = [®12, Ja* T > v] = [®12,v<a] = via(v <Qa).

We have now in fact proven the following result.

Lemma 8.3.3. The triple of maps
U Al — Cl(V_)", l/ik2 : Fia — f, ug : ./42 — CI(V_)H

constitutes an isomorphism of bimodules between Fi5 and F.

Of course, the triple of maps
ug 2 Ay — Cl(V_)H, 1/53 s Foz — f, us : Ag — CI(V_)H

then constitutes an isomorphism of bimodules between Fa3 and F, and similarly, we have that the
triple

u - .Al — CI(V,)N, Vf3 : Fig — F, us . .A3 — CI(V,)N,
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is an isomorphism of bimodules. Using Lemma 4.2.5 we obtain an isomorphism v{, Kv3s : Fia X 4,
Fo3 — F Weyv_y» F. It is clear that the triple of maps (u1, v}y X 133, u3) then constitutes an
isomorphism of bimodules. We define the map p193 : Fia X4, Foz — Fi3 by the following diagram

vi, Kuvs N v
I TR T T IS
H123 '

It is clear by construction that 123 is an isomorphism of A;-A3 bimodules. The above construction

required us to choose certain ®;5 and @gg/.\\ﬁe will now show that thﬁ\rﬁulting map p123 does
not depend on these choices. Let ®}, € LSpin(M),,, and let ®43 € LSpin(M),,,
that the corresponding elements ¢}, € LSpin(M),,, and ¢h; € L Spin(M),,, have the property

that ©hs(t) = @ia(2m — t). Then, there are unique elements Ujs,Uss € L Spin(d) such that
Oy = P15 - Upp and Dby = Po3 - Usz. We set )3 = A(P), ® Dfy3). Equation (7.3) then implies that
Py = @13 - 1 (Urz @ Uz). We write vj; : F — Fyj,v = [®f;,v]. We then have vj, = v12 0 Uy
and v}y = a3 0 Ujs, and, using Theorem 6.3.11, vi5 = 113 o i(Usy, Uss). We now compute, using
Lemma 4.2.5 and Diagram (5.1)

and suppose

V130 o ((v12)" B (vy3)*) = 113 0 (1(Uty, Usz) 0 po (Urg R Uszs) o (11 K v33)
= v13 0 po (U WUg;) o (Urg X Usz) o (7, Musg)

= Vigouo (Z/:T2 X VS?)).

We complete this section by proving that Diagram (8.2) commutes. Hence, let (51, 82, 83, 84) €
PMU . Choose ®;; € L/S\};ﬂl(M),w, for ij € {12,23,34} such that the corresponding basepoints
@ij € LSpin(M),,, satisfy @s34(t) = ©23(2m —t) and @a3(t) = @12(2m —t) for t € [0,7]. We
set D13 = A(P12 ® Po3) and Doy = A(P23 ® P3y), and P14 = A(P13 ® P34). Notice that by the
associativity of A, (see Definition 6.1.1), we have that ®14 = A(P12® Po4). First of all, one verifies,
using Lemma 4.2.5 that the following diagram commutes

(Frz W4, Foz) Ry, Fag ——— Fi1a Xy, Foy ——— Fuy

l pi2s X1 J K134 J

(FRARF—— s FRF——— > F

Using Lemmas 4.2.8 and 5.2.1 the commutativity of the above diagram implies that the following
diagram commutes as well

(Fro R g, Foz) W g, Fag — Fiz W, Fag —— Fuu

|

(FRF)RF

|  rmF—— o F

FR(FRF)

|

Fro ®a, (Foz Wa, Faa) — Fra W, Fos — Fiy

The diagram above is in fact nothing but Diagram (8.2). We have thus proven Theorem 8.3.1.
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9. Geometric aspects of the spinor bundle
on loop space

In Section 8.2 we constructed the spinor bundle on loop space as an associated bundle. This point
of view was very fruitful in Section 8.3, where we used it to define the fusion isomorphisms, see
Theorem 8.3.1.

In Section 9.1 we consider an alternative construction of the spinor bundle on loop space. In-
formally speaking the construction goes as follows. For each loop v € LM we consider the Hilbert
space H. = L*(S,S ® v*T'Mc), which should be thought of as a twisted version of the tangent
space of LM at . Because every Hilbert space is a Fréchet space, every Hilbert space is trivially a
rigged Hilbert space. The rigged Hilbert spaces H, fit together into a rigged Hilbert space bundle,
H — LM. Taking fibrewise Clifford algebras yields the bundle of Clifford algebras discussed in
Section 8.2. The orthonormal frame bundle of H has a natural reduction of structure group to
L Spin(M ), which induces a choice of equivalence class of Lagrangians in ., for each v € LM. For
each loop we then pick a Lagrangian in this equivalence class, and consider its Fock space. We then
construct a bundle gerbe over LM, which encodes the obstruction to patching these Fock spaces
together into a bundle of Fock spaces on which the bundle of Clifford algebras acts irreducibly. A
spin structure on the loop space LM induces a trivialization of this bundle gerbe, and hence lifts
the obstruction to patching together the aforementioned Fock spaces into a bundle on LM. We
prove that the bundle of Fock spaces induced by a spin structure on loop space in this way is the
spinor bundle on loop space defined in Section 8.2.

In [Amb12] Ambler considers a bundle H — LM of Hilbert spaces whose fibre over a loop v
is L?(S',y*Ec), where E — M is a real oriented vector bundle of even rank. Using essentially
the same construction as we just outlined, Ambler then constructs a bundle gerbe on LM, and
gives a construction that takes a trivialization of this bundle gerbe as input and produces a bundle
of irreducible modules for the Clifford algebra bundle C1(H). We shall point out the connection
between our work and Ambler’s in Section 9.1.

In the preceding discussion we argued that we can use the bundle L Spin(M) to choose an
equivalence class of Lagrangians in H., for each loop v € LM. In Section 9.2 we give an interesting
characterization of the equivalence class induced in this way. We expect this characterization to
be useful when constructing a conformal connection on the spinor bundle on loop space.

9.1. A bundle gerbe construction of the spinor bundle on loop
space

Let M be a spin manifold. For each loop v € LM we set H., := L?(S*,S ® v*T'Mc). We then

define a vector bundle H — LM by setting H = H%LM H~, and we define a principal O(V)-

bundle Fro(H) =[], O(V,H,). At the moment, neither of these bundles is equipped with a
topology. However, it is clear that H = Fro(H) Xo(v) V. Hence, to equip H with the structure of
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rigged Hilbert space bundle it is sufficient, by Lemma 8.1.14, to equip Fro(#) with the structure
of Fréchet principal O(V)-bundle. We now provide such a structure.

First, we construct an equivariant bundle map © : LSpin(M) — Fro(#H). Let v € LM be
arbitrary. Let ¢ € LSpin(M).,, we write m(¢) € L SO(M) for its basepoint. Then, for each t € S*,
we have an orthogonal map m(¢)(t) : R* — T.,;yM. Let v € V, then we define ©(¢)(v) € H, by
the expression

O(p)(v)(t) = (L@ m(p)(t))v(t).

A routine verification shows that this indeed defines an equivariant fibre-preserving map © :
LSpin(M) — Fro(#H). The map L Spin(M) x O(V) — Fro(H), (¢,9) — O(p) - g then descends
to an equivariant fibrewise bijection L Spin(M) X, spin(a) O(V) — Fro(#H). Using this bijection
we transfer the smooth structure from L Spin(M) X gpin(g) O(V) to Fro(H). In fact, because ©
factors through L SO(M) we have

LSO(M) xpso(a) O(V) = LSpin(M) X spin(a) O(V) = Fro(H).

We recall that the bundle of Clifford algebras CI°(LM) is defined to be L Spin(M) X 1, gpin(d)
Cl(V)®. For each loop v € LM the map LSpin(M) x CI(V)* — Cl(H,)®, (v,a) — Cl(v)(a)
descends to an isomorphism of rigged C*algebras CI*(LM) — CI(#,)?, see Lemma 3.2.6. In other
words, the fibre of CI°(LM) over v can be canonically identified with Cl(# ).

We obtain a reduction of Fro(H) to Or(V), denoted Frp(H), by setting

Frp(H) := LSO(M) x50 Or(V) = LSpin(M) X spina) Or(V)

Because Frz (H) is a subset of Fro(#H) we may view elements of Fry (#) as frames of H. That is,
if v € Frp(H), for some v € LM, then v can be viewed as an orthogonal map v : V' — H.,. Thus,
if v € Frp(H), then v(L) C H,, is a Lagrangian.

Lemma 9.1.1. Let v € LM and v1,vs € Fri,(H), be arbitrary. Then, the Lagrangians v1(L) and
vo(L) are equivalent.

Proof. Let P; : H, — v;(L), for i = 1,2, be the orthogonal projections. Then, according to
Lemma 3.6.1 it suffices to show that P; — P» is Hilbert-Schmidt. To that end, we compute

—1 —1 -1 —1 -1
P1 — P2 = Z/]_PLVl — I/QPLV2 = Vl(PL — Z/QPLU2 Vl)yl .

We know that Vl_lllg € Or(V), hence it follows from Lemma 3.6.1 that Pr, — Vl_lngLyg_lyl is
Hilbert-Schmidt. O

Recall from Section 3.6 that the space of Lagrangians equivalent to L is equal to Lag; (V) :=
Or(V)/U(L). We define Lag; (H) to be the topological space Frp,(#H)/ U(L). Lemma 9.1.1 then
implies that the fibre Lag; (), really consists of Lagrangians in H. all of which are pairwise
equivalent. For reasons that will become clear in Section 9.2 we call Lag; (H) the bundle of Dirac
Lagrangians in H. Let us write 7 for the projection Frp(H) — Lag; (H), and ps for the projection
Lag;(H) — LM.

We now equip the topological space Lag; (H) with a structure of Fréchet manifold, such that
the following two conditions are satisfied:

1. The map 7 : Frp(H) — Lag; (H) is a surjective submersion.
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2. For every v € LM there exists an open neighourhood U of v such that there exists a
diffeomorphism ¢ : Lag; (H)|yv — U x Lag, (V) such that for all x € Lag; (H)|y we have
p2(x) = pry(o(z)).

Let {Uq }aer be a trivializing cover for Frp(#). The collection {Lag; (H)|u, }acr is then an open
cover of Lag (H). We have

Lagr (M)|v, = Fro(H)|v./U(L) = (Ua x OL(V))/ U(L) = Ua x Lag(V),

where the first equality is the definition of Lag; () and the second identification follows from the
assumption that U, is a trivializing cover for Frp(#). The condition that this identification is
a diffeomorphism then defines a smooth structure on Lag; (#), which satisfies condition 2. The
projection 7 can locally be described as

Fri,(H)lu, > Ua x OL(V) = Ua x Lag (V) ~ Lagp,(H)]v,,

from which follows that it is a submersion.

Now, the bundle Fry(#) is a principal Or(V)-bundle. Hence, one may wonder if there is a
lift of the structure group to Imp; (V'); if the loop space LM is equipped with a spin structure
Iié\fﬁl(ML then a lift is given by the associated bundle lfé\f)ﬂl(M) X CSin(d)
one may consider the lifting gerbe (£, Frp(H)) corresponding to this lifting problem, see [Mur96,
Section 4] and Appendix D. This bundle gerbe can be described as follows. Because Frp(H) is a

Imp; (V). In general,

principal O, (V)-bundle we have a map
A:Frp(H)B = 0L(V), (v1,1m) = v tuy.

The line bundle £ is now defined to be A*Imp; (V). The bundle gerbe multiplication is then
simply multiplication in Imp; (V). The following result tells us that the fibre of £ over a pair
(v1,v2) € Frp,(H)P! is the space of unitary equivalences from F,, () into F,, (1)

Lemma 9.1.2. For every (vq,v1) € Frp,(H)?, the map

Loy = Uci,) (Fra(rys Foi(r))s
U~ Ay, UA;ll,

is an isomorphism of U(1)-torsors, with the property that for all (vs,ve,v1) € Fri(H)P the fol-
lowing diagram commutes

EVS»”Q ®£V27V1 £V37V1

| |

Uci()) (Fuar) Fuar)) @ Ucia,) (Fra(rys Foir) — Ucir,) (Fus(r), Foi(r))

where the top arrow is the bundle gerbe multiplication, and the bottom arrow is composition of
operators.

Proof. Let vo,11 € Frp(H), be arbitrary. Let U € L,,,, be arbitrary. This means that U
implements v5 'v;. Now, let a € Cl(H), be arbitrary, then we compute

Ay UArah, UMY = 0,,(U6;, (a)U*)) = a.

The fact that the diagram from the lemma commutes follows from a straightforward computation.
O
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Lemma 9.1.2 suggests that the fibre of £ over a pair (v1,15) € Frp(H)? really only depends on
the Lagrangians v (L) and v5(L). What’s more, the bundle gerbe (£, Fry(#)) is a refinement of a
bundle gerbe on Lag; (H), as recorded in the following proposition.

Proposition 9.1.3. There is a bundle gerbe (U, Lag; (H)) with the following properties:
e The U(1)-bundle L is the pullback of U along 7 x 7 : Or, (V)12 — Lag, (V)12

o The multiplication on U pulls back to the multiplication on L, i.e. the following diagram

commutes
3L QT L —— 3L

| |

mU @ MU —— mU

Moreover, for each point (Ly, L) € Lagy (H)? there is an isomorphism of U(1)-torsors from
U(L1, L2) to Uiy (FrL, s FL,) which takes the bundle gerbe multiplication to the composition of
operators.

Proof. First, we prove that the U(1)-bundle £ — O (V) descends to a U(1)-bundle on Lag (V)[2.
To that end, we shall give a descent isomorphism, see [Bry93, Proposition 5.1.3]. Let us introduce
some notation. We set X = Or(H) and Y = Lag; (H). We then write 712 = 7 x 7 : X2 — y[2],
We write ¢; and ¢o for the two projection maps X2 xy2) X2 = X A descent isomorphism is
now an isomorphism ¢ : ¢i £ — ¢3 £, which satisfies the cocyle condition. Let

(la (J?l,.l?Q), (.13,1,33/2)) € Qikﬁ

be arbitrary. Unravelling the definitions, this means that 1, z9, 2, 24 € Frp(H), for some v € LM
and that [ is an implementer for 25 'z; € Oz (V). Moreover, we have that z;(L) = (L) and
x9(L) = (L), which implies that z;'2} € U(L) and (z4) 'z € U(L). It then follows that
A($/2)—1w2lel—1$/1 implements (z4)~'a}. We thus define ¢ to be the map

¢: (1, (z1,22), (1'/1’1'/2)) = (A(zé)—leZAxl—laE’l’ (z1,22), (wlla x/Q))

This map satisfies the cocycle condition because the map U(L) — Imp,(V),g — Ay is a group
homomorphism. That ¢ is smooth follows from the fact that it is the composition of smooth
maps. According to [Bry93], we then obtain a U(1)-bundle 4 — Y2, which pulls back to L,
by setting U = L/ ~, where ~ is the following equivalence relation: The element (I, (z1,x2)) €
£ = A*Imp; (V) is equivalent to (I, (z},2%)) € L if (I, (x1,22), (2], 25)) € ¢f L and if, moreover,
¢(l7 ($1,332), (56/1,1‘/2)) = (l/’ ('rlvx?)v (58,1,56/2)) € q; :

Next, we define, for each element (L1, Ly) € Y, an isomorphism U, 1oy = Ucir,)(Fr,» Fr,)-
Let u € U, and pick a representative (I, (x1,22)) € L. The map Ag,IA -1 is then a Cl(H)-
equivariant isomorphism from Fr, into Fr,. Let us show that this does not depend on the
representative chosen. Indeed, suppose that we are given a second representative (I',z},xz%) of
u. The assumption that (I, (z1,22)) ~ (', (2}, %)) implies that I’ = A(Ié)flmle;lx,l. We then
compute

A’Eél/A(ZL’/l)71 = AI’2A(;LJ2)711\2ZAIIII/IA(I/I)fl = AIZZA:E;17

as desired. It is clear that the assignment u — AmlAI;1 is an isomorphism of U(1)-torsors.

To turn the pair (U,Y) = (U,Lag,(H)) into a bundle gerbe, we still need to define its mul-
tiplication. We claim that the map 7L @ i L — m5L — 745(L/ ~) descends to the quotient
m5(L) ~) @7 (L] ~). Let (l12 ®lag, (v1,%2,23)) € 5 L@ w7 L be arbitrary. Its image in 75 (L/ ~)
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is [lasli2, (71,22, 23)]. Now, suppose we are given a second element (ljo ® lbs, (21,25, 2%)) €
w5 L @ 77 (L) with the property that

(112,(171,1‘2)) ~ (1127(1'/1’1'/2)) and (l23,(502,l‘3)) ~ (ll237($,27x2’>))

This means that we have I, = A($/2)—1w2112A11—1m/1 and lby = A(zé)—113l23Am2—1I/2, which implies
that l55ll5 = A(Ié)’lmgl%ll?Azl’lz’l? and hence that (la3l12, (x1,23)) ~ (l55115, (2], 25)). We thus
have a commutative square

MLRTIL —— WL

| l

T3 (L) ~) @7 (L) ~) —— w5 (L] ~)

The bottom arrow in this diagram is the multiplication that turns (Y, £/ ~) = (Lag; (H),U) into a
bundle gerbe. A routine computation shows that, for each triple (Ly, La, L3) € Y3, the following
diagram commutes

U(LuLz) ®U(L2,L3) u(L11L3)

| l

Ucion,)(Frys Fro) @ Ucion, ) (Fros Frs) — Ucin,)(FrLy, Frs)

where the bottom arrow is simply composition of maps, and where L; C H,. O

Remark 9.1.4. The bundle gerbe (U, Lag; ()) is analogous to the bundle gerbe (P, Y") of [Amb12,
Proposition 11.8]. The difference is that where we have used the Hilbert space L?(S*,S®~*TMc),
Ambler used the Hilbert space L?(S',v*E), where E — M is a real oriented vector bundle of even
rank. Moreover, Ambler works in a topological setting, where we use Fréchet manifolds.

We now return to the bundle gerbe (£, Fr,(H)), in particular, we shall construct a bundle gerbe
module for it. We start by considering the trivial rigged Hilbert space bundle Frp(#H) x F} —
Frp(H). For every v € Frp,(H), the map

(FI'L(H) X Fz)y — ‘FS(L)’
(I/,’U) — Ay(’U),

is an isomorphism (see Lemma 3.5.8). In other words, we obtain an identification

FI'L(H)X]:ISJ; H ]:5([4)7
veFr (H)

through which we view the right-hand side as a rigged Hilbert space bundle over Frz(#). Now
let v € LM be arbitrary. If v1,v5 € Frp(H),, then flfl(L) and .7-"52(L) are unitarily equivalent
representations of Cl(#,). If we were given a coherent family of unitary equivalences of these
C1(H.)-modules, for all v € LM, then we would have descent data that would allow us to obtain
a bundle on loop space. Lemma 9.1.2 tells us that the bundle gerbe (£, Frp(H)) encodes these
unitary equivalences. Motivated by this we will show that a trivialization of (£,Fry(#)) thus
allows us to construct a spinor bundle on loop space. We proceed by using the theory of bundle
gerbe modules, (see [BCM'02] and Appendix D), as follows.

We shall equip the rigged Hilbert space bundle Frp(H) x F} — Frp(H) with the structure of
bundle gerbe module for (£, Frz(H)). Because L is defined to be A* Imp; (V') it comes equipped
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with a map s : £ — Imp (V). We now define the action of the bundle gerbe £ on Fry(#H) x F3 to
be

L@ (Frp(H)? x F5) — Frp(H)? x 73,

Il ® (v1,v2,v) — (v1,v2,s()v).

Let p : Frp,(H) — LM denote the projection map. We now suppose that M is a string manifold,
then the bundle gerbe (£, Fry(#)) has a trivialization Imp; (%) — Frp(#), which can be used as
descent data for the bundle (Frp, (H) x F3 )®@Imp, (H) — Frp(H), [BCMT02, Proposition 4.2]. Le. it
can be used to construct a vector bundle F* — LM with the property that p*F® @ Imp; (H)* is
isomorphic, as a bundle gerbe module, to Frz,(#) x F5. (See Appendix D or [BCM ™02, Proposition
4.2] for the bundle gerbe module structure of p*F* ® Imp; (H)*.)

Proposition 9.1.5. The bundle F° — LM 1is isomorphic to the spinor bundle on loop space
F5(LM) — LM.

Proof. We prove the proposition by giving an isomorphism from p*F*(LM) ® Imp; (H)* into
Frp(H) x F5. Let us write A : Imp (H) x s Impy (H) — Imp, (V) for the map characterized by
the equation ®A(P, d') = ', A straightforward calculation shows that A satisfies the equations

A(D,,dU) = A(®,,0)U A(®,U,®) =U A, D),

for all U € Imp; (V). Using this, a routine calculation shows that for each v € Frp(#), the
following map is well-defined
(p* F(LM) @ Imp; (H)*), — Frr.(H), x F}
(Va [q)a UD ® (I)l/ = (V7 A((I)IH (I))U)
Its inverse is given by the map (v,v) — (v, [®,v]) ® ®, where ® is any element ® € Imp; (H),.

The statement that this map is an isomorphism of bundle gerbe modules is then equivalent to the
statement that the following diagram commutes, for each (v1,vs) € Frp (H)[2,

‘CV1,V2 ® (FrL(H)VQ X fi) e — (FrL(H)m X ]:E)

| |

Ly v, @ (p*F(LM) @ Imp; (H)*)p, —— (p* F(LM) @ Imp (H)*),,

Indeed, we have for arbitrary (vq,v9) € FrL(’H)[Z] and arbitrary &1 @ ®3 @ (12,v) € Ly 1, @
(Fr(H)w, x F1)

¢1®©2®(V27’U) F (1/17A((I)2,(P1)7})

I I

1 ® P2 ® (12, [P2,v]) ® P2 — (1, [P2,0]) ® &4
Which completes the proof. O

Let us again make contact with [Amb12]. First, we remark that the caveats from Remark 9.1.4
still apply.
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We define yet another vector bundle over Fry(#). Recall that we have an Oy (V')-equivariant
vector bundle D® := Imp (V)" xyq) F, see Section 3.6. We write pp : D¥ — Or(V) for the
projection map. We then set

D* :=Fr(H) x D°/ ~

where (vg,v) ~ (v, gv) for all g € O(V), v € Fr(H), and all v € D3. The map (v,v) — vpp(v)
then descends to a map D® — Frp,(H), which turns D* into a vector bundle over Frz, (H) with fibre
F3; . In fact, one may check that the map Frp(H) x F} — D*, (v,v) — [v,[1,v]] is a trivialization
of DS, which thus allows us to equip D® with the structure of rigged Hilbert space bundle on
Frr(H), and moreover with the structure of bundle gerbe module for (£,Frp(H)). In [Ambl12]
Ambler constructs a vector bundle, denoted FY', over Lag; (#), which is a bundle gerbe module
for the bundle gerbe (U, Lag; (H)). The bundle gerbe module FY for (U, Lag, (H)) pulls back to
the bundle gerbe module D® for (£, Frr(H)), (recall that £ is a refinement of /). Using the bundle
gerbe module F'Y, Ambler constructs from a trivialization of the bundle gerbe U, a vector bundle
on loop space S — LM, which we thus conclude is completely analogous to the spinor bundle on
loop space F°(LM) that we constructed.

9.2. A geometric view on the reduction Fr;(H) — Fr(H).

We still assume that M is a smooth spin manifold of dimension d, (technically, we only require M
to be oriented in this section). The reduction Fry(#H) — Fro(#) is equivalent to a smooth choice
of equivalence class of Lagrangians for each loop v € LM. In this section we give a more geometric
characterization of the choice that leads to the reduction used in Section 9.1.

For each loop v € LM we define the twisted Dirac operator ﬁﬂ/ :Hy — Hy by

.d
myzl&®v7

where V is the pullback of the covariant derivative corresponding to the Levi-Civita connection on
TM.

There is a basis of 7, that diagonalizes I0.,. Write pt. (t) € SO(Ty )M, T )M) for parallel
transport along « for time ¢. Let {v;};=1,. q be a collection of linearly independent vectors in
Ty (0yMc that diagonalizes pt. (2m) € SO(T,0)Mc), with eigenvalues e#i € S*. We choose ¢; to
be in [—m, 7).

Lemma 9.2.1. The family of vectors 0, ; € H~ defined by
X 1 —iﬁ
N, (t) = e 7D @ pt (),

diagonalizes lD,Y with eigenvalues
1 0
Anj=n+ 3 + —QJ.

Proof. First, we show that the sections 7, ; € H, are in fact smooth by evaluating

Mg (2m) = e~ @ pt, (2m)v; = —1 @ v = —15(0).
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Next, we compute the action of the twisted Dirac operator on these sections
d ; . Pj . . P4
Dy (t) = (i(hte_l("ﬁ)t_“‘it) ®v; + e TN @ Vpt ()

_ (idei(nJr;)ti;’jt) ® v

dt
= (nt g+ 2 ).
2 2ox) "™
Here we have used that V pt, (t)v; = 0. O

Lemma 9.2.2. The subspace Eig>o(m7) C H is isotropic and can be embedded in a Lagrangian
subspace L, C H,. The Lagrangian L. is not unique if Ez'g:o(lD,y) 18 non-trivial. For any choice
of such a Lagrangian, the codimension of Eig>0(lD,y) C L, is finite.

Proof. A computation shows that «(Eig.o(1,)) = Eig.o(/,). The fact that Eig.,(1p,) is
isotropic follows from this and the fact that the basis 7, ; is orthonormal. We generally have
a decomposition

Hy = Eig>0(]D7) D a(Eig>0(lD7)) D Eig:O(lD,Y),

If the zero eigenspace Eigﬁ,zo(lﬁw) is non-trivial, then Eig.y(),) is not Lagrangian. However if
K C Eigzo(ﬁv) is Lagrangian, then L. := Eig>0(]D7) ® K C H, is Lagrangian. Such a choice of K
always exists, because Eig_().,) is even-dimensional, (A, ; = 0 corresponds ton = 0 and ¢; = —7
and Eig_; (pt.,(27)) is even dimensional), which also immediately shows that the codimension of
Eig. (/) C L, is finite. However, such a choice is never unique, because a(K) C BEig_q(1D,,) is
also Lagrangian. O

Remark 9.2.3. The construction above leads to the reduction Fry(H) — Fro(#H) as follows. We
consider the bundle Fr(#)/Op(#). For each v € LM we have that the fibre Frp(H),/Or(V)
is the space of Lagrangians in #, modulo equivalence. The assignment v +— [L,], where L,
is a Lagrangian completion of Eig>0(127) as in Lemma 9.2.2; is then a section of the bundle
Fr(#H)/ Or(H), which induces the reduction. To make this argument completely rigorous, one
would need to prove that the section v + [L,] is smooth. An approach to a similar lifting problem
in this spirit is carried out in [CMMO0, Section 5].

The following result implies that the reduction Frp(H) — Fro(#) outlined in Remark 9.2.3
agrees with the one defined in Section 9.1.

Proposition 9.2.4. Let v € LM and v € Fr.(H) be arbitrary. Let L, C H., be any Lagrangian
that contains Fig.,(Ip.,). Then, the Fock representations F, (1) and Fr_ of CI(H,) are unitarily
equivalent.

A proof strategy could be as follows. Find an element » € Fr¥ (#).,, such that ¢(L) = L.,, then
a variation on Lemma 9.1.1 tells us that the Lagrangian L, is equivalent to any Lagrangian v(L).
Our actual proof is slightly more complicated, but in the same spirit. We first require the notion
of sublagrangian.

Definition 9.2.5. A subspace L' C V is a sublagrangian if it is isotropic and if L' ® a(L') C V is
of finite and even codimension.

Lemma 9.2.6. Let L' C V be a sublagrangian. Then there exists at least one Lagrangian subspace
L CV such that L' C L. If Ly and Ly are two Lagrangians which both contain the sublagrangian
L', then Lg is equivalent to L1. Finally, let L' and L" be sublagrangians such that there exists an
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element g € Up (V) such that g(L') = L"”. Then, if Lo is a Lagrangian containing L' and Ly is a
Lagrangian containing L", then Lg is equivalent to L.

Proof. Let L' be a sublagrangian. Then, by definition, the orthogonal complement of L' @ «(L’) is
of finite and even dimension. Moreover, it is clearly preserved by «, hence it contains a Lagrangian
subspace K C V. It follows that L' & K C V is Lagrangian.

We note that the second part of the lemma follows from the last, if we set L’ = L” and ¢g = 1.

So, let L', L”,Lg,L; and g be as in the lemma. A direct computation shows that PLLOPL1 is
Hilbert-Schmidt which suffices to prove the claim, according to Lemma 3.6.1. O

Proof of Proposition 9.2.4. Let U(M) — M be the bundle of unitary frames of the complexified
tangent bundle and let L U(M) — LM be its looping. From Lemma 3.7.1 we know that L U(d) —
UL(V). This allows us to define

Fry (H) = LU(M) X, u(a) UL(V).

Just like we may view Frp (), as a subset of O(V,%,) we may view Frj (H), as a subset of
U(V,H),. We view Fry,(H) as a subset of Fr? (H) using the natural inclusion.

Now, let v € LM be arbitrary. Let ¢; and v; be as in Lemma 9.2.1. For each t € S! define
o1 € U(M)y 1) v
prle;) = e pt (o
This defines an element (7, ¢) € L'U(M), and thus an element ¢ € FrY (H), C U(V,H,,). Let 1,
be as in Lemma 9.2.1. It then follows that ¢(&, ;) = ;-

Now, we consider the sublagrangian L; = Eig>0(lb,y) from Lemma 9.2.2. From the characteri-
zation
Eig>0(¢,y) =span{n,; |n>1,j=1,...d} ®span{n, ; | n=0,j:¢; # -1},

it follows readily that L' == ¢~ '(L]) C V is a sublagrangian which is contained in our standard
Lagrangian L. The map v¢~' clearly maps the sublagrangian L'7 to the sublagrangian v(L').
Now, according to Lemma 3.6.1 and Lemma 9.2.6 it suffices to prove that [vy =1, P, (1] is Hilbert-
Schmidt, which is equivalent to the statement that v~y =1, P, (1ylv is Hilbert-Schmidt, because
v is unitary. We compute

u_l[mp_l,P,,(L)}V =v vy L vPr
= 'wPy — Pyt
= [7/171% PL]7

this is Hilbert-Schmidt, because v, v € FrY (#), and hence »~'v € U (V). O
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A. Central extensions of Banach Lie groups

In this section we provide the following well-known result used in the proof of Theorem 3.5.2. See
[Nee02, Proposition 4.2] for a similar statement.

Proposition A.1. Let G be a Banach Lie group with finitely many connected components, let Z
be an abelian Banach Lie group, and let

1-Z-G%a—1 (A1)

be a central extension of groups. Let U C G be an open 1-neighbourhood supporting a section o,
i.e. a map o :U — G such that qoo =1idg. Suppose there exists an open 1-neighbourhood V. C U
with V2 C U, such that the associated 2-cocycle f, : V x V — Z defined by

o(g1)0(g92) = fo(91,92)0(9192)

is smooth in an open (1,1)-neighbourhood. Then, G carries a unique Banach Lie group structure
such that o is smooth in an open 1-neighbourhood. Moreover, when equipped with this Banach Lie
group structure, (A.1) is a central extension of Banach Lie groups.

We will use the following lemma, which appears as [Nee02, Lemma 4.1] or as [Tit13, p.14] in the
finite-dimensional case, which goes through without changes.

Lemma A.2. Let G be a group and K C G be a subset with 1 € K and K = K~!. We assume
that K is a Banach manifold such that the inversion is smooth on K and there exists an open

1-neighbourhood V. C K with V? C K, such that the multiplication m : V x V. — K is smooth.

1

Further, we assume that for any g € G the conjugation map Cy : G — G : x> gxg™" is smooth in

an open 1-neighbourhood. Then, there exists a unique Banach Lie group structure on G such that
the inclusion map K — G is a local diffeomorphism at 1.

Now we give the proof of Proposition A.1, first assuming that G is connected. Without loss
of generality we assume that U satisfies U=! = U. We set K := U x Z. We equip K with the
product Banach manifold structure, and identify it with a subset of G along the injective map
(u, z) — o(u)z. We consider the open subset

W= {((!El,zl), (.%'2722)) | r1To € U} C K xK,

and choose an open 1-neighbourhood V in K such that V' x V' C W. The definition of f, implies
that the restriction of the group structure of G to V' x V is given by

((z1,21), (w2, 22)) = (2122, 2122 f (21, 22)),
which is smooth. Likewise, the inversion map on K is
(z,2) = (x4 27 (2™ H) ™),

and hence smooth, too.
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Next, we claim that for any g € G the map Cj : G — G : x> Gzg ' is smooth in an open

1-neighbourhood. To this end, let X C V be an again smaller open 1-neighbourhood such that
X3 CVand X! = X. It then follows that for § € X we have that C5 : X — K is smooth. Using
the assumption that G is connected, it follows that X generates é, and hence that any g € G can
be decomposed as § = gi...g, with n € N and g1,...,g, € X. It follows that C5 = C3,...C5, is
smooth. We see that now all the conditions of Lemma A.2 are met, and it follows that there is a
unique Banach Lie group structure on G such that the inclusion K < G is a local diffeomorphism
at 1.

Finally, we consider the case that G is not connected, but has finitely many connected compo-
nents. We apply the previous result to the connected component G° of the identity. If X C G
is another connected component, then any element § € ¢~!(X) determines a bijection between
¢ 1(G°) and ¢~ 1(X), hence equipping ¢~ (X) with a Banach manifold structure, which is readily
verified to be independent of the choice of §. It is also easy to see that multiplication and inversion
are smooth.

To complete the proof we now need to prove that G — G is a smooth principal Z-bundle, which
boils down to prove that ¢ : G — G is a smooth surjective submersion. This is true in the open
1-neighbourhood K, and hence everywhere since it is a group homomorphism.
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B. Regularity of the action of the Clifford
algebra on Fock space

Here, we complete the proof of Lemma 3.5.7. For the notions of derivatives and differentiability
used here, we refer to [Mil83, Section 3] or [Ham82, Sections 1.3.1 & 1.3.6].

We start by proving the following lemma.
Lemma B.1. Let X,Y,Z be Fréchet spaces, and let yn : X XY — Z be a bilinear map. If p is

continuous, then it is smooth.

Proof. Let xg,z1 € X and yo,y1 € Y. Then we compute the derivative of p at (xg,yo) in the
direction of (z1,y;) as follows

1
= lim — (p(zo + tx1,y0 + ty1) — (o, %0))
t—0 ¢

= lim (u(zo, y1) + p(x1,90) + tpa(@1, y1))

D(J’m’yo)u(xl’ yl)

= p(wo,y1) + p(z1,%0)-

Clearly the map X2xY? 3 (zg, 21, Yo, Y1) — D (z4,y0)14(1,%1) is continuous, hence p is continuously
differentiable. Now let x5 € X and ys € Y. We consider the second derivative

1
D(meyo)((zlayl)v (72,12)) = %g% 7 (D(wo+tw2,yo+tyz)ﬂ(xlvyl) - D(wo,yo)ﬂ(xlvyl))

1
= lim — (u(wo + twa, y1) + (@1, Yo + ty2) — u(xo, y1) + p(z1, yo))

t—0 t

= :u(anyl) + M(xlay2)7

which is obviously a continuous function on X3 x Y3, Finally, because the second derivative does
not depend on the basepoint (g, o) all higher derivatives are identically zero, and we are done. [J

Let us write p : C1(V)® x F° — F*® for the action map. In the remainder of this section we shall
prove that p is continuous, from which, using Lemma B.1, it follows that p is smooth.

We shall consider the family of semi-norms on F* and on Cl(V')® defined in [NeelOa, Section 4],
that define the topology. Let X € imp(V'), and let v € F*, then we define

Xv:=dn(X)(v) = d

T exp(tX)(v).

t=0

Similarly, for X = (Y, A) € imp(V) = o (V) @ R and a € C1(V)® we define

d
Xa = dG(Y) (CL) = & t_Oeexp(tY) (a’)a
We then have
X(arv)=Xavv+ad>Xv. (B.1)
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Let P(F) be the set of continuous semi-norms on F. The topology on F* is then defined by the
family of semi-norms, [NeelOa, Section 4],

pn(v) = sup{p(X1 ... Xp) [ X; € imp(V), [ Xill <1}, p € P(F),n € No.

Similarly, let R(C1(V')) be the set of continuous semi-norms on CI(V'). The topology on Cl(V)? is
then defined by the family of semi-norms

rn(a) = sup{r(X ... Xya) | X; € imp(V), || X;]| €1}, r e R(CY(V)),n € No.

For convenience of notation, we write s for the norm on both F and Cl(V'), so that we have, for
veFsand a € Cl(V)®

Sp(v) =supf{|| X7 ... Xpo|| | X; € imp(V), || X;]
sp(a) =supf{|| X7 ... Xpna|| | X; € imp(V), || X;]

N ’IIEN(),

| <1}
| < }a n e N()'
Now, let U = {v € F* | pn(v) < €} be a subbasis open around 0. It suffices to prove that for

each point (a,v) € p~}(U) there exists an open neighbourhood W of (a,v) which is contained in
—1
p—(U).

Equation (B.1) implies that for X, ..., X,, € imp(V) we have the following non-commutative
binomial expansion

X1..X (ZI>’U Z Z Xa(l) o(k)aDXa(k—i-l)-"Xo(n)vv
k=00€6&}

where G}, is the set of bijections ¢ : {1,...,n} — {1, ...,n} such that the restrictions o : {1,...,k} —

{1,...n}and o : {k+1,..,n} = {1,...,n} are order preserving. We now suppose that || X;| <1
and compute for arbitrary o € &}

1 X o)X allll Xotor1) - Xomvll

||Xa(1)-~-Xa(k)a[>Xcr(k+1)-~-Xa(n)U|| <
< spla )sn_k(v).

From which we obtain the estimate

1X1 ... Xo(a> )| <

Z sk(a)sn—k(v)

o€

(v

]
=3

M+ IM:

sk(a)sn—k(v).

N—

=
Il
<]

Lemma B.2. The action map p is continuous.

Proof. Because p is bilinear it suffices to prove that it is continuous in (0,0) € CI(V)® x F°. A
subbasis of open neighbourhoods of zero in F is given by the open neighbourhoods

Ulp,n,e)={veF |p.(v)<e}, peP,neNye>0.

We assume, without loss of generality, that p < || - ||. Hence, let W := U(p,n,¢), with p,n,e as
above, be arbitrary. We shall prove that p~!(W) is open by finding for each (a,v) € p~1(W)
an open neighbourhood of (a,v) contained in p~*(W). Indeed, for each k = 0,...,n we consider
the open neighbourhoods Z, = {b € CI(V)® | (b — a) < emin{27",27"/s,,_x(v)}/3} of a, and
Z;, ={w e F°| sp_p(w—v) < emin{27",27"/s(a)}/3} of v. The intersection Z := Ny Zy X Z),
is then an open neighbourhood of (a,v). Let (b,w) € CI(V)® x F® be arbitrary, then we compute

p(b,w) — pla,v) =(b—a)> (w—v)+a>(w—v)+ (b—a)>wv.
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We thus obtain the estimate, for (b,w) € Z and X;,...X,, € imp(V) with || X;] <1

<X X (p(b, w) — pla, )|
<X1 - Xa((0 = a) > (w =)+ [| X1 ... Xn(ar (w =)
+ ||X1 X ((b—a)> o)l
sk (b
(
)
-

< ki_% (+) ( e )
)

+s5(b—a)sp—k(v)
> (;

—2n
+ n+2—n>
2 -
()

p(X1...Xn(p(b, w) — pla,v)))

c.o\m

™ oo\m

Which implies that

Pu(p(b, w) = p(a, v)) = sup{p(X1... Xn(p(b, w) — p(a,v))) | X; € imp(V), [ X;| < 1} <e.

Hence Z C p~1(W), and we are done.
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C. Modular conjugation in the free fermions

In this section we give a proof of Proposition 5.2.2, i.e. we compute the modular conjugation Jq for
the triple (CI(V_)", F,Q), see Section 5.2 for the notation. The result and possible computations
are probably well-known, and have appeared in slight variations of the setting in [Was98, Section
15], [Hen14], and [Jan13]. In the latter reference, Janssens outlines how to transfer his computations
into our setting, and in the following we have done this step by step, closely following [Jan13].

The strategy will be to find a unitary operator s : L — L such that the Tomita operator S is
S =k Ajas, and then to find a polar decomposition for s. For simplicity, we set d = 1, and thus
only work with V' = L2(S). All statements carry over to L%(S) ® C¢ in a straightforward fashion.
Further, it will be convenient to identify V' with the L2-closure of C>°(S*, C), see Section 2.2.

Let us write Pr, : V — L, PLl Vo all) = L+ and Py : V — V4 for the orthogonal projections.
We then define the operators
Ty == (PL — Py)?,

on V.
Lemma C.1. The operators Ty have unbounded inverses Ty ™.

We will later diagonalize the operators T4 ; the fact that these operators have unbounded inverses
will be evident from their diagonal form. For now, we assume that this lemma holds.

We recall that the Tomita operator is S : a>$) — a*>). Suppose that s : V — V is an operator
with the properties that s(L) = a(L), and that v + s(v) € V_ for v € L. Now, let v € L C F. We
compute v = v>Q = (v+(v))>Q, and hence S(v) = S((v+35(v))>Q) = (as(v)+a(v))>Q = as(v).
This means that S|, = k! Aias|r, in Lemma C.4 we shall see that S = k™! Ajps. It turns out
that the densely defined operator s on V defined by

s:=P,P.T-'Pi- + PFP_T'Py,
does the trick, as we show below.

Lemma C.2. The operator s commutes with .

Proof. Direct computation using the fact that aPr, = Pi-a, and aPy = Pya, which implies that
oy =Tra. O

Lemma C.3. The operator s maps v € L to the unique w € (L) such that v+w € V_, if such a
w exists. Similarly, it maps w € a(L) to the unique v € L such that v+w € V_, again if such a v
erists.

Proof. Let v € L be arbitrary. First let us prove the uniqueness claim. Suppose that there exist
w,w’ € a(L) such that v +w € V_ and v + w’ € V_. Then it follows that (v + w) — (v 4+ w’) =
w—w €V_Na(L)={0} by Lemma 5.1.2. By direct computation one might verify that

v+ PEP_T{'v=P.T; v.
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And hence
v+sv=v+ PLLP_T_Flv = P_TJ:lv eV_.

This proves the first statement in the lemma. The second statement follows from a similar com-
putation. O

As a consequence, we see that the operator s squares to 1 and restricts to the identity on V_.
The following result tells us precisely how as is related to S.

Lemma C.4. For all a € CI(V_) we have k™' Ajns(a> Q) = a* > Q = S(a> Q).

Proof. We will prove this by induction on the degree in C1(V_) (note that while the algebra Cl(V_)
is not graded, it is filtered). Suppose that the claim holds for all a € Cl(V_) for a of degree n or
less. We shall prove that it follows that for all fy,..., f, € V_ we have that

kilAias(f0~-~fn[>Q):S<f0~--fn‘>Q)'

First off, we set = := fi ... f, > Q. Furthermore, there exist y; € A’L, where i = 0, ...,n such that
x = > ",y Finally, we set v = Ppfo and w = Pi- fo. Note that sv = w and sw = v. Now we
compute

K Nas(fo o fu Q) =k Ajos(fo > 2)
=k! Nias(VAZ + tawT)
= k_l(ia(w) A NiasT + Niasta(w)T)-

Straightforward computations, using the induction hypothesis, then show that
n R
k™ (i) A Nigs) = a(fn) - a(fo) > Q4+ D> (=D)F(fi,a(w) k" Nigafr - fr o fn >
k=1

and that

n

K™ Niasta(ey = — O (=D (fr, a(w) k™ Aiasfr - fo- o fum 9.
k=1

Putting these results together we see that
k™ Njas(fo - fa> Q) =k ' (ia(w) A Nias® + Nasta(u)T)
=«

-1
(fn) - a(fo) >
S(fOanQ)a

which completes the induction step, and hence our proof. O

Let aes = ud'/2 be the polar decomposition of as. Note that the fact that as preserves L implies
that both u and 6'/2 preserve L. Similarly, the fact that «s commutes with o implies that both u
and 6'/2 commute with o. From the equality S = k! A;os we obtain the following.

Proposition C.5. The polar decomposition of S is given by S =k NiwAgi/2, whence J = k™! A
and AY? = Agi/2.

We claim that u|;, = —iar, which implies that J = k™! Ayr. The claim is proved in a sequence
of lemmas in the remainder of this section.
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Lemma C.6. The equations

PiP_P, P P_P{ T T
ua( L L L L), and 6YV2 = | =Py + | =P}

N YT

hold.

Proof. The fact that ué'/? = as follows from a straightforward computation. Furthermore, the
fact that v is anti-unitary can be verified directly as well. The fact that §'/2 is positive will be
evident from an expression that we will give later. O

We now turn to the task of simultaneously diagonalizing Ty, and proving that they have densely
defined inverses. First, we identify the circle with the one-point compactification of the real line
by means of the diffeomorphisms

I‘:Sl—>RUoo,z»—>—iZ+1, FflzRUoo—hS'l,x*—)zil,.
z—1 T+
We note that T'(I;) = Ry and T'(I_) = R_. We define unitary transformations
Ur: L*(S*,C) — L*(R,C), U:t: LA(R,C) — L*(S*,0),
by
Ur(P)(r) = = o (') 3
)= —F—= x x
: V7 (i + ) ’ ’
Ur ' (9)(2) = va(i + T(2))g(T(2)), ze S

We recall that on L?(S!,C) the maps a and T act as follows

o)) = TTGE), () = 1)
We compute how a and 7 transform under Up:

Uraly'g(x) = g(x),  UrtUp'g(x) = g(-).

Let us write Hy = {z € C| £3(2) > 0} for the upper and lower half plane.

Lemma C.7. We have

Up(LNC>=(S',C)) C{f € L*(R,C) | f extends to a holomorphic function f:H_ — C}.

Proof. We see that LN C°(S!,C) is the span of the functions z="~! for n > 0. We then compute

1 (z+)"
Urz" M) = —=——.
( rz )(3)) ﬁ(l’—l)nJrl
These functions are smooth and square integrable for all n € Z. Furthermore if n > 0, then
Urz~"~! extends to a holomorphic function on the lower half plane. O

Given a smooth function ¢ = Upf € C*(R,C) with f € C~(S',C), we wish to find two
holomorphic functions, say g4 : Hy — C and g : H. — C which extend to square-integrable
functions on the real line (denoted by the same name), such that g = g4 |gr+¢—|r. This is essentially
a version of the Riemann-Hilbert problem, we follow the standard solution to such problems.
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For g € L*(R, C) we define the Cauchy transform

9(z) == ! /00 g(x)dx, z€ C\R.

211 Tr—z

The function § : C\R — C is holomorphic. The following lemma is then a well-known consequence

of the Sokhotski-Plemelj theorem, [Gak66, Section 4.2], [Mus58, Section 17|, [Ple64, Chapter 14].

Lemma C.8. Let f € C>(S',C), and set g = Urf. Then g = UprPrf and g, = UrPif are
smooth functions on R that extend uniquely to holomorphic functions on the lower and upper half
plane, G_ and G, respectively. Furthermore, we have G_ = —glu_ and G4 = §|u, -

For any operator X on V, let us write X' := UpXUr_l. As a consequence of Lemma C.8 we
obtain for g = Upf with f € C>(S!,C):

(PLa)(w) = ~lim (o — ie). s CR,
(P 9)(@) = lim gla +ic), rER,

Next, we define the unitary D : L?(R) — L?(R) @ L*(R) by
(D)) = (fo(), fit)) = (2 f (e"), 2 f(—e")).
The inverse of D is given by

Lfllog(t) >0,

D~ (frafl)(t) = {\/%flaog(_t)) t<0.

Lemma C.9. We have

1 0 0 0
/ -1 __ / -1 _
DP. D™ = (O O) , DP' D™ = (0 ]1) .
Proof. Recall that I'~! carries Ry into I1. It follows that P} is the projection L?*(R,C) —
L?(Ry,C), from which the result follows. O

Let us write

_ prr Prl
oo = ()

We define
efu/Z efu/Q

ce(u) e~ 41—’ y T e _1—ie

Lemma C.10. We have, for allt € R,

1 1

PEF(0) = 5 lim(f, 520, PEi(t) = =5 lim(fix e ) (1),
1 1

PE () = 5 lm(f « ) (0, PLA®) = =5 lim(fix 5-0)(0)

where x stands for the convolution product.

Proof. Straightforward, but tedious, computations. O
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Next, we take the Fourier transforms of s., and c., where we use the following convention for
the Fourier transform

Ffk) = [ h fu)e=*udu.

The Fourier transforms of s, and c. can be computed using the residue theorem, alternatively,
they can be found in [Bat54, Section 3.2 (15)]. For s. the result depends on the sign of e, suppose
that 1/2>¢et >0and —1/2 <&~ <0, and —1/2 < e < 1/2, then we obtain

wk
. . ik— e
Fsor (k) = 2mi(1 4 ie™)* 1/2w7
—7k
Fso (k) = —2mi(1 +ie-)ib-1/2 £
se— (k) mi(1 4 ie7) Ty
Nk 1
Fee(k) = 2m(1 —ie) "2

It follows that

1 eﬂ'k}
FPE () = (f lim( f, >) K)= —" F(5)(k).

27i €0 emk 4+ e—mk

Similarly, we obtain

677rk

(FPLfi) (k) = ok 1 ok

F(fi)k), keR.

Performing the limit ¢ | 0 and multiplying with (27i)~! we obtain

—1

(FP{ fr)(k) = P p——

F(f)(k), keR.
Setting X = (F @ F)DX'D~'(F~' @ F~!) we obtain

Pl 1 et
L 7 emk 4 e=mk \ —j e~k )"

In a similar manner one could compute P, but it follows from the fact that 1 = Py, + P;- that

p 1 e—wk —
L = eﬂ'k + efﬂ'k 7 eﬂ'k :

1
eﬂ'k + efﬂ'k '

We set
a(k) =

We then obtain
Ty = a(k)e™1, T_ = a(k)e ™" 1.

As promised, it is clear from these expression that T’y are injective operators with unbounded
inverses; this proves Lemma C.1. We furthermore have

5 T . T, . a(2k)~t i(e™ — e~k)
1/2 — P +PL —
4 T+ L+ T_ L a(k) (_Z-(errk _ e—wk) 21

which is a positive operator, hence the expression ud'/? = as really is the polar decomposition of
as, this was the missing part in the proof of Lemma C.6. Next, we compute

PJ‘P,P P P,PJ‘ _ c(omk _ —mk
ou— [ FL L BEEPL N < - 21 L i(e e )> .
VT T- T T —i(e™ — e~ 7k) 21
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On the other hand, we compute

i#(PL — i) = a(k) ( —2 iem™ — eﬁk)) .

—i(e™ — e77F) 21

Which allows us to conclude that u = —ia7(Pr,—Pi-), and hence u|;, = —iaT; from Proposition C.5
it follows that J = k™' A(ar).
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D. Bundle gerbes and their modules

In this chapter we recall some of the basics on bundle gerbes and their modules. Bundle gerbes
are mentioned in Chapter 7 and used more extensively in Section 9.1. Main references are [Mur96,
BCM*02, Mur10].

Let M be a Fréchet manifold /topological manifold. Before giving the definition of a bundle gerbe,
we recall some notation that was also used in Chapter 6. If 7 : Y — M is a surjective submersion,
then we write Y™ for the n-fold fibre product Y X .... x» Y. We write 7; : Y™ — Y"1 for the
map where we omit the i-th factor.

Definition D.1. A bundle gerbe with band U(1) is a triple (£,Y,m) consisting of
e a topological manifold Y equipped with a surjective submersion 7 : Y — M.
e a principal U(1)-bundle £ — Y.
e an isomorphism m : 735£ @ 7f L — w3 L, called the multiplication of the bundle gerbe.

This data is subject to the condition that for each quadruple (y1,y2,y3,y4) € Y4 the following
diagram commutes

me1
E(ylva) ® ['(yz,ys) ® ﬁ(y37y4) ’ ﬁ(yuy:z) ® £(ys,y4)

Jpem |m

‘C(ylv'él2) ® E(yz,y4) = ? E(y1,y4)

Our bundle gerbes will always have band U(1), so instead of “bundle gerbe with band U(1)” we
shall simply say “bundle gerbe”. It is customary to refer to a bundle gerbe (£,Y,m) by the pair
(L,Y), a convention that we shall follow.

Definition D.2. A trivialization of a bundle gerbe (£,Y") is a principal U(1)-bundle K — Y
together with an isomorphism (75K)* ® 77/ — L, such that the following diagram commutes for
all (y17y27y3) € Y[S]

L) @ Ligays) = L)

| |

K?jl ® ICQZ ® ’C'ZQ ® ’Cy3 B ICZZI ® IC:’JS

Let P — M be a principal G-bundle, for some Lie group G. Moreover, suppose that U(1) — G —
G is a central extension. We define a map A : Pl — @ through the formula p; - A(p1,p2) = po
for all (py,p2) € PR

Definition D.3. The lifting gerbe corresponding to the pair (P, G) is the gerbe (A*é, P) equipped
with the following multiplication:

(A*é)(m,pz) ® (A*é)(mypz) - (A*é)(m,ps)?
((p17p2)ag12) ® ((p27p3)7§23) = ((p17p3)7§112§23)~
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Suppose that the lifting gerbe (A*G P) has a trivialization K — P. Let (py,p2) € P2, Then we
observe that the isomorphism A* G(m p2) — Ky, ®Kp, can equally well be viewed as an isomorphism
Ky, ® (A* G)(m,m — Kp,. This allows us to equip K with a right G-action as follows. If § € G,
then we write g € G for its basepoint. Let p € P be arbitrary, then we define the right action by

Kp ® ég — Ky ® (A*G)p,pg — Ky

The following lemma is now a standard result in the literature, [Mur96, Murl0].

Lemma D.4. The bundle K — M with the right G-action as above is a principal G-bundle which
lifts P.

Let (£,Y) be a bundle gerbe over M.

Definition D.5. A bundle gerbe module for (L£,Y) is a vector bundle E — Y equipped with an
isomorphism ¢ : £ ® 7f E — 75 E, such that following diagram commutes for all (y1,y2,y3) € Y

1®eé
E(ylgy2) ® 'C(yQ,y3) ® Ey3 £(y11y2) ® Eyz

e b
¢
‘C(ybys) @By, ———— Ey,

In [BCM 102, Proposition 4.2] Bouwknegt et al. prove that a trivialization of (£,Y) defines a
bijection from the set of isomorphism classes of bundle gerbe modules for (£,Y) to the set of
isomorphism classes of vector bundles on M. We briefly recall the definition of this bijection. Let
(L,Y) be a trivial bundle gerbe, i.e. we assume that £ = (75K)* @ 77K, for some U(1)-bundle K
on Y. Suppose now that E is a vector bundle on M. Then 7*FE ® K* is a vector bundle on Y.
Using the fact that 7m; = 7wy, we define an action of £ on it as follows

LR (T"E®K*) = (mK)* @miK@min*E® (1K) = (m5K) @ mynE
™ (F ® K*)

We omit the construction in the other direction, but simply observe that the action of a trivial
bundle gerbe on a bundle gerbe module is descent data for the vector bundle.
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B(H)
Cl(V)
C1(V)
Claig (V)
CI(f)
CI’(LM)
D(H, $)
Fr
F5(LM)
Fro(H)
FI‘L(H)
H

HRy K
Imp (V)
imp(V)
J

J

JL

k
Li(A
Lag(V)

S

~

SO(M)
Spin(M)

The bounded operators on H

The 27 antiperiodic functions on R

Clifford C*algebra of V'

The smooth vectors in CI(V)

Algebraic Clifford algebra of V/

The homomorphism extending f

The bundle of Clifford algebras on loop space
Right module maps from L3(A) into H

The Fock space with respect to the Lagrangian L
The spinor bundle on loop space

The orthogonal frame bundle of H

The restricted orthogonal frame bundle of H

The bundle over LM with fibres L?(S, S®@~y*T Mc)
Connes fusion product of H with K relative to ¢
The Banach Lie group of implementers

The Lie algebra of Imp; (V)

The modular conjugation

A unitary structure

The unitary structure corresponding to L

The Klein transformation

The standard form of A determined by ¢

The set of Lagrangians in V'

The bundle of Dirac Lagrangians in ‘H

The set of Lagrangians in V', which are equivalent
to L

The exterior algebra of L

The unitary operators on V that commute with the
real structure

The restricted orthogonal group of V' with respect
to the Lagrangian L

The Lie algebra of O (V)

The orthogonal projection onto L

The odd spinor bundle on the circle

The oriented orthonormal frame bundle of M

The spin frame bundle of M

The Bogoliubov transformation of g
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